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Abstract—We give a recursive decoding algorithm of the
rank metric Reed—Muller codes introduced by Augot, Couvreur,
Lavauzelle and Neri in 2021 for the binary case, i.e.,, G =
(z/27Z)™. In a broad range of parameters, this recursive decoding
algorithm has better complexity compared to a recently proposed
decoding algorithm based on Dickson matrices. Imitating the
recursive structure, we introduce a Plotkin-like construction of
matrix rank metric codes over finite fields and provide a decoding
algorithm associated to this construction.

Keywords: Binary rank metric Reed-Muller codes, decod-
ing, matrix codes, Plotkin construction

I. INTRODUCTION

Rank metric codes were introduced by Delsarte [1] as set
of m x n matrices over a finite field IF,, whereas Gabidulin
independently defined a variant of rank metric codes [2] as
[Fym-linear subspaces of F¢... Another framework for studying
such codes was introduced in [3] as subspaces of skew group
algebra IL[G] for arbitrary Galois extension L/K with Galois
group G = Gal(LL/K). This framework has been particularly
useful in defining a rank analogue of Reed-Muller codes, also
called 0-Reed-Muller codes in [3], where 0 = (0y,...,0,,)
specifies a generating set of the abelian group G. These
0-Reed-Muller codes can be considered as ‘“multivariate”
version of Gabidulin codes which are defined for G cyclic.
To recall their definitions, let /K be an abelian extension
with G = Z/n1Z x - - - X Z/n,,Z with a system of generators
01,...,0,, where a @-monomial #2' - - #m describes the m-
tuple (i1,...,%m) € Z/n1Z X - -+ X Z/nyZ. Thus, every ele-
ment in L[G] have a unique representation as a 6-polynomial

P = Z b(il,...,im)eil R
(815 erim)

We define degg(P) def max{iy + -+ im: by, i

For 0 <r <} (n; — 1), the @-Reed-Muller code of order

r and type n def (n1,...,Ny,) is defined as

RMp(r,n) & {P e L[G]: degy(P) < r}.
By fixing a K-basis § = {f1,...,8n} of L, the code
RMp(r,n) can be seen in the vector form as
{(P(B1),....P(BN)): PeL[G], degy(P) < r} =LY,

where N = |G| and equivalently, every codeword can be
seen as N x N matrices with entries in K. When m = 1,
ie. G cyclic, we recover Gabidulin codes over L/K as

particular classes of @-Reed—Muller codes. It is worth noting
that contrary to Gabidulin codes 8—Reed—Muller codes cannot
be defined over finite fields as soon as the underlying Galois
group is not cyclic.

Towards various applications, for instance post—quantum
cryptography, it is particularly important for a family of
codes to have an efficient decoding algorithm. However, the
known classes of rank metric codes with effective decoding
algorithms are the only following few; simple codes [4], some
families of MRD codes including Gabidulin codes [5] and its
variants, cf. [6, Chapter 2], and low-rank parity-check (LRPC)
codes [7] and the interleaved version of the aforementioned
codes [7], [8]. In [9], the authors of the present article give
a deterministic decoding algorithm for 8-Reed-Muller codes
that involved so—called G-Dickson matrices and which corrects
any error of rank up to half the minimum rank distance. In
the present paper, we investigate a recursive structure of these
codes in the “binary-like” case, i.e., when G = (Z/2Z)™ and
propose a new decoding technique resting on this recursive
structure.

It is worth noting that the structure we identified can
be considered as a rank—metric analogue to the recursive
structure binary Reed-Muller codes posses in the Hamming
metric. More precisely, in the Hamming setting, any code-
word of RMa(r,m) can be written as (u | u + v) where
u € RMy(r,m — 1) and v € RMy(r — 1, m — 1). The general
(u | u+ v) construction was introduced by Plotkin [10] and
known as Plotkin construction for linear codes with Hamming
metric. This recursive construction and its use for decoding
have been studied extensively. Besides Hamming metric binary
Reed—Muller codes and their decoding, Plotkin construction
has striking applications since it naturally appears in the
construction of polar codes or in the post—quantum signature
Wave [11], [12]. One can also mention that this construction
iteratively applied on Reed—Solomon codes permits to achieve
the capacity of the discrete symmetric channel as proved in
[13].

Our contributions in this article are two-fold:

« We demonstrate a recursive structure of binary-like rank
metric Reed-Muller codes and give a decoding algorithm
that can correct up to half minimum distance. This
algorithm may fail on some unlikely instances but has
a better complexity than the Dickson-based decoding of
[9] in a broad range of parameters.



o Inspired by the structure of binary-like rank metric
Reed-Muller codes, we adapt the recursive structure to
propose Plotkin-like construction for matrix rank metric
codes over any field. As a consequence, we provide new
efficiently decodable matrix rank metric codes over finite
fields which are not equivalent to Gabidulin codes.

Notation. We use [a,b] to denote the interval of integers
{a,a +1,...,b}.

II. BINARY REED-MULLER CODES

A. The Hamming case

With a fixed ordering pq,...,psm of the elements of F5*,
the binary Reed-Muller code of order m and type r, denoted
RMa(r,m), is defined as

{(f(pl)v'”vf(me)) : f € ]F2[I13""xm]’deg f < T}'

As a consequence of the observation that any degree r poly-
nomial f € Fa[xy,..., 2] can be decomposed as

f(l‘l,..

where degg < r and degh < r — 1, the binary Reed-Muller
codes posses the following crucial recursive structure, first
studied by Plotkin:

HTm) =91, Tme1) + (X1, Tm—1),

RMZ(Tam):{(U|U+V): u € RM(r,m — 1), }

veRMy(r—1,m—1)

The recursive structure implies in particular that the minimum
distance of RMa(r, m) is 2™~ ". Moreover, it leads to an effi-
cient decoding algorithm correcting up to half their minimum
distance in quasi-linear time in the block length.

Let us briefly sketch how the Plotkin structure permits to
decode. Let y = (u+e; | u+v+e,) e F2" be the received
vector such that (u | u+v) € RMa(r,m) and (e; | e,) € F3"
has Hamming weight less or equal to 2™~ "~ — 1. By folding
the received word i.e. by summing up its two halves, we get

(ut+e)+(u+v+e)=(v+e +e,)

with wy(e; + e.) < wyu(e; | e.) < 2™ "1 — 1. Since
v € RMa(r — 1,m — 1), a recursive call of the algorithm
permits to recover v by decoding v + e; + e,.. Therefore, we
now have to recover u from (u + e; | u + e,), where either
wi(e;) < %_1’1 or wy(e,) < % Thus one of the
two recursive calls respectively applied to u + €; and u + e,

will succeed and we recover u.

B. Binary-like rank Reed—Muller codes.

For a positive integer m and G = (Z/2Z)™, the 6-
polynomials resemble those in the case of binary Reed-Muller
with Hamming metric and thus we call these codes binary rank
metric Reed-Muller codes.

Definition II.1. Let r, m be positive integers such that m > 1
and r < m. A rank-metric binary Reed-Muller code of length

N = 2™ over the extension IL/K of order r and type m is the
following LL-subspace of the skew group algebra L[G]:

RM k (1, m) def {f eL[G]: f= Z fgg},

g€G, wu(g)<r
where wy(g) is the Hamming weight of the g seen as a vector
in (Z/2Z)™.

From [3, Prop. 47 & 49], the dimension of RM, k (r, m) is
Yo () (as an L-subspace of L[G]) and its rank minimum
distance 27",

Remark II.2. To draw the analogy with the Hamming met-
ric case, we denote RMy k(r,m) with m instead of n =
(2,...,2) and we choose L/K as a subscript instead of 8, to
keep track of various extension fields that appear in decoding.

III. DECODING BINARY RANK METRIC REED-MULLER
CODES

In this section, we show a recursive structure of binary
rank metric Reed-Muller codes analogous to the classical case
of Hamming metric Reed-Muller codes. Then we describe a
recursive decoding procedure resting on this structure. First we
make the following observation regarding the Galois extension
L/K for G = (Z/2Z)™.

Lemma IIL.1. Ler K be a field of characteristic # 2 and
L/K be a Galois extension with G = Gal(L/K) = (Z/2Z)™
and m > 1. Then, there exist aq,...,q,, € L such that
L =K(ai,..., o) where K(ay), ..., K(an,) are quadratic
extensions over K and the minimal polynomials of the «;’s
have the shape X? — a; for some a; € K.

Remark IIL.2. Due to space reason, in this paper we only
consider the case of char(K) s 2. The case of char(K) # 2
involving Artin—Schreier extensions instead of Kummer ones
case is similar and will be discussed in a future longer version.

A. The recursive structure of rank Reed—Muller codes

Hence, in what follows K always has characteristic different
from 2. We consider an extension L = K(ay, ..., a,,) where
for any i € [1,m] o? = a; for some a; € K. Then G =
Gal(IL/K) has generators 61, ..., 0, with

Vije[Lm], 6i(a;) = (1) ay

where 0;; denotes the Kronecker Delta. We introduce the inter-
mediary extension LLg & K(a, ... ,am—1) and its associated
Galois group Gal(Lo/K) = Go & (61,...,0,,_1). This is

summarized in the diagram below.

L=K(at,...,am)
o
G ]Lo = K(Oq, N 7am,1)

) G/<0'm>;GO
K



Proposition III.3 (Recursive structure in the Kummer case).
Let char K # 2, Gal(L/K) =~ (Z/2Z)™ and r < m be
nonnegative integers. Then the Reed-Muller code RMy, /K(r, m)
has the following recursive structure

(Ao +Bo am(Aq — Bl))
A+ B,

dey
where a,, f ozfn e K

A; € RMyjx(r,m — 1),

A()*BO BiERMLO/K(T—l,m—l)}7

Proof: Since G splits into the disjoint union of the two
cosets Go and Gof,,, we can split F' = 3, fyg € L[G] as

F:ngg+ Z Jah

geGo heGobm,
= > fag+ (Z fgemg) O
geGo g€Go

Since L = Lo @ Loy, for any a € L, let a = a® + a'ayy,
with a®,a' € Lg. Then F can be split as

F=) flg+am Y, flg+ (Z fg%mg> Orm

g€Go g€Go g€Go

+ (679 (Z fg}@mg) em
g9€Go

Set

Ag= D) flg A

g€Go

By= ), [%,.9 Bi

g€Go

> fig

g€Go

Z fglemg,

g€Go

then the degree constraint on I € RMy k(r,m) entails

Ao, Bo € RMr jk (r,m — 1),

A1731 € RM]LO/K(T — l,m — 1)
Equation (1) can then be rewritten as

F=A +a,A1 + (Bo + amBl)Hm. 2)

Finally, we consider a K-basis By = (B1,...,08sm-1) of
Ly, which yields a K-basis B = By u a,,Bp of L. By
denoting Ay, A;,By,B; the respective representations of
Ag, A1, By, By in By, we get the desired matrix form of F’
in B. Indeed, as 6, ., = idy, and thus

FlL, = (Ao + Bo) + am(A1 + By),

the left-hand half of the matrix in the statement corresponds
to Fj,. Similarly, the right-hand half corresponds to the
restriction of F' to Lga,,. To see this, let uc,, € Loa,, with
u € Ly which yields

F(uam) = am(A1(u) = Bi(u)) + am(Ao(u) — Bo(u))
and thus the shape. ]
B. Decoding

Now we give a recursive decoding algorithm for binary
Reed-Muller codes with rank metric using the recursive struc-
ture identified in Proposition III.3.

Suppose we are given

Ao + Bo am (A1 —By) Eoo Eop
Y = + ’
A +B; Ay - By Eo By,
CGRML/]K(T}m) EeK2™x2m

where Rk (E) < 2™7"~! — 1. Since the code RMy i (r, m)
has minimum distance 2™ ", the error rank is less than half
the minimum distance.

a) Recursivity: To describe the recursive algorithm, we
assume that we can decode up to half the minimum distance
of any rank Reed—Muller code RMy g/ (', m’) over field K’
such that K ¢ K’ < L with any parameters ' < r and
m’ < m. To initialize our recursion, for » = 0 the decoding
of RMy /k/(0,m") can be performed using the algorithm pre-
sented in [9] by reconstructing error the polynomial £ using
a minor cancellation of the associated Dickson matrix.

b) Overview of the algorithm: First we briefly describe
the main steps of our decoding algorithm.

o Step 1. Folding Y. We apply an operation that does not
increase the error rank and permits to get rid of the A;’s
and reduce to two instances of correcting 2"~ —1 er-
rors for RMp /k(q,,) (7 —1,m—1), each instance involving
one of the B;’s.

o Step 2. Recursive calls. Two recursive calls to the algo-
rithm permit to recover By, B; and get partial informa-
tion on E.

o Step 3. Recovery of the A;’s. Under some assumption on
E, the partial information we got on the error permits to
recover the A;’s by solving linear systems.

¢) Step 1. Folding: Denoting by I € K2 2" the
identity matrix, the following operations will be the analogue
of the folding in the Hamming case

I 2
(alml I)Y (_1I> T By + 2B,
1. 1
+—Eqp — —Eq +Eig— —Ej;;, (3
Qm U Qm
I 2
(—C%WI )Y (11) =2B; — —Bqy
NG

1 1
——Ep — —En + Ejg + —Eq;.
o o

m m m

“4)

Remark III.4. It is worth noting that if the matrices A;, B;
and E;; have their entries in K, then the matrices obtained
in reductions (3) and (4) have their entries in K(a,,). Also,
the operations on E by left-and-right multiplication do not
increase the rank.

d) Step 2. Recursive calls to recover By,B;: Re-
ductions (3) and (4) yield the sum of an element of
RMy k(qa,,)(r — 1,m — 1) and an error term of rank <
Rk (E) < 2™~ "=! — 1, which is less than half the minimum
distance of RMy, /g (q,,)(7—1, m—1). Based on our assumption
that Reed—Muller codes of parameters v’ < r and m’ < m can
be decoded up to half their minimum distance, two successive



recursive calls of the algorithm respectively applied on the
expressions (3) and (4) permit to recover

2 2
~Z By+2B; and - —By+2B,;

m am
and a simple calculation yields Bg, B;.
e) Step 3. Recovery of Ay, A1: Removing By, B; from
Y, we consider the new decoding problem:

- Ap amAq Eqo
Y- +
A, Ao

Eo;
®)

ElO Ell

éERML/K(T‘,m) EeK2mx2m

To recover Ay, Aj, the technique used in the Hamming
case does not adapt. However, the previous step permitted us
also to recover from (3) and (4) the following matrices:

1 1 1

E Y —Ey-— ?EOl + E19 — ?En, (6)
ef 1 1 1
E'Y By — a*E(n + Eqg + ?ElL @)

Here we make the following assumption.

Assumption 1. The matrices E', E” € K(«,,) % %% have rank
t and so do their foldings and so on until depth r, i.e. we
assume any iterated folding of E of size 2™~% x 2™~ with
i <7 to have rank t < 2m~ "1 — 1,

Remark IILS. This assumption is actually what happens
“most of the time”. We observed using SageMath [14] that this
is the typical behaviour of random matrices with prescribed
rank t < % and entries in finite fields. Moreover, when applied
to finite fields we analyse in Section IV-A the probability that
the folding of such a matrix E keeps the same rank and we
prove that this probability is exponentially close to 1.

Now, consider

~ I _ Ay + o Aq Eqo — a;}EOl
Y (— L I) - <A1 —()émlA()) * <E10 — oflEn ’ (8)

Am m

The top part F

def

< def _
FO = (EOO - am,lE()l)

Yo = Ag+ anA; + Fg,
gives an instance of the decoding problem for the code
RMy k(a,,) (7, m — 1). Moreover, since

r-n(_

then ¢ = Rk(E) > Rk(F) > Rk(E’) and, thanks to
Assumption 1, all these matrices have rank ¢. Next, the right—
hand equation of (9) entails that the row space of E’ is
contained in that of F' and, these row spaces are actually equal
because they both have dimension t¢. Thus, the row space of
Fo = Eop — a;,'Eq; is contained in that of E'.

Since E’ is known, we know its row space V < K(a)
and the previous discussion asserts that V' contains the row
space of Fy. Similarly to the Hamming case, with this partial
knowledge of the row space (that can be regarded as a rank-

m

LI) and E' = (1 I)F, 9)

Qm,

N
2

metric counterpart of the support in the Hamming metric)
of Fy, the decoding boils down to the resolution of a linear
system (see, for instance [15, § IV.1] or [16, § III.1] for further
details) and permits to recover Ag + «,,A;. Finally since
both Ay, A; have their entries in K, they can be immediately
deduced from A+ «,,A:. Note that V' has dimension at most
t = 2™~"~1 _ 1 which is less than the minimum distance of
RMy /k(a,,)(r,m — 1) which guarantees the uniqueness of the
solution of the decoding.

Remark III.6. The aforementioned procedure can be regarded
as a rank-metric analogue of the erasure decoding: we solve
a decoding problem where the row space of the error (which
can be considered as its support) is known.

C. Complexity analysis

To evaluate the complexity of the previous algorithm, we
introduce the notation Mx(K;) the number of operations in
K that costs a multiplication of two elements of an extension
K; of K. For space reasons, we admit the following statement.

Theorem IIL.7. Denote N =4 2™ Let 1 < o < 2 such that
for any field K' with K c K' < L

Ve >0, Mg(K)=O(K : K]*).

Under Assumption I, the decoding of RMyk(r,m) can be
performed with a deterministic algorithm in

{O(N“’ + t“~I N log NMx(L)) fa<w-—1

O(Ne*tt 4 t“="INlog NMg(L)) otherwise

operations in K and with a Las-Vegas algorithm in
O(t“ ' Nlog NMg(L)) operations in K.

Remark IIL.8. It is worth noting that the recursive algorithm
we presented in this paper fares well compared to the Dickson
matrix-based decoding algorithm in [9, Theorem 5.15]. Indeed,
the algorithm in [9] has a complexity in O(kt*) opera-
tions in L i.e. O(kt“ Mk(LL)) operations in K, which yields
O(N“z* Mg(L)) operations when k = O(N) and ¢ = o).
On the other hand, from Theorem IIL.7, if a < w — 1, we get
a complexity in O(N“z" log N M (L)) operations, which is
negligible compared to O(N = M (L)) operations.

IV. PLOTKIN CONSTRUCTION FOR MATRIX CODES

Inspired by the previous sections where an analogue of
Plotkin (u | w + v) structure was identified for rank metric
binary Reed—Muller codes, we will abstract this structure to
provide a rank analogue of Plotkin construction. A particular
interest of this approach is that contrary to rank metric Reed—
Muller codes that can be defined only over infinite fields,
we can here propose a structure that can be applied to any
rank metric codes, in particular over finite fields, which is the
context we consider from now on: in the sequel the ground
field will be a finite field ¥, with ¢ odd.

Definition IV.1. Let a € F, (possibly a = 1). Let € be an
[mxm,ki,d1], code and Z be an [m x m, ka, d2], code. We



define the Plotkin construction of " and & to be the F,-linear
matrix rank metric code:
%Oal@ déf Ao + By a(Ay — Bl) A; e ;(,,”7 .
AO _ ]_3’0 Bj €9
Proposition IV.2. In the context of Definition IV.1,

A, + B
dimp, €¢0? = 2(dimg, ¢ + dimg, 7).

Proof: Tt suffices to observe that the maps

(Ap,Bg) — (Ag + By, Ay — By) and
(A1,B1) — (A1 + B1,a(A1 — By))
are injective. ]

Theorem IV.3. Letr € be an [m x m, k1], code and 2 an
[m x m, ka]q code where q is an odd prime. Suppose that for
9, we can correct t < %3 errors for some positive integer t
and that for € we can correct t erasures (i.e. errors of rank
t whose row or column space is known). Then, we have an
algorithm taking as input

Y=C+E

where C € €% and E is uniformly random among the
2m x 2m matrices with rank t, which returns the pair (C,E)
with probability 1 — O(qt=™71). Its complexity is in O(m? +
C(m) + D(m)) operations in F,, where C(m) and D(m)
denote respectively the complexity of correcting t erasures for
€ and t errors for 9.

The decoding works similar to the method explained for
decoding binary rank Reed-Muller codes with the only differ-
ence that recursive calls are replaced by calls to the decoding
of 9 first and then calls to the erasure decoding of ¢. The
complexity comes from the fact that folding costs O(m?) and
then the rest of the algorithm consists in calls to the decoders
of ¥ and 2. The probability analysis is discussed in the
subsequent section.

Remark IV4. Of course, exactly as in the case of rank
binary Reed—Muller codes or in the spirit of [13], [17] in
Hamming metric, this Plotkin—like construction can be iterated
and decoded with a recursive decoder ultimately calling other
decoders.

A. Probability analysis

According to Assumption 1, for the algorithm to succeed,
we need that the following folding of E has the same rank as
E. The folding has, up to scalar multiplication the following
form:

. /
Fold(E) £ (L, bI,)E (bIIm>

for some nonzero b,b’ which are either elements of F, or
elements > whose squares are in I, depending on whether
a is a square or a non square in [F,. Both cases (a is a square
or a non square) lead to probability estimates but due to space
reasons, we will limit our analysis to the case where a is a
square which is what we assume in the sequel.

To estimate the probability that Fold(E) has rank ¢ we
proceed in two steps. First we evaluate the probability:

P (Rk ((L,, bL,)E) =t)

and then we evaluate P (Rk (Fold(E) = ¢)).

Note first that the right kernel of (L, bL,,) has dimension
m. Denote by K this kernel. Second, note that since E is a
uniformly random 2m x 2m matrix of rank ¢, its column space
U is a uniformly random subspace of Fgm of dimension ¢. For
the rank not to collapse during the first part of the folding we
should have UnK = {0}. Here we use the following statement
that we will assume for space reasons.

Lemma IV.5. Let K be a subspace of Fﬁm of dimension m
and U be a uniformly random subspace of Fim of dimension
t <m. Then

P(UNK=#0)=0("™").

As a consequence of this lemma the probability that the
first folding keeps rank ¢ is in 1 —O(q*~™"1!). For the second
folding, assuming that it has rank ¢, then the obtained matrix
has a row space V' of dimension ¢ which is nothing but the
row space of E. Hence it is a uniformly random space of
dimension ¢ in F2".

Denote by K’ the left kernel of (;i" ) then, according
to Lemma IV.5,

P(VAK #0)=0(q ™).

In summary, the probability that both folding have rank ¢ is
1— O(qt—m—l)'

B. An example

Let 4,2 < F*™ be two matrix representation of
Gabidulin codes over Fgm of respective F,m—dimensions
k1,ks. Recall that these codes have respective minimum
distances m — k1 + 1 and m — ko + 1. Moreover, Loidreau’s
algorithm [5] permits to decode 2 up to ™5*2 and that it is
possible to correct up to m — ky rank erasure for €. Suppose
that m = 2k; — ko so that

—k
td;f(m—k’l)=m2 2'

Then, according to Proposition IV.2 and Theorem IV.3, the
code €2 has F,—dimension 2m(k; + k) and benefits from
a decoder correcting up to ¢ errors.

(10)

Remark IV.6. To conclude, note that €<, 2 contains some

(& D).

with Ag € € of weight m — k; + 1. Hence the minimum
distance of €<, 2 is less than 2m — 2k; + 2. If m — ky > 2,
then (10) entails that the latter minimum distance is strictly
below the rank Singleton bound 2m — k1 — ko + 1. Therefore,
€<$a? is never MRD and hence cannot be equivalent to a
Gabidulin code. The obtained family of rank—metric codes is
hence a new one equipped with an efficient decoder.
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