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At STOC 2021, Giakkoupis, Giv, and Woelfel [9], presented an efficient randomized implementation of Double Compare-And-
Swap (DCAS) from Compare-And-Swap (CAS) objects. DCAS is a useful and fundamental synchronization primitive for
shared memory systems, which, contrary to CAS, is not available in hardware. The DCAS algorithm has O(log n) expected
amortized step complexity against an oblivious adversary, where n is the number of processes in the system. The bottleneck
of this algorithm is a building block, introduced in the same paper: A repeated choice (RC) object, which allows processes to
propose values, and later agree on (and “lock in”) one of the proposed values, which is roughly uniformly distributed among
the “recently” proposed ones. The object can then be unlocked, and the process be repeated.

The RC implementation introduced by Giakkoupis et al. has step complexity O(log n). In this paper, we present a more
efficient RC algorithm, with similar probabilistic guarantees, but expected step complexity O(loglog n). We then show how
this improved RC object can be used to achieve an exponential improvement in the expected amortized step complexity of
DCAS.

CCS Concepts: » Theory of computation — Concurrent algorithms.
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1 INTRODUCTION

A double compare-and-swap (DCAS) object extends the standard compare-and-swap (CAS) operation to two
memory locations. A DCAS() operation compares in one atomic step two given independent memory locations
with two given ‘old’ values, and writes to both memory locations two given ‘new’ values if and only if the
comparison yields a complete match. DCAS is an extremely useful and fundamental primitive that has numerous
applications [2, 6, 12, 19, 23]. Unfortunately, it is generally not available on hardware (except for the highly
inefficient implementation on Motorola’s 68k series microprocessor [13]).

Over the years, many deterministic DCAS implementations have been developed using only synchronization
primitives that are readily available on most common architectures, most prominently CAS [1, 4, 5, 8, 14-16, 18,
21, 24-26]. Most of these implementations are lock-free, and few are wait-free [1, 4, 8, 26]. Some implementations
are efficient in the case of low or no contention between processes attempting a DCAS on overlapping memory
locations [1, 5, 14, 21]. In the general case with no limit on contention, all implementations published prior to
2021 have a forbiddingly high (amortized or individual) step complexity of at least Q(n).

Recently, Giakkoupis, Giv, and Woelfel [9] presented an efficient randomized DCAS algorithm with expected
amortized step complexity of O(logn) from registers and CAS objects. It uses as building blocks a so-called
repeated choice (RC) object, and a bipartite double compare-and-swap (BDCAS) primitive. BDCAS is the same
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as DCAS, except that the applicable memory locations are partitioned into two parts, and if two locations are
affected by an operation, they must be from different parts.

An RC object provides the operations read(), choose&lock(), propose(v) and unlock(u), where v is from
some domain V not containing 1, and u € V U {_L}. The object stores a value in V U { L}, and operation read()
simply returns that value. A process can propose a value v € V by calling propose (v), which does not affect the
value of the object and does not return anything. When a process calls choose&lock(), the value of the object is
set to a randomly chosen, previously proposed value, or to L. After that, the value of the object cannot change
anymore until it is unlocked with an unlock (u) call, where u must match the current value of the object. The
benefit of this object comes from its probabilistic guarantees. Roughly, the value chosen in a choose&lock() call is
likely to be one of the recently proposed values (meaning it has been proposed no earlier than two choose&lock()
calls ago). Moreover, each specific value is chosen only with small probability, which, in [9], is roughly at most
inversely proportional to the number of recently proposed values.

Thus, an RC object can be used as a form of probabilistic consensus, where the value that processes agree on is
one of the proposed ones, but chosen at random instead of adversarially. The locking semantics allows processes
to execute such a consensus protocol repeatedly.

Giakkoupis et al’s RC implementation uses two arrays, each of size ©(log n), and in a propose (v) method
a process writes value v into a random location in one of those arrays. The choice among the two arrays is
uniformly random, and the position in the array is chosen according to a geometric distribution (i.e., position i is
chosen with probability ©(1/27)). A linear search for the highest written position is employed to find a value that
the processes then agree on in a choose&lock() call. This linear search, and the fact that in each unlock() call
processes have to clear one of the two arrays, requires each process to take ©(log n) steps in each successful
choose&lock() and unlock() call. This is also the bottleneck of the entire DCAS algorithm—everything else
in the entire construction needs only amortized constant RC method calls and other shared memory steps in
expectation.

In this paper, we reduce the step complexity of the RC object to expected amortized O(loglog n) (without
increasing the logarithmic worst-case complexity). The probabilistic guarantees are technically slightly weaker,
but there is no practical difference for applications. The probability that a specific value is chosen at random in a
choose&lock() call is now bounded by a function that is inversely proportional to a random variable whose
expectation is linear in the number of recently proposed values. Moreover, with small poly-logarithmic probability
(in n), processes may agree on proposed values that are outdated, i.e, they were not proposed recently. This
requires a new analysis of the BDCAS algorithm, but nothing changes for the DCAS algorithm. As a corollary, we
obtain a DCAS object with expected amortized step complexity O(log log n), which is an exponential improvement
over [9].

Probabilistic shared memory algorithms are analyzed under the assumption of an adversary that knows the
algorithm and schedules processes on-line, possibly using information about the current system state to decide
which process takes the next shared memory step. The adversary also decides which implemented method the
selected process calls and what arguments to use, if the process has no such pending method call. The result
of Giakkoupis et al. was stated for an oblivious adversary, which schedules processes without any information
about the system state (but internally, the analysis used a slightly stronger adversary, tailored to the proofs).
For our analysis we define the ip-aware adversary (for “instruction pointer’-aware), which is stronger than the
oblivious one in the sense that the adversary always knows the line in the program code containing the shared
memory operation that each process has most recently executed, as well as the return values of all previous
method calls invoked by the adversary. It does not know the return values of method calls made from within the
implemented methods.
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COROLLARY 1.1. There is a randomized linearizable DCAS implementation from registers and CAS objects, where
each read() operation has constant step complexity, and in an execution that is scheduled by an ip-aware adversary
and that comprises £ DCAS() and read() invocations, the expected total number of steps is in O(¢ - loglog n).

Our new RC object employs two techniques: First, in method choose&lock() we add a binary search before a
shorter linear search for the highest written position in the array. Second, in method unlock() we only clear
the parts of the array that have likely been written to, and for that we use a randomized algorithm, which
distributes the work over participating processes. For this purpose we devise a reusable and simplified version
of the certified write-all (CWA) algorithm by Martel and Subramonian [22]. The binary search and the partial
clearing of the array create technical challenges that are surprisingly difficult to deal with. For example, it is
possible that when a number of processes write their proposed values to the array, they leave “holes”, i.e., the
array positions containing proposed values are not consecutive. The binary search may then return a position
that is not the highest written one, and as a result, some high values may not get cleared from the array in the
next unlock() call. Thus, some “outdated” proposals can be left behind. As a result, our RC algorithm and its
randomized analysis become much more involved.

We remark that the resulting DCAS algorithm works under the same assumptions as the one from [9]: It
requires unbounded sequence numbers and assumes that it is possible to allocate a constant number of CAS
objects and registers with each DCAS () operation. (The total number of referenced objects is always bounded, and
there are well-known techniques that can be used for bounding sequence numbers and for memory reclamation
[3].) Finally, it is assumed that every DCAS() operation changes the value of both memory locations if there is a
match, and not just one of them.

1.1 Preliminaries

We consider the standard asynchronous shared memory model in which n processes with unique IDs in
{0,...,n— 1} communicate through atomic operations on shared objects. Our algorithms use only atomic
registers and compare-and-swap (CAS) objects.

A CAS object supports read and write operations, as well as CAS (old, new), which compares the value of the
object to old, and if it matches, writes new to the object. The operation returns true and we say it is successful if
there was a match; otherwise it returns false and we say it is unsuccessful.

Processes can generate private coin flips to make random decisions. Each process runs its own algorithm. An
adversary generates a schedule by deciding, at each point in time, which process takes the next step, and which
method call and arguments to use if the process does not have a pending next step. We assume an ip-aware
adversary, which is described in Definition 2.24. The schedule, together with the processes’ random choices, gives
rise to an execution, which is simply the sequence of all steps taken by processes.

The standard correctness condition for shared memory objects is linearizability [17]. An object is linearizable,
if for any execution, each of the object’s complete and possibly some of its incomplete operations can be assigned
a linearization point that occurs not before the operation’s invocation and not after its response, such that the
sequential execution obtained by ordering all operations by their linearization points is consistent with the
object’s sequential specification. That sequential execution is called linearization of the original execution on the
object. An object is strongly linearizable [11], if each execution E on the object can be mapped to a linearization
lin(E), such that for any two executions E’ and E”, lin(E’) is a prefix of lin(E"") whenever E’ is a prefix of E”.
(This definition applies also to randomized objects.)

We assume without loss of generality that all shared memory operations of an execution E take place at integer
time units; precisely, the k-th shared memory operation takes place at point k.
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We use subscript ¢ to denote the value of a shared variable at point ¢. If at ¢ an operation is executed that
changes the value of a shared variable y from a to b # a (namely, a write or CAS() operation), then we define

ytzb.

1.2 DCAS and BDCAS

A double compare-and-swap (DCAS) object applies operations to an array D[0...m — 1]. It supports read
operations on elements of D as well as the DCAS ({add,, oldy, newy) , {add;, oldy, new;)) operation, which writes
new; to D[add;] for both i € {0, 1}, if and only if immediately before the operation D[add;] = old; for both
j € {0,1}. We also require old; # new; for i € {0, 1}. Similar to CAS(), a DCAS() operation returns true if both
old values matched, and false otherwise.

A BDCAS object assumes that the set {0, ..., m — 1} of addresses has a predefined partition into two subsets My
and M; such that MyUM; = {0, ..., m—1} and MyNM; = 0.1t supports the operation BDCAS ({addy, oldy, newy) , {addy, old;, new;)),
which is the same as DCAS() except that it requires add; € M; for both i € {0, 1} and does not return a value. It
also supports read operations.

We say that a DCAS() or BDCAS() operation is successful if the old values both match, and it is unsuccessful,
otherwise.

2 REPEATED CHOICE

In this section, we describe the repeated choice (RC) type and a randomized implementation of it.

An RC object allows processes to propose values, and then to agree on a randomly chosen agreement-value
among the proposed values. In order to allow this to happen repeatedly, an agreement-value is first locked, until
some process unlocks that agreement-value.

In the following we give a sequential specification of RC. It is trivial to implement a linearizable object with
these properties. However, our implementation also provides a non-trivial probabilistic property that is not part
of the sequential specification, and which we describe later.

Let V be a set and L a value with L ¢ V. An RC object R stores an agreement-value in V U {1}, and it can
be in one of two locking states, locked or unlocked. Initially, R’s agreement-value is L and R is unlocked. The
object supports the methods propose (v) for v € V, choose&lock(), unlock(u) foru € V U {1}, and read().
We say a process proposes v when it calls R.propose (v). We require that throughout an execution, no value gets
proposed twice, i.e., if there are two method calls R.propose(v) and R.propose(v’), then v # o’. This can easily
be achieved by augmenting each proposed value with a pair comprising the proposer’s process ID and a local
sequence number.

Method propose(v) does not change the agreement-value of R or its locking state, and it does not return
anything; its semantics are defined through choose&lock() calls.

Method choose&lock() does not modify R if R is locked; in this case, we say the choose&lock() call is
unsuccessful. If R is unlocked, then the method locks R and replaces the old agreement-value of R with some
v € V.U {L} such that either

(i) v=L,or
(ii) » was previously proposed and is different from all previous agreement-values of R.
We say the choose&lock () call is successful when it locks R and replaces the agreement-value as described above.

Method unlock(v) does not modify R if R is unlocked or R’s agreement-value is not v, in which case we say
the call is unsuccessful. If R is locked and its agreement-value is v, then unlock(v) unlocks R without changing
its agreement-value, and we say the call is successful.

Methods choose&lock() and unlock() do not return anything.

Finally, method read() just returns the agreement-value of R.
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Probabilistic Property Overview. Our RC implementation satisfies a probabilistic property which can be
informally described as follows. Suppose that CL;,UL;, CLy, UL,, CL3 are consecutive alternating successful
choose&lock() and unlock() operations. A proposal is recent with respect to CLs if it was proposed after the
linearization point of CL,, and is outdated otherwise. The probabilistic property of our RC implementation
approximates the ideal property that the agreement value chosen by CLs is uniformly random among all recent
proposals. More concretely, there is a random variable g whose expectation is linear in the number of values
proposed between the linearization points of UL, and UL, (this is a subset of all recent proposals). For any recent
proposal, the probability that it is chosen is upper bounded by O(1/g). There is also a non-zero probability that L
is chosen, which is exponentially small in g. Finally, there is an 0(1) probability that an outdated value is chosen,
as long as a low-probability ‘bad’ event does not occur. This event depends on the last O(nlog n) proposals, and
occurs with probability 1/n!*?()

The formal description of this probabilistic property is given in Theorems 2.27 and 2.28.

The implementation has O(loglog n) expected amortized step complexity, and O(log n) worst-case step com-
plexity per operation.

2.1 Implementation

In Figures 1-3, we present a randomized strongly linearizable [11] implementation of an RC object.

First, we define ¢ = [loglogn], and A = 2%(¢$ — 1), where k is the unique integer satisfying logn < A < 2log n.
We use a two-dimensional array C[i][j], where i € {0,1} and j € {1,...,A}. We refer to arrays C[0] and C[1] as
the two sides of C. To propose a value v in a propose (v) call, a process simply writes v to an array entry C[a][f],
where «a is chosen uniformly at random and f is (approximately) geometrically distributed.

The agreement-value and locking state of the RC object are interpreted from the contents of a CAS object S.
This object has three components, S.val, S.i, and S.£.

The first component, S.val, stores the interpreted agreement-value of R. The third component, S.¢, is a sequence
number that gets incremented with every successful choose&lock() or unlock() call. The interpreted locking
state of R is unlocked if S.¢ is even, and locked if S.f is odd. Finally, S.i is a bit that describes the side of C that
choose&lock() calls read to determine the interpreted agreement-value, and that unlock() calls erase before
unlocking the object (as described later). The value of S.i is flipped after each successful unlock() call, and
always equals the second-least significant bit of 5.£; we include it as a separate component to make the code
easier to read.

The read() implementation is straightforward: A process simply returns the value of S.val.

When a process p calls choose&lock (), it reads (S.val, S.i, S.f) from S in line 3. If R is unlocked (i.e., S.¢ is even),
then p performs a binary search followed by a linear scan, both in O(loglog n) time, over the array C[S.i]. The
search roughly tries to find the non- L value in C[S.i] with the largest index (lines 5-14), under the assumption
that if C[S.i][j] = L, then C[S.i][j’] = L for all j* > j. While this assumption does not necessarily hold, the
two-stage search is guaranteed to find a value stored in C[S.i][j] such that either j = A or C[S.i][j + 1] = L
at some point during the choose&lock() call. If it finds no non-.L entry then the search returns L. Also, if the
search returns L, then C[S.i][j] = L at some point during the call for all 1 < j < ¢. In line 15, p tries to lock R
with the value found in the binary search, using a CAS() operation on S.

A value proposed at point r is recent at point ¢ > r if at most one successful choose&lock() operation
linearizes in the interval (r, t]. Because of the geometric distribution used in propose() calls, each recent value
written to C[S.i] is roughly equally likely the new interpreted agreement-value chosen by p. Outdated values
(i.e., non-recent proposed values) are very likely overwritten before p’s choose&lock() call (as discussed next).

An unlock(val) call by process p begins by reading S, and checking that the object is locked (i.e., S.£ is odd)
and that its interpreted agreement-value is equal to the parameter val. Next, p checks the special “pivot value”
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Shared Data and Global Constants:
o Let ¢ =[loglogn] and A = 2k(¢—l), where k is the unique integer satisfying logn < Zk(ng— 1) < 2logn
e Cli]lj], for i€ {0,1} and j e {1,...,A}, is a CAS object storing a value from VU {L}, and is initially
1
e S is a CAS object storing a triple from (VU{Ll}) x{0,1} xIN, and is initially (L,0,0)
e P is a CAS object storing a pair from (VU{L}) xIN, and is initially (L,0)
Method propose(v € V)
// Requirement: no two calls use the same argument o
1 Choose « € {0,1} uniformly at random, and S € {1,...,A} independently at random such that
Pr[f = jl = nj, where zj = 27J for je{l,...,A—1} and m) = 2™+t
2 Cla][f] <
Method choose&lock()
3 (val,i,f) « S
// Check if object is already locked
4 if £ mod 2 =1 then return
5 (low, high,v) « (1,A+1, 1)
// Binary search
¢ while high —low > ¢ —1 do
7 mid «— (low + high)/2
8 v’ «— C[i][mid]
9 if o' = L then high < mid else (low,v) « (mid,v’)
10 o' « C[i][1]
1 if C[i][¢] = L or low =1 then (low, high,0) « (1,¢,0")
// Linear scan
12 for j <« low+1,...,high—1 do
13 o’ «— C[i][j]
14 if o’ # L then v « o’
// Linearization point if successful
5 S.CAS((val, i, £), (v,i, £+ 1))

o

Fig. 1. propose() and choose&lock() methods of faster repeated choice

stored in C[S.i][¢], which determines whether processes should clear all of C[S.i] or just C[S.i][1,...,5¢]. The
CAS object P, consisting of a value from V U {L} and a sequence number, enables the processes to agree on
the pivot value. Process p attempts to erase the pivot value from C in line 21, then clears all the array entries in
C[S.i][j] for j € {1,...,5¢} \ {¢}, by writing L to them in lines 22-25.

If the agreed-upon pivot value is non-_L or S.f is close to a multiple of A, all active unlock() calls collectively
erase the rest of C[S.i]. This clearing uses a reusable and simplified version of the certified write-all (CWA)
algorithm by Martel and Subramonian [22]. We call this modified algorithm clear () and present it in Figure 3.
Processes executing clear (£) randomly choose positions in C[S.i][5¢, . . ., A] to clear. They keep track of progress
using a balanced binary tree containing sequence numbers. Each node in the progress tree corresponds to a
position in C[S.i][5¢, ..., A], and processes update the sequence number of the node corresponding to their
chosen position with the parameter of clear (¢) if both children are set to at least £. Once the root is set to ?,
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Method unlock(val)

16 (val’,i,f) « S

// Check if object already unlocked or wrong val
17 if £ mod 2 = 0 or val # val’ then return
18 poal «— C[i][4]

// Pivot-lock point if successful
19 P.CAS((L, ¢ — 1), (poal,t))
20 (poal, ) <P

// Clear pivot
21 C[i][§].CAS(poal, L)

// Clear remaining values up to C[i][5¢]
22 for je—1,...,6-1,¢+1,...,5¢ do
23 v« C[i][J]
21 if S # (val,i,f) then return
25 Cli][j].CAS(o, L)

// Clear values above C[i][5¢]
26 if pval # L or f mod A > A — 4 then clear(¢)
27 P.CAS((poal, £), (L, £+1))

// Linearization point if successful
28 S.CAS((val, i, t), (val,1 —1i,£+1))

Method read()
20 (val, -, ) « S
30 return val

Fig. 2. unlock() and read() methods of faster repeated choice

all processes running clear () can return, and the progress tree can be re-used to track future invocations of
clear() with larger parameters.

Both unlock() and clear() ensure that no value in C[S.i] gets erased if it is proposed after the value of S
changes, i.e., once the object gets unlocked by some other process. Over two consecutive successful unlock()
calls, both sides of C get erased up to C[S.i][5¢] at least once, and so no outdated values in C[S.i][1,...,5¢] can
be chosen anymore. Outdated values with positions above 5¢ can only be chosen with a small probability since
they require C[S.i][¢] to stay at L.

Note that if a process proposes a value, it is possible that the value gets erased immediately by an ongoing
unlock() call. However, if the proposing process chooses side 1 — S.i to write to, then this won’t happen. Since
processes choose their side at random, they have at least a 1/2 probability of choosing a side that does not get
erased before the process has a chance of being chosen.

2.2 Detailed Algorithm Description

2.2.1 Propose Method. In line 1 of a propose(v) call, the calling process p chooses a € {0, 1} uniformly at
random, and §§ € {1,..., A} from an approximately geometric distribution. Then, p writes the proposed value v to
Cla][f] in line 2.

Because the unlock() method, described in more detail below, erases values in C before unlocking the object,
it is possible for the proposed value to be erased immediately after it is written to C. The adversary could use this
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Shared Data and Global Constants:

e Llet h=A1-5¢ (this is the size of the sub-array C[i][5¢+1,...,A] to be cleared)

e T[j], for je{1,...,h+1}, is an array of CAS objects which keeps track of progress in clearing C[i]
in a balanced binary tree structure (except for merging all leaves into a single common leaf). T|[j]
is initialized to 0 for j e {1,...,h} and to oo for j=h+1.

We require the following:

If clear(f1) and clear(f;) are both invoked in an execution with #; < f5, then the first invocation of clear(f;)
occurs after the first response of any clear(#;) operation.

1)

Method clear(?)

// Infer the side of C from ¢

i« |£/2] mod 2

// Efficiently clear C[i][j] for je {5¢+1,...,A}
2 while T[1] < ¢ do

33 Choose j € {1,h} uniformly at random
34 node «— T|j]

35 left « T[min{2j,h+ 1}]

36 right « T[min{2j + 1,h + 1}]

37 v« Cli][j + 5¢]

38 if T[1] > ¢ then return

39 Cli][j + 5¢].CAS(v, L)

// Propagate ¢ up the tree

10 T[j].CAS(node, min {¢, left, right})

w
ey

@

Fig. 3. Efficient clearing method for faster repeated choice

to prevent a proposal from being selected, or boost the probability of choosing a different proposal. This motivates
the two sides of C and the uniformly random choice of & € {0, 1}: with probability 1/2, the proposed value
survives until the next choose&lock () operation can (possibly) choose it as the next interpreted agreement-value.
The approximately geometric distribution of  reduces the advantage of later proposals to be chosen, since they
can overwrite earlier proposals. This limits the degree to which the adversary can increase the probability of any
given proposal to be selected as an interpreted agreement-value.

2.2.2 Choose&Lock Method. A process p executing the method choose&lock() first reads the three fields of S
in line 3. If S.¢ is odd, then the interpreted locking state of R is locked, and so p immediately returns in line 4.
Since the propose () method chooses indices j of C[i][j] according to an approximately geometric distribution,
it is likely that if C[i][j] = L, then C[i][j + 1] = L. Therefore, the choose&lock() method uses a binary search
followed by a linear scan to approximately determine the non-L value in C[i] with the largest index j. Note that
this does not guarantee that it will find the actual non-_L value with the largest index j. Instead, the method
guarantees that it finds some non-_1 value in C[i][j] such that either j = A or C[i][j + 1] = L at some point
during the method call. (The analysis only requires this weaker guarantee.) In line 5, p initializes the parameters
for the binary search. The low and high variables store the smallest (inclusive) and largest (exclusive) indices for
the binary search, initialized to 1 and A + 1, respectively, to cover the full range of indices [1, A] for C[i]. Variable
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v is initialized to L, and is subsequently used to store the non-_L value with the highest index j found so far in
the binary search.

The while-loop in lines 6—-9 performs the binary search. The while-condition of the binary search in line 6
continues the binary search as long as the range has size more than ¢ — 1. Since A = 2X(¢ — 1) for an integer k,
this ensures that it ends with a range of size exactly ¢ — 1. Line 7 chooses the middle index mid halfway between
low and high, and our choice of A ensures that mid is always an integer. In line 8, p reads the value in C[i] [mid]
to determine which half of the remaining range to search next. In line 9, p updates high or low accordingly, and
in the case of v’ # L it updates v to v’, since v’ is the non- L value with the largest index j found so far.

After the binary search, the interval [low, high) has size ¢ — 1 € ©(loglogn), so p can perform a linear scan
to find the highest non-.L value in the range and keep the step complexity at O(loglogn). In line 11, p checks
the special pivot value C[i][¢]; the unlock () method later clears the larger indices of C[i] if C[i][¢] # L. Ifp
reads L from C[i][¢], then p changes the linear scan interval to [1, ¢) and sets v to the value in C[i][1] that
it reads in line 10. This ensures that the eventual interpreted agreement-value is erased by the next successful
unlock() operation, as required by the specification. (This is the primary motivation for having a linear scan
after the binary search, as it allows p to only check lower indices within C[i] without revealing anything about
the eventual index to the ip-aware adversary.) In all cases, immediately after line 11, v stores a value that p reads
from C[i][low]. The linear scan occurs during the for-loop in lines 12-14, in which p updates v to the last non-_L
value it reads in C[i][low + 1, ..., high — 1] (or keeps v at the value from C[i][low] if it only reads L in the linear
scan).

The method then concludes by attempting a CAS() on S in line 15. If successful, the CAS() changes the
interpreted agreement-value to the final value of v, leaves the side of C the same (since unlock() then needs to
clear it), and increments the sequence number.

2.2.3  Unlock Method. A process p executing unlock() begins similarly to a process executing choose&lock(),
by reading S in line 16. If the sequence number S.¢ is even, then the interpreted locking state is unlocked,
so the method immediately returns in line 17. Similarly, if the argument val does not match the interpreted
agreement-value S.val, the method immediately returns in line 17.

In the next part of unlock(), processes agree on whether to clear all of C[i] or just the smallest indices, i.e.,
Cli][1,...,5¢]. They make the decision by reading the pivot value pval = C[i][¢] in line 18, then attempting a
CAS() on the object P in line 19 from (L, £ —1) to (pval, £). Since P comprises both a value and a sequence number,
which follows the sequence number S.f of S, unlock() operations that fully take place while S.¢f = ¢* use the
same agreed-upon pivot value poal. Specifically, they agree on the unique value v such that P = (v, £*) at some
point in the execution. The CAS() on C[i][¢] in line 21 attempts to clear C[i][¢$] by replacing the agreed-upon
pivot value with L. Since each lock/unlock cycle has a single agreed-upon pivot value and no two proposals
write the same value, C[i][¢] is only cleared (i.e., replaced with L) at most once per lock/unlock cycle.

The next phase of unlock () clears the remaining small indices j of C[i],ie., j € {1,...,5¢} \ {¢}. This consists
of three steps within a for loop: first, process p reads the value of C[i][] in line 23, then it checks in line 24
if S matches the value that p read in line 16. If the value of S is different in the two lines, then p immediately
returns, to prevent clearing values proposed after another process successfully unlocks the RC object. Otherwise,
p attempts a CAS() in line 25 on C[i][j] from the value it reads in line 23 to L. This ensures that all values stored
in C[i][1,...,5¢] when R was last locked are erased or overwritten once the unlock() call returns.

In line 26, if f mod A € {1 —4,...,A — 1} or P.pval # L, then p invokes the clear(£) method, which clears
values in C[i][5¢ + 1,...,A]. Since overlapping unlock() operations which run while S.¢ stays at one value
read the value of P.pval in line 20, they all make the same decision in line 26 and use the same argument ¢. (If
p reads P.pual after another process executes line 27 during the same period when R is locked, it will either
not run clear(¢) or run it and immediately exit the while-loop, since clearing already finished.) If the pivot
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value is not L, then it is more likely that larger indices are also not L and hence should be cleared. The check of
¢ mod A > A — 4 ensures that both sides of C are fully cleared periodically, regardless of the pivot value. As we
elaborate on below, all values present in C[i][j] for j € {5¢ + 1,..., A} at the beginning of the first clear(f)
invocation are no longer present in C[i] by the first response of a clear (¢) operation for the same argument ¢.

Finally, the CAS() on P in line 27 increments the sequence number of P and replaces the pivot value with L if
successful, to indicate that clear (£) is complete and does not need additional invocations. Line 28 then updates
S by incrementing the sequence number and switching the side of C for the next lock/unlock cycle, while keeping
the interpreted agreement-value unchanged.

2.2.4 Clear Method. A process p running clear (£) first sets i to |S.£/2] mod 2 in line 31, since it is always the
case that S.i = [5.£/2] mod 2. Next, in line 32, p checks that the value stored in T[1], the root of the progress tree,
is less than ¢, and returns otherwise. (If the value in T[1] is at least ¢, this indicates that all clear (£) operations
can return.) In line 33, p chooses a random position to clear, among the h = A — 5¢ positions to clear. In line 34, p
reads the value T[h] of the progress tree corresponding to h, and in lines 35 and 36, p reads the values in the two
children of T[h], defined as T[min {2}, h + 1}] and T[min {2j + 1, h + 1}], respectively. (This makes T almost a
balanced binary tree, except that all its children are merged into a single node T[h + 1].) Lines 37-39 of clear ()
have a similar role to lines 23-25 of unlock (), respectively. Line 37 sets variable v to the value in C[i][j + 5¢],
line 38 stops p from clearing values proposed after clear (#) completes, and the CAS() in line 39 ensures that v
is no longer present in C.

The final line, line 40, updates T[] to ¢ if both its children store values of at least ¢. This has two purposes:
first, it indicates that index j has been processed, and in particular that p attempted a CAS() on C[i][j + 5¢] to L.
Second, because of the requirement of both children’s values being set to at least ¢ first, T[j] = ¢ indicates that all
nodes associated with the subtree rooted at T[j] have been processed as well. Since the leaf node T[h + 1] is set

to oo and never changes, this propagation of £ up the tree towards the root ensures that all indices j € {1,...,h}
are chosen in while-loop iterations before T[1] is updated to £. Hence, by the time the first clear(¢) operation
returns, all values in C[i][5¢ + 1, ..., A] have changed since the first invocation of clear ().

The expected total work by k processes to execute clear (¢) for a given value of ¢ is at most O((1+k) log A) =
O((logn + k) loglog n). If there are k < 2¢ € ©(log n) recently proposed values, then the pivot value is non-_L
with probability at most k/2¢ = O(k/logn). Also, the periodically forced clearing when S.¢ is near a multiple
of A occurs twice every approximately log n lock/unlock cycles. Together, these make the expected amortized
complexity of clear() in O(loglogn). To achieve O(log n) worst-case complexity, the while-loop can alternate
with iterations of lines 37-39 for j € {1,..., h} (h = A — 5¢), but we do not include this in the code as it would
distract from the main results.

2.3 Correctness

Let R be an RC object and E an execution on R. (An execution consists of a sequence of all steps taken by
processes, together with all coin flips and local and shared variables.) We assume without loss of generality
that all shared memory operations of an execution E take place at integer time units; precisely, the n-th shared
memory operation takes place at point n. In particular, operations are invoked at the point of their first shared
memory operation and respond at the point of their last shared memory operation.

We use the standard point operator ‘. to access the fields of an object and the methods it supports, e.g., 0.x is
field x of object 0, and o0.f() is 0’s method f(). We will also consider references to objects, and use operator ‘. to
access the fields and methods of the referenced object, as well. E.g., if r is a reference to the object o above, then
r.x is the same variable as 0.x.
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We use subscript ¢ to denote the value of a shared variable at point ¢. If at ¢ an operation is executed that
changes the value of a shared variable y from a to b # a (namely, a write or CAS() operation), then we define
yr =b.

Two operations op and op;, where op,’s invocation is before op;’s invocation, overlap if and only if either op,
does not respond or op,’s response is after op;’s invocation.

As with Section 2.1, we denote the three components of S by S.val, S.i, and S.Z, respectively. The interpreted
agreement-value of R is the value stored in S.val. S.i indicates the side of C that unlock() and choose&lock()
operations use. S.f serves as a sequence number for successful unlock() and choose&lock() operations; if S.¢
is even, the interpreted locking state of R is unlocked, and otherwise, it is locked. We also denote the two values
stored P by P.pval and P.¢, respectively. P.pval records a special pivot value used by the unlock () method, and
P.f is a sequence number which we later prove stays within a difference of one from S.¢.

2.3.1 Linearization Points. Let op be one of the operations propose(), choose&lock(), unlock(), or read(),
and let p be the process executing op. For each such operation we define a function lin(op) during the execution
E, where lin(op) is either a point in the execution or is co. We will prove in Theorem 2.23 that lin(op) is a strong
linearization point when it is not co, and otherwise op does not linearize.

If op is a propose () operation, then lin(op) is the point when op executes line 2. If op is a read() operation,
then lin(op) is the point when op executes line 29. Note that both methods consist of a single shared memory
operation, and therefore their invocations and responses are this single point.

Next, consider the case where op is a choose&lock() [or unlock()] operation. If op reads a value from S at
its invocation in line 3 [or line 16] that would cause it to return in line 4 [or line 17], then lin(op) occurs at the
point of op’s invocation. If op’s final CAS() on S in line line 15 [or line 28] is successful, then lin(op) occurs at
the point of this CAS(). Otherwise, lin(op) occurs a small € (0 < € < 1) after the first point after op’s read of S in
line 3 [or line 16] in which the value of S changes; if no such point exists, then lin(op) = oco.

OBSERVATION 2.1. A choose&lock() orunlock() operation op is successful if and only if its final CAS() on S
in line 15 or 28, respectively, succeeds at point t, in which case lin(op) = t.

Proor. Suppose that a choose&lock() [or unlock()] operation op has a successful CAS() on S in line 15 [or
28] at point t. Therefore, op does not return early in line 4 [or 17 or 24]. It follows that S.¢ is even [or odd] in 0p’s
execution of lines 3 and 15 [or lines 16 and 28], and so the interpreted locking state of R is unlocked [or locked,
with the interpreted agreement-value S.val equal to the argument of unlock()] at point ¢. From the sequential
specification in Section 2, op is successful at point ¢. The first argument of op’s CAS() operation is the value that
op read from S in line 3 [or 16], and every successful CAS() on S increments S.£ by one. Therefore, ¢ is also the
point of the first shared memory operation that changes S after op’s read of S, so lin(op) = t by definition.

It remains to show that if a choose&lock() [or unlock()] operation does not have a successful CAS() on
S in line 15 [or line 28], then it is not successful. If a choose&lock() operation op returns in line 4, then R’s
interpreted locking state is locked at lin(op) in line 3, and therefore op is unsuccessful at point ¢ (note that it
does not modify S in this case). Similarly, if an unlock (val) operation op returns in line 17 [or line 24], then
either the interpreted agreement-value is not val or R’s interpreted locking state is unlocked at lin(op) in line 16
[or line 24], and op does not modify S. The remaining case is that op’s CAS() on S in its final line fails. Again,
since the first argument of op’s CAS() on S in line 15 [or 28] equals the value that op reads from S in line 3 [or
16] at op’s invocation, S changes in between op’s invocation and response. Since only a successful CAS() in
line 15 or line 28 can modify S, by the above paragraph and the definition of lin, lin(op) = lin(op’) + € for some
successful choose&lock () or unlock() operation op’. Since the interpreted locking state of R alternates with
each successful CAS() on S, R is locked [or unlocked] at lin(op). Therefore, op is unsuccessful. O

OBSERVATION 2.2. Iflin(op) = oo, then op does not respond.
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Proor. Let p be the process executing op. Then op is not a propose() or read() operation, as otherwise
lin(op) < oo by definition.

Now suppose op is a choose&lock() operation. For the purpose of proving a contradiction, assume that op
responds. By definition of lin, S is unlocked when p reads S in line 3, and so p responds by executing line 15 at
the end of op. The value of S changes either with the CAS() operation that p executes in line 15, or in between
p’sread of S in line 3 and before p’s response in line 15. Since lin(op) is at or immediately after the first such
change of S, this leads to a contradiction.

Finally, suppose that op is an unlock (val) operation. As above, we assume that op responds, and will arrive at
a contradiction. If op responds in line 17, then lin(op) is the point of op’s invocation. If op responds in line 24 due
to S having changed, then lin(op) is immediately after the first such change. Therefore, op responds in line 28.
As in the choose&lock () method, either the final CAS() succeeds and lin(op) is the point of op’s response or S
changes before the CAS() attempt and lin(op) is immediately after the first such change. Thus, all cases imply
that lin(op) < co, which is a contradiction. O

2.3.2  Correctness of choose&lock() and unlock().

OBSERVATION 2.3. If the interpreted agreement-value changes at point t, then a successful choose&lock()
operation responds at point t.

Proor. Recall that the interpreted agreement-value is defined as the first component of S, S.val. Only a
successful CAS() in line 15 can change S.val. By Observation 2.1, a successful choose&lock () operation responds
at point ¢. O

LEMMA 2.4. Letw € V andt > 0. If S;.val = w, then there is a propose(w) operation op such that lin(op) < t.

Proor. Initially, Sg.val = L. From Observation 2.3, some process p’s successful choose&lock() operation op’
executes line 15 at some point lin(op”) < t, which sets Sy.val to w. Therefore, p previously reads w in line 8, 10
or 13 from some entry C[i][j] before t’. Since w € V and so w # L, some process g writes w to C[i][j] in line 2
before the point of p’s read. Since only the propose () method can write non-L values to C, for ¢’s propose (w)
operation op, lin(op) <t < t. m]

LEMMA 2.5. Between the responses of any two successful choose&lock() operations, a successful unlock() oper-
ation responds, and between the responses of any two successful unlock() operations, a successful choose&lock()
operation responds.

Also, the response of the first successful choose&lock() operation happens before the response of the first successful
unlock() operation.

Proor. According to the conditional in line 4 and the parameters of the CAS () operation in line 15, choose&lock ()
can have a successful CAS() only if immediately before its CAS() S.£ is even. Similarly, in the unlock () method,
the CAS() at line 28 succeeds only if S.¢ is odd immediately before the CAS() operation due to the conditional in
line 17.

The claim follows from the fact that initially S.f is even (zero), and that each successful choose&lock() and
unlock() operation increments S.f at its response by Observation 2.1. O

OBSERVATION 2.6. Let each of opy and op, be a choose&lock() orunlock() operation such that both op, and
op; are successful. Then opy and op; do not overlap.

Proor. Suppose for the purpose of proving a contradiction that op, and op; do overlap. Also suppose without
loss of generality that op’s first shared memory operation (a read of S in line 3 or 16) occurs before op;’s first
shared memory operation (another read of S). By definition of overlapping operations, op,’s last shared memory
operation (a successful CAS() on S) occurs after op;’s first shared memory operation.
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Let op; be the operation with the later successful CAS() among op, and op;. S changes at least once after op;’s
read of S in its first step and before its successful CAS() in its last step, at the time of op;_;’s successful CAS()
operation. The first argument of op;’s CAS() on S equals the values read from S in op;’s read from S in line 15 or
28, and S exhibits no ABAs due to S.¢ strictly increasing with each successful CAS() operation. Therefore, op;’s
final CAS() fails, contradicting that it is a successful choose&lock() or unlock() operation. |

2.3.3  Pivot Properties.
OBSERVATION 2.7. If P.£ is even, then P.pval = L.

Proor. Initially, P = (L, 0). Only a successful CAS() operation on P in line 19 or 27 may change P, and both
lines increment P.£ by one. Since any process executing unlock () has an odd local value of ¢ in order to progress
past line 17, and since line 19 sets P.¢ to £ and line 27 sets P.£ to £ + 1, only line 27 can set P.£ to an even number.
Since line 27 also sets P.pval to L, the claim follows for all P.£. m]

Recall from Observation 2.1 that a successful choose&lock() or unlock() operation is one whose final CAS()
on S, in line 15 or 28 respectively, succeeds. Also, from Observation 2.1, a successful choose&lock () or unlock()
operation op has lin(op) exactly when its final CAS() on S succeeds, and no other operation can update S.

Definition 2.8 (Lock/unlock timeline points). Let OPy, indicate the set of all operations that execute line x
after point t. We uniquely define the following points in an execution for all positive integers s. If the point does
not exist, then we define it as 0.
e Point tF occurs at the response of the s-th successful choose&lock() operation.
e Point tIL occurs at the first execution of the CAS() in line 19 from an unlock () operation in OPyg et
e Point tC occurs at the first execution of the CAS() in line 21 from an unlock() operation in OPy. ,rr
such that the operation reads S,ct.i from S in line 16.
e Point tf U occurs at the first execution of the CAS() in line 27 from an unlock() operation in OPy. et
e Point tYL occurs at the first execution of the CAS() in line 28 from an unlock() operation in OP ¢ ct.
For convenience in the analysis, we also fix tOCL = té?L = tg’c = tg)U = t(()]L =0.

LEMMA 2.9 (LOCK/UNLOCK TIMELINE). Lets be a positive integer. Then the following properties hold:

(1) It < oo, then tEF is the point of the (2s — 1)-th successful CAS() on S, which increments S.¢ from 2s — 2
to 2s — 1. Also, PtSCL.[ =2s—2.

(2) IftPY < oo, then the CAS() on P at point tL is successful, and increments P.¢ from 2s — 2 to 2s — 1. We will
later refer to this point as a pivot-lock point.

(3) IftP€ < oo and Prr.pval # L, then C does not contain Pyrr.pual at any point at or after tfe.

(4) IftPU < oo, then the CAS() on P at point tfU is successful, and increments P.£ from 2s — 1 to 2s.

(5) If tVF < oo, then point tUL is the response of the s-th successful unlock() operation in line 28, which
increments S.€ from 2s — 1 to 2s.

(6) IftSL < oo, then point tS% occurs at the first execution of the CAS() in line 15 from a choose&lock()

s+1 s+2
operation in OP,_ ,ur. This CAS() on S is successful, and increments S.¢ from 2s to 2s + 1, while PtCLZ.f = 2s.
S S+

In particular, tSCL < t;pL < tfc < th < tsUL < tSC;Ll, using the convention that co < co.

Proor. First, observe that S.£ begins at zero and is incremented by one with each successful CAS() on S in
line 15 or 28, and that no other line modifies S. By Observation 2.1, S.f is incremented exactly when a successful
choose&lock () or unlock() operation responds, and it is initialized to zero. Therefore, at the s-th successful
CAS() on S, S.f = s. Moreover, from Lemma 2.5, every other update of S beginning with the first is the response of
a choose&lock() operation. Together, this proves (1) other than the claim that Pct.¢ = 2s — 2. From Lemma 2.5
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and that S and P increment by one with each successful CAS(), it follows that property (6) for s > 1 implies
property (1) for s + 1.

We now prove Pycr.f = 2s — 2 and (2) through (6) using induction on s.

Consider the point tSCL for the base case of s = 1, i.e., the response of the first successful choose&lock()
operation. We want to show that P,cr.f = 0. Observe that only an unlock() operation can affect P, in line 19 or
27. Also, every unlock() operation returns in line 17 while S.¢ = 0, which is its initial value. Therefore, P does
not change before t1CL, so P.£ remains at its initial value of zero, which proves that Ptla.t’ =0.

Now we prove the inductive case. Given a positive integer s, suppose that (1) holds. We want to show that (2)
through (6) hold for the given value of s.

To prove (5) and (6) other than the claim that PtCL t = 2s, we observe that after a successful CAS() on S, the
next process to read the updated value of S and then perform a CAS() on S using this updated value succeeds.
From Lemma 2.5, point tUL is the response of the s-th successful unlock() operation.

Observe that it follows immediately from Definition 2.8 that t&& < tPF < tPU < {UF < €L and tF* < 7€, To
show that t’¢ < tfU, first suppose that tfV < oo and let 0py, be the first unlock() operation in OP;4cr to

execute line 27. Since S.f = 2s — 1 throughout the interval [tSCL, tVL) and S.¢ only increments with each CAS(), it
follows that S does not change in the interval and so op,, reads S,ct.i from S.i in line 16. Because opyy € OP ¢ ,cr
it executes line 20 after t;p L which makes 0pup € OP20>t5L. Therefore, op,,;,’s execution of line 21 is no earlier
than t7¢, so tP¢ < PV,

Next we show (2). Consider the first unlock() operation in OP, ,ct to execute line 19, which we denote by
opyp, if it exists. The point when op;,, executes line 19 is tPL < oo by definition. Since S.f cannot decrease, and
since tf1 < tYL by Definition 2.8, by (5) S.£ = 25 — 1 in the interval [tSCL, th]. Therefore, opy,, is the first operation
to execute line 19 with a local value of £ = 2s — 1. Recall that unlock() operations read an odd value of S.¢ in
line 16 if they progress past line 17. Thus, the only line that can change P when P.f is even is line 19, which
changes P.¢ from a local value of £ — 1 to £. From (1), Pycr.£ = 2s — 2, which is even, so opy, is the first process
that attempts a CAS() on P with an old value for P.¢ of 2s — 2. Therefore, P.£ = 2s — 2 throughout the interval
[tSCL, tPL). 1t follows that opy,’s CAS() succeeds and increments P.¢ from 2s — 2 to 2s — 1, proving (2).

Next we show (4). Recall that we denote the first unlock() operation in OPy4. 1 to execute line 27 as opy,.
The point when op,,, executes line 27 is t'V. Only line 27 can update P when P.¢ is odd, by the same argument that
only line 19 can update P when P.¢ is even. Since op,, is invoked after t*, and since £V < tUL by Definition 2.8
when U < oo, 0pup is the first operation to attempt a CAS() on P with the expected value of P.¢ equal to 25 — 1.
This CAS() is after t'F, which updates P.£ to 2s — 1 as proven above, and opuyp also executes line 20 after tPL by
definition of op,,, and of line 20. Therefore, op,,;,’s local value of pval matches P.poval, so its CAS() succeeds and
increments the value of P.f from 2s — 1 to 2s, proving (4).

We now show (3). Consider the first unlock() operation in OP,. ,r. with a local value of i matching S,cz.i to
execute line 21; we denote this operation by op.,. The point when op,,, executes line 21 is t“. Since tF© < tP u.p
does not change since in the interval [tf LotP C] In particular, op., reads the same value from P.pval in line 20 that
opip reads from C[S,cr.i][¢] in line 18.If C[S,cr.i][¢] does not change in between op;,’s read of it in line 18 and
op¢p’s attempted CAS() on C[StSCL.i] [¢] in line 21, then op.,’s CAS() in C[Stsa.i] [¢] to L succeeds; otherwise,
C[S,cr.i][$] changes to some other value than P,rr.pval. Because only propose () can write non-L values to C,
and no two proposals use the same value, it follows that if P,rr.pval # L then C does not contain P,rr.pval at or
after t’C, which proves (3).

To complete the proof of (6), it remains to show that P, cL.€ = 2s: since P.¢ increments by one with each update,

it suffices to show that P does not change in the interval [tP U, 6L ]. Recall that only unlock() can change P, that

S
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every unlock() operation that progresses past line 17 has an odd local value of ¢, and that the CAS() attempts
on P in lines 19 and 27 use an old value of P.£ that is at most £. Thus, in order for a CAS() on P to successfully

increment P.f from 2s to 2s+ 1 in [th, tsC;Ll] the unlock () operation has a local value of ¢ of at least 2s + 1, since
CL
t
s+1°

Property (6) for s implies (1) for s + 1, so the induction follows. O

¢ is even. This is not possible until after which proves that P,c..f = 2s.
s+1

COROLLARY 2.10. If Py, = (pvaly, £1) and Py, = (pvaly, £2) such that & # ¢ and neither pval; nor pval, are L,
then pvaly, # pval,.

Proor. Assume without loss of generality that ¢; < t,. Since P.£ can only increase, #; < £». Using Observation 2.7
and Lemma 2.9, S;,.¢ = ¢; and S;,.£ = £2, and they are both odd. From (3) of Lemma 2.9, C does not contain Py, .pval

after tﬁfﬂ) /2 Consider the operation op that first sets P to (pval,, £2). From Lemma 2.9 and that P.£ increments
with each successful CAS() on it, op makes this change at point tﬁ,fﬂ) J2 By definition of tfff+1) J22 OP reads S in
line 16 after tﬁ’fﬂ) J2 and from Lemma 2.9 tﬁ,ZLH) 2> t&cﬂ) /2 Therefore, op reads some value different from poval,

PL

(t+1) /2 =

from C[i][¢] in line 18, and sets P.pwval to this different value pval, # pval; at t

Cram 2.11. Leti* € {0,1}. If a CAS() on C[i*][¢] from a non-L valuev to L in [tCL tCL) is successful for some

S 2 Vs+2
positive integer s such that S,c1.i = i*, then it occurs at point tPC, andov = Py poal.
Proor. From Lemma 2.9 and that P.f increments by 1 with each successful CAS() on P, if tsc,fl < oo then P
changes exactly twice in the interval [tsC,L, tsc,‘il) for any positive integer s’, at points tf,L and tf,U. (If tsc,il = o0,
then P changes at most twice in the interval.) From Observation 2.7, P.pval can only be different from L in the

sub-interval [tf,L, tSU). Therefore, P.pval takes on at most one non-_L value in the interval [tsC;L, tsC,IJ;l), namely

Pypi.poal. From Lemma 2.9, C[i*][¢] does not contain P,r..poal at or after point tﬁc € [tS}:L, t§U .

Consider a successful CAS() on C[i*][¢] from some value v # L to L at point ¢ € [tSCL, tSCJrLz) Because only
line 21 can replace C[i*][#] with L, it follows that some unlock() operation op executes a successful CAS() in
line 21 at point t. The first argument of the CAS() is op’s local value of pval, which by the above paragraph is

v = P,r..poal for some s". Therefore, op reads P,rr.pval from P.pval in line 20 at point ¢’ such that tﬁL <t <t
From (3) of Lemma 2.9, C does not contain PtI:L .pval at or after tSC, andsot < tsffc. If s’ < s, then tffc < tSCL,

which contradicts that t > tsCL; therefore, s’ > s.
Now suppose, for the purpose of proving a contradiction, that t # t/C. Consider first the case where ¢ < t/C.

Since s’ > s and tsffL <t< tfc < tffl, it follows that s’ < s + 1 and so s” = s. Using Corollary 2.10, th is the first

point when P.pval = Prc.pual, and it is the point of a successful CAS(), which sets P.poval to P,rr.poal. We thus
have tPF <t/ < t < tC, and since op’s operations are on side i*, it reads i* = S,c from S in line 16. By definition

of tYC in Definition 2.8, op’s execution of line 21 is t', (the point when the first unlock () operation in OP,. ,rr
whose local value of i matches S,c:.i executes line 21). This contradicts that ¢ < tPc.

The remaining case is if t > tC. Since C does not contain Pyre.pual after tPC, it follows that s > s. Also, since

t< tSC+L2 < tffz, s  <s+2,50s =s+1.Since i* = Sycr.i and S.i alternates between zero and one at each successful
unlock() operation’s response, and using Lemma 2.5, StCIi.i =1—-1i". From Lemma 2.9, ifPt{»L1 .pval # L, then
it is the value of some proposal written to C[1 — i*][¢]. Since proposals are unique, C[i*][¢] never contains

P,pL .pual, so op’s CAS() from P,p..pval = P,rL.pval to L is not successful, which contradicts our assumptions.
s+1 s’ s+1

We have now proven that ¢ :>tf €. From Definition 2.8, op reads value v from P.poal in line 20 in the interval
(75, ¢5€), and therefore v = P,pr.poal. O
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LEMMA 2.12. Let s be a positive integer such that tPF < co. IfPypr.pval = L and 2s — 1 mod A < A — 4, then no
process invokes clear(2s — 1). If P,pr.pval # L or2s — 1 mod A > A — 4, then at least one process responds from a
clear(2s — 1) operation before t'V < tUL iftPU < oo,

PRroOF. A process can run clear(2s — 1) only if it is executing an unlock() operation that reads 2s — 1 from
S.t in line 16 (the first line of unlock()). From Lemma 2.9, we only need to consider unlock() operations that
are invoked in the interval (tSL, tUL), since S.¢ = 2s — 1 exactly in the interval [CLs, tUL).

From Lemma 2.9, P.£ = 2s — 1 in and only in the interval [th, tSPU).

Consider the case where P,rr.pval # L or 2s — 1 mod A > A — 4, and tPU < oo. From Definition 2.8, tFF is
the first point when an unlock() operation executes line 19 with a local value of £ matching 2s — 1. Thus, the
unlock() operation op,, that executes line 27 (incrementing P.f to 2s) at tPU previously executes line 20 in
(tPL,tPY), so it reads a non-_L value from P.pval. Hence, the conditional in op,,,’s execution of line 26 evaluates
to true so 0py, responds from a clear (2s — 1) operation in line 26 before tI'V, proving the last part of the lemma.

Now consider the case where P,r..poal = L and 2s—1 mod A4 < A—4. For the purpose of showing a contradiction,
suppose that an unlock () operation op’ invokes clear(2s — 1) in line 26. Let ¢’ be the point when op’ reads P
in line 20; by Definition 2.8 and because op’ reads S.£ = 2s — 1 after <L, +' > tPL. Suppose first that ¢’ < tFU, so
that P.¢ = 2s — 1 at point ¢’. Then op’ reads L from P.pval. It therefore does not run clear () in line 26. Suppose
instead that t' > tP'V, so P.¢ > 2s at the point of 0p’’s read of P. If P.£ is even at t’, by Observation 2.7 P.pval = L.
In this case, op” sets its local pval variable to L and therefore does not execute clear() in line 26. Otherwise,
if P.f is odd at t’, its last change is from a successful CAS() in line 19. By Lemma 2.9, this can only happen if
S.¢ also changed since t/V and before t’. Therefore, op’ returns in line 24, and does not reach line 26 to run the
clear () method. Since both cases lead to a contradiction, the first part of the lemma follows. |

COROLLARY 2.13. If some process invokes clear (2s — 1) and t'V < oo, then at least one process responds from a
clear(2s — 1) operation before t'V < tYL.

ProOF. Suppose that some process invokes clear (2s — 1). From Lemma 2.9, tfL occurs before any unlock ()
operation that reads 2s—1 from S.¢ reaches line 26, so t’L < co. By the first part of Lemma 2.12, either Pype.pval # L
or 2s —1 mod A > A — 4. The corollary then follows using the second part of Lemma 2.12. m]

CrLAIM 2.14. When used in the context of the RC object, invocations of the clear () method satisfy (1).

Proor. Suppose that clear(#;) and clear(#) are both invoked in an execution with #; < ;. Since any
unlock() operation that reads an even value of S.£ in line 16 returns in line 17 and processes can only invoke
clear() from line 26 of the unlock() method, # and ¢ are odd. Thus, #; = 2s; — 1 and £, = 2s, — 1 for integers
s1 < . Consider the first invocation of clear(£), by some process p, at point t,. As p, invokes clear (£;)
from an unlock() operation, £, equals the value of S.f that p, reads in line 16 at point ¢; < t,. By Lemma 2.9,
tsf;U < tSCZL < t;. By Corollary 2.13, some clear(2s; — 1) operation responds before tﬁU, and hence before t,. O

2.34 Clear Method Properties. In this section, we prove several statements about the clear () method. Recall
from Figure 3 that h = A — 5¢), which is the size of sub-array C[i][5¢ + 1,...,A].

Cramm 2.15. IfT[j] =¢ > 0 at point t, where 1 < j < h, then a clear (£) operation is invoked before t.

Proor. First, consider the case where h/2 < j < h. Both of T[] s children, defined as in lines 35 and 36 as
T[min{2j,h+ 1}] and T[min {2j + 1,h + 1}], are T[h + 1] in this case. Since no line modifies T[h + 1], and it
is initialized to oo, T[h + 1] = oo at all points of an execution. Since T[] is initialized to 0, it changes to £ in a
successful CAS() operation in line 40 of some clear(¢#’) operation. Since left and right both equal co in this
case, min {¢’, left, right} = min {£’, co, co} = ¢/, which implies that ¢’ = ¢ and proves the claim for this case.
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Otherwise, suppose that 1 < j < h/2, i.e,, T[j] has at least one non-leaf child. Again, T[j] changes in line 40
of some clear(¢’) operation. This time, £ = min {¢’, left, right}, which is one of ¢’, left, or right. If £ = ¢/, the
claim is immediately satisfied. Otherwise, £ equals either left or right, so one of the non-leaf children of T[],
T[2j] or T[2j + 1], respectively, is set to ¢ at the time of the read in line 35 or 36, which occurs before point ¢. In
this case, we repeat the argument for this larger value of j, which eventually leads to some j > h/2 and proves
the claim. m]

LEMMA 2.16. For each node T[j] where1 < j < h+ 1, the value of T[] is non-decreasing over time. Also, the
value in T|j] is not larger than the value of its children T[min {2j, h + 1}] and T[min {2j + 1, h + 1}] at any point.
(In other words, T satisfies the min-heap property, although we are not using traditional heap operations.)

Proor. We will prove the following two claims by induction over points in time ¢, using the fact that only
line 40 can change T[j] for 1 < j < hand that T[h+1] is always set to its initial value of co. (Recall that we define
points so that at most one shared memory operation takes place at each point, and that each shared memory
operation takes place at a positive integer point in time.)

Forall1 <j<h+1,
T[j] never decreases at any point in [0, ..., t], and (2)
T[j] € min{T[min{2j,h+ 1}],T[min {2j + 1, A+ 1}]} at all points in [0,...,]. (3)

At point ¢ = 0, (2) holds trivially and (3) follows from the initialization of T. Also, both claims hold for all ¢ for
Jj=h+1,since T[h + 1] always equals co and using the convention that co < co.

Now, suppose that (2) and (3) hold for point ¢t = s — 1. If point s is not the point of a successful CAS() operation
in line 40, then (2) and (3) also hold for point ¢ = s because only a successful CAS() in line 40 can modify T.

Suppose then that some process p executes a successful CAS () in line 40 at point s as part of a clear (£) operation
for some ¢ > 0 and some j in {1,..., h}. This CAS() successfully changes T|[j] from node to min {¢, left, right},
where node, ¢, left, and right refer to p’s local variables. Process p executes lines 34-36 at points t; < t; < t3 < s,
respectively, i.e., (node, left, right) = (T, [j]. T, [min {2j, h + 1}], T,, [min {2j + 1, h + 1}]). Using the inductive
hypothesis for t =s — 1,

node = T;, [ j]
< min {T,, [min{2j, h + 1}], T, [min {2j + 1, h + 1}]}
< min {th [min {2j,h+1}], T, [min {2j + 1, h + 1}]}
= min {left, right},

where the first inequality follows from (3) and the second inequality follows from (2). Therefore, p can only
decrease T|[j] at point s in line 40 if £ < node.

Suppose for the purpose of proving a contradiction that £ < node: using Claim 2.15, a clear (node) operation
is invoked before #;. From (1), some clear(¢) operation responds before the first invocation of clear(node),
which in turn is before t;. From the conditionals in lines 32 and 38, we have that T[1] > ¢ before the first response
of clear (£), which again is before t;. Finally, applying (2) for the point before s when p executes line 38 implies
that T[1] is still at least ¢ at that point, so p returns and does not execute line 40 at point s. This contradicts that
{ < node and therefore proves (2) for point ¢ =s.
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To show that (3) also holds for point ¢ = s, observe that
Ti[j] < min {left, right}
= min {T;, [min {2j, h + 1}], T, [min {2j + 1, h + 1}]}
< min{T;[min {2j, h + 1}], T;[min {2j + 1, A + 1}]},
where the last inequality follows from applying (2) for t = s to T[min {2j, h + 1}] and T[min{2j + 1,h+1}]. O

COROLLARY 2.17. At the timet of the first response of any clear (£) operation, for a givent, allT[j] for1 < j < h
are set to exactly {.

Proor. First, using the min-heap property of T as proven in Lemma 2.16 and that clear(¢) can only respond
when T[1] > ¢ (in line 32 or 38), it immediately follows that T[j] > ¢ forall 1 < j < h at point ¢.

Next, suppose for the purpose of proving a contradiction that, for some T[j] with1 < j < h, T[j] =6 > ¢
at point . Using Claim 2.15, some clear () operation is invoked before t. However, this contradicts (1), since
¢, > ¢ and clear (£,) is invoked before the first response of clear (f). |

LEMMA 2.18. Suppose that C[i][j + 5¢] = v # L at the time t of the first invocation of clear(¢) for a given
integer £ such thati = [£/2] mod 2 and j € {1,...,h}. If a clear(¢) operation responds at point t, > t, then
Clil[j + 5¢] # v at all points at and after t,.

ProOF. Let t; € (1, 2] be the point of the first response of any clear (£) operation. From Corollary 2.17, at
point t1, T[j] = £. From Claim 2.15, T[j] may only be set to £ after point . Therefore, T[j] changes its value to ¢
at some point in the interval (¢, t1).

Consider the process p that first changes T[] to ¢ in the interval (¢,¢;) and call this point ¢;. Only line 40 can
change T[], so p executes that line as part of a clear({,) operation. In line 40, p performs a successful CAS()
on T[j] to min {fp, left, right} = ¢ < £,. From (1) and that t; < t; (i.e., T[j] changes to ¢ before the first response
of any clear(£) operation), £, < f; therefore, £, = £. By definition of ¢, p invokes clear(¢) at or after point ¢.

It thus follows that at some point in (t, tj), p executes line 39 of its clear (f) operation, i.e., it attempts a
CAS() operation to L on the corresponding array element C[i][j + 5¢] where i = | £/2] mod 2. The CAS() on
Cli][j + 5¢] either succeeds, in which case C[i][j + 5¢]’s value changes to L, or fails, in which case C[i][j + 5¢]
changes in between p’s execution of lines 37 and 39, both of which occur after point ¢. Therefore, C[i][j + 5¢]
changes at some point in (t, tj) C (t t). Because only propose() operations can write non-.L values to C, and
because no two propose() operations can propose the same value, the lemma follows. |

Cramm 2.19. If anunlock(v) operation modifies S, P, or T at point t, then S;.val = v.

Proor. Suppose that an unlock (v) operation op modifies S, P, or T at point ¢. Then, op executes either 19, 27,
28, or 40 at point t. Each of these lines consists of a CAS() operation for which the new value includes a sequence
number no larger than op’s local value of ¢ + 1, which it reads in line 16 at point ¢’ < ¢.

Now suppose for the purpose of proving a contradiction that S;.val # v. Since S.val = v and S.¢ is odd at point
t’, and since only a successful CAS() on S in line 15 can change S.val, which also increments S.¢ from an even
to an odd number, it follows that S;.£ > S,/.¢ + 2. This immediately contradicts the case in which op executes a
successful CAS() in line 28, since this CAS() would change S.£to £ +1 = Sp.£ + 1.

From Lemma 2.9, P.£ is incremented to Sy .£ + 1 before the point when S.¢ is incremented to Sy .¢ + 2, which in
turn is no later than point ¢. This contradicts the case in which op executes a successful CAS() in line 19 or 27,
since such a CAS() increments P.f to a value at most Sy .f + 1.

Finally, from Corollary 2.13 and Lemma 2.9, some clear (£) operation responds before t. Using Lemma 2.16
and Corollary 2.17, all values in T are at least ¢ at and after point ¢, and which contradicts the case where op
changes T to a value at most ¢ at point .
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Since all cases lead to a contradiction, the claim follows. O

2.3.5 ABA-Freedom. In this section we will prove that the sequence of non-_L values stored in S.val exhibits no
ABAs, i.e., each successful choose&lock() either changes the interpreted agreement-value to a new non-_L value
in V or sets or leaves it at L.

CraiM 2.20. At all points in an execution, S.i = |S.£/2] mod 2.

Proor. First, recall that S.i and S.¢ are both initialized to zero. Second, note that | S.£/2| mod 2 is the second-
least significant bit of S.£. Third, note that each update of S, in line 15 or 28, increments S.f by one. Fourth,
using Observation 2.1 and Lemma 2.5, every second update of S occurs at the response of a successful unlock()
operation, which also flips the value of S.i to 1—S.i, and no other operation can change S.i. The claim follows from
the fact that the second-least significant bit of an integer flips with every second increment of that integer. O

CrLamM 2.21. Let s be a positive integer such that t'F < co. IfPyp.pval # L or2s —1mod A > A — 4, then let
As = A; otherwise, let As = 5¢.

Ifv # L is written to entry C[StgL.i] [j] before tFC, where j € {1,...,As} \ {¢}, thenv is not stored in array C at
any point after tYL. Ifo # L is written to entry C[S,ci.i][¢] before tCL, then v is not stored in array C at any point
after tVL.

Proor. Recall that v is only written to C when it gets proposed in line 2, and only to one entry in C, and no
value can be proposed twice. It thus suffices to show that either

l’CL tUL

e C[S,cr.i][j] changes at some point in (t;pc, tSUL), or (51, tYF) in the case of j = ¢, or

® C[S,ct.i][j] = L throughout that same interval.

Only unlock(), clear () and propose () can modify C. Line 2 of a propose () operation can change C[StsCL A][j]if
(e, B) = (StSCL‘i, Jj)-Lines 21, 25 and 39 can also change C[S;cr-i][Jj], by executing a successful C[Stsa .i][j].CAS (o, L).
First, consider the case where j € {1,...,5¢} \ {¢}, and let op be the successful unlock() operation that

responds at tVL. Since the unlock () operation is successful, op completes the entire for-loop in lines 22-25. If
C[S;cr.i][j] = v when op reads C[S,ct.i][j] in line 23 and C[S,ct.i][j] = v when op executes its CAS() in line 25,
then C[Stsa.i] [j] changes to L. By Lemma 2.9, op starts the for-loop after t and (since op’s response is tUL)
#PC UL

s 7S

finishes the loop before tVL. Hence, if Cype[Sycr.i][j] = v # L, then at some point in (
in C gets erased or overwritten.

Next, consider the case where A; = Aand j > 5¢. By definition of s, either P,rr.pval # L or2s—1 mod 1 > A-4.
From Lemma 2.12, a clear (2s — 1) operation responds before tSUL. From Definition 2.8 and that clear (2s — 1) can
only be invoked in line 26 from an unlock() operation that reads 2s — 1 from S in line 16, the first clear(2s — 1)
operation is invoked after tC. Therefore, using Claim 2.20 and Lemma 2.18, either C[S;cr.i][j] changes in
(tSPC, l’SUL) or CtsC'L [StgL.i] [j] = L.

Finally, consider the case where j = ¢. From Lemma 2.9, the first unlock() operation invoked after t* to
execute line 19 has a successful CAS() on P at point t/* (operation opip in that lemma’s proof), and so Pyrr.pual
is the value that op;, reads from C[S,cr.i] [#] in line 18. From property (3) of Lemma 2.9, if P,rr.pval # L then

) the value v stored

C does not contain P,rr.pual after tPC. Since the value of C[S,cr.i][¢] was P,rr.pual at some point after tL, it
follows that either C[S,cr.i][j] changes in (tSCL, tVL) or Crer[Ser ][] = L. O

LEmMMA 2.22. Let t; < t, be two points in time such that S;,.val = Sy,.val = val # L. Then

(a) no successful choose&lock() operation responds in (t1,t,], and
(b) S;.val =val forallt € (11, t].
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Proor. Part (b) follows from (a), because according to Observation 2.3 S;.val may only change at the response
of a successful choose&lock () operation. Hence, it suffices to prove (a).

For the purpose of proving a contradiction, assume that a successful choose&lock() operation responds in
(t1,t2], and let t’ € (#1, t2] be the response of the last such choose&lock() operation d. The process executing
d reads val from C[i][j] for some i € {0,1} and j € {1,..., A} and at point ¢’ it writes it into S.val (in line 15).
Hence, C contains val at a point after the first shared memory operation of d executes.

Since S.val begins as L, a successful choose&lock() operation d’ prior to d sets the interpreted agreement-
value to val, at point tsc,L for some s’. Since no value is proposed twice, d’ also reads val from C[i][j]. From
Lemma 2.5, a successful unlock() operation responds in between the responses of d and d’. Let u denote the
first such successful unlock operation, which responds at point tgL from Lemma 2.9. From Observation 2.6, u is
invoked after d’ responds and responds before d is invoked, so the interpreted agreement-value at the invocation
of u is val.

If j < 5¢, then from Claim 2.21, val is not stored in C by the response of u, which contradicts that C contains
val at the point of d’s invocation. If j > 5¢, then d”’s local value of low is higher than 1 after line 11, so d’ reads
Clil[¢] # L in that same line. From Claim 2.11, C[i][@] # L until at least tf,c > tSL. Thus, by Definition 2.8
and Lemma 2.9, PtP',L .pval # L, and so by Claim 2.21 C does not contain val after tgL, again contradicting that C

contains val at the point of d’s invocation. ]
2.3.6 Linearizability.
THEOREM 2.23. The algorithm in Figures 1-3 is a strongly linearizable implementation of an RC object.

Proor. Recall that the sequential specification of RC is specified in Section 2.

A read() operation opg returns S;.val at lin(opg), and does not change the status or interpreted agreement-
value of R. Similarly, a propose() opp does not change the status or interpreted agreement-value at lin(opp),
and it also does not return anything.

Now consider a choose&lock() operation opc. It follows immediately from Section 2.3.1, the CAS() in line 15,
and if-condition in line 4 that a choose&lock() is successful if and only if the interpreted locking state of R is
unlocked at point lin(opc). (Recall that, for unsuccessful choose&lock() and unlock() operations opr, lin(opr)
is immediately after lin(ops) when ops is the operation which first changes S after opy’s invocation.) Since by
Lemma 2.5 a successful choose&lock () operation changes S.f from an even to an odd value, and by Section 2.1 R
is locked exactly when S.¢ is odd, a successful choose&lock () operation changes R’s status to locked. If successful,
then by Lemma 2.4 the new interpreted agreement-value was previously proposed, and by Lemma 2.22 it is either
1 or different from all previous interpreted agreement-values. If unsuccessful, then it does not change the status
of R, and by Observation 2.3 also not the interpreted agreement-value.

Next consider an unlock() operation. If an unlock(val) operation opy is successful, then from line 17 the
status of R is locked and the interpreted agreement-value is val at op,, (in line 28 by Observation 2.1) and the
operation unlocks R at opy.

If an unlock(val) operation opy; is unsuccessful, lin(op;;) could be in op(,’s execution of line 16 when R is
unlocked or has an interpreted agreement-value different from val. Otherwise, lin(opy;) is immediately after the
first shared memory operation which changes S after line 16, at which point R becomes unlocked. In either case,
R is unlocked or has an interpreted agreement-value different from val at point lin(op(;). Thus, an unlock (val)
operation is successful and unlocks R if and only if the status of R is locked and with interpreted agreement-value
equal to val at point lin(op(,).

From all the above we conclude that if we order all operations op with lin(op) < oo by lin(op), then we obtain
a valid sequential history. By the definition of /in and by Observation 2.2, lin(op) is between the invocation and
response of op. This proves linearizability.
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lin also defines strong linearization points: consider a prefix E’ of an execution E that ends at point ¢ = lin(op).
From the definition of lin, op also linearizes at point ¢ in E’. Hence, each operation in E’ linearizes at the same
point in E” as in E. Since this is true for all prefixes E’ of E, strong linearizability follows. ]

2.4 Distribution of Agreement-Value

In this section, we analyze the distribution of the interpreted agreement-value of an RC object after a successful
choose&lock() call. Since Theorem 2.23 shows that lin defines strong linearization points, we can refer to lin(op)
as the linearization point of op.

We consider an execution E on an RC object R scheduled by the instruction pointer-aware, or ip-aware, adversary
as follows.

Definition 2.24 (ip-aware adversary). We define a step of an execution as a single shared memory operation
(i.e., a single read, write, or CAS()) and all preceding local operations by the same process. At each step in the
execution, the adversary gets to choose the process p to take the next step based on the adversary’s available
information. (The adversary’s choices can be probabilistic.) If p has no pending next line, then the adversary
chooses also a method for p to invoke, including the arguments of that operation. For each process that has
taken at least one step, the adversary can see the process’s most recently executed line number in the program
code, and whether it is the response point of an implemented method. If a process responds from a method call
invoked by the adversary, then the adversary can also see the return value. The adversary cannot directly see the
value of shared memory variables, processes’ local variables including the outcomes of their random coin flips, or
the return value of helper methods. (We relax some of these restrictions in the analysis.)

Our definition helps overcome a shortcoming of other adversary definitions: Usually such definitions limit
what information about the past execution an adversary is allowed to take into account when deciding which
process gets scheduled to take the next step. But if a randomized algorithm uses atomic objects, then the adversary
has less information available than if the algorithm uses (e.g., linearizable) implemented objects. This means the
analysis of a randomized algorithm must, in general, take into account the exact implementation of any object
that is used by the algorithm. It is very difficult to specify types in such a way that any object satisfying the
specification behaves the same way under a given adversary model. Strong linearizability fixes this problem for
the strong adaptive adversary model, in the sense that all strongly linearizable objects can be assumed to be
atomic for the purpose of analyzing a randomized algorithm using them. But no similar correctness condition
is known for any other adversary model. Even worse, e.g., for the oblivious adversary, any such correctness
condition would be infeasible to obtain [7]. To overcome this impasse, our ip-aware adversary definition explicitly
states what information the adversary can learn from implemented method calls. This carefully chosen definition
allows us to analyze the BDCAS algorithm, even though it uses an implemented RC object.

For RC, the propose(), choose&lock(), unlock(), and read() methods are directly invocable by the RC
adversary, whereas the clear () method is a helper method, and can only be invoked by an unlock() operation
in line 26. For the BDCAS adversary we use in Section 3.5, the BDCAS() and read() methods of BDCAS are
directly invokable by the BDCAS adversary, and the finish() method and all the RC methods are helper methods
that can only be invoked within other methods.

In the analysis, we assume that the adversary has some extra information on the past execution. We define the
trace for an execution with respect to an RC object, and in Definition 3.28 with respect to a BDCAS object.

Definition 2.25 (RC Trace). For an execution E on an RC object R, we define the trace Tr(E) to be a sequence
that indicates for each step o > 1 of E:

(i) the process p that executes step o3
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(ii) if step o is the first step (i.e., the invocation) of an implemented method call of RC, the name and arguments
(if any) of that call;
(iii) the line number corresponding to step o, including information on whether o is the final step (i.e., the
response) of its method call;
(iv) the value of R.S.val at step o — 1;
(v) the values of R.S.¢, R.S.i, R.P, and R.T[1] at 0; and
(vi) if step o is the response of a propose (v) operation, the value chosen for a.

Because the analysis for RC always involves a single execution E on a single RC object R at a time, we use the
notation 7 (¢) as shorthand for 7 (E;), where E; is the t-step prefix of E. We also define 77 () without arguments
as shorthand for 7 (E).

Definition 2.25 does not explicitly specify the return values of methods invoked by the adversary. However,
because only the read() method returns a value, which is the value of S.val, and at most one shared memory
operation takes place per point in time, the adversary can deduce the return value of read() from (iv).

Recall from Definition 2.8 and Lemma 2.9 that, for each s > 1, tsCL is the s-th linearization point of a successful
choose&lock () operation and tUF is the s-th linearization point of a successful unlock () operation. For both
points, they are oo if they do not exist, and we additionally defined that tS* = tF = 0. If v € V is proposed in
execution E, then we let r, denote the point when v is proposed; otherwise, r, = co. Finally, for s > 1, ps denotes

the number of proposals v such that tV% < r, < tgrLl

Definition 2.26 (Outdated/recent values). Value v € V is outdated in execution E if r, < t¢F and tgf{ < oo for
some s > 1. If v is not outdated and r, < o then v is recent.

Main Theorem Statement. The main result we prove in this section is the following theorem, which gives an
upper bound for the probability of selecting any given recent proposal as the interpreted agreement-value and an
upper bound for selecting L. Recall that S.val is the first component of R.S, and S.val € V U {1}.

S =(ugyi*2s*—1) S=(uyl-1i*2s%) S=(u,1-i%2s"+1) S=(uy,i*2s"+2)
A — A — A —

—_~ _— —_— _— -~
S = (StCL .val,i*,2s* + 3)

H I I I o

choose&lock () unlock (u;) choose&lock () unlock (uy) choose&lock ()
CL UL ¢CL UL £CL
s* Lo s*+1 s*+1 s*+2
— 7
~—
\ ps+ = Number of proposals in this interval /

~—

Set of recent proposals in E cL
s*+2

Fig. 4. Setup of Theorem 2.27

THEOREM 2.27 (SELECTION OF RECENT PROPOSALS). Let E be an infinite random execution in which the ip-aware
adversary as described above schedules calls to the methods of an RC object R, and let E; be the prefix of the first t
steps of E. We additionally impose the following restriction on the adversary:

; ; ive pUL UL
(R) For everys > 0, a bounded number of method calls of the RC object are invoked between points t;~ and t_,;.
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Let s* > 0. There exists an integer random variable g = g+ (T (tUL,)) satisfying
0 < gs < ps- and E [gs* EtLiL] =(1/2)-E [Ps* Et[iL] , (4)
such that the following hold. If v is a recent proposal of execution E,cL , then
s*42
11 3
Pr [Sta val =0 T(tsc*ﬁz)] <————+- (5)
s*42 max {g;, 11} n

and
Pr [Stsc*iz.val - ( fr(tgﬁz)] < (1/log n)%". ©6)

The next result bounds the probability of selecting an outdated value as the interpreted agreement-value.
THEOREM 2.28 (SELECTION OF OUTDATED PROPOSALS). Let E be an execution under the same assumptions as
Theorem 2.27. Let ¢ = | 2s/A]. There is a rare ‘bad’ event By = By (EtliL) satisfying

E,cL

cA/2+1

Pr [Bs*

]S 1/n?,

such that if D is the set of outdated proposals in E,ct , then
s*42

Pr [(StCL wal € D) A By
s +2

‘T(tsc*ﬁz)] < 6/log” n.

2.4.1  Proof of Theorem 2.27. In the following we omit the prefix R when we refer to variables of R, e.g., we write
S instead of R.S. From Lemma 2.9 and that S.i alternates between 0 and 1 at each successful unlock() operation’s
linearization point, there exist values ug, uj, u; € V U { L} and an integer i* = (s* + 1) mod 2, such that:

(up, i*, 25" — 1), if t € [t<L,1UE)
(up, 1 — i*, 25%), ift e [tUL,CL))
Se=1{(u,1—i% 25" +1), ifte [tCL tUL) (7)
(w1, 1", 25" +2), ift e [tUL 1CL)
(uz, i*, 25" +3), ift =k,

(7) follows from observing when each component of S can change. S.val may change only at the linearization
point of a successful choose&lock() call. S.i changes precisely at the linearization point of a successful unlock()
call. Lastly, S.f increments by one at the linearization point of each successful choose&lock() and unlock() call.

Values ug and u; can be inferred from T(tsc*ﬁz), but, in general, this is not the case for uy, as 7~ (tscﬁz) does not
indicate u,.

Recall that each value u € V is proposed at most once, and let W C V be the set of all values proposed in Etclﬁz'
For each u € W, let C[a,][fu] be the array entry that u in written to at point r,,, in line 2. Note that r, andsau

can be inferred from ‘T(tsc*l;z) for any u € W, but, in general, 8, cannot. We define sets of proposals L and Q as

L= {u EW:a,=i"r, € (tsc*L, l‘sc*l;z)},
(8)

s* 0 tst+l

Q= {ueW:(xuzi*,rue (tUL UL )}

Q consists of the proposals to C[i*] in the green interval in Figure 4, and L consists of the union of Q with
the proposals to C[i*] in the yellow intervals of Figure 4. L is also the set of recent proposals to side C[i*] in
execution E,cr .

s*42
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We now prove (5). Recall from Definition 2.8 and Lemma 2.9 that t/* is the unique point in (tF, tY1) in which
a process executes a successful CAS() on P in line 19, which we refer to as a pivot-lock point.

LEMMA 2.29. Leta € {0,1} and b € {1,...,A}. Suppose a propose() operation writes some valueu # L to
Cla][b] at point r,, and let t2F be the first pivot-lock point after r, such that S;pr.i = a. If at most one successful

unlock() operation linearizes in the interval [ru, tﬁL , then C;[a][b] # L forallt € [ru, tﬁL].

Proor. For the purpose of proving a contradiction, suppose there is a point in (ry, tgL] at which C[a][b] = L.
The value of C[a][b] can change to L only as a result of a successful CAS() operation in line 25, 39, or (when
b =¢)21.

Consider the case where the successful CAS() occurs in line 25 [or 39]. There is a point t,@2s5 € (ru, t?‘] at
which some process p executes a successful C[a] [b].CAS(u’, L) operation in line 25 [or 39] for some value u’ # L
(possibly u” = u). Let r,y < tp@2s be the point when u’ is written to C[a] [b] for the first time. Then r,, is the
linearization point of a propose (u") operation. Since the type’s specification requires that each value is proposed
at most once, we have

Cila][b] =v' ifand only if ¢ € [rur, tp@25)- 9)

In particular, since u is written to C[a] [b] at point r,, and t,@2s is a point in (ry, tf*L) at which C[a][b] changes
from v’ to L, we have

ru < Tw < tpazs < thF. (10)

Prior to tp@2s, process p reads S in line 16 at point t,@1s and reads S again in line 24 at point t,@24 [or reads
T[1] at point t,@s33]. Due to the if-condition in line 24 and that S does not experience ABAs, the value of S does
not change in [tp@lé, tp@24]. [In the case of line 38 within the clear () method, by Lemma 2.16 T[1] becomes
permanently at least s before any clear(s) operation responds, which by Corollary 2.13 occurs before any
unlock() operation can increment S.¢ past s. Therefore, the value of S does not change in [tp@lé, tp@33] .] Since
tp@23, the point when p reads u’ from C[a][b] in line 23 [or 37], is in that interval, and from the if-condition in
line 17 it follows that

Rty is locked, and Sy .1 = a. (11)

By (9) and (10), tp@23 € [rur, tp@25] c [ru, tff“). Since an unlock() operation performs a successful CAS() on P
in line 19 at point tf*L, and using Lemma 2.9, R is locked at tf*L; by the lemma’s definition of tgL, Sypr.i = a. Recall

that

e at most one successful unlock() operation linearizes in the interval [ru, tgL] ) [tp@23, tfiL],

e S does not change in the interval [tp@l(), tp@24] [or in the interval [tp@l(,, tp@gg] 1,

e S.i=aatboth ty@4 [or tp@3s] and tfiL,

e and S.i changes when and only when a successful unlock() operation linearizes.
Therefore, no successful unlock() operation linearizes in the interval [tp@l(,, tﬁL].

Recall that tﬁL is the point of a successful CAS() on P in line 19. From Observation 2.7 and Lemma 2.9, since

S does not change in [tp@l(,, tp@24] (or [tp@l(,, tp@38]), and t,@19 is in that interval, it follows that P.f > S.¢
tfiL succeeds, it follows from Lemma 2.9 that S becomes unlocked
and locked again in between t,@19 and tﬁL in order for P.¢£ to become less than S.f immediately before the

immediately after ¢,@19. Since the CAS() on P at

pivot-lock point. This contradicts that no unlock () operation linearizes in [tp@l(,, tfiL] and rules out that C[a][b]
changed to L as a result of a successful CAS() in line 25 or 39.

The successful CAS() operation therefore occurs at an execution of line 21 from some process p at point
tp@21, Which implies that b = ¢. From Lemma 2.9 and Claim 2.11, the successful CAS() occurs at point tﬁc in the
lock/unlock cycle for some s’, while S.i = a. Since point tﬁc is after tf:L, the next pivot-lock point at tfiL > @21
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occurs after two successful unlock () operations linearize, at which point S.i = a again. This contradicts the

assumption that at most one successful unlock() operation linearizes in [ru, tgL ] 2 [tp@21, tﬁL]. O

We next show that for any v € L, it is possible that u, = v only if, for all proposals u € Q, f, +1 # f,.
LEmMaA 2.30. Ifv € L anduy = v, then S, + 1 # B, forallu € Q.

Proor. If f, = A, the lemma follows trivially from the non-existence of C[i*][A + 1]. Suppose that v € L and
uy = v, and assume, for contradiction, that there exists some u € Q such that §, + 1 = f5,,.

Let A* be the successful choose&lock() call that linearizes at tsqlz’ and p the process that executes A*. From
), Stf;ﬁz'i =i", so p reads value v from C[i*][], for some 1 < j < A. Since value v is written to C only once, at
point r,, it follows that a, = i* and f, = j.

Then, since u € Q, value u is written to C[i*][f,] at point r, € (tUL,tUL ). We can then apply Lemma 2.29 to
obtain that C,[i*][f,] # L forallt € [ru, tscfrz] From Observation 2.6, A* is invoked after tsl{fl. Thus, if p reads
the value of C[i*][f,] while executing A%, then it reads a non-L value.

The binary search in the choose&lock () method in lines 5-9 begins with a range of length A, which equals a
power of two times ¢ — 1, and stops when the range length becomes at most ¢ — 1. Since the range is divided by
two with each iteration, the range [low, high) has length exactly ¢ — 1 by line 10, and high is one more than a
multiple of ¢ — 1. If 8, is neither a multiple of ¢ — 1 nor one plus a multiple of ¢ — 1, then p reads v from C[i*][S,]
in line 13 and then reads C[i*][f, + 1] = C[i*][B.] in the next for-loop iteration in line 13. If §, is one plus a
multiple of ¢ — 1, then either p reads v in line 8 and the if-condition in line 11 evaluates to false, or p reads v
in line 10 and the if-condition in line 11 evaluates to true. In both cases, p reads C[i*][f, + 1] = C[i*][f.] in
its first execution of line 13. In all cases discussed so far, by the previous paragraph C[i*][f,] contains a non-_L
value when p reads it, and by line 14 p does not choose v as the new interpreted agreement-value, which is a
contradiction.

Finally, if j3, is exactly a multiple of ¢ — 1, then S, + 1 = high = f,, immediately after line 11. Since high is
initialized to A + 1, and S, < A, high first changes to f3, in either line 9 or line 11. In both cases, p reads L from
C[i*][Bu] before setting high to f,. This once again contradicts that p reads a non-.L value from C[i*][f,]. O

The next key lemma states that the conditional probability that a proposal v with r, > tsPiL is written to entry

Cli*]1Jj], given T (tsc*frz), the entries where all the other proposed values were written, and that «, = i*, is exactly
7Tj.

Lemma 2.31. IfthE < ry < 1CE, and a, = i*, then forany1 < j < A,
Pr [ﬁv =j | T(tsgﬁz) , {(u Bu) :ueV\{v}andr, < tscfrz}] = 7;. (12)

Proor. Recall that T(tsc*ﬁz) includes neither the outcome of process’s coin flips nor the contents of C, but it
does include the values «, for all proposals v such that r, < tsc*ljrz. Therefore, the probability that a propose (v)
operation selects §, = j, given 7 (), is 7;. It thus suffices to show that the adversary does not learn anything
about f, in the interval [rv, ts(’:ﬁz] for all v such that tﬁL <ry < tsc*ﬁz and a, = i*.

The only information included in the trace that can be directly affected by the choice of §, consists of the
values of S.val and P.pval. From Lemma 2.9 and Definition 2.25, the only points in [rU, tsc*ﬁz] in which S.val and
tsc’:ﬁl’ t?ll’ and tsfffrl. From Observation 2.7,
P.pval = 1 at tfic and tC | so it does not reveal anything about any proposals. Using Lemma 2.9, the values of

s*+1°
uy and P,r. .pval are read from C[1 — i*]. Therefore, any proposal written to C[i*] in (tf*L, tsc*ﬁz) does not affect

the selection of u; and P,r. .poal. The adversary thus does not learn anything about the value $, of proposals to
“val (#PL CL
st 2 Ts* 42

i cL PC
P.poal can change and be visible to the adversary by ¢, are ..,

C[i*] written in the interval ( ), and so the lemma follows. O
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Recall from line 1 that 7; = 27/, for j € {1,...,A— 1}, and 1} = 2+

LEMMA 2.32. Let Xy,..., Xy be random variables that take values in the set {1,2, ..., A}. Suppose that for each
1<i<k-1landl <j<APr[X;=j|Xy,....Xi—1] = ;. Then, Pr[Xp +1 # X; foralli € {1,...,k-1}] <
7/max {7, k} + 2771,

PRrooF. Suppose that k > 8 and A > 2, otherwise the claim holds trivially. Let 3,1 = 0 for convenience.

Pr(Xy+1# X;forallie{1,...,k—-1}]

A
- ZPr[szjandXi #j+1forallie{1,....k—1}]
j=1

2—j’—|_log(k—l)J—le—z‘j"u"g(k‘m‘z(k—l) s
Jj'==|log (k-1)]
< Z ij’flog(kfl)672’f/’1°g<k’1>’2(k71) 4o

Jj'eZ

1 A _
=—— ) 27/ Ty oA

where for the last inequality we used that k > 8. ]

LEMMA 2.33.
11

3
3 cL _  +—
Pr [uz =v | T(t5*+2)] < max {11, |0} * n

Proof. From Lemma 2.31, conditionally on T(tsc*jjrz) and that r, > tﬁL , the collection of random variables
Pu, u € Q U {ov}, satisfy the conditions of Lemma 2.32, which gives

Pr[f,+1# By forallu € Q] < 7/|Q U {o}| + 27**.

The analysis for the case where tgL <ry < tgL is slightly different, because at point tﬁL the adversary learns
the value of P.pval, which can be influenced by previous proposals written to C[i*][¢]. If P,r..pval # L, then by

Claim 2.21 v is not present in C by point tgL, and so by Observation 2.6 u; # v with probabﬂity 1 given T(tgfrz).
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Otherwise, if PtPL .pval = 1, then by Claim 2.11 the adversary knows that no proposal in (t(’:L, tf L) writes to
Cli*]1[¢], and in partlcular that v is not written to C[i*][¢]. Since the adversary does not know anything else

about f,, using a slightly modified argument from Lemma 2.31 it follows that

Pr[ﬁz,—]’T(SJrz) {(uﬂu) ueV\{v}andru<ts+2}Pprval J_] 1_”¢

Since the distribution for proposals in Q are unaffected, we can modify the result from Lemma 2.32 by multiplying
the upper bound by 1/(1 — 7). From

7 = 5~Tloglogn]
< 9~ loglogn
= 1/logn,

1/(1-my) <1/(1-1/logn).
Therefore, the upper bound of the probability that , + 1 # f, for all u € Q for the case where tsC;L <ry < tgL
and Ptf*L poal = L is

7/max {7,|Q U {o}|} + 274 < 7/max {7,|Q U {o}|} + 27 legn+!
1-1/logn B 1—-1/logn
7/max {7,|Q U {v}|} + 2/n
1—-1/logn

Since the result is trivial when |Q U {v}| < 7, we can use that logn > 3 and |Q U {v}| > |Q| to simplify the upper
bound to

7/max{7,|Q U {v}|} +2/n < 11 N
1-1/logn " max {1L|Q|} n
Combining these cases with Lemma 2.30 proves the lemma. m]

To complete the proof of (5), we show that |Q| satisfies the given requirements for the random variable g;- in

(4).

CLAIM 2.34.

0<|Q| < ps and E [IQI )EtgL] =(1/2)-E [Ps*

EtHL:I .

Proor. Since Q is a subset of the set of proposals in (tUL tsUfrl) it follows that 0 < |Q] < ps-.
Next, consider the random variable A; for t € (tUL tU+1] where we define A; as the number of proposals to
C[i*] in (tUL t] minus the number of proposals to C[1 — i*] in tUL t] ie., AtUL = 10| — (ps+ — |Ql). For any

proposal u € W, the value of ¢, is chosen uniformly at random between 0and 1in line 1 at point r,,, independently
of all events prior to r,. Since we define a step as consisting of a shared memory operation and all preceding local
operations by the same process, lines 1 and 2 of the propose() operation take place in a single step. Thus, the
execution does not contain any information about the chosen value of ¢, until the point r,, when u is written to
Clay] in line 2, so it follows that E [A; | E;—1] = A1, making A; a martingale. Since executions of line 2 change
the absolute value of A; by 1 and all other lines do not change A;, we also have that |A; — A;_;| < 1. Recall from

(R) that the adversary schedules a bounded number of method calls in between tgL and tlﬁl We can therefore
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use the Optional Stopping Theorem, which tells us that E [A,UL EtliL:I = 0. Therefore,

E [|Q| ’EtgL] -E [Ps* - |Q| )EtgL] =0
2-E [|Q| ) EtsliL:I =E [ps*
E [IQI )E[gL] =(1/2)-E [ps*

EtLiL:I

EtgL] . O
It remains to show (6). Suppose that |Q| > 0, otherwise (6) is immediate.

LEMMA 2.35. Ifu, = L, then for every proposalu € Q, B, > ¢.

Proor. For the purpose of proving a contradiction, suppose that u, = L and that, for some proposal v’ to
C[i*] in (¢4%,¢9E)), 1 < B < ¢. Using Lemma 2.29, no value proposed to C[i*] after tU* can be replaced with L
in the interval (tstL, tscﬁz] Thus, if 1* reads C[i*][f,], it reads a non-_L value in that position.

We first show that low = 1 after A* executes line 11. Suppose for the purpose of proving a contradiction that
A*’s local value of low is greater than 1 by the end of line 11. Then, A* reads a non-_L value from C[i*][mid] in
line 8 and sets low to mid in line 9, for some 1 < mid < A. Thus, 1* sets v to a non-_L value in line 9 and does
not overwrite low and v in line 11. The conditional in line 14 guarantees that v does not change to L again, so
uy # L; by contradiction, low = 1 by the end of line 11.

Since low = 1 by the end of 1*’s execution of line 11, A* reads L from C[i*][¢] at least once. A* can read L
from C[i*][mid] every time it executes line 8, in which case mid = ¢ in the last while-loop iteration from A being
a power of two times ¢ — 1. Otherwise, A* reads L from C[i*][¢] in line 11, and resets low to 1 and v to the value
it reads in C[i][1]. Therefore, f,, # ¢. Moreover, lines 10-11 and the for loop in lines 12-14 check all values of
C[i*][j] for 1 < j < ¢, and set v to the last non- L entry found. Since u, = L, A* reads L from all C[i*][j] entries

in this range. Since no value in C[i*] is erased in (tgL, tgﬁz], this contradicts that 1 < 8, < ¢. O

From Lemmas 2.31 and 2.35,
Pr [uz =1 ‘ ‘T(ts(’:.ﬁz)] <Pr [Vu €Q,pu>¢ ‘ ‘T(tg.ﬁz)]
A

S5 (P

ueQ \ j=¢+1
_ (2_¢)|Q|

1 \/@
< ,
logn

This proves (6) and competes the proof of Theorem 2.27.

2.4.2  Proof of Theorem 2.28. Recall that for each value v € W (where W C V is the set of values proposed in E),
v is written to C[a,][f,] at point r,, and ifv € V' \ W, then r, = co.
To set up the proof of Theorem 2.28, we define two subtypes of outdated proposals. Intuitively,

e a dangerous proposal might not be cleared when it should be, and the adversary can tell it exists with
high probability, and

e an inconvenient proposal might not be cleared when it should be, but the adversary can’t tell that it exists
with high probability.
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Definition 2.36 (Offset point). An offset point is a point t’C for a non-negative integer s such that either
Pyer.pval # L, 2s —1mod A > A — 4, or s = 0. We say that tPC is an offset point for side a if S;pe.i = a.

Remark 2.37. Since all the conditions for a point to be an offset point are visible in 7 (), the adversary is aware of
all offset points.

OBSERVATION 2.38. IfCla][¢] changes from a non-L value to L at point t, then t is an offset point for side a.

Proor. From Claim 2.11, t = tfC for some s, and C[a][¢] was equal to Pyrr.poal immediately before point ¢.
Therefore, Pth .pval # L, which makes ¢t satisfy Definition 2.36. m]

OBSERVATION 2.39. Suppose that t'C < oo is an offset point for side a. Then, any value that is in C[a][B] for

some B # ¢ before point tC, as well as any value in C[a][¢] before point t<F, is no longer present in C by point tVL.
Proor. This follows immediately from the combination of Definition 2.36, Lemma 2.12, and Claim 2.21. O

Definition 2.40 (Dangerous proposals). Proposal v € W is dangerous if r, < oo, By > 5¢, C;, [o][¢] = L, and
the last offset point on side «, before r,, t:;L, is such that |{u : tiL <r, < ru}l > 6log® n.

Definition 2.41 (Inconvenient proposals). Proposalv € W is inconvenient if r, < oo, f, > 5¢,and C,, [a,][¢] = L,
but it is not dangerous (i.e., it is one of the first 6 log? n proposals after the last offset point before r, on side a).

LEMMA 2.42 (FREQUENCY OF DANGEROUS PROPOSALS). Lets > 0 and a € {0, 1}. The probability of the event O,
that tFC is the offset point of some dangerous proposal is Pr [Os | Etfc] < 1/n

PrOOF. By Definition 2.40 and Observation 2.38, value v proposed at point r, > tIC is dangerous with t/€ as
its offset point only if there are more than (6 log®n + 1) proposals in the interval [t;3 c, rz,], and no proposal in the
interval writes to C[a][¢]. Accordingly, the probability that tC is the offset point for some dangerous proposal,
given E,pc, is at most the probability that the first (6log? n + 1) proposals after tC do not write to C[a][4]. (If
Cprela] [¢] # L, then the conditional probability is zero by Claim 2.11.)

For each of the first (6 log? n + 1) proposed values u after point t7C, the probability that u is proposed to
Clal[4] given T (r, — 1) is exactly 2%~! and independent of other proposals. Thus, the probability that all the
6log” n + 1 proposals do not write to C[a][¢] given E,rc is less than

2 2
(1 — 2—¢—1)610g " — (1 _ 2—[loglogn1—1)610g n

2
< (1 _ 2—loglogn—2)610g "

1 6log® n
=(1-
4logn

1 )4logn‘(3/2)logn

=(1=-
( 4logn
< 1/6(3/2)10gn

— 1/n(3/2) loge
< 1/n%. O

LEMMA 2.43 (FREQUENCY OF INCONVENIENT PROPOSALS). Let E be an execution such that t'C is an offset point on

side a, and let s’ > s be such that there is no offset point on side a in the interval (tfc, tsc,iz] and that Stc;L.i =a.
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tCL

Then, the probability that there exists an inconvenient proposal v such that a, = & and ry > tF'C, given T ( o

most 6/log® n.

), is at

Proor. Consider for this lemma a stronger adversary that knows the value f, of all proposals v that write to
C[1 - a], to C[a][B,] with B, < @, or that occur before t7C. Thus, all the proposals that the adversary does not
know about occur after t7C to C[a][f,] with 8, > ¢. The value of these unknown proposals do not affect P.pval
by point tsc,l;z, since they do not write to C[i][¢] for any i € {0, 1}. Similarly, since they do not write to C[i][¢],
they do not affect whether clear() is called, and hence do not affect T[1]. The values of unknown proposals
also do not affect S.val before point tsc,iz, which we show by contradiction.

Suppose that an unknown proposal affects S.val before point tf,frzz this can only happen if a successful
choose&lock() operation op in (tFC, tsc,frz) chooses an unknown proposal as the new interpreted agreement-
value for side a. Since unknown proposals v have 8, > ¢, it follows that op’s value of low is greater than 1
after line 11. Therefore, in line 11, op reads C[a][¢] # L, which by Observation 2.6 is after t’ and before op’s
linearization point in line 15 at point tsc,,L < tsc,fz, so s’ < s’ + 2. By Claim 2.11, C[a][¢] # L throughout the
interval after op’s read of C[a][¢] until just before tf,,c > tfF. By Definition 2.8 the successful CAS() on P at point

tf L sets P.pval to a non-_L value, and by Definition 2.36 this makes tg,c < tsc,frz an offset point. This contradicts

the assumption that there is no offset point in the interval (¢, tSL,|.

Since the remaining visible fields are S.¢, P.£, and S.i, none of which are affected by proposed values, the
adversary cannot learn about the location of any unknown proposals by tsc,fz.

From Definition 2.41, an inconvenient proposal v with &, = a and r, > ' has f8, > 5¢ and is one of the first
3log® n proposals to C[a] after t7C. For any given unknown proposal, its probability of writing to C[«][j] such
that j > 5¢, given the stronger adversary’s knowledge at point tSL,, is 275¢~1 /2791 = 274 Using the union

bound, the probability that any of the first 6 log? n proposals after PCs writes to C[a][j] such that j > 5¢ is at
most

6log?n - 274 = 6log? n - 27 4Mloglogn]
< 610g2 n- 2—410glogn

3 6log’n

log®n
6

- log?n

O

We can now prove Theorem 2.28. First, we specify that the ‘bad event’ after Etcc;{‘/zﬂ is the event where some
tcC/IL/zq’ tet

Let s, > 0 be the largest integer at most s* such that tic is an offset point for side i*. By Definition 2.36
and Lemma 2.9, s, > ¢A/2 — 1. From Observation 2.39, any value written to C[i*][j] with j # ¢ before tic and
any value written to C[i*][¢#] before tSCOL is not present in C after point tg L

We now consider a stronger adversary, similar to the one described in the proof of Lemma 2.43. For each
proposal with a, = 1 —i* or , < ¢, we reveal the value 3, at the time r, of the proposal. Additionally, at each
offset point, we reveal the value f3, for all proposals made before that offset point.

Since the result in Lemma 2.42 is conditioned on the full execution E up to the relevant offset point, it also
holds for this stronger adversary: thus, the probability that tﬁz € is the offset point for a dangerous proposal, given
the stronger adversary’s knowledge at point tﬁ:} €, is at most 1/n?. Since any dangerous proposal in C at point tg£1
has tf; C as its offset point, it follows that the probability of the bad event, given Etﬁ;c ) EthAL/2 E is at most 1/n?.

tUL

proposal in the interval ( ) is dangerous and present in C by point ¢_7,.
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By Claim 2.21, all values v such that r, < tic, a, = i*, and B, > 5¢ are not in C by point tsLiL. By the same
claim, all values v such that r, < tgL, a, = i*, and B, < ¢ are not in C by point tJ-. Thus, the only outdated

values in C[i*] at point ts[{fl are values v such that tic <71y < tsc*L, a, = i*, and f, > 5¢.If s, = s*, then
UL

tSC;L < tsic and so there are no outdated values in C[i*] at point ¢, .
not happening, by Claim 2.21 the set of outdated values in C[i*] at point tJ%, is exactly the set of inconvenient
proposals written in the interval (££€, tS*). By Lemma 2.43, the probability that this set is non-empty, given

T (tsc*frz), is at most 6/log? n. Theorem 2.28 thus follows from Observation 2.6 and that s, is read from C[a] by a

successful choose&lock() operation.

Otherwise, conditioned on the bad event

2.5 Step Complexity

The propose() and read() methods take a single shared memory step each, and the choose&lock () method’s
worst-case step complexity is in O(loglog n). The clear() method takes a variable number of shared memory
steps (and hence so does the unlock () method), so we discuss the expected amortized step complexity of clear ()
next.

2.5.1 Clear Method. The following lemma proves a result first derived by Michael Luby [20] and used similarly
to Martel and Subramonian [22]. We include this proof in order for the paper to be self-contained.

In this section, we use the term colouring to mean irreversibly changing a node from an uncoloured state to a
coloured state, as opposed to the definition used in the vertex colouring problem.

LEMMA 2.44. Let G be a directed graph consisting of the disjoint union of a set of m paths, each consisting of at
most d nodes. We want to colour all the nodes according to the following process: in each step, for each node we select
it with a probability greater than or equal to a parameter 0 < q < 1. The probability of selecting a particular node
in a given step is independent of the node selections in prior steps, and not necessarily independent of other node
selections in the same step. For every node selected in a given step, if it is the first node in the directed path or its
predecessor in the path was coloured before the step began, then we colour the node.

The expected number of steps to colour all nodes is in O((d +logm)/q).

Proor. For any fixed m the lemma follows from the fact that it takes at most d/q steps in expectation to colour
a single path of d nodes, so let m > 3. We show the lemma by proving that the probability that the process takes
more than ¢(d + Inm)/q steps is exponentially small in ¢ for ¢ > 4.

First, consider a single directed path of at least c¢(d + In m)/q nodes. In each step, at most one node may become
coloured: the first uncoloured node in the path is coloured in a step if and only if that node is selected in the step.
Since node selections in a given step are independent of prior step selections, in ¢(d + In m)/q steps the expected
number of colourings is at least ¢(d + In m).

Let X denote a random variable counting the number of steps in which a node is coloured after taking
c(d + Inm)/q steps in a path of at least c¢(d + Inm)/q nodes. We will find an upper bound for the probability
that X < d — 1. Since in a path of d nodes we stop colouring once we’ve coloured d nodes, the probability that
X < d —1is equal to the probability that we do not fully colour a path of d nodes. This probability is also an
upper bound for the probability of not fully colouring a path of less than d nodes.

Using Chernoff bounds,

d-1

X < —c(d+1nm)]

<d-1] =
Pr[ X <d-1]=Pr S Cd+hnm)

c(d+Inm)-(d-1)

=Fbr c(d+1Inm)

XS(I— )c(d+1nm)
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<Pr [X < (1 - C(d+lzl(zllgn(:i; In m)) c(d+1n m)]
3 (c=1)(d+Inm)

=Pr Xﬁ(l—m)c(d+lnm)
=Pr|X <(1— _1)c(d+lnm)]

<e (—c(d+lnm) ) /2)

( (c—1)* (d+lnm))

a2

Using that ¢ > 4, it follows that Cz;l 3/8, so

_CZ;} C_ld c—1< _% 3d c—1
m exp " < |m %exp 3 .

Now consider all m paths. Using the union bound and that each path has at most d nodes, the probability that
at least one path does not have all nodes coloured is at most

3 3 et 3 3 \!
m (m8 exp (——d)) =m!"5(Vexp (——d)
8 8
c—1
1 3
<m s ——d ,
<m’s exp( s )

again using that ¢ > 4. Finally, the expected number of steps to colour all nodes is at most

1 (o]
d+qnm 4+ZPr[more than ¢(d +1nm)/q steps])
c=4

d+1 S 3\
< Toam 4+Zm_éexp(——d)
9 c=4 8

d+lnm 1
= 4+ —
q ms exp (3d) (1 - exp (—2d))
d+Inm
<5
q
where in the last line we use that m > 3and d > 1. |

LEmMA 2.45. Let T be a rooted binary tree with depth d, and suppose that we want to colour all nodes of T using a
slightly modified form of the process in Lemma 2.44: again, in each step each node has a probability of selection of at
least q, where the probability is independent of prior steps’ selections and is not necessarily independent of other node
selections in the same step. We colour a selected node in a step if and only if either it is a leaf of the tree or all of its

children were coloured before the current step. The expected number of steps to colour the root of T using this process
isinO(d/q).
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Proor. We prove this lemma by showing a coupling between the process of colouring the tree T and the
process of colouring a graph G to which Lemma 2.44 applies. For each directed path in T from a leaf to the root,
we couple it with a disjoint directed path in G following the same direction (from leaf to root) and with the same
number of nodes. We thus couple each non-leaf node in T with multiple nodes in G, one for each path from a leaf
of T to its root that passes through that node.

Fig. 5. Coupling used in the proof of Lemma 2.45

We couple the process of colouring T with the process of colouring G as follows: for every step in which
we select a node N in T, we select all nodes associated to N in T, and call this set of associated nodes Ng. As
in Lemma 2.44, we colour a node in G in a step if we select the node and if all its children (if applicable) were
coloured in a previous step. This process of colouring G satisfies the assumptions of Lemma 2.44, because each
node in G is selected with probability q independently of selections in prior steps (recall that neither lemma
requires independence of selections within a step).

We will now show by induction from leaves towards the root that the following statement holds for all nodes
NinT:

N is coloured in a given step if and only if all nodes in Ng are coloured in the same step. (13)

For the base case, suppose that N is a leaf node. Then N is a singleton set consisting of the first node in its
path, and this node is selected in G exactly when N is selected in T. Since we colour leaf nodes in T as soon as we
select them, and we colour initial nodes on paths in G as soon as we select them, (13) follows for any leaf node N.

For the inductive case, suppose that N is not a leaf. Suppose that (13) holds for the children of N in T, i.e., for
each child of N in T, the child is coloured if and only if all its associated nodes in G are also coloured.

Consider the first step s in which N becomes coloured: in this step we select N in T, and by definition of the
coupling we also select all its associated nodes (the set Ni) in G. Moreover, both the children of N are coloured
before step s, and by the inductive hypothesis all the children of all nodes in Ng are coloured before step s. It
therefore follows that all nodes in Ng are also coloured in step s.

Conversely, consider the first step s in which all nodes in N become coloured: since we select at least one
node in Ng in step s, by the coupling we select N in T and all nodes in Ng in G. Since we finish colouring all
nodes Ng in step s, all of their children are coloured before step s, and by the inductive hypothesis both children
of N are coloured before step s. Since we selected N in T in step s, we therefore also colour N in step s.
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It therefore follows from the above induction that all nodes are coloured in T exactly when all nodes are
coloured in G, and (from the tree structure) that the last node we colour in T is the root. The lemma thus follows
by applying Lemma 2.44 to G, using that the number of paths m in G is less than 2. ]

In the context of the clear () method, colouring corresponds to setting the sequence number stored in a node
to a value at least £; from Lemma 2.16, this is an irreversible process.

CLAIM 2.46. If a process executes line 40 as part of a clear (£) operation, and the second argument of the CAS()
on T[] equals ¢, then, T[j] > ¢ immediately after the CAS() operation.

PRrooF. Suppose, for the purpose of proving a contradiction, that T[j] < ¢ immediately after a process p
executes T[j].CAS(node, £) at point ¢t in line 40. This CAS() fails, which implies that T[] changed from node
after p’s last execution of line 34 before t, at point ¢’ < t. Because only line 40 can change T[], another process
p’ executes a successful CAS() on T|j] at a point t*in (¢’,t), with a second argument ¢’ < £. From Claim 2.15, a
clear(¢") operation is invoked before t*, and from (1) a clear (£’) operation responds before p’s invocation, at
some point g < t’. Finally, from Corollary 2.17 T[j] = ¢’ at point tg, and since T[j] does not exhibit ABAs due
to Lemma 2.16, this contradicts that T[j] changes to ¢’ at point t* > ¢’ > tg. O

Adversary. We use the same ip-aware adversary defined in Section 2.4. In particular, recall that the adversary
knows the value of T[1] but not C or the local variables of each process. Therefore, it does not learn about any
process’s random selection of j in line 33 until the point when T[1] > ¢ for the first time.

LEMMA 2.47. For anyi > 1, let op; denote the i-th clear (£) operation invoked by the ip-aware adversary if such
an operation exists. Given an integer b > 0 such that the adversary invokes at least h - b clear (¢) operations, the
expected total number of shared memory steps that the operations in {ophb+1, e, oph(bH)} take to each execute
clear(?) is in O(hlogh).

Lemma 2.47’s proof is adapted from the Phase Three proof in Section 3.1.3 of [22]. Although we have a simpler
algorithm and weaker result, our result holds in the case of the ip-aware adversary and with CAS objects, whereas
Martel and Subramonian’s result holds against an oblivious adversary and with read/write registers.

Proor. First, note that using Lemma 2.16, after the point ¢, in which T[1] > ¢ for the first time, every clear (¢)
operation returns as soon as it executes line 32 or 38. It takes each process a constant number of steps to reach
either of these lines, so the total number of shared memory steps from the up to h operations after ¢, is in O(h).
It suffices to prove that the total number of shared memory steps taken by the up to h operations before t; is in
O(hlogh).

We divide the total shared memory steps from the up to h operations before t,, which we refer to as work, into
blocks of h while-loop iterations. Precisely, the first block begins when the first process invokes clear (£), and a
block ends and the next block begins after exactly h while-loop iterations start and end since the block started,
out of the up to h operations in the set being counted. We count the work of at most h clear (¢) operations, and
a single iteration of the while loop takes constant work: therefore, the total amount of extra work from partial
while-loop iterations (i.e., while loop iterations that begin before the block started or do not finish by the end of
the block) is in O(h). It follows that a single block takes O(h) work from the up to h operations. The final block
ends at tp, and so may include less than h completed while-loop iterations.

Consider a complete block, i.e., a block that contains exactly h complete while-loop iterations. Line 40 is
executed at least h times in the block. Each of the h iterations selects an index j uniformly at random from the
set {1,..., h} in line 33. Because it is a complete block, the steps in the block are taken before t, and so T[1] < ¢
throughout the block. Recall that the only indication of progress visible to the adversary is the value of T[1] and
whether a method responds in line 32 or 38. In particular, the adversary does not know the outcome of random
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decisions or the contents of the array C or of T[2...]. Therefore, the adversary cannot learn any information
about j until t,. Therefore, each complete while-loop iteration’s selection of j is still chosen uniformly and
independently at random given the adversary’s knowledge. This ensures that each selection of j is independent
of each prior selection of j.

From Claim 2.46, when the process executing the while loop as part of an execution of clear(f) executes
line 40, T[j] becomes at least ¢ if both its children T[min {2j,h + 1}] and T[min {2j + 1, h + 1}] were set to at
least ¢ before the block began. Selections of nodes from incomplete while-loop iterations and from processes not
in the set being counted may set additional nodes to at least ¢, but we make the pessimistic assumption that these
extra selections never set additional nodes to ¢ since setting extra nodes to ¢ can only reduce the work to set the
root to £. Thus, each complete block includes at least h node selections that set the node to ¢ if its children were
at least £ when the block began. Each of the up to h selections are of an index j € {1,..., h} chosen uniformly
and independently at random given the adversary’s knowledge.

There are h non-leaf nodes in T (i.e., T[1] through T[h]), and at least h node selections chosen uniformly
and independently at random from complete while-loop iterations within the block: therefore, each node in
{T[1],...,T[h]} has a probability of at least 1 — 1/e of being selected within a while-loop iteration completely in
the block. (Note that although each process’ random selection of a node is independent, the probability of a given
node being selected by any process within a given block is not independent of the probability for other nodes. In
particular, the minimum number of selections implies that the probability that no nodes are selected is zero.)

We can thus apply Lemma 2.45 on the subtree excluding T[h + 1]: colouring corresponds to setting a node
to £ and a step corresponds to a complete block. Since the depth of the subtree is [log k], it takes at most
O([loghl/(1 — 1/e)) = O(logh) complete blocks in expectation to set all nodes of C[i][5¢ + 1,...,A] to £.
Although the final block may consist of less than A node selections and hence not be complete, we can conceptually
complete the block by adding enough node selections to make a full block: these extra node selections don’t have
any effect on T due to Corollary 2.17, Lemma 2.16, and Claim 2.46, and a difference of h work does not affect the
asymptotic upper bound. Since each block consists of O(h) work, the lemma follows. ]

LEMMA 2.48. Let K be a random variable counting the number of processes that the adversary schedules to execute
clear(¢) for a given £ > 0 in a given execution E. The total expected number of shared memory steps taken by all
processes in E within clear (£) operations is in (h + E[K]) - O(log h).

Proor. From Lemma 2.47, the (hb + 1)-th through (A(b + 1))-th clear(¢) operations scheduled by the
adversary take a combined expected total of O(hlogh) shared memory steps when scheduled by the adversary.
The total expected number of shared memory steps of the K processes is therefore at most

ZPr[K > hb]O(hlogh) < O(hlogh) + O(log h) ZPr[K > k]
b=0 k=0

= O(hlogh) + O(log h) iPr[K = kk
k=0
= 0(logh) - (h+E[K]).

O

2.5.2 Unlock Method. For each a > 1 we define the following (random) points in time (they are co if they do
not exist). The first three points are identical to the corresponding points defined in Definition 2.8, as proven in
Lemma 2.9.

o (CL
1t

is the linearization point of the a-th successful choose&lock() operation,

. is the linearization point of the a-th successful unlock() operation,
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e tPL is the pivot-lock point when the a-th successful CAS() operation is executed in line 19 (this line
changes the value of P),

e 1, is the point when the process that executes the successful CAS() at tsz executes line 18, in the same
unlock() operation (this line reads P.pval at t'%), and

o f, is the point when T[1] (the root of the tree) is updated to 2a — 1 by a clear(2a — 1) operation.

From Lemma 2.9, we have that t$* < r, < t8% < tJ* < 1Sl From Lemma 2.12, if t!* < 0 and Per.poal # L,
then tIf < f, < tUL. We define the following random variables:

k. is the number of proposals in the interval (r,_s, tS¥) (where ro_; = 0if a — 2 < 1),

I, is the number of proposals in the interval (ry_s, r4),

m, is the number of processes that call the method clear (2a — 1) prior to point f,

sq is the total number of steps of all clear(2a — 1) operations executed by any processes prior to point
fa unless 2a — 1 mod A > A — 4, in which case it is zero, and

® P, = CtgL [StgL.i] [¢] if tgL < 0o,

In the context of BDCAS(), for any given point ¢, the total number of invocations of the clear () method prior
to t is bounded above by the total number of proposals prior to f.

Recall from Section 2.4 that 7 (¢) denotes all the information about the past execution that is available to the
adversary at point t.

Craim 2.49. Leta > 1, and suppose that tSL < co. Then
Pr [q)a £ 1 )T(tgL)] < ko/logn.

ProoF. From Lemma 2.9 and that each proposed value is unique, any proposal written to C[S,ct.i][¢] before
point r,_; is no longer present in C by point ¢V~ . Therefore, ¢, # L only if some proposal writes to C[S;cr.i][¢]

in the interval (r,_», t$T). The number of proposals to side S,ct.i in the interval (rq-», t€L) is at most k,, and they
are each in the set L defined in (8).

Using Lemma 2.31 with s* = a — 2, each value proposed after r, and written to C[S,ct.i] has a probability of
writing to C[S,ct.i][§] equal to 7y = 2-Moglogn] < 1/log n given T(tEL). (Proposals written in (r, tffz) do not
affect Pypr .pval, so the proof of Lemma 2.31 applies to them as well.) The claim then follows by using the union

bound over the at most k, proposals to side Sicr.iin the interval (r,_o, tSL). O

Cram 2.50. Leta > 1, and suppose that t'L < co. Then
Pr [PtgL.pval #1 ‘ Qa = J_,T(tf;L - 1)] < l,/logn.

ProoF. Since we assume that ¢, = L, Pyee.pual # L only if some proposal in (t€%, r,) writes to C[S,ce.i][].
By Lemma 2.9, S and P do not change during the interval (tS%, tfF — 1), and hence are not affected by the proposals
to side StgL.i in (th, ra). The decision of whether to invoke clear () in line 26 depends either on a value read
from P or S.¢, which does not depend on proposal locations. Thus, it also follows that T[1] is not affected by
proposals to side S,cr.i in (¢5, r4) by point ;" — 1. Therefore, 7 (t;" — 1) contains no information about the index
Bo in C[S,cr.i] of proposals v written to C[S,cr.i], making Pr [Bo = | T(t5F —1)] = 7y = 27ToeloenT < 1/logn.
Using the union bound over all such proposals, we have that Pr [PtgL pval # L ‘ 0a=L,T (8L - 1)] < (I, -

kq)/logn. O
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Cramv 2.51. Leta > 1, and suppose that t?* < co and Pyei.poal # L. Then

T(th)] in (E [ma T(th)] +log n) - O(loglogn).

Also, any process that invokes clear (2a — 1) after f, executes O(1) steps of the method.

E [sa

Proor. This follows directly from Lemma 2.48. ]

LEMMA 2.52. Leta > 1, and suppose that tS1 < co. Then

E [sa

T(t,fL)] €E [la +my

T(tsL)] - O(loglogn).

ProOF. Suppose we fix 7 (tST), so that we do not need to explicitly condition our probability and expectation
statements on T(tsL ) We have

Elsq] =E [sq| ¢a # L] -Prl[pgs # L] +E [sq | 9q = L] - Prle, = 1],
E[5a|§0a¢l] =ZE[5a|(Pa#:J—»la:l]'Pr[la:”(Pa#:J—]
)
= (E[mq | ga # L,lo=1] +logn) - O(loglogn) - Pr [ly =1 ¢ # 1]
1

by Lemma 2.48
=E[m, | ¢qa # L] - O(loglogn) +logn - O(loglog n),

k
Pr[p, # 1] <min {1, —“} by Claim 2.49,
logn

E[sqa | a=1] =E[3a

Qa =1, PtgL.pUal * J_] - Pr [PtgL.pZ)al 1 | QYa = J_] ,

E [sa

Ya=1, Ptg’L.pUal * L] <E [ma

¢a = L, Pypr.poal # 1] - O(loglogn) +logn - O(log log n)
by Lemma 2.48 as before,

Ella]¢a=1]

Pr [PtgL.pval #1 | Pa = J_] < min {1, log

} by Claim 2.50.

Combining the above, we get
E[sa] =E[sa | @a # L] -Prlpa # L] +E[sqa | ¢a = L] - Pr[gs = 1]
<E[mg | ¢q # L] - O(loglogn) Prp, # L] +k, - O(loglog n)
+E[sq | @a = L, Pyee.pual # L] -Pr [PtgL.pval #1 ‘ ¢a=1] - Prlp, = 1]
<E[m,] - O(loglogn) + k, - O(loglogn)

+E[ma

¢a = L, Ppr.poal # J_] -O(loglogn) - Pr [PtgL poal # L | Pa = J_] -Prlp, = 1]
+E[lg | @a = L] -O(loglogn) - Pr[p, = L]

<E[mg] - O(loglogn) + k, - O(loglogn) + E[m,] - O(loglogn) + E[l,] - O(loglog n)

=O((E[mg] +E[l,]) - loglogn).
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THEOREM 2.53. Consider a random execution E of finite expected length, in which an ip-aware adversary schedules
calls to the methods of an RC object R. Let K be a random variable counting the total number of invocations of
propose() and unlock() operations in E. The expected total steps from propose() and unlock() operations in E
is in O(E[K] - loglogn).

Proor. The propose () method takes a single shared memory step, the number of steps in the unlock () method
outside of steps taken within clear() is in O(loglogn), and clear(a) takes O(1) steps after f,. Therefore, it
suffices to show that the total expected number of steps of clear () in E before each clear(a)’s respective point
faisin O(K - loglogn).

We can apply the weaker, unconditional version of Lemma 2.52 for each a € [1, o). Each invocation of unlock ()
adds at most 1 to m, for some a € [1, c0). Each propose() operation linearizes in the intervals (r,_»,7,) and
(Fa-1,7q+1) for some a € [1, ), so it adds 1 to I, for at most two values of a € [1, o). Thus, K > .77, (Io + m,/2)

and
i E[s.] €

a=1 a

Ms

E[l, + my] - O(loglogn) € E[K] - O(loglogn).

1

Finally, we add the steps from clear (2a-1) operations, when 2a—1 mod A > 1—4. Let £ be a random variable
which is equal to the value of S.¢ at the end of execution E. There are at most 2| (£ + 4) /A] € O (£g/logn) values
of 2a—11in{0,..., g} such that 2a — 1 mod A > A — 4, in which cases the steps of clear(2a — 1) are not counted
in s,. Let s/, be a random variable counting the number of steps all clear (2a — 1) operations executed by any
processes when 2a — 1 mod A > A — 4, and is zero otherwise. From Lemma 2.48, E[s}] = (h+E[m,]) - O(logh) =
(logn + E[m,]) - O(loglog n) when 2a — 1 mod A > A — 4. We have

N E[ 4]
E[s)] € (logn +E[K]| - O (loglogn) = E[K] - O (loglogn),
; logn

where the last equality follows from the fact that K > | £g/2], using Lemma 2.5. ]

We note that the clear() method, and hence the unlock() method, does not have a deterministic upper
bound on its number of steps. This can be easily addressed by alternating the while-loop with for-loop steps
similar to lines 22-25 for each j € {5¢ + 1,..., A}. Such a change would make the faster RC object’s deterministic
worst-case complexity O(logn), which is the same as the original RC object [9].

Method solo(V’)
41 while R.read() ¢ V' do
42 Choose some v € V/ that has not been proposed yet
43 R.propose(v)
14 R.choose&lock()
45 u < R.read()
46 R.unlock(u)

Fig. 6. The solo execution of RC methods used in Lemma 2.54
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2.5.3 Solo Execution.

LEMMA 2.54. Given an execution E on a RC object R and an infinite set V' C V, suppose that after point t a single
process p starts to run solo, according to the following procedure. First, p completes all its pending steps until it has
no more pending step. Then, p executes the solo(V’) method in Figure 6 until it responds at point t’. Then,

E[t' | E;] < t+ O(log? nloglogn).

Proor. We first find an upper bound on the expected number of steps to finish p’s pending method call at
point t. In the case of the propose(), choose&lock(), and read() methods, the number of steps is deterministic
and in O(loglog n). The number of steps of the unlock () method outside clear () is also deterministic and in
O(loglogn). In the case of the clear () method, from Lemma 2.47 the expected number of steps of clear () in
a solo execution is in O(hlogh) = O(lognloglogn). Thus, the expected number of steps until op completes
its pending method call at point ¢ is at most O(log nloglog n). Using the same analysis, it also follows that the
expected number of steps for each while-loop iteration is at most O(log nloglog n). Therefore, it suffices to show
that the solo() method takes at most O(logn) expected while-loop iterations to prove the lemma.

Consider the first while-loop iteration of the solo() method. If R is unlocked when p invokes solo(), then,
by the sequential specification, the choose&lock() is successful and unlock(u) successfully unlocks R. If R
is locked when p invokes solo(), then by the sequential specification the choose&lock() is unsuccessful but
unlock(u) still successfully unlocks R. Thus, by the end of the first while-loop iteration, R is unlocked. Moreover,
every while-loop iteration after the first has successful choose&lock() and unlock(u) operations. Since the
while loop terminates once the interpreted agreement-value is in V', and p is running solo, it follows that on the
last while-loop iteration, the choose&lock () chooses some value in V’ as the new interpreted agreement-value.

From line 26 and that S.¢ increments with each successful choose&lock() and unlock() operation, it follows
that after at most 1/2 < log n while-loop iterations, the clear () method is executed solo by p for both sides of C.
Using Claim 2.21, C does not contain any values proposed before t after p finishes the two while-loop iterations
that execute clear () for both sides of C; call the point of the end of the second such while-loop iteration t..
After t., C contains only L and values from V’, so solo() terminates as soon as the interpreted agreement-value
is not L.

We now show that after an expected O(1) while-loop iterations after ¢, the interpreted agreement-value is
a value from V. First, denote by ¢4 the first point when a propose() operation executed in line 43 chooses a
value § < ¢. Each propose () operation writes to C[a][f] with < ¢ with probability 1 — ¢, = 1 —2-Togloen] >
1 — 1/log n. Therefore, t4 occurs after an expected O(1/(1 - 1/logn)) = O(1) while-loop iterations after .

With probability 1/2, the proposal at ¢4 chooses a = S, .i. Since p is running solo, this proposal is in C
throughout the choose&lock() operation immediately after ts. We use a similar argument to the proof of
Lemma 2.35, with one simplification: we already know that there is a value in C[S; 5 .i], which is the first step of
that proof. Thus, the new interpreted agreement-value once the (successful) choose&lock() linearizes is not L.
With the remaining 1/2 probability, the proposal at t; chooses @ = 1 — S,.i. Since p runs solo and values in C[a]
are cleared only by unlock() operations invoked when S.i = «, it follows that the proposal stays in C[«a] for the
remainder of the while-loop iteration and into the next iteration. When p’s successful unlock () operation at the
end of t4’s while-loop iterations linearizes, it flips the value of S.i in line 28. In the next iteration, with S.i = a, the
choose&lock() in line 44 chooses a non-_L value, again using a similar argument to the proof of Lemma 2.35. O

3 BIPARTITE DCAS

A BDCAS object stores an array B[0..m — 1] of values from D U { L}, where D is some set and L ¢ D. The initial
value of each array entry is L. The set of addresses [m] = {0, 1,...,m — 1} is partitioned into two sets, My and
M. The object supports the operation BDCAS ({ao, oldy, newy), {ay, old;, new;)), where a; € M;, old; € D U {L},
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and new; € D, for i € {0, 1}. If B[a;] = old; for each i € {0, 1}, then the BDCAS() operation changes the value of
Bla;] to new;, for both i € {0, 1}. Otherwise, the object’s value remains unaffected by the BDCAS() operation.
The operation does not return anything.! The object also supports operation read(a), for a € [m], which returns
the value of B[a].

Our BDCAS implementation has the following irreflexivity requirement.

Definition 3.1 (Irreflexivity Requirement). For any a € [m], an execution on a BDCAS object induces a binary
relation <1, on D U {1}, where x <, y if and only if there is a BDCAS() call using the argument triple (a, x, y). Let
<4 denote the transitive closure of <,. We require that for each a € [m], the relation <, is acyclic, or equivalently,
the relation <, is irreflexive, i.e., there isno x € D U { L} with x <, x.

The irreflexivity requirement can easily be achieved by adding sequence numbers, provided that no BDCAS ()
calls with arguments of the form (a, x, x) are allowed.

3.1 Implementation

In Figure 7, we present a randomized strongly linearizable implementation of a BDCAS object B.

Our DCAS implementations store the values of their array entries, and also information for each BDCAS()
operation, to Task objects. A Task object contains the fields: stat € {L, True, False}, add; € M;,o0ld; € DU{L},and
new; € D, for i € {0,1}. New Task objects are created by new Task(addy, oldy, newy, add;, new, old;) operation,
which creates a task initialized with the listed values and stat = L, and returns a reference to that object. All
objects created like that are distinct. We will use ‘task’ and ‘task reference’ as shorts for ‘Task object’ and ‘reference
to a Task object’, respectively. Moreover, we will often drop the distinction between a task reference and the task
itself, when there is no danger of confusion or when the distinction is not important.

The implementation uses an array A[0..m — 1], where each entry stores a task reference. In particular, if
Ala] = rand a € M;, then 7.add; = a. Initially, for each i € {0, 1} and a € M;, A[a] stores a reference to the initial
task Aq, where A,.stat = True, Aq.add; = a, and A,.0ld; = Ag.new; = L; the values of the remaining fields of 4,
can be arbitrary.

In addition to A, we use an array L that consists, for each a € My, of an RC object L[a]. The proposed values at
each RC object are task references.

For each a € [m], if A[a] = 7 and a € M;, then we define the interpreted value of B[a] to be r.new; if
r.stat = True, and 7.0ld; otherwise. Note that if A[ag] = A[a1] = 7, where a; € M; for i € {0, 1}, then the status
field z.stat will allow us to simultaneously change the interpreted value of B[ay] and B[a;], from 7.0ld, to r.new,
and from 7.0ld; to r.new, respectively, by changing 7.stat’s value from L to True.

For each i € {0, 1}, we call the portion of array A with entries A[a], a € M;, the i-side of A. We do the same for
B.

3.2 High Level Idea

We describe first a lock-free deterministic BDCAS implementation, and then explain how to achieve low expected
amortized complexity by using randomized RC objects.

Recall that each array entry A[a], where a € M; and i € {0, 1}, stores a task 7 with 7.add; = a, and the status
field z.stat indicates whether the interpreted value of B[a] is 7.new; or r.0ld;.

To perform operation read(a), the calling process simply reads the task 7 stored in A[a], then the status field
of 7, and returns r.new; if z.stat = True or 7.0ld; otherwise.

Suppose now that process p wants to perform a BDCAS((aO, 0o, v(')> , <a1, o1, U;)) operation. For that, p checks
if the interpreted values of B[ao] and B[a;] match the expected values vy and v, respectively, by performing

1t is not difficult to add return values indicating success or failure, but this would further complicate our code. In our general DCAS algorithm,
DCAS() operations do provide return values, and the algorithm does not rely on return values of BDCAS () operations.
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Shared Data:
e A[j], for j e [m], is a CAS object storing a task reference, and initially stores a reference to
Aj.

e L[j], for je€ My, is an RC object for task references
Method BDCAS({ag, oldy, newy), {ai, oldi, news))

47 while True do

48 Yo < finish(ap)
19 if read(agp)# oldy or read(ay)# old; then return
50 y < new Task(ao, oldy, newy, ay, old;, newy)

51 L{ap] .propose(y)

52 L{ag].choose&lock()
53 Yy’ < Llap].read()

54 if Alag] =yo then

55 if y/ # 1L and y’.0ldy = oldy then
56 L Alag].CAS(yo, ")

57 finish(ag)

58 Llag].unlock(y”)

Method finish(ag)
59 yo < Alao]
60 ai < yo.addq
61 y1 < Alai]
62 y1.stat.CAS(L, True)
63 if yp.old; = y1.new; then
64 Ala1].CAS(y1, y0)
6 y1 < Ala1]
66 y1.stat.CAS(L, True)
67 Yyo.stat.CAS(L, False)
68 return Yy

Method read(a)

69 let i€ {0,1} be such that a € M;

70 y «— Ald]

71 if i =1 then y.stat.CAS(L, True) // Help the task finish
72 if y.stat = True then return y.new;

73 return y.old;

Fig. 7. BDCAS implementation, taken almost verbatim from [9] with minor modifications

read() operations as described above. If at least one of the values does not match, then the BDCAS() can return
immediately (it fails). Hence, assume that both values match.

Then p creates a task 7 whose field values correspond to p’s BDCAS() arguments (i.e., 7.add; = a;, r.0ld; = v;,
and 7.new; = o] for each i € {0,1}) and r.stat = L. The goal of p is now to place its task 7 in the array entries
Alag] and A[ay]. This must happen without at first changing the interpreted values of B[ao] or B[a;]. Once 7 is
put into both array entries, p can change z.stat from L to True.
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We say a task is finalized, if its status is either True or False (i.e., it is not L). Our algorithm ensures that once a
task is finalized, its status does not change anymore. To place a task into A[q;], i € {0, 1}, process p reads the
task 7’ stored in that array entry before it performs its initial check whether the BDCAS() call’s expected values
v and v; match. It then performs a helping mechanism (which we describe later) that ensures task 7’ is finalized.
Thus, the only way the interpreted value of B[a;] can change afterwards is if task 7’ gets replaced by a different
task in A[a;]. Now, to place its task 7 into A[a;], process p can simply perform an A[a;].CAS(7’, r) operation.
If that CAS() succeeds, then 7 has been put into A[a;] without changing the interpreted value of B[a;] (which
remains v; = 7.0ld;).

If p manages to place its task 7 into both array entries, A[ao] and A[a;], it can simply change r.stat to True,
and both interpreted values of B[a;], i € {0, 1}, change simultaneously from v; = 7.0ld; to v] = 7.new;. Hence, p’s
BDCAS() linearizes (and is successful).

But p may not manage to put its tasks in one of the array entries, if the corresponding CAS() operation on
Ala;] fails, because some other task 7* has already been put in there. The standard lock-free approach would now
be to help 7" make progress. This can lead to a long chain of helping, and requires care that no cyclic helping is
encountered.

In the bipartite case, however, things are easier: Each process first tries to put its task into the 0-side array
entry of A, before it tries to put it also into the 1-side entry. This way, if any task is successfully put into a 1-side
array entry, the BDCAS() operation that created the task is bound to succeed. Thus, if process p fails to put its
task into A[a;], because that array entry was taken by some other task 7*, then some other BDCAS() operation
(which created r*), with the same 1-side entry A[a;], will succeed once 7* is finalized, and thus the interpreted
value of B[a;] will change from v; to a different value. As a result, p’s BDCAS() operation can terminate, and
fail, after helping to finalize * (which means just changing 7*.stat to True). This way long chains of helping and
cyclic helping are avoided.

A process p may still not make progress, if it fails to put its task into the 0-side entry A[ao]. If that happens, it
has to help the task 7* that caused p’s attempt to fail, but again, since 7* has already been put into the 0-side,
only the 1-side of 7* remains to deal with. However, putting 7* into the 1-side may fail, in which case none of the
interpreted values of B at the addresses ay and a, that p is interested in may have changed. In that case, p’s only
option is to start over. This may lead to high step complexity, in the case of high contention on the 0-side entry
Alaog] (high contention on the 1-side entry A[a;] does not cause high step complexity).

To deal with that, we employ a mechanism to choose a task 7* at random among concurrent tasks that use
the same 0-side address. To this end, we use for each 0-side address ay € My an RC object L[ay]. Consider the
processes that are concurrently performing BDCAS() operations with the same 0-side address ao. Instead of
directly trying to put their tasks into A[ao], they propose them on L[ay], and choose a random task 7* among
all the proposed ones. Then each process helps 7%, by first putting it into A[ay], and then trying to put it into
A[7".add;]. As discussed earlier, if 7* is successfully put into its desired 1-side array entry, the interpreted value
of B[ao] changes eventually. Hence, all processes helping 7* can finish their BDCAS() operation (the one that
created task 7* succeeds, and all the others fail). But if 7* cannot be successfully put into A[r*.add, ], then all
processes helping 7* have to start over.

To give an intuition why that achieves low expected amortized complexity, assume there are k processes
that concurrently perform BDCAS() operations with the same 0-side address ag. Let ay 1, . .., a1 ¢ be the 1-side
addresses of these BDCAS() operations, and suppose for simplicity they are all distinct. All k processes will help
the same random task 7%, by trying to put the task into the 1-side address a;; = 7*.add;. Suppose that ¢ of
the 1-side array entries, say A[ay1],...,Ala1¢], change before the first attempt is made to put 7* into A[ay ;].
Since j is chosen at random, the attempt to put r* into A[ay ;] fails with probability ¢/k (assuming, for the
ease of this discussion, a uniform distribution for j). Out of the k processes, just £ make progrees (by failing)
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if j < ¢, and all k make progress otherwise. Thus the expected number of processes that make progress is
t-tk+k- (k-0 /k=k—t(k-¢)/k=3k/4

3.3 Detailed Algorithm Description

3.3.1 Read Method. In method read(a), the calling process p determines the interpreted value of B[a] in a
straightforward manner. First, p reads the current task y from A[a], in line 70. If a is a 1-side address, then the
BDCAS () operation that created y is bound to succeed, so p changes y.stat to True if it is still L, in line 71. (This
is not necessary for linearizability, but for the desired randomized step complexity: A task that is put into its
1-side array entry may prevent other processes from making progress, until these processes observe that the
interpreted value of that entry has changed.) After that, in lines 72 and 73, p simply determines and returns the
interpreted value of B[a] based on the current status of y. We will show that if the status of y changes at some
point, then A[a] contains y at that point. Hence, the read() operation can linearize either at the first point after
its invocation when y.stat # L, or when p reads L from y.stat in line 72.

3.3.2  Finish Method. The helper method finish(ay), where ay € My, “finishes” the task stored in array entry
Alag]. The method guarantees that, if process p calls finish(ay) when task y; is stored in A[ao] (more precisely,
p reads yp from A[ao] in line 59), then by the time the call returns, either y, has been put into A[y,.add;]| and
Yo-stat = True, or y, was not put into A[yy.add;] because in the meantime the interpreted value of B[yy.add; ]
changed (from value yy.0ld; to a different value) and yy.stat = False. The finish() call returns the task yy, in
line 68.

In lines 60-62, process p reads y; from A[a;], where a; = yp.add;, and tries to change y;.stat to True using
operation y;.stat.CAS(L, True). It is then guaranteed that y;.stat = True after p’s CAS() operation, and the
interpreted value of B[a;] changed to y;.new; at the point when y;.stat became True.

Next, p checks in line 63, if yy.0ld; = y;.new;. If this is not the case, then either some other process has already
put yo into A[a;] and changed its status, or the BDCAS() operation that created y, is bound to fail. The latter is
the case because the interpreted value of B[a;] changed during the BDCAS() call that created y, from its expected
value, yp.0ldy, to a different value, which by the irreflexivity requirement will never again be yy.0ld;. Hence, in
line 67 process p executes yp.stat.CAS(L, False), which changes the status of y, to False in that case (but fails if
Yo was put into A[a]).

Now assume that yy.0ld; = y;.news, and p evaluates the if-condition in line 63 to True. Then p tries to put
Yo in the desired 1-side entry A[a;], using operation A[a;].CAS(y1, yo) in line 64. If the CAS() is successful, it
does not change the interpreted value of B[a; ], because yp.stat = L and y;.stat = True at this point, and so the
interpreted value remains y;.new; = yp.0ld;. To make sure the status of y, changes to True if y; is successfully put
into A[ay], p reads task y; from A[a;] and performs y;.stat.CAS(L, True), in lines 65-66. After that, in line 67, p
also executes yy.stat.CAS(L, False). This CAS() can only succeed if neither p nor any other process managed to
put yo into Ala,].

3.3.3 BDCAS Method. If process p calls method BDCAS ({ay, 0ldy, newy) , (a1, old;, new;)), then p repeats the
while-loop in lines 47-58, until it observes in line 49 that one of the interpreted values of Bay] and B[a;] does
not match the expected value oldj or old;, respectively.

First, in line 48, p finishes the task y, currently stored in A[ag]. Then, it checks if the interpreted values of
Blag] and B[a;]| match the values old, and old;, respectively, and if not the BDCAS() operation returns. Since we
don’t require a BDCAS () operation to return a value that indicates whether it was successful, it is always correct
to return after the above check fails. If the check failed because some of the interpreted values changed from
their expected values at point t, and ¢ is after the invocation point of BDCAS(), then the linearization point of the
BDCAS () can be immediately after ¢ in case the BDCAS() fails, or at point ¢ if it succeeds.
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In line 50, p creates a new task y whose status is L, and whose other fields match the arguments of the BDCAS ()
operation. Then, in lines 51 and 52, p proposes task y on the RC object L[ao], and calls L[ay].choose&lock() to
allow that a random task is chosen on L[a] (but recall that L[ay] may also end up with agreement-value L).
Next, in line 53, p reads the agreement-value y” of L[ao].

In line 54, p checks if the task stored in A[ap] is still the same task y; that p finished earlier. If not, p just
starts another iteration of the while-loop. Now suppose that A[ay] is still yy when p executes line 54. In line 55, p
checks to make sure that y’ # L (i.e., y’ is a task) and y’.oldy = oldy, before trying to put y’ into the 0-side using
Alag].CAS(yo,y"), in line 56. The check y’.oldy = old, is required for the following reason: The task y’ that p
read from L[ay] may be completely unrelated to p’s expected value oldy, because y’ may have been proposed
on L[ag] along time before it was chosen on L[ao]. But if y’.0ldy = oldy and y is still stored in A[a] (and thus
the CAS() in line 56 may succeed), then the interpreted value of B[ay] is equal to y’.0ldy. Hence, if p’s CAS() in
line 56 succeeds, it does not change that interpreted value.

After that, p finishes the task now stored in A[ag] by calling finish(ay) in line 57, and then it calls
L[ag].unlock(y’) in line 58, unlocking L[ao] if it hasn’t already been unlocked by some other process. The
finish(ap) call in line 57 ensures that every task y’ that is successfully put into A[ao] is finished before any
process calls L[ag].unlock(y’), i.e., either y’ is put into A[a;] and its status is True, or it is not put into A[a,]
and its status is False.

3.4 BDCAS Correctness Statements

In this section we repeat several claims (without proofs) from Section 7 of [10] used in Section 3.5 with some
minor revisions. Each of the statements uses the corresponding numbering, i.e., Claim 3.1 corresponds to Claim
7.1 of [10].

Cramm 3.1. Leti € {0,1} and a € M; and let t be a point at which Ala] = t.

(a) 7 is a task reference and t.add; = a.
(b) If T # Aq, then T is returned before t from a newTask() call in line 50, and prior to t Ala] changes to T with
a successful CAS() operation executed in line 56 ifi = 0, and in line 64 ifi = 1.

Cramm 3.3. Leta € M; and let T # A, be a task reference. If A[a] = T at point t1, then there is a point ty < t; at
which A[t.addy] = 7.

CrLaM 3.5. For any task 7, t.stat € {L, False, True}, and if t.stat # L at point t, then t.stat does not change
throughout [t, 00).

CLAIM 3.6. Let a € [m] and suppose at point t the value of A[a] changes from T to " # 7. Then there is a value
v € {True, False} such that r.stat = v throughout [t, co).

LEMMA 3.7. Let © be a task and suppose at some point t the value of t.stat changes tov € {True, False}. If
v = False, then A;[r.addy] = 7, and ifv = True then A;[r.addy] = A;[r.add;] = 7.

Cramm 3.8. Leta € My, and t, T’ two distinct task references, so that at some point t the value of Ala] changes
from t to7’. Then t.new; = t’.0ld; <, T’.new;.

CLam 3.9. Leta € My, 71, 72 two task references and t; < t, two points in time, such that A, [a] = t; for each
je{1,2}.
(a) If t1 # 12 then 11.new; <, Ta.new;.
(b) Ifr1 = 1y, then A;[a] = 11 forallt € [ty,t2].

LEMMA 3.11. Leta € M. If A[a] = t at any point in the execution, then t.stat # False throughout the execution.
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Cramm 3.13. Let a € My, and suppose at some point the interpreted value of B[a] changes from b tob” # b. Then
b=<gb.

LEMMA 3.15. Let a € [m]. Each complete read(a) operation op returns the interpreted value of B[a] at lin(op).
LEmMMA 3.16. Leta € My. If Ala] = 7 at point t and A[a] # T at point t’ > t, then A[a] # T throughout [t’, co).

Cram 3.17. Suppose a finish() call returns task t at point t. Then there is a value v € {False, True} such that
r.stat = v throughout [t, co).

LEMMA 3.18. Let a € My. Suppose at point t the value of A[a] changes from t to T’ # t. Then at that point
(a) 7’ .stat = 1, and
(b) either r.stat = True and 7’.0ldy = T.newy, or t.stat = False and ’.0ld, = t.0ld,.
In particular, the interpreted value of B[a] does not change at point t.

COROLLARY 3.19. Fix a € My, and let by, ..., by be the interpreted values of Bla] obtained in this order (i.e.,
bis #b; forie{1,...,k—1}). Thenb; <, b; forall1 <i < j<k.

Cramm 3.20. Let 7 be a task, and suppose at point t the value of T.stat changes to True. Then at that point the
interpreted value of B[t.add;], i € {0, 1}, changes from t.0ld; to T.new;, where t.0ld; <; qq4, T.new;.

Cramm 3.23. Ifop is a successful BDCAS(<a0, 0o, U(')>, <a1, 01, 01)) operation, then tgq: (op) = lin(op).

LEMMA 3.24. For any address a € [m] and any point t during the execution, the following is true:

(a) If at point t the interpreted value of B[a] changes from v to v’ # v, then there is a successful BDCAS()
operation op such that lin(op) = t, and one of the argument triples used in the invocation of op is (a,v,v").

(b) Letop be a successful BDCAS((ao, 0o, v(’)> , <a1,01,01>) operation. Then for eachi € {0, 1} at point lin(op) the
interpreted value of B[a;] changes fromv; to v}, and lin(op) is between the invocation and response of op.

3.5 Step Complexity Preliminaries

We next establish an upper bound on the expected amortized step complexity of BDOCAS() operations. We consider
an execution on a BDCAS object B scheduled by the ip-aware adversary described in Definition 2.24.

THEOREM 3.25. Let E be a random execution of finite expected length, in which an ip-aware adversary schedules
calls to the methods of a BDCAS object B. For any x € My, if Ny denotes the number of BDCAS() operations involving
address x that are invoked in E, then the expected total number of steps of those operations is in O(loglogn) - E[Ny].

The remainder of this section is devoted to the proof of this theorem.

Since we consider a single BDCAS object B, we omit prefix B when we refer to methods or variables of B, e.g.,
we write L[a] instead of L[a]. Also, for simplicity we do not distinguish between a task reference and the task
object itself, and use ‘task’ to refer to both.

3.5.1 Doomed and Successful Tasks. We recall the definition of interpreted values, and introduce the related
notion of imminent interpreted values.

Definition 3.26 (Interpreted Values and Imminent Interpreted Values). Let i € {0,1} and a € M;.

o The interpreted value of B[a], denoted B[a].val, is equal to A[a].new; if A[a].stat = True, and A[a].old;
otherwise.

e The imminent interpreted value of B[a], denoted B[a].val’, is equal to the interpreted value that B[a]
would have if we set to True the status of all tasks A[a;], a; € M;. Formally, B[a].val’ = A[a].new; if
Ala].stat = True or A [A[a].add;] = A[a], and B[a].val’ = A[a].old; otherwise.
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Next we define the intuitive notions of doomed and successful tasks.

Definition 3.27 (Doomed Tasks and Successful Tasks). A process creates task 7 when a newTask () operation in
line 50 returns 7. Suppose a process creates task 7 at point ;. For any ¢t > ¢,

o 7 is successful at point t if Ay [r.add;] = 7 for some ¢’ < t.

o 7 is doomed at point ¢ if it is not successful at ¢, and B, [r.add;].val’ # r.0ld; for some i € {0, 1}.
Each initial task A,, a € [m], is successful and not doomed at any point of the execution. For ¢t > 0, we denote by
Dy and S; the set of tasks that are respectively doomed or successful at ¢.

It is immediate from the definition that D, and S; are disjoint. We show in Lemma 3.42 that they are also
monotone increasing.

3.5.2  Strengthening the Adversary: BDCAS Traces. Similarly to the analysis of the RC object, we assume that the
adversary has some extra information on the past execution, and formally describe this information in terms of
the trace for BDCAS object B.

Definition 3.28 (BDCAS Trace). Let E be an execution on BDCAS object B, and let x € M,. Trace 7p(E)
contains the following information for each step t € {1,2,...} of E:
(i) The process p that executes step t.
(if) The number of the line in the program code containing the shared memory operation executed at step ¢.
(iii) If step t was the first step of an implemented method call of B (i.e., BDCAS(), finish(), or read()), or the
first step of an implemented method call of L[] for j € M, (i.e., propose(), choose&lock(), unlock() ,
read(), or clear()), the name and arguments (if any) of that call.
(iv) Whether or not step ¢ was the final step of an implemented method call.
(v) The following values:
Aylal, for each a € [m] \ {x};
L;[a], for each a € My \ {x} (i.e., the complete state of object L[a]);
Whether or not A;[x] = A;—1[x] (but not the actual value of A[x]);
L[x].S.4, L[x].P;, and L[x].T[1] (but not L,_;[x].val).
If step ¢ was the linearization point of an L{x].propose (v) call, the value of «,,.

LEmMMA 3.29. From trace Tpx(E), one can infer the interpreted (and imminent interpreted) value of B[ a] for every
a € [n], at all points t < |E|, the set S; of successful tasks, and the fields of all doomed tasks (the tasks in D).

Proor. If a # x, then from (v) and Definition 3.26 the interpreted value of B[a] is directly available from A[a]
which is in the trace.

Next, consider B[a].val’ (the imminent interpreted value of B[a]) for a # x. Since x ¢ Mj, the trace includes
the tasks stored in A[a] for each a € M;. If a € M, then A[a].add; = a at all points, so by Definition 3.26
Bla].val’ = Ala].new, at all points, which is in the trace. If a € My, since the trace includes both A[a] (including
Ala].add;) and A[A[a].add,], B[a].val’ can be derived from the trace.

Now consider B[x].val. From Lemma 3.18, B[x].val does not change when the task stored in A[x] changes;
it therefore follows from Claim 3.5 and Definition 3.26 that B[x].val can only change when A[x].stat changes
from L to True. Suppose that at point ¢, B[x].val changes, and hence that A[x].stat changes from L to True. By
Lemma 3.7, there exists an a; € M; such that a; = A;[x].add; and A;[x] = A;[a4]. Since the trace includes A[a]
and in particular includes the fact that A[a;].stat changes from L to True at point ¢ and that A;[a;].addy = x, the
value of B;[x].val = A;[x].newy = A;[a;].newy can be derived from the trace. Since B[x].val begins as L and is
derivable from the trace every time it changes, it follows that it is derivable from the trace at all points.

We next prove the case for B[x].val’. Suppose that B[x].val’ changes at point t. In addition, suppose for
the purpose of proving a contradiction that A[x] changes at point ¢t. By Lemma 3.18, A;[x].stat = L, and by
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Lemma 3.16 and Claim 3.3, A;[A;[x].add,] # A;[x]. Therefore, from Definition 3.26, B;[x].val’ = A;[x].oldy =
B;[x].val. Using Lemma 3.18 again, there are two possibilities. First, it could be that A;_;[x].stat = True and
Ap_1[x].newy = A;[x].oldy; by Definition 3.26, By [x].val’ = A;_1[x].newy = As[x].0ldy, which contradicts
that B[x].val’ changes at point t’. Second, it could be that A;_;[x].stat = False and A;_;[x].0ldy = A;[x].0ldo;
by Definition 3.26 and Lemma 3.11 again, A;_1[A;_1[x].add:] # A:;-1[x] and so B;_1[x].val’ = A;_1[x].0ldy,
also contradicting that B[x].val’ changes at point ¢. It thus follows that A[x] does not change at point t, so
either A[x].stat changes from L to True at point ¢ or A[A;[x].add;] changes to A;[x] at point ¢. In the first case,
B[x].val changes at point ¢ and is equal to B;[x].val’, so by the previous paragraph the new value of B[x].val’
is visible in the trace. In the second case, the analysis is similar to the previous paragraph; specifically, the
trace at point ¢ includes the value of A;[A;[x].add;] = A;[x], and in particular the values A;[x].addy = x and
Ay [x].newy = B;[x].val’.

Because task creation in line 50 creates a task whose fields only depend on the calling operation’s arguments,
and because the trace includes instruction pointers, the trace includes the fields of each task at the point they
are created. From Definition 3.27, tasks 7 are successful starting at the point t when A;[7.add;] = 7, which is
directly in the trace. Thus, the set of successful tasks is derivable from the trace. Doomed tasks are defined based
on successful tasks and imminent interpreted values, all of which are derivable from the trace. However, their
references may not be stored anywhere in A, so only their fields are guaranteed to be derivable from the trace. O

Unlike the trace for RC object L[ x] (Definition 2.25), the BDCAS trace does not explicitly describe the agreement
value L[x].val. However, the value can sometimes be inferred indirectly, e.g., when a process executes line 58 the
trace contains the argument of the unlock() call, by point (iii).

3.5.3 Extending E to Executions E' and E". We define two additional executions E’ and E” such that E’ is an
extension of the execution E described in the statement of Theorem 3.25 and has finite expected length, while E”
is an infinite extension of E’.

We extend E into execution E’ by scheduling all processes that have a pending BDCAS() operation at the end
of E to run solo (one after the other) until their operations are completed. E’ has finite expected length because E
has finite expected length, and because Lemma 3.59 implies that just a finite expected number of additional steps
are needed to obtain E’. Hence, no additional BDCAS () operations are invoked in E’, and no BDCAS() operation is
pending at the end of E’.

We further extend E’ into an infinite execution E”, such that E” contains an infinite sequence of BDCAS ()
operations involving address x. Precisely, after the last step of E’, a single process is scheduled to run solo, and
executes an infinite sequence of BDCAS() calls such that each call successfully changes the value of the same pair
(x,y) of addresses, where y € M. It follows from Lemma 3.59 that each BDCAS() call takes a finite number of
steps in expectation and so E”’ contains an infinite number of successful L{x].choose&lock() calls.

Finally, we assume that if ¢ > |E| then 75,(E"") indicates which one was the last step of E, and if ¢ > |E’| then
T8,+(E") indicates also which one was the last step of E’.

3.5.4 Other Notation. For k > 1, let t; denote the linearization point of the k-th successful method call
L[x].choose&lock() in E”, and let s; be the linearization point of the k-th successful L[x].unlock() call in E”.
Also let ty = sy = 0. From Lemma 2.5, it follows that t; < s < ty4q, for all k > 1.

For a task 7, let r, denote the point when call L[x].propose(z) linearizes in E”, or r, = oo if no such point
exists. For k > 0, let Q. and Pk be the following sets of tasks,

Qr={r:raddy =x, tx <r; <tryo}, Pr={r:t.addy=x, sp <r; <sgs1};

and let px = |Pk|. From Definition 2.26, we have that Qy is the set of recent proposals on RC object L[x] in

execution E;’ .
k+2
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For k > 1, let ;. = Ly, [x].val be the agreement value of L[x] at point #; in E”.
In the following, we use 7; as a shorthand for trace 75, (E;’).

3.6 Distribution of Agreement-Value i

We apply Theorems 2.27 and 2.28 to bound the distribution of 7 in E”. From Lemma 3.56, we have that O(n)
method calls of object L[x] are invoked between points s; and s, in E”, for any k > 0, thus requirement (R) is
satisfied. Applying Theorem 2.27 we obtain:

COROLLARY 3.30. Let k > 0. There is an integer random variable g = gi(7s,,,) with0 < gi < pi and
Elgi | Eq1=(1/2) - E[pi | EG ], (14)
such that the following hold.? If T € Qi then
Prltis2 = 7| Ty, ] < 20/max {g, 20}
and
Pr[tisz = L | T5.,,] < (1/logn)9%.

Proor. It suffices to show that Pr[rxs = 7 | 73,,] < 20/max {gk, 20} from Theorem 2.27’s result that

Pr(tis2 = 7 | T4,,] < 11/max{gk, 11} + 3/n. Suppose that gi > 20, otherwise the result is immediate. From
Lemma 3.56, it follows that g < px < 3n, and so n > g /3. Thus,

Prltis2 = 7| Ty, ] < 11/gx +3/n < 11/gx +9/ g = 20/ g O
Similarly, Theorem 2.28 gives:
CoOROLLARY 3.31. Letk > 0 and let integer j be such that0 < j-A < k < (j+1)A. There is an event By = By (Ey; )
such that
’7 2
Pr[8By | ESM] <1/n%, (15)
and

Prl(tis2 # Ok U (L)) A By | Ty, ] < 6/log? n.

The above statements compute the conditional distribution of 7; given 7;, . Using this distribution, denoted
7(+), Lemma 3.32 below computes for ¢ > t; the conditional distribution of 7} given 7; and 73 € Q2 \ (D;—1US}),
ie, r;, > tr_p and task 7x is not doomed before round ¢ nor is successful after round ¢. The lemma implies if we
know that 7 € Qk—2 \ (Dy—1 U S;), then knowing the complete trace 7; does not provide more information about
7 than just knowing 7;, and D;_;.

LEMMA 3.32. Letk > 2. For any task t and set of tasks T, let

n(n) =Prln =7| 7). x(I)= ) ().

7eT
Ift >ty andt € Qg_3 \ Dy_1 then
(1)
7(Qk-2 \ Ds—1)

2t is still true that gg = gx (754, )» even though 75, does not specify the agreement value of L[x], because gx depends just on the random

Prine =7 | 7, 1 € Qu2 \ (Dy-1 U Sy)] =

choices a, of the proposals between s and sg41, and this information is contained in 75, ,, = 7B (E;’k+1 ).
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Proor. Suppose we fix trace 7;,. We prove by induction on t > #; thatif r € Qx_, \ D;_, then

Prlre =7 | 7,1k € Qk—2 \ (D;_; U SH)] = n(7)/w(Qx \ D;_y), (16)
where
D] = Dy %ft >ty
0 if t < t.

For the base case t = t;, we have that event 7. € Qx_, \ (D;_, U S;) is the same as 73 € Qj_», because D;k_l =0
and from Definition 3.27 and Lemma 3.50 it follows 7; € S;,. Thus, for t = #, the left side of (16) equals

Prlre = 7| 77, T € Qk—2].

And if 7 € Qk_,, the above probability equals 7 (7)/7(Qx) = 7(7)/7(Qk \ D;k_l). This proves the base case of
the induction.
For the induction step, we fix ¢t > f;, and we show that if 7 € Qx_5 \ D, then

Pr[te = 7 | Te1, ok € Qk—2 \ (D U Sp41)] = 7(7) /7 (Qk \ D).
Ifif 7 € Qg_» \ D; then
Prie =7 | 70k € Qk—2 \ (D;_; US))]

Prlzx € Qe2 \ D¢ | 71,7k € Qr—2 \ (D;_; U Sy)]
_ n(0)/7n(Qk \ Dy_y)

~ a(tk € Qr—2 \ D) /7(Qk \ D;_)

(1)

~ w(t € Qr-2 \ Dy)’

where in the second line we applied induction hypothesis (16). We show next that if 7 € Qg_» \ Dy,

Prir = 7| Tr1, % € Qk—2 \ (D U Si1)| =Prlre = 7| 71, 1 € Qp—2 \ (D U SH)]. (17)

Combining that with the previous equation completes the proof of induction step. Thus, it remains to show (17).

To prove (17) we must argue that the additional information about step t + 1 contained in 77,1, when 7 € S¢.44,
does not change the distribution of ;. Let p denote the process that executes step t + 1. If p did not have a
pending next operation before step t + 1, let mc denote the method call of B that p invokes in step ¢ + 1 (BDCAS()
or read()) along with its arguments (mc = L otherwise). Let 7,* = 7; U {(p, mc)}. We can replace 7; on the
right side on (17) by 7;*, because revealing p, mc does not reveal any new information about 7, since 7; already
contains all information that the adversary knows of at the end of step ¢.

Suppose that we fix 7%, and that 7 € Qx—_ \ (D¢ U S;). Next we consider all possibilities for step ¢ + 1.

Pr[e =7 | 75,7k € Qk—2 \ (D: US;)] =

Case 1: Step t + 1 is a step of call read(a). From 7,*, we can infer if step ¢ + 1 is the first step of call read(a):
Process p executes the first step of read(a) if indicated in mc # L, or if in its last step before step t + 1, p just
finished the call in line 48 or finished the first read() call in line 49 (and the BDCAS() call did not return at that
step).

If a # x then we can infer from 7;* exactly which operation process p executes at step ¢ + 1 (including its
outcome), as well as the return value of the call if a return command is executed. This is also true if a = x, even
though 7;* does not indicate the value of A[x]: It suffices that 7,* contains the points at which the value of A[x]
changes, to infer the value of A[x].stat and the value of A[x].0ldy, and also to infer the value of A[x].new, when
Alx].stat = True.

Therefore, 77,1 does not contain any information that cannot be inferred from 7,*.
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Case 2: Step t+1 is a step of call finish(a). From 7,*, we can infer if step  +1 is the first step of call finish(a).
There are several possibilities for the previous step for p, but only two involve if statements. First, p invokes
finish(a) call in line 48 if in its previous step p executed line 54 and the if-condition was false. However, the
value of the if-condition can be inferred from 7; (this is true also when ay = x, since 7; contains the points at
which the value of A[x] changes). Second, p invokes finish(a) call in line 57 if in its previous step p evaluated
to false one of the two if-conditions in line 55. However, we will argue in Case 3 that when 73 € Qx_5 \ (D; U S;),
trace 7; contains the value of y’ if y’ # 7}, and if y’ = 7} then then we can infer from 7; the value of y’.old,.

We can assume that a # x, since otherwise we can infer from 7;* exactly which operation process p executes
at step ¢ + 1 (including its outcome). Suppose also that p does not executes an operation from lines 59-61 at step
t + 1, since they are just read operations.

First, suppose that the task that p reads on A[x] in line 59 of the call is 7 # 7. Then A[x] = r at some point
before t (precisely, at the point when p reads A[x]). Also L;[x].val = 7, otherwise Lemmas 3.42 and 3.51 would
contradict that 7 € Qr_5 \ (D; U S;). It follows that a successful unlock(z) call was invoked before #x, and thus
the value of 7 can be inferred from 7;. Therefore, as in case a # x, we can infer from 7,* exactly which operation
process p executes at step £ + 1.

Next we assume that p reads task 7; on A[x] in line 59. From Lemma 3.44 and assumption 7 € Qk_2 \ (D;US;),
it follows that

(i) if p executes line 62 at step ¢ + 1, the CAS() operation fails,
(ii) if p executes line 64 at t + 1, the CAS() operation is successful, and
(iii) p does not execute the CAS() operation in line 67 at t + 1.

From (i), if p executes line 62, then nothing happens. (Note that if the CAS() were successful, it would reveal
7x.add!) From (ii), if p executes line 64 at t + 1, then 7, € S;41. Hence, this case is not relevant to the proof of
(17), because the probability on the left side is conditional on 7 ¢ S;4;. Moreover, p does not execute lines 65
and 66 at t + 1, because p must have previously executed line 64. Finally, if p executes an operation in line 63,
then nothing happens.

Therefore, 77,1 does not contain any information that cannot be inferred from 7;*.

Case 3: Step t + 1 is a step of call BDCAS(). We have already considered the case where step t + 1 is a step of a
method finish() or read() invoked in one of lines 48, 49 and 57. Also, if p creates a new task at step t + 1, in
line 50, then this information can be inferred from 7,*. So, we assume that p executes an operation in one of the
remaining lines, lines 51-56 and 58, at step ¢ + 1.

Suppose first that the DCAS() operation is not applied to address x. Then the exact operation that p executes
at step t + 1 (and its outcome) can be inferred from 7;*, in all cases except for two which involve a randomized
decision: when p executes line 2 of the propose () call invoked in line 51; and when p executes line 34 during an
unlock() call invoked in line 58. In both cases, however, knowing the random values involved in the operations
does not provide any additional information about 7.

For the remainder of the proof, we assume that the DCAS() operation is applied to address x. If p executes the
propose() operation in line 51 at step t + 1, then, as before, knowing the randomness involved in the operations
does not reveal any information about 7 (recall that 7;;; contains random value a). If p executes a step of
choose&lock() in line 52, then 7;4; provides no new information as B does not change, because from Lemma 3.51
and assumption 7x € Qk_» \ (D; U S;), it follows that L;4; [x].val = L;[x].val = 1;. Moreover, we can infer from
7;* whether t + 1 is the last step of call choose&lock(). If p executes the RC read() operation in line 53 at
step t + 1, then no new information is revealed. The same is true if p executes the if operation in line 54, and
moreover the value of the if-condition can be inferred from H; . It remains to consider the case where p executes
an operation in one of lines 55, 56 and 58 in step t + 1.
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First we assume that the value that p read in line 53 during the same while-loop iteration is 7 # 7. As noted
above, from Lemma 3.51 and assumption 7x € Qk_» \ (D; U S;), it follows that L;.1[x].val = L;[x].val = 7x. Thus,
Ly[x].val = 7 for some y < t, which implies that a successful L[x].unlock(r) call was invoked before t. And
since 7y contains the arguments of all method calls invoked, we conclude that 7; contains the value of 7.

Suppose that p executes the operation in line 55 at step ¢ + 1 (only the second of the two if-conditions involves
a shared memory operation). This happens if 7 # L, and in its previous step p evaluated to true the if-condition
in line 54. These can be inferred from 7;*, as well as the value of the second condition in line 55, evaluated at
step t + 1. Hence, 7741 does not contain any additional information.

Next suppose that p executes the CAS() operation in line 56 at step ¢ + 1. This happens if in its previous step, p
evaluated to true the if-conditions in line 54 (which can be inferred from 7,*). The outcome of the operation can
also be inferred from 7.

Last suppose that p executes a step of operation unlock(z) in line 58 at step ¢ + 1. Recall that the value of 7 is
contained in 77, and Ly [x].val = 7 # 7. It follows from Claim 2.19 that step t + 1 does not change the values of
any of L[x].S, L[x].P, or L[x].T[1].Hence, 77,1 does not contain more information than 7,*.

Finally, we need to consider the case where p executes an operation in one of lines 55, 56 and 58 in step t + 1,
and p previously read value 7 in line 53 in the same while-loop iteration. From assumption 7z € Qx> \ (D; U S;)
it follows that 7 # L and x.0ldy = B;[x].val’, where B;[x].val’ can be inferred from 7;. If p executes line 55 at
step t + 1 (which is possible since 73 # L), we can then infer from H; the value of the second if-condition. If p
executes the CAS() operation in line 56 at step t + 1, then the outcome, success or failure, of the CAS operation
can also be inferred from 7,*. Finally, it is not possible that p executes a step of call unlock(z;) in line 58, because
otherwise Lemma 3.60 would contradict that 7, ¢ D; U S;.

This concludes the proof of (17), and the proof of Lemma 3.32. m]

3.7 k-Fated Tasks

We lower bound the expected number of tasks 7 € Qk_, that are doomed or successful by the time that task 7x
itself is also doomed or successful. We call those tasks k-fated, and give their formal definition below.

Definition 3.33 (k-Fated Tasks). For k > 2, let py be the following point
{min{t: T €D US, t > 1}, ifrp € Qps
Pk = .
e, otherwise.
We define the set Fy of k-fated tasks as
Fy = Qk—Z N (Dpk U Spk);
and let fi = |Fg/.

From Lemma 3.45, it follows that point pg, k > 2, always exists. Also, from Lemma 3.51, it follows that for all
k> 2,

tk < pr < tg41- (18)
To show the main result we will need the next two lemmas. The first one is based on Lemma 3.32.
LEmMA 3.34. Letk > 2, and for anyt > 0 let
Zt = Qk-2N (D USy).
Ift € Qg2 andt > ty then
Prie =7 | Ttk € Qk—2, t < pe, Zyy ... Z) =Pr[tpe =7 | T, Tk € Qk—o t < Py Ziy - .- Zi—1].
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Proor. Suppose that we fix trace 77, . First we argue that no task in Qk_; is successful at point pj except

possibly for 7;_; and 7, i.e.,
(Qk—2 \ {mk—1, % }) NSy, = 0.

Suppose that 7 € Q_5 N S,, . Then Lemma 3.50 implies L, [x].val = r at some point y < pi. From Lemma 3.51
and the definition of py, it follows that L;[x].val remains the same for all t; < t < pg. Thus, y < tr. Moreover,
y > tr_1 because r; > f;_,, hence the earliest point that 7 can be written to L[x].val is tx_;. Since 7x_; and 7} are
the only values of Ly[x].val for tx_; < y < 1, it follows that 7 € {7x_y, ¢ }.

Next we argue that

Tk € Spy = Qk—2 \ {Tk—1, Tk} € D,

Suppose that 7 € S, . Then Lemma 3.50 implies pj > t;. At point py., a process p changes the value of A[7y.add, ]
to 7k, by executing a successful CAS() operation in line 64. This operation changes also the imminent interpreted
value B[x].val’. As we saw above, no task 7 € Qx5 \ {rx-1, 7x—2} gets written to L[x].val before py, and thus
neither does it get written to array A before pi. Hence, the change in the imminent interpreted value B[x].val’ at
point py implies 7 € D, , forall 7 € Qg_5 \ {7k—1, Tk—2}-

Let

A={1-1} N Q-2 N Sy,

ie, A= {1} ifr € Qk_2 NSy, and A = 0 otherwise. The value of 74_; can be inferred from 7;,, because
between points f;_; and t; a successful unlock(rx_;) call is invoked, and 7;, contains the arguments of all
invoked method calls. Moreover, we have

Tp-1 € Q-2 = Tk—1 € Dy N Sy,

because if 7x_; € Qx_» then 7p_y € D, NS, |, and pr_y < t; by (18). Thus set A can be inferred from 7;,..
Combining the above, and the definition of Z; = Qx_» N (D; U S;), we obtain that

7 - {(Qk_2 AD)UA, iftx <t<p orift=pgand i &S,
Qk-2, ift=prand 7 €5,,,.
Let t > t;, and suppose that t < pi. Let p be the process that executes step t. We distinguish three cases,
depending on the following event:
& is the event that process p just finished line 63 of call finish(x) in its last step before step t,
and moreover p read A[x] = i in line 59 of the same call.

Case 1: event & holds. In this case, t = pg > t; and i € S;. The reason is that in step ¢ process p executes either
line 64 or line 67, since it just completed line 63 in its previous step. But, from Lemma 3.44, if p executed a failed
CAS() in line 64, or executed line 67, it would imply pi < t. Thus, the only possibility left is that p executes a
successful CAS() in line 64, and thus t = pg and 7 € S;.

Then Z; = Qk_,, as we saw above. Therefore, the value of Z; is completely determined in this case (as Qk_
can be inferred from 7;,). It follows that for any 7 € Qk_,,

Prlg =7 | € Qo t < pi, &, Zyy, .. .. Zy] =Pr[ri =7 | 7 € Qk—2, t < i, &, Zyy., ..., Zp4].
Case 2: event & holds and t > ti. In this case we have that 7 ¢ S;. Then, from Lemma 3.32, if 7 € Qx_5 \ D;_1,
Prlee =7 | 75, 1% € Qk—2 \ (Di-1 U Sy)] = (1) /7 (Qk—2 \ Ds-1).

For the left side we have that event 74 € Qg_2At < p AE implies 7 € Qg2 \ (D;—1US;), and moreover Dy, ..., D,
and thus Zy,, ..., Z; can be inferred from 7;. For the right side we have that 7(Qx_2 \ D¢—1) = 7(Qk—2 \ Z¢-1).
Therefore, the above equation implies that if 7 € Q5 \ Z;-1,

Pr[Tk =T | Tk € Qk—z, t < Pk S’ Ztk .. Zf] = ”(T)/”(Qk—z \Zt—l)'
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(Thus, the probability is zero if T € Qk_» \ Z;_1.) Since the right side is independent of Z, it follows
Pricy =7 |t € Qk-2. t < i & Zty ... Zy] =Pr[tp =7 | 1k € Qs t < piy &, Zty .. Zy1].

Combining Cases 2 and 3 proves the lemma for the case where ¢ > #.
Case 3:t = ty. For every 7 € Qk_,, we have

Prie = 1| 7 € Qk—z] = 7n(0)/m(Qk-2).-

As in Case 2, Dy, and thus Z;, can be inferred from 7y, , and the right side does not depend on Z;, . Therefore, the
lemma holds in this case, as well. m]

The next lemma analyzes a very simple game.

LEmMA 3.35 (GUESSING GAME). Consider the following game. An element g* of a finite set G is sampled at random
according to a distribution A, such that maxgeg Ag) < € < 1. The player, who knows G and A, tries to guess g* in a
sequence of attempts. In each attempt i, the player proposes a set G; C G. If g* € G; the game ends and the player’s
score is )’ ;<; |G;|. Then, for any player strategy, the expected score is at least (2¢)7L.

Proor. Clearly, proposing more than one elements in an attempt, or proposing an element twice can only
increase the player’s score. Hence, we can assume that the player just decides an order g1, gs, .. ., 9| in which
the elements are proposed, one element per attempt. The expected score is then

DAz D i-1/l1/el,
1<i<|G] 1<i<|1/€]

where the inequality holds because A(g;) < € < 1/|1/¢], and thus we can obtain a lower bound of the sum by
assigning to each of the first | 1/€| elements probability 1/ 1/¢], and to the remaining ones probability zero. The
desired lower bound then follows from

Z P 1/1/e] = L1/e] - (12+ L1/e]) 1/|1/e] > 1/e

€
1<i<|1/€] 2

We are now ready to prove the main lemma of this section, which provides a lower bound on the expected
value of fi given 77,

LeEmMA 3.36. Fork > 2 andn > 157,
1
BUf | Tl 2 - (1= 4Pr[Bey | ) - i

Proor. Suppose that we fix 7;, and that gx_, > 0, otherwise the lemma holds trivially. As in Lemma 3.32, we
denote by 7(-) the probability distribution of ;.. We have

Elfil = Elfi | 7k € Q2] - Prlzc € Qk—2] 2 E[fi | 7% € Q2] - 7(Qk-2)- (19)

Next we lower bound E[fi | 7x € Qk-2], by expressing f; as the score of the game described in Lemma 3.35, using
Lemma 3.34. Let Z; = Qx_» N (D; U S;), for t > 0, as in Lemma 3.34. For each t > i, let

Gr =274\ Zs-1,
and let G, = Z;,. Then Lemma 3.34 gives that, for any 7 € Qx_; and t > ti,

Priry =7 | 7% € Qk-2, tk < pr» G ... Ge] =Pr[rx = 7| 7k € Qk—2, tk < pi> Gy ... Gr1].



Faster Randomized Repeated Choice and DCAS « 55

Therefore, given 7 € Qk—3, t < pi, Gy, ... Gi—1, we have that G, is independent of 7. It follows that the sequence
Gt» Gipt1s - - - corresponds to a randomized player strategy for the guessing game of Lemma 3.35, where G = Qj_3,
g" = 1, and for each 7 € Q_»,

A1) =Prlne = 7| 7 € Q2] = 7(7)/7(Qi).
Then Lemma 3.35 gives

>, 1G]

e <t<pg

-1

-1
> (2 max A(T)) = (2 max m(0)/m(QK) | = m(Qk) - Gr—2/20,

T€Qk—2

E Tk € Ok—2

where for the last inequality we used Corollary 3.30 to obtain that 7(7) < 20/gx_, (recall we have assumed
gk-2 > 0). And since Fx = Qx—2 N (Dp, U Sp,) = Zp, = Uy <i<p, Gro we have fi = |Fx| = Xy <1<p, |G:l, and the
inequality above yields

Elfi | 7 € Qr—2] = m(Qk—2) - gk—2/20.

Substituting this to (19) gives
E[fi] 2 (2(Qu))* - gk—2/20.

Finally,
(1—-Pr[re € Qk])* = 1 - 2Pr[z ¢ Okl
1-2(Pr[re = L] +Pr[(zx ¢ Qk-2 U {L}) A Bi] +Pr[B])
1-2((1/log n)%-2 + 6/log” n + Pr[Bx])
1/2 = 2Pr[By],

where in the second-last line we used Corollaries 3.30 and 3.31, and the last line holds for n > 157. Substituting
this to the previous inequality gives

((Qi))?

v v

v

E[fel 2 (1/2 = 2Pr[Bk]) - gk—2/20,
which concludes the proof of Lemma 3.36. ]

3.8 Lower Bounding the Sum of k-Fated Tasks

In this section and the next one, we establish respectively a lower bound and an upper bound on the sum of f; in
execution E’. In particular, in this section we lower bound the expectation of that sum in terms of the expected
number of propose () operations on object L[x]. We introduce some notation first.

Definition 3.37 (Cy and I1,). By C, we denote the number of successful L[x].choose&lock() calls in E,
Cy = max{k: t; < |E'|}.
By I, we denote the number of L[x].propose() operations in E’,
I, = [{r: r.addy = x, r, < |E’|}].

LEMMA 3.38. Foralln > 531,°

E

1
Z ﬁCl 2 E'E[ny

2<k<Cx+2

3We sum for k up to Cy + 2 rather than up to Cy for a technical reason, but we will see later that the difference is at most a constant.
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Proor. We have

E

>, fkl = > Elfi - Tccosal.

2<k<Cy+2 k>2

Recall that if ¢+ > |E’| then 7; indicates which one was the last step of E’. Hence, we can infer from 7;,_ if
tr < |E’|, and thus if k < C,. In fact, we can infer from 7;,_ if k < Cy + j for any given j > 0. We will use this
observation several times below.

For k > 2,

E[ﬁc . ILksC,(+2 | ‘7;k] = ILksCx+2 . E[ﬁc | 7;;(]

(1= 4Pr[Bes | TR - g 20

= ]lkSCx+2 . 40

1 1
= — lg<cerz " Gr—2— = Prlk S Cx + 2 A B3 | T ] - Gr—2s

40 10
where the first equation holds because we can infer from 7;, if k < Cy + 2, and the second equation follows from
Lemma 3.36.

For the first term in the last line of (20), we have

E[]lkscx+2 * k-2 | 7§k_2] =Tg<cer2 'E[gk—z | 7§k_2]
= lk<cos2 " Elpr-2 | T5.,1/2
=E[lg<cos2 - pr-2 | T5p1/2,

where the first equation holds because we can infer if k < Cy + 2 from 7;,_, and thus also from ‘7§k_2,4 and the
second equation holds because of equation (14) in Corollary 3.30. It follows
E[lr<co+2 - Gr-2] = E[Lk<c, 42 - pr—21/2. (21)

For the second term in the last line of (20), we have
Prlk < Cx+2A B2 | Tr] - g2 < Prlk < Cx + 2+ A A By_2 | T ] - 3m,

because gk-2 < pr-2 < 3n, where the second inequality follows from Lemma 3.56. Let j > 0 be such that
0<j-A<k-2<(j+1)A Then

Prik < Cx + 2+ AA B2 | T5;,] = Tkccpszan " Pr[Br—2 | T, ] < Tk<cpvzen - n~2.

where the last inequality follows from equation (15) in Corollary 3.31. Combining the last two equations gives

E[Prlk < Co+2ABi_y | Tl - gk—z] < = -Pr[k < Cx+2+4]. (22)

S| w

From (20)-(22), we obtain

1 1
E[fi - Lk<cov2l 2 20 “E[lk<cos2 - Gr-2] — 10 ‘Prk < Cx +2 A Br_3] - g2
1 3
> —-E[1 cPr_o| = — Pr[k < Cy + 2+ A].
= 30 [ k<Cy+2 " Pk 2] 1on r[k < Cy ]

“However we may not be able to infer if k < Cy, and this is the reason for choosing the sum range to be up to Cy + 2 rather than up to Cy.
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Substituting that to the very first equation of the proof, gives

1 3
E Z ﬁcl2%'ZE[]lk<cx+z'Pk—2]—ﬁ'ZPr[kSCx+2+/1]
2<k<Cyx+2 k>2 k>2
1 3
=—-E ol —— -E[Cx+1+1
o Bl 2 m 2] o El ]
2<k<Cyx+2
1 3
=—-E —— - (E[Cx] + A +1).
m Zpkl o (E[Ci] 44+ 1)
0<k<Cy
Finally, since
Z Pk = Hx»
0<k<Cy
and
Cy <II,

we conclude that

1 3 1 3 1
> . - . . . il
E Z frl = m E [I1,] Ton (E[II]+A+1) > %0 E [I1,] Ton (E[II;]+logn+1) > 160 (E[II,]+log n+1),
2<k<Cyx+2
for all n > 531. a

3.9 Upper Bounding the Sum of k-Fated Tasks

We compute now an upper bound on the sum of fi, in terms of the number N, of BDCAS() operations on address
x invoked in E. Note that N, is also the number of BDCAS() operations on address x invoked in E’.

LEMMA 3.39. There is a constant ¢”’ > 0 such that

S <N

2<k<Cx+2

Proor. Suppose that process p invokes a BDCAS() operation involving address x. Let I" be the set of tasks that
p creates during that operation, and for k > 0 let

I.=TNQOr={r: 7€, tx <r; <tpp}
From Lemma 3.55, it follows that for all k > 0,
Tl < c1,
for some constant ¢;. We also argue that the following holds for some constant c,, for any k > 0,
TNFyp 720 = |{r: 1 €T, r; = tras}] < ca.

Indeed if 7 € ' N Fyyp then 7 € Dy, N Sp,,,, and lemma Lemma 3.54 implies that [{7: 7 € T, r; > pri2}| < co.
Moreover, from (18), pr+2 < b3

We will now use the above observations to bound ¥g<x<c, IT' N Frs2|, which is precisely the contribution of
the BDCAS() operation to the sum }},_x<c 42 fk We are interested in. Suppose that 3y<x<c, IT N Fis2| # 0, and
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let k* = min{k: Fx.», NT # 0}. Then

D, TN Fual < 37 0N Fal < 3 TN QK

0<k<Cy k>k* k>k*
=Y Ml= > N+ D [Tl <3¢+ 2.
k>k* k*<k<k*+2 k>k*+3

This is a bound on the contribution of a single BDCAS() operation. The total number of BDCAS() operation on x
invoked before step tc 4z is at most Ny + 2, because N, such operations are executed in E’, and at most two are
invoked before tc_4, by the process that runs solo in the extension E” of E’. It follows

Z ﬁg < (301 + 202) . (Nx + 2). O

2<k<Cx+2

3.10 Completing the Proof of Theorem 3.25

Combining Lemmas 3.38 and 3.39, we obtain that the expected number of proposals on L[x] in E is at most
linear in the expected number of BDCAS() operations on address x,

E[IL] < (¢”/c’) - E[Nx].

The final step is to bound the number of steps in terms of II,. Let T, denote the number of steps of BDCAS()
operations on address x in E’. Then T, is an upper bound on the number of steps of BDCAS() operations on x in
E. Since all method calls are completed in E’, it is immediate from the algorithm that the number of steps of the
BDCAS () operations on x in E’, excluding the steps of methods of L[x] invoked by BDCAS(), is at most ¢; - I,
for a constant c;. The number of L[x].choose&lock() calls and the number of of L[x].read() calls are exactly
the same as the number II, of L[x].propose() calls, and each choose&lock() call involves at most ¢, loglogn
steps, for some constant ¢, while each propose() and read() call consists of one step. Finally, the number of
L[x].unlock() calls is at most II,, and Corollary 2.13 gives that the expected number of their steps is at most
csloglogn - E[I1,]. It follows

E[T¢] < c; - E[IL] + cloglogn - E[I1,] + 2 - E[II,] + c3 loglogn - E[I1,] = cloglogn - E[I1,],
for a constant ¢. Combining this with the previous inequality yields
E[T:] < (c-c"/c") -loglogn - E[Ny],

and concludes the proof of Theorem 3.25.

3.11 Auxiliary Lemmas

We show that the imminent interpreted value of B[a], if different from the interpreted value of B[a], is the next
interpreted value that B[a] takes.

Cram 3.40. If By[a].val # B;[a].val’, then for the earliest point t' > t at which By [a].val # B;[a].val,
By [a].val = B;[a].val’. Also, the task stored in A[a] is not replaced in the interval (t,1'].

Proor. If B;[a].val # B;[a].val’, then by Definition 3.26, A;[a].stat # True, A; [A;[a].addi] = A;[da],
Bi[a].val = A;[a].old;, and B;[a].val’ = A;[a].new;, as this is the only configuration in which interpreted
values and imminent interpreted values differ. From Lemma 3.11 and that A; [A;[a].add;] = A;[a], it follows
that A;[a].stat = L. From Claim 3.6 and that each step consists of only one shared memory operation, A, [a].stat
changes to True before A[a] is replaced with a different task. By definition of interpreted value, the point when
A¢la].stat changes to True is t’, and By [a].val = A;[a].new; = B;[a].val’. O

COROLLARY 3.41. Foranyt > 0, either B;[a].val = B;[a].val’ or B;[a].val <, B;[a].val’.
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Proor. Suppose that B,[a].val # B;[a].val’. As in Claim 3.40, we have that by Definition 3.26, A;[a].stat = L,
Ay [Asla].add,] = A;la], Bi[a].val = A;[a].old;, and B;[a].val’ = A;[a].new;. Since A;[a].old; # A;|a].new;,
the task stored in A;[a] is not an initial task. Thus, A;[a].old; and A;[a].new; are the parameters old; and new;
of some BDCAS() operation which created the task stored in A;[a] in line 50 before ¢. Since old; <, new; from
the irreflexivity requirement, the corollary follows. O

LEMMA 3.42. Foranyt > 0,D; C Dyy1 and Sy C Sp41-

Proor. Suppose that r € D;, and we will show that r € D;,;. Since 7 € Dy, from Definition 3.27, Ay [r.add,]| #
for all ¢/ < t, and, for some i € {0, 1}, B;[r.add;].val’ # t.0ld;. It suffices to show that A;, [7r.add;] # 7 and
Biii|[r.add;].val’ # t.0ld;.

The process p, which creates 7 does not return in line 49, and therefore there exists a point t; < ¢,
p:’s read(r.add;) method returns 7.0ld;. By Lemma 3.15, By, [7.add;].val = 7.0ld;.

Since B;[r.add;].val’ # t.0ld;, from Claim 3.40 if B[r.add;].val changes after ¢ then there exists a point
t’” > t such that By [r.add;].val = B;[r.add;].val’ # r.0ld;. From Claim 3.13 and Corollaries 3.19 and 3.41,
r.0ld; = By, [r.add;].val <; 444, By [r.add;].val for all t* > t”. Therefore, B;41[7.add;].val’ # r.0ld;.

Now suppose for the purpose of proving a contradiction that A;;[7.add;] = 7. By Claim 3.3, there is a point
no later than t + 1 at which A[r.add,] = 7; let t; be the earliest such point. Since at most one shared memory
operation takes place per point in time and A[r.add;] # A[r.add,] changes at point t+1, t, < t. From Lemma 3.11,
r.stat # False throughout the execution. From Claim 3.5 and Lemma 3.7 and that 7 is not an initial task, 7.stat does
not change to True until after point ¢ + 1, and hence 7;.stat = L. Using Claim 3.6, we also have that A, [7.addy] = 7.
Since A;[A;[r.addy].add;] = A;[r.add,] # 7, from Definition 3.26 B;[7.addy].val’ = t.0ldy, so it follows that i = 1
and B;[r.add;].val’ # r.0ld;; again from Definition 3.26, we have that B;[7.add;].val’ = A;[r.add;].new; # t.0ld;.
This contradicts Claim 3.8.

Now suppose that 7 € S;: then, there exists some ¢’ < t such that Ay [r.add;] = 7. Since t’ <t <t + 1, it also
follows that 7 € S;,;. O

< t in which

CrLaM 3.43. Suppose process p creates task t (in line 50) at some point t;. Let t,eqq < t; be the linearization point
of p’s read(ay) operation in line 49 during the same iteration of the while-loop. Further, let t > t;.

(a) If the value of A[t.add;] changes during [t,eqq,t], then T € S; U Dy.
(b) If there is a task t* with t*.add; = t.add;, such that v*.stat changes from L to True in [t,eqq, t], then
7 € Sy U Dy for somet’ < t.

Proor. Let a = r.add;. Consider the while-loop iteration in which p creates task 7 in line 50 (at point ¢;). Then
p’s read(a) in line 49 of the same while-loop iteration returns z.0ld;, as otherwise p would complete its BDCAS ()
call in that line. Hence, by Lemma 3.15, B, [a].val = r.0ld;.

Let k be the task stored in A[a] at point ¢,¢,4. Then by the definition of the interpreted value of B[a],

k.new; if k.stat = True at point t,.,q, and
rold, = ! . POttt tread (23)
k.old;  otherwise.
To prove (a), we assume that
Azla]l #rforallz <t, (24)

because otherwise 7 € S;, and (a) follows immediately. Now, suppose that the value of A[r.add;] changes
during [t,eqq, t]. Let ¢’ = A;[a]. By Claim 3.9 (b), k # 7’. Then by Claim 3.9 (a) k.new; <, t’.new;. Since either
k.old; <, k.new; or k.old; = x.new; (the latter is the case if x = A;), we obtain from (23) and transitivity of <,
that r.0ld; <, 7’.new;. Hence, by irreflexivity r.old; # 7’.new;. By (24) and since A;[a;] = 7/, it follows that
7 € D; since B;[a,].val’ = v’.new, # t.0ld;.
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To prove (b), assume that there is a task 7* with t*.add; = r.add;, such that *.stat changes from L to True at
point t* € [tyeqq, t]. By Lemma 3.7, Ay« [a] = 7. Since at most one shared memory operation takes place at point
t, it follows that A;«_q[a] = 7*.

We assume that 7* # 7, because otherwise 7 € S;+_1, in which case (b) follows immediately. Also, if the value
of A[r.add,] changes during [teqq,t — 1], then by (a) 7 € S;—1 U D;_1. So, suppose that the value of A[r.add, ]
does not change during [t,¢qq,t — 1]. Hence, A[a] = * = k throughout [f,¢qq, t — 1].

Again using that at most one shared memory operation takes place at point ¢, it follows that k.stat changes
to True after t,¢,49. Then by Claim 3.5 k.stat # True at point t,.q4, SO by (23), 7.0ld; = k.0ld;. Moreover, then x
is not an initial task, and so x.old; # k.newy, and so 7.0ld; # k.new;. Since t; € [treqq, t — 1], As [a] = k, and it
follows that By, [a].val’ = k.new; # old;. Hence, 7 € S;, U D;, which completes the proof of (b). |

LEMMA 3.44. Suppose that at point ty@so, process p reads Ala] = 7 in line 59 of operation finish(a), and at
some point t > ty@so during the same finish() call one of the following happens:

(a) p executes a successful CAS() operation in line 62,
(b) p executes a failed CAS() operation in line 64, or
(c) p executes line 67.

Thent € Dy U Sy for somet’ < t.

Proor. If 7 = A4, then 7 € Sp for all ’ > 0. Hence, assume that 7 # A,. By Claim 3.1 (b), task 7 is created in
line 50 at some point t; < t,@s9.

First assume that (a) is true, i.e., at point ¢ process p performs a successful 7;.stat.CAS(L, True) in line 62, where
71 is the task that p reads from A[r.add;] in line 61. Then 7y.add; = t.add;, and so by Claim 3.43 (b) 7 € Sy U Dy
for some t’ < t.

Now assume that (b) is true. Then at point ¢ process p executes a failed A[7.a;].CAS(zy, 7) in line 64, where
11 is the task p previously read from A[r.a;] in line 61 at some point #,; < ¢. Since the CAS fails, the value of
Al[r.add;] changes at some point t’ € [t¢;,t) from 77 to a different value. Thus, by Claim 3.43(a) 7 € Sy U Dy.

Finally, assume that (c) is true. Then at point ¢ process p executes a z.stat.CAS(L, False) in line 67. If prior to
that p executes a failed CAS in line 64 during the same finish() call, then the claim follows from part (b). If p
executes a successful CAS in line 64 at point ¢,@e4, then as a result of that Atpou [r.add;] = 7, and so T € S] for
t' = th@es < L.

Hence, assume that p does not execute line 64. Then p evaluates the if-condition in line 63 to False. Hence,
71.new; # t.0ldy, where 7y is the task stored in A[7.add;] when p reads that register in line 61 at point ¢,@s1. Thus,
for t’ = tp@e1 < t, if A[r.add;] # 7 throughout [0,#] then 7 € Dy because By [r.add;].val’ = ty.new; # t.0ldy,
and otherwise 7 € Sy. O

LEMMA 3.45. If a process p creates task © during a BDCAS((aO, 0o, 06) , (al, 01, vi)) operation, and the operation
returns before point t, then t € D; U S;.

Proor. Since p’s BDCAS((aO, Vo, v(')> , <a1, 01, 01)) operation returns, there is an index i such that p’s last
read(a;) operation in line 49 returns a value different from v;. Let t* be the linearization point of that read(a;)
operation. Then by Lemma 3.15, By [a;].val # v;.

Now consider the iteration of the while-loop in which p creates task 7. Then 7.0ld; = v; and r.add; = a; due to
the arguments used in the newTask() call in line 50. Let t,,q < t* be the point when p’s read(a;) in line 49 of
that iteration linearizes. Since p’s BDCAS() call does not return in that while-loop iteration B;,, ,[a;].val = v;.
Hence,

r.0ld; = B, ,[7.add;].val # By [r.add;].val. (25)
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First assume that i = 1. By (25) and Lemma 3.24 a successful BDCAS() operation op that uses an argument
triple (r.addl, ui, ui) for some values uy, u}, linearizes at some point lin(op) € (tyeqq,t"]. By the definition of
linearization points and by Claim 3.23, the process that executes op, creates a task k whose status changes to
True at point lin(op). Then k.add; = r.add;. Since lin(op) € (treadst"] S (treads t] it follows from Claim 3.43 (b)
that r € S; U D;.

Now assume that i = 0. If Ay [r.addy] # 7 for all t’ < t*, then 7 € D;» C Dy, since either By [1.addy].val’ =
By« [r.addy].val # t.0ldy, or t.0ldy = B;,, ,[7.add;].val <; 444, By [7.addy].val <; a4, B [7.addy].val’ by Corol-
laries 3.19 and 3.41, and by irreflexivity r.0ldy # B+ [r.addy].val’. Hence, assume

At’ <t:Ap[r.addy] = 7. (26)

First consider the case that A;+[7r.addy] = 7. Then by the definition of interpreted value, By« [7.addy].val €
{r.0ldy, T.newy }. Thus, by (25), B;+[7.addy].val = .newy. Then by the definition of interpreted value, 7.stat = True
at point t*. Since 7.stat = False when 7 is being created, which is before t*, it follows from Claim 3.43 (b) that
T € Sy UDy C S, U Dy,

Finally, consider the case that A;-[7r.addy] # 7. By (26), before point t* the value of A[r.add,] changes from
to a different value, say 7’. This can only happen when some process executes a successful A[z.addy].CAS(z, ")
in line 56. Then that process previously obtained 7 from a finish() call in line 48, and hence, executed line 67
after reading 7 from A in line 59. Then it follows from Lemma 3.44 (c) that z € S; U D;. O

Cramm 3.46. Let a € My, and t a point in time such that © = L;[ao] is a task. Then at all points t' > t,
By [ag].val = r.0ldy or t.0ldy <, By [ag].val.

PRroOF. Since 7 = L;[a] is a task, some process p calls propose(r) on L[a] in line 51 prior to t. (According to
the RC specification, initially L[a] = L.) Due to the if-statement in line 49 and the arguments of p’s newTask ()
call in line 50, p’s preceding read(a) in line 49 returns 7.0ldy. Hence, by Lemma 3.15, there is a point t* < ¢
(namely the linearization point of p’s read(a)), such that B+ [a].val = 7.0ldy. Thus, it follows immediately from
Corollary 3.19 that By [ay].val = r.0ldy or r.0ldy <4 By [ag].val for any ' € [t*,00) 2 [t, 00). O

CramM 3.47. Let t be a task, a = t.addy, and t a point in time such that r.0ldy <, B;[a]. Then either Ala] = r at
point t or Ala] # t throughout [t, o).

Proor. For the purpose of contradiction, assume that A;[a] # 7 but there is a point ¢ > t at which the value
of A;[a] changes to 7. Then by Lemma 3.18 (b) r.stat = L at point t’, and thus By [a].val = 7.0ld,. Thus, we have
By [a].val <, B;[a].val, which contradicts Corollary 3.19, since <, is transitive and irreflexive. O

Cramm 3.48. Suppose process p calls BDCAS((aO, Vo, U(’)> , <a1,01,01>), and in one while-loop iteration p first
reads a task t from Llaog] in line 53 at point t, and then it evaluates the if-condition in line 55 to False. Then
r.0ldy <4, Brlao].val.

Proor. Let 7y be the value that p’s finish(ag) call in line 48 returns at point ¢,@4s. Then by Claim 3.17
3s € {False, True} : 7p.stat = s throughout [t,@as, ©0). (27)

Since in line 54 process p also reads 7y from A[ay] at point t,@s4 (because it proceeds to line 55), it follows from
Lemma 3.16 that

A[ao] =170 throughout [tp@4g, tp@54]. (28)

Thus, by (27) p’s read(ay) in line 49 returns 7y.0ld, if s = False and ry.new if s = True. Since p’s BDCAS(<a0, o, U(’)> , (al, 01, 01))
call does not return in line 49, the read(ay) operation returns vy. Hence, by (27) and (28)

B[ao].val =10 throughout [tp@4g, tp@54]. (29)
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Now consider the task 7 that p reads from L[ao] in line 53 at point tp@s3 € [tp@4s tp@s4]- Since p evaluates the
if-condition in line 55 to False, 7.0ldy # vo. Thus, by (29) and Claim 3.46, 7.0ldy <4, B:[ao].val. O

CLAIM 3.49. Leta € M,.

(a) If at point t the value of A[a] changes from 1y to T # 1o, then L;[a] = 7.

(b) Suppose at point t some process executes a successful L[a].unlock(z) operation. Then
(b1) either at point t it holds Ala] =  and r.stat # L, or A[a] # t throughout the entire execution, and
(b2) ift £ L thent € Sy U Dy for somet’ < t.

Proor. Let Ty = 0 be the beginning of the execution E and for each integer £ > 1 let T; be the point of the ¢-th
shared memory operation in E. We will show by induction on ¢ that the claim is true provided ¢ € [0, T;). This is
trivially true for £ = 0.

Hence, assume we have proved that the claim is true for t € [0,T;). Let t € [T;, Tp41). If t € (Ty, Tp41), then no
shared memory operation occurs at point ¢, and (a) and (b) are trivially true. Hence, assume t = T;.

Part (a): Suppose at point t = T; the value of A[a] changes from 7, to 7 # 7y. Then some process p executes
a successful A[a].CAS(ry, 7) operation in line 56 at point t. Prior to that, at point t,@s3 < t process p reads 7
from L[a] in line 53. Thus, L;,,, [a] = 7, so there must be a successful choose&lock () call that linearizes before
tp@s3 < t and which decides 7. (By the if-condition in line 55, 7 # L, so r is not the initial value of L[a], which is
1 according to the RC specification.)

For the purpose of proving a contradiction assume L;[a] # 7. Then some successful unlock(z) call linearizes
at a point t, < t = T;. By the assumption that the claim is true for all t < T;, we conclude from statement (b1)
that either A[a] = 7 at point ¢, or A[a] # r throughout the entire execution. Since at point ¢ > t, the value of
Ala] changes from 7y to 7, the latter cannot be the case, so A;, [a] = 7. But then A, [a] = A;[a] = 7, and so by
Lemma 3.16 A[a] = r throughout [t,, t). This contradicts that at point ¢ the value of A[a] changes from 7y # 7 to
7. Thus, (a) is true for ¢ = T; and thus also for t € [0, Tp41).

Part (b): Suppose that at point ¢t = T, some process p executes a successful L[a].unlock(z) operation. If r = L,
then by Claim 3.1 A[a] # 7 throughout the entire execution, so (b) is true. Hence, assume 7 # L. Let t,@s3 be the
point when p reads L[a] in line 53 prior to its successful L[a].unlock(z). Then L[a] =  at that point. Since p’s
unlock(r) at point ¢ is successful, and (from the sequential specification of RC) L[a] is ABA-free,

L[a] =  throughout [t,@s3, t]. (30

Now let tr be the point when p reads A[a] in line 59 during the finish() call p executes in line 48, and let
tp@s4 be the point when it reads A[a] again in line 54. Since p evaluates the if-statement in line 54 to True, it
reads the same value 7y from A[a] at points ¢ and ¢,@s4. Then by Lemma 3.16, A[a] = 7y throughout the entire
interval [tf, tp@s4], and in particular

Atp@53 =1T0- (31)

Since we assume that the claim is true for all ¢t < T; and already proved that (a) is true for ¢ = Ty, it follows from
part (a) of the claim and (30) that if the value of A[a] changes in the interval [t,@s3, t], then it changes to 7. Thus,

Ala] € {0, r} throughout [tf, t]. (32)

First assume that p evaluates the if-condition in line 55 to True. Then at some point f,@s¢ process p executes
Ala].CAS(1p, ) in line 56. Hence, by (32) A[a] = 7 throughout [f,@ss, t]. Moreover, during its finish(a) call in
line 57 process p reads 7 from A;[a] in line 59, and executes 7.stat.CAS(L, False) in line 67. Hence, r.stat # L at
point ¢ by Claim 3.5, and since A[a] = 7 at point ¢ (b1) is true. Moreover, (b2) follows from Lemma 3.44 (c).
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Now assume that p evaluates the if-condition in line 55 to False. Then by Claim 3.48, r.0ldy <, Bt s [a].val.
Hence, by (31) and Claim 3.47, A[a] # 7 throughout [,@s3, ). We will now show that

Ala] # 7 throughout [0, t,@s3].

Then clearly (b1) is true. Moreover, p € Dy, by Corollary 3.41, and so (b2) is true.

For the purpose of proving a contradiction, assume there is a point in [0, t,@s3) at which A[a] = 7. Since
Lt,05s[al = 7, some process proposes 7 in line 51, so 7 is not the initial task A,. Hence, at some point t" < tp@s3 <
t = T; the value of A[a] changes to 7. Then by part (a) of the claim (which we proved true for all ¢ < T;), we have
Ly [a] =7 # L. By (30) and since L[a] is ABA-free,

L[a] = r throughout [¢/, t]. (33)

Since Ay [a] = 1, it follows from (32) that at some point ¢ € [t',tf) C [t’, ] the value of A[a] changes to 7o from
a different value. By part (a) of the claim L[a] = 7y # 7 at point t’, which contradicts (33). O

LEMMA 3.50. Leta € [m], t a point in time, and t # A, a task such that A;[a] = 7.

(a) Ifa € My, then there is a point t’ < t such that Ly [a] = 7.
(b) Ifa € My, then there is a point t’ < t such that Ay [r.addy] = 7.

Proor. Part (a) follows immediately from Claim 3.49 (a) and part (b) from Claim 3.3. O

LEMMA 3.51. Leta € My, let T be a task, and let t; < t; be two points in time such that Ly, [a] = 7 # L;,[a]. Then
there exists a point t < t; such thatt € D; U S;.

Proor. Since 7is atask, 7 # L. As Ly, [a] = 7 # Ly, [a], at some point t,@ss € [11, t2] some process p executes
a successful L[a].unlock(7) operation in line 58. Hence, by Claim 3.49 (b) there exists t < t,@ss < t; such that
TE Dt U St- O

Cram 3.52. Let T be a task that is created at t;, and suppose that, for some pointt > t,, there is an indexi € {0, 1}
such that B;[r.add;] # t.0ld;. Then By [t.add;].val # t.0ld; for allt’ > t.

Proor. Let p be the process creating 7 at point t;, i.e., p’s newTask() in line 50 returns 7 at that point. Then
before that, in line 49 process p executes a read(r.add;) operation for each i € {0, 1}. Since p does not complete
its BDCAS() call in this line, that read(r.add;) operation returns r.0ld;. Hence, by Lemma 3.15, the interpreted
value of B[r.add;] is r.0ld; at the linearization point of that read(r.add;), and thus at some point before ;.

Assume that B;[7.add;].val # t.0ld; for some i € {0,1}. Let a = r.add;. By Claim 3.13 and Corollary 3.19,
r.0ld; <, Bt[7.add;].val. Now the claim follows by irreflexivity and transitivity of <,.

O

CrLamM 3.53. Lett; < ty. Suppose that process p calls BDCAS((aO, 0o, v(')> , <a1, 01, v{>), and during that call it creates
a task t, such that € Dy U S;,, and during [y, t;] process p completes a finish(aoy) call in line 48. Then there
is an indexi € {0, 1} such if p calls read(a;) in line 49 after point t,, then that read() operation returns a value
different from v;.

Proor. Since 7 is not an initial task, process p creates 7 at some point ¢, < t1, and for each i € {0, 1}
r.oldy = vy # 0] = T.new;. (34)

Moreover, since p’s BDCAS() does not complete in its execution of line 49, it follows that for each i € {0, 1}, there
is a point tp@q9,; < t; in which B[a;].val = v;.

First assume that either r € S, or r € D;, because there is a task 7’ (in case 7 € S;, we have r = 7’) such
that Ay [a1] = 7/, and B[a;].val’ = v’.new; # r.0ld; = v;. Consider the first process p’ to execute line 62, 66,
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or 71 after 7’ is first placed into A[a;], and call this point ¢*. From Lemma 3.7 and that 7’.stat is initialized to
L, B[ay] changes from 7’.0ld; to ’.new, at point t*, so t* > t,@49,;. Consider p’s read(a;) call after point z,.
At some point t,@70 process p reads some task 7"/ from A[a;] in line 70, and then at point t,@7; it performs
7'’ .stat.CAS(L, True) in line 71. Thus, t,@71 > t*. Since B[a;].val was v; at point tp@s9; and 7’.new; at point
t* < tp@71, the claim follows from Claim 3.13.

Now assume that v € Dy, because By, [ao].val’ # r.0ldy = vy.

Consider the case where By, [ag].val’ = By, [ag].val # t.0ldy; since t; < t;, it follows from Claim 3.52 that
By lag].wal # t.0ldy for all t > t;, and from Claim 3.40 that By [ag].val’ # r.0ldy for all ' > t;. (Note that
Definition 3.26 and Corollary 3.19 implies that if By [ag].val # By [ag].val’, then By [ag].val <4 By [ao].val’).
Hence, by Lemma 3.15, the read(ay) that p calls at point #; returns a value different from z.0ldy = .

The remaining case is when By [ag].val’ # t.0ldy and By, [ag].val’ # By [ag].val. In this case, there is a
non-initial task 7’ such that A;, [7".add,] = 7/, 7’.addy = t.add, = ay, and 7’.0ldy = r.0ldy = vy. By Claim 3.3,

there is a point ty < #; at which A[7".add,] = Alao] = 7'. (35)

By the claim’s assumptions, p completes a finish(ag) callin [ty, £;]. Let tr > t; be the point when the finish(a)
call returns. If the finish() call returns "’ # 7/, then p reads " from A[ay] in line 59 of that finish() call.
Hence, by Lemma 3.18 (b) and Claim 3.5 7’.stat # L at point t. If, on the other hand, the finish() call returns
7/, then by Claim 3.17 ’.stat # L at point t7. In either case, by Lemma 3.11 7’.stat = True when p’s finish()
call terminates at point ¢¢. Since by Claim 3.5 7’.stat does not change once it is True, and by Lemma 3.7 it changes
to True while A[ag] = 7/, by (35) there is a point t* € [ty, tr] at which A[a¢] = 7" and 7’.stat = True. Hence,
vo = 7".0ldy <4, T'.newy = By [ag].val (because 7’ is a non-initial task). Thus, by Claim 3.13 and transitivity and
irreflexivity of <, By [ag].val # v, for all t' > t*. Hence, by Lemma 3.15, the read(aog) that p calls at point t,
returns a value different from v,. m|

LEMMA 3.54. If process p proposes task v during a BDCAS() operation and t € D; U S, then p executes line 51 at
most once after t and before the BDCAS () returns.

ProoF. Suppose for the purpose of proving a contradiction that p executes line 51 twice after ¢ and before
its BDCAS() call returns, at points t; and t;. From the while-loop of BDCAS(), it follows that p executes lines 48
and 49 in (ty, t2). Since 7 € D, US; C Dy, US;, (by Lemma 3.42), using Claim 3.53 it follows that for some i € {0, 1},
p’s read(a;) operation in line 49 returns a value different from its argument old;. Thus, p returns in line 49,
contradicting that it executes line 51 at point ¢, before its BDCAS() call returns. ]

LEMMA 3.55. Leta € My and let ty < t; < t; < t3 be four points in time, such that at each point t;, i € {0,..., 3},
process p executes an L[a].choose&lock() call in line 52. Then some successful L{a].unlock() call and some
successful L[a].choose&lock() call linearize in (ty, t3].

Proor. Suppose the claim is not true, i.e., either no successful L[a].choose&lock() linearizes in (1, t3] or
no successful L[a].unlock() call linearizes in (t, t3). Since p calls choose&lock() at point ty, L[a] is locked at
to. If any successful L[a].unlock() call linearizes in (ty, t3), then a successful L[a].choose&lock() linearizes
no later than p’s next choose&lock() call in the interval, contradicting both cases. Therefore, no successful
L[a].unlock() call linearizes in (%, t3), and L[a] is locked throughout (%, t3], so there is a value 7 such that
L[a] = 7 throughout (%, t3]. By Claim 3.49, if the value of A[a] changes in the interval (¢, t5], then it changes
from 7’ # 7 to 7. In particular, the value of A[a] changes at most once in the interval (#, t3]. Process p executes at
least two complete iterations of the while-loop in the interval (#, 3], and thus throughout at least one complete
iteration A[a] remains unchanged. Hence, let 7 be a task such that A[a] = 7y throughout one of the two iterations.
Then p’s finish() call in line 48 returns 7y because p reads that value from A[a] in line 59. Moreover, p reads 7
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from A[a] in line 54, and so the if-statement in that line evaluates to True. In line 53 process p reads 7 from L[a],
and so in line 58 p calls L{a].unlock (7). Clearly, this unlock() call is successful, which is a contradiction. O

LEMMA 3.56. Let a € My and let s; < s be two points in which some successful L[a].unlock() calls linearize.
Then the number of method calls to L[a] in the interval (s1,s;) is no more than 3n for each of L[a].propose(),
L[a].choose&lock(), L[a].unlock(), and no more than 4n for L[a].read().

Proor. It suffices to show that if any process executes four invocations of L[ a].propose(), L[a].choose&lock (),
or L[a].unlock() in a given interval (or five invocations of L[a].read()), then some successful L[a].unlock()
operation linearizes in that interval.

The case of L[a].choose&lock () follows immediately from Lemma 3.55. Let o be one of operations L[a].propose ()
or L[a].unlock(), and suppose for the purpose of proving a contradiction that a process p executes o at points
00, 01, 02, 03 but no successful L[a].unlock operation linearizes in the interval (o, 03]. Because p can only ex-
ecute o at points lines 51 and 58, respectively, it follows that p executes line 52 at points ty, t1, t; such that
09 < ty < 01 < t; < 02 < I < 03. Using similar arguments to Lemma 3.55, L[a] is locked throughout [z, 03],
and p executes at least two complete iterations of the while-loop in the interval [y, 03]. Following the proof of
Lemma 3.55, p executes a successful L[a].unlock() operation by the end of the two complete while-loop itera-
tions, which is a contradiction. The case of L[a].read() is nearly identical, except that we need five L[a].read()
operations to guarantee that p executes at least two complete while-loop iterations while L[a] is locked. This is
because 1y is in a different while-loop iteration than oy for this case. O

Cram 3.57. Let [ty, t;] be a time interval during which only process p takes steps, and only executes a single
BDCAS((aO, o, U(’)> , (al, 01, 01>) call. If p completes k full iterations of the while-loop during [t1, t;], then in each com-
plete iteration it executes line 58, and the L[ay].unlock() call in that line is successful. Moreover, p’s choose&lock ()
calls in line 52 during iterations 2, . . ., k are successful.

Proor. Consider any complete iteration of the while-loop during interval [#;, t;]. Let 7 be the task that p’s
finish() call in line 48 returns. Then p reads 7 from A[ay] in line 59 during the corresponding finish() call.
Since A[ao] does not change until p reads A[a] again in line 54, the if-condition in that line evaluates to True.
Hence, in each of the k iterations of the while-loop, process p executes lines 55-58. In particular, when p calls
L[ap].unlock(z") in line 58, it uses the argument 7’ that it read from L[ay] in line 53. Hence, each such unlock()
call succeeds.

Thus, whenever p calls choose&lock() in line 52 during one of iterations 2, ..., k, L[ao] is unlocked. Hence,
each such choose&lock() call is successful. |

CrLaIM 3.58. Suppose that after point t only process p takes steps, and only executes a single BDCAS((ao, o, v(')> , <a1, 01, vi))
call, until the first point t* > t such that Ly [vg].val = t, where t is one of the tasks p proposes in line 51. The expected
number of shared memory steps in [t, t*] is at most O(log® nloglogn).

Proor. Fori > 1, let t; be the point when p starts its i-th complete while-loop iteration.

By Claim 3.57, during each of the iterations process p executes a successful L[ag].unlock() call in line 58.
Then the RC methods invoked by p in each while-loop iteration correspond to the algorithm in Figure 6, where
R = L[ao]. Precisely, lines 42—46 correspond to lines 50-53 and 58, respectively, and the while-loop condition in
line 41 is false until just after ¢*. The claim follows by applying Lemma 2.54. ]

LEMMA 3.59 (PROBABILISTIC OBSTRUCTION FREEDOM). Ifprocess p invokes some method callBDCAS ({aq, vo, v} ), (a1, 01,9} )),
and at some point during the operation, p starts to run solo, then the operation returns after at most O(log® nloglog n)

shared memory steps in expectation.

Proor. By applying Claim 3.58 twice, there is a point ¢ and a point ¢ > ¢ such that
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e ' is at most O(log® nloglog n) expected steps after p starts running solo, and
e L;[addy] = r and Ly [ay] = ¢’ for two distinct tasks 7 and 7’ proposed by p.

Thus, by Lemma 3.51 7 € Dy U S Hence, after point ¢ process p completes at most two more iterations of the
while-loop according to Lemma 3.54, which by Lemma 2.47 adds at most O(log n log log n) steps in expectation. O

LEMMA 3.60. Let a € My, let T be a task, and suppose at point t some process is poised to call L[a].unlock(r) in
line 58. Then T € Dy U Sy for somet’ < t.

Proor. Consider the execution prefix that ends at point t. If L,[a] = 7 and L[a] is locked at point ¢, then
we can let p run solo until its L[a].unlock(a) completes. Hence, by Claim 3.49 (b2) 7 € Dy U Spo. Then this is
obviously also true for any other execution that has the same prefix up to point ¢.

Now suppose that either L;[a] # 7 or L[a] is unlocked. Since p reads 7 from L[a] in line 53 prior to ¢, there is
a point t* < t at which a successful L[a].unlock(z) call linearizes. For that case we have already proved that
there exists t’ < t* < t such that r € Dy U Sp. O

4 CONCLUSION

We presented a new and more efficient implementation of the repeated choice object, originally introduced
by Giakkoupis, Giv, and Woelfel [9]. Using this improved building block in the DCAS algorithm of the same
paper improves the algorithm’s expected amortized step complexity from O(log n) to O(loglog n). The improved
complexity of the RC object is obtained by adding a binary search before the linear search, and distributing the
work for clearing parts of an array over multiple processes when needed, and otherwise only partially clearing
the array. While this sounds simple, it turned out to be quite challenging. Both the new RC algorithm and its
analysis are highly involved. As the randomized properties of the new RC object are different from the previous
one, we also provided a new analysis of the BDCAS building block used in the DCAS algorithm.

We believe that the RC object may have other applications. A natural open question is whether a similar
primitive with constant step complexity exists.
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