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Robust Stability and Stabilization of
Continuous-Time Parameter-Varying Persidskii
Systems

Junfeng Zhang, Christophe Combastel, Denis Efimov, Ali Zolghadri

Abstract—This paper investigates analysis and design problems
for a class of parameter-varying generalized Persidskii systems.
A model within this class is simultaneously linear in time-
varying parameters as in LPV framework, and contains sector
nonlinearities of the state, as in Persidskii systems. The conditions
for (integral) input-to-state stability and input-output-to-state
stability are established. These results are developed using both,
parameter-dependent and independent, Lyapunov functions. To
formulate these conditions, parameterized matrix inequalities
are used, which are reduced to linear ones under additional
assumptions concerning the model’s dependence on the time-
varying parameters. Finally, a new robust nonlinear control
design method is also developed. The efficacy of these results
is illustrated through a numerical academic example and a more
complex model describing the nonlinear dynamics of aircraft
longitudinal motion.

Index Terms—Persidskii systems, LPV, Input-to-state stability,
LMIs, Robust control

I. INTRODUCTION
A. Antecedents and related works

Stability and robustness are key considerations in automatic
control theory [1], [2]. The input-to-state stability (ISS) frame-
work [3], [4] offers a powerful tool for analyzing stability
in the presence of disturbances, noise, and parasitic delays,
and for designing robust controllers and observers. This group
of methods can also be applied to address internal model
uncertainty, if it can be represented by bounded disturbances
entering the system dynamics.

Linear control theory offers a well-developed palette of
control and estimation tools [5]. Extending these approaches
to nonlinear systems, however, is often challenging due to
the inherent complexities associated with stability analysis.
While canonical representations like LPV systems [6], [7],
homogeneous dynamics [8], or Lur’e models [9], [10] provide
extensions for analysis, constructing Lyapunov functions for
stability assessment in general nonlinear systems remains a
complex task.
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The LPV setting provides a wide-spread and appealing
approach for representing nonlinear systems in an equivalent
linear form with time-varying parameters of an augmented
dimension, enabling the application of a large spectrum of
methods and tools of linear system theory [6], [7]. The
stability of LPV systems has been intensively investigated and
many important and useful results have been established. For
example, parameter dependent and independent (piecewise)
quadratic Lyapunov functions are frequently used [11], [12],
[13], including more sophisticated quadratic or non-quadratic
polynomial Lyapunov functions [14], [15]. While effective,
LPV modeling requires transformation of all nonlinearities
into a linear parameter form, which can introduce significant
conservatism when aiming for wide-range validity. In the case
of large operating domain dynamics, the global stability of a
closed-loop system often cannot be guaranteed [16].

Persidskii systems are a representation of Lur’e models,
and their stability analysis was initiated in [17], where a
Lyapunov function was proposed as a linear combination of
the integrals of the nonlinearities. This approach was further
developed in [18] by introducing a Lyapunov function based
on a combination of weighted absolute values of the states.
This class of systems has proven to be valuable in diagonal
stability analysis [19], [20], sliding mode control [21], [22],
[23], robust analysis of Lur’e systems [9], opinion dynamics
[24], neural networks [25], [26], [27], and numerous other
domains. Nominal Lyapunov functions, expressed as a sum
of quadratic state terms and integrals of nonlinearities, have
been instrumental in addressing analysis and design problems
for generalized Persidskii systems. In this framework, stability
conditions are formulated using linear matrix inequalities
(LMlIs), enabling efficient computational analysis [28], [29],
[30], [31], [32], [33].

B. Contributions

In this paper, we investigate Parameter-Varying Persid-
skii (PVP) models, an extension of the LPV framework
to Persidskii systems, recently introduced in a conference
communication [34]. In this class of models, the scheduling
parameters can represent the additional time- or state-varying
terms, parametric or signal uncertainty, etc., while the useful
(passive or negative feedback) nonlinearities are kept in the
model. Such a kind of dynamics may be related with the
absolute stability analysis of Lur’e systems, where a set of
nonlinearities from a sector is considered [35], [10], but



in the case of PVP systems, the nonlinearity is fixed and
the (uncertain) scheduling parameters appear in the matrices
multiplying the state and the nonlinearities.

This paper makes two key contributions:

« It provides formal proofs for the conditions of (integral)
ISS and input-output-to-state stability (IOSS) for PVP
systems using both parameter-dependent and independent
Lyapunov functions, an aspect that was not addressed in
the conference paper [34].

o It presents a novel stabilizing control design method for
PVP models based on static nonlinear state feedback.

o The efficacy of these results is illustrated through a
numerical academic example and a more complex model
describing the nonlinear dynamics of aircraft longitudinal
motion.

C. Organization

The paper is organized as follows: Section II provides the
preliminaries on input-to-state stability theory and Persidskii
systems. In Section III, the problem statement is introduced.
Parameter-independent Lyapunov functions are investigated in
Section 1V, followed by the analysis of parameter-dependent
Lyapunov functions in Section V. The use of these results
for design of input-to-state stabilizing control law for PVP
systems is considered in Section VI. Section VII demonstrates
the efficiency of the obtained conditions on an academic
example and on a nonlinear model of longitudinal flight for
an aircraft.

Notation
e Ry = {2 € R: x > 0}, where R is the set of real
numbers.
e |- | denotes the absolute value in R, || - || is used for the

Euclidean norm on R".

o For a (Lebesgue) measurable function d : Ry — R™
and [to,t1) C Ry, we define the norm ||d|[, ) =
ess supyc 1o,y |d(D)]|- Then, [|d]sc = ] o.4oc) and the
set of such functions d satisfying the property |d||oo <
+oo is further denoted as L7} (the set of essentially
bounded measurable functions).

o The notation DV (x)f(z) stands for the directional
derivative of a continuously differentiable function V' (z)
with respect to the vector field f evaluated at the point
x.

o A finite series of integers 1,2,...,n is denoted by 1,n,
and {I,n} ={1,2,...,n}.

o Denote the identity matrix of dimension n x n by I,,, the
vector of dimension n or the matrix of dimension n X m
with all elements equal 1 by 1,, and 1,,«.,, respectively.

o diag{g} € D"} represents a diagonal matrix of dimension
n x n with a vector g € R’} on the main diagonal, where
D7 € R™ ™ is the set of nonnegative diagonal matrices.

o For a matrix A € R"*", we denote its ™ row and column
by A® and Al respectively, for i = 1, n. The relation
P < 0 (P = 0) means that a symmetric matrix P €
R™ ™ is negative (semi-)definite.

II. PRELIMINARIES

In this paper, it is conventionally assumed that if the upper
limit of a summation or a sequence is smaller than the lower
one, then the corresponding terms (conditions) have to be
omitted.

A continuous function o : Ry — R belongs to the class K
if «(0) = 0 and it is strictly increasing. A function o : Ry —
R belongs to the class K if o € K and it is increasing to
infinity. A continuous function 5 : Ry xRy — R belongs to
the class KL if 5(-,t) € K for each fixed ¢t € Ry and S(s, )
is decreasing to zero for each fixed s > 0.

Lemma (Finsler’s lemma). [36] Let € R™\ {0} and P, R €
R"™ ™ are symmetric, then ' Px < 0 whenever ' Rx = 0 if
and only if there exists p € R such that P — pR < 0.

A. Input-to-state stability

Consider a nonlinear system:
&(t) = f(z(t),d(t)), t =0, (1)

where z(t) € R™ is the state, d(t) € R™ is the external
input, d € L7, and f : R"™™ — R” is a locally Lipschitz
continuous function, f(0,0) = 0. The system (1) can be

equipped with an output y(t) € RP:
y(t) = h(x(t)), 2

where h : R — RP is a continuous function. For an
initial condition zp € R™ and input d € L7, define the
corresponding solutions by x (¢, xg, d) for any ¢ > 0 for which
the solution exists, y(t, xg,d) = h(z(t, zo, d)).

In this work we will be interested in the following stability
properties [3], [4]:

Definition 1. The system (1) is called input-to-state stable
(ISS), if there are functions 5 € KL and v € K such that

lz(t, zo, d)|| < B([lzoll,t) +~(lldllo,)) VE=0

for any o € R™ and d € L. The function ~ is called the
nonlinear asymptotic gain.

Definition 2. The system (1) is called integral ISS (iISS), if
there are functions o € Ko, v € K and 8 € KL such that

a([lz(t, zo, )[|) < B(llzoll, £) + | ~([ld(s)[)) ds V¢ >0

o—_ .

for any zo € R" and d € L.

The previous property introduced in [37] is close to the
integral stability notion given in [38].

Definition 3. The system (1), (2) is called input-output-to-state
stable (IOSS) if there are functions 8 € KL and 1,72 € K
such that

[ (t, zo, )| < B(lzoll, £) + 1 (lldllo)) +v2(lYllo.e))
for all zp € R™, d € L7 and all ¢ € [0, tyax (0o, d)).



In this definition ¢, (20, d) < 400 determines the interval
of existence of the solution (¢, zg, d) for the system (1), (2),
and it corresponds to a nonlinear detectability notion.

These properties have the following characterizations in
terms of existence of Lyapunov functions:

Definition 4. A smooth V' : R" — R is called ISS-Lyapunov
function for the system (1) if there are oy, g, a3 € Koo and
1 € K such that

ar(flzl)) < V(z) < ao(llzl),
DV () f(z,d) < n(ldl) — as(l|z|))

for all z € R™ and all d € R™. Such a V is called iISS-
Lyapunov function if a3 : Ry — R is just a positive definite
function.

Note that an ISS-Lyapunov function can also satisfy the
following equivalent condition for some y € K:

[zl > x(lld]l) = DV (z) f (2, d) < —as(||z[).

Definition 5. A smooth V' : R* — R, is called IOSS-
Lyapunov function for the system (1), (2) if for some
a1, a9, a3 € Ky and 01,09 € K the inequalities

ar([lz]) < V(z) < aa(|z]),
DV (z)f(z,d) < —as(|[z|) + or(l|d]]) + o2(]lyl))
hold for all z € R™ and all d € R™.

The relations between these Lyapunov characterizations and
the robust stability properties are given below:

Theorem 1. The system (1) is ISS (iISS) if and only if it admits
an ISS (ilSS)-Lyapunov function.

Theorem 2. The system (1), (2) is IOSS if and only if it admits
an 10SS-Lyapunov function.

A consequence of Theorem 1 and Definition 4 is that an
ISS system (1) is also iISS.

B. Parameter-varying Persidskii systems

Consider the following class of systems [34]:

+ZA

+B(9( ))u(d),

#(t) = 1) (Hjz(t)) +d(t) ()

Cox(t)
Cif'(Hya(t))
y(t) = : , t20,
Cu fM(Hpz(t))
where x(t) = [21(t)...7,(t)]T € R™ is the state vector,
z(0) € R™ wu(t) € R™ is the control input, v € L7;

y(t) € RP is the output signal, p = 224:0 pg and Cy € RPa*kq

for ¢ = 0,M; d(t) € R"™ is the external disturbance,
d € L 0(t) € R? is the vector of time-varying param-
eters, 0 € L4; f7 : R* — RM with diagonal structure
fi(s) = [ff(sl)...f,gj(skj)}T, j = 1,M are continuous

functions ensuring existence of solutions of the system (3) at

least locally in the forward time; continuous matrix functions
Ay : RT — R"**s for ¢ = 0,M, B : R — R™™ and
matrlces H; ¢ RFi*™ for j = 1, M are given. Further, for
brevity and con51stently with (3) we use the convention kg = n
and Hy = I,, with fO(z) = =.

The model (3) belongs to the class of Persidskii system
[18], [19] under the following sector condition imposed on
the nonlinearities: for any j =1, M and ¢ = 1, k;,

sfl(s) >0 VseR\{0}.

Consequently, all nonlinearities may take zero values at zero
only. If 6(t) = const, Hy = I, and A, = 0 for all r =
2, M, then we recover the system studied by Persidskii in
the conventional framework [18]. In the case of M = 1 and
0(t) = const, (3) belongs also to the class of Lur’e systems
widely investigated in the absolute stability theory [10].
After a proper re-indexing and decomposition of f7, there
exists v € {0, M} such that for all z =1, and i = 1, k,:

lim f7(s) =

s—+oo

+o0;

and there exists u € {v, M} such that for all j = 1, and
1= 17 kji

S
lim I(0)do = +oo.
s—+oo /0 fl( ) +
Thus, some of the nonlinearities are radially unbounded, and
= 0 corresponds to the case when all nonlinearities are
bounded (at least for negative or positive argument).

III. PROBLEM STATEMENT

Consider a PVP system (3). The following assumptions are
first introduced to formulate the problem addressed in this

paper.

Assumption 1. Let 0(t) € ©, where © C RY is a known
compact set.

Assumption 2. Let e L3 and ||¢9||OO < Do for a known
constant 0y, > 0.

Assumptions 1 and 2 introduce the standard hypotheses for
stability analysis of LPV systems: the former just restricts
the set of admissible values for the vector of scheduling
parameters, while the latter allows us to introduce in Lya-
punov functions the dependence on 6(¢) [6]. In general, the
dependence of Lyapunov functions on 6(¢) should make the
stability conditions less restrictive. However, this comes at
the cost of requiring a more intricate numerical procedure
for verification introducing also dependence on the rate of
variation of scheduling parameters 9max. In order to make the
conditions more constructive, we will consider the case with
linear dependence of the matrix functions in the vector of
scheduling parameters:

Assumption 3. Let A,(0) = > 1_, 0xAgy for g =0, M and
B(@) = Z(Iizl 0. By, where Ag;g S R"ka’, By € Rnexm

are the known matrices and 0;, € [0,1] for k = 1,q with
St 0k=1



The objective of this work is to propose conditions of
ISS, iISS and IOSS for the system (3), using a parameter-
independent Lyapunov function under Assumption 1, or
parameter-dependent one introducing assumptions 1-3 (i.e.,
in both cases the information about the set © and the velocity
bound émax should be used, but not the properties of a
particular trajectory 6(t)). The conventional LPV framework
transforms all nonlinearities, which may be difficult and con-
servative, while the Persidskii or Lur’e system frameworks do
not consider uncertainty presented in the matrices describing
the dynamics. The PVP models combine the advantages of
both these classes of systems. Another aim of this paper is to
use the obtained conditions of robust stability for a stabilizing
control design.

IV. PARAMETER-INDEPENDENT LYAPUNOV FUNCTIONS

Recalling [28], [29], [31], consider the following structure
of a candidate Lyapunov function for (3):

M kj H]()
V(x >—xTPw+2ZZAJ/ HOLINC
j=11i=1
where P € R™" is a symmetric matrix and Noo=
diag[A] . ..Aij} € ]D)ij are parameters to be tuned in order

that (4) verifies the properties stated in Definition 4.

Denote by M(H., H,) C R¥=*ks a set of matrices, whose
ij-th element is a) nonnegative if H S) and ng) are co-
directional, b) nonpositive if H z(i) and H. S(j ) are anti-directional,
and ¢) zero otherwise, for i = 1,k,, j = 1, ks, 2 =1,M — 1
and s=z2+1, M.

Theorem 3. Let Assumption 1 be satisfied and there exist
matrices PT = P € R™*", AJ ¢ ]Dk'" for j =1, M, @T =
d € R™™™, ¥ e R**" and matrix functtons Q —
R™ka, T, 0 RY — ]D) g (ng( ) = HgTTg,g( )Hg) for
g = W, TO,J : R4 — ]D)_i_J (TOJ(G) = HJTTO’](Q)) for
j=1M Y.s: R — M(H,, Hy) (T,50) = Y,(6))
for z=1,M —1 and s = z+ 1, M such that the following
matrix inequalities are verified for all 6 € O:

P=0, &0, Q0) =<0

o
P+p Y H; NHj =0,
j=1

v—1 v
Tr,r(e) + P2 Z Z HZ—FTZ,S(Q)HS

r=0 z=1 s=z+1

+ps Y H Yo ;(0)H; =0
j=1

for some p1,pa,p3 € R and » > 0, where Q(0) is given in
(5)!, then the system (3) with v = 0 is 10SS. If these matrix

IFor brevity, the dependence on 6 may be omitted once the respective
functions have been defined.

inequalities are complied for » = 0, then it is ISS, and if
additionally the last inequality is replaced with

M M-1 M
ZTT,T(G) + P2 Z Z H,;I—Tz,s(e)Hs
r=0 z=1 s=z+1
M
+p3 > HJ To;(0)H, = 0
j=1
satisfying for all 6 € ©, then the system is ilSS.

Proof. The relations a1 (||z]) < V(z) < ag(]|z||) are valid
for some aj,as € Ko for all z € R™ due to imposed
restrictions: according to Finsler’s lemma, the condition P +
1 5:1 H; A H; - 0 satisfied for some p; € R implies that
the unbounded terms in (4) (u characterizes the nonlinearities
with unbounded integrals, as introduced at the end of Section
IT) are presented for all elements of the vector x. The time
derivative of (4) for the system dynamics takes the form:

M
V=i'Pr+a' Pi+2» & Hj Nf(H)

j=1
ZAg

where the last line is added by applying the descriptor ap-
proach [39] (this product equals to zero for v = 0, while
helping us in optimization of the resulted matrix inequali-
ties). Opening the brackets, adding and subtracting the terms
weighted by the matrices ® and Y, , with g = 0, M and
s = g, M, this expression can be rewritten as follows (due to
Assumption 1, 6 € O):

M
+20> fO(Hyr) Qg (0 Y(Hyz) +d — i),
g=0

M
V= <TQ(9)< - Z fg<Hg$>TTg

(0) 19 (Hy)
g=0
M ~
23 N f(Her) " Th o (0) f (Hox) + 32y Ty + d' ®d
k=0 s=k+1
M
< - Z fg(ng)TTg,g(o)fg(ng)
g=0
M-1 M )
-2 Z R (Hpx) " Th o (0) f5 (Hox) 4 sy y + d" @d,
k=0 s=k+1
where

CT=[i" 2" f{(H)" .. fM(Hy2) d']"

To get the desired IOSS property we need further to substan-
tiate the upper bound:

V< —as(||lz]) + sy y+d' dd

for some a3 € K. Thus, the following property has to be
demonstrated,

s(llz) < D F9(Hyx) "X,q(60)f% (Hye)

9=0
v—1 v
+2 Z Z fk(Hk:L‘)TYk7S(9)fS(HS{L‘)
k=0 s=k+1



e A P+TUTA)—Qo HIA'+ 9T A - HIAM +UT Ay —Qpp T
P+AJU —Qf Zo ) QJ A1+ AJ Q1 + Yo Qg AM+ATQM+TO Mmoo
A1H1+AI\I/—QI AIQ()-FQIA()-&-TJJ =1 Q A]\/I+ATQM+T1 M QI

Q) = . . o ®
AMH1M+AI{\I’*QXJ AT Qo+Q A0+TD M A;&,Ql +QX1A1 +Tim - Em QXI
14 o o Qum -0

Eg=Q) Ag+A) Qg —xCJ Cq+ Yy g, g=0,M

for all x € R™ and # € O (only unbounded nonlinearities
should be taken into account, hence, the summation until v is
kept only). The right-hand side of the above inequality is an
unbounded function of z if, according to Finsler’s lemma, the
fulfillment of the matrix inequality

v v—1 v
ST 040> Y HIT.(0)H,
r=0

z=1s=z+1
+ps Y H Yo (0)H; -0
j=1
is guaranteed for some po, p3s € R, for all # € ©. This ensures
the existence of such a function ag, and that the system (3)
is IOSS. Clearly, in such a case for »x = 0 the ISS property
is recovered. If the latter property is verified with s = 0 and
not for the first v nonlinearities, but for all M, then it implies
existence of a positive definite function ag : Ry — R, which
due to Theorem 1 is equivalent to iISS property for (3). [

Verifying the feasibility of the proposed parameter-
dependent matrix inequalities presents a challenge, especially
when dealing with a large parameter space. However, various
techniques are available to address this issue, such as grid-
based methods, convexification, and relaxation techniques. The
choice of the appropriate approach depends on the specific
application and the desired level of accuracy.

Remark 1. A necessary condition for feasibility of the matrix
inequality Q(6) =< 0 required in the formulation of Theorem 3
is that all matrices on the main diagonal of () are nonnegative
definite, i.e., Q) (0)Ay(0) + A (0)2(0) < 0 for g = 0, M,
which can be easily checked separately. It may also provide a
hint on the choice of the structure of the functions €, (6) for
known shape of A,4(6).

Remark 2. The Lyapunov function (4) is independent in 6.
However, utilization of the descriptor approach allowed us
to introduce the analogues of parameter dependent matrix
functions Q4(6), ¢ = 0,M to check stability of A, (6):
indeed, on the main diagonal of Q(#) we have the elements
Q) (0)Ag(0) + A, (0)Q,(0) that assess stability of Agy(6).
On another side note that the terms P, H{ Al,... H AM
and Q0(0),Q1(0),...,Q5(0) appear with different signs,
respectively, in some of the cells of the matrix Q(6), then
a possible choice is to equate them, which leads to a natural
simplification ¥ = 0, and results in cancellation of the terms
introduced by the descriptor approach (i.e., the obtained matrix
inequality will be the same as after a direct substitution in 1%4
the expression of & from (3)). Thus, the descriptor approach
allows us to get more general matrix inequalities, in some way

combining advantages of parameter-dependent and parameter-
independent Lyapunov functions.

A drawback of the conditions formulated in Theorem 3 is
that their verification for all # € © may be computationally
costly. Imposing affinity of the system matrix functions A (6)
in 6 and restricting the matrix functions {24(#) to be constant
for all g = 0, M, these stability conditions can be reduced to
LMIs:

Corollary 1. Let assumptions 1 and 3 be satisfied, and there
exist matrices P = P € R™", A ¢ ]D)]f for j = 1, M,
T = & € R™™, ¥ € R™", Q, € Rk, T, e DY
(T = H] YgyH,) for g = 0,M, Yo, € DY (To,; =
H]TTO,j) fOVj =1, M, Tz,s € M(Hz7Hs) (Tz,s = Tz,s)
for z=1,M —1 and s = z + 1, M such that the following
LMIs are verified:

P=0,®>0; Qp =<0, Vk=1,g;

“w
P+p Y H; NH; =0,
j=1
v v—1 v

Trr+p2z Z H Tst +pJZH TO]H =0

r=0 z=1s=z+1 j=1

for some p1,p2,ps € R and s > 0, where Q) are given in
(6), then the system (3) with v = 0 is I0SS. For » = 0 the
ISS property can be proven. If the last LMI is replaced with

ZTrr+p2 Z Z HTTst

z=1 s=z+1
M

+p3 ZHJ—-FTOJH]' >0,
j=1
then the system is ilSS.

Proof. The proof is a direct consequence of the result of The-
orem 3 under application of Assumption 3 for decomposition
of the matrix function (). Indeed, in this case

q
V=> 0T Qi¢ - ng (Hyz) Ty, (Hyz)
k=1 g=0
M-1 M )
—2 Z fE(Hpx) " Yh o fS(Hsz) + 2y y + d' @d.
k=0 s=k+1

and since 65 € [0,1] the property Qr =< 0 for all k = 1,9
implies > {_, 01T Q¢ =< 0. All other steps and arguments
are the same. O



[\ L/ P+‘I’TA())C790 HIA1+\IJTA1]€7Q1 H;&AJ\/IJ,*‘I’TANUC*Q]W v
P+ Aj T —Qf Eko ) Qg A1k + Agp Q1 + Toa Qq Amk + AQ Qi + Tonr Qg
A'Hy 4+ AW —Qf AL Q0 + 9 Aok + T 4 Sk Q) Ak + AL Qum + T Qf
Qr = . ,  (6)
AMHy + ALY — QY AL Qo+ Q4 Aok +Y}IM AV + QA + T - ErpM Qi
V7 Qo N Qur —®

Shg = Q) Age + Ay, Qg — 2Cy Cg + Ty g, g=0,M

Note that the output y in the system (3) does not represent
the variables available for measurements, but the quantity with
respect to which we would like to analyze the IOSS property.
For example, stabilization of the output for an IOSS system
implies its state regulation to zero.

V. PARAMETER-DEPENDENT LYAPUNOV FUNCTIONS
In this case consider for (3) the following modification of
4):

HY

V(e,0) =z Pz +2 i:Ag(e)/o '

j=11i=1

’ f(s)ds, (7)

where P : R? — R™ " is a symmetric matrix function
and denote by AJ(0) = diag[A{(H)...Ai]_ 0)] € ]D)]ij a
nonnegative diagonal matrix function. We assume that V'
is differentiable with respect to 6. In such a case, since
the coefficients A7 are assumed to be dependent on 6, the
derivative of (7) contains the integrals of the nonlinearities,
which requires the introduction of additional hypotheses on
their relations with nonlinearities of the system:

Assumption 4. Let assume that,k for any j = 1,M and
1 = 1,k;, there ve)vcist Vngzg € Df (W;:; = H;W;:‘;Hg)
for g =0,M, Wyl € DY (Wyl = HI W) for = =1, M,
W,;js € M(Hy, Hy) (V[/,Zfg = W,;JS) for k =1,M —1 and
s =k+ 1, M such that

HVg M

| s <3 g W)
0

g=0
M-1 M
423 Y (He) "W f0 (Hoa)
k=0 s=k+1

for all x € R™.

Assumption 4 is naturally satisfied for polynomial functions,
: Wy
for example: if f/(s) = s* with a > 0, then fOHJ “f(s)ds =
o\ i i iy
—_ (H]( M:) < (Hj( )fO(Hoa:)) (Wog)”fg(ﬂj( )z) for
any (Wg; ) > H%’ and all other elements in the matrices

W,2 can be selected to be zero.

Theorem 4. Let assumptions 1, 2 and 4 be satisfied and there
exist matrices ®7 = & € R™™ ¥ € R™™™ symmetric
continuously di{z‘erentiable matrix functions P : R? — R™*™
AN 2 RY = DY for j = 1, M, and matrix functions Qg :
RY — R™Fa, Ty :RT — DY (T, ,(0) = H] T, ,(0)H,)
for g=0,M, Yo : RI = DY (To;(0) = H] To;(6)) for

j=1,M YT,,:RI - M(H,, Hy) (T..(0) = T..(6))
for z = 1,M —1 and s = z+1,M such that the fol-
lowing matrix inequalities are verified for all 0 € © and
9 € [_émaxu émax]q:

P(0) =0, ® =0, Q(,6) <0,

n
P(O)+p1 > Hj N (0)H; = 0,

j=1

v v—1 v
Z TT,T(Q) + P2 Z Z HJTz,s(e)Hs
r=0

z=1s=z+1

+ps Y H Yo ;(0)H; =0

Jj=1

for some p1,pa,p3 € R and » > 0, where the matrices are
defined in (8), then the system (3) with u = 0 is 10SS, and it
is ISS for »x = Q. If the last inequality is replaced with

M B M-1 M
ZTT,T(Q) +P2 Z Z H,;I—Tz,s(e)Hs
r=0 z=1 s=z+1
M
+ps Y H] Yo (0)H; =0
j=1

satisfying for all 6 € ©, then the system is ilSS.

Proof. The relations o (||z]]) < V(z) < az(||z]|) are verified
for some oy, € Ky for all x € R™ according to
Finsler’s lemma and the introduced matrix inequalities: 1)
the conditions P(¢) = 0, A7(9) = 0 for j = 1,M and
PO) + p1>2_, H]-TAJ(H)HJ» = 0 are verified for some
p1 € R for all & € ©, where © is a compact set (see
Assumption 1), which implies that the unbounded terms in (7)
(p characterizes the nonlinearities with unbounded integrals,
see end of Section II) are presented for all elements of the
vector z, this justifies the existence of «y; 2) since P(6) and
AJ(6) for j = 1, M are at least continuous functions, they
take bounded values on a compact set O, hence, the function
ao exists. The time derivative of (7) for the system dynamics
takes the form:

M
V=i PO)x+a P(O)i+2 T H N (0)f (Hjz)

j=1
M kj Hﬁi)x
L PO +25 S M) / " f(s)ds
j=1i=1 0
M M
F23 PO (Hya) T (0) + &I Ay (6)f° (Hoy) + d — ),
9=0 9—0



-7 - P+ 9T 49— Qo HIA' +9TA; - HAM + \IFAM —Qunr T
P+AJY —-Qf QQTFA0+A%QO+FOO QFA1+ QrQl+F01 QQFAM+A Qn +Tom QQTr
AH + AU —Qf 1 Q0+ Ao-&-F, QAT +A Q1 +T1 QA +A QO +T1 0
Q= . . . . . )
A]VIHA{ + AX4T - QL A;\IV/IQO + Q Ao + F A;\th + Q—IEIAl +T,m Q&AA{ + AIIQ]\{ + v Q;I;I
T QO o Qur )
To,0(6,0) = Ze +QZZJWM imax 0,6, 284 — %Cy Co + Yo,0() ®)
z 892 — 9.9 ot yVz 893 0 5 )
. M k ’L] ) 8[\‘;(9) - A
F;;;-(M)ﬂé?w Zma 0,0: 55— = *C Ci + X;5(0), =T,
M ks a aAJ( N -
Tp,s(0,0) =2 Z Z + Thys
Jj=1i=1 z=1 802

where the last line is again added by applying the descriptor
approach [39] being equal zero for © = 0. In comparison to
Theorem 3, here there are two terms in the second line:

HP 2 q j H 2
. R . OAI(9) [
Ag&/ 7(s)ds = 9, —L / 7 (s)ds
@[ ses=3072 [ sl
q j HY2
< ;max{o,@ agze(f) }/0 fi(s)ds
5 aAﬂ .
< Zmax 0,6 ng (Hyz) Wg:é 9(Hyx)
z=1
M-1 M o
+2) Y fH(He) "W (H)),
k=0 s=k+1

where we utilized Assumption 4. Using these inequali-
ties, opening the brackets, adding and subtracting the terms
weighted by the matrices ¢ and Tgs with ¢ = 0, M and
s = g, M, the expression for V can be rewritten as follows:

M
v < CTQ(Hv H)C - Z fg(ng)TTg,g(e)fg(ng)

g=0
M—1
= Z FR(Hp) T T o (0) f* (Hox) + sy y + d' ®d
k=0 s=k+1
M
< - ng(ng)TTQVQW)fg(ng)
g=0
M—1
-2 Z Z FE(Hpx) " o (0) f5(Hox) + sy y +d' @d
k=0 s=k+1

since Q(G,é) < 0foral ® € ©and 6 € [—9max,€‘max]q,
which are the sets of admissible values for these variables due
to assumptions 1 and 2, where as before

¢t = [j:T ' fYHyx) " M (Hypx) " dT]T

The rest of the proof is the same as in Theorem 3.

Verification of matrix inequalities formulated in Theorem 4
is more complicated since they depend on two independent
vector variables 6 and . However, using Assumption 3 and
additionally requiring a linear dependence of P and A7 in 6,
these conditions can be reduced to verification of LMIs.

VI. STABILIZATION OF PVP SYSTEMS

Since the instantaneous values of the vector of scheduling
parameters 6(t) are assumed to be unknown (only the set of
admissible values is given according to Assumption 1), the
variable 0(t) cannot be used in the control design, and the
following static nonlinear state feedback is proposed in this
work for (3):

M ‘
)+ K, f(Hjx),

=0

u(t) = Koa( ©)

where K, € R™*" are the control gain matrices to be
selected. Clearly, substitution of the control law (9) in the
equations of (3) preserve the PVP form of the model:

M
0+ DA,

where A, (0) = A,(0) + B(0)K, for g = 0, M. Therefore,
analysis of ISS or iISS property for the closed-loop dynamics
(3), (9) can be performed using the (linear) matrix inequalities
of the previously given results under substitution A4(6) <+
Ay(0) for any fixed set of the matrices K,. Similarly, an
output control law u(t) = Ky(t) coefﬁ01ents K € R™x»
can be tested (note that it is a linear output feedback, which
is however nonlinear in the state).

In order to find the gains K, for all g = 0, M as solutions
of LMIs, we need to add additional restrictions to the case of
Corollary 1:

(t) = Hjz(t)) + d(t),

Theorem 5. Let assumptions 1 and 3 be satisfied, and there
exist matrices P € D, A9, Y ; € D} for j =1, M, o7 =

o € RY™" U, Q, € D% and U, € R™*™ for g = 0, M,




TZ,S € DY for z = 0,M —1 and s = z, M such that the
following LMIs are verified:

v v—1 v j:ul
D Trrt D, D Test Toi -0,
r=0 z=1 s=z+1 j=1

where Qy, are given in (10), then the system 3), (9) with
H; =1, forall j =1,M and K, = Ugleforg =0,M is
ISS. If the last LMI is replaced with

M M-1 M M
ZTTT+Z Z Tz,s+ZTOJ>'07
r=0 z=1 s=z+1 j=1

then the system is ilSS.

Proof. Based on the observed structural similarity of the
closed-loop dynamics (3), (9) and the original model (3), the
proof recalls the main arguments used in Corollary 1. Note that
for the case of diagonal matrices the constants py, p2, p3 can be
omitted in that corollary. Considering that P € D", AJ, T, ; €
D% for j =1, M and ¥,8,, T, , € D} for g =0, M in the
conditions of Corollary 1, taking H; = I, for all j = 1, M,
the matrix ) can be reduced to the form given in (11), where
Agr = Agp + B K, for k =1,q and g = 0, M. By assuming
that W and 2, j = 1, M are nonsingular matrices; multiplying
the matrix Q) by dlag{\Il ! Q Q3 I, } from the left
and the right; denoting ¥ = o P Q' PY Q=07
and AV =T 1AJQ1forj—1MTzs—QszsQlfor
z:O7M—1and5—z M; U, = K,Q " for g = 0, M, then
(11) takes the form of (10). Since the matrices ¥ and €); are
nonsingular (¥ and 4, correspondingly), the proprieties of the
matrices P, A7 for j =1, M and TZS for z=0,M — 1 and
s = z, M imply the same characteristics for the counterparts
P, A7 and Y, ,, respectively. O

The conditions of Theorem 5 seem to be restrictive (since
the matrices are required to be diagonal), but taking into
account the actual complexity of the studied problem (we
are aiming to find a globally stabilizing control for uncertain
nonlinear system via LMIs), they still provide an advancement
with respect to the state of the art. Moreover, the structural
restrictions for the matrices P, A7 and T, s to be semi-definite
are preserved.

VII. EXAMPLES

In this section, an example of control design through the
LMIs of Theorem 5 is first given. Then, a robust control
design for the longitudinal flight of a civil aircraft is presented
utilizing a highly nonlinear and relevant model. To check the
LMIs, SDPT3 solver of MATLAB [40] with YALMIP [41]
are used.

A. Control design (Example 1)

To illustrate the presented methodology, consider an aca-
demic example with a cubic nonlinearity:

#1(t) = —ay (t)z1(t) + 22(t) — agz(t)
—0.5u(t) + d1(2),
Za(t) = —GS(L‘) 2(t) + agzi(t) — as(t)z3(t)
Fu(t) + da(t),

where x1(t),xz2(t) € R are the system states, d(t) =
[di(t) do(t)]T € R? is a bounded disturbance, u(t) € R
is the control signal; a;(¢) for ¢ = 1,3,5 are positive time-
varying parameters, whose instantaneous values are unknown,
but the sets of admissible deviations have been identified:
Qi min < az(t) < @imax for all ¢ > 0 with some 0 < @; min <
G;max < 0o being the minimal and maximal possible
values, respectively, for these parameters; az, a4 > 0 are given
constants. Our goal is to design a robustly stabilizing control
for this system using the proposed conditions (with the aim of
accelerating the convergence and improving the robustness). It
is easy to check that this model can be rewritten in the form
B)forn=2,m=1,M=1and f'(z) = [23 23], H, = I,
satisfying the sector condition, with

q
A(](e) = ZekAgka g = Oala q= 87

k=1
—01 min 1
AOl = A05 = 0 — a3 mi )
min
[ —0a1 min 1 ]
A02 = A06 = 0 —as )
max
A A [ —0a1 max 1 ]
03 — 407 — 0 — a3 mi )
min
—01 max 1
Aps = Ags = [ 0 —as ;
max

—a9 0

a4 —@5min |’

—a 0

a4 —05 max ’
where > {_, 0, = 1 and ), € [0,1]. The compact set © C
[0,1]7 can be straightforwardly computed, then Assumption
1 is verified. Moreover, it is clear that Assumption 3 is also
satisfied, therefore, the LMIs of Theorem 5 can be used to
design the control (9) providing ISS property of this time-
varying nonlinear system. Note that to apply LPV method in
this example, we need to transform the cubic nonlinearities in
a linear parameter-varying form, e.g., by considering:

a2 (t) = 0;(t)xi(t), 0:(t) = 23 (1), i = 1,2,

where 61 (t) and 05(t) are new additional scheduling param-
eters that take values in R, . Then, it may be difficult to get

global stability conditions using LMIs dependent on vector
6(t) whose elements take values in unbounded sets.
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P+ QoAg, +U, Bl — ¥
A+ Al +UB - T

~ Fi"!‘AOkQOJFBkUO_\I’ ~
Aok + QoAg, + BrUo + Uy By + Yo,0
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~ A1+A1kQ1+BkU1_\i’ ~
A1y + BrUy + QoAgy, +Ug B + To,1
A1 + QA + BrUL + U B + T

Qr = (10)
AM 4+ QuAL, +UuBL =% QuAL, + Uy Bl + AokQo + BrUo + Yo QuAjy, + Uy B + A1 + BeUs + T1m
I, I, I
~ AM+AMkQ£W+BkUM -0 ~ In
AmiQnr + BiUn +QoAge +Ug By +Towr  In
ApiQur + BrUnv + WA, + U B + 11, In
ApeQm + QmAY, + BU + UGB + T In
I, —o
—2v P+ VAo — Qo Al + VA — O AM + Y Are — Qum '
P+ AJ Y — Qo QoAok + Agp Q0 + Yoo QoA + A + Yo QoAnrk + Ag 2 + Yo, Qo
A Al -0 AT Q0 + Q1 Aok + Yo QA + AL + T D AmE + ALy + T Q
Qr = . . . . an
AM 4L ATV — Qn AL + QAo + Toonr A1 + QarAig + Tiu QmAme + AL Qv + Yo Qum
v Qo Ql QM -
Let

a1 min = 0.057 a3 min — 0.01, a5 min — 0.001,
a1 max = 2, @3max = 0.5, @5max = 0.05,
as = 01, a4 = 001,
then the LMIs of Theorem 5 are verified providing
Ky = —[0.018 37.303], K1 = —[0.079 14.466]
as a solution. After selecting

1 + sin(6t)

d(t) = —2 + 5 cos(1.5t)

+ 2rand(2, 1

a’l(t> = Q1min + (a/l max — a1 min) Sin2 (3t),
as (t) = a3 min T+ (a3 max — a3 min) 0052 (3t s
2

as (t) = G5 min + (0,5 max — a5 min) sin (St),

);
)

the simulation results are shown in Fig. 1 for twenty different
initial conditions chosen randomly in the set [—10,10]%. All
trajectories converge to a vicinity of the origin proportional to
the amplitude of the perturbation d, which is an illustration of
ISS behavior.

B. Longitudinal flight stabilization (Example 2)

The following model is found to be relevant to describe this
kind of motion in [42], [43]:

mo = —T’UQCD(Q) — mgsin(7y) + cos(a)F + mw,
mvy = “=0?Cp (o, r,v,6.) — mg cos(y) + sin(a) F + mows,
n=r+ws,
._ PS5
Jr = v Cn(a,1,0,00) + 2o F + Jwy,

where v € [Umin, Umax] 18 the airspeed in the given limits
us

0 < VUmin < Umax < +00, ¥ € [—35, 50 is the flight path

angle, 1 € [—35, 55) and r € R are the pitch angle and its rate;

25 3

0 0.5 1 1.5 2 3.5 4 4.5 5
t [sec]
10 | T T T T
5| |
.
S oof —
b F’ ————
-5 -
10 . . . . . . . . .
0 0.5 1 1.5 2 25 3 35 4 4.5 5
t [sec]

Figure 1. The results of simulation of the closed-loop
x(t) versus time ¢ [sec]

academic example:

T

a =n—7 € [~{5, 15 is the angle of attack; the control inputs
are represented by the engine thrust F' € [— Finax, Finax] and
the elevator deflection angle . € [—dmax, Omax] for known
Frax > 0 and Opayx > 0; w = [wy...wyq]" € Cgo is
exogenous disturbance; p is the air density, S and L are the
reference surface and length, m € [Mpin, Mmax] i the mass
with given bounds 0 < My < Mpax < +00, g is the gravity
acceleration, z. is the shifting between the center of gravity
and the thrust application point, J > 0 is the longitudinal
inertia; the drag, lift and pitch coefficients are expressed as



follows:

COp(a) = Cpo + Cpac + Cpaza?,

-
Cr(a,r,v,0,) = Cro + Cpraa + CLqE + ¢ 0,

T
C’m(aa v, 66) = —Cno — Cax — Cqu; + cmle,

cr, ¢m and Cy,y are positive aerodynamic coefficients that are
specific to the considered aircraft, which are usually known till
an interval of admissible values. It is required to stabilize the
airspeed v and the flight path angle ~ at their desired values
vg and 74 chosen in the safe envelop.

Assuming for simplicity that the aerodynamic coefficients
are close to their nominal values, it is straightforward to verify
that for

T

g |2 L 2, Cp(a) cos(a) sin(w)

m m m m muv

this system can be presented in the form (3) with n = 4,
m=2M=1Lz=pynr", u=I[F¥&], fi(z) =
gv|v| yv| nin| r|r|] T (the sector condition is verified), H; =
4 and

0 —g 0 0
Ao(6) = CLOSTSHI *CL(B%Q CLao‘)Tsﬁ'l CquTS%
0 Cmal8505 —CmaLf503 —CpqL?L504
—2%595 0 0 0 b6 0
A(6) = 8 8 8 8 . B(0) = 907 cr 55 8 56, ,
~CmoLZS 0 0 0 Ze ¢, LE50s
where the perturbation signal
v() = sin(y(#))
d(t) =g —v ( )(()JOS('Y(t)) + w(t)
0

is composed by a nominal known part (the PVP model
mismatch) and the external disturbance w. The set © from
Assumption 1 can be easily derived from the given bounds
for the angles and Vmin, Ymax> Mmin, Mmax. Assumption 3
can also be verified for a rather large value of g, thus, we
prefer to avoid its use in this example. Note that the important
nonlinearity v? presented in the original nonlinear model is
preserved in the PVP representation.

For control design illustration, assume that the desired value
of the pitch angle is 74 = <4 and for the pitch rate it is
rq = 0. After denoting the state position to stabilize as x4 =
[va Ya va 0], the control is then selected as

u(t) = Ko(a(t) — za) + Ky (f1(2(t) = f1(za)) + uo,

where Ky € R?** is adjusted to assign the desired poles
to the matrix Agy + ByKq (the system is controllable), with
Apa = Ao(b4), Bq = B(04) and 6, corresponds to the value

Mmin+Mmax

of the scheduling parameters at x4 and mass “mingihmax,
K, =—kB]

for a tuning gain x > 0; ug € R? is chosen to guarantee that 4
is an equilibrium in the closed-loop system. For the calculated
values of the control gain, the matrix inequalities of Theorem

60 L 1 1 1 1
0

t [sec]

0.5

L
0 0.5 1 15 2 25 3
t[sec]

t[sec]

Figure 2. The results of simulation for controlled longitudinal aircraft model:
z(t) versus time ¢ [sec]

3 can be used to check validity of the control in the given
admissible envelop. Note that this control is nonlinear, and
the term K f1(x(t)) introduces additional quadratic terms in
the closed-loop system, which were not present in the original
model.

For numerical simulation, the following parameter values
inspired by [43] were taken:

Vmin = 60, Vmax = 80, , Mmin = 140000, Mmax = 150000,
p=1293, L =75 8=360, g=98, z. =2, J =10,
Cpo = 0.065, Cpa = 0.4, Cpge = 1.55, Cro = 0.019,
CLa =5.5, Cpq =33, c;, = 0.32,

Cimo = 0.3, Cpey = 1.5, Crng = 12, ¢ = —1.2, £ = 0.1,

with m(t) = Mmindmax — 10¢, and

w(t) = i(sin(wt) +rand(4,1)), w=1[5...8"

with rand(4, 1) being a vector in RY with elements uniformly
distributed in the interval [0, 1]. For vy = 70 and 4 = 0.003
the matrix inequalities of Theorem 3 were verified on a
random grid (with constant matrix functions Qg4, T .). The
simulation results for the closed-loop system are shown in Fig.
2, where each state component is plotted for ten trajectories
with random initial conditions selected within the admissible
bounds (and also one trajectory at the equilibrium in the
disturbance-free case to confirm existence of the steady-state
solution). As expected, the controlled system demonstrates an
ISS behavior.



VIII. CONCLUSION

This work considered a class of Parameter-Varying Persid-
skii (PVP) systems, combining features of LPV and Persidskii
systems to model complex dynamics with multiple nonlinear-
ities and uncertainties. Conditions for ISS, iISS, and I0SS
were derived using both parameter-independent and dependent
Lyapunov functions and formulated as matrix inequalities. Im-
posing additional restrictions on the structure of the matrices
appearing in the inequalities and the Lyapunov function, these
conditions were reduced to an explicit set of LMI constraints.
A robust control design methodology was also developed.
Future directions for research include investigation of numeric
aspects and relaxations for the presented matrix inequalities,
extension of the passivity/dissipativity theory and the design
of observers for PVP systems.
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