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Abstract

The study of electromagnetic (EM) wave propa-
gation is essential for investigating the impact of
electromagnetic activities on the environment.
Offshore wind power, for example, is transported
by dynamic twisted cables, whose armouring pre-
vents the propagation of a significant propor-
tion of the waves. Nevertheless, what remains
eventually escape from the cable, and we aim to
study how EM fields diffuse in the vast expanse
of seawater in which the cable is immersed.

We focus on the computation of EM modes
in a three-dimensional cable, at low or very low
frequencies. Due to the large kernel of the op-
erator curl curl in the Maxwell equations, the
linear modal problem with transverse fields hap-
pens to give inaccurate results when the fre-
quency is small. We then propose another modal
problem which considers only the longitudinal
fields E, and H, as unknowns.

First, we present the model and show how
it can be validated using the example of coax-
ial cables. We then move on to more general
cases of tri-conductor cables, considering modes
obtained by numerical simulation. Finally, to
consider more realistic helicoidal cables, we dis-
cuss wave behavior when conductors are twisted

inside the cable and present numerical results,
calculated with MONTJOIE [1].

Keywords: Maxwell’s equations, modes, low
frequency, cables, twisted domain

1 Modal problem for straight waveguides

We consider the harmonic Maxwell problem:
EE—curl H=0in Q xR

pH +curl E=0in Q xR (1)
Exn=00n00xR

where ) is an open disk of the plane (z,y), w =
2w f is the pulsation, € = —iwe + 0, I = —iwp

where the functions e, p and o denote respec-
tively the permittivity, the permeability and the
conductivity of the medium. They are supposed
to be invariant with respect to z (i.e. the ca-
ble axis) and piecewise constant with respect to
the transverse variables (i.e. the materials com-
posing the cable are homogeneous). We seek
for the guided modes of the form FE (z,y,z) =
E(xz,y)e'* where E € H(curl ,QxR) (likewise
for H).

A classical way to solve this problem is to ex-
press it with the only electric field E [2]. Nev-
ertheless, when the frequency tends to 0, the
problem turns into the characterization of the
kernel of curl curl which is known to be very
large. The same issue happens when comput-
ing the modal problem expressed with the trans-
verse fields (B, Ey) and (H, Hy). Here we pro-
pose to eliminate these transverse unknowns in
the modal problem (1) which turns into the fol-
lowing problem with unknowns (E,, H,):

FE. — a% <D‘(€B)amEz = l;(’;)aym)
_ ai/ (Dfﬁ)ayEz + DZ(’;)GJ;H2> —0
iH. (D?B)@tz i D"é)ayEQ
~ a5 (B~ o) =0

E,=0, 0,H, =0 on 092

(2)
with D(B8) = % + &p.

As displayed in Figure 1, this problem is
more stable numerically, but it is non-linear with
respect to the eigenvalue [, unlike the other
problems mentioned above (linear according to
$%). In this way, we can either use a non-linear
eigenvalue problem-solving algorithm [3], or lin-
earize the problem using auxiliary variables.

To validate problem (2), we can focus on the
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Figure 1: FE, mode, depending on the radial
variable 7, for a coaxial cable with nondimen-
sionalized frequency f = 2 - 107*, computed
from a curl curl problem (red), with problem
(2) (green), unnormalized with a reference solu-
tion in the isolant (blue). From left to right :
conductor, isolant, armour and sea water.
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Figure 2: A propagating solution F, in a three-
conductor cable

coaxial cables. In that context, the solutions
E, and H, are independent and governed by
a Helmholtz-like eigenproblem in each material.
Moreover, they have to satisfy transmission con-
ditions across the interfaces, i.e. the continuity
of E, and _%J(?)'UGTLEZ (similar for H.). This
gives us a transmission problem we can solve
semi-analytically with Bessel functions, provid-
ing us with reference modes to evaluate the FE
solutions.

We can then apply the problem to more gen-
eral cases. Selecting the less evanescent modes,
we can construct a propagating solution, as in
Figure 2.

Another advantage of (2) is, as it turns into
two independent Helmholtz eigenvalue problems
in a homogeneous material (e.g. the water sur-
rounding the cable), we can use standard ab-
sorbing boundary conditions to simulate an open
waveguide.

2 Modal problem for twisted waveguides

Let us consider a helicoidal coordinate system
(&1,&2,&3) such that:

x =& cos(1E3) — & sin(TE3)
y = & sin(1€3) + &2 cos(7E3) (3)
z=2¢&3

In [4], in order to model helicoidal waveg-
uides, the authors consider the problem, shown
to be equivalent to (1):

{(z’ws’ +0")E' —curl H' =0 1)

—iwp'H + curl E' =0

where E/ = JTE (likewise for H') are mod-
ified electromagnetic fields. J denotes the Ja-
cobian matrix of the coordinates change (3),
T = %(:}), and &’ = eT~! (likewise for pu/ and
o’). The latter parameters are invariant w.r.t.
&3, so we can look for modal solutions of (4).
As previously, we can consider a formulation
based on the curl curl operator but, as one can
expect, we end up with the same issues. We
then follow (2) to keep a first order formulation
that we validate by considering the particular
case where €, p and o are rotationally invariant.
Numerical experiments will be presented to il-
lustrate our purpose and to show more general

cases.
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