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Sufficient Conditions for Global Boundedness of Solutions for Two
Coupled Synchronverters

Angel Mercado-Uribe, Jesis Mendoza-Avila, Denis Efimov, Johannes Schiffer

Abstract—This paper analyzes two synchronverters con-
nected in parallel to a common capacitive-resistive load through
resistive-inductive power lines. This system is conceptualized as
a microgrid with two renewable energy sources controlled using
the synchronverter algorithm. It is modeled as an interconnec-
tion of three port-Hamiltonian systems, and the dg-coordinates
model is derived by averaging the frequencies. Applying the re-
cent Leonov function theory, sufficient conditions to guarantee
the global boundedness of the whole system’s trajectories are
provided. This is necessary to reach the global synchronization
of microgrids. Additionally, a numerical example illustrates the
potential resonance behavior of the microgrid.

I. INTRODUCTION

Modern society heavily relies on electrical energy sources.
Consequently, analyzing power systems, which are the cen-
tral column for electrical energy sources [21], is crucial to
ensuring the proper functioning of the electrical grid. How-
ever, the analysis of power systems is inherently complex
due to the dynamics of grid elements. Therefore, several as-
sumptions and simplifications are usually required to analyze
stability and design controllers [16], [25]. Traditionally, the
Synchronous Generator (SG) is the primary power source of
the current electricity grid [28], which is highly nonlinear.
For this reason, to simplify its analysis, several assumptions
are considered [7], [25], [27], [28]. Despite some of these
assumptions being reasonable under certain operating condi-
tions, most of them are not justifiable in generic operation
scenarios [1], [16]. Furthermore, the stability and robustness
properties can be just guaranteed for the reduced model,
yielding to predominantly local results.

In recent years, the use of renewable energy sources has
been increased [18], [20], [23], [25]. Despite the transition
to renewable energy sources is desirable for reducing green-
house gas emission [6], these sources introduce additional
perturbations to the grid and the replacement of SGs by
converters reduces the electrical grid’s inertia and hence, the
security margins as well [10], [13], [29]. Therefore, in order
to position renewable energy sources as the primary element
of power generation, a more rigorous analysis of stability
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and robustness for multiple renewable generators is essential
[13], [24], [26].

One effective strategy for controlling a converter is the
synchronverter algorithm [30], which guarantees complete
operational compatibility to the current electrical grid [30]
and has additional benefits [3]. However, similar to SGs,
the analysis of boundedness and stability of trajectories of
synchronverters encounters challenges due to state periodic
functions in its state dynamics, leading to multiple equilibria.
This situation complicates the classical stability analysis
based on Lyapunov functions and this approach is not
globally feasible for most multistable systems.

An alternative approach is the concept of Leonov functions
[8], [9], [15], [22]. This method leverages of the periodicity
and relaxes the conditions of Lyapunov functions. Using the
Leonov function approach, the global Input-to-State Stability
(ISS) of a SG connected to an infinite bus was proven in [24].

Following the idea of [24], the main objective of this paper
consists of utilizing the Leonov function approach to estab-
lish sufficient conditions for the boundedness of trajectories
of a microgrid, which is composed of two synchronverters
connected to a resistive-capacitive load through resistive-
inductive power lines. For the analysis, we assume that the
synchronverters mimic a SG perfectly, but in contrast to
standard analyses [1], [16], the whole nonlinear SG model
is considered. Similarly to [4] and [11], we consider the sys-
tem as an interconnection of port-Hamiltonian subsystems.
However, contrary to [4] and [5], we develop a rigorous
proof to guarantee the global boundedness of solutions of our
particular microgrid instead of a hard-to-verify assumption.
The main contributions of this paper can be summarized as:

o We derive the abc- and dg-coordinates port-Hamiltonian
model for the microgrid depicted in Figure 1 by using
the average frequency.

o We present sufficient conditions for global boundedness
of the system trajectories by using the Hamiltonian of
the system to construct a suitable Leonov function.

In contrast to our previous paper [17], we provide condi-
tions for global stability instead of designing a controller to
guarantee the ISS property for synchronverters with hetero-
geneous parameters.

The rest of the paper is organized as follows. Some pre-
liminaries are presented in Section II. The port-Hamiltonian
model of the system is introduced in Section III. The port-
Hamiltonian model is transformed to dq-coordinates and de-
veloped in Section I'V. The boundedness analysis is provided
in Section V. A numerical example is shown in Section VI.
Finally, conclusions are given in Section VII.



II. PRELIMINARIES
A. Notation

Let Ry = {se€R:s>0}aswell asZ, =ZNR,.
The variable v € R* (v € ZF) denotes a vector of real
(integer) numbers with k£ € Z, components, whose infinity
norm is represented by ||v|lcc = max (|v1], ..., |ug|) and its
Euclidean norm is denoted by [v||2 = /v + - - + v;. The
distance from a point p € R" to the set S C R™ is defined as
llplls = infaes ||p — a||2- The identity matrix is represented
by I, € RFXk Let i € R, then the notations i, and iy, xm,
with n, m € N, represent a column vector of n elements and
a matrix with n rows and m columns, respectively, with all
its elements being identical to 1.

B. State periodic systems and Leonov functions

Let the map f : R" — R" be of class C', f(0) = 0, and
consider a nonlinear system of the following form:

@(t) = f(z(t)) Vvt=0, ey

with state x(¢) € R™. We denote by X (¢, x) the solution of
(1) at time ¢ fulfilling X (0, xg) = x¢ for any zo € R™.

We make the following assumption on the dynamics (1).
Let z = (z,0) € R™, where z € R""! and 0 € R are two
components of the state vector.

Assumption 1: The vector field f in (1) is 27-periodic

with respect to 6.
That is, we assume that the dynamics (1) are periodic with
respect to one state denoted by 6. Thus, the system (1) can
be embedded into a manifold M = R"~! x S by a simple
projection of the variable 6 on the set S = [0, 27).

Following [2], [8], [22], we introduce the next definition.

Definition 1: A C! function V : R® — R is a Leonov
function for the system (1) if there exist functions ay, ag €
Koo, ¥1.99 € K and a continuous function A : R — R
satisfying A(0) = 0 and A(s)s > 0 for all s # 0, such that

ar(|z]) — 1 (10]) < V(2) < ax(lz]) —¢2(10]), ()

for all z = (2,0) € R™ and the following dissipation
inequality holds:

oV (x)

flx) < =XV (z)), VzeR" 3)
Likewise, we recall the following proposition.
Proposition 1 ([2]): If for the system (1) there exists a

Leonov function as in Definition 1, then for all 3 € R", the

trajectories X (£;x¢) are bounded for all ¢ > 0.

Remark 1: The definition of a Leonov function presented
in [8] applies to systems with several periodic states, e.g.,
microgrids composed of more than two synchronverters.
However, using this definition is more restrictive for systems
with a scalar periodic state. So, Definition 1 is an adaptation
that can only be applied to the scalar case. This definition
considers sign-indefinite functions similar to the idea of
Leonov presented in [15], which allows the function to be
negative in the periodic variable in contrast to the standard
Lyapunov function.

Remark 2: Despite [2, Proposition 3] is stated for a par-
ticular case, the proof covers the case presented here.

ITI. SYSTEM MODEL AND PROBLEM STATEMENT

We consider a microgrid composed of two inverters op-
erated with the synchronverter algorithm [30], which are
feeding a common capacitive-resistive load, see Figure 1.

Fig. 1.

Diagram of two coupled synchronverters

We assume that all electrical quantities are balanced [25].
The parameters Ry > 0 and Ly > 0, k = 1,2, are the
power line resistances and inductances. The load resistance
and capacitance are denoted by R > 0 and C > 0. The
parameters Dy, > 0, J; > 0 and T}, > 0 are the virtual
mechanical variables (damping, inertia and torque input)
of the k-th synchronverter. The three-phase load voltage
is denoted by vap.(t) € R3. The phase angle, electrical
frequency and generated current of the k-th synchronverter
are denoted by Jx(t) € R, wi(t) € R and igpe x(t) € R3,
respectively. Then, the electromotive force is given by [30]

sin (J)
Eabese = My, iy, |sin (6, — 27) |,
sin (5k + §7T)

€abe,k = WkEabe, k>

where My, is the mutual inductance and iy, is the rotor
current, which is assumed constant. Likewise, the electrical
torque T, is computed as T, = El—bc, gtabe,k [30]. Thus, the
system in Figure 1 can be modeled in abc-coordinates as

. T . ;
Jrwr = — Drwi — €gpe glabek + Tmys Ok = Wi,
diab(' k .
Ly, dt, = — Rilabek + Eabe kW — Vabes B =1,2; (4)
d'Uabc . .
c = — —=Vabc T Labe,1 + labc,2-

dt R
Inspired by [4], [11] (see also the correction [5]), we split
the system (4) into two parts, namely the mechanical and the
electrical one, and derive port-Hamiltonian representations
for each of these system parts. Defining the matrices

D Eabe [Ty

R | _ |75 Ouxs R e
m 2 | 2 m y Ym T m ?

0o 2 ge T T

=5 0 abc,2 2

Jz 1x3 Jo L J2

and the variables

w1 Tabe,1 Eabe, 101 |
gm:|: :|7/’Lm:_|:- :|7Um:|: 3

w2 Labc,2 5abc,2w2_

the mechanical part of the system (4) can be written as

fm = - Rmvam (£m> + ggmum + Cm7

®)
O-’NL :ggm VHénl (£7TL)7
where the Hamiltonian function and its gradient are
S Ja Jiws
H&m, (gm) - ?wl + ?w27 VH&TIL JQ(UQ (6)



Analogously, defining the variables

Labe,1 .
I | €abe,1W1 | tabe,1
e = labe,2 | 5 He = y Oe = | . ,
Eabe,2W2 Labe,2
Vabe

and the matrices

RiI3 Rolz I3

. diag (I—3 1—3)
Re, = diag ( , , ) , Ge, = Li’ Lz )| |
L2 ' L2 ' RC?

036
O3x3 0343 —iIs
Je. = | Oaxz  O3x3  —gp;13],
%Lllzs %MIS 03x3

the electrical part of the system (4) can be written as

e =[Te. — Re] VHe, (E) + ge. tte

(7
Oe 2951 VH, (€e)s
where the Hamiltonian function and its gradient are
Ll . L2 . C
H&e (ge) :?Hlabc,ln2 + 7||7fabc,2||2 + EHUabcsz (8)
) . T
nge (56) = [lel—lrbql LQZ;rbc,Q C,U;Lrbc] (9)

Therefore, defining the variable £ = [5; '3 } and
combining the systems (5) and (7), we obtain the whole
system (4) in compact form as follows

) + 0 0

Fl] = [‘]l 1 Mg} VH¢(£),

92 0 & Oixo
R 2 9 ¢, C {10

| T TG I |y +[m]
[gfeggl Je. — REJ () 0y |’
where the Hamiltonian of the whole system is

He(§) = He,, (Em) + He, (&)- (11)

Using this system, the main problem considered in the
present paper is formalized below.

Problem 1: Consider the system (10). Derive conditions
under which its solutions are globally bounded.

IV. PORT-HAMILTONIAN MODEL OF TWO COUPLED
SYNCHRONVERTERS IN dq-COORDINATES

In order to address Problem 1, we introduce the dg-
transformation [25]

Tug(¥) = 2 [cos (¥) cos (1p — .371') cos (¢ + §7r) (12)

(
sin (w - §7r) sin (¢v + 3T

3 |sin (v) )
and the rotation matrix
| cos(v) sin(v) B
T,(v) = {_ sin(v) COS(VJ . To(—v)=TT(v). (13)

Recall that for ¢ = ¢ — v [25],
Tag(p) = Tr(v)Taq(1).

_ Therefore, defining ¢ := %(51 + d2), whose derivative is
¢ = f(wi+wy), and 0 := 6 — ¢ = —(02— ¢) = 5(01—2),
we propose the following change of coordinates

Te = 7Zlq(¢)§ev

(14)

Tm = &m, ¢= [xm xe]T , (15

where
Taq(@) Oaxz  Oaxs
Tag(@) = | Oaxz  Tuq(¢) 023
0253  Oaxz  Tug(o)

Using the change of coordinates (15), the interconnection
between the mechanical and electrical sides is given by

Gz M, = — Tr(0)diag (L1115, L1y, CTy) z,
g;ce,uxe :ﬁ(G)leag (J17 JQ) Lms
where
_[bITH(0)T  01x2 O1x2
7-(6) = { O1x2 by T,(0) 01x2
with b = 5% [0 1]", b = \/3Myig, for k = 1,2,

plays an essential role. This term translates signals between
the dg-frame referenced to the average frequency ¢ and the
dg-frame referenced to the respective synchronverter angle.
So, using the angle dynamics 6 = (w1 — wa), the change
of coordinates (15) and defining the matrices

(R  0Oax6 Oss  —To(0)
R = 0.0) —
_06><2 Re :l ) j( 7<) |:7;(0)T \7@(6) s
[ =T 02—l
Ly . CL, n
J(Q)=|02x2 £ —grl2|, @= %
e ol &
-O -1 . Rl R2 I2
J2 = } ,  Re = diag (127 21,, ) ’
0 1377 13 7 RC?

the system (10) can be expressed as

b=[57 -5 Oixs] VH(C), 6
: T
(=[T0,0) =R|VH() + [Cr, O1xs]
whose Hamiltonian is given by
1 ..
H(¢) = 5¢ diag (J1, 12, LTz, Lol Co) ¢ (17)
V. CONDITIONS FOR GLOBAL BOUNDEDNESS OF

SOLUTIONS

We consider the following assumption, see also [12].

Assumption 2: The system (16) possesses at least one
equilibrium point (6%, ¢*).

Assumption (2) is a natural requirement. Furthermore, we
define the synchronization frequency as w* = (7 = (5.
A. Shifted Hamiltonian

Defining the variable 5 = ( — (*, the shifted Hamiltonian
for the system (16) can be written as follows

H(Q) =H(+¢") = (TVH(C") = H(SY),
whose gradient is
VH(() = VH(C) — VH((Y).

Thus, under Assumption 2 and using the shifted Hamiltonian
in (18), the system (16) in coordinates ¢ results in

01x6] VH(),

¢=[T(0,Q) =R VH() + (I (0,¢) — 3(9*74*))VH(C*()1-9)

(18)

3 1 _ 1
0= [2J1 2J3



1) Derivative of the Shifted Hamiltonian Function: Since
J(0,¢) is a skew-symmetric matrix, the derivative of H
along the trajectories of the system (19) results in

H=-VATRVH +VHT(7(0,¢) — T(0*,C*)VH(C).
(20)
By following [4], [5], equation (20) can be rewritten as

H=-VH"(R—-M(*)VH+VHT(9,6°)VH(("),

(21)
where
« 02x2  Mi2(¢")
M = )
_G & % &G S S
*Y 47,  4J; aJ;  4J 4,  4J;
Me()=|_¢ & _& & _& &
4J5 4.J5 4]y 4J5 4J5 4.J5
is a symmetric matrix and
L 02x2 —A7,(0,0%)
T(an ) - |:A'7I:7(979*) 06><6 ) (22)

with A1 (0,0%) = T, (0)—T, (6%), is a skew-symmetric one.

Therefore, ﬁ in (21) can be written as
- ~ ~ ~ A
H=—VH Ry (C)VH+VHTT () [ A‘;fj] ,(23)

where R (¢*) = R — M(¢*) is a symmetric matrix, and

—b1¢] —ba¢§ bpw™ bow™
T oy T1 T 0 Ly 0 Ly O1x2
T (C )* byCk bo (s * * ’
- 1(3 2<5 bjw 0 —bow 0 o
J1 J2 Ly Lo 1x2

with A cos = cos (#) — cos (8*), Asin = sin (6) — sin (6*).
B. Boundedness of (~ -dynamics

In order to formulate our main result, we introduce two key
lemmas, whose proofs are omitted due to space limitations.
Lemma 1: Consider the function

F(6) =G (sin(8) — sin(6") — (6 — ") cos(8")) -

24
5 (cos(0) — cos(0*) + (0 — 0*) sin(0")) . (24)
For all # € R, it holds that
1
FO] < 5e1(0-07)% a1 =1\/(G)*+ () (29
Lemma 2: 2I‘he matrix
My My
M — 211 212 26
. {M Do ey @
with
. Ri —ALi. Ro—MAL_. 1—ARC
MA211 :dlag < L% 127 L% 127 ROZ 12) 5

. . T
My, = {bngwlllxz %11><2 01><2] )
where ¢ is defined in (25), is positive definite if
. R1 R2 1
A< — = |, 7
i <L1 Lo RC) @7)

> bier 4 i + b (W2, (28)
- w*)".

TN NNR MLy Ry — ALy

Using these lemmas, the following theorem can be stated.

Theorem 1: Assume that A\ and +; take values such that
the inequalities (27) and (28) are satisfied. Then, the trajec-
tories of the system (19) are bounded if there exist some
values €; and € € Ry, such that

16J2€1 + o+ + 473
16Amin (My,)
16J2262 +oc- +4 (’71 + 0f)2
16Amin (M,) ’

o¢x +4(’)/12 +710f))2,

Dy >AJ1 +

Dy >M\Js + (29)

> ! (
€169 > ———
2 =1622.2
) 12 12 ) 12

wherQe o = (¢3)7 4+ (C1)" + ()" +(G)” +(¢F)” +
(G3)7s a5 = [b2lg + b1CE| + [b2CE — b1¢3] and Ayin (My,)
represents the smallest eigenvalue of the matrix M), in (26).

Proof: Based on the Hamiltonian structure, we consider
the candidate Leonov function

V- %71(9—9*)2+b1f(0—9*) (30)

where f(6—6*) is defined in (24). The derivative of V along

the solutions of (19) can be written as
V=H-7(0—0)VH+b0Vi VH, (3l

where 1 = []% —J% leg]T. Substituting equation (23)
in (31), we obtain

N . _— N
, VH Ru(C*)  $mm —# VH
V—_ 0—06 1T 0 0 0—0
Acos 277717(74*) 1x2 Acos |’
Asin —f# 02><1 02><2 Asin
where

i
THC) =T () =[Gl —5Gla Oz

J1? Js? Ly Ly Lo’ Lg? crC )
Taylor series, we have the following inequalities

|Asin| < |0 — 67|

Adding and subtracting the term AV, with A € Ry, we
obtain

_ ) (e -

‘ VH Ru(C)  imm - f(2< ) VH
V — _ 9 - 9 1 T 0 0 9 — 9 +

Acos 277% 1(74* ) 1x2 Acos

Asin —f# 02x1 0242 Asin

A (H _ %71(0 07 + b f(6— 9*)) v

(32)
We recall that H = VH'PyVH, with Py =
diag (i Lot 1 L 1 1 1) 7ikewise, from the

|Acos| < |0 —0"| and

Therefore, using these inequalities and Lemma 1, the right-
hand side in (32) can be bounded by

~ T ~
: VH VH
_ — 33
V<AV [9_9*] M)\|:9_9*:|7 (33)
with
_ My, My,
MA B |:M>—\r12 M/\2:| 7



where M), is defined in (26),
D132/\J1 0 1
M)\l = 01 Do—MJs | M>\12 = | M2 712:‘{(17)‘ )
J3 2J>
with o = [baCg + 015 | + 0265 — biG3]-
Recalling Lemma 2, the matrix M), is positive if the

conditions (27) and (28) are satisfied. Therefore, the whole
matrix M) is positive semidefinite if

My, = My, M ' M, , > 0.

(34)

Since M, is a positive definite matrix, we have M), >
)\min (M)Q) I7, which 1mphes M;; < ()\min (M)\z) 17)71,
where Apin () represents the smallest eigenvalue of a matrix.
Therefore, the inequality (34) can be estimated by

Amin (M, ) My, — My, My, > 0. (35)
Defining the variables

12 12 12 12 12 12
o =(G3)"+ (¢ + ()" +(G) + (&) + (&)
0D, =Amin (M,) (Dr — AJi), k=1,2,

the inequality (35) can be written as

160p; —0¢x —47? J;*+4(’yf+710f)
16J2 - 161 J.
; 1J2 ,| >o0.
¢ +4(’Yl+"/10f) 160 p, —ocx —4(y1407y)
167172 162

Selecting Dy and D5 such that
16Amin (My,) (D1 — AJ1) — o¢x — 493

1677 =a >0
16Amin (M,) (D2 = AJa) — o —4 (1 +0y)° 0
162 —esh

(36)

the inequality (35) is satisfied if
1 9 2
102 2 g7 (0 +4 (01 + o))"

Thus, we have 1% < —AV if the inequalities (27)-(29) are
satisfied. From Lemma 1 and inequality (28), V' satisfies the
property (2) in Definition 1. Therefore, the function (30) is
a Leonov function for the system (19) and the trajectories of
the system (19) are globally bounded by Proposition 1. M
Theorem 1 suggests that the trajectories of the microgrid
can be made bounded by using sufficiently large damping
coefficients, which is expected for this kind of systems.

VI. NUMERICAL EXAMPLE

For simulation, we consider the system in dg-coordinates
(16). Likewise, based on [17], [19], we consider the follow-
ing parameters J; = Jy = 0.1lkg-m?/rad], by = by =

3/2[V - s], Ry = Re = 0.75[Q], L1 = Ly = 2.2[mH]|,
R =10[Q] and C' = 1[mF|. Meanwhile, the parameters D1,
Dy, T, and T,,, will be used for comparison result by
fixing the frequency synchronization in w* = 50[™].

From (16), we can calculate the equilibria sets. As we are
using identical electrical parameters and based on [17], [28],
we would expect two different equilibria sets. One of them,

is obtained for 6 = 2k, k € Z, and the other one is got for
0 = (2k—1)7, k € Z. So, using § = 0, we fix the mechanical
inputs as Tp,, = Diw* + b1 and T, = Dow™ + ba(g§ to
obtain the following equilibrium points

0% =2km, (F = (5 =50, ¢ = ¢ = 1.4094,
G =CE =2.9921, (& = —1.3862, (§ = 59.1482,

with k& € Z, which are independent on D; and Ds. So, the
values of Dy and D, do not alter the equilibria (37).

From inequality (27), we get A < 100. Fixing A = 90 in
(28), we get 1 > 156.0169. Choosing y; = 340 and fixing
€1 = €9, we obtain D7 > 16.5235 and Dy > 16.6845 from
the inequalities in (29).

For simulations, we fix Dy = 16.7[X2%] and D; takes

rad
values in {1,2,16.6}[¥23]; where only the last value sat-

isfies our conditions. Lirlidewise, we employ the Euler solver
in Simulink MATLAB with a sample time 65 [us], which
corresponds to the sample time of the converters in our
laboratory [14]. We assume #(0) = 0 and ((0) = —n1g.

Before presenting the results, we stress that the equilibria
in (37) were verified by simulations for all cases.

In Figure 2, the simulation results for Dy = 1[X2=] are
shown. We can see that the difference between synchronvert-
ers’ phases ¢ diverges, which implies that the frequencies (;
and (> cannot reach synchronization, i.e., (1 and (> do not
converge to the same constant.

(37

Dy =1 Dy =167

100

50 F

N-m-s
rad 1°

Fig. 2. Trajectories of the system (19) for D1 = 1]

In Figure 3, the simulation results for Dy = 2[X2=] are

presented. In this case, the states converge to the equilibria
set, with § = (2k — 1)« for k € Z. Nevertheless, we can see
that these trajectories are indeed bounded. Likewise, we can
note that (~1 and 52 converge to zero.

In Figure 4, the simulation results for D; = 16.6[™5]
are illustrated. Here, all trajectories converge to the origin.

It is clear from these simulations that the minimum damp-
ing coefficient for Dy, with Dy = 16.7[Nr':é'5], falls within
the range of 1 to 2[™=]. This range is not so far to the
minimum obtained with inequalities (27)-(29).

VII. CONCLUSIONS AND FUTURE WORK

In this paper, a model of two-parallel synchronverters
in port-Hamiltonian form is presented and a reduced-order
model is obtained by applying the dg-transformation.
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Using the dgq mathematical model (19), sufficient condi-
tions for the damping coefficients to ensure global bound-
edness of trajectories in two-parallel synchronverters with a
capacitive-resistive load are presented. The result is obtained
by constructing a Leonov function for the whole system.

Future work aims to find a weak Lyapunov function to
provide sufficient conditions for almost global stability of
the invariant set of system (19). Likewise, we will extend the
microgrid to a broader amount of electrical energy sources.
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