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Completely random measures (CRMs) are fundamental to Bayesian non-
parametric models, with applications in clustering, feature allocation, and net-
work analysis. A key quantity of interest is the Laplace exponent, whose
asymptotic behavior determines how the random structures scale. When the
Laplace exponent grows nearly linearly — known as rapid variation — the
induced models exhibit approximately linear growth in the number of clusters,
features, or edges with sample size or network nodes. This regime is especially
relevant for modeling sparse networks, yet existing CRM constructions lack
tractability under rapid variation. We address this by introducing a new class
of CRMs with index of variation a € (0, 1], defined as mixtures of stable or
generalized gamma processes. These models offer interpretable parameters,
include well-known CRMs as limiting cases, and retain analytical tractability
through a tractable Laplace exponent and simple size-biased representation.
We analyze the asymptotic properties of this CRM class and apply it to the
Caron—Fox framework for sparse graphs. The resulting models produce net-
works with near-linear edge growth, aligning with empirical evidence from
large-scale networks. Additionally, we present efficient algorithms for sim-
ulation and posterior inference, demonstrating practical advantages through
experiments on real-world sparse network datasets.

arXiv:2505.13206v1 [math.ST] 19 May 2025

1 Introduction

Over the past twenty-five years, completely random measures (CRMs) have emerged as

fundamental components of modern Bayesian methodology, with applications in clustering,

feature modeling, species discovery, survival analysis, finance, and network analysis ( ,
; 9y ; 9 ; ) ; )
; ) ; ) ) ; y

) Y
, ; ) ). A key quantity associated with a CRM


https://arxiv.org/abs/2505.13206v1

G defined on a space O is its Laplace exponent, the Bernstein function 1 : [0, 00) — [0, 00)
given by

W(t) = —logE [e*tff“@)} > 0. (1)

The asymptotic behavior of 1 as t grows to infinity determines critical properties of the
CRM and of the random structures built upon it. In many cases of practical interest,
exhibits regular variation at infinity:

(e}
()~ (D), 2)
for some « € [0,1] and a slowly varying function £(t), which is typically either a positive
constant or a power of log(t).

This asymptotic form is central in determining the growth rate of observable quantities
in CRM-based models. For example, in normalized CRM mixture models, latent feature
models, or species sampling schemes, the number of clusters, features, or distinct species
K, scales as n®{(n) as the sample size n — oo ( , : , :

, ). Similarly, in the Caron—Fox family of sparse graph models, which are
based on CRMs ( , ), the number of nodes N scales as E(1®)/2¢(\/E),
where E denotes the number of edges ( , ).

The parameter a € [0,1] is referred to as the index of variation. The limiting cases
a =0 and a = 1 correspond to slow and rapid variation respectively ( , ).
Classical CRMs with favorable analytical properties — such as conjugacy — typically fall in
the range a € [0, 1), and include the gamma, beta, stable, generalized gamma, and stable
beta processes ( , : , : , : , : ,

); we collect a summary in Table 1.

Despite its importance, the extreme case o = 1, corresponding to rapid variation, lacks a
tractable CRM construction in the literature. In clustering and feature allocation models,
it yields regimes where the number of clusters or features grows approximately linearly in
n, modulo a logarithmic correction. Within the Caron—Fox framework for random graphs,
the case a = 1 produces networks in which the number of edges grows nearly linearly
with the number of nodes—a property widely regarded as more consistent with empirical
observations of real-world sparse networks ( , , Figure 1.1).

In this article, we introduce a novel class of completely random measures with index of
variation a € (0, 1], thereby filling the gap in the existing literature for the rapid variation
regime. The proposed CRM is constructed as a mixture of stable, or more generally,
generalized gamma CRMs. It features interpretable parameters, includes the stable and
generalized gamma processes as limiting cases, and admits a simple and tractable Laplace
exponent. Moreover, it supports a size-biased construction that facilitates inference and
simulation.

We apply this model to the construction of sparse random graphs. Within the Caron—Fox
framework, the resulting graphs exhibit edge growth that is approximately linear in the
number of nodes. We develop algorithms for both simulation and posterior inference,
leveraging the mixture structure of the model, and demonstrate its empirical validity on
two real-world sparse networks.

The remainder of the paper is structured as follows. In Section 2, we introduce our
novel CRM family and detail its construction. In Section 3, we study its theoretical
properties and describe appropriate simulation methods. In Section 4, we apply our model
to network data, describe graph properties, and present an efficient approach to posterior
inference. In Section 5, we present numerical experiments on real-world networks, and
we gather concluding remarks in Section 6. We defer to the supplementary material



Table 1: Index of variation and slowly varying function associated to some CRMs.

CRM « .
Gamma 0 log
Generalized gamma (0,1) constant
Beta 0 log
Stable beta (0,1) constant
Stable (0,1) constant
Mixed Stable (ours) (0,1 log™*
Mixed Generalized Gamma (ours) (0,1] log™*

proofs, implementation details, additional experiments, and some background on regular
variation.

Asymptotic notation. Throughout this article, we write f(xz) ~ g(x) to denote that
r—a

lim, . f(z)/g(x) = 1, where a € RU {—00,400}. If f(z) and g(x) are random variables,
the notation indicates that the equivalence holds almost surely. This usage of ~ should
not be confused with the standard distributional notation X ~ D, which means that the
random variable X has distribution D.

2 Rapidly Varying Completely Random Measures

2.1 Background on homogeneous CRMs

An homogeneous CRM on some Polish space © with no deterministic component nor fixed
components takes the form ( , , ; , )

G=> Wby, 3)

Jj=21

where {(W},60;)};>1 are realisations of a Poisson point process on (0,00) x © with mean
measure v(dw)H (df) where H is some probability distribution on ©, and v is a Lévy
measure on (0,00) that satisfies

/00(1 —e r(dw) < oco. (4)
0

We assume here that v admits a density p with respect to the Lebesgue measure, with
v(dw) = p(w)dw. We write G ~ CRM(p, H). Note that, if [ p(w)dw = oo, then
0 < G(O) = > ;51 Wj < oo almost surely. The Laplace exponent is related to the Lévy
intensity p through

() = /0 T (1 - e p(w)dw. (5)

Two standard CRMs are the stable CRM, with Lévy intensity and Laplace exponent

(0}

—1l—« . et
mw ) U)St(t»a) =1

pst(w; o) =

where a € (0,1) is the index of variation, and the generalized gamma (GG) CRM (also
known as exponentially tilted stable CRM), whose Lévy intensity and Laplace exponent



are given by

o 1 _
pGG(UJ;O{,,B) = mw ! “e Bwv

Yaa(t;a, B) = Ysi(t + By o) — s (B o) = (t 4 B)* — B*

where « € (0,1) is the index of variation and 5 > 0. For 5 = 0, one recovers the stable
CRM.

2.2 A novel class CRMs with rapid variation

We now introduce a novel class of CRMs whose index of variation a € (0, 1], including
the rapid variation case @ = 1. This class of CRMs is defined as a mixture of generalized
gamma CRMs, where the mixing is done with respect to the index of variation. We will
refer to them as mixed Generalized Gamma (mGG). For ease of presentation, we first
present the canonical model, based on a mixture of Stable CRMs (mSt) with parameters
«a and 7. We then present the full model, with five parameters, whose properties can be
derived from those of the canonical model.

Canonical model: Mixed Stable. The Lévy intensity of the canonical model is obtained
by mixing over the index of variation in a stable model. It is given by

1 o 1 o s
-8)ds = —l—sd
04—7'/7 pui(w; s)ds a—T/T F(l—s)w § (©)

where 0 < 7 < a < 1. Although the intensity py,st does not have a closed-form expression,
the corresponding Laplace exponent has a remarkably simple expression:

(ozlfstl;gt t€(0,1)U(1,00),

1 o
Ymst(t; a, 7) = / Ysi(t; s)ds = 1 t=1, (7)
a=TJr 0 t=0.

PmSt (w; «, 7—) =

In this model, « € (0,1] is the index of variation, as will be shown in Proposition 3.1.
Note that the function 1 is monotonically increasing and continuous on [0, c0). Addition-
ally, for any « € (0,1),

lim pse(w; a, 7) = pse(w; ), (8)
T

hence the stable model is recovered as a limiting case. Of the values for 7, a, we will be
particularly interested in the rapid variation case « = 1, 7 = 0. In this case, the Laplace
exponent has a particularly tractable form, given by

Loy >0, t#1,

logt
Ymst(t;1,0) =< 1 t=1, (9)
0 t=0.

Full model: Mixed Generalized Gamma. The full five-parameters model is obtained by
scaling and exponentially tilting the density of the mixed Stable CRM. Its Lévy intensity
can alternatively be expressed as a mixture of Generalized Gamma CRMs, hence the name
mixed Generalized Gamma (mGG). Its Lévy intensity and Laplace exponent are given by

. 7 s () ot = T / 5¢
pmGG(w7a77—767cun) CpmSt C,Oé,’i' € a—T /. P(l—S)

S

w—l—se—ﬂw/cds7

(10)
Ymaa(t;o, 7, 8,¢,m) =0 (Yms (B + ct;a, 7) — Ymse(Bsa, 7)) (11)



The five parameters of the model have the following interpretation:
e «a € (0,1] is the index of variation;
e 7 € [0,a) is a power-law exponent that tunes the decay of large weights, see (17);

e (3 is the exponential tilting parameter; if 5 > 0, it tunes the exponential decay of
large weights, see (17);

e ¢ is a scaling parameter: if G ~ CRM(pmcc (o, 7,6,1,1), H), then
¢G ~ CRM(pmaa (5o, 7, B,¢,m), H);

e 7 is a rate parameter: if G; ~ CRM(pmaa(;a,7,8,¢,m), H) and

GQ ~ CRM(PmGG('Q0477',6707772)7}]), then Gl + GQ ~ CRM(pmGG(';avT)/Bvcvnl +
"72)7H)-

3 Properties and Simulation

In this section, we conduct a theoretical analysis of the properties of the mGG CRM.
Specifically, we prove in Proposition 3.1 that the parameter o € (0, 1] in this model is the
index of variation, and the model may therefore exhibit rapid variation when o = 1. All
these results will serve as essential tools for our analysis of the asymptotic properties of
random graphs based on this model in Section 4.

3.1 Asymptotic properties of the Lévy intensity and Laplace exponent

We derive here some asymptotic properties of the CRM. The behavior of the Laplace
exponent, as explained in the introduction, tunes important asymptotic properties related
to the behavior of small weights of the CRM. The behaviour of the Lévy intensity at
infinity is also of interest for some applications, as it relates to the behavior of large
weights.

Proposition 3.1. We have, for the canonical model

ta

" N 12
met( y O 7_) oo (Oé _ 7_) logt ( )
1 w2 .
-y ifa=1,
st (Wi @, T) ~ { rlegte) .f (13)
w20 | oot bgywy <1,
1 woti-T ;
o ZfT =0,
Pmst(w; o, T) e { “r ligz(w) ol (14)
v @=ra=n) legwy Y4 7>0
For the full model,
Ymaa (Lo, 7, 8,¢,m)  ~ ncPmsi(t; a, ), (15)
t—oo
pmcc(w; a, 7, 8,¢,1) o ne pust(w; a, 7), (16)
PmGG (wa o, T, /87 C, 77) w:oo ncTeiﬁw/c PmSt (w7 «, T)' (17)



3.2 Moments

Derivatives of the Laplace exponent ¢ of a CRM are of interest to derive moments or
other properties. For n > 1 and t > 0, let

KWJ):(—D”H¢Wkﬂ:i4wuﬂéW%Mde. (18)

If G ~ CRM(p, H), then E[G(O)] = k(1,0) and V[G(0)] = k(2,0). We provide below
the expression of the s function for the mGG CRM, and analytic expressions for the
expectation and variance of G(©) under this model.

Proposition 3.2. Let m > 1 and z > 0. Define

oo
K‘/mGG(m7 ’Z; a? T? 67 c7 n) = / wmeizwp(w; a? T? 57 C7 n)dw
0

z

and kmst(m, z;a,7) = [;¥ W™ pmse(w; o, 7)dw. Then

—m @ T .
Kmst (M, z; 0, 7) = ;_ T/‘[‘ szsr((T_;)ds,

K‘mGG(ma 20T, /87 ¢, 77) = 770m KmSt (m7 B +cz; 7_) .

Form =1, z > 0, we have

271 2T —2%(az®—72") log z
= z#1
kmst (1,20, 7) = { o=t a(_}_Ong)Q 7 1’
o Z = 1.

If G is a CRM with parameters «, T, 3 > 0,c¢,n, then the total mass G(©) = 2]21 W; has
expectation E[G(O)] = nckmsi(1, B;a, 7) and variance V[G(0)] = nc? kmst (2, B; o, 7). In
particular, if « =1 and 7 = 0, we obtain

1-pB+Blog(8)
Ew@ﬂ:{”cﬁmm> p#l
ne B=1
D) )

2 (B+1) log 8+2(1-5)

net B=1.

3.3 Simulation of the weights and total mass

Among the key properties expected from a tractable statistical model is the ability to
sample from it. However, since CRMs are infinite objects that cannot be fully represented
on a finite computer, only approximate sampling is possible. Several approaches for ap-
proximating CRM sampling exist, and here we propose a size-biased method, which is
advantageous due to its ease of implementation. Additionally, we provide an estimate
for the total mass lost in the approximation, which is proportional to 1/log(n), where n
is the number of size-biased samples. In certain applications, only the total mass of the
CRM is required. For such cases, we introduce an approximate method for sampling the
total mass based on a Riemann sum, which converges at a rate of 1/n. This convergence
rate outperforms the alternative approach of computing individual weights and summing
them.



3.3.1 Size-biased sampling of the CRM

We follow here the strategy of ( ) to sample the size-biased weights, see
Appendix S6 in the supplementary material for details.

Proposition 3.3. Let £1,&,... be the ordered points of a unit-rate Poisson process on
(0,00); that is, &1, &2 — &1, §3 — &2, ... are iid unil-rate exponential random variable. We
have the following size-biased construction for G ~ CRM(pmcc(s; o, 7,8,¢,n),H). For
J =1,
-1 (& . :
Tj_d}mSt ?+¢m8t(ﬁa0¢77) ;) O, T _/Bv
Si [ {Tj =t} ~ p(s|t) < s(t + B)*Lise(r,ans
Wi{T; =t,5; = s} ~ Gamma(l — s,t + 3),
Wj = CVVJ{7
where w;lét 18 the inverse of Ymst.

One can sample exactly from p(s|t) using the inverse CDF, which has a tractable ex-
pression in terms of standard functions, see Proposition S2 in the supplementary material.
When 7 = 0, the inverse w;lét can be expressed using standard functions, see Proposi-
tion S3. The following proposition describes the asymptotic L1 error of the size-biased
approximation. Its proof, similar to that in ( ), is given in Appendix S1.

Proposition 3.4. Let o« =1 and 7 = 0. Let (W;);>1 be the sequence of weights sampled
via the size-biased algorithm in Proposition 3.3. Then

o
R, = E W; ~ il almost surely.
, n—oo log(n)

>n

3.3.2 Approximate sampling of the total mass

One can use the mixture representation of the CRM in order to simulate random variables
that are approximately distributed as G(©) = >_,~; W;. The approximation relies on a
weighted sum of exponentially tilted positive stable random variables, for which efficient
simulation algorithms exist ( , ; , ).

Proposition 3.5. Letn > 1. Fori = 1,...,n let s; = 7 + W and let X; be
an exponentially tilted stable random variables, with stable parameter s; and exponential

1
tilting parameter B; = (%)57 B. That is, for any t > 0,
Ble ) = exp (—((t + 8)* — 57)).
Then . )
_ T\ sy
S, = c; (n) X; — G(O©)

in distribution as n — oo.

4 Sparse network modelling

We consider in this section the use of the mGG CRM on © = R, with a =1, 7 = 0,
8 >0,c>0,n>0, within the Caron-Fox graph construction in order to obtain extremely
sparse sequences of graph. We describe the model, its asymptotic properties, and a Markov
chain Monte Carlo method for posterior inference of the model parameters.
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Figure 1: Point process representation of a random graph. Each node ¢ is embedded in R
at some location 6; and is associated with a sociability parameter W;. An edge
between nodes 6; and 6; is represented by a point at locations (6;,6;) and (6;, 6;)
in R% (Figure 1, ) ). The corresponding graph is plotted in

(b).

4.1 mGG graph model

( ) introduced a novel class of graph models based on CRMs which falls
within the broader framework of graphex processes — a generalisation of dense graphons
to the sparse setting ( , : , : , ). For
a CRM

G = ZWJ‘(SQJ. ~ CRM(pmGG(';aaTaﬁaCa n)a >‘)>
j>1

where X is the Lebesgue measure, we consider the atomic measure on ]R%r

o0 o0
U= ZZZ@J“S(&,@J-)’ (19)
=1 j—1

where the binary random variables Z;; € {0, 1} indicate if there is an edge between node
7 and node j. They are defined, for i < j, by

Zij | (Wk)k>1 ~ Bernoulli (1 - e—QWin) ’

Zj; = Zij, and Zy; | (W)g>1 ~ Bernoulli (1 — e—Wf)_ The weight W; may be interpreted
as a sociability parameter of node ¢; the larger W;, the more likely node i is to connect to
other nodes. From Z we derive a growing family of graphs (G¢)i>0, where G, = (V, &) is
the graph of size t, with vertex set V; and edge set &, defined as

Vi={0;]0; <tand 30, <tst. Zy=1},



4.2 Properties

For a graph G, let N; = |V;| be the number of nodes, Nt(e) = |&| the number of edges and
N ; the number of nodes of degree j,j > 1.

The following sparsity results follow from Caron et al. (2023, Proposition 11). It states
that the graphs are extremely sparse, with the number of edges scaling approximately
linearly (up to a log factor) with respect to the number of nodes. Figure 3 shows a
random graph drawn from the model compared to a (dense) Erdés—Rényi graph.

Proposition 4.1 (Asymptotic number of nodes and edges). We have almost surely that

s C
t ~ t ’
t—o0 log(t)

2
N ~ L (20)

where C = (ne)? if B=1 and C = Q(nc)QW otherwise, and

o0
W= / ’l,ZJmGG(Q’(U;].,O,,B,C, 77) ,OmGG(w; 1707ﬁ’ ¢, n)dw
0

Corollary 4.2 (Extreme sparsity). We have almost surely:

@ W
Nt P 40Nt log(Nt)
N(e) N(e) .
Hence — — o0 and for any € > 0 we have W — 0. In other words the graph is almost
t

extremely sparse.

Figure 2: Sampled mGG graphs (a) with parameters a« = 1, 7 =0, f§ = 1, ¢ = 1, and
1 = 100, 2122 nodes, and 2583 edges; (b) with parameters o =1, 7 =0, 5 = 1.5,
c =5, and = 20, 1249 nodes, and 1366 edges. The node size is proportional
to its degree. The graphs were generated using our size-biased method and
displayed using NetworkX.

Another consequence of (Caron et al.; 2023, Proposition 11) is the asymptotic degree
distribution.



Proposition 4.3 (Asymptotic degree distribution). We have that, almost surely,

2 C s
N 0] i=1
tJ t:oo _tt __C ] 2
G-Dieg?@t) 71 =%

v

Consequently, the nodes of degree 1 dominate in the graphs as Ny ; = 0(Ng) forall j > 2.
Let N o = Zkzz Ny be the number of nodes of degree at least 2. Then, almost surely for
all j > 2

N 1

MY RN .

Nig t=oo j(j—1)
This corresponds, for nodes of degree larger than 2, to a degree distribution with power-law
of exponent 2.

(21)

In Figure 3 we compare our methods to the Generalized Gamma without mixture of

( ) and with the Barabasi—Albert model ( , ).

All these models are known to lead to sparse sequences of graphs presenting power law
degree distribution. The expected asymptotic behaviour of our model is given in Corol-
lary 4.2 and (21). For the Generalized Gamma, here with o = 0.5, we have asymptotically

4

Nt(e) L N? and a degree distribution following a power law of exponent 1.5. For the
—00

Barabasi—Albert model, the number of edges is linear in the number of nodes and presents
an asymptotic degree distribution following a power law of exponent 3.

108 10°
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107 BA BA
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© 10
9 &
o
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= 10 > 10
] 1o
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10? 10° 10* 10° 10° 107 10° 10° 10! 10? 10° 10*
NbNodes (log scale) Degree (log scale)

Figure 3: Examination of the mGG graph properties (®) with parameters o = 1, 7 = 0,
c =1, and g = 1 for various values of n ranging from 50 to 6000, resulting in
graphs of different sizes. Comparison with the Generalized Gamma CRM (m)
with parameters 7 = 1 and o = 0.5, and with the Barabdsi-Albert model (A).
For every configuration we simulate 20 graph samples and plot the mean of the
quantity of interest.

4.3 Posterior inference

Here we briefly describe the MCMC algorithm to approximate the posterior density over
the model parameters. Assume that we have observed a graph G, which we assume was
sampled from a mGG graph model. We aim to infer the sociability parameter W; of each

10



Algorithm 1 Posterior inference

Step 1: update the weights w; and the latent space variables s; given the rest, using a
Hamiltonian Monte Carlo step.

Step 2: update (¢, w,) given the rest, using a Gibbs sampler update.

Step 3: update the latent count (g;;) given the rest using (23).

nodes and the parameters ¢ = (8,¢,n) of the mGG model. We consider the following
improper priors:

1 1 1
p(B) x =, p(c) o< =, p(n) o< —. 22
() 5 ple) o< ¢ pl) o (22)
We introduced two sets of auxiliary variables. First, as in ( ), we intro-

duce latent count variables g;; (an interpretation of this g;; in term of directed multigraph
is given in Appendix S2.1) , with conditional distribution, for ¢ < 7,

do if Zij =0,
Gij | Z,W ~ { tPoisson (2W,W;) if Z;; = 1,i # j, (23)
tPoisson (Wf) it Z;; =1,i =7,

where tPoisson(A) is the zero-truncated Poisson distribution, and with §¢;; = §;;. Second,
to take advantage of the mixture representation of the Lévy intensity, we introduce, as
in the size-biased algorithm, local indices of variations S; € (0,1) for each node 4. In the
following, we also write w, for the sum of the sociabilities of nodes with no connection in
G. The algorithm is presented in Algorithm 1.

5 Numerical experiments on networks

5.1 Synthetic data

We first examine the convergence of the MCMC algorithm on simulated data, where the
graph is generated from the mGG graph model described in Section 4.1. We simulate
a mGG graph with parameters « = 1, 7 = 0, § = 1, ¢ = 2 and n = 130 using size-
biased sampling with N = 10° weights. The resulting graph contains 11,613 nodes and
17,427 edges. We run three MCMC chains, each consisting of 6 million iterations and
initialized from different starting values. Half of the iterations are discarded as burn-in.
The hyperparameters a and 7 are fixed to their true values, while the remaining parameters
are estimated. Details of the MCMC parameterization are provided in Appendix S3.2.

Trace plots for the parameters 3, ¢, and 7 are shown in Figure 4, while trace plots for
four of the 11,613 weights are presented in Figure 5. To further illustrate convergence of
the weights (or sociability parameters) w;, we also include in Figure 4(d) the trace plot of
the total sum of the weights. In addition, Figure 6 displays posterior credible intervals for
the sociability parameters w; of the 50 nodes with the highest degrees, as well as for the
log-sociability parameters log(w;) of the 50 nodes with the lowest degrees. These results
highlight the ability of our method to accurately recover sociability parameters for both
high- and low-degree nodes.

We use our sampling method to simulate 200 graphs from the posterior predictive distri-
bution. Figure 7(a) compares the degree distribution of a graph generated using the true
parameter values with those of the simulated graphs. We then repeat the procedure with
7n rescaled by a factor of 2: we generate a new reference graph using the true parameters

11
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Figure 4: MCMC traceplot of parameters (a) 3, (b), ¢, (c), n and (d) the total sum of the
weights w; for a mGG graph with model parameters a = 1,7 =0, =1,c =2
and n = 130. Three chains are displayed and the true value is in red dashed line.

but with 7 = 27, and simulate 200 posterior predictive graphs using the same MCMC
run, but with the rescaled 7/. The resulting degree distributions are again compared in
Figure 7(b).

We compute the Gelman—Rubin convergence diagnostic (Gelman and Rubin, 1992) for
the four key parameters, all of which yield values below 1.05 (see Table S4 for exact
figures). To assess convergence across all parameters — 3, ¢, 1, (w;), and (s;) — we use
the multivariate Gelman—Rubin diagnostic introduced by Vats and Knudson (2021), see
(S37), obtaining a value of 1.001, which strongly suggests convergence.

5.2 Real World Data

We now evaluate our method on real-world networks. We consider three datasets, all
consisting of undirected graphs, downloaded from Kunegis (2013) and Rossi and Ahmed
(2015).

e Flickr: A crawl of Flickr, a photo and video sharing platform. The dataset contains
all links between users. (https://socialnetworks.mpi-sws.org/data-imc2007.
html, Mislove et al., 2007).

e Douban: A crawl of Douban, an online social network that provides user reviews
and recommendations for movies, books, and music. The dataset contains all links
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Figure 5: MCMC traceplot of four weights for a graph generated from a mGG graph
model with parameters « = 1, 7 = 0, 8 = 1, ¢ = 2 and n = 130. Three
chains are displayed and the true value is in red dashed line. The degree of the
corresponding node is (a) 536, (b) 496, (c) 49 and (d) 2.

between users (https://networkrepository.com/soc-douban.php, Zafarani and
Liu, 2014).

e TwitterCrawl: A crawl of Twitter, where nodes represent users and edges cor-
respond to retweets collected from various social and political hashtags (https:
//networkrepository.com/rt-retweet-crawl.php, Rossi et al., 20141).

The sizes of the datasets are shown in Table 2. To train our model we extracted a sub-
graph containing approximately 5% of the nodes from each network using p-sampling (Veitch
and Roy, 2019). The corresponding values of p and subgraph statistics are reported in
Table 3. Further details and additional plots are provided in Appendix S3.3.

Table 2: Sizes of the real-world datasets

Dataset Nodes Edges Max degree Mean degree
Flickr 1,861,232 155,55,041 54,472 33.4
Douban 154,908 327,162 574 8.4
TwitterCrawl 1,112,702 2,278,852 10,140 8.2
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Figure 6: 95% posterior intervals of (a) the sociability parameters w; of the 50 nodes with
highest degree and (b) the log-sociability parameters log(w;) of the 50 nodes
with lowest degree, for a sample from a mGG graph model with parameters
a=1,7=0,8=1,c=2 and n = 130. The true values are in green.

Table 3: Sizes of the subgraphs used for inference

Dataset Nodes Edges Max degree Mean degree p

Flickr 85,613 299,358 2890 13.9 0.14
Douban 7775 9586 82 4.9 0.17
TwitterCrawl 70,944 87,914 618 5.0 0.2

To assess model fit, we apply p-sampling to split each dataset into a training set (ap-
proximately 5% of the nodes) and a test set (the remaining nodes). We then compare the
empirical degree distributions of the test sets with the predictive degree distributions gen-
erated by our model, using hyperparameters inferred from the training data. Specifically,
we follow the procedure described in Section 3.3 to simulate 200 graphs from the poste-
rior predictive distribution for each dataset. Parameters are drawn from the post-burn-in
MCMC samples, and we scale /) by (1 — p)/p to match the expected size of the target
graph.

Figure 8 shows the resulting comparisons between the empirical and predictive degree
distributions. Overall, the model provides a good fit across the datasets, successfully
capturing the heavy-tailed behavior characteristic of real-world networks.
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6 Discussion

In this work, we propose a novel class of CRMs by mixing the Lévy intensity of a stable
or GG CRM over the stability parameter. The use of mixtures of existing Lévy measures
to obtain novel univariate or multivariate CRMs has a long history ( ,
9 ) ) ) ) ) ) ) )
; , ). A key novelty here is that the mixing is performed with respect
to the index of variation of the base model, in order to obtain the desired rapid varying
properties. The Lévy intensities we consider have the form

1
/0 g(s)h(w)w™17%ds, (24)

h(w) = 1 for mST (6) and g(s) = UL h(w) = e=P/¢ for mGG

where g(s) = ﬁ» T(1-s)’

(10). In both cases,

g(s) ~ Ci(l=s), h(w) ~ Co (25)
s—1 w—0

for some constants C7; and C5. These asymptotics imply, via Karamata’s theorem, the
behavior of the Laplace exponent at co and Lévy intensity a 0 described in Proposition 3.1,
and lead to extreme sparsity in the associated random graph. The specific forms of g and
h were chosen to balance flexibility with analytical tractability: the Laplace exponents (7)
and (11) and associated moments admit simple expressions. This tractability also enables
implementation of the size-biased sampling algorithm presented in Section 3.3.1 without
requiring numerical integration. More broadly, any mixture of the form in (24) where g
and h satisfy the asymptotics in (25) could be used. For example, one can define a rapidly
varying version of the stable beta process ( , ) by taking g(s) = (;7 )
and h(w) = (1 —w)*1,¢(0,1) for some 7,& > 0.

While we have focused on the application to sparse graph modeling, other domains are
of significant interest. For instance, in clustering or partition models, such CRMs would
yield random partitions with the number of clusters K, scaling as n/log(n). This extreme
behavior may be desirable in problems such as entity resolution and deduplication (

, : , : , ), where most records
correspond to unique individuals and thus K, is expected to grow nearly linearly with n.

In Section 4, we introduced a class of extremely sparse random graph models based on
the graphex framework. Another family of models — edge-exchangeable networks (

, ) — also employs CRMs as key com-
ponents. Incorporatlng the CRMS developed in this paper within such models yields
edge-exchangeable multigraphs whose number of edges also scales approximately linearly
(up to a logarithmic factor) with the number of nodes.
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Rapidly Varying Completely Random Measures

for Modeling Extremely Sparse Networks
Supplementary material

The supplementary material is organized as follows: Appendix S1 contains the proofs
of the propositions and corollaries from Section 3 and Section 4 of the main text. Ap-
pendix S2 provides full details of the posterior inference algorithm. Appendix S3 presents
additional experiments. Appendices S4 to S6 provide background on the Lambert W func-
tion, regularly varying functions, and size-biased sampling for CRMs, respectively. For
clarity, all sections, theorems, propositions, lemmas in the supplementary material are
prefixed with “S” to distinguish them from those in the main text.

All the code used in this work is available at: https://github.com/ValentinKil/
rapidly_varying_crm.

S1 Proofs

S1.1 Proofs of Section 3
S1.1.1 Proof of Proposition 3.1

The asymptotics for the Laplace exponent are obtained trivially. For the Lévy intensity,
consider
« S

(o= 7)a™ pusi(z; 0, 7) = /T mf_sds

_ / T udT uieseg,
0 Nl—u-—r)

with the change of variables u = s — 7. Let f(z) = [;' " %e_uzdu. We have, as
u — 0,

U4+ T n if =0,
r'l—u-—r7) iy T >0.

(1
Using the Tauberian Theorem S8, we obtain, as z — oo

272 itT=0,
f(Z) ~ { 27T

Hence, as x — oo,

log™%(x) if =0,
(= 7)™ pusi(ai,7) = f(loga) ~{ e i) o,

The asymptotics of the full model follow. For the behaviour at 0, we proceed similarly.
Consider

S

(o — T)l‘a+1 pmst (T, 7) = /T mwo‘_sds

_ [T _amu ues(iyag
/0 Tl+tu—a) “
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a—T a—1u

using the change of variables u = o — 5. Let g(z) = fo me‘“'zdu. We have, as
u — 0,

a—u {u ifa=1,

T(1+u—a) ity o<l

Using the Tauberian Theorem S8, we obtain, as z — oo
272 if =1,
9(z) ~ ey ifa<l
It follows that, as = — 0,
log™3(1/z) ifa=1
— 1)zt : = g(log1/z) ~ - ’
(Oé T).’L‘ pmSt(xaavT) g( 0og /.’B) { logr(ll%éi)a ifa<l.

Hence the result for the full model.

S1.1.2 Proof of Proposition 3.2

For m > 1 and z > 0, recall that
o0
’imGG(m’ 20T, B? ¢, 77) = / wme pmGG(w; «, T, Bv ¢, n)dwv
OOO
Kmst(m, z; 0, T) = / w™e Y g (w; a, T)dw.
0
Note that

HmGG(m7 20T, /Bu c, 77) = 770m KmSt (m7 6 + [Z2ye T) . (826)

We have, for z >0

KmSt (m Z,00, 1T ) = / wme Y L / w 1 Sdsdw
y <y Ly
0 T F(]. — S)

a—T
1 @ —

_ / s  TI'(m S)ds
a—1 ). T(1—s) 2zms

oz [ T'(m—s)
_Oé—T/T o F(l—s)ds

and kst (m,0;a,7) = co. For m = 1, we obtain

2:_1 «
1,z;a,7) = %ds. S27
Kmst (1,25 a,7) OZ—T/T sz°ds (S27)
For z = 1, we have kg (1,1;,7) = ﬁ# = O‘T*T For z # 1, using the change of

variable u = 2%, du = 2°log zds, we obtain
-1 z% -1 z%
z z 1
Kmst (1, z;a,7) = / sz2°ds = 5 / log udu

o —T 2T o —T log Z Jar

zil 1 ( Otl « (0% [ 7'1 T T])

= z%log 2% — 2% — [T log 2™ — 2

a—Tlog?z 8 s

27 2T — 2% 4 (a2 — 727) log 2
o (log 2 |
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For m = 2, we have

2—2 «
Kmst (2, 2;0,7) = / s(1 — s)z%ds. (S28)
a—1 J;
For z = 1, this gives fmst (2, 1;a,7) = ﬁ [%2 — %3 — (é — ?)} For z # 1,

o —T

2—2 «
Kmst (2, 230, 7) = / s(1—s)z°ds
T

2’72 [
=27 kst (1,z;0,7) — / s22%ds
T

a—T
1 272 [* log?u
=2 Kmst (1, 2;0,7) — - log3zdu'

ZT

using [ log? udu = ulog? u — 2ulog u + 2u + C gives the result.

S1.1.3 Proof of Proposition 3.3

The proof follows directly from ( ), whose construction is recalled in
Appendix S6. Indeed, the conditional density p(w|t) in Appendix S6 takes the form

—(t+B)w
we mst (W
plult) = P L)
Hmst(lv t+ 6)
B J2s/T(1— s)ywse~(tHAw s
B [2s(t+ ) 1ds

- / " p(slt)p(ult, s)ds

where p(s|t) = s(t+B)° (t+B)w (t+8)°

1{56(7’,04)} and p(w‘ta S) =w e

[ s (t+pB)s" ds’ I(1-s)"
S1.1.4 Proof of Proposition 3.4
We can follow the same proof strategy as in ( ). Let « =1, 7 = 0. Without
loss of generality, set ¢ = 1. According to ( , Proposition 5.1), we have

00
E[Rn|Tn+l] = / we_anJrl pmGG(w; 17 Oa ﬁ’ 1, U)dw
0

= K:mGG(la Tn—‘rl; 17075> 1777)
=N kmst(L, B+ Tnt151,0)

with T),11 = qp;ét (5"”“ + Ymst (5)) — B where &,11 is a Gamma(n+1, 1) random variable.

Similarly,

o0
VIR |Tos] = / w2e Tt o (ws 1,0, 8, 1, 5)dw
0

- "imGG(27Tn+1; 17 07/87 17 77)
= n’imst(276 + T’n—‘rl; 17 0)
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Using Proposition 3.1 and Appendix S5.3 we get
Yri(z) ~ xlog(r) as x — +oo.

And so n
Zp =P+ Tht1 ~ —log(n) as n — oco.
n

In particular, T, 41 — 400, so as n — o0,

ﬂ 1- B - Tn+1 + (Zn) log(zn) ~ n ~ Ui
Zn 10g2 (TnJrl) log(zn) log(n)

E[Rn‘Tn—l-l] = nﬁmGG(lv Zn; 1, O) =
and

1 #n Jog*(u)du
VIRa Tot) = 16 2, 203 1,0) = = ElR[Tua] = 3 [ log™(u)du
1

Zn Zn logg(zn)
o aPnlog’(n) | 2Pnlog’(n) 2 (529)
nlog®(n)  n2log®(n) n2log®(n) nlog®(n)’

Finally, for all € > 0, using Chebyshev’s inequality, we obtain

R, V[Rn|Tn+1]
Pll——m—m—1 T, < - T
(‘E[Rmﬂ] ‘ > “) S PE[Ru[Toni?

and as
VIR |Th+1] N 2
E[Rn‘Tn-H]Q n log(n) 7

then by the Borel-Cantelli lemma, almost surely as n — +o0,

n

S1.1.5 Proof of Proposition 3.5
The total mass G(O) has Laplace transform, for ¢t > 0,

E[e_tG(@)] == eXp(— meG (tv o, T, 67 c, 77))

We have

Hence

Additionally, as

lim th& = st (t; @, ), (S30)

n—oo n

it follows that Efe=*"] — E[e*¢(®)] as n — oo. As Ymaa(t;a,7,8,¢,1m) is continuous,
the result follows.
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S1.2 Proofs of Section 4
Let

oo
/_)mGG(l';OC,T,,B,C, 77) = / pmGG(w;aaT7ﬂvcvn)dw
xr
be the tail Lévy intensity of the mGG CRM. The proofs of Section 4 mostly follow from

( , Proposition 11, Theorem 2 and Corollary 1), which state the asymptotic
properties of a CRM-based Caron-Fox graph model described in Section 4.1, given the
behavior of the tail Lévy intensity at 0. Proposition 11 in (2023) requires
that pmcc(z;1,0,8,¢,1m) ~ w~(1/z) for some slowly varying function £. We prove in

xT—r

Lemma S1 below that this holds with

~ ne x!
) = o)

The mean

50 1—3+810g(8) 1
m = / wpmGG(w§170>Bac>77)dw = { " Blgch(ﬁ) ﬁ# 7
O et Al

I B=1.

is given by Proposition 3.2, and is finite for 8 > 0. Define

~ o
lx) =2mlb(r) = ——,
where 41 1t1og 5
20~ " —1+4log
_ { e i AL
(ne) =1
Let - c
_ -1 _
b = [y = s
and define
472
(y) = [{ avi| ] .
As shown in Lemma S2 below,
N _ 1
G(y) = 55 log(y)-

S$1.2.1 Secondary lemmas

Lemma S1. We have _
pmaca(x; 1,0, 8,¢,m) ~o a7 (1/x)

T

where

~ nc r1

O =1 e ()

Proof.Proposition 3.1 implies that pnac(w; 1,7, 8,¢,m) = w2L(1/z), where L(1/x) ~
z—>
(1_7_)101%. Using Corollary 84, we obtain

—-1_"¢ 1
~ I .
z—0 1—7 logQ(x)

pmca(x; 1,7, 8,¢,m)
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Lemma S2. Let ¢1(x) = % for some constant C, and define

(y) = [{ aw)}#r,

where (% denotes the de Bruijn conjugate (see Appendiz S5.3) of the slowly varying func-

tion ¢. Then )

Gly) = oY log(y).

Proof.The pair (10g(y), 1og_1(y)) is conjugate. Using Proposition S6 the following pairs
are also conjugate

(410 log(y), 4C 1og‘1(y)> :

Hence £;(y) = 55 log(y). O

S$1.2.2 Proof of Proposition 4.3

Finally, while most of Proposition 4.3 follows from Theorem 2 in ( ), that
theorem did not provide an exact asymptotic expression for the proportion of nodes of
degree j for j > 2, which we now derive. Let Ntyj = Zij N, denote the number of
nodes of degree at least j. From ( , Theorem 2), we have, almost surely,

Npj ~ E(N; ).
Then, for j > 2, almost surely, using ( , Theorem 1),

. . - . - - t2 C
Nij = Nij—Nyjr1 ~E(Ngj) —E(Ngjv1) = E(Nej — Neji1) = E(Ngj) ~ 0]
The proof is similar for j = 1. The dominance of nodes of degree 1 in the graph follows
directly from

log(t)~* = o(log(t) ™).

For (21), we know from Theorem 2 in ( ) that
. - t2 C C
Nea ~E(Ni2) = D E(Neg) ~ ) — =
= =5 70— 1) log*(t) log=(t)
Therefore, we obtain
2 C
Nej  iG-Dieg?(n _ 1

Nt,2 t2 logg(t) ](] - 1) .
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S2 Directed multigraph posterior and MCMC Algorithm

We give here the details of the algorithm introduced in Section 4.3.

S2.1 Directed multigraph posterior

Formally, the symmetric 0-1 valued atomic measure Equation (19) can be viewed as a
transformation of a integer-valued atomic measure (also called directed multigraph) ; this
view is useful when it comes to posterior inference. We note the directed multigraph

M =" "Qijbe,0,, (S31)

i=0 j=0

where ();; counts the number of directed edges from node ¢ to node j, with locatiion 6;
and ¢;. Given a CRM G ~ CRM(p, \) for any Lévy measure p, M is simply generated
from a Poisson process with intensity given by the product measure G x G. To derive the
undirected graphs U we simply put Z;; = Zj; = min(g;, 1) where §j; = Gij = Qij + Qji-
This formulation is equivalent to the one introduce in Section 4.1 as explained in

(2017).
For t € R, we note M; the measure M retrained to the square [0,¢]2. Similarly we
note G; the measure G restrained to [0,t¢] and G} the total masse of G;. The directed

multigraph posterior given (Qij)1<i j<n, is characterise in the following theorem

Theorem S1 (Theorem 6, , ). For Ny > 1, let 61 < ... < Oy, be the

set of support points of the measure M. Let w; = G¢({0;}) and w, = G} — Zf\[:tl w;. We

have

P [(wi € dw;)y,y, ,ws € dws | (Qij)i<ij<n;)
N 2 N

X exp{ — (Z w; + w*) {H wlmip (dwi)} Wi (dwy)
i=1 i=1

where m; = E;-V:ilq}j >0 fori=1,..., Ny are the node degrees of the multigraph and W[
is the probability distribution of the random variable Gf, with Laplace transform

E lexp (—2Gy)] = exp(—4(x)).
Additionally, conditionally on observing an empty graph, i.e., Ny = 0, we have

Plw, € dws | Ny = 0] o exp (fwf) W (dwy) .

$2.2 Our MCMC Algorithm
S2.2.1 Step 1 : update of the w and s

We propose to use Hamiltonian Monte Carlo to perform the step 1 of our previous al-
gorithm which requires the computation of the gradient of the log-posterior. Following
Theorem S1 we can compute the conditional probability.
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P [(w; € dw;)o.n,|mi:n,, ¢, wy]

Na 21 /N
xexp | — <Z w; + w*> (H wz.”i PmGC (dwz)>
i=1 i=1

— Nt 27
O(/‘ . / exp | — (Z w; + w*> (Hw p wz,527¢ dw%) (H 1{8 €(0 1)}dSZ>
S1: Ny =1 =1

L ] =1
Ny 27 Dsic® Ny
_ ) m; L —1=si g—=Bwi/c Q. 1 ds: | .
OC/ /sl;Nt €xXp (Zzl w; + w*) (H I(l-s;) wz € wl) (H {s:€(0,1)}45i

So we can deduce the conditional PDF

S;C —1—s; — .
p (wl :Nyg» S1: Nt|m1 Ni» @, w* X €xXp | — (Z wi + w*) (H i 771 l_ i )wz e Bwl/c]—{&é((),l)})
i

_ wi;Fws ) — z i —8i— 5i¢
—e O wi+ ) 077 (Hw 1(9)1{81'6(0,1)}) :

Let sig(z) = 1—&-% = ). Note sig'(x) = sig(x)(1 — sig(z)).
Do the change of variable v; = log(w;), and, z; = sig~!(s;). Hence dw; = eVidv; = w;dv;
and ds; = sig(z;)(1 — sig(z;))dz; = si(1 — s;)dz;. It follows that

with inverse sig=!(z) = log(

_ . 2_ N8 a1 8iC%
D (VLN s 21:N, [N, @, Wy ) X € (Cwitw)* (5 wi) an mel sitl 11_ o )wz‘si(l - Sz)]
7

2
_ e*(zwi‘HU*)Q*(Zi wi)gnN mel 55 51((1 - Si)csi]

2
= o (Switwa = (Siw) N Hw”“‘sls ((1 — ] :

where the last line comes from I'(2 — s) = (1 — s)I'(1 — s). This form is preferred to avoid
numerical instabilities when s; is close to 1. We obtain (up to a constant independent of
Vi, Zi)

In(p (vi:n, s 21:N, MmN, @, Wi ) = (sz—i—w*) —(ZM)f

N
+ Z — s;) logw; + 2log s; + 2log(1 — s;) —logT'(2 — s;) + s; log(c)
=1

= g(Ulth; Zl:Nt)-
Now we can compute the gradient of the log posterior. We have

9g(v1:nN,s 21:v,) _ Owi Dg(vieny, 21:n,)
ov; v; ow;

—ux 2 (S ) - Do ] (532)
— iy — 8 — w; [2 (> wi+w.) +f]

27



and

ag(”l:]\fm Zl:Nz) _ %39(01;1\@, Zl:Nt)
0z; 0z 0s;

2 2
= si(1 —s;) x —logwi—i—;— + (2 —s;) +loge (S33)

% 1 — S
=s;(1 —s;) X [(2 —s;) —logw; +logc| + 2 — 4s;,

where ¢ = 1% is the bigamma function which is implemented is scipy. Noting that ¢ (z +
1) = t(z) + 1, the above is equivalent to

8g(/UI:Nm Zl:Nt)

y =s;(1 —s;) X [(1 — ;) —logw; + log ] + 2 — 3s;
2

but the first expression should be preferred.

In order to perform Step 1, we first update the w;.y, with s fixed and then the si.y,
with w fixed, for both update we use an HMC update with momentum variable p,, and
ps. We refer the reader to ( ) and ( ) for an overview. We start
by explaining how we update the w, the update of the latent s is similar.

Update of the w. Let L > 1 be the number of Leapfrog steps and ¢, > 0 the step size.
The potential energy is given by

U(w7 S, TM1:Ny» ¢7 ’U}*) - ln(p (Ul:Nﬁ Z1:Ny ’mlsz ¢7 w*)) - g(“’? U)

whose gradient U], has been given in S32. The algorithm proceeds by first sampling
momentum variable as

Pw ~ N<07]Nt)

The Hamiltonian proposal ¢(w, puw, |w, pw) (we drop out the 1 : Ny for lisibility) is ob-
tained by the following Leapfrog algorithm : simulate L steps of discretised Hamiltonian
via

Pw'” = py + 6?wUL’U(w, S, W, @); 0w = w.
And forl=1,...,L —1,

log(w®) = log(w"™Y) + eup'™Y;  Pu¥ = pu'Y + 6, UL (0, 5, w,, ¢).

Finally, set

~ (T — - _ - ~ (]— €w -
log(w) = log(w(L 1)) + ewpw(L 1); Pw = pw(l D4 ?UI’U(w, S, Wy, B).

The proposal (W, py) is accepted with probability min(1,r,,) with

Ny 7y
_ 1 2 2 p(]2G, o w)
Tw = €XP [ 2 Z(pwvi pu},i)] p('U | z, Gu ¢7w*) '

=1
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Update of the latent s. Once w has been updated, the update of s follows the same
principle: the algorithm proceeds by first sampling momentum variable as

ps ~ N(0,In,).
The Hamiltonian proposal ¢(8, Ps, |s, ps) is obtained by L Leapfrog step:
ps¥ :ps—l—%Ué(w,s,w*,qﬁ); 50 = 5.

Andforl=1,...,.L —1,

log(8") =log(3" ) + e ) = g7 Ul (w, 30, w,, 0);
and finally set

logit() = logit(s ) +ep ) py=pu 7Y + ZUL(w, 5w, 0).
The proposal (8, ps) is accepted with probability min(1,r,) with

Ny _
= _1 ~2 2 p(z |’U,G,¢),w*)
Ts = exXp ! 9 ;(ps,i ps,i)] p(z | v, G, ¢,w*)

S$2.2.2 Step 2 : update of hyperparameters

Let G be the probability distribution of the random variable of G(©). Recall that we
have E [e_tG(@)] = e ¥® for ¢t > 0. Let g(’; denote the probability density of G:; with
respect of the Lebesgue mesure. First we can note the interesting property :

exp(—xzf2)

exp(—n Ymaa(Be; a, 7, B1,¢,1) (S34)

gZ,T,Bl—‘rCBQ,C,??(w) = g;,’r,ﬁl,c,n(x)
Proof.For all t € R,

/+oo e*tl“g* (ﬁ) eXp(—l’,BQ) da
0 amiBL.em eXP(—U Q;Z)mGG(BZ;O[?Ta Blacv 1)

“+o0o
:exp(_ﬁ 1/)mGG(/82;O[77—7 ﬁhc? 1)/ eitzg;frﬁl,c 77( )eXp(—.T,BQ)dSU
0

+o0
:exp(_nmeG(BQ;aaTa B, ¢, 1)/0 (t+52)g(§7‘ﬁ1,c77( )d.’I)

=exp(—nYmaa(B2; o, 7, B1, ¢, 1) exp (— Ymaa (t + B2, o, T, f1,¢,1))
= exp [NPmst(B1 + B2, @, T) — Mhmse(B1, @, T) — Mhmse(B1 + B2 + ct, o, T) + nPmse(B1, o, )]
- exp(_ meG(tv o, T, ﬂl + Cﬁ?? C, 77)

O

Following the same strategy than in ( , Appendix F.2), we propose
(¢, wy) from q(¢, W«|p, w,) and accept with probability min(1,r) where

o\ 2
P {‘ (Zhy v+ ) } { ] 2l ¢>} 95(@) p() q(, w.| b, )
o

2 [) w2751a¢) g:;)(w*)p( )q(&,’lﬂ*‘(ﬁ,w*)

exp Z 1 Wi + Wk

2

exp i1 Wi + Wi

}
2} AR 95() p() g, w.| b, i)
}{( ) (2) et lwz)}gyw*)p(@ REEATERY

N— | N~— ~~—

en{- (2
exp{ (S, wi + .
(=
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We shall use the proposal

where

4(5|8) = lognormal(5;log(8), 05),
)

q(&|c) = lognormal(¢; log(c), o2),
ST % ~
9(0e|d, ) = Yo7 f+2: 5N, wi+25w*,5,ﬁ(w*)'

For n, we alternatively use two proposals
) N
q(7|B, € m, wx) = Gamma (ﬁ; N, %b;; (2 > wi+ 2w*>> (S35)
i=1

where w(})(t) = Ymac(t; o, 7, 6,¢,1), or a simple random walk on logn

q(77|n) = lognormal(#j;log(n), o7). (S36)

Note that, under the priors (22),

and

g;t)(w*) q(w.|o, @) e~ SN wit2d,) 52 SN wit2w,)
= = X .
g;g(w*) q(W|p,wy) om0 (2 S, wit2ws) oM (2 SO wit24)

Sometimes it is useful to put a gamma prior on § and ¢ — 1:

p(B) = Gamma(f;ag,bg), p(c—1) = Gamma(c;ac,b.).
In that case we have

pB3aBI3) _ (B\" s e p@a(dd?)

wB)aBI) (B) p(-ta(f= ) and ES0ES = (

Note that we can recover the improper prior by taking a = b = 0 in both case. It follows
that the acceptance ratio is

N B 2
exp |:— Zi:l Wj + Wy :| ~ Z,{i Si 5
( )2 {(Z) 1 e(g/gg/c+2w*2w*)(zfilwi)}
EEI—

|

S\ N1 —il(2 300 wit2w, R
X <77) T )q(n\/)”cvmw@
n 6—?)%@2?7:1 Wi+2Ws) Q(ﬁ‘ﬁvéana w*)

~~
T2

[N}

)% exp(—ba(é - ).

r =

™| T

S e}

)aﬁ exp(—bs(5 — B)) x < >ac exp(—be(¢ — ¢))
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Under the gamma proposal (S35) for 7,

1 (oSN S\ Y
V(222500 wi + 2uWy)

YH2 YT wi + 2w,)

T =

Under the log-normal proposal (S36) for 7,

<77) N e—ﬁwé@ Eivzl w;+2w«)
o =

n e*mﬁ;@ SN wit2i.)

S2.2.3 Step 3 : update of the latent counts

We simply update the latent counts by using the conditional distribution Equation (23).

S3 Additional experiments

S3.1 Synthetic Data
S3.1.1 Proportion of degree one

Under our graph model, Proposition 4.3 states that the proportion of nodes of degree one
converges to 1 as the size of the graph goes to infinity. This phenomenon is illustrated in
Figure S9.

S3.1.2 Cluster

In order to get a more precise idea of what the cluster structure of the generated networks
looks like, we performed additional simulations. These simulations were performed using
the Python implementation available on GitHub, running on an Apple M2 chip with
16 GB of RAM. We observe that the generated network consists of one large connected
component containing most of the nodes (see Figure S10(a)), along with some very small
connected components. As the size of the graph increases (i.e., as 77 grows), the proportion
of nodes in the giant connected component also increases. The second-largest component
is already of negligible size (see Figure S10(b)). As shown in Figure S11, apart from
the largest component, the other connected components are of small size, with the large
majority containing only two nodes.
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Figure S9: Proportion of nodes of degree one in the mGG model (®) with parameters
a=1,7=0,c=1, and 8 =1 for various values of n ranging from 50 to 6000,
resulting in graphs of different sizes. Comparison with the Generalised Gamma
CRM (Caron and Fox, 2017) (M) with parameters 7 = 1 and o = 0.5, and
with the Barabdsi-Albert model (Barabdsi and Albert, 1999) (A). For every
configuration we simulate 20 graph samples and plot the mean of the quantity
of interest. These simulations were perfomed using the Python implementation
available on Github running on an Apple M2 Chips with 16Gb of RAM.
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Figure S10:

Figure S11:

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000 5714 16 18 20 22 24 26 28

Proportion of nodes Proportion of nodes 1e-6

(a) (b)

Proportion of nodes in the largest connected component (a), second largest
connected component (b) for 1000 samples of graph generate with parameters
a=0,7=1,8=1,c= 8 and n = 800, the typical size of such a graph is 3
574 053 nodes. The mean is 0.842 for the largest connected component and
1.78 x 1079 for the second largest. These simulations were performed using the
Python implementation available on Github running on a standard computer
(13th Gen Intel Core i5-1350P).

Number of Nodes in Connected Components

Nb of Nodes
(6,1

100 10! 102 103 10* 105
Connected Component Rank
Number of nodes in a connected component with respect of its rank, where the
connected components are ranked by decreasing size. The number of nodes
in the largest connected component is not displayed. We have superposed the
value for the same 1000 graphs than the ones generated for Figure S10.
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S3.2 Inference
S3.2.1 Details on the inference procedure

In this section, we provide additional details on the inference procedure from Section 5.1.
Note that the same procedure is used for real-world data. The weights w and latent s are
updated via our HMC procedure with L = 5 leapfrog steps. As suggested by
( ), the HMC step sizes €5 and €, are automatically adapted during the first half of
the iterations to target an acceptance rate of 0.65, following the update rule:

e(t+ 1) = €(t) x exp(0.005(rate(t) — 0.65)).

For the estimated hyperparameters, the standard deviations of the random walk Metropolis-
Hastings steps for log(3),log(c) and log(n) were set to 0.01, 0.01 and 0.02 respectively.
The computing time for running each chain was about 14 hours using the Python imple-
mentation available on Github on a cluster (CPU : Intel Platinum 8628, 2.90GHz). The
latent counts ¢;; are updated only once every 30 iterations. Every other iteration, the
parameter 7 is updated using a simple random walk Metropolis-Hastings step. A thinning
procedure is applied to retain only 1,000 iterations per chain.

S$3.2.2 Diagnostics of convergence

To assess the convergence of our procedure, we use the Gelman-Rubin convergence di-

agnostic ( , ). The exact GR values for each hyperparameters are
provided in Table S4. Given the large number of parameters, we also report a multivariate
version of the GR diagnostic, proposed by ( ) and defined as

1
-1 ([T X)) mer
Rmulti = Hit + (Hz_O l) s (837)

Tt Tt

where n;; is the number of MCMC iteration after the burning phase, npq, is the number
of estimated parameters, and X; = n; X R? —n; + 1, with R; denoting the individual GR
diagnostic for parameter i, where 1 < i < ny,q,. In our case, we obtain R,,,; = 1.001,
suggesting the convergence of the algorithm.

Parameter Value

I3 1.004
c 1.045
n 1.045

Table S4: Values of the Gelman-Rubin convergence diagnostic.

S3.3 Real World Data

In this section, we provide additional details on the inference performed on real-world data
in Section 5.2. To split the network data between a training set and a test set, we use
p-sampling, as described by ( ). Statistics of the sampled graphs used
for inference are given in Table 3. The inference was performed on a standard computer
(13th Gen Intel Core i5-1350P), each chain taking about 24 hours to be computed. For
each graph, we run our inference algorithm for 2 million iterations. Apart from the number
of iterations, we follow exactly the same procedure as for the synthetic data. We further
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illustrate the inference procedure on the three datasets. Unlike in the synthetic case, the
true parameter values are unknown. We present the trace plots of the hyperparameters
(Figure S12, Figure S15, Figure S18) and selected weights (Figure S13, Figure S16, Fig-
ure S19), as well as the credible intervals for the 50 nodes with the highest degree and
the 50 nodes with the lowest degree (Figure S14, Figure S17, Figure S20). We compute
the same Gelman-Rubin (GR) convergence diagnostic as for the synthetic data for each
of our 3 datasets in Table S5. In all three cases, the values suggest the convergence of the
algorithm.

Parameter Value Parameter Value Parameter Value
15} 1.005 I3 1.058 I} 1.028
c 1.009 c 1.070 c 1.044
n 1.010 n 1.069 n 1.046
multi 1.000 multi 1.003 multi 1.000
(a) Flickr (b) Douban (c) TwitterCrawl

Table S5: Values of the Gelman-Rubin convergence diagnostic for the 3 datasets.
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B ; c ; - -
fw | //"
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0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
MCMC iterations 1e6 MCMC iterations 1e6
(a) (b)
|
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MCMC iterations 1e6 MCMC iterations 1e6
(c) (d)

Figure S12: MCMC traceplot of parameters (a) g, (b), ¢, (c), n and (d) the total sum of
the weights w for the Flickr subgraph
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Figure S13: MCMC traceplot of four weights for the Flickr subgraph. The degree of the
corresponding node are (a) 1445, (b) 166, (c) 21 and (d) 2.

S4 Useful identities and results

S4.1 Gautschi’s inequality
For any x > 0, any s € (0,1),

27 < % <(z+1) (S38)

Taking x € (0,1) and s = 1 — x, we obtain, for any x € (0,1)

1 1

<I(z) < GriE (S39)

rl—z
For = > 0,
r <1+ xlog(x).

S4.2 Lambert function

The LambertW function is defined to be the multivalued inverse of the function f(y) = ye?.
When dealing with real number only, the two branches suffice: for real number z and y
the equation f(y) = x is given by

e y = LambertWy(z) for x > 0,
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Figure S14: 95% posterior intervals of (a) the sociability parameters w; of the 50 nodes
with highest degree and (b) the log-sociability parameters log(w;) of the 50
nodes with lowest degree, for the Flickr subgraph.

e y = LambertW(z) and y = LambertW_; (z) if - <z <0,

where LambertWy, is the kth branch of the Lambert function. The real branches of the
LambertW function can’t be expressed in terms of elementary function but some numerical
methods exist (Ldczi, 2022; Tacono and Boyd, 2017; Corless et al., 1996).

The LambertW function satisfies the following identities.

LambertW (z)elambertW(z) — 4. (540)
LambertWg(z log(z)) = log(z) for é <z, (S41)
LambertW_; (z log(x)) = log(x) for 0 < z < é (S42)
LambertW, <—Z) =-1. (S43)

S4.3 Secondary lemmas

Proposition S1. For any z > 0, and 0 <7 < a < 1, we have

o a?=r? z=1
/ sz°ds = { ZTEZD‘+(CMZQ*TZT)lOgZ 7& 1
T (log z)° :
Proof.For z = 1, we have fTa sds = # For z # 1, using the change of variable

u=z°,

oY

(0% 1 z
/ s2°ds = — / log udu
- log® z J .~

(z%log z* — 2% — [T log 2™ — 27])

- log? =
2T — 2%+ (az® — 727) log 2
(log z)* '
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Figure S15: MCMC traceplot of parameters (a) 3, (b), ¢, (c), n and (d) the total sum of
the weights w for the Douban subgraph

Proposition S2. For0 <7<z <a<1andz >0, let

¥ s2%ds
Flo) = J522%
[ sz5ds
Then Y,
Te—T
22 z=1,
F({E) = { (;T—ZZ-F(CEZZ—TZT)IOgZ 1
2T —z%+(az*—727)log z z ?é :
and
(@2 —712)y+712 2=1,
F_l(y) _ LamZert\ﬁ/)(g);(;:((y()/)e/)-;-l 2> 1,
LambertW_1 (c e)+1
10glz L z < 1.
where
c(y) = (2" — 2%+ (az® —712")log z)y — 2" + 72" log z, (S44)

and LambertWy, denotes the kth branch of the Lambert W function.

Proof.The expression for F' follows from Proposition S1. The inverse of F' for z =1 is
straightforward. For z # 1, y = F(z) gives

cly) = xz"logz — 2°

= e x (zlogz — 1)e®o8=1
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Figure S16: MCMC traceplot of four weights for the Douban subgraph. The degree of the
corresponding node are (a) 41, (b) 28, (c¢) 34 and (d) 9.

where ¢(y) = (27 — 2% + (az® — 727) log z)y — 27 + 727 log z. Hence we have

c(y)/e= fzlogz 1),

where f(w) = we®™. We have —1 < ¢(y) < 0 hence there are two solutions to the equation
(in x) ¢(y)/e = f(x), which can be expressed in terms of the LambertW( and LambertW_;
functions. If z > 1, then xlogz — 1 > —1 for all x, hence it is expressed in terms of
LambertWg. Otherwise xlogz —1 < —1 hence it is expressed in terms of LambertW_j.
We therefore obtain

log z
LambertW_1(c(y)/e)+1

Tog 2 z < 1.

{ LambertWo(c(y)/e)+1 2> 1
xr=

Proposition S3. The inverse of the function V¥mst(y; o, 0) = ﬁ;’—_ti 1

—yLambertW_; (—Le~1/¥ e fort > 1,
| (=37)]

-1 /. — 1/«
met (ya «, 0) |:_y LambertWy (—ie_l/y>:| forte (O, 1)7
1 fort=1.

where LambertWy, denotes the kth branch of the Lambert W function.
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Figure S17: 95% posterior intervals of (a) the sociability parameters w; of the 50 nodes
with highest degree and (b) the log-sociability parameters log(w;) of the 50
nodes with lowest degree, for the Douban subgraph.

Proof.Consider the case 7 = 0. We are looking for the inverse of ¥yg¢(t; ,0). Let
Yy = Ymse(t;,0) = f:g_ti This function is monotone increasing and has a well-defined
inverse. We have

ta = etaT_l
and N
_Le—t"‘/y — _le—l/y
Y Y

and so —%eil/y = f(—%) Note that —%eil/y € [~1/e,0), when y > 0, where the
minimum is achieved for y = 1. The set of solution is given by LambertWq(z) € [—1,0)
and LambertW_;(z) € [—1, —00).

Note that y = st (t; @, 0) <t for t > 1 as log(1 + ) > &7 for > —1. So for t > 1
we have

1 1/a
t= [—y LambertW_; (—ye_l/y>] =& (y; @, 0). (S45)
For ¢t € (0,1) we have y > t* as z > xIn(z) — 1 if z € (0,1) so we have
1 1/a
t= [—y LambertW, (—el/y)] =& (y:0,0). (S46)
Y
Finally, for t = 1 we have ¥yst(1;,0) = 1 so w;ét(l;oz,O) =1. O

S5 Background material on regularly varying functions

Most of the background material in this section originates from the book of Bingham et al.
(1987).

S5.1 Definitions

Definition S1 (Slowly varying function). A function £ : (0,00) — (0, 00) is slowly varying
at infinity if for all ¢ > 0,
l(cx)

f(:z:) — 1 asxz — o0.
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Figure S18: MCMC traceplot of parameters (a) 3, (b), ¢, (c), n and (d) the total sum of
the weights w for the TwitterCrawl subgraph
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Examples of slowly varying functions include log?, for a € R, and functions converging to
a constant ¢ > 0.

Definition S2 (Regularly varying function). A function £ : (0,00) — (0,00) is regularly
varying at infinity with exponent p € R if f(x) = xPl(x) for some slowly varying function
0. A function f is regularly varying at 0 if f(1/x) is regqularly varying at infinity that is,
f(z) =x=PL(1/x) for some p € R.

S5.2 Karamata theorems

The following propositions and corollaries relate to integrals of regularly varying functions.

Proposition S3 (Karamata theorem). See (Bingham et al., 1987, Propositions 1.5.8 and
1.5.10). Let U(t) = tPL(t) for some locally bounded slowly varying function €. Then

(i) If p > —1
r 1
/0 U(t)dt ~ ?x’ﬂrlé(:c) as r — 00.

p

> 1
U(t)dt ~ —
I

(ii) If p < —1

zP(2) as x — oo.

p
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Figure S19: MCMC traceplot of four weights for the TwitterCrawl subgraph. The degree
of the corresponding node is (a) 309, (b) 151, (c) 18 and (d) 8.

The following corollaries will be useful.
Corollary S4. Let U(x) = z%¢(1/z) for some locally bounded slowly varying function £.
(i) If a > —1

T 1 =+
~Y @ 1 .
/0 U(t)dt ari® 1/z) asxz — 0

(ii) If a < —1
o0 1
/x U(t)dt ~ _a_Ha:HaE(l/x) as v — 0.

If ¢ is slowly varying and o > —1 then foz t*4(1/t)dt converges and

1T (1/x)

—_— 1 0. S47
foxtaé(l/t)dt_)a-i_ as x — (547)

Proof.Let p < —1. We have [t ((t)dt = fol/ TmP=20(1/t)dt. Writing o = —p — 2 >
—1, we obtain, using Proposition S3(ii)
r— ()

—————— > p+lasz— oo, (548)
/7 gep(1/t)de
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Figure S20: 95% posterior intervals of (a) the sociability parameters w; of the 50 nodes
with highest degree and (b) the log-sociability parameters log(w;) of the 50
nodes with lowest degree, for the TwitterCrawl subgraph.

or
r1 T (1/x)

= p+1 — 0. 549

Jo tee(1/t)dt priase (549)

The case o < —1 follows similarly, using Proposition S3(i). O

S$5.3 Asymptotic inverse

If f is regularly varying then there exists a regularly varying function g such that f(g(x)) ~
g(f(z)) ~ xz as ¢ — oo. We say that g is the asymptotic inverse of f. It is uniquely
determined within asymptotic equivalence, and one version of ¢ is the generalised inverse

of f.

Theorem S5. ( , , Proposition 1.5.13) If { varies slowly, there exist a
slowly varying function 0%, unique up to asymptotic equivalent, with

0(x) 07 (zl(z)) = 1 and (#(2)(xl* (x)) T 1.

The function ¢# is the Bruijn conjugate of ¢; (6, 6#) is a conjugate pair. Such pairs are
of common occurence, for instance the de Bruijn conjugate of log® is log™® for any a € R.

Proposition S6. ( , , Proposition 1.5.14) If (E, E#) 18 a comjugate
pair, A, B,a > 0 each of the following is also a pair

(z(Ax), e#(Ax)) ,
(At(), A~1e# (@),
1 1
(1), [e# @) )
The following is a special case from ( ) , Proposition 1.5.15 p.29).

Proposition S7. ( , , Proposition 1.5.15) Let a,b > 0. Let f(x) ~
202 (xb) where € is slowly varying, and let g be the asymptotic inverse of f. Then

g(x) ~ mﬁ[ﬁ#]%(m‘%) as x — 0.
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S5.4 Tauberian theorem

The following theorem is a variation of ( , Theorem 1.7.6 p.46), where
the two limits at 0 and infinity are exchanged. The proof is similar. See also ( ,
Chapter XIII).

Theorem S8 (Tauberian theorem). Assume U(z) >0,¢>0, p> —1, U(s) = s JoT e U (z)da
convergent for s > 0, and ¢ a slowly varying function. Then

U(z) ~ cxPl(1/z)/T(1+p) asz — 0 (S50)
implies
U(s) ~ csPU(s) as s — . (S51)
Proof.Write V (z fo y)dy (this is finite for any x as U (s) is convergent for any
s), then V' is non- decreasmg and by Corollary S4

V(x) ~ py 1x‘0+1€(1/m)/1“(1 +p)asz—0. (S52)

Then by ( , Theorem 1.7.1, p.38), this is equivalent to
Vi(s) = / e 52dV (x) ~ cs P~ H(s) as s — . (S53)

0

Finally, note that 17(5) = Ugs). Thus the above equation is equivalent to
U(s) ~ cs~PL(s) as s — oo, (S54)
]

S6 Size-biased representation of a CRM

Lemma S1. Let pg be some Lévy intensity, with Laplace exponent 1 and inverse Laplace
exponent 1. Let p1(w) = %po(%)e_ﬁw/c, with Laplace exponent ¢. Then

¥1(t) = n [o(ct + B) — vo(B)]
vt = % [wol (; + %(B)) - ﬁ] .

Proof.
i) = [ =)o
0
_n [T —Bw/ec
=1 [T e (e ledu
¢ Jo
Zn/o (1 — e "po(u)e du
—y [ | a=e e [T - e
0 0
=1 [Yo(ct + B) — Yo (B)] .
O
The following proposition follows from ( ); see also

(2019); (2023).
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Proposition S2. ( , ) Consider a homogeneous CRM G ~ CRM(p, H)
on © with Lévy intensity p(w) = %PO(%)@fﬁw/c, where pg is some base Lévy intensity, with
associated Laplace exponent ¢o(t) = [;(1 — e “")po(w)dw and tilted moment function
rko(m, z) = [ w™e ¥ po(w)dw. The Laplace exponent of the CRM G takes the form

V() = nolct + B) — o(B)] .

Let 1/10_1 be the inverse of ¥g. Let £1,&2, ... be the points of a unit-rate Poisson process on
(0,00). The size-biased representation of the CRM
G = Z W;dy;
Jj=z1

is given, for j > 1, by 0; ~ H and

T; = 5! <f; + wow)) 5
we 0 po (1)

W]{|{Tj:t}~p(w|t): ko(l,t + B)

Wj = CW]/-.
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