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ASYMPTOTIC NUMERICAL HYPOCOERCIVITY

OF THE SPACE-TIME DISCONTINUOUS GALERKIN METHOD

FOR THE KOLMOGOROV EQUATION

ZHAONAN DONG, EMMANUIL H. GEORGOULIS, AND PHILIP J. HERBERT

Abstract. We are concerned with discretisations of the classical Kolmogorov
equation by a standard space-time discontinuous Galerkin method. The Kol-

mogorov equation serves as simple, yet rich enough in the present context,

model problem for a wide range of kinetic-type equations: although it involves
diffusion in one of the two spatial dimensions only, the combined nature of

the first order transport/drift term and the degenerate diffusion are sufficient

to ‘propagate dissipation’ across the spatial domain in its entirety. This is
a manifestation of the celebrated concept of hypocoercivity, a term coined

and studied extensively by Villani in [30]. We show that the classical space-

time discontinuous Galerkin method admits a corresponding hypocoercivity
property at the discrete level, asymptotically for large times. To the best of

our knowledge, this is the first result of this kind for any standard Galerkin
scheme. This property is shown by proving one part of a discrete inf-sup-type

stability result for the method in a family of norms dictated by a modified

scalar product motivated by the theory in [30]. This family of norms contains
the full gradient of the numerical solution, thereby allowing for a full spectral

gap/Poincaré-type inequality at the discrete level, thus, showcasing a subtle,

discretisation-parameter-dependent, numerical hypocoercivity property. Fur-
ther, we show that the space-time discontinuous Galerkin method is inf-sup

stable in the family of norms containing the full gradient of the numerical

solution, which may be a result of independent interest.

1. Introduction

In kinetic modelling, numerous degenerate evolution (integro-)differential equa-
tions model diffusion/dissipation along specific spatial directions only, without
spanning the entirety of the spatial domain of definition of their solutions. Nonethe-
less, such models have been shown to exhibit convergence towards an equilibrium
state over long time scales. Such models frequently emerge from integrating sto-
chastic processes, often resulting into Kolmogorov/Fokker–Planck type partial dif-
ferential equations (PDEs). A representative case includes the modelling of multi-
particle systems whereby random collisions are permitted in the presence of external
drift.

The term hypocoercivity, introduced by Villani in [30], describes the property
of evolution (integro-differential) operators admitting dissipation also in spatial
directions where no diffusion is explicitly present in the operator. Villani developed
a framework for sufficient conditions for hypocoercivity in the celebrated work [30],
building upon earlier seminal works by Hérau and Nier [20], Eckmann and Hairer
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[14], Hérau [19], Dolbeault, Mouhot and Schmeiser [10] Mouhot and Neumann [24]
and others. We also mention the work by Talay [29] as a key step in the development
of these ideas. A different framework for sufficient conditions for hypocoercivity was
given by Dolbeault, Mouhot and Schmeiser in the seminal work [11].

To fix ideas, in a Hilbertian setting with inner product ⟨·, ·⟩ inducing a norm

∥·∥ :=
√

⟨·, ·⟩, we consider an evolution equation of the form

(1.1) ut + Lu = 0, whereby L := Lskew − Ldiss,

with Lskew corresponding to a skew-symmetric, typically “transport-like”, operator
and Ldiss a degenerate, self-adjoint operator modelling diffusion/dissipation. Due
to the skew-symmetry of Lskew, a straightforward energy argument would imply

1

2

d

dt
∥u∥2 = ⟨Ldissu, u⟩ ≤ 0.

The degenerate nature, however, of Ldiss may not be sufficient to provide a norm
so that spectral gap/Poincaré-type inequality of the form

κ∥u− ū∥2 ≤ −⟨Ldissu, u⟩
for some κ > 0 holds, with ū denoting an equilibrium state, or some kernel-
eliminating functional. Thus, we cannot immediately conclude

∥u− ū∥ ≤ e−κtf ∥u0∥
i.e., exponential decay to equilibrium, with u0 denoting an initial state and tf a
final time.

However, such decay may, indeed, hold in certain settings, despite the presence of
a non-trivial kernel for ⟨Ldissu, u⟩, due to the degenerate nature of the dissipation.
Such a state of affairs can occur, informally speaking, when Lskew is “appropriately
non-constant” and is able to “transport dissipation” also in the directions where
no diffusion is explicitly present, that is, the equation admits the hypocoercivity
property.

The proof of trend to equilibrium for the kinetic Fokker-Planck equation was
given by Hérau & Nier in [20] upon modifying the inner product used to include
certain mixed derivatives. Related ideas have also been used by Eckmann & Hairer
in [14] for the study of spectral properties of certain hypoelliptic operators in-
volving degenerate diffusions, and by Mouhot & Neumann [24] in the study of
kinetic models with integral-type collision operators, among others. Villani [30]
and Dolbeault, Mouhot, & Schmeiser [11] conceptualised the algebraic nature of
the interplay between transport and dissipation properties of the spatial operator
L and were able to provide abstract sufficient conditions for hypocoercivity to hold,
that is, ∥u − ū∥ ≤ Ce−κtf ∥u0∥, for some constant C > 0. They achieved this by
modifying the energy setting, i.e., by constructing appropriate inner products of
the form ⟨·, ·⟩hc := ⟨·, ·⟩ + ((·, ·)), with ((·, ·)) denoting an additional appropriately
constructed symmetric bilinear form, whose respective induced norms are strong
enough to admit spectral gap/Poincaré-type inequality and, hence, decay can be
inferred. The modified inner products ⟨·, ·⟩hc are carefully constructed to reflect
the interplay between Lskew and Ldiss.

It is highly desirable to preserve hypocoercive structures upon discretisation to
guarantee that the resulting numerical schemes demonstrate robust performance
for long-time computations. However, the exploration of numerical hypocoercivity
properties remains relatively limited to date. Notable works in this area include [26],
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which investigates hypocoercivity for a central difference discretisation of the Kol-
mogorov equation (see (1.2) below) within the abstract framework of [30, Theorem
18]. Further, Dujardin, Hérau, and Lafitte [13] extend this approach to examine
the spectral gap for central difference discretisations of the Fokker-Planck equa-
tion. Foster, Lohéac, and Tran [17] present a Lagrangian-type splitting method
employing a similarity transformation and linear finite elements on quasi-uniform
meshes. Bessemoulin-Chatard and Filbet [2] propose design principles for con-
structing equilibrium-preserving finite volume methods for nonlinear degenerate
parabolic problems. Recently, Bessemoulin-Chatard, Herda, and Rey [3] introduce
an asymptotic-preserving finite volume scheme for one-dimensional kinetic equa-
tions in the diffusive limit, applying the hypocoercivity framework of Dolbeault,
Mouhot, and Schmeiser [11]. For a finite-volume method of a one-dimensional
nonlinear reaction kinetic model, we refer [4].

With the exception of [17] whereby kinetic equations in two spatial dimen-
sions are discussed, the above developments on numerical methods concern one-
dimensional spatial problems and/or finite difference or finite volume methods. De-
veloping Galerkin/finite element methods that preserve hypocoercivity structures
remains a largely unexplored area, despite the advantages these methods offer, such
as high-order discretisations over unstructured or locally adapted meshes.

The first work in this context is [18], whereby a hypocoercivity-preserving family
of spatially discrete non-conforming finite element methods of arbitrary order for
the Kolmogorov equation

(1.2) ut + Lu = 0, in (0, tf ]× Ω;

with Lu := −uxx + xuy, for some final time tf > 0, with Ω ⊂ R2, along with
appropriate initial and boundary data, is constructed and analysed, following the
framework in [30]. Recently, a hypocoercivity-exploiting fully-discrete, stabilised
space-time finite element method is presented and analysed in [12], which is proven
to admit “numerical hypocoercivity” in an asymptotically exact sense. In both
[18, 12], Kolmogorov equation serves as a simple model problem characterised
by diffusion in one of the two spatial directions only, and, moreover, it admits
a hypocoercivity-inducing algebraic structure in the spirit of [30].

Due to their relevance in setting the context of the present work, we give a
conceptual overview of the developments in [18, 12]. Upon defining a symmetric
and positive semidefinite matrix A ∈ R2×2, (see (2.2) below for details,) we denote
by ((·, ·))A the inner product ((w, v))A := (w, v)+(∇w,A∇v), for w, v ∈ H1(Ω), with

induced norm ∥·∥A :=
√

((·, ·))A; here (·, ·)ω corresponds to the standard L2(ω) inner

product for ω ⊂ Rd, d ∈ N, along with respective induced norm ∥ · ∥ω and we drop
the subscript when ω = Ω, for brevity. Hence, assuming sufficient regularity, (1.2)
implies

(1.3) ((ut, v))A + ((Lu, v))A = 0,

for all v in a suitable test space. Roughly speaking, i.e., ignoring non-trivial bound-
ary terms and regularity considerations, (1.3) can be viewed as arising from testing
(1.2) against v − ∇ · A∇v. Imposing, now, homogeneous boundary conditions on
the appropriate part of ∂Ω, the latter gives

(1.4) ((ut, v))A + a(u, v) = 0, with a(u, v) := (ux, vx)+ (xuy, v)+ (∇Lu,A∇v).
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Integration by parts and elementary operations eventually give (see Section 2 below
for details):

(1.5) a(u, u) ≥ c
(
∥ux∥2 + ∥uy∥2 + ∥

√
A∇ux∥2 + (

1

2
xn2∇u− n1∇ux, A∇u)∂Ω

)
.

If the entries of A are taken to be fixed suitable numbers, as done in [18], and
additional boundary conditions are to treat the last term on the right-hand side of
the above lower bound, we deduce a(u, u) ≥ c0∥u∥2A, for some c0 > 0, independent
of u. The latter, in turn, implies

1

2

d

dt
∥u∥2A + c0∥u∥2A ≤ 0,

i.e., exponential decay as tf → ∞. (We note that, in the present setting of a
bounded spatial domain, decay results from the additional boundary conditions.)
Further, in [18] a C0-interior penalty spatially-discrete (non-conforming) finite el-
ement method with continuous elements is designed and corresponding decay is
proven, thereby yielding the first, to the best of our knowledge, Galerkin method
admitting a “numerical hypocoercivity” property. The respective spatial bilinear
form a(·, ·) corresponds to a fourth order operator; this remains the case upon
Galerkin discretisation if the entries of the matrix A are selected independent of
the discretisation parameters; we refer to [18] for details.

Starting again from (1.4), a stabilised non-conforming finite element method for
the fully discrete Kolmogorov problem (without additional boundary conditions)
was recently developed in [12], combining the classical streamline upwind Petrov-
Galerkin (SUPG) point of view with the above modified hypocoercivity-inducing
inner product to arrive at a non-standard spatial discretisation. The method is
completed by a discontinuous Galerkin time-stepping scheme, to arrive at a fully
discrete space-time Galerkin method of arbitrary order. To ensure that the spatially
discrete operator is spectrally equivalent to a second order discrete operator, the
entries of the matrix A in [12] are scaled by the local mesh-size and polynomial
degrees of the Galerkin spaces. For this method, the asymptotically exact numerical
hypocoercivity with mesh and polynomial degree dependent exponential decay rate
is proven and a complete a priori error analysis is given [12].

In this work, we demonstrate that the classical space–time discontinuous Galerkin
(dG) method—namely, the symmetric interior penalty dG method in the x-variable
combined with an upwind dG treatment in the y- and t-variables, applied to (1.2)
preserves an asymptotic numerical hypocoercivity structure. In stark contrast to
[18, 12], the asymptotic numerical hypocoercivity is shown through the establish-
ment of one side of an inf-sup condition on a sufficiently strong norm. This special
norm is related to the SUPG-hypocoercive norm from [12]. We stress that the
result holds for the classical space-time dG scheme [22], i.e., without the presence
of additional A-inner-product-induced Petrov-Galerkin-type terms, as is the case is
[18, 12]; cf., (1.3). To the best of our knowledge, this is the first demonstration of
(asymptotic) numerical hypocoercivity for a well-known/classical Galerkin method.

The classical, fully discrete discontinuous Galerkin (dG) method for advection
or advection-diffusion PDEs is known to be inf-sup stable in an SUPG-like norm
[23, 15, 1, 6, 9, 7] involving control in the advection direction. A key idea of the
present developments is the observation that a term of the form V + τ(Vt + xVy)−
∇ · A∇V lies in the same discontinuous polynomial space as V itself, for τ and A
element-wise constant functions. This observation eventually allows for coercivity
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in a norm strictly stronger than the SUPG-like norms for which dG is known to
be inf-sup stable. For the fully discrete space-time dG method, we also complete
the inf-sup stability in the new ‘enhanced’ norm. The new norm is strong enough
to counteract the absence of spectral gap/Poincaré inequality of the standard L2-
energy argument and, thereby, to conclude asymptotic numerical hypocoercivity
for the classical space-time dG scheme. To the best of our knowledge, the latter
constitutes a stronger stability result to what is available in the literature to date
for the space-time dG method for the Kolmogorov initial/boundary value problem.
The method of proof is generic and is expected to be applicable to other related
equations also.

The remainder of this work is structured as follows. In Section 2, upon providing
some necessary notation, we discuss in more detail the hypocoercivity mechanism
for the model problem of the Kolmogorov equation. In Section 3, we present its
discretisation by the space(-time) discontinuous Galerkin method. In Section 4, we
present one part of the crucial inf-sup condition which, in turn, allows to conclude
asymptotic numerical hypocoercivity of the spatially discrete method. In Section
5, we are extend the result to the fully-discrete space-time dG method. Also, we
are able to complete the full inf-sup stability proof. Finally, in Section 6, we draw
some conclusions and give some potential extensions.

Notation. We abbreviate the L2(ω)-inner product and L2(ω)-norm for a Lebesgue-
measurable subset ω ⊂ Rd as (·, ·)ω and ∥·∥ω, respectively. Moreover, when ω = Ω,
we will further compress the notation to (·, ·) ≡ (·, ·)Ω and ∥·∥ ≡ ∥·∥Ω. The standard
notationHk(ω) for Hilbertian Sobolev spaces, k ∈ R will be used. In addition, given
an interval J ⊂ R and a Banach space V , we use standard notation for Bochner
spaces, denoted by Lp(J ;V ).

2. Hypocoercive structure

Closing a degenerate parabolic PDE with suitable boundary conditions is well un-
derstood via the classical theory of linear second order equations with non-negative
characteristic form [16, 25]. Assuming that ∂Ω is polygonal and denoting the unit
outward normal at each point of ∂Ω (whenever well defined) by n := (n1, n2)

T at
almost every point of ∂Ω, we first define the elliptic portion of the boundary

Γ0 := {(x, y) ∈ ∂Ω : n1(x, y) ̸= 0}.
We further subdivide ∂Ω\Γ0, into inflow and outflow boundaries

Γ− := {(x, y) ∈ ∂Ω\Γ0 : xn2(x, y) < 0}, Γ+ := {ξ ∈ ∂Ω\Γ0 : xn2(x, y) ≥ 0},
respectively, so that ∂Ω = Γ0 ∪ Γ− ∪ Γ+. Introducing the time interval I := (0, tf ],
for a final time tf > 0, and the notation L := −∂2

x+x∂y, the initial/boundary-value
Kolmogorov problem we consider is given by:

(2.1)

ut + Lu = f, in I × Ω,

u = u0, on {0} × Ω,

u = 0, on I × Γ−,

n1ux = 0, on I × Γ0,

for f ∈ L2(I;L2(Ω)), and u0 ∈ L2(Ω). The well-posedness of the above problem
is assured upon assuming that Γ− has positive one-dimensional Hausdorff measure
[25]. We note that different boundary conditions on I ×Γ0 are admissible and give
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results to what is proven below under minor modifications only; we do not consider
these explicitly for brevity.

The matrix A. Throughout this work A will be the matrix

(2.2) A :=

(
α β
β γ

)
where the values of α, β, and γ will be given as

(2.3) α =
1

8δ
, β =

1

48δ2
, γ =

10

482δ3

where δ > 0 is a parameter depending on the discretization parameters, which
will be chosen later and will vary (slightly) between the semi- and fully-discrete
problems. With this choice of α, β, and γ, we see that A is positive definite with
det(A) = (9216δ4)−1. The choice of parameters given in (2.3) is by no means
unique, as long as the analysis presented below remains true. We opt to provide a
concrete choice of A, rather than conditions on the entries α, β, and γ, in an effort
to streamline the analysis below. In [18], the values of α, β, γ are taken to be fixed
numbers, whereas, in [12], δ is selected in a mesh and polynomial degree dependent
fashion, as we shall also do so below. With this matrix A, we denote by ((·, ·))A the
inner product

((w, v))A := (w, v) + (∇w,A∇v),

for w, v ∈ H1(Ω) with induced inner product ∥·∥A :=
√

((·, ·))A.

Hypocoercivity. Consider a test function v ∈ H1
−(Ω) := {v ∈ H1(Ω) : v|∂−Ω =

0}. Assume that the exact solution, u, of (2.1) is sufficiently regular, so that the
following calculations are valid. Upon differentiation of (2.1) and testing against
A∇v, and subsequent addition to (2.1) tested against v and integration by parts,
the problem can be written in the non-standard weak form: find u ∈ H1

−(Ω), such
that

(2.4) ((ut, v))A + ahc(u, v) = ((f, v))A,

whereby

(2.5) ahc(u, v) := (ux, vx) + (xuy, v) + (∇Lu,A∇v).

Again, momentarily assuming that u is regular enough, specifically u ∈ H1
−(Ω) ∩

H2.5+ϵ(Ω), so that ( 12xn2∇u−n1∇ux, A∇u)∂Ω is well defined, we evaluate ahc(u, u)
and perform integrations by parts, to deduce

(2.6)
ahc(u, u) = ∥ux∥2 +

1

2
∥
√
xn2u∥2Γ+

+ ∥
√
A∇ux∥2 + β∥uy∥2 + α(uy, ux)

+ (
1

2
xn2∇u− n1∇ux, A∇u)∂Ω;

the detailed calculation is given in [18]. Moreover, in [18], additional boundary
conditions are considered, so that the unsigned boundary term on right-hand side
of (2.6) is non-negative and, thus, can be omitted. In this work, we do not assume
any such condition and we will make A small, so that the boundary terms may be
absorbed in the positive terms at the discrete level, as done also in [12].

Returning to the continuous problem, for the sake of highlighting a concept of
hypocoercivity, we assume momentarily that the additional boundary conditions
from [18] hold, so that the unsigned boundary term on right-hand side of (2.6) is
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non-negative. Now, applying Young’s and Cauchy-Schwarz’ inequalities, and upon
discarding non-negative terms, we deduce

(2.7) ahc(u, u) ≥
1

4
∥ux∥2 +

1

64δ2
∥uy∥2,

by the choices of α and β made in (2.3). It then follows that there is c > 0,
depending on δ such that ahc(u, u) ≥ c∥u∥2A, thus one has

(2.8)
1

2

d

dt
∥u∥2A + c∥u∥2A ≤ ((f, u))A,

which allows for stability estimates that do not depend exponentially on the final
time tf . In other words, using the non-standard test function v − ∇ · (A∇v) for
well-chosen A, results in L providing coercivity also with respect to ∥uy∥. This is a
manifestation of the concept of hypocoercivity: the nature of the trasport operator
x∂y is such that it can “disseminate” the available dissipation of the problem, −∂2

x,
in all spatial directions. Villani showed in [30] that sufficient conditions for a degen-
erate operator admitting such hypocoercivity property can be of purely algebraic
nature and, in particular, they concern the study of linear spaces spanned by cer-
tain commutators between the transport and the dissipation parts of the operator.
In the particular case of (1.2), since [x∂y, ∂x] = ∂y, we can expect hypocoercive
structure since ∂x and ∂y correspond to directional derivatives along the axes and,
thus, they span Ω; we refer to [30, Theorem 24] for details.

3. Discrete spaces and problem formulation

3.1. Space discretisation. For the rest of this work, Ω is a Lipschitz polygonal
domain. We introduce a family of subdivisions TH = {Th}h∈H , for some index
set H, in Ω, consisting of mutually disjoint open triangular or box-type elements
T ∈ Th, whose closures cover Ω̄ exactly. Also, let h : ∪T∈Th

T → R+ be the
local meshsize function defined elementwise by h|T := hT := diam(T ). Each Th is
assumed to be shape-regular, in the sense that the radius ρT of the largest inscribed
circle of each T ∈ Th is bounded from below with respect to each element’s diameter
hT , uniformly in the index set H. Also, we assume that each Th is locally quasi-
uniform in the sense that the diameters of adjacent elements are uniformly bounded
from above and below in the index set H. Finally, for each Th, let Γ := ∪T∈Th

∂T
denote the mesh skeleton, and define Γint := {x ∈ Γ : x ̸∈ ∂Ω}, the interior part of
the mesh skeleton.

For each element T ∈ Th, we define its inflow and outflow boundaries,

∂−T := {(x, y) ∈ ∂T : xn2(x, y) < 0}, ∂+T := {(x, y) ∈ ∂T : xn2(x, y) ≥ 0},
respectively. Given T ∈ Th, the trace of a function w ∈ H1(T ) on ∂−T , relative to
T , is denoted by w+

T . Further, if ∂−T\Γ− ̸= ∅, then for x ∈ ∂−T\Γ−, there exists

a unique T ′ ∈ Th such that x ∈ ∂+T
′; with this notation, we denote by w−

T the
trace of w|T ′ on ∂−T\Γ−. Hence the upwind jump of the (scalar-valued) function
w across a face F ∈ ∂−T\Γ− is denoted by

⌊w⌋ := w+
T − w−

T .

We define the jump [[w]] of w across the common element interface e := ∂T i ∩ ∂T j

of two adjacent elements T i, T j , by [[w]]|e := w|T i − w|T j , when i > j, for the
indices; correspondingly, we also define the average {{w}}|e := (w|T i + w|T j )/2 of
w across e. In addition, for boundary faces e ⊂ ∂T ∩ ∂Ω, we set [[w]]|e := w|T and
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{{w}}|e := w|T , respectively. The above jump and average definitions are trivially
extended to vector-valued functions by component-wise application.

We denote the broken Sobolev spaces, subordinate to a mesh Th by Hr(Ω, Th) :=
{v|T ∈ Hr(T ), T ∈ Th}. Further, we define the broken gradient ∇h to be the
element-wise gradient operator with ∇hw|T = ∇w|T , T ∈ Th, for w ∈ H1(Ω, Th).
Similarly, we define the broken divergence operator divh to be the element-wise
divergence operator.

We consider the family of discontinuous element-wise polynomial spaces subor-
dinate to Th, defined by

Vh ≡ Vp
h := {V ∈ L2(Ω) : V |T ∈ Pp(T ), T ∈ Th},

with Pp(ω), ω ⊂ Rd, denoting the space of polynomials of total degree at most p
over ω, p ∈ N.

We will use the standard hp-version inverse inequalities (see, e.g., [28]):

(3.1) ∥V ∥∂T ≤ C∂p√
hT

∥V ∥T , and ∥∇V ∥T ≤ C∇p2

hT
∥V ∥T ,

which hold of for all V ∈ Pp(K), p ∈ N, T ∈ Th, with the constants C∂ > 0 and
C∇ > 0, depending only on the space dimension d and the mesh shape-regularity
constant Cρ > 0, defined as the global constant, such that hT /hT ′ ≤ Cρ, for all
T, T ′ ∈ Th sharing a (d− 1)-face, and for all {Th}h∈H .

For spatial discretisation, we select the classical (upwind) discontinuous Galerkin
method of Houston, Schwab and Süli [22] for equations with non-negative charac-
teristic form. For the particular case of the Kolmogorov equation, the dG bilinear
form from from [22] discretising Lu reads:

adG(U, V ) :=
∑
T∈Th

((Ux, Vx)T + (xUy, V )T )

− ({{n1Ux}}, [[V ]])Γint
− ({{n1Vx}}, [[U ]])Γint

+ (σ[[U ]], [[V ]])Γint

−
∑
T∈Th

(
(xn2⌊U⌋, V +)∂−T∩Γint

+ (xn2U
+, V +)∂−T∩Γ−

)
,

(3.2)

where σ : Γint → R is a penalty term whose precise expression is to be provided
later. So, the spatially discrete method reads: find U ∈ H1(I;Vh), such that

(3.3) Bs(U, V ) :=

∫ tf

0

((Ut, V ) + adG(U, V )) dt =

∫ tf

0

(f, V ) =: ℓs(V )

for all V ∈ Vh, and U(t0) := πu0, with π : L2(Ω) → Vh denoting, the orthogonal
L2-projection onto Vh.

3.2. Time discretisation. We subdivide I = (0, tf ], into the family I := {In :
n = 1, . . . , N}, where In := (tn−1, tn] for a strictly increasing sequence 0 = t0 <
t1 < . . . < tN = tf , and let k : I → R+, with k|In := kn = tn − tn−1 denote each
timestep. Further, we define a family of space-time (discontinuous) finite element
spaces subordinate to I and Th by

Vh,k ≡ Vp,q
h,k := {V ∈ L2(I;Vp

h) : V |In ∈ Pq(In), n = 1, . . . , N}

for q ∈ N. We denote by ⌊V⌋n the time-jump across tn, viz.,

⌊V⌋n := V (t+n )− V (t−n ) := lim
ϵ→0+

V (tn + ϵ)− lim
ϵ→0+

V (tn − ϵ) for n = 1, . . . , N.
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For later reference, we recall the standard one-dimensional inverse estimates, see,
e.g., [28]: for V ∈ Pq(In), n = 1, . . . , N , we have

(3.4) |V (t−n )| ≤ (q + 1)k
− 1

2
n ∥V ∥In and ∥V ′∥In ≤

√
12(q + 1)2k−1

n ∥V ∥In .

3.2.1. Fully-discrete scheme. Starting from (3.3), we further discretise the t-variable,
resulting to the classical space-time dG method: find U ∈ Vh,k such that

(3.5) Bst(U, V ) = ℓst(V ), for all V ∈ Vh,k,

with

Bst(U, V ) :=

N∑
n=1

∫
In

(
(Ut, V )+adG(U, V )

)
dt+

N∑
n=2

(⌊U⌋n−1, V (t+n−1))+(U(t+0 ), V (t+0 )),

and

ℓst(V ) :=

N∑
n=1

∫
In

(f, V ) dt + (U(t−0 ), V (t+0 )),

where it is again convenient to choose U(t−0 ) := πu0, as it can be implemented
efficiently by inverting a block-diagonal mass matrix. We note carefully that (3.5)
is, again, the classical upwind discontinuous Galerkin method of Houston, Schwab
and Süli [22] for equations with non-negative characteristic form in three variables,
(i.e., inclusive of t,) upon selecting a three-dimensional space-time mesh as above.

Of course, due to the “space-time slab”-like selection of the mesh and the choice
of the test function, in practice (3.5) is typically solved on each time-step, viz.,∫
In

(
(Ut, V )+adG(U, V )

)
dt+(U(t+n−1), V (t+n−1)) =

∫
In

(f, V )dt+(U(t−n−1), V (t+n−1)),

for all V ∈ Vh,k, n = 1, . . . , N . Later, we shall make use of the following notation,
for n = 1, . . . , N :

(3.6) Bn(U, V ) :=

∫
In

(
(Ut, V ) + adG(U, V )

)
dt + (⌊U⌋n−1, V (t+n−1)).

The well-posedness of the fully-discrete problem follows from its coercivity; see
[22], or Theorem 5.4 below, for details.

4. Asymptotic numerical hypocoercivity of the semi-discrete scheme

The strategy of the proof is to first demonstrate positivity in a stronger, hypo-
coercivity-inducing norm for the spatially discrete method (3.3) by choosing optimal
test functions of the form

(4.1) V := U +
∑
T∈Th

τT (xUy + Ut)|T +
∑
T∈Th

(
− div(A∇U)|T

)
≡ V1 + V2 + V3,

with appropriate choices of τ defined in (4.3), and δ for A, defined in (4.4) below,
respectively.

Remark 4.1. A trivial, yet crucial aspect in the proof, is that V is, indeed, admissible
test function, since V ∈ C0(I;Vh), due to the nature of the first order transport
term xUy + Ut which is element-wise a polynomial of total order p and, of course,
due to the use of discontinuous approximation space. This is in sharp contrast
with previous works [18, 12], whereby the spatial discretisation employs standard,
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continuous, Lagrange elements, thereby requiring additional non-standard Petrov-
Galerkin-type terms in the bilinear form, to ensure coercivity in a hypocoercivity-
inducing norm.

For the spatially discrete setting of this section, we set σ : Γint → R, defined
face-wise by

(4.2) σ|F := 64N∂(C∂n
F
1 p)

2 max
i=1,2

h−1
Ti

, for F = ∂T1 ∩ ∂T2, T1, T2 ∈ Th,

with nω
1 := ∥n1∥L∞(ω), for any ω ⊂ Γ, and N∂ denoting the number of faces per

element. Also, we define τ : Ω → R element-wise by

τ |T = τT :=
h2
T

p4

(65C2
∇

6
+

3σ2
Th

2
T

64p4
+

(8xT
n2
C∂)

2hT

3p2

)−1

, for T ∈ Th,(4.3)

with σT := maxF∈∂T σF and xT
n2

:= ∥xn2∥L∞(∂−T ), for notational brevity. We note

that τ ∼ h2/p4 as h/p → 0, with ∼ denoting proportionality. In addition, we set

δT := max

{
1,

C2
∂p

4

h2
T

max
{
4 +

C2
∇

8C2
∂

,
(xT

n2
)2hT

p2
,
√
RT

}}
, for all T ∈ Th.(4.4)

whereby RT := 2h2
T p

−4τ−1
T + 1040N∂(n

F
1 CρC

−1
∂ )2 + 8(C∇C−1

∂ xT
n2
)2p−2hT . Note

that δ ≥ 1, which implies that α, β, γ < 1, and, also, we have δ ∼ p4/h2, as h/p → 0
For later use we define the dG-seminorm:

∥U∥dG :=
( ∑

T∈Th

∥Ux∥2T +
1

2
∥U∥2uw + ∥

√
σ[[U ]]∥2Γint

) 1
2

,(4.5)

with the upwind terms collected in

∥U∥uw :=
( ∑

T∈Th

(
∥
√

|xn2|U∥2(∂−T∩Γ−)∪(∂+T∩Γ) + ∥
√
|xn2|⌊U⌋∥2∂−T∩Γint

)) 1
2

.

The dG bilinear form adG(·, ·) is coercive with respect to ∥·∥dG, see [22] or Lemma
4.2 below for a proof. Crucially, however, ∥·∥dG may fail to be a norm in Vh. Thus,
the standard stability analysis in [22] does not apply.

The idea of the analysis below is to enhance ∥·∥dG with additional terms to
result into a norm in Vh, which will be shown to satisfy a discretisation parameter-
dependent Poincaré inequality for functions in Vh and, thus, we will eventually
conclude the asymptotic numerical hypocoercivity property announced above. The
proof will be split to a number of intermediate results, showing stability against
each Vi, i = 1, 2, 3, cf., (4.1) above, before collecting the bounds and completing
the argument.

Lemma 4.2. Let U ∈ H1(I;Vh) and let σ as in (4.2). Then, a.e. in t, we have

(Ut, V1) + adG(U, V1) ≥
1

2

d

dt
∥U∥2 + 7

8
∥U∥2dG +

1

16
∥U∥2uw.



ASYMPTOTIC NUMERICAL HYPOCOERCIVITY OF SPACE-TIME DG 11

Proof. Recalling that V1 = U and employing the trace inverse estimate (3.1), we
have, respectively,

(4.6)

({{n1Ux}}, [[V1]])Γint
≤

( ∑
F∈Γint

ϕ−1(C∂n
F
1 p)

2
∑

T∈ωF

h−1
T ∥Ux∥2T

) 1
2 ∥

√
ϕ[[V1]]∥Γint

≤
( ∑

T∈Th

∥Ux∥2T
) 1

2 ∥
√
ϕ[[V1]]∥Γint

≤ 1

2ε

∑
T∈Th

∥Ux∥2T +
ε

2
∥
√

ϕ[[V1]]∥2Γint
,

for ε > 0, with N∂ denoting the number of faces per element, ωF is the collection of
two elements sharing the face F , upon selecting ϕ|F = N∂(C∂n

F
1 p)

2 maxT∈ωF
h−1
T ,

when nF
1 ̸= 0; when nF

1 = 0, no further estimation is required.
Now, integration by parts and investigation of the flux terms gives the identity∑

T∈Th

(
(xUy, U)T −(xn2⌊U⌋, U+)∂−T∩Γint+(xn2U

+, U+)∂−T∩Γ−

)
=

1

2
∥U∥2uw;(4.7)

we refer to [21, Lemma 2.4] for a detailed proof. Thus, (4.7) yields

adG(U,U) =
∑
T∈Th

∥Ux∥2T − 2({{n1Ux}}, [[U ]])Γint + ∥
√
σ[[U ]]∥2Γint

+
1

2
∥U∥2uw.

Employing (4.6) with ε = 8, along with the identity (Ut, U) = 1
2

d
dt∥U∥2 and

the splitting 1
2∥U∥2uw =

(
7
16 + 1

16

)
∥U∥2uw, completes the proof, upon recalling the

definition of σ. □

Lemma 4.3. Let U ∈ H1(I;Vh) and τ as in (4.3). Then, a.e. in t, we have

(4.8) (Ut, V2) + adG(U, V2) ≥
1

4

∑
T∈Th

∥
√
τ(Ut + xUy)∥2T − 1

16
∥U∥2dG.

Proof. Testing (3.3) against V2 = τW , with W |T := (xUy + Ut)|T , T ∈ Th, and
employing the inverse inequalities (3.1), along with standard estimation, gives

(Ut, τW ) + adG(U, τW )

=
∑
T∈Th

(
∥
√
τW∥2T + (Ux, τWx)T −(xn2⌊U⌋, τW+)∂−T∩Γint

−(xn2U
+, τW+)∂−T∩Γ−

)
− ({{n1Ux}}, [[τW ]])Γint

− ({{n1τWx}}, [[U ]])Γint
+ (σ[[U ]], [[τW ]])Γint

.

Employing inverse inequalities (3.1) and standard steps, we estimate each group of
terms separately, as follows. We have

∑
T∈Th

(Ux, τWx)T ≥ −
∑
T∈Th

8C2
∇p4

h2
T

∥τW∥2T −
∑
T∈Th

1

32
∥Ux∥2T .
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Also, working as in (4.6) (for ε = 16), and setting ϕT := maxF⊂∂T ϕ|F , with ϕ as
in the proof of Lemma 4.2, we have

({{n1Ux}}, [[τW ]])Γint ≥− 1

32

∑
T∈Th

∥Ux∥2T − 8∥
√

ϕ[[τW ]]∥2Γint

≥− 1

32

∑
T∈Th

∥Ux∥2T − 16
∑

F∈Γint

(C∂n
F
1 p)

2
∑

T∈ωF

h−1
T ∥

√
ϕT τW∥2T

≥− 1

32

∑
T∈Th

∥Ux∥2T − 16
∑
T∈Th

ϕ2
T ∥τW∥2T ,

(4.9)

with an additional application of (3.1). Further, working as in (4.6) (for ε = 4),

({{n1τWx}}, [[U ]])Γint
≥− 1

8

∑
T∈Th

∥τWx∥2T − 2∥
√

ϕ[[U ]]∥2Γint

≥−
∑
T∈Th

C2
∇p4

8h2
T

∥τW∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

,

recalling that σ = 64ϕ. Also, working as before,

(σ[[U ]], [[τW ]])Γint
≥− 8∥

√
64ϕ[[τW ]]∥2Γint

− 1

32
∥
√
σ[[U ]]∥2Γint

≥− 128
∑
T∈Th

ϕ2
T ∥τW∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

.

Finally, ∑
T∈Th

(
(xn2⌊U⌋, τW+)∂−T∩Γint

+(xn2U
+, τW+)∂−T∩Γ−

)
≤ 1

32
∥U∥2uw + 16

∑
T∈Th

(xT
n2
C∂p)

2

hT
∥τW∥2T .

Combining all the bounds and noting the definition of τ given in (4.3), we deduce

(Ut, τW ) + adG(U, τW )

≥
∑
T∈Th

(1
4
∥
√
τW∥2T − 1

16
∥Ux∥2T

)
− 1

16
∥
√
σ[[U ]]∥2Γint

− 1

32
∥U∥2uw,

from which the result follows. □

Lemma 4.4. Let U ∈ H1(I;Vh), A given by (2.2) with α, β, and γ as in (2.3),
and δ as in (4.4). Then, a.e. in t, we have the bound

(Ut, V3) + adG(U, V3) ≥
1

2

∑
T∈Th

( d

dt
∥
√
A∇U∥2T + ∥

√
A∇Ux∥2T + ∥

√
xn2A∇U∥2∂+T

− 1

8
∥
√
τ(Ut + xUy)∥2T +

α2

3
∥Uy∥2T − 5

4
∥Ux∥2T

)
− 1

16
∥U∥2dG.
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Proof. Testing (3.3) with V3 = −divh(A∇hU), integrations by parts give

(Ut, V3) + adG(U, V3)

=
∑
T∈Th

(
1

2

d

dt
∥
√
A∇U∥2T + ∥

√
A∇Ux∥2T + (∇(xUy), (A∇U))T

− (Ut + xUy, n · (A∇U))∂T − (Ux, n · (A∇Ux))∂T

+ (xn2⌊U⌋, V +
3 )∂−T∩Γint

+ (xn2U
+, V +

3 )∂−T∩Γ−

)
− ({{n1Ux}}, [[V3]])Γint − ({{n1div(A∇Ux)}}, [[U ]])Γint + (σ[[U ]], [[V3]])Γint .

We estimate each term separately.
Focusing on the special term (∇(xUy), A∇U)T , we have, respectively,

(∇(xUy), A∇U)T

= α(Ux, Uy)T + β∥Uy∥2T + ((x
√
A∇U)y,

√
A∇U)T

= α(Ux, Uy)T + β∥Uy∥2T +
1

2
∥
√

xn2A∇U∥2∂+T − 1

2
∥
√

|xn2|A∇U∥2∂−T

≥
(
β − 2α2

3

)
∥Uy∥2T − 3

8
∥Ux∥2T +

1

2
∥
√
xn2A∇U∥2∂+T −

(xT
n2
C∂p)

2

2hT
∥
√
A∇U∥2T ,

using the trace inverse inequality (3.1), with the understanding that α, β, γ are
evaluated on T .

Now, from (3.1), along with elementary manipulation, we have

−(Ut + xUy, n · (A∇U))∂T ≥ − C2
∂p

2

√
τThT

∥
√
τ(Ut + xUy)∥T ∥A∇U∥T

≥ − 1

16
∥
√
τ(Ut + xUy)∥2T − 4C4

∂p
4

τh2
T

∥A∇U∥2T .

Working in a similar fashion, we also have

−(Ux, n · (A∇Ux))∂T ≥ − 1

32
∥Ux∥2T − 8C4

∂p
4

h2
T

∥A∇Ux∥2T .

Next, working as in (4.6) (for ε = 16), and continuing as in (4.9), we have

({{n1Ux}}, [[V3]])Γint ≥ − 1

32

∑
T∈Th

∥Ux∥2T − 8∥
√

ϕ[[V3]]∥2Γint

≥ − 1

32

∑
T∈Th

∥Ux∥2T − 16
∑
T∈Th

ϕ2
T ∥V3∥2T

≥ − 1

32

∑
T∈Th

∥Ux∥2T −
∑
T∈Th

32C2
∇ϕ2

T p
4

h2
T

∥A∇U∥2T ,

with an additional use of the inverse inequality (3.1) in the last step.
Further, working as in (4.6) (for ε = 4) and recalling that σ = 64ϕ, we have

({{n1div(A∇Ux)}}, [[U ]])Γint
≥ − 1

8

∑
T∈Th

∥div(A∇Ux)∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

≥ −
∑
T∈Th

C2
∇p4

4h2
T

∥A∇Ux∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

,
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and, similarly,

−(σ[[U ]], [[V3]])Γint
≥− 1

4

∑
T∈Th

σ2
T ∥V3∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

≥−
∑
T∈Th

C2
∇σ2

T p
4

2h2
T

∥A∇U∥2T − 1

32
∥
√
σ[[U ]]∥2Γint

.

Finally, we also have∑
T∈Th

(
(xn2⌊U⌋, div(A∇U+))∂−T∩Γint

+ (xn2U
+, div(A∇U+))∂−T∩Γ−

)
≥ −

√
2∥U∥uw

∑
T∈Th

C∂C∇xT
n2
p3

h
3
2

T

∥A∇U∥T

≥ − 1

32
∥U∥2uw −

∑
T∈Th

(4C∂C∇xT
n2
p3)2

h3
T

∥A∇U∥2T .

For convenience, we denote by |A| the spectral norm of A, i.e., its largest eigenvalue,
and we note the elementary estimate |A| ≤ 2α = (4δ)−1. The proof is presented in
Lemma A.1. Also, observing that maxi=1,2 h

−1
i ≤ Cρh

−1
T , and that σT = 64ϕT , we

have
C2

∇σ2
T p

4

2h2
T

+
32C2

∇ϕ2
T p

4

h2
T

≤ 2080N∂(n
F
1 CρC∂)

2p8

h4
T

,

so that, the definition of δ, (4.4), implies((4C4
∂p

4

τh2
T

+
2080N∂(n

F
1 CρC∂)

2p8

h4
T

+
(4C∂C∇xT

n2
p3)2

h3
T

)
|A|T |+

(xT
n2
C∂p)

2

2hT

)
≤ δT ,

and also
(
1−

(
8C4

∂ +
C2

∇
4

) |A|T |p4

h2
T

)
≥ 1

2 .

Combining the above bounds, we arrive at
(4.10)

(Ut, V3)) + adG(U, V3)

≥
∑
T∈Th

(
1

2

d

dt
∥
√
A∇U∥2T +

1

2
∥
√
A∇Ux∥2T +

1

2
∥
√

xn2A∇U∥2∂+T − δT ∥
√
A∇U∥2T

− 1

16
∥
√
τ(Ut + xUy)∥2T +

(
β − 2α2

3

)
∥Uy∥2T − 3

8
∥Ux∥2T

)
− 1

16
∥U∥2dG.

Also, since

∥
√
A∇U∥2T = α∥Ux∥2T + 2β(Ux, Uy)T + γ∥Uy∥2T ≤ 2α∥Ux∥2T +

(
γ +

β2

α

)
∥Uy∥2T ,

using the above bound, we infer

(Ut, V3)) + adG(U, V3)

≥
∑
T∈Th

(
1

2

d

dt
∥
√
A∇U∥2T +

1

2
∥
√
A∇Ux∥2T +

1

2
∥
√

xn2A∇U∥2∂+T − δT ∥
√
A∇U∥2T

− 1

16
∥
√
τ(Ut + xUy)∥2T +

(
β − 2α2

3
− δTβ

2

α
− δT γ

)
∥Uy∥2T

− (
3

8
+ 2δTα)∥Ux∥2T

)
− 1

16
∥U∥2dG,
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and, recalling α = (8δ)−1, β = (48δ2)−1 and γ = 10(482δ3)−1, we calculate

β − 2α2

3
− δTβ

2

α
− δT γ = (384δ2T )

−1 =
α2

6
, and

3

8
+ 2δTα =

5

8
,

on each T ∈ Th. The result follows upon using the last bound and the last two
identities on (4.10). □

The next step is to combine Lemmata 4.2, 4.3, and 4.4, to show a positivity
result, which will eventually imply the asymptotic numerical hypocoercivity of the
semi-discrete scheme. To that end, we define the “enhanced” norm

|∥w|∥ :=
( ∑

T∈Th

(
∥
√
A∇wx∥2T +

1

2
∥αwy∥2T +

1

2
∥wx∥2T +

1

2
∥
√
τ(wt + xwy)∥2T

+ ∥
√

xn2A∇w∥2∂+T

)
+ ∥

√
σ[[w]]∥2Γint

+ 2∥w∥2uw
) 1

2

,

(4.11)

for all w ∈ H2(Ω, Th), along with the “broken” A-inner product and norm:

((w, v))A,h := (w, v) + (A∇hw,∇hv), and ∥w∥A,h :=
√
((w,w))A,h,

for all w, v ∈ H1(Ω, Th).

Proposition 4.5. Let U ∈ H1(I;Vh), V ∈ Vh given by (4.1), A given by (2.2) with
α, β, and γ as in (2.3), and δ as in (4.4). Then, a.e. in t, we have the estimate

(4.12) (Ut, V ) + adG(U, V ) ≥ 1

2

d

dt
∥U∥2A,h +

1

4
|∥U |∥2.

Proof. The result follows by combining the bounds in Lemmata 4.2, 4.3, and 4.4.
□

The next step is to show that |∥·|∥ controls ∥·∥A, that is we have “Poincaré
inequality”/“spectral gap”. Due to the dependence of A on the mesh parameters
h and p, as expected, we can only show a mesh dependent spectral gap, with the
respective constant degenerating as h → 0 and/or p → ∞.

Lemma 4.6 (mesh-dependent spectral gap). There exists a number κ ≡ κ(h, p) >
0, depending on hmin := minΩ h, on the polynomial degree p, on the domain geom-
etry, and on the mesh shape-regularity constant Cρ, such that, for all w ∈ Vh, we
have

(4.13) |∥w|∥2 ≥ κ ∥w∥2A,h.

Moreover, as hmin/p → 0, we have κ ≡ κ(h, p) ∼ h4
minp

−8.

Proof. Let B := diag(1, α2), recalling that α = (8δ)−1. We employ the splitting

∥
√
B∇hw∥2 = ∥

√
B − νA∇hw∥2 + ∥

√
νA∇hw∥2,

for ν = (2δ)−1. Then, B−νA is positive definite with smallest eigenvalue satisfying

λB−νA
1 ≥ det(B−νA)

1−να+|νβ| ≥ (228δ2)−1; cf., Lemma A.1.

Since for a face F = ∂T1 ∩ ∂T2 shared by two elements T1, T2 ∈ Th, we have
maxi=1,2 h

−1
i ≥ ({{h}}|F )−1, and since 64N∂p

2 ≥ 1, we already have the lower bound

(4.14)

2|∥w|∥2 ≥ min
Ω

1

228δ2
∥∇hw∥2 + ∥

√
νA∇hw∥2 + ∥n1{{h}}−

1
2 [[w]]∥2Γint

+
∑
T∈Th

∥
√
n2x[[w]]∥2∂−T∩Γint

+ ∥
√
|n2x|[[w]]∥2Γ−∪Γ+

.
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To conclude the proof it is sufficient to find suitable L(h, p) > 0, such that∑
T∈Th

(
∥n1{{h}}−

1
2 [[w]]∥2∂T∩Γint

+ ∥
√
n2x[[w]]∥2∂−T∩Γint

)
+ ∥

√
|n2x|w∥2Γ−∪Γ+

≥ L(h, p)
(
∥{{h}}− 1

2 [[w]]∥2Γint
+ ∥h− 1

2w∥2Γ−∪Γ+

)
.

To that end, we first observe that the left-hand side sum runs through all the inter-
nal faces in the mesh. Indeed, each element face e in Γint is either inflow or outflow.
If it is outflow, for a given element, it is inflow of the element “downstream”.

First consider a face e ⊂ Γint, with |n2| < 1
2 , i.e., a “vertical-like” face. Then,

n2
1 = 1− n2

2 ≥ 3
4 and, so, ∥n1{{h}}−

1
2 [[w]]∥2e ≥ 3

4∥{{h}}
− 1

2 [[w]]∥2e.
Now, we consider “horizontal-like” faces for which |n2| ≥ 1

2 . We set h̄min :=
1
2 min{1, hmin}, and we separate two cases: a) |x| ≥ 2h̄min for all (x, y) ∈ e, i.e.,

“sufficiently far” from the y-axis, and b) |x| < 2h̄min for some (x, y) ∈ e, that is
“very close” or crossing the y-axis.

For a), we have |xn2| ≥ h̄min, to conclude ∥
√
|n2x|[[w]]∥2e ≥ 2h̄2

min∥{{h}}−
1
2 [[w]]∥2e.

For b), (that is, |x| < 2h̄min for some (x, y) ∈ e and |n2| ≥ 1
2 , i.e., e is a

“horizontal-like” face and is “very close” or crosses the y axis,) we begin by con-
sidering the near-most piece of e to the y-axis, denoted by e0, for which |x| ≤
h̄min(256p

2)−1, for all (x, y) ∈ e0. (If it so happens that |x| ≥ h̄min(256p
2)−1, for

all (x, y) ∈ e, then e = e0.)
Then, we have

(4.15) ∥
√

|n2x|[[w]]∥2e ≥ ∥
√
|n2x|[[w]]∥2e\e0 ≥ h̄min

512p2
∥[[w]]∥2e\e0 .

Further, recalling the one-dimensional inverse estimate ∥v∥2L∞(e) ≤ 32p2|e|−1∥v∥2L2(e)
,

for v polynomial of degree p on e, (see, [27] or, e.g., [28, Eq. (3.6.4)],) we have

∥[[w]]∥2e\e0 = ∥[[w]]∥2e − ∥[[w]]∥2e0 ≥ ∥[[w]]∥2e − |e0|∥[[w]]∥2L∞(e)

≥ ∥[[w]]∥2e − |e0|32p2|e|−1∥[[w]]∥2e,

respectively. Upon noting that |e0| ≤ h̄min(64p
2)−1 by construction since n2 ≥

1
2 . Combining the last two bounds, we conclude ∥[[w]]∥2e\e0 ≥ 1

2∥[[w]]∥
2
e, which in

conjunction with (4.15), gives

∥
√
|n2x|[[w]]∥2e ≥ h̄min

1024p2
∥[[w]]∥2e ≥ h̄2

min

1024p2
∥{{h}}− 1

2 [[w]]∥2e.

Note that the above argument remains valid also for boundary faces e ⊂ Γ− ∪ Γ+.
From the above, it is sufficient to select L(h, p) := h̄2

min(1024p
2)−1, upon noting

the bound h̄2
min(1024p

2)−1 ≤ max{ 3
4 , 2h̄

2
min}. Thus, (4.14) gives

2|∥w|∥2 ≥ min
{
min
Ω

1

228δ2
,

h̄2
min

1024p2

}(
∥∇hw∥2 + ∥{{h}}− 1

2 [[w]]∥2Γint∪Γ−∪Γ+

)
+ ∥

√
νA∇hw∥2

Further, it is known (see [5, Theorem 1.6] for details) that the “broken” Poincaré
inequality (spectral gap) holds in this case:

(4.16) ∥w∥2 ≤ CbPF

(
∥∇hw∥2 + ∥{{h}}− 1

2 [[w]]∥2Γint∪Γ−∪Γ+

)
,
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for a constant CbPF > 0, independent of w and of the discretisation parameters,
but dependent on the length of Γ− ∪ Γ+. Then, (4.13) follows by setting

κ ≡ κ(h, p) :=
1

2CbPF
min

{
min
Ω

1

228δ2
,

h̄2
min

1024p2

}
.

Thus, as hmin/p → 0, we conclude κ = minΩ(CbPF228δ
2)−1 ∼ h4

minp
−8. □

Remark 4.7. Note that |∥·|∥ is, indeed, a norm in Vh since it majorises the norm
∥·∥A,h.

We are now ready to prove the first main result of this work.

Theorem 4.8 (Asymptotic numerical hypocoercivity of the semi-discrete scheme).
Let U ∈ H1(I;Vh) be the solution of the semi-discrete scheme (3.3) for f = 0.
Then, we have

(4.17) ∥U(tf )∥A,h ≤ e−κtf/4∥U(0)∥A,h,

where κ ≡ κ(h, p) ∼ h4
minp

−8, as hmin/p → 0.

Proof. From Lemma 4.6 and Proposition 4.5, we have, respectively,
(4.18)

1

2

d

dt
∥U∥2A,h +

κ

4
∥U∥2A,h ≤ 1

2

d

dt
∥U∥2A,h +

1

4
|∥U |∥2 ≤ (Ut, V ) + a(U, V ) = 0.

The result follows by integration with respect to t in the interval I, noting that
U(0) ∈ Vh ⊂ H1(Ω, Th). □

The above result shows that the classical discontinuous Galerkin method retains
an “asymptotically preserving” hypocoercivity structure at the discrete level, in
the sense that the spectral gap becomes significant for tf > κ−1 ∼ p8h−4

min. This
is, perhaps, expected, due to the bounded domain and the boundary conditions.
We refer to the preservation of this structure by a numerical method as numerical
hypocoercivity.

Remark 4.9. To highlight the importance of V3 in the present context, we discuss
briefly the effect of omitting this term. Indeed, upon testing with V1 + V2 only, we
return to the inf-sup stability analysis of the classical dG method in a stronger-
than-energy, SUPG-like norm; we refer to [1, 8, 7], for various, related results in
this context, extending the seminal, classical result presented in [23]. Combining
the bounds in the bounds in Lemmata 4.2, 4.3 only, we deduce

(Ut, V1 + V2) +adG(U, V1+V2) ≥
1

2

d

dt
∥U∥2+ 7

8
∥U∥2dG+

1

4

∑
T∈Th

∥
√
τ(Ut + xUy)∥2T .

Now, it is not known if it is possible to bound
(
∥U∥2dG+ 1

4

∑
T∈Th

∥
√
τ(Ut + xUy)∥2T

)1/2
by ∥U∥ from below in general, cf., (4.16), given that ∥Uy∥ is not present in ∥U∥2dG.
Thus, the energy argument for f = 0 becomes

1

2

d

dt
∥U∥2 ≤ (Ut, V1 + V2) + a(U, V1 + V2) = 0,

which, in turn, implies just ∥U(tf )∥ ≤ ∥U(0)∥; cf., (4.17).



18 ZHAONAN DONG, EMMANUIL H. GEORGOULIS, AND PHILIP J. HERBERT

5. Asymptotic numerical hypocoercivity of the space-time method

The respective result for the fully discrete scheme (3.5) providing the space-time
discrete solution U ∈ Vh,k, follows by extending the results of the previous section.
To that end, we consider the test function V , which is defined in the fully discrete
space-time dG space Vh,k, along with the Vi, i = 1, 2, 3, as:
(5.1)

V := U+
∑
In∈I

∑
T∈Th

τT,n(xUy+Ut)|In×T+
∑
In∈I

∑
T∈Th

−div(A∇U)|In×T ≡ V1+V2+V3,

upon redefining τ and δ as follows. We set τ |In×T := τT,n, with

τT,n :=min
{
τT ,

kn
64(q + 1)2

}
,(5.2)

for all T ∈ Th, n = 1, . . . , N , with τT as in (4.3). Note that τ ∼ min{h2/p4, k/q2},
as h/p → 0 and as k/q → 0, with k = maxn=1,...,N kn.

Also, we modify (slightly) the definition of the (space-time) element-wise con-
stant function δ, which is now given by δ|In×T := δT,n, T ∈ Th, n = 1, . . . , N ,
where

δT,n := max

{
1,

C2
∂p

4

h2
T

max
{
4 +

C2
∇

8C2
∂

,
(xT

n2
)2hT

p2
,
√
RT,n

}}
,(5.3)

with
RT,n := 2h2

T p
−4τ−1

T,n + 1040N∂(n
F
1 CρC

−1
∂ )2

+ 8(C∇C−1
∂ xT

n2
)2p−2hT + 2h2

T (q + 1)2p−4k−1
n .

Note that we have δ ∼ max{p4/h2, p2q/(h
√
k)}, as h/p → 0 and as k/q → 0. In

particular, for later reference, we have δT,n ≥ 1 and

δT,n ≥ C2
∂p

4

h2
T

√
RT,n ≥

√
2C2

∂p
2(q + 1)

hT

√
kn

,

and, so, on each In × T , we have

(5.4) α = (8δT,n)
−1 < min

{
1,

hT

√
kn

C2
∂p

2(q + 1)

}
.

5.1. Stability estimates. We prove lower bounds for Bn, from (3.6), when tested
against each one of Vi, i = 1, 2, 3.

Lemma 5.1. Let U ∈ Vh,k. Then, for σ as given in (4.2), we have

Bn(U, V1) ≥
1

2

(
∥⌊U⌋n−1∥2 + ∥U(t−n )∥2 − ∥U(t−n−1)∥2

)
+

∫
In

(7
8
∥U∥2dG +

1

16
∥U∥2uw

)
dt.

Proof. Since V1 = U , Bn(U,U) includes
∫
In

adG(U,U) dt, which has essentially been

treated in Lemma 4.2. For the remaining, time discretisation terms, we have∫
In

(Ut, U) dt + (⌊U⌋n−1, U(t+n−1)) =
1

2

(
∥⌊U⌋n−1∥2 + ∥U(t−n )∥2 − ∥U(t−n−1)∥2

)
,

and the result already follows. □
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Lemma 5.2. Let U ∈ Vh,k and τ as in (5.2). Then, on each In, we have

(5.5) Bn(U, V2) ≥
∫
In

( 3

16

∑
T∈Th

∥
√
τ(Ut + xUy)∥2T − 1

16
∥U∥2dG

)
dt− 1

16
∥⌊U⌋n−1∥2.

Proof. Test Bn(U, ·) against V2 = τW , with W |In×T := (xUy + Ut)|In×T , n =
1, . . . , N , T ∈ Th, (noting that W is now a space-time polynomial on each space-
time element In × T ,) with τ as given in (5.2). Note that this way we retain the
validity of the bound in Lemma 4.3 and, thus,

Bn(U, V2) ≥
∫
In

(1
4

∑
T∈Th

∥
√
τW∥2T − 1

16
∥U∥2dG

)
dt + (⌊U⌋n−1, τW (t+n−1)).

Employing (3.4), and standard estimation steps, we have

(⌊U⌋n−1, V2(t
+
n−1)) ≥ −

∑
T∈Th

4τT,n(q + 1)2k−1
n

∫
In

∥
√
τW∥2T dt− 1

16
∥⌊U⌋n−1∥2.

Since 64τT,n(q + 1)2k−1
n ≤ 1, due to the choice of τ in (5.2), the result follows. □

Lemma 5.3. Let U ∈ Vh,k and δ be as given in (5.3). Then, on each In, we have

Bn(U, V3) ≥
1

2

(
∥⌊
√
A∇hU⌋n−1∥2+∥

√
A∇hU(t−n )∥2−∥

√
A∇hU(t−n−1)∥2

)
− 1

16
∥⌊U⌋n−1∥2 +

∫
In

(
1

2

∑
T∈Th

(
∥
√
A∇Ux∥2T + ∥

√
xn2A∇U∥2∂+T

− 1

8
∥
√
τ(Ut + xUy)∥2T +

α2

3
∥Uy∥2T − 5

4
∥Ux∥2T

)
− 1

16
∥U∥2dG

)
dt.

Proof. On each In, we have

Bn(U, V3) =−
∫
In

((Ut, divh(A∇hU)) + adG(U,divh(A∇hU))) dt

− (⌊U⌋n−1, divh(A∇hU)(t+n−1)).

The first integral on the right-hand side of the last equality can be handled com-
pletely analogously to Lemma 4.4; we, thus, focus on the second term. Integrating
by parts in space on each T ∈ Th, we have

−(⌊U⌋n−1, divh(A∇hU)(t+n−1)) = (⌊∇U⌋n−1, (A∇hU)(t+n−1))

−
∑
T∈Th

(⌊U⌋n−1, n · (A∇hU)(t+n−1))∂T .

Using the inverse inequalities (3.1) and (3.4), we have

− (⌊U⌋n−1, n · (A∇hU)(t+n−1))∂T

≥ − (C∂p)
2(q + 1)|

√
A|T |

hT

√
kn

∥⌊U⌋n−1∥T ∥
√
A∇U∥In×T

≥ −4(C∂p)
4(q + 1)2|A|T |
h2
T kn

∥
√
A∇U∥2In×T − 1

16
∥⌊U⌋n−1∥2T .

(5.6)
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The following identity holds on each time interval In:∫
In

((A∇hUt,∇hU)) dt + (⌊∇hU⌋n−1, (A∇hU)(t+n−1))

=
1

2

(
∥⌊
√
A∇hU⌋n−1∥2 + ∥

√
A∇hU(t−n )∥2 − ∥

√
A∇hU(t−n−1)∥2

)
;

(5.7)

its proof follows upon observing (A∇hUt,∇hU) = 1
2

d
dt∥

√
A∇hU∥2. The remainder

of the proof follows completely analogously to the proof of Lemma 4.4. □

Hence, combining the bounds from Lemmata 5.1, 5.2, and 5.3, we already deduce
the following stability estimate

(5.8) Bn(U, V ) ≥ 1

2

(
∥U(t−n )∥2A − ∥U(t−n−1)∥2A + ∥⌊U⌋n−1∥2A

)
+

1

4

∫
In

|∥U |∥2 dt.

The last estimate motivates to define following space-time dG norm:

|∥w|∥st :=
(1
2

(
∥w(t−N )∥2A + ∥w(t+0 )∥2A +

N∑
n=2

∥⌊w⌋n−1∥2A
)
+

1

4

N∑
n=1

∫
In

|∥w|∥2 dt
) 1

2

,

for all w|In ∈ C(In;H
2(Ω, Th)), n = 1, . . . , N . Indeed, summing (5.8) over all In,

n = 1, . . . , N , we get

(5.9) Bst(U, V ) ≥ |∥U |∥2st.
Equipped with the last bound, we are ready to show the second main result.

Theorem 5.4 (Asymptotic numerical hypocoercivity of space-time dG). Let U ∈
Vh,k be the solution to (3.5) for f = 0. Then, we have

(5.10) ∥U(tf )∥2A ≤
N∏

n=1

(
1 +

κkn
2(q + 1)2

)−1

∥U(t−0 )∥2A,

with U(t−0 ) := πu0 ∈ Vh denoting for the approximated initial condition.

Proof. Setting f = 0 into (3.5), for V ∈ Vh,k given by (5.1) on In, along with (5.8)
give:

(5.11)
1

2

(
∥U(t−n )∥2A − ∥U(t−n−1)∥2A

)
+

1

4

∫
In

|∥U |∥2 dt ≤ Bn(U, V ) = 0.

for n = 1, . . . , N , noting carefully that for n = 1, U(t−0 ) = πu0 is the projected
initial condition onto Vh. Hence, Lemma 4.6 implies

(5.12) ∥U(t−n )∥2A +
κ

2

∫
In

∥U∥2A dt ≤ ∥U(t−n−1)∥2A.

Employing, now, the trace inverse estimate (3.4), we get

κkn
2(q + 1)2

∥U(t−n )∥2A ≤ κ

2

∫
In

∥U∥2A dt,

which upon substitution into (5.12) gives

∥U(t−n )∥2A ≤
(
1 +

κkn
2(q + 1)2

)−1

∥U(t−n−1)∥2A.

Applying the last bound iteratively for all n = 1, . . . , N , we deduce the required
estimate. □
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Remark 5.5. Assuming constant timestep kn = k for all n = 1, . . . , N , (5.10) gives

(5.13) ∥U(tf )∥A ≤
(
1 +

κk

2(q + 1)2

)−
tf
2k ∥U(t−0 )∥A → e

−
κtf

4(q+1)2 ∥U(t−0 )∥A,

as k → 0. Comparing with (4.17), the exponent has the same scale of the respective
one in the semidiscrete case for q = 0. Note that the above result also holds for
variable temporal degree, say qn, by replacing q with maxn qn.

5.2. Hypococercivity-enhanced inf-sup stability. A by-product of the proof
of Theorem 5.4 is the bound (5.9), viz., Bst(U, V ) ≥ |∥U |∥2st, with V given in (5.1).
This is one side of the proof of an inf-sup condition in the hypocoercivity-enhanced
norm |∥·|∥st for the classical space-time dG method. To complete the proof of the
inf-sup condition, we need also to show that |∥V |∥st ≤ C|∥U |∥st. This given in the
final main result of this work.

Theorem 5.6. There exists a positive constant Λ, independent of discretization
parameters hT , kn, p and q, (but depends on ∥x∥L∞(Ω),) such that:

(5.14) inf
U∈Vh,k\{0}

sup
V ∈Vh,k\{0}

B(U, V )

|∥U |∥st|∥V |∥st
≥ Λ.

Proof. To show this, it remains to prove that there exists positive constant Λ > 0,
independent of discretization parameters h, kn, p and q, such that

(5.15) |∥V |∥st ≤ |∥U |∥st + |∥V2|∥st + |∥V3|∥st ≤ Λ−1|∥U |∥st.
for V given in (5.1). This bound, together with Bst(U, V ) ≥ |∥U |∥2st, proves (5.14).

To streamline notation, we set Chp := max{C2
∂ , C∇}p2h−1

T , so that the inverse
estimates (3.1) can be expressed as

(5.16) ∥Z∥2∂T ≤ Chp∥Z∥2T , and ∥∇Z∥2T ≤ C2
hp∥Z∥2T ,

for all Z ∈ Pp(K), p ∈ N, T ∈ Th. On each In × T , we note the bounds

(5.17) α ≤ h2
TC

−2
∇ p−4 ≤ c̄C−2

hp , τT,n ≤ 2

3
c̄C−2

hp , and τT,n ≤ kn
64(q + 1)2

,

with c̄ := max{1, C4
∂C

−2
∇ }, from the definitions of τT,n and δT,n. We shall make

frequent use of (5.16) and (5.17) below without explicit announcement in the text.
We first show |∥V2|∥st ≤ C2|∥U |∥st for a constant C2 independent of h, p, q, k. To

that end, we begin by setting, as before, W |In×T := (Ut+xUy)|In×T , n = 1, . . . , N ,
T ∈ Th, for notational brevity. Then, on each time interval In, we have

∥
√
σ[[τW ]]∥2In×Γint

≤ 2
∑
T∈Th

∥
√
στW∥2In×∂T

≤ 2
∑
T∈Th

σT τT,nChp∥
√
τW∥2In×T ≤ c1

∑
T∈Th

∥
√
τW∥2In×T ,

with ci > 0 (see also below), i ∈ N, independent of h, of p, and of the functions
involved. Next, since |A|In×T | ≤ 2α ≤ 2c̄C−2

hp , we have

∥
√
A∇(τW )x∥2In×T ≤ C4

hp|A|In×T |τT,n∥
√
τW∥2In×T ≤ c2∥

√
τW∥2In×T ,

∥α(τW )y∥2In×T ≤ C2
hpα

2τT,n∥
√
τW∥2In×T ≤ c3C

−4
hp ∥

√
τW∥2In×T .

Similarly, we also have ∥(τW )x∥2In×T ≤ c4∥
√
τW∥2In×T .
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Now, triangle inequality and the estimates (3.4) and (5.17) imply

τ2T,n∥
√
τ(Wt + xWy)∥2In×T ≤ c5∥

√
τW∥2In×T ,

with c5 := 24 + ∥x∥2L∞(Ω). Also,

∥
√
xn2A∇(τW )∥2In×∂+T + ∥

√
|xn2|τW∥2In×∂T ≤ c6∥

√
τW∥2In×T .

Finally, for the time discretisation terms, using (5.17), we have

∥τW (t±n−1)|T ∥2A = ∥τW (t±n−1)∥2T + ∥τ
√
A∇W (t±n−1)∥2T

≤ (q + 1)2τT,mk−1
m (1 + 2c̄)∥

√
τW∥2Im×T ≤ c7∥

√
τW∥2Im×T ,

with m := n+ ±1−1
2 , i.e., m = n for t+n−1 and m = n− 1 for t−n−1. Combining the

above bounds, we arrive at |∥V2|∥st ≤ C2|∥U |∥st for C2 > 0 independent of h, p, q, k.
To conclude, we also need to show that |∥V3|∥st ≤ C3|∥U |∥st for a constant C3 > 0

independent of h, p, q, k. We start by observing that

∥
√
A∇U∥2T = α∥Ux∥2T +

8α2

3
(Ux, Uy)T +

20α3

9
∥Uy∥2T ≤ 2α∥Ux∥2T +

28α3

9
∥Uy∥2T ,

or ∥
√
A∇U∥2T ≤ 4α∥

√
B∇U∥2T , with B = diag(1, α2) as in the proof of Lemma 4.6.

We consider each term in |∥V3|∥2st separately, starting from

∥
√
σ[[div(A∇U)]]∥2In×Γint

≤
∑
T∈Th

4σTC
3
hp|A|In×T |∥

√
A∇U∥2In×T ≤ c̃1∥

√
B∇hU∥2,

with c̃i > 0 (see also below), i ∈ N, independent of h, p, q, k and of the functions
involved. Also, we have, respectively,

∥
√
A∇ (div(A∇U))x∥

2
In×T ≤ 4αC6

hp|A|In×T |2∥
√
B∇U∥2In×T ≤ c̃2∥

√
B∇U∥2In×T ,

∥α
(
div(A∇U)

)
y
∥2In×T ≤ 4α3C4

hp|A|In×T |∥
√
B∇U∥2In×T ≤ c̃3C

−4
hp ∥

√
B∇U∥2In×T ,

and

∥div(A∇U)x∥2In×T ≤ 4αC4
hp|A|In×T |∥

√
B∇U∥2In×T ≤ c̃4∥

√
B∇U∥2In×T .

Further, recalling (5.4), we see that α < c
√
kn(q+1)−1C−1

hp , with c := max{1, C∇C−2
∂ },

so that

∥
√
τ((div(A∇U))t + x(div(A∇U))y)∥2In×T

≤8αC2
hp

(
12(q + 1)4k−2

n +∥x∥2L∞(T )C
4
hp

)
|A|In×T |τT,n∥

√
B∇U∥2In×T ≤ c̃5∥

√
B∇U∥2In×T .

Also, we have

∥
√

xn2A∇(div(A∇U))∥2In×∂+T + ∥
√
|xn2|div(A∇U)∥2In×∂T

≤ ∥x∥2L∞(Ω)

(
C5

hp|A|In×T |2 + C3
hp|A|In×T |

)
∥
√
A∇U∥2In×T ≤ c̃6C

−1
hp ∥

√
B∇U∥2In×T .

Finally, employing again (5.17) and α < c
√
kn(q + 1)−1C−1

hp , we have

∥div(A∇U)(t±n−1)|T ∥2A
= ∥div(A∇U)(t±n−1)∥2T + ∥

√
A∇div(A∇U)(t±n−1)∥2T

≤ (q + 1)2

km

(
C2

hp|A|Im×T |+ C4
hp|A|Im×T |2

)
∥
√
A∇U∥2Im×T ≤ c̃7∥

√
B∇U∥2Im×T ,

for m := n+ ±1−1
2 . Combining the above bounds, we arrive at |∥V3|∥st ≤ C3|∥U |∥st

for C2 > 0 independent of h, p, q, k, which concludes the proof. □
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Remark 5.7. We note that Theorems 5.4 and 5.6 remain valid (upon setting p = q),
with different constants in the definitions of τ and δ, if we consider total degree
space-time polynomials in the spirit of [7].

6. Conclusions and extensions

We have shown that the standard, classical, space-time discontinuous Galerkin
method discretising the Kolmogorov equation on a bounded spatial domain admits
a subtle, mesh-dependent hypocoercivity property at the discrete level, asymptot-
ically for large times. To our knowledge, this is the first result of this kind for
any standard Galerkin scheme. Kolmogorov initial/boundary value problem on a
bounded domain with standard no-flux conditions is not expected to admit decay-
ing solutions for all initial conditions. The asymptotic numerical hypocoercivity
results proven above are consistent with the latter statement, in the sense that the
decay as t → ∞ proven degenerates as h/p, k/q → 0. Nevertheless, the stability
proven in Theorems 4.8 and 5.4 is strictly stronger than the corresponding strongest
inf-sup stability result from the literature [23, 1, 8] described in Remark 4.9. The
key development that allows for the stronger results is to reveal the underlying
hypocoercivity structure through the new test functions (4.1) and (5.1). Further,
we have shown that the space-time discontinuous Galerkin method is inf-sup stable
in the same hypocoercivity-enhanced discretisation parameter-dependent family of
norms containing a full gradient of the numerical solution.

It is possible, in principle, to extend the results presented to meshes comprising
general polygonal elements, with the respective choice of discontinuity penalisation
parameter σ as in [8, 9], provided a broken Poincaré inequality on such meshes is
available; we refer to a recent result in this direction [5]. We have refrained from
doing so in this work, to avoid additional technicalities, in the interest of clarity of
the presentation.

Finally, a note regarding the generality of the approach. Although the focus of
this work has been on the specific Kolmogorov equation, the methodology used,
i.e., to enhance the test functions by a ‘hypocoercivity-inducing’ term mimicking
the effect of the modified inner product in (2.4), is general, in principle. As such,
we expect to be able to prove similar results for other hypocoercivity-inducing
equations, kinetic-type advection fields.

Appendix A. An elementary eigenvalue bound

Lemma A.1. Consider a real 2 × 2 symmetric and positive-semidefinite matrix

A =
(
a b
b c

)
, whose entries satisfy a, c ≥ 0. Then, we have ac−b2

a+|b| ≤ |A| ≤ a+ |b| ≤
2a, with | · | the spectral matrix norm.

Proof. The assumptions imply a ≥ 0 and ac − b2 ≥ 0. For λ− ≤ λ+ the two

eigenvalues of A, we have 2λ± = (a + c)(1 ±
√
1− 4ζ), with ζ := ac−b2

(a+c)2 , we get

λ+ ≤ a+ |b|. Since λ+λ− = det(A) = ac− b2, we conclude λ− ≥ ac−b2

a+|b| . □
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