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GENERALIZED HOFSTADTER FUNCTIONS G, H AND BEYOND:
NUMERATION SYSTEMS AND DISCREPANCY

PIERRE LETOUZEY

ABSTRACT. Hofstadter’s G function is recursively defined via G(0) = 0 and then G(n) =
n — G(G(n — 1)). Following Hofstadter, a family (F}) of similar functions is obtained
by varying the number k of nested recursive calls in this equation. We study here
some Fibonacci-like sequences that are deeply connected with these functions Fj. In
particular, the Zeckendorf theorem can be adapted to provide digital expansions via sums
of terms of these sequences. On these digital expansions, the functions Fjy are acting
as right shifts of the digits. The Fibonacci-like sequences are then expressed in terms
of zeros of the polynomial X*—X*~1_1. Thanks to that, we estimate the discrepancy
of each function F}, i.e., the maximal distance between F} and its linear equivalent.
This discrepancy is finite exactly when k < 4. This also solves some related questions,
in particular two twenty-year-old OEIS conjectures stating how close the functions Fj
and F are from the integer parts of their linear equivalents. Moreover F} can coincide
exactly with such an integer part only when k < 2, while F}, is almost additive exactly
when k£ < 4. Finally, a nice fractal shape a la Rauzy has been encountered when
investigating the discrepancy of Fj.

1. INTRODUCTION

We continue here the exploration of a family of functions started in a previous arti-
cle [12]. The properties studied here are largely independent from the content of the
first article, so this second article can be read without prior knowledge of the first one.
In particular the reader will find again below the necessary initial definitions and basic
properties. That being said, we obviously recommend reading both. For instance, the
previous discussion on related works is still relevant here and will not be duplicated.

1.1. The functions. As in our previous article [12], we consider the following function':
Definition 1.1. For each integer £ > 1, the function F}, is defined recursively by

0, if n =0;

F,: N—N, n— . ]
n— Fi(n—1), otherwise.

This function Fj, is well defined since one may prove alongside that 0 < Fj(n) < n for
all n > 0. This family of functions is due to Hofstadter [9, Chapter 5]. In particular, F»
is Hofstadter’s function G, see OEIS entry A5206 [1, 9, 4, 8], known to satisfy G(n) =
|(n+1)/p| where ¢ is the golden ratio (1++/5)/2. Similarly, Fy is Hofstadter’s function H,
see OEIS Ab5374, and the generalization to higher degrees of recursive nesting in the
definition of F) was already suggested by Hofstadter [9]. To be complete, the OEIS
database already includes Fj as A5375 and F5 as A5376 and Fg as A100721. On the
other hand, we choose to start this sequence with F} where only one recursive call is
done, leading to a function that can easily be shown to verify Fi(n) = [(n+1)/2] = [n/2].
Throughout this paper, we never consider the case k = 0: although the previous definition

'In all this work, the n-th exponent of a function denotes its n-th iterate, for instance FZ(n) is
F5(F5(n)), not the square of Fy(n).
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could be extended and give a non-recursive function Fy, this Fj has too little in common
with the other Fj, functions to be of much interest. Small values of the functions £} to Fjx
are displayed in Figure 1.1.
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FiGURE 1.1. Plotting £, Fs, ..., F5.

1.2. Summary of previous results. The main result of our previous article [12] is the
Theorem 7.4, stating that the (Fj) family of functions is ordered pointwise: Fj(n) <
Fyiq(n) for all k > 1 and n > 0. Even if we will not compare further the functions of
this (F}) family, two other aspects of the previous article will be relevant here.

First, we introduced there a family of substitutions® (1) and infinite morphic words
(x) and length functions (Lg):

Definition 1.2. For k > 1, let 7 be the substitution on the alphabet {1,2,. .., k} defined
by
T k— k1,

=1+l forl1 <i<k.

2A substitution (or morphism) on an alphabet A is a map 7 : A* — A* satisfying 7(uv) = 7(u)7(v)
for all u,v € A*, where A* denotes the set of finite words with letters in A. The map 7 is therefore
defined by its value on the letters of A, and it is extended in a natural way to infinite words (or
sequences) w = w[0Jw[1]--- € A by setting 7(x) = 7(x[0])7(x[1])---. For more on substitutions, see
for instance [7].
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Let xp = x[0]zx[1] - - - € {1,2,...,k}> be the fixed point of 74, and let Ly be the following
function:

L,: N—=>N, n— |Tk($k[03n))}

where x[0:n) is the prefix of zy, of size n, i.e., x;[0] - - - xx[n—1].

These notions were shown to be deeply related with Fj,, in particular L, forms a Galois
connection with Fj, i.e., almost a bijection, more on that in Section 2 below. The main
result of monotonicity for the (Fj) family was then converted to a similar statement on
(L) and then proved by investigating the letter configurations in the morphic words ().
In the present article, these lengths L; will receive new descriptions, in particular as left
shifts in some particular numeration systems in Section 4, while the words (zj) will also
be related with these numeration systems in Section 5.

Secondly, we studied in [12, Sect. 6] the infinitary behavior of Fj and showed in partic-
ular that lim £ Fj,(n) exists and is the unique positive zero of the polynomial X*+X—1.
Noting «y this zero, it amounts to say that Fi(n) admits oy n as linear equivalent. Once
again, this result was obtained via a detour through the morphic words x;, whose letter
frequencies were expressed in terms of ;. Here, we go further and investigate in Section 8
the discrepancy of each Fj, i.e., the maximal distance between Fj, and its linear equiv-
alent. For that, the polynomial X*+X —1 and its reciprocal X*—X*=1—1 are studied
more carefully in Section 6.

1.3. The Coq artifact. Almost all the proofs presented in this article have been formally
certified using the Coq/Rocq proof assistant [18]. The files of this Coq development are
freely available [11], the recommended entry point to read alongside this article being

https://github.com/letouzey /hofstadter_g/blob/main/Article2.v

This formal development ensures precise definitions and statements and rules out any
reasoning errors or rounding errors during the proofs. It can hence serve as a reference
for the interested reader. The current article tries to be faithful to this formal work while
staying readable by a large audience, at the cost of possible remaining mistakes during
the transcription.

Our Coq development can be machine-checked again by any recent installation of
Coq, see the joint README file (the authors used Coq version 8.16). All the first part
up to Section 5 have been formalized within Coq core logic, without any extra axioms,
as may be checked via the command Print Assumptions on our theorems. The parts
corresponding to Section 6 and after involve real numbers and hence rely on some Coq
standard libraries that declare four logical axioms, in particular the axiom of excluded
middle.

Some differences remain between the proofs presented in this article and the corre-
sponding Coq development:

e Some internal files in this Coq development do not use the same parameter k
presented here. Instead, they rely on a parameter ¢ actually meaning k—1. In
particular, this allows to rule out the case k = 0 without resorting to preconditions
k > 1 everywhere, since ¢ belongs to the nat datatype encoding natural numbers.
In particular, the definition of Fibonacci-like sequences A in file GenFib.v is quite
lighter this way. The two files Article2.v and Articlel.v serve as companion
files to this article and the previous one, and hence use the parameter k just as
here.

e In Proposition 6.8, we rely on the fact that the Plastic Number is the smallest

Pisot number, an important result by Siegel [17]. Lacking a full Coq proof of
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this result, we managed instead to formalize in Coq the first pages of the initial
proof by Siegel and then adapted it to suit our need, namely that for k& > 6, the
polynomial X* — X*~! — 1 does have secondary zeros of modulus strictly more
that 1. More details can be found in our file SecondRoots.v.

e The Coq proofs corresponding to Theorems 8.2 and 8.5 only state that the discrep-
ancies Ay are infinite when £ > 5, but do not express yet the rate of divergence,
which is logarithmic for £ = 5 and a power function for k& > 6. These extra
details were not formalized in Coq due to lack of time, but no major difficulties
is expected here should we try to do it later. For the current Coq proofs, see
Freq.delta_sup_qgen and LimCase4.delta sup_qg4.

e Finally, the Appendix A has not been considered yet in Coq.

1.4. Summary of the current article. Section 2 recalls some earlier basic results about
functions Fj,. Then Section 3 investigates a family Ay, of Fibonacci-like sequences and
their relations with Fj. This is extended in Section 4 where numeration systems based
on these Ay, sequences are considered by generalizing the Zeckendorf theorem, then Fj,
is shown to be a right shift on these digital expansions (with a specific treatment of the
lowest digit). Section 5 translates these results in term of infinite morphic words. In
Section 6, we study the polynomials corresponding to all these recurrences, with a partic-
ular attention to the modulus of their zeros. Section 7 provides a detailed description of
the Fibonacci-like Ay, numbers as linear combinations of powers of these zeros. Finally,
Section 8 assembles most of the previous pieces for a study of the discrepancy of each
Fy i.e., the maximal distance between Fj, and its linear equivalent. This discrepancy is
shown to be finite exactly when k < 4, in particular we prove it to be less than 1 for
k = 3 and less than 2 for k = 4, before stating various consequences and encountering a
nice fractal when k = 3.

2. BASIC PROPERTIES OF FUNCTION F},

We recall now some earlier basic properties, in particular Proposition 2.1 of [12], where

OF}(n) denotes the difference F}(n+1) — F}(n):
Proposition 2.1. Forall j, k > 1, the function F,ﬁ satisfies the following basic properties:

(a) Fi(1) = FJ(2) =1,

(b) Fl(n) > 1 whenever n > 1,

(¢) Fl(n) < n whenever n > 2,

(d) for alln >0, 0F,(n) =1 — 0FF(n—1),

(e) hence OF](n) € {0,1} for alln >0,

(f) the function F is monotonically increasing and onto (but not one-to-one).

We also proved earlier [12; Prop. 4.2] that the function Lj introduced in Definition 1.2
can also be expressed in terms of Fj.:

Proposition 2.2. For k> 1 and n > 0, we have Ly(n) =n + FF~'(n).

Actually, this could have been an alternative definition for L, skipping all references
of morphic words until Section 5. One way or the other, we have the following important
relation between Fj, and Lj:

Proposition 2.3. For k > 1 and n > 0, we have Fy(Lg(n)) = n and Li(Fr(n)) €
{n,n+1}.
4



Proof. See [12, Sect. 3]. Alternatively, here is a more direct proof, just relying on Propo-
sitions 2.1 and 2.2:

Li(Fy(n)) = Fx(n) + Ff(n) = Fi(n) + (n+1 — Fi(n+1)) = n+1 — 0F(n).

By Proposition 2.1, 9F;(n) € {0,1} hence Li(Fi(n)) € {n,n+1}.
For the first part of the statement, let us pick m such that Fy(m) = n (F} is onto, see
Proposition 2.1). Proceeding as before, but for m this time:

Fiy(L(n)) = Fi(Ly(Fx(m))) = Fx(m+1 — 0F(m))

Now, either 0F(m) = 0 and hence Fy(Ly(n)) = Fx(m+1) = F(m) =n. Or 0F;(m) =1
and hence Fy(Lg(n)) = F.(m+1-1) = Fi(m) = n. O

Corollary 2.4. For all k > 1, the functions F}, and L;, form a Galois connection between
N and itself (with Fy as left adjoint and Ly, as right adjoint). Indeed, for all n,m > 0 we
have Fy(n) < m iff n < Lg(m). Moreover, this Galois connection is said to be a Galois
insertion since Fj o L = id.

Proof. See [12, Cor. 3.2]. Or alternatively, by Proposition 2.1, the function F™' is
increasing, and hence Ly(n) = n + Ff'(n) is increasing as well. If Fjy(n) < m, then
Li(Fx(n)) < Li(m). By Proposition 2.3, Li(Fi(n)) € {n,n+1} hence n < Li(Fr(n) <
Li(m). Conversely, n < Li(m) implies Fy(n) < Fy(Li(m)) = m. O

In particular, Lg(n) is the rightmost antecedent of n by Fj. Note that there cannot
exist more than two antecedents of a given point by Fy. Indeed, if Fj(a) = Fj(a+1)
then F¥(a) = Ff(a+1) hence 0Ff(a) = 0 hence OFy(a+1) = 1 by Proposition 2.1, so
Fir(a+2) > Fy(a). Similarly, if Fy(a) = Fj(a+1) then a # 0 and Fy(a—1) < Fi(a),
otherwise 0F),(a—1) = 0 hence FF(a—1) = 0 and dF}(a) = 1.

3. RELATED FIBONACCI-LIKE RECURRENCE

A family of Fibonacci-like recursive sequences is of particular interest here. It it ob-
tained by generalizing the Fibonacci recurrence in the following way: instead of adding
the two previous terms of the sequence, we add the previous term and the k-th earlier
term, for some k > 1. We will see below that these sequences could also be expressed as
L7 (1), and that F}, shifts down the corresponding sequence by one step.

Definition 3.1. For any integer k£ > 1, let (A ,)pen be the following linear recurrence:

A = p+1, if0<p<k;
S Aot + Appery iEp 2 k.

pl0123 4 5 6 7 8 9 10
A,|1 2 4 8 16 32 64 128 256 512 1024
A, [1 2 35 8 13 21 34 55 89 144
As,[1 234 6 9 13 19 28 41 60
Agp|1 234 5 710 14 19 26 36
Aip|1 234 5 6 8 11 15 2 26

FIGURE 3.1. Initial values of Ay ,,.

Hence A; , = 2P for all p > 0 and (A, ) is the Fibonacci sequence with initial values 1 2
3 5 8 (no initial 0, only one 1). The sequence (Ajz,) is also known as Narayana’s Cows, see

OEIS A930 but with an index shift. Moreover, this whole family of recursive sequences
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has already been considered many times [13, 10, 6]. Several of these earlier papers also
use the Ay, numbers as basis for alternative digital expansions, as done in the following
Section 4. But we are not aware of any prior mathematical analysis of these Ay, numbers
as thorough as the one of Section 7, crucial for our results about discrepancy of functions
F}. in Section 8.

Note that these Ay, numbers should not be confused with the number of ordered k-
arrangements of n, which is denoted A* in French texts. Interestingly, the Ay, numbers
also have a nice combinatorial interpretation:

Proposition 3.2. For k> 1 and p > 0, Ay, is the number of subsets of {1,...,p} with
a distance of at least k between elements.

Proof. Let £ > 1. We proceed by strong induction over p. For p < k, the distance
constraint ensures that the considered subsets are either empty or singleton, so we have
indeed p+1 such subsets. And for p > k, we partition into the subsets that contain p and
the ones that do not. By induction hypothesis, the first group has cardinal Ay, (since
the second-largest element of these subsets is at most p—k in this case), while the second
group has cardinal Ay, 1, hence a total cardinal of Ay . O

Obviously, all Ay, are strictly positive, hence for a given k, (Ay,,) is strictly increasing
over p. Now, as an easy consequence of the previous combinatorial interpretation, for
a given p > 1 the sequence (A p)i>o0 is decreasing from A;, = 2P till A,, = p+1 and
stationary afterwards. Indeed, the rule Ay, = p+1 for initial terms actually holds even
when p =k, since A, , = A, -1 + App—p = p+1.

Interestingly, we can also extend the recurrence rule and make it handle all terms
except Ay o:

(3.1) Ak’p = Ak,‘7p—1 + Ak,pek for all P Z 1

where a © b = max(0,a — b) is the total subtraction from N? to N that rounds negative
results to 0.
As promised, the functions Fj, and Lj; have a specific behavior on these Ay, numbers.

Proposition 3.3. For all k > 1 and p,5 > 0,
Fl(Arp) = Argpe;
Ly (Arp) = Akpt;-
Hence Ay, can also be expressed as L7 (1).

Proof. We prove the first equation by induction over p. The case p = 0 is obvious since
F}(1) = 1. Now let p > 0 and assume the equation is true for p — 1 and for all j > 0.
Of course FQ(Ay,) = Agpro. Now, for j > 0, note that here pS(j+1) = p—16 j and
pSk = (p—1) & (k—1), hence

FI 7 (Akp) = FL(F(Akpr + Agper)) (b Eq. (3.1))

= Fl(Fi(Agpr + Ff 7 (Agpr))  (by LH)

= F(Fi(Li(Arp))
= F}(App1) (by Prop. 2.3)
= Ak,p—lej (by IH)

= Ak po(i+1)



Now, from the definition of L, and Equation (3.1):
Li(Arp) = Arp + F 7 (Arp) = Arp + Arpete=1) = Akp + Ak rnor = Arpet.
This extends to L7 via a direct induction on j. Finally, LF(1) = L?(Agg) = Ap,. O

This last proposition will be generalized in the next Section, where Theorem 4.10 and
Proposition 4.12 establish the behavior of F} and L7 on some sums of Ay, numbers.

4. FIBONACCI-LIKE DIGITAL EXPANSIONS

For a given k > 1, we can use the Fibonacci-like numbers (Ay,) seen in section 3 as
a base for a family of digital expansions. In these numeration systems, we will see that
Ly and F}, behave as bitwise operations, namely left and right shifts (with a particular
treatment of the lowest digit in the case of Fj). This extends Proposition 3.3.

Such a digital expansion can be described in a standard way through sequences of digits
(d;);en that are ultimately null, leading to sums X2, d; Ay ;. As usual for such a digital
expansion, we may display a number via its digits, with the least-significant digit on the
right. Nonetheless, we favor here an alternative presentation based on the positions of the
non-null digits, calling this a k-decomposition. In the rare situations where some digits
will be 2 or more, we repeat the corresponding positions. This approach alleviates the
technical lemmas to come.

Definition 4.1. For £ > 1, a k-decomposition is a finite sequence D = pg---p,, of
increasing natural numbers, with possible repetitions. Such a sequence may be empty,
noted D = @. The sum of a k-decomposition D = pq - - - pp, 18 Bg(D) = Appo++ - -+ Ak pr, -
For n > 0, a k-decomposition of n is any k-decomposition D such that ¥ (D) = n. A
k-decomposition D will be said canonical (resp., laz) when the distance between the
elements of D is at least k (resp., at least k—1).

Note that for £ > 1, the k-decompositions that are canonical cannot contain re-
peated positions, and can hence be viewed as simple sets of natural numbers (with suf-
ficient distance between them). For simplicity sake, we (ab)use set notation for these
k-decompositions, when this remains clear enough, for instance D U {p} or D \ {p} for
adding position p to a decomposition D (or removing it). Nonetheless, the exact de-
scription remains here through finite sequences, allowing the rare but complex situations
where repeated positions are needed, see in particular the Definition 4.5 below.

As an example, let us try £ = 2, i.e., decompose in sums of Fibonacci numbers:
for instance the number 17 is equal to 13 +3 +1 = Ass + Az + Az so 17 have a
digit representation of 100101, corresponding to a (canonical) 2-decomposition of 0, 2, 5.
This decomposition is indeed canonical since the positions are separated by at least 2.
Other decompositions are possible, for instance 17 = 8 +5 + 3 4+ 1 = 11101, i.e., the
lax 2-decomposition 0, 2,3,4. Considering higher digits allows more decompositions, for
example 17 = 2 x 8 + 1 = 20001, i.e., the 2-decomposition 0,4,4. This one is not
canonical nor lax, and will hence be avoided as much as possible. Now, if we switch
to k = 3, the same example 17 is now 13 +4 = A3z + As3 = 1001000, hence the
canonical 3-decomposition 3,6. Note that for £ = 1, a canonical 1-decomposition is
actually a sum of distinct powers of two, i.e., the usual base-2 representation, for instance
17 =16+ 1 = 10001. In this case k = 1, considering lax decompositions already implies
having digits of 2 or more, i.e., repeated positions.

The least digit has always the same weight independently of &, since Ao = 1. Simi-
larly, the second digit always weights Ay ; = 2. All other digits have weights that depend
on k, for instance Ayo € {3,4} and A, 3 € {4,5,8}. For a given k, the corresponding
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numeration system is clearly redundant, but with unique canonical decomposition. In-
deed, Zeckendorf’s theorem can be adapted for this generalized setting, as already seen
for instance by Kimberling [10] or Eriksen and Anderson [6]:

Theorem 4.2 (Zeckendorf). For k > 1 and n > 0, there exists a unique canonical
k-decomposition of n. We note it Dy(n).

Proof. The proof of this theorem is quite standard. First we build by strong induction a
canonical k-decomposition of n. For n = 0 we take the empty decomposition, whereas for
n > 0 we consider first the highest position p such that A, < n, then build recursively
a canonical k-decomposition D of the rest n — A;,. Now D U {p} is a satisfactory
decomposition of n. Indeed, the choice criterion of p implies Ay, <n < Ay 1. If i <k,
then Ay ,41 = 1+ Ay, and hence n is exactly Ay, and the decomposition stops there,
with a singleton decomposition which is obviously correct and canonical. Otherwise i > k
and so Appr1 = Akp + Ak pr1-r hence n — Ap, < Appy1-k. So the largest index in the
decomposition D cannot be p+1—Fk or more, so DU {p} is still canonical. Repeating this
will hence build a decomposition that is indeed correct and canonical.

For proving the uniqueness, the key ingredient is the following: if a non-empty canonical
decomposition D of n has p for highest position, then n < Ay ;1. This is provable by
induction on the cardinal of D, and then considering the sub-decomposition D~{p}. With
this key fact, one can easily prove that two canonical decompositions of the same number
must have the same highest positions, and then recursively the same other elements. [

In general, a number may admit several lax k-decompositions beside the canonical one.
Let us call normy(D) the unique canonical k-decomposition having the same sum as D.
Obviously, it can be computed by sum and decompose: normy(D) = Dy (X,(D)). When
D is lax, a more efficient algorithm is to “repair” this almost canonical decomposition:
we repeatedly find the highest pair of indices in D at distance k—1, say p—1 and p—k,
and replace them by p. On 3, (D), this amounts to change terms Ay, 1 + Ay, with
Apyp. The choice of the highest possible pair implies that the new decomposition is at
least lax again, while having a strictly lower cardinal that D. Repeating the process will
hence stop on a canonical decomposition of equal sum, in no more steps than the cardinal
of D.

Let us express now the decomposition of n+ 1 in terms of the decomposition of n. For
that, we need to discriminate on the least element of this decomposition.

Definition 4.3. The rank of a decomposition D is the least element of D, or 400 when
D = &. The k-rank of a number n is the rank of Dy(n).

Proposition 4.4. For k > 1 and n > 0, let us call r the k-rank of n. The canonical
k-decomposition of n+1 is

Dy(n) U {0}, if r > k;

normy(Dg(n) ~ {r} U{r+1}), otherwise.

We now generalize some bitwise operations of base 2.

Definition 4.5. For a k-decomposition D = pg - - - p,, and g > 0, the left shift of D by ¢
is adding ¢ to all positions, i.e.,

D < q=(potq) - (Pmtq)-
The upper right shift of D by ¢ is

D>, q=(pSq) - (pmSa)-
8



Finally, the (usual) right shift of D by ¢ is obtained by considering only the positions
Pe- -+ pm in D that are greater or equal to ¢ (if any), and then:

D> q=(p—q) - (pm—0a)-

Recall that p © ¢ = max(0,p — ¢), so an upper right shift may produce repeated
position 0, even when starting from a canonical decomposition. At least D >, 1 is
known to be lax when D is a canonical k-decomposition with & > 1, while D < ¢ and
D > q are still canonical. Still for a canonical k-decomposition D, D >, 1 is either
equal to D > 1 or differ by an extra initial 0, depending on whether D contains 0 or
not. In the particular case k = 1, Di(n) > 1 and Dy(n) > 1 correspond respectively
to |n/2] and [n/2].

Meek and Van Rees [13] showed that the right shift > 1 on k-decompositions is actually
a recursive function very similar to Fj,, with just an extra —1 in the recursive definition.

Definition 4.6. For k > 1, let £, be defined recursively by

F,: NN, n—<{ - e
n—1—F}(n—1), otherwise.

As noticed by Meek and Van Rees, F . 1s a translated version of Fj.
Proposition 4.7. For all k> 1 and n >0, Fy(n) = Fy(n+1) — 1.
Here comes the result of Meek and Van Rees in our notation.

Theorem 4.8 (Meek and Van Rees). For all k > 1 and n > 0, Dy (Fy(n)) = Dp(n) > 1
hence Fi(n) = Xi(Dg(n) > 1).

Combining these two last results, it is possible to prove that Fj is actually the upper
right shift > 1. Instead, we propose here a direct proof of this fact, without translation
to Fj. The downside of this direct proof is that lax decompositions have to be considered,
hence the following technical lemma.

Proposition 4.9. Let k > 1. For a lax k-decomposition D and a number q < k, we have
Yp(normg (D) >, q) = Xp(D >, q)

Proof. The normalization repeatedly replaces pairs of positions such as p—1, p—k into p,
and exploits the equation Ay, 1 + Ay, = Aj,p for keeping the overall sum unchanged.
Here, p—Fk is a legal position, hence p > k > gand so p& ¢ =p—q > 1. Now, if we
shift by >, ¢ before summing, the corresponding equation Ay ,_104 + Ak p—rog = Akpeq
still hold. Indeed, Equation (3.1) for p & q gives Ay poq = Ak pog—1 + Ak poger while here
poqgek=pokcqandpeq—1=p—164q. O

Theorem 4.10. For all k > 1 and n > 0,
More generally, for all 1 < q <k, F}(n) = Xx(Dr(n) > q).

Proof. The case k = 1 is a consequence of the identity Fj(n) = [n/2] already mentioned
earlier. We now assume k > 2. Let us note Gi(n) = Xx(Dg(n) >, 1). We first prove
that

(4.1) Gi(n) = Ex(Dr(n) >4 q)
9



q < k and n > 0. The case ¢ = 1 is straightforward. Let 1 < ¢ < k and
1) for this g and all n. By noting D = Dy(n) >, 1 we have
GI(n) = GL(Gr(n)) = Sk(Dk(Sk(D)) >4 q)

Due to its definition, D is at least a lax decomposition, hence Dy (Xx(D)) = normg(D)
and by Proposition 4.9 we obtain

GiH(n) = Zk(D >4 q) = Si(De(n) >4 1>y q) = Si(Di(n) >4 (¢+1)).
For the last equality, note the law a ©b© ¢ = a © (b + ¢), hence two upper right shifts
may be grouped into a single one. By induction on ¢, this concludes the proof of (4.1).
Now for proving Fj, = Gy we show that Gx(0) = 0 (which is obvious) and that Gy
satisfies the same recursive equation as Fj. The equation about F}! then follows from
(4.1). So let n > 0 and consider Gi(n+1) + G%(n). If n = 0 this sum is clearly 1 = n+1.
Assume now n > 0 and note r = rankg(n) and D = Dg(n) ~\ {r}. First, if » < k, then
Dy (n+1) = normy(D U {r+1}), so
Gr(n+1) + G¥(n) = p(normy({r+1} U D) >, 1) + i (({r} U D) >, k)
=3({r+1} U D) >, 1)+ E({r} U D) >, k) (by Prop. 4.9)
= Aprrier + Apror + Sp(D >4 1) + 354(D >4 k)
= A, + Ao+ 2i(D)
=1+3:({rtuD)
=14n

for all 1 <
assume (4.

We exploited here the fact that all elements in D are at least k+r hence non-zero. So
Yp(D > 1)+ X5(D >, k) is Xx(D) via repeated use of Equation 3.1.
Otherwise rank r > k and Dg(n+1) = {0} U Di(n) and

Gi(n+1) + Gi(n) = S ({0} U Di(n)) >4 1) + Zi(Di(n) >+ k)
= Apoo1 + Ep(Dr(n) >4 1) + Ep(Di(n) >4 k)
=1+ E(Di(n))
=1+n

This time, it is Dy(n) whose elements are non-zero, and we handled the sum of its shifts
just as before. O

As noticed earlier, Dy(n) >, 1 is at least a lax k-decomposition, hence a renomaliza-
tion may be necessary when computing the canonical k-decomposition of Fj(n):

Dy(Fy(n)) = normg(Dg(n) >, 1).

As an alternative formulation, Fi(n) is also the (usual) right shift of the k-decomposition
of n (i.e., F(n)), plus the least digit of this decomposition of n (i.e., its “k-parity”).
When this digit is 1, this may trigger a renormalization of the decomposition.

We now relate the k-rank and the differences 0F. From Section 2, we recall that
OF!(n) denotes F!(n+1) — F}(n) and that it is always either 0 or 1.

Theorem 4.11. For all k > 1 and n > 0 and 0 < q < k, we have OF!(n) = 0 iff
ranky(n) < q. In particular OF(n) = 0 iff rankg(n) = 0.

Proof. First, for ¢ = 0, FP(n) = 1 # 0 and rankg(n) £ 0. Moreover, for ¢ = k = 1,
Fi(n) = [n/2] and 0F;(n) = 0 when n is odd which is indeed when rank;(n) = 0.
Consider now 1 < g < k, leaving away the case ¢ = k for the moment to be able to

benefit from Proposition 4.9.
10



If n=0, F(1) =1# 0= F!(0) and rank,(0) = +oo > q.
If n > 0 and rankg(n) < k, we reuse the notation of the last proof: r = rank,(n) and
D = Dg(n) ~ {r}. The last theorem states that

OF(n) = Zy(Dr(n+1) > q) — Ep(Dy(n) >4 q)
= Sy(norme({r+1} U D) 34 g) — S(({r} U D) > q)
= S ({r+1}UD) 3, @) = Su({r}UD) 3+ q) (by Prop. 49)
= Aprt10g — Akrog
This is indeed 1 when g < r < k, since r+1© ¢ =1+ (r © q) < k. Otherwise r < g and
r+16q=0=r© ¢ hence IF!(n) = 0.
If n > 0 and rankg(n) > k and in particular rankg(n) > ¢:
OFy(n) = Zy(Dy(n+1) >4 q) — Ep(Dy(n) >4 q)
= Zk(({0} U Di(n)) >+ q) — Zi(Dy(n) >4 q)
= Apo
=1
Finally, for the case ¢ = k, we use the identity 0FF(n) = 1 — dF),(n+1). We have just

shown that 0F;(n+1) = 0 iff rank;(n+1) < 1. From Proposition 4.4, we can see that
rankg(n+1) = 0 iff ranky(n) > k. Hence OFF(n) = 0 iff rank,(n) < k. O

Proposition 4.12. For all k > 1 and n,q > 0, we have Li(n) = Xx(Dy(n) < q) and
hence Dy (Li(n)) = Di(n) < q.

Proof. First, for ¢ = 1, thanks to Proposition 2.2 and Theorem 4.10 and Equation (3.1):
Li(n) = n+ F} ™ (n)
= Xk(De(n)) + Ep(Dy(n) >+ (k—1))
= Z (Arp + Ak po-1))

Since Dg(n) < 1 is still a canonical k-decomposition, whose sum is equal to Lg(n), we
can conclude Dy (Lg(n)) = Di(n) < 1 by Theorem 4.2.

This extends easily by induction on ¢. It is clear for ¢ = 0,1. Now, assume Li(n) =
Y, (Dg(n) < q) for a specific ¢ and all n. Then:

LT (n) = LL(Li(n)) = Sk(Dr(Lr(n)) < q) = Sp(Di(n) < 1 < q)

and we can conclude by regrouping the two successive left shifts. U

5. DECOMPOSITIONS AND MORPHIC WORDS

We already presented in Definition 1.2 the substitution 7, and the infinite morphic
word x that are intimately related with each function Fj. In this section we show that
these words x, can also be expressed in term of k-decomposition and k-rank. Before that,
we recall an important link between functions Fj, and words xy, see [12, Prop. 4.4]. Note

that in the word xy, positions are indexed from 0.
11



Proposition 5.1. Consider 1 < j <k and n > 0. We have xx[n] = j if and only if both
OF! ™" (n) = 1 and OF](n) = 0. Moreover for k > 1 we have xx[n] = k iff OFF ' (n) = 1
(in this case OF}F(n) could be either 0 or 1).

From that, the letters of the word x; can be expressed in terms of k-rank.
Theorem 5.2. For k> 1 and n > 0 we have xx[n] = min(k, 1+ ranky(n)).
Proof. Combination of Proposition 5.1 and Theorem 4.11. U

We also recall that the substitution 7, satisfies a recursive equation extending the
recursive rule of Ay, numbers, see [12, Prop. 2.2].

Propqsition 5.3. FQT all k> 1 and j > 0, either j < k and Ti(k) =kl---j,0orj>k
and 7 (k) = 777" (k)] 7" (k). Hence the following equalities on words and lengths:

. a:k[O:Ak,j)' = T]g(k}) '

o Apj=|mi(k)| = Li(1).

Proof. Routine induction. O
The Theorem 4.2 can be extended to express decompositions of prefixes of words xy.

Definition 5.4. For a k-decomposition D = pg - - - p,, we define the corresponding word
Wi(D) as
Wi(D) =7 (k) - - - 7" (k).

Note that |[Wy(D)| = Ex(D). We recall from our conventions that the positions pg - - - py,
are increasing: pg < --- < p,,. Even more, they are strictly increasing (by steps of at
least k) for canonical k-decompositions.

Theorem 5.5. For k > 1 and n > 0, the prefiz of xy of size n is x[0:n) = Wi(Dg(n)).
Moreover, for ¢ > 0, we have 7! (xx[0:n)) = Wi(Dr(n) < q).

Proof. We follow the existence part of Theorem 4.2. Once again we proceed by strong
induction over n. If n = 0, then indeed x[0:0) = ¢ = Wy (&) = Wi(Dg(0)). Otherwise
for n > 0 let p be the highest position such that Ay, < n < Ag,41. If p < k, then
Agpy1 = 1+ Ag, and hence n = A, and Di(n) = {p}. So by Proposition 5.3,

z[0:n) = 77 (k) = Wi({p}) = Wi(Dr(n)).

Otherwise p > k. Since A, < n < Ay pi1, Proposition 5.3 implies that 7¢ (k) is a prefix
of ;[0:n) which is a prefix of 7! (k) = 77(k)7""(k). That means that x4[0:n) can be
written 77 (k)w where w is a prefix of 777" (k) and hence a prefix of zj. Hence w = x4[0:m)
if we call m the desired length of |w|, i.e., m = n — Ay ,,. But here Di(n) = {p} U Dy(m)
and m < n and p is strictly above all positions in Di(m). By induction hypothesis,
xk[0:m) = Wi(Dg(m)) and finally

z1,[0:n) = 7 (k)Wi(Dy(m)) = Wi({p} U Di(m)) = Wi(Dx(n)).

Now, for any k-decomposition D, we have 7/(Wy(D)) = Wi(D < ¢) by distributing
the substitutions 7! into the components of Wy (D). Hence

Ti (2[0:n)) = 7 (Wi(Di(n))) = Wi(Di(n) < q).

12



6. RELATED POLYNOMIALS AND ALGEBRAIC INTEGERS

For a finer description of the Fibonacci-like (A ;) numbers in Section 7, we investigate
now some corresponding polynomials. This is an extension of our previous work [12,
Sect. 5], where we already presented the following polynomials and their positive zeros.

Definition 6.1. For k > 1, we name Pp(X) = X*+ X —1 and Qx(X) = X* — X*1 -1
We name «y, (resp., fx) the unique positive zero of Py (resp., Q). Note that G = 1/ay
since P, and @) are reciprocal polynomials.

Proposition 6.2. (ay)ken, is a strictly increasing sequence in [5,1) while (By)ren, is a
strictly decreasing sequence in (1,2]. Moreover 1 + % < B <1+ \/LE hence By and ay,

converge to 1 when k — oo.

Theorem 6.3. For k > 1 and j > 0, the following limits exist and have the given values:

Tim 1F(n) = o

lim Ly (n) = 5]
Said otherwise, when n — oo we have F} (n) ~ o, n and L] (n) ~ Bin.

As a side remark, we are now able to provide asymptotic equivalents for «; and [y,
instead of just the previous bounds of Proposition 6.2. Actually, the equivalent for
was already proposed by Selmer [16, Eq. (4.4)] but without justifications.

Proposition 6.4. When k converges to +o0,

U (mug))

k k
P 1nl(§k) Y (1n/(<;k))

Proof. Let k > 1. ay, can be expressed as the solution of the equation x = /1 — x in the
interval (0,1). Even more, it is an attracting fixed point of the function f(z) = /1 — x,
with the whole interval (0,1) as basin of attraction. It is hence sufficient to iterate this
function to get approximations of ay. Here, these approximations will alternate on each
side of a. We choose ug = 1—% as initial point, since this cancels some constants later,
then the sequence u,y1 = f(u,) converges to ay. Actually, us and us already have
asymptotic expansions that suit our needs. Indeed, we obtain uy < oy < uz (as soon as

k > 3) and
1 In(k) 1
=fl1-=)=1- -
e (0) e )
In(k) In(In(k)) 1
us f('LLQ) 2 + L +o0 2
Now, the expansion of ( is obtained by inversing the one of «. O

Let us study now the complex zeros of polynomials P, and (). Since P, has no
common zero with its derivative, it admits £k distinct complex zeros, including oy and a
real negative zero when k is even. The k zeros of (), are the inverse of the zeros Py, they
are also distinct and include B and also a real negative zero when k is even. Moreover,
[ is the dominant zero of Q):

Proposition 6.5. Let z € C be a zero of Qi different from By. Then |z| < Bg.
13



Proof. Via triangle inequality, |(z—1)+1| < |z —1]|4|1| hence |z| —1 < |z —1|. Moreover
this is an equality only when z — 1 € R,. But S is the unique zero of ), which is a
positive real number. So here |z| — 1 < |z — 1].

Now, if 5 < |z| we could derive the following contradiction:

L= (B —=1).87" < (2] = Do < |z = 1|2 = 2F =251 = 1
OJ
For the same kind of reasons, when ) admits a real negative zero (i.e., when k is

even), then the absolute value of this zero is strictly smaller than the modulus of the
other zeros.

Proposition 6.6. For two zeros z and t of Qy, |z| = |t| if and only if Re(z) = Re(t),
which happens exactly when z and t are equal or complex conjugates. Similarly, |z| < |t|
whenever Re(z) < Re(t).

Proof. Assume |z| = |t|.
lz =12/ =z = D) =1 = |t — D" = |t — 1|t
This simplifies into |z — 1| = |t — 1| here, since 0 is not a zero of @ and hence |z| =

lt| # 0. Let us write 2 = a+ib and t = c+id. We deduce a? + b* = 2 + d* and
(@ —1)2+b? = (c — 1)® + d?. Developing and subtracting these two equations leads to
a = ¢, i.e.,, Re(z) = Re(t), then b = +d, i.e., t = z or t = Z. Similarly, when |z| < |¢|
we obtain |z]? < |t|? and |t — 1|* < |z — 1|* and then a < ¢, i.e., Re(z) < Re(t). The
reciprocal statements are obtained by totality of the order on R. O

Definition 6.7. For £ > 1, let us name 740 -1y x—1 the k complex zeros of Q, in
decreasing lexicographic order of their Cartesian coordinates.

Thanks to the previous properties, this choice of ordering implies that this sequence
r1,,; of zeros have decreasing modulus, with equality of modulus exactly when a non-real
zero is followed by its complex conjugate. More precisely:

e the positive zero comes first: 74,0 = Bi;
e the possible negative zero comes last: 74,1 € R_ when £k is even;
e the pairs of complex conjugate zeros come in between: for 1 < 2p < k, we have
Tk2p = Th2p—1-
For studying in Section 8 the maximal distance between Fj and its linear equivalent
ag n, it will be essential to know whether the secondary zeros of ), may reach or even
exceed 1 in modulus (by secondary, we mean different from the dominant zero fy).

Proposition 6.8. Let k > 2. The secondary zeros of Q. of maximal modulus are 71
and ryo = Tr1 (or solely Ty when k = 2). Moreover the modulus |ry1| is as follow:

o |11 <1 when k €{2,3,4};

o |rp1| =1 when k =5;

o |rg1| > 1 when k > 6.

Proof. Our choice of ordering for the zeros 7 ; implies that the secondary zeros of maximal
modulus are ry; and its conjugate ry o (or solely rx; when k = 2).

First, S = ¢ &~ 1.618 and 33 ~ 1.465 and (4 ~ 1.380 are well-known Pisot numbers [5]
and 2, (Y3, Q4 are their minimal polynomials, hence their other zeros are all of modulus
strictly below 1.

Now, the case k = 5 is quite particular, since Q5 can be factorized as (X?— X +1)(X?—

X —1). On one side, the zeros of X? — X + 1 are #ﬁ = /3 and its conjugate, both
14



of modulus 1. On the other side, 35 is the real zero of X® — X — 1 and it is hence the
well-known Plastic Ratio &~ 1.324718, which is the smallest Pisot number, as shown by
Siegel [17]. The two remaining complex zeros of X3 — X — 1 are of modulus < 1. Finally
Thi = eiTr/3'

For £k > 6, let us name M} the minimal polynomial of §;. This polynomial M} is
monic, it has integer coefficients and it divides @i, so the zeros of M} are also zeros of
Q. The degree of M, is at least 2, otherwise ; would be an integer. So we can consider
the largest modulus among the zeros of M) distinct from [, and compare this modulus
with 1.

e If this modulus is strictly less than 1, then (; is a Pisot number, but this case is
impossible here, since f3j, is strictly less than the smallest Pisot S5, see Siegel [17].

e If this modulus is exactly 1, then f is a Salem number [15], but this case is also
impossible here. For instance, a Salem number is known to also have its inverse
as zero of its minimal polynomial (which is self-reciprocal) while here neither @y
nor My, have zeros in [0, 1].

e Finally, this modulus can only be strictly more that 1. This proves the existence
of a zero of M, distinct from Sy with modulus > 1, and this zero is also a zero
of Q. Considering the ordering of zeros of () chosen above, we can conclude
\Tk,ﬂ > 1.

i

As a complement to the previous proof, it is easy to show that (), admits a zero z of
modulus 1 only when |2 — 1| = |(z —1).2*7!| = 1, and having both |z| = 1 and [z — 1| =1
can only occur for z = e*/3, the zeros of X? — X + 1 already encountered for Q5. In this
case, z — 1 = 22 and the equation Q;(z) = 0 amounts to z**! = 1 hence e (*+D7/3 — 1
hence k =5 (mod 6). When k =5 (mod 6), there exists a polynomial Ry € Z[X] such
that Qr = (X? — X +1)Ry(X). We have already seen R5 = X® — X — 1 above; the other
Ry can be obtained via the recursive equation R, = Ry + (X° — X3 — X2 + 1) X*L,
Actually, this is the only possible factorization of Q) over Z[X], or equivalently over
Q[X]. Indeed, the work of Selmer [16] implies that when k # 5 (mod 6) the polynomial
Q. is irreducible over Z[X]. This also holds for the reciprocal polynomial P,. For a
simpler proof, see Conrad [3]. In this case, @y is hence the minimal polynomial of fy.
This work of Selmer [16] also implies that for & = 5 (mod 6), the factor Ry of Q) is always
irreducible over Z[X], and is hence the minimal polynomial of S in this case.

7. ALGEBRAIC EXPRESSIONS OF FIBONACCI-LIKE SEQUENCES

For the next section, it is crucial to provide precise algebraic expressions for Fibonacci-
like sequences (Ay.,). In particular we will distinguish here the main exponential behavior
of (Ag,) from residual parts.

Recall from section 6 that Q(X) = X*— X*"1—1 and B, € (1, 2] is the unique positive
zero of (i, as well as its dominant zero. Also recall that the £ complex zeros 74, of Q)
are simple and hence distinct. In our notation, 149 = B.

Proposition 7.1. For allk > 1 andn >0, 57 < Ay,

Proof. We proceed by strong induction over n. Let n > 0 and assume 3" < Ay, for all
0 <m < n. Since Qk(Bx) = 0, we always have

Ge = BB = BB ) = B A
15



If n =0 then ) = 1 = Ayg. If 0 < n < k, then 87" < 1 hence by induction hypothesis
in n—1:
Br < Byt +1< Appr+ 1= Ay
Now, if n > k,
Bir=Br 4+ By < Apper + At = Apn
by induction hypothesis in n—1 and n—k. U

Proposition 7.2. Let us name cy; the complex quantity v ; (kry;,—(k—1))~". Then

k—1

(7.1) App = Z Chi Tl for alln > 0.

i=0
Moreover all these coefficients cy; differ from 0 and cio is a real greater or equal to 1 and

k.n

lim =cLo and lim —Ak’nﬂ = 0.
n—00 ﬁ]? ’ n—00 ko

Proof. The polynomial @ is the characteristic polynomial of the linear recurrence (Ay,),
and ) has no multiple zeros. Hence standard theory of linear recurrence with constant
coefficients states here that Ay, is a linear combination of the n-th powers of the Q)
zeros 1y;. We now show that the coefficients ¢ ; of this linear combination have indeed
the aforementioned values. For that we study the linear system formed by Equation (7.1)
when n = 0,...,k—1. In this case Ay, = n+1. Let us write this system via matrices®.

We name V' = (Ti’i>0§i7j<k the following k& x k Vandermonde matrix:

1 rgoe - 7“,]2761
1 /rk71 e fr‘kil
v — k1
1 Trret o0 Thgb
The linear system to solve amounts to [(cx0),- -, (ckr—1)]-V = [1,2,...,k]. This Vander-
monde matrix V' is known to be invertible since all the numbers r;; are distinct, hence
the coefficients are equal to [1,2,...,k]-V~!. Actually, we can restrict our needs to the

last line of V!, which is much simpler than the other elements of this matrix. For that,
we consider a sequence flkn satisfying the same recursive equation as Ay, but with dif-
ferent initial values: flk,o = ... = AM,Q = 0 and flk,k,l = 1. When computing the
next terms of this sequence, we first find several 1 until index 2k—2, then values 2,3 --- k
afterwards. As a consequence, one can easily prove by induction that for all n > 0,
Apn = flk’(nﬁk,z). Now, for the same reasons as for (Ay,), there exist coefficients ¢,
such that Ak,n = > i CriTh, This time, these coefficients are equal to [0,...,0, 1.V,
i.e., the last line of V1

1
Cri = (V pors = :
’ ’ IT (rei —rey)
0j<n ’
J#i

This expression of (V™1),_1; is quite standard, it can be obtained by dividing the cofactor
of V at i,k—1 by the determinant of V. This cofactor is here (—1)""*~! times the
determinant of the (k—1) x (k—1) Vandermonde matrix for the zeros of Q) except ry;.

3Note that our indexes of matrix lines and rows starts at 0, an unorthodox choice made for keeping a
low distance between this article and the corresponding Coq development [11].
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Since the polynomial Q(X) = X*—X*"1—1 can also be written as [[.(X — ry.),
the product above can be formulated as the derivative polynomial Q) evaluated at 7y,
leading to a short expression for ¢ ,:

1 1

i = Q(rri) 7‘,?22 (krpi—(k—1))
Now, back to Ay ,:
k-1 k-1
Apn = A niohoz) = Y G Pt = > (i)
i=0 i=0

The coefficients ¢ ; being uniquely determined, we have hence the desired equalities for
all 0 <4 < k:

Chi = Cri Ty - = i (kre—(k=1))71
Since 1y, ; # 0, these coefficients ¢ ; are all different from 0.
We now consider separately the first zero ry g = B:

k—1 n
Ak,n - Tk,
— = Cko T E Ckyi
B — B

where |1 ;| < B for 1 <i < k, hence the above expression converges to ¢ o when n — oo.
Now, recall from Proposition 7.1 that 5 < Aj,. As a finite limit of real numbers
greater or equal to 1, ¢, is hence a real greater or equal to 1.

Finally
Ak,n—l—l o /8 . Ak,n+1 . ﬁ]?
Ak,n b Z—H Ak,n
hence this ratio converges to [, ¢ o c,;%) = By O

In particular, ¢;p = 1 and ¢ ~ 1.17 and c39 ~ 1.31 and ¢4 ~ 1.43. Despite these
moderate initial values, c;o tends to +0o when £ tends to +oo, since the definition of
cr,0 combined with Proposition 6.4 lead to an asymptotic equivalent of k/(In(k))?.

Note that for k = 2, the sequence (flgn) used during the previous proof is actually the
usual definition of the Fibonacci numbers, with initial values 0 1, and the formula flm =

-1

JO, . . ] B -
> €27 is the well-known Binet formula, since here r9 = By = p and ry; = 1—p = >

and Gy; = \i/—% The Equation (7.1) for As,, is less elegant, with c¢o; = %(5 + 3/5), but
the choice of a sequence without 0 nor duplicated 1 helps in section 4.

Alternatively, another possible choice of initial values would be to use repeated 1, as in
some non-standard definition of the Fibonacci numbers or in Narayana’s Cows description
on OEIS A930. This leads to another shifted version of (Ay,,) with no particular interest
here, neither during the previous proof nor in section 4.

As a side note, the coefficients ¢;; are the k zeros of a polynomial in Z[X]| of degree
k, with leading coefficient k* + (k—1)¥=* when k > 1 (or 1 when k = 1) and constant
coefficient (—1). This fact is also true for the coefficients ¢ ;. Here are the first such
polynomials:

e X — 1 for C10 = 51’0 =1.

e 5X%2 -5X —1 for co; and 5X?2 —1 for Co-

e 31X3 —31X2%2—-12X —1 for c3; and 31X3 + X — 1 for C3-

e 283X* — 283X3 — 162X?% — 24X — 1 for cq; and 283X4 +6X%2+ X —1 for Ca-
17
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For the moment, we lack a general expression directly giving these polynomials, but their
existence is proved in Appendix A. Some more coefficients can be easily determined, for
instance the ones of degree k—1 since ) . ¢x; = 1 (see Equation (7.1) when n = 0) and
similarly >, ¢x; = 0. For more on the sequence 5, 31, 283, 3381,...k"+(k — 1)F7!, see
OEIS A056788.

Recall now that o = 1/8 = 1/rp0.

Proposition 7.3. For k > 2 and 0 < ¢ < k, let us name dy,; the complex quantity
Cri (rk_zl —ay). Hence di; =0 iff i = 0. Then for alln >0,

n
Ak,nel — O Ak,n = E dk,i Tk

Proof. For n > 0, n61 = n—1, and we apply twice Proposition 7.2:
k—1 k—1 k—1 1
App1 — g Ay = Z Cri 7’2;1 — ay, Z ChiTh; = Z Chi (— — o)y g Z driTh
i=0 i=0 i=0 Thii
and the first term of this sum can be ignored since dj = 0.
For n =0, Ago — o Ago = 1 — oy while we have (reusing the notation of the proof of
Proposition 7.2):

k—1 k—1 k—1
dri =Y dp;= k=3 _ = —op Ao =1—
ki = ki — ki Tl i (677 Ckﬂ"/“ = Ag,(2k-3) — O Ago = Q.
i=1 i=0 i=0

g

Lemma 7.4. Let 0,p € R and assume sin@ # 0. If the sequence (a,) is defined by

an, = | cos(nf + p)|, then there exist a constant C' € R and a subsequence of (ay) always
above C.

Proof. Since (a,) is a sequence of real numbers in [0, 1], it admits a subsequence (a,,,)
that converges to some limit ¢ € [0,1]. If £ > 0, we may choose C' = ¢/2, and find
a number N such that the shifted subsequence (ay,,, ,) is sufficiently close to ¢ to be
always above £/2. Now, if { = 0, we consider v, = 1 + u,:

= | cos(v,0 + p)|

= | cos(f + (un0 + p))|

= | cos 6 cos(u,f + p) — sin O sin(u,0 + p)|

> | sin 6 sin(u,8 + p)| — | cos 8 cos(u,b + p)|

> |sinf|y/1 — (ay,)? — | cosb| a,,.

The minorant of a,, exhibited above tends to |sing| > 0, so we may choose C' = 3| sin )|
and find a shift N such that the subsequence (ay,,, ,) works. d

Proposition 7.5. For k > 6, sup, ey |Akne1 — ax Axn| = +00. More precisely, for a
gwen k > 6, there exist a constant C € RY. and a strictly increasing sequence of natural
numbers (u,) such that for alln >0,

’Ak,unel — Qg Ak,un’ > C’Tk,l\u"-

Proof. Let k > 6. Recall from Proposition 6.8 that in this case |ry 1| > 1 and ryo = 751

and for 3 < i < k we have |ry;| < |rgs| < |rg1|- Also note that dyo = di; just as
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Ck2 = Cka1, thanks to their definitions. Now, we apply Proposition 7.3 and regroup the
two first terms:

k—1 k—1
‘Ak,nel — O Ak,n| = Z dkﬂ' 7’2’1- =12 Re(dk,l 7’2’1> + Z dk,i 7’272-
=1 =3
k—1
> 2| Re(dk,ri1)| — Z dr,i T
=3

> 2| Re(dy,1 i 1)| — Cslres|”

where C3 € RY is D 5, |dyl-
By writing dj; as |dy1]e? and 14, as |r1|e?, we get

| Re(dya i)l = dial - [rea ™ - [ cos(nb + p)].

Since k > 2, 1,1 ¢ R hence sinf # 0, and the previous Lemma 7.4 leads to a constant
C) € R and a strictly increasing sequence v,, such that | cos(v,0 + p)| > C. So:

| Ak vne1 — ok Ak, | > (2C) [dea| — Cs - ™) - rea|™

where x = |rps|/|rk1| < 1. We can hence choose C' = C|dj,1| > 0 and u, = V(nin)
where the shift N is large enough for having x"t+» < C/Cj5 for all n > 0. These C' and
u, ensure the desired inequality. Il

8. DISCREPANCY: MAXIMAL DISTANCE TO THE LINEAR EQUIVALENT

From Theorem 6.3, we know that for any & > 1, Fi(n) admits oy n as linear equivalent.
We investigate here the distance between F} and this linear equivalent.

Definition 8.1. For k > 1, we note dx(n) = Fj.(n)—ay n and call discrepancy the quantity
Ay = sup,,ey [0k (n)]-

We now establish that the discrepancy Ay is finite (and quite small) for £ < 4 and
infinite for k > 5.

8.1. The general case. In the general case £k > 6, Proposition 7.5 implies that oy
diverges at least for some subsequence of the Aj, numbers. More precisely:

Theorem 8.2. For k > 6, A = +o0o. More precisely, for a given k > 6, there exist
a constant C' € RY and a subsequence (u,) of the sequence (Apn)nen such that for all
n >0,

|01 (un)| > C ()

where a = In|rg1|/In By and hence 0 < a < 1.

Proof. Let k > 6. Recall that ry; is one of the zeros of the polynomial (), of maximal
modulus among the zeros distinct from the positive zero S;. And from Proposition 6.8,
we know that here |rg ;| > 1.

Let us call Cy and v,, the constant and sequence provided by Proposition 7.5 for this
k, and combine it with Proposition 3.3:

|0k (Akv )| = [Fr(Arp,) — ar Ak, | = |Akoner — @k Ao, | > Colrra|™ = Co (By)"

Recall from Proposition 7.2 that lim,_,o Agn/Bp = cko > 0. So we can find N such that
for all m > N, Ag,,, < 2¢,06;" and hence (87")* > (2¢k,0)”“(Akm)®. We can now choose
C = Coy(2¢r0) " and u,, = Akvsn) and put everything together (note that v(,4n) > N):

(6 (wa)| > Co (8, )* > Co (2610) ™" (Akiuiny) = C (un)".
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Experimentally, the exponent is a ~ 0.1287 for £k = 6 and a ~ 0.2218 for £k = 7 and
appears to tend to 1 when k grows.

For the remaining results of this section, we need to express dx(n) thanks to the k-
decomposition of n.

Proposition 8.3. Let k> 2 andn > 0.

k—1 k—1
q __ q
E E Ay Ty = E di E Tk
q€Dy(n) =1 i=1 gDy (n)

where dy; comes from Proposition 7.3 and Dy(n) from Theorem 4.2.

Proof.
dx(n) = Fr(n) — agn

=Yk(Dr(n) >4 1) —axn (by Thm. 4.10)

= 2 Aeimar ) A
q€Dy(n) q€Dy(n)

= Z (Akgor — ar Arg)
q€Dj,(n)

= Z Zd,“r,“ (by Prop. 7.3)
q€Dg(n) =1
k—1

S
=1 qEDk(n)

g

For k£ > 6, we now establish that J, cannot diverge at a faster pace than the behavior
seen in Theorem 8.2.

Proposition 8.4. For k > 6, |0x(n)| = O(n®) where a = In|ry 1|/ In By.

Proof. We exploit Proposition 8.3 and the fact that |ry ;| < |rg.| for all 1 <i < k:

ROEY Z|dm||7“kz|q<MZ |T‘k1|q

g€D(n) i=1 q€D(n

where M = >, |dg|. For n # 0, let us call m the largest element in Dy(n). Since
Y, (Dg(n)) = n, we have Ag,, < n, hence by Proposition 7.1 g;* < n, so |rg.|™ < n®
We over-estimate Dg(n) as {0,1,...,m} and recall that |ry | > 1 for k£ > 6:

’m—&-l 1

161(n)| < M Z‘Tk,ﬂq — MV“—_
=0

< (Cn®
] — 1 "

where C'= M |ri1] (Jrea] — 1)7% O
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8.2. The case k = 5. When k = 5, the discrepancy Aj is still infinite, but the proof is
different from the general case k > 6 since here |rs;| = 1 (actually r5; = €™/3) and the
divergence is quite slower.

n—1
Theorem 8.5. A; = +o0o. More precisely, if we consider the sequence u, = Y Asgp,
p=0

there exist some constants C,C", K, K' € R% such that for alln >0,
|05(un) — C'n| < C' and 105 (un) — K In(u,)| < K'.

Proof. The 5-decomposition D = {0,6,...,6(n—1)} is canonical, since the positions 6p
are indeed apart by at least 5. Since the sum of this 5-decomposition is wu,, then D =
Ds(u,) by Theorem 4.2. Also note that here r5; = ¢™/3 = 755 hence rgf’l =1= rgg.

Moreover ds o = ds1 and ds 4 = ds 3 and 754 = 753 and |r5 3| < 1. So:

1
05 (tn) = Z ds ; Z s (by Prop. 8.3)
i=1

q€D5(un)

4 n—1
-3 (w5 )
=1

p=0

n—1
= 2n Re(ds1) +2 Re <d573 Z rg%) )

p=0
From the definition of ds;, we get that ds; ~ 0.0189 + 0.196¢ and in particular its real

part can be proved to be strictly positive. We can hence choose C' = 2 Re(ds1). We now
give an upper bound for the last part:

n—1 n—1
1
2 Re <d5,3 Zr§g> <2|ds 3| Y |rssl < 2|ds 3| TTp
— |75,3
p=0 p=0 )

s0 2|ds3|(1 — |r53]|%) ! is a suitable constant C” such that |d5(u,) — Cn| < C".
Now, thanks to Proposition 7.1:
n—1 4

E : E : 6p
p=0 =0
4 n—1
6p
= E Cs.i E s
i=0 p=0
6n __
5
=C5,0
Bs —1
6n

where Ky = ¢50(f85 — 1), Note that ¢59 > 1 and 1 < 85 < 2 hence Ky > 1. So there
exists N such that for all n > N we have

(Ko/2) 58" < up < (2K,) B3"
6n In G5 + In(Ky/2) < In(u,) < 6n In G5 4+ In(2K))

Cn+ Kn(Ky/2) < KIn(u,) < Cn+ KIn(2K))
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where we noted K = C (61In 5)~! > 0. Since —K In(2K)) < K In(K(/2), we obtain, still
for n > N:

|C'n — K1In(u,)| < K1n(2K)).
Combining this with the first part of this proof leads to:
105 (u,) — K In(uy,)| < C" + K In(2Kj)

when n > N. A suitable constant K’ is hence the maximum of C’ 4+ K In(2Kj) and of all
the initial distances |05(u,) — K In(uy,)| for 0 <n < N. O

This logarithmic behavior in £ = 5 cannot be outpaced:
Proposition 8.6. |J5(n)| = O(Inn).

Proof. Here, |r51| = |r52| =1 and |rs3] = |r54] < 1. Thanks to Proposition 8.3:

sl < Y Zldszllr5z|q<M21

q€D5 =1 q€D5(n)

where M =), . |ds,|. For n # 0, let us call p the largest element in D5(n). The number
of elements in Ds(n) is at most p + 1. Moreover As, < n, hence by Proposition 7.1
B < m,s0 p+l < 1+1Inn/Inps, and finally |65(n)| < C Inn + M with C = M/In s,
hence the desired asymptotic bound. O

8.3. Finite discrepancy up to k£ = 4. First, the discrepancies A; and A, could easily
be determined:
e From Fi(n) = [%] and a; = 3, we obtain &;(n) € {0, 3} for all n > 0 and then
Al = %
e From Fy(n) = G(n) = |(n+1)/¢] and ay = é = ¢ — 1 where ¢ is the Golden
Ratio, we obtain Ay = p—1.
For the two remaining cases £ = 3 and k = 4, we now provide upper bounds for Ag

and Ay.

Theorem 8.7. A3 < 1 and Ay < 2. More precisely, for all n > 0, |d3(n)| < 0.996 and
|04(n)| < 1.998.

Proof. First, we consider k = 3. In this case, 131 = T35 and d3; = @ and |rs ] < 1. We
abbreviate p for 73, here. From Proposition 8.3, we get

5( )—2Re d51 Zp

q€D3(n)

From that, we could derive easily a first finite bound, by over-approximating D3(n) C N:

03(n)] < 2|ds,] Z " < 2|d31|Z|P|q = 2]d31|

qeD3(n)

But this first bound is far greater than 1. Fortunately, we can do much better. First note
that the 3-decomposition Ds3(n) is canonical: two different elements in it are at least at
distance 3. Moreover the zero p is a complex number satisfying p* = p + 1. Hence its

powers are not, exactly periodic like the roots of unity, but we can nonetheless expect a
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important amount of cancellation when considering groups of powers of p. In particular,
for the bound 1 we look for, it is sufficient to partition Ds(n) into
Ds(n) = | J(Ds(n) N {9p, ..., 9p+8}).
p=0
Said otherwise, in this digital expansion of n, we regroup digits 9 by 9. This gives us:

DES WD SIVELES o I ol

q€D3(n) p=0  0<g<9 p=0 0<g<9
9p+qe€D3(n) 9p+q€D3(n)
Since Dj3(n) is canonical, the last sums above iterate on values 0 < ¢ < 9 that are apart
by at least 3. We are hence manipulating subsets of {0,...,8} with minimal distance 3
between elements. Let us call such a subset a bucket, and for a bucket B, we name here
¥(B) the corresponding sum ) qsep P! We call B the set of all possible buckets. This set

B is finite?, and we can hence pose M = maxpeg |X(B)|. Back to our upper bound,

= M
Ba(m)] < 2ldaal | D o7 < 2ldsal MY 1l < 2ldsal -

q€D3(n) p=0

Let us estimate M. First, we can skip the buckets B that do not contain 0. Indeed, in
this case we can factorize more, i.e., there exists another bucket B’ such that |X(B)| =
lp|-|2(B')| < |X(B)| since |p| < 1. In particular the only interesting bucket of cardinal 1
is {0}, of sum 1. There remain 6 buckets of cardinal 2 to consider and 6 ones of cardinal
3:
{07 3} T {07 8} {07 3, 6} {07 3, 7} {07 3, 8} {Oa 4, 7} {O’ 4, 8} {O’ 5, 9}

Via some simplifications of powers (recall that p*> = p + 1) and similar symbolic work
(for instance comparing squares of expressions), one can prove that the maximum M is
actually [2{0,3,7} = [14p*+p"| ~ 1.6848. and we obtain indeed a bound 2 |d3 5| M (1—
|p|?)~! that can be shown to belong to the interval [0.9958;0.9959]. We performed this
interval arithmetic within the Coq proof assistant, hence cannot suffer from errors such as
incorrect rounding. For more details, see the file LimCase2. v of the Coq development [11].

For the case k = 4, the proof is very similar, except that besides ry; = T12, we now
have an extra zero r43 € R_. We abbreviate here 7 for r4; and v for r43. So this time

5()—2Re d412’)/ +d43zyq

q€D4(n) g€D4(n

For justifying that 2 is a strict bound, we had this time to regroup 16 digits together
instead of 9, i.e., regroup up to four terms together in the above sums instead of three as

before. We obtain

M, M,

04(n)| < 2]dy] W + |dy 3| =

where M, and M, are defined similarly as M above, but for buckets of values strictly
below 16, with a distance of at least 4 between them, and with sums of powers of « for M,
and sum of powers of v for M,. Then we prove that M, = |1 +~° +~" + vM| &~ 2.58985
and M, = |1 +v* + 1% + v'?| &~ 1.74437 and finally |d,(n)| < 1.998. More details can be
found in the file LimCase3.v of the Coq development [11]. O

4Actually this set B of all possible buckets has a cardinal of As g = 41, see Proposition 3.2.
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Some computer experiments let us think that there is still room for improvement here,
since apparently —0.707 < d3(n) < 0.852 and —1.402 < d4(n) < 1.463. Concerning 03,
see in particular the Figure 8.1 below. But the bounds proved above are already enough
for some nice corollaries.

8.4. Applications of these (un)bounded distances. In the OEIS pages A5206 and
A5375 about Fy and F} [1], Cloitre conjectured twenty year ago that Fs — |agn] is either
0 or 1, and the same concerning Fy — |y n]. We can now prove this conjecture concerning
F3 and a corrected version of the conjecture about Fj.

Corollary 8.8. Foralln >0, F3(n)— |asn] € {0,1} and Fy(n) — |aun] € {—1,0,1,2}.
All these situations are reached.

Proof. From the previous theorem, Fs(n) —1 < azn < F3(n)+ 1 hence the integer |azn|
can only be F3(n) — 1 or F3(n). We handle Fy similarly. Now, F3(0) = 0 = |Oas] and
F5(1) =1 =1+ [1las]. For Fy(n), taking n = 0 and n = 1 also exhibits a difference of
0 and 1 with |ayn|. Differences of —1 and 2 are less frequent, their first occurrences are
n = 120 for 2 and n = 243 for —1. O

We can also express that for k£ < 4, the functions Fj are close to be additive maps.
Definition 8.9. A function f : N — N is said to be almost additive when

sup |f(n+m)— f(n) = f(m)| < +oo.
(n,m)eN2
Interestingly, A’Campo [2] called slopes similar functions on integers and showed that
they could be used as an alternative construction for R.

Corollary 8.10. Both F3 and Fy are almost additive: for all n,m > 0 we have
|By(n+m) — Fy(n) — Fy(m)]| <2
|Fy(n 4+ m) — Fy(n) — Fy(m)| < 5.

Proof. |F3(n+m) — F3(n) — F3(m)| can be reformulated as |(F3(n+m) —asn+azm) —
(F5(n) —aszn) — (F3(m) —asm)| < 3. Hence this integer quantity is at most 2. Similarly,
for F; a strict bound is 3 - 2, hence the large inequality with 5. U

For F3, this almost-additivity bound of 2 is reached: for instance F3(18 + 78) = 65
while F3(18) + F3(78) = 13 + 54 = 67 or F3(39 + 168) = 142 while F3(39) + F3(168) =
26 + 114 = 140. But the bound 5 for F; appears to be a large over-estimate and could
probably be improved to 3.

For similar reasons, I and Fy are also almost additive, with bounds 1. On the contrary,
F}. cannot be almost additive when k > 5:

Proposition 8.11. For k > 5, sup, ,,)en: |Fe(n +m) — Fi(n) — Fp(m)| = +o0.

Proof. Let k > 5. Suppose there exists a constant C' such that for all n,m > 0 we
have |Fy(n + m)—Fx(n)—Fy(m)| < C. Then consider u,, = Fi(n) + C. This sequence
is subadditive, since upym = Fp(n +m) + C < Fy(n) + Fp(m) + 2C = u,, + u,,. Hence
by Fekete’s subadditive lemma, lim %un exists and is equal to inf %un Now, from Theo-
rem 6.3 we know that lim %un = «y,. Hence inf %un = oy, and so u, > an for all n, i.e.,
Fi(n) — axn > —C. Similarly, v, = Fi(n) — C is superadditive and mutatis mutandis
we also get Fi(n) —apn < C. All in all, |6x(n)| < C for all n, which contradicts either

Theorem 8.2 or Theorem 8.5. O
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From Theorem 8.7 and the bounds on Az and A4, one may also derive bounds on the
difference between Fj and its linear equivalent, and similarly for F]. For example:

|FZ(n) — a3 n| = |F5(F3(n)) — az F3(n) + az(Fs(n) —azn)| < 1+ az < 2.

Here again, the above bound is quite crude. But a strict bound of 1 would not work
anyway, since |F2(n) — a2 n| does slightly exceed 1 occasionally”.

%

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

FIGURE 8.1. A Jacobi-Perron fractal: displaying (d3(n), d3(F3(n))) for n < 10%.

During this study of d3, one of the authors made a serendipitous encounter with the
fractal shape displayed in Figure 8.1, when displaying the points (d3(n), d3(F5(n))) (for
example here for n < 10?). Actually, this fractal happens to be the cover illustration of
the reference book named after Pytheas Fogg [7]; see in particular its Chap. 8, where this
fractal is associated with the modified Jacobi-Perron substitution o(1,0) (our 75 up to a
permutation of letters). More generally, it is close to the Rauzy fractal [14] obtained from
the tribonacci substitution. When giving a closer look, one may notice that our figure is
slightly distorted compared with the illustrations in Pytheas Fogg [7]: the constructions
done there amount to consider (F3(n) —azn, Fi(n) — a3 n) or some obvious symmetry of
it, and as we have just seen, this may be written as (d3(n), d3(F3(n)) + asdz(n)). So the
distortion is actually the linear transformation (x,y) — (z,y £ agx). Either way, it is
worth noting that such a spectacular fractal can be obtained in such a lightweight way,
via solely computing some images of the recursive function Fj (i.e., Hofstadter’s H) as
well as a constant oz ~ 0.6823278038280193, zero of X3+X —1. In particular, no need
for matrix reduction nor axis projection.

As a future work, the case k = 4 deserves some more investigation, since it shares
many aspects with the case k = 3, in particular 5, = 1/ay is also a Pisot number, and d,
is also bounded, with similar expression in terms of number decompositions. Despite all
that, our preliminary attempts lead to images that were not so visually appealing, with
rather “smooth” clouds of points.

As a final remark, recall that Fi(n) = |2 | = [2] and F(n) = L”Tflj We can now

prove that no such expressions exist when k& > 3: in this case Fj cannot be anymore the
exact integer part of an affine function.

°Tn our experiments with n up to 10°, this happens about 0.1% of the time.
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Proposition 8.12. For all k > 3 and a,b € R, there exists n,n’ > 0 such that Fj(n) #
lan—+b| and Fj.(n') # [an’+b].

Proof. Suppose the existence of a,b € R such that Fy(n) = |an+b] for all n > 0 or
Fi(n) = Jan+b] for all n > 0. Since lim,, %Fk = «y, the coefficient a must be «y.
Then any of the above expressions would lead to an finite bound on |Fy(n) — axn|, which
we proved impossible for £ > 5. Finally, for k € {3,4}, we use some particular cases to
find a contradiction:

e [3(5) =450 |5ag+b] =4 would mean 4 < 5a3+b < 5 hence b > 4 — 5az > 0.58

e [4(8) =550 |8as+0b] =5 would mean 5 < 8az +b < 6 hence b < 6 —8ag < 0.55
which is incompatible with the previous constraint.

e The same values of F3(5) and F3(8) also prevent the existence of a real b such
that F3(n) = [azn + b].

e Similarly, F4(2) = 1 so |2a4 + b] = 1 would give b < 0.56 while F4(6) = 5 would
give b > 0.65, contradiction. The same values also make it impossible to have
Fy(n) = [ayn + b].

U

9. CONCLUSION

The Figure 9.1 provides a synthetic view of the obtained results concerning the func-
tions Fj,.

F F F; Fy F; Fy for k> 6

Hofstadter’s name G H

Mean slope aj 0. p—1 | ~0.682 ~ 0.724 ~ 0.754 | root(X*+X—1)
Sup |F(n) — agn| 0.5 p—1 <1 <2 O(In(n)) | O(n%), 0<a<l1
Exact expression | [2]=|241] L%J X X X X
Almost expression L?gﬂ }+ {_L??&JIE} X X
Almost additive v v v v X X

Br = chk is Pisot v v v v Ve X

FIGURE 9.1. Summary of obtained results.

Let us elaborate some more:

e Here, by “exact expression”, we mean exact integer part of an affine function, and
Proposition 8.12 disproved its existence for Fj when k > 3.

e Similarly, an “almost expression” is here a finite amount of possible differences
from such an exact expression. This cannot exists for F) when & > 5, since
| Fr(n) — agn| is unbounded in this case.

e The above entry v'* reminds that Fy is quite specific: even though [ is indeed
a Pisot number (it is actually the smallest possible one, i.e., the Plastic Ratio),
the polynomial Q5 = X°—X*—1 associated with F is composed and admits two
secondary zeros of modulus 1, leading to an unbounded |F5 — asn|.

APPENDIX A. COEFFICIENTS OF PROPOSITION 7.1 SEEN AS POLYNOMIAL ZEROS

Proposition A.1. For any k > 1, the coefficients c;,; seen in Proposition 7.1 are the k
zeros of a polynomial in Z[X| of degree k, with leading coefficient k¥ + (k—1)*=1 when
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k> 1 (or1 whenk = 1) and constant coefficient (—1). This is also true for the coefficients
Cr,i seen during the proof of Proposition 7.1.

Proof. We first prove the case of coefficients ¢ ;. For that, we consider the monic poly-
nomial T = [[,(X — (¢x,;)~"). Up to their signs, the coefficients of T are elementary
symmetric polynomials on ((¢x:)™')o<i<k = (Q4(Tk.:))o<i<k and hence symmetric polyno-
mials (in Z[X]) on (ri)o<i<k. By the fundamental theorem of symmetric polynomials,
they can hence be expressed as polynomials in Z[X] of the elementary symmetric polyno-
mials on (7y;)o<i<k- The latter are known to be integers (actually 0 or £1), since 7 ; are
zeros of @y, a monic polynomial in Z[X]. This allows to conclude that the polynomial
T belongs to Z[X], and so does its reciprocal polynomial, whose zeros are all the ¢ ;.
Actually, we rather consider here the opposite of the reciprocal of T', hence its constant
coefficient (—1). Its leading coefficient is the opposite of the constant coefficient of T,
ie.,

(=)t H(Elm)*l = (—1)*! H Qi (Tr,)
= (=" [ ki = rg)

i#]
Lo Do
= (—1)2(k D(k=2) H(Tk’i _Tk,j)2

1<j
1
— (—1)2 62 Dise(Qy)

where Disc(Qy) is the discriminant of the polynomial @y (or equivalently the square of
the determinant of the matrix V' seen in the proof of Proposition 7.1). This discriminant
of Q. is also equal to the discriminant of Py, since Py is the opposite of the reciprocal of
@k. This discriminant can be proved to be

(—1)%(k_1)(k_2)(]€k + (lf . 1)]{:71)

for k > 1 (or 1 when k = 1). This is a consequence of the work of Selmer [16], it can also
be re-obtained by computing the adequate Sylvester matrix. Finally, the desired leading
coefficient is indeed k* + (k — 1)¥~! when k > 1 and 1 otherwise.

Now, for the coefficients ci; we proceed similarly, except that this time (¢ ;)" can be
formulated as the value of an integer polynomial evaluated at (ry;)~':

(e = F =R ) (= 1) ()™

k
ks

N3

(Actually, with a bit more effort, we could also have exhibited another integer polynomial
evaluated this time at ry ;). Since (ry;)~! is a zero of the polynomial Py (X) = X* + X —
1, we can conclude in the same way as before: the coefficients c;; are the zeros of a
polynomial in Z[X] with constant coefficient (—1). Finally the leading coefficient is the
same as before, since

2(k—1)
H Chyi = H(ék,i 7“;3{2_2) = (H 6k,i> (H Tk:,i) = H Chji-

) %

Indeed, the product of the zeros ry; are £Q;(0) = +£1. O
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