
HAL Id: hal-04969347
https://inria.hal.science/hal-04969347v3

Submitted on 1 Aug 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

A Dual Optimization View to Empirical Risk Minimization
with f -Divergence Regularization

Francisco Daunas, Iñaki Esnaola, Samir M. Perlaza

To cite this version:
Francisco Daunas, Iñaki Esnaola, Samir M. Perlaza. A Dual Optimization View to Empirical Risk Minimiza-
tion with f -Divergence Regularization. IEEE-ITW 2025 - Information Theory Workshop, Sep 2025, Sidney,
Australia. ⟨10.1109/ITW62417.2025.11240444⟩. ⟨hal-04969347v3⟩

https://inria.hal.science/hal-04969347v3
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


A Dual Optimization View to Empirical Risk
Minimization with f -Divergence Regularization

Francisco Daunas∗†, Iñaki Esnaola ∗‡, and Samir M. Perlaza†‡¶,
∗Sch. of Electrical and Electronic Engineering, University of Sheffield, Sheffield, U.K.

†INRIA, Centre Inria d’Université Côte d’Azur, Sophia Antipolis, France.
‡ECE Dept., Princeton University, Princeton, 08544 NJ, USA.

¶GAATI, Université de la Polynésie Française, Faaa, French Polynesia.

Abstract—The dual formulation of empirical risk minimization
with f -divergence regularization (ERM-fDR) is introduced. The
solution of the dual optimization problem to the ERM-fDR is
connected to the notion of normalization function introduced as
an implicit function. This dual approach leverages the Legendre-
Fenchel transform and the implicit function theorem to provide
a nonlinear ODE expression to the normalization function.
Furthermore, the nonlinear ODE expression and its properties
provide a computationally efficient method to calculate the
normalization function of the ERM-fDR solution under a mild
condition.

Index Terms—empirical risk minimization; f -divergence reg-
ularization, statistical learning, normalization function.

I. INTRODUCTION

Empirical risk minimization (ERM) [1]–[6] is often posed
as an optimization problem regularized by a statistical dis-
tance between the probability measure to be optimized and
a given reference measure [7]–[13]. A well-studied case for
such statistical distance is the relative entropy, which leads
to the celebrated ERM with relative entropy regularization
(ERM-RER) studied, for instance, in [14]–[21]. Other works
address the general case for f -divergences, known as ERM
with f -divergence regularization (ERM-fDR) [22]–[25]. The
discrete case of ERM-fDR is explored in [22] and [23],
while more general settings are covered in [24] and [25].
Recent results have shown that f -divergence regularization can
improve the robustness of learning algorithms in the context
of distributionally robust optimization (DRO) [26]–[29].

However, a main challenge in both the theory and practice
of ERM-fDR is that the solution is known only up to a
normalization factor [22]–[24]. For many f -divergences, a
closed-form expression for the normalization factor is not
known. This hinders sampling methods like Markov Chain
Monte Carlo (MCMC) [30], where it appears in the likelihood
ratio, which is needed for valid transition probabilities. In the
case of rejection sampling [31], the absence of such a constant
prevents defining an efficient proposal distribution. Even when
the normalization factor has a known expression, such as the
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log-partition function in the case of relative entropy regulariza-
tion [32], it can be intractable for general loss functions. More
broadly, in ERM-fDR problems, computing this normalization
factor is especially difficult because it requires evaluating the
empirical risk across all models in the support of the reference
measure, a task that is #P -hard [33]–[35].

This paper addresses this challenge by formalizing the
concept of the normalization function introduced in [25]
and deriving the dual optimization problem for ERM-fDR.
The benefits of studying the dual optimization problem and
its properties are twofold. First, insights for computing the
normalization factor are obtained, and second, a characteri-
zation of the normalization function for ERM-fDR problems
is presented. This characterization is obtained by leveraging
tools from convex analysis, notably the Legendre-Fenchel
transform [36], [37], and the implicit function theorem [38].

II. PRELIMINARIES

Let Ω be an arbitrary subset of Rd, with d ∈ N, and
let B(Ω) denote the Borel σ-field on Ω. The set of pro-
bability measures that can be defined upon the measurable
space (Ω,B(Ω)) is denoted by △(Ω). Given a probability
measure Q ∈ △(Ω) the set exclusively containing the pro-
bability measures in △(Ω) that are absolutely continuous
with respect to Q is denoted by △Q(Ω). That is, △Q(Ω) ≜
{P ∈ △(Ω) : P ≪ Q}, where the notation P ≪ Q stands for
the measure P being absolutely continuous with respect to the
measure Q. The Radon-Nikodym derivative of the measure P
with respect to Q is denoted by dP

dQ : Ω → [0,∞).
Using this notation, an f -divergence is defined as follows.
Definition 1 (f -divergence [39]): Let f : [0,∞) → R be a

convex function with f(1) = 0 and f(0) ≜ limx→0+ f(x). Let
P and Q be two probability measures on the same measurable
space, with P ≪ Q. The f -divergence of P with respect to
Q, denoted by Df (P󰀂Q), is

Df (P󰀂Q) ≜
󰁝

f

󰀕
dP

dQ
(ω)

󰀖
dQ(ω). (1)

In the case in which the function f in (1) is continuous and
differentiable, the derivative of the function f is denoted by
ḟ : (0,+∞) → R. If the inverse of the function ḟ exists, it is
denoted by

ḟ−1 : R→ (0,+∞). (2)



III. THE LEARNING PROBLEM

Let M, X and Y , with M ⊆ Rd and d ∈ N, be sets of
models, patterns, and labels, respectively. A pair (x, y) ∈ X ×
Y is referred to as a labeled pattern or data point, and a dataset
is represented by the tuple ((x1, y1), (x2, y2), . . . , (xn, yn)) ∈
(X × Y)

n. Let the function h : M × X → Y be such that
the label assigned to a pattern x ∈ X according to the model
θ ∈ M is h(θ, x). Then, given a dataset

z = ((x1, y1), (x2, y2), . . . , (xn, yn)) ∈ (X × Y)
n
, (3)

the objective is to obtain a model θ ∈ M, such that, for all
i ∈ {1, 2, . . . , n}, the label assigned to the pattern xi, which is
h(θ, xi), is “close” to the label yi. This notion of “closeness”
is formalized by the function ℓ : Y × Y → [0,+∞),
such that the loss or risk induced by choosing the model
θ ∈ M with respect to the labeled pattern (xi, yi), with
i ∈ {1, 2, . . . , n}, is ℓ(h(θ, xi), yi). The risk function ℓ is
assumed to be nonnegative and to satisfy ℓ(y, y) = 0, for
all y ∈ Y . The empirical risk induced by a model θ with
respect to the dataset z in (3) is determined by the function
Lz :M → [0,+∞), which satisfies

Lz(θ) =
1

n

n󰁛

i=1

ℓ(h(θ, xi), yi). (4)

The expectation of the empirical risk Lz(θ) in (4), when θ is
sampled from a probability measure P ∈ △(M), is deter-
mined by the functional Rz : △(M) → [0,+∞), such that

Rz(P ) =

󰁝
Lz(θ) dP (θ). (5)

The ERM-fDR problem is parametrized by a probability
measure Q ∈ △(M), a positive real λ, and a function f :
[0,∞) → R that satisfies the conditions in Definition 1. The
measure Q is referred to as the reference measure and λ as
the regularization factor.

Given the dataset z ∈ (X × Y)
n in (3), the ERM-fDR

problem, with parameters Q, λ and f , is given by the following
optimization problem

min
P∈△Q(M)

Rz(P ) + λDf (P󰀂Q), (6)

where the functional Rz is defined in (5). The set of solutions
to (6) is the singleton {Q} in the case in which for all
θ ∈ suppQ, Lz(θ) = c, for some c > 0. This distinction
is mathematically significant but can be ignored in practice,
as it arises only when Rz(P ) in (5) is constant for all measures
P . In order to avoid the above case, the notion of separable
empirical risk functions [18, Definition 5] is adopted.

The solution to the ERM-fDR problems in (6) was first
presented in [25, Theorem 1] under the following assumptions:
(a) The function f is strictly convex and twice differentiable;
(b) There exists a β such that

β ∈
󰀝
t ∈ R : ∀θ ∈ suppQ, 0 < ḟ−1

󰀕
− t+ Lz(θ)

λ

󰀖󰀞
,

(7a)
and 󰁝

ḟ−1

󰀕
−β + Lz(θ)

λ

󰀖
dQ(θ) = 1, (7b)

where the function Lz is defined in (4); and
(c) The function Lz in (4) is separable with respect to the

probability measure Q.
Theorem 1 ( [25, Theorem 1]): Under Assumptions (a) and

(b), the solution to the optimization problem in (6), denoted
by P

(Q,λ)
Θ|Z=z ∈ △Q(M), is unique, and for all θ ∈ suppQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ) = ḟ−1

󰀕
−β + Lz(θ)

λ

󰀖
. (8)

The equality in (8) can be written in terms of the normalization
function, introduced in [25] and defined hereunder.

Definition 2 (Normalization Function): The normalization
function of the problem in (6), denoted by

NQ,z : AQ,z → BQ,z, (9a)

with AQ,z ⊆ (0,∞) and BQ,z ⊆ R, is such that for all λ ∈
AQ,z ,

󰁝
ḟ−1

󰀕
−NQ,z(λ) + Lz(θ)

λ

󰀖
dQ(θ) = 1. (9b)

The set AQ,z in (9a) contains all the regularization factors λ
for which Assumption (b) is satisfied. More specifically, it
contains the regularization factors λ for which the problem
in (6) has a solution. Furthermore, the equality in (9b) justifies
referring to the function NQ,z as the normalization function,
as it ensures that the measure P

(Q,λ)
Θ|Z=z in (8) is a probability

measure.
This section ends by highlighting that the probability mea-

sures P (Q,λ)
Θ|Z=z and Q in (8) are mutually absolutely continuous

[25, Corollary 1]. This is important, as it ensures the Radon-
Nikodym derivative of Q with respect to P

(Q,λ)
Θ|Z=z is well

defined, a property that is used repeatedly throughout the
proofs.

IV. THE ERM-fDR DUAL PROBLEM

The duality principle [37, Chapter 5] enables the analysis
of the optimization problem in (6) by studying an alternative
form, known as the dual problem. In this section, this dual
problem is derived using the Legendre-Fenchel transform [37],
which is defined below.

Definition 3 (Legendre-Fenchel transform [37]): Consider
a function f : I1 → I2, with Ii ⊆ R, with i ∈ {1, 2}.
The Legendre-Fenchel transform of the function f , denoted
by f∗ : J → R, is

f∗(t) = sup
x∈I1

(tx− f(x)), (10)

with

J = {t ∈ R : f∗(t) < ∞}. (11)

Using this notation, consider the following problem

min
β∈R

λ

󰁝
f∗

󰀓
− 1

λ
(β + Lz(θ))

󰀔
dQ(θ) + β, (12)

where the real λ, the measure Q and the function f are those
in (6); and the functions Lz and f∗ are defined in (4) and (10),
respectively. The following theorem introduces the solution to
the problem in (12).



Theorem 2: Under Assumptions (a) and (b), the solution
to the optimization problem in (12) is NQ,z(λ), where the
function NQ,z is defined in (9).

Proof: Let G : R→ R be a function such that

G(β) = λ

󰁝 󰀓
− 1

λ
(β + Lz(θ))

󰀔
dQ(θ) + β, (13)

which is the objective function of the optimization problem
in (12). Note that from Assumption (a) and Definition 3, the
function G in (13) is a strictly convex function, which satisfies

d

dβ
G(β) =

d

dβ

󰀓
λ

󰁝
f∗

󰀓
− 1

λ
(β + Lz(θ))

󰀔
dQ(θ)+β

󰀔
(14)

= −
󰁝
ḟ∗

󰀓
− 1

λ
(β + Lz(θ))

󰀔
dQ(θ) + 1, (15)

where ḟ∗ is the derivative of the function f∗ in (12). Let the
solution to the optimization problem in (13) be denoted by
󰁥β ∈ R and note that the derivative of the function G evaluated
at 󰁥β is equal to zero, that is

󰁝
ḟ∗

󰀓
− 1

λ
(󰁥β + Lz(θ))

󰀔
dQ(θ) = 1. (16)

From [36, Corollary 23.5.1] and Assumption (a), the follow-
ing equality holds for all t ∈ J , with J in (11),

d

dt
f∗(t) = ḟ∗(t) = ḟ−1(t), (17)

where the functions ḟ−1 and ḟ∗ are defined in (2) and (15),
respectively. From (16) and (17), it follows that

󰁝
ḟ−1

󰀓
− 1

λ
(󰁥β + Lz(θ))

󰀔
dQ(θ) = 1, (18)

which combined with (9b) and Assumption (b) yields

NQ,z(λ) = 󰁥β. (19)

Note that β̂ is unique as it is the minimum of a strictly convex
function. This observation completes the proof.

The following lemma establishes that the problem in (12)
is the dual problem to the ERM-fDR problem in (6) and
characterizes the difference between their optimal values,
which is often referred to as duality gap [40, Section 8.3].

Lemma 1: Under Assumptions (a) and (b), the optimization
problem in (12) is the dual problem to the ERM-fDR problem
in (6). Moreover, the duality gap is zero.

Proof: Under Assumption (a) and [37, Section 3.3.2], it
can be verified that for all t ∈ J , with J in (11), the function
f∗ in (10) satisfies

f∗(t) = tḟ∗(t)− f(ḟ∗(t)), (20)

where the function ḟ∗ is the same as in (17). From Assump-

tion (a) and (17), the Radon-Nikodym derivative
dP

(Q,λ)

Θ|Z=z

dQ
in (8) satisfies for all θ ∈ suppQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ) = ḟ∗

󰀕
−NQ,z(λ) + Lz(θ)

λ

󰀖
, (21)

where the functions Lz and NQ,z are defined in (4) and (9),
respectively. Then, from (20) and (21), with some algebraic

manipulations, it holds that for all θ ∈ suppQ,

Lz(θ) + λf

󰀕
dP

(Q,λ)
Θ|Z=z

dQ
(θ)

󰀖
dQ

dP
(Q,λ)
Θ|Z=z

(θ)

=−λf∗
󰀓
− NQ,z(λ)+Lz(θ)

λ

󰀔 dQ

dP
(Q,λ)
Θ|Z=z

(θ)−NQ,z(λ). (22)

Taking the expectation in both sides of (22) with respect to
the probability measure P

(Q,λ)
Θ|Z=z in (8) yields

Rz

󰀓
P

(Q,λ)
Θ|Z=z

󰀔
+ λDf

󰀓
P

(Q,λ)
Θ|Z=z󰀂Q

󰀔

=−λ

󰁝
f∗

󰀓
− 1

λ
(NQ,z(λ)+Lz(θ))

󰀔
dQ(θ)−NQ,z(λ). (23)

Using Theorem 1 and Theorem 2 in the left-hand and right-
hand sides of (23), respectively, yields

min
P∈△Q(M)

Rz(P ) + λDf (P󰀂Q)

= max
β∈R

−λ

󰁝
f∗

󰀓
− 1

λ
(β + Lz(θ))

󰀔
dQ(θ)− β. (24)

The claim that the optimization problem in (12) is the dual
to the ERM-fDR problem in (6) follows from (24) and [41,
Theorem 1, Section 8.4]. The zero duality gap is established
by the equality in (24), which completes the proof.

The zero duality gap in Lemma 1 ensures strong duality,
which implies that the optimal value of the dual variables
recovers the primal optimal measure. However, solving the
dual problem in (12) remains equally challenging, as the
solution must satisfy Assumption (b) in Theorem 1. Thus,
unless the normalization function NQ,z in (9) is explicitly
characterized, computing NQ,z(λ) involves a search over the
real line to obtain the value that satisfies (18).

V. ANALYSIS OF THE NORMALIZATION FUNCTION

A. Characterization and Properties

The purpose of this section is to characterize the function
NQ,z and the sets AQ,z and BQ,z in (9). Given a real δ ∈
[0,∞), consider the Rashomon set Lz(δ), which is defined
as follows Lz(δ) ≜ {θ ∈ M : Lz(θ) ≤ δ}. Consider also the
real numbers δ󰂏Q,z and λ󰂏

Q,z defined as follows

δ󰂏Q,z ≜ inf{δ ∈ [0,∞) : Q(Lz(δ)) > 0}, (25)

and
λ󰂏
Q,z ≜ inf AQ,z. (26)

Using this notation, the following theorem introduces one of
the main properties of the function NQ,z .

Theorem 3: The function NQ,z in (9) is strictly increasing
and continuous within the interior of AQ,z in (9a). Further-
more, for all λ ∈ AQ,z ,

NQ,z(λ) = λ
d

dλ
NQ,z(λ)− Rz(PN ), (27)

where the probability measure PN ∈ △Q(M) satisfies for all
θ ∈ suppQ,
dPN

dQ
(θ)=

1

f̈

󰀕
dP

(Q,a)

Θ|Z=z

dQ (θ)

󰀖
󰀕󰁝

1

f̈

󰀕
dP

(Q,a)

Θ|Z=z

dQ (ν)

󰀖dQ(ν)

󰀖−1

.

(28)



B. Proof of Theorem 3

The proof is divided into two parts. The first part lever-
ages the properties of the function f under Assumption (a)
in Theorem 1 to prove that the normalization function
NQ,z : AQ,z → BQ,z in (9) is strictly increasing. The second
part proves the continuity of the function NQ,z in (9).

The first part is as follows. Given a pair (a, b) ∈ AQ,z ×
BQ,z , with AQ,z and BQ,z in (9), assume that

NQ,z(a) = b. (29)

This implies that

1=

󰁝 dP
(Q,b)
Θ|Z=z

dQ
(θ) dQ(θ) =

󰁝
ḟ−1

󰀓
− 1

a
(b+ Lz(θ))

󰀔
dQ(θ).

(30)
Note that the inverse ḟ−1 exists from the fact that f is
strictly convex, which implies that ḟ is a strictly increasing
function. Hence, ḟ−1 is also a strictly increasing function in
BQ,z [42, Theorem 5.6.9]. Moreover, from the assumption
that f is strictly convex and differentiable, it holds that ḟ
is continuous [43, Proposition 5.44]. This implies that ḟ−1

is continuous. From [44, Lemma A.3], the function ḟ−1 is
strictly increasing such that for all b ∈ BQ,z and for all
θ ∈ suppQ, it holds that

ḟ−1
󰀓
− 1

a
(b+Lz(θ))

󰀔
≤ ḟ−1

󰀓
− 1

a

󰀃
b+δ󰂏Q,z

󰀄󰀔
<∞, (31)

with δ󰂏Q,z defined in (25) and equality holds if and only if
Lz(θ) = δ󰂏Q,z . Then, from (31) and AQ,z ⊆ (0,∞), which
implies a > 0, it follows that

󰁝
ḟ−1

󰀓
− 1

a
(b+Lz(θ))

󰀔
dQ(θ) <∞. (32)

Note that from [44, Lemma A.5] and the assumption in (30)
for all (a1, a2) ∈ A2

Q,z , such that a1 < a < a2, it holds that
󰁝
ḟ−1

󰀓
− Lz(θ)+b

a1

󰀔
dQ(θ)<1<

󰁝
ḟ−1

󰀓
− Lz(θ)+b

a2

󰀔
dQ(θ).

(33)
Then, for NQ,z(ai), with i ∈ {1, 2}, to satisfy,

󰁝
ḟ−1

󰀕
− 1

ai
(Lz(θ) +NQ,z(ai))

󰀖
dQ(θ) = 1, (34)

under the assumption that a1 < a < a2, it must hold that
NQ,z(a1) and NQ,z(a2) satisfy

NQ,z(a1) < b < NQ,z(a2). (35)

This implies that the function NQ,z in (9) is strictly increasing.
Similarly, from [44, Lemma A.5] and the assumption in (30)
for all (b1, b2) ∈ B2

Q,z , such that b1 < b < b2, it holds that
󰁝
ḟ−1

󰀓
−Lz(θ)+b1

a

󰀔
dQ(θ)>1>

󰁝
ḟ−1

󰀓
−Lz(θ)+b2

a

󰀔
dQ(θ).

(36)
Then, for the ai, with i ∈ {1, 2} to satisfy,

󰁝
ḟ−1

󰀕
− 1

ai
(Lz(θ) + bi)

󰀖
dQ(θ) = 1, (37)

under the assumption that b1 < b < b2, it holds that a1 and
a2 satisfy

a1 < a < a2, (38)

which implies that the function NQ,z in (9) is strictly increas-
ing. Furthermore, from (35) and (38) the function NQ,z maps
one to one the elements of AQ,z into BQ,z , which implies it
is bijective. Thus, the inverse N−1

Q,z : BQ,z → AQ,z is well-
defined. This completes the proof of the first part.

In the second part, the objective is to prove the continuity
of the function NQ,z . To do so, an auxiliary function is in-
troduced and proven to be continuous. Under the assumptions
(a), (b) and (c) from Theorem 1, the sets AQ,z and BQ,z

in (9) are non-empty and the real values: ā = supAQ,z;
a = inf AQ,z; b̄ = supBQ,z; and b = inf BQ,z , are such that

A = (a, ā) ⊆ (0,∞), and B =
󰀃
b, b̄

󰀄
⊆ R. (39)

Let the function F : A× B → (0,∞) be

F (a, b)=

󰁝
ḟ−1

󰀕
−b+ Lz(θ)

a

󰀖
dQ(θ)− 1. (40)

The first step is to prove that the function F in (40) is
continuous on the sets A and B defined in (39), respectively.
This is proved by showing that F always exhibits a limit in A
and B, and that limit is the same as the function evaluated at
that value. Then, for all (a, b) ∈ A×B and for all θ ∈ suppQ,
the function ḟ−1 satisfies the bound in (31). Hence, from [36,
Corollary 24.5.1] the function ḟ−1 is continuous, such that for
all (a, b) ∈ A× B, it holds that

lim
a→λ

lim
b→β

ḟ−1

󰀕
−b− Lz(θ)

a

󰀖
=ḟ−1

󰀕
−β − Lz(θ)

λ

󰀖
. (41)

Note that the function F in (40) is bounded as a consequence
of (31), and thus, from the dominated convergence theo-
rem [45, Theorem 1.6.9], the following limits exist and satisfy

lim
b→β

F (a, b)=F (β, a), (42)

and
lim
a→λ

F (a, b)=F (λ, b), (43)

which proves that the function F in (40) is continuous in A and
B. The proof continues by noting that from the definition of
A and B in (39) there exists at least one point (λ,β) ∈ A×B,
such that (λ,β) ∈ AQ,z × BQ,z , which implies that

F (λ,β)=0. (44)

Note that from (42) and (43) the function F is continuous and
thus the partial derivative of F satisfy

∂

∂a
F (a, b)=

󰁝
b+ Lz(θ)

a2
1

f̈
󰀓
ḟ−1

󰀓
− b+Lz(θ)

a

󰀔󰀔 dQ(θ), (45)

where (45) follows from [44, Lemma A.2]; and
∂

∂b
F (a, b)=

󰁝
−1

a

1

f̈
󰀓
ḟ−1

󰀓
− b+Lz(θ)

a

󰀔󰀔 dQ(θ), (46)

where (46) follows from [44, Lemma A.2]. Then, from the
implicit function theorem presented in [38, Theorem 4], the
function NQ,z exists and is unique in the open interval A



with A in (39) and for all a ∈ A satisfies that

NQ,z(a) = b, (47)

such that F (a,NQ,z(a)) = 0, which completes the proof of
continuity for the normalization function NQ,z . Additionally,
from [38, Theorem 4] it follows that

d

da
NQ,z(a)=−

󰀕
∂

∂b
F (a,NQ,z(a))

󰀖−1
∂

∂a
F (a,NQ,z(a)), (48)

=
NQ,z(a)

a
+

󰁝
Lz(θ)

a
ga(θ) dQ(θ), (49)

with the function ga : M → R, such that for all θ ∈ suppQ,

ga(θ)=
dPN

dQ
(θ), (50)

with dPN

dQ defined in (28). Note that from the assumption that
f is strictly convex and twice differentiable, the derivative
ḟ is increasing, and the second derivative f̈ is positive for
all θ ∈ suppQ. Also, the denominator of the fraction is the

integral of the reciprocal of f̈

󰀕
dP

(Q,a)

Θ|Z=z

dQ (ν)

󰀖
with respect to

the measure Q. This term serves as a normalization constant
ensuring that the resulting function is a proper probability
density such that

󰁕
ga(θ) dQ(θ) = 1. Therefore, the function

ga in (50) can be interpreted as the Radon-Nikodym derivative
of a new probability measure P (a), parametrized by the
regularization factor a with respect to Q. Specifically, if we
define a measure P (a) such that for any set A ∈ FM,

P (a)(A) =

󰁝

A
ga(θ) dQ(θ). (51)

From (49) and (51), it follows that

NQ,z(a)=a
d

da
NQ,z(a)− Rz

󰀓
P (a)

󰀔
, (52)

with Rz defined in (5). This completes the proof of the
derivative of the normalization function.

The continuity and monotonicity exhibited by the function
NQ,z allow the following characterization of the set AQ,z .

Lemma 2: The set AQ,z in (9a) is either empty or an interval
that satisfies

󰀃
λ󰂏
Q,z,∞

󰀄
⊆ AQ,z ⊆

󰀅
λ󰂏
Q,z,∞

󰀄
, with λ󰂏

Q,z in
(26) and satisfies λ󰂏

Q,z ≥ 0.
Proof: The proof is presented in [44, Appendix B.1].

Lemma 2 highlights two facts. First, the set AQ,z is a
convex subset of positive reals. Second, if there exists a
solution to the optimization problem in (6) for some λ > 0,
then there exists a solution to such a problem when λ is
replaced by λ̄ ∈ (λ,∞).

C. Discussion of Results

A major bottleneck in ERM-fDR solutions stems from
the computational challenges associated with: (i) evaluating
expectations with respect to the prior Q, and (ii) determining
the value of NQ,z(λ) in (8) for implementing the resulting
algorithms. This subsection discusses the significance of the
continuity and monotonicity properties of the normalization
function NQ,z in (9) and their practical implications for ad-
dressing challenge (ii), under the assumption that expectations

with respect to the prior Q are computationally tractable. To
begin, note that the function NQ,z induces a bijection between
the sets AQ,z and BQ,z , as a result of the monotonicity and
continuity established in Theorem 3. For the cases in which no
explicit expression for the normalization function is available,
this bijection allows the ERM-fDR solution to be computed
directly by selecting a normalization factor and using its in-
verse to determine the corresponding regularization parameter
λ. For example, this approach is used in [17, Eq (26)] for the
reverse relative entropy. More importantly, in cases in which
neither the normalization function NQ,z nor its inverse can
be explicitly defined, as is the case for several f -divergences
(see [25]); the monotonicity and continuity of NQ,z allow
replacing an exhaustive search over all real values with a
root-finding algorithm to approximate the solution, ensuring
the existence of the root in (44) and convergence to it. Thus,
such an algorithm reduces the number of evaluations of the
expectation with respect to Q to find such an approximation.
The following Algorithm makes use of the above properties
of the normalization function NQ,z .

Algorithm 1 Algorithm for NQ,z(λ) via Root-finding
Input: Lz : M → [0,∞), Q, f : (0,∞) → R, λ > 0, δ󰂏Q,z ,

tolerance 󰂃 > 0, max iterations Nmax

Output: β satisfying
󰀏󰀏󰀏
󰁕
ḟ−1

󰀓
−Lz(θ)+β

λ

󰀔
dQ(θ)− 1

󰀏󰀏󰀏 ≤ 󰂃

Initialisation:
1: blow ← δ󰂏Q,z − λḟ(0), bhigh ← λ, b ← 1

2 (blow + bhigh)

2: n ← 0, I ←
󰁕
ḟ−1

󰀓
−Lz(θ)+b

λ

󰀔
dQ(θ)

Root-Finding Process:
3: while |I − 1|> 󰂃 and n < Nmax do
4: if I > 1 then
5: bhigh ← b
6: else
7: blow ← b
8: end if
9: b ← 1

2 (blow + bhigh)

10: I ←
󰁕
ḟ−1

󰀓
−Lz(θ)+b

λ

󰀔
dQ(θ), n ← n+ 1

11: end while; return b

VI. CONCLUSIONS

This paper establishes a connection between the ERM-fDR
solution and the Legendre-Fenchel transform via the dual
formulation in (12). By analyzing the relationship between the
primal and dual problems in (6) and (12), it is shown that the
duality gap is zero. The identity arising from strong duality
is leveraged to prove the continuity and monotonicity of the
normalization function, enabling application of the implicit
function theorem. This, in turn, yields a nonlinear ODE
characterizing the normalization function. These properties
are then used to design an algorithm that approximates the
normalization function for a tractable reference measure and
fixed regularization factor. This improves over searching across
the real line when an explicit characterization is unavailable.
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