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Abstract

Melanoma is one of the most aggressive types of cancer. Although it
has a low percentage of incidence in the population, a high degree
of lethality is observed due to its rapid metastasis. As melanoma
is a highly immunogenic cancer, it has been used as an experimen-
tal model in several studies aimed at developing therapies, such as
immunotherapy with Chimeric Antigen Receptor (CAR) T-cells. We pro-
pose a mathematical model of three ordinary differential equations to
describe the dynamics of melanoma in the presence of Tumor-Associated
Macrophages (TAMs) and CAR T-cell therapy, to assess the role of
TAMs cells in the failure of this melanoma therapy. We examine the
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2 A mathematical model to the melanoma dynamics involving CAR T-cells

existence and asymptotic stability of equilibrium points of this sys-
tem, giving a biological interpretation to each of them. Based on our
theoretical and numerical results, we conclude that immunosuppres-
sion has a negative impact on CAR T-cell immunotherapy and that
increasing the immunotherapy dose can improve tumor control. Fur-
thermore, an increase in the action of the TAMs population on tumor
proliferation can induce oscillations that eventually become periodic.

Keywords: Immunotherapy - Tumor-Associated Macrophages (TAMs) -
Cancer modeling - Stability analysis - Sensitivity analysis

1 Introduction

Melanoma skin cancer is considered one of the most aggressive types of cancer
due to its capacity to invade other tissues and organs in the process of metasta-
sis. Projections of new cases and number of deaths from cutaneous melanoma
indicate that, based on global population changes, more than 500,000 new cases
and nearly 100,000 deaths due to melanoma will occur by 2040 [1]. In addi-
tion, 100,640 new cases and 8,290 deaths from melanoma were estimated for
the year 2024 [2]. Melanoma occurs when melanocytes, the cells that make up
the skin and produce the melanin responsible for skin pigmentation, undergo
genetic mutations that cause them to multiply in a disordered manner, pass-
ing on their characteristics to subsequent generations of cells, thus forming
a malignant tumor. Melanoma is known to be highly resistant to chemother-
apy, even when administered in a targeted manner, which compromises the
long-term success of treatments. When identified at an early stage, approxi-
mately 80% of cases are treated by surgical resection, which greatly increases
the chances of cure. However, if the disease is detected late, survival rates drop
too dramatically [3].

Adoptive Cell Therapy (ACT) has emerged as a promising approach to
cancer treatment. It is a therapeutic technique in which cells from a patient’s
immune system are harvested, modified, or stimulated in the laboratory, and
then transplanted into the patient to fight cancer. The ACT using Chimeric
Antigen Receptor (CAR) T-cells has been employed as a new strategy to
enhance cancer treatment, particularly against hematological malignancies,
exhibiting great efficacy [4, 5]. Due to its immunogenicity, melanoma is
used as an experimental model in several experiments aimed at developing
immunotherapeutic drugs against solid cancers, such as CAR T-cell therapy
[6]. There are many challenges to the applicability of this immunotherapy
against melanoma, such as the difficulty related to the adequate selection
of target antigens, and the resistance encountered by CAR T-cells to break
the barriers that prevent their infiltration in the immunosuppressive Tumor
Micro-Environment (TME) in the solid tumors [6].
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One of the mechanisms that induce the rapid progression of melanoma is
the recruitment of immune system cells [7]. Among all immune system cells
recruited to tumor sites, macrophages are in the majority and act in tumor
progression through various pathways. Macrophages that infiltrate TME of
solid tumors are defined as TAMs or M2-type macrophages. This class of pro-
tumor macrophages favors tumor progression by secreting growth factors, pro-
angiogenic molecules, and immunosuppressive factors such as, for example,
interleukin-10 (IL-10). TAMs are anti-inflammatory, increase cell motility and,
by producing proteolytic enzymes that digest the extracellular matrix, pave
the way for the dissemination of tumor cells from the primary site, contributing
to metastasis [8–12]. Some studies indicate that TAMs density in the tumor
microenvironment correlates with a poor prognosis of melanoma and acts to
prevent the cytotoxic action of CAR T-cells against malignant cells due to the
immunosuppressive factors secreted in the tumor microenvironment [9, 13–15].

Immunotherapy is one of the most promising approaches to cancer treat-
ment. Some mathematical models have been developed to study the interac-
tions between tumors and immune cells, to elucidate the various underlying
mechanisms that are not yet fully understood. For example, Kuznetsov et
al. [16], developed a mathematical model to study the response of cyto-
toxic T-lymphocytes to the growth of an immunogenic tumor, specifically
B1-cell lymphoma (BCL1) in mice. Comparison of the results with exper-
imental data allowed to estimate the kinetic parameters intrinsic to the
dynamics. The results underlined the ability of their mathematical model to
adequately describe cell population kinetics over a wide range of initial tumor
cell concentrations.

In another paper, Eftimie and Hamam [17] investigated potential mecha-
nisms behind the elimination of B16 melanoma cells in mice by the immune
system, including Type 1 and Type 2 helper T-cells, as well as the role played
by Type 1 and Type 2 macrophages in tumor growth and elimination. Their
results indicate that the tumor can be eliminated in the presence of both
Type 1 and Type 2 immune responses, while tumor growth is systematically
associated with the presence of a Type 2 immune response.

Many other studies have addressed the dynamics of tumor and immune
cells, including investigations conducted by de Pillis et al. [18–20], Eftimie
[21–23], and Shu et al. [24]. Mathematical models also have been developed
to investigate the efficacy of CAR T-cell immunotherapy against tumors. One
such model, proposed by Sahoo et al. [25], employed a prey-predator dynamics-
based approach to analyze the kinetics of CAR T-cell death during glioma
treatment. Given the limited effectiveness of CAR-T immunotherapy in solid
tumors, the authors conducted analyses of treatment success and failure, align-
ing the results with experimental data. The findings suggested that the CAR
T-cell mortality rate is directly correlated with proliferation and exhaustion
rates, implying that lower immunotherapeutic doses may be more effective,
despite an increase in CAR T-cell exhaustion compared to higher doses.
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Other models developed by Barros et al. [26, 27] explored the interaction
between tumor cells, effector CAR T-cells, and memory CAR T-cells. Memory
CAR T-cells are introduced into the model to study their ability to combat
tumor cells after infusion of the immunotherapeutic dose. The results indicate
that the proposed model has the potential to contribute to the reduction and
optimization of in vivo experiments through computational simulations.

Additionally, León-Triana et al. [28] conducted in silico studies on the
utilization of CAR T-cells targeting CD19 antigens expressed in B-cells and
an antigen associated with glioblastoma (GBM). The results underscore that
the expansion of the CAR T-cell population in the blood and lymphopoietic
systems may lead to the massive production of CAR T-cells, directed towards
solid tumors, potentially surpassing their immunosuppressive capacities. These
mathematical contributions offer valuable perspectives for understanding and
enhancing CAR T-cell immunotherapy against various tumor types [28, 29].

Other models to study the dynamics of CAR T-cells have also been devel-
oped, such as those by Santurio et al. [30], Mostolizadeh et al. [31], and
Perez-Garcia et al. [32].

The main goal of our work is to develop a simple and innovative mathe-
matical model, based on ordinary differential equations (ODEs), to elucidate
the subtleties of the dynamics of advanced-stage cutaneous melanoma during
immunotherapeutic intervention employing CAR T-cells. This model intro-
duces a paradigm shift by explicitly incorporating the TAMs population. This
new improvement enables us to perform comprehensive in silico analyses, high-
lighting the essential role played by the TAMs population in the efficacy and
potential failures of the immunotherapeutic approach.

The paper is structured as follows: In Section 2, we present the proposed
ODE-based mathematical model and describe the variables and parameters
used. In Section 3, we introduce the equilibrium points, analyze their asymp-
totic stability, and show the existence of oscillations. In Section 4, we present
the sensitivity analysis of the parameters. In Section 5, we complete our study
with numerical simulations and discussions of several scenarios. Finally, in
Section 6, we conclude this work with some remarks.

2 Mathematical model

The study of the effectiveness of CAR T-cell immunotherapy against cutaneous
melanoma is based on three time-dependent state variables: T , the melanoma
cell population; M , the TAMs population; and C, the CAR T-cell population
(immunotherapeutic cell population). The proposed model is given by the
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following system of ordinary differential equations

dT

dt
= α1T

(
1− T

K1

)
(1 + β1M)− µ1CT,

dM

dt
= α2MT

(
1− M

K2

)
− κ2M,

dC

dt
=

α3CT

K3 + T
− µ3CT − κ3C.

(1)

The equation associated with the variable T is based on the work of Sahoo
et al. [25] and Eftimie and Hamam [17]. The equation related to the variable
M is derived from the research by Eftimie and Hamam [17]. The equation
associated with the variable C is based on the studies of Kuznetsov et al. [16]
and León-Triana et al. [28]. In addition, we make the following assumptions:

(i) Tumor cells naturally grow according to the logistic law, at a rate α1, with
a carrying capacity, K1 [25]. The presence of TAMs in the tumor microen-
vironment significantly contributes to the proliferation of tumor cells due to
the production of pro-tumoral cytokines, leading to a more rapid expansion
of the tumor population [33]. To model this effect, we multiply the logis-
tic term in the equation of T by the factor 1 + β1M . CAR T-cells destroy
tumor cells at a rate of µ1, through selective recognition of specific tumor-
associated antigens. In the case of melanoma, these antigens include, for
example, GD2 (disialoganglioside), VEGF-2 (Vascular Endothelial Growth
Fator), MCSP (Melanoma-associated Chondroitin Sulfate Proteoglycan),
among others [25, 34].

(ii) Based on the work of Eftimie and Hamam, in the second equation of the
model, we assume that TAMs are recruited to the tumor site at a rate of
α2T and infiltrate the tumor microenvironment in response to cytokines and
chemokines produced by tumor cells. In contrast to Eftimie and Hamam, we
do not consider the presence of other immune system cells such as Type 1 and
2 helper T-cells (Th1 and Th2), nor Type 1 macrophages (M1). Furthermore,
we assume that TAMs population dynamics is characterized by the logistic
law with a carrying capacity K2 and that cells undergo apoptosis at a rate
κ2 [17, 33].

(iii) Considering the equation of C, CAR T-cell population expansion depends
on their contact with tumor antigen, at a rate represented by α3. We for-
mulated this growth process based on the works of Kuznetsov et al. [16]
and León-Triana et al. [28], employing a Michaelis-Menten term in which
K3 determines the point at which the growth rate of CAR T-cells reaches
half of its maximum value (T = K3). León-Triana et al. postulate that K3

denotes the inflection point from which the stimulation rate of CAR T-cells
increases, correlating with the level of antigen expressed by tumor cells. The
parameter κ3 is employed to model the natural mortality of CAR T-cells.

(iv) Immunosuppression is a reduction in the effectiveness of the immune system.
It represents a critical obstacle to CAR T-cell therapy [15]. We incorporate
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the immunosuppressive effects on CAR T-cells into our model through the
term −µ3CT . This term represents the immunosuppression resulting from
the recruitment of pro-tumor cells to the TME. The degree of immuno-
suppression depends on the value of the parameter µ3. Higher values of µ3

indicate stronger immunosuppressive activity [35, 36].

A compartmental diagram of the proposed model is exhibited in Figure 1.
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Fig. 1 Compartmental model of melanoma cell dynamics, TAMs and CAR T-cells. The
figure was created by the authors and partially generated using Servier Medical Art, provided
by Servier, under Creative Commons Attribution 3.0 unported license.

Table 1 shows the model parameters and their respective meanings and
units.

Table 1 Descriptions, values, and units of the parameters.

Parameter Description Value Unit Reference

α1 Rate of natural proliferation of tumor cells [0.69,0.97] day−1 [17]
α2 Rate of macrophage proliferation promoted by tumor cells 10−7 (cells·day)−1 [17]
α3 Rate of proliferation of CAR T-cells due to contact with tumor antigen 0.9 day−1 [28]
β1 Rate of tumor proliferation due to pro-tumor action of TAMs [0, 3 · 10−6] cells−1 Assumed
K1 Carrying capacity of tumor cells 109 cells [21]
K2 Carrying capacity TAMs population 109 cells [21, 37]
K3 Saturation coefficient of CAR T-cell population 2 · 107 cells [16]
µ1 Rate of death of tumor cells due to cytotoxic action of CAR T-cells 10−7 (cells·day)−1 [27]
µ3 Rate of death of CAR T-cells due to tumor immunosuppressive effects in the TME [0, 5 · 10−9] (cells·day)−1 Assumed
κ2 Rate of apoptosis of TAMs population 0.34 day−1 [22, 38]
κ3 Rate of apoptosis of CAR T-cells [0.0;0.6] day−1 Assumed
T (0) Initial condition of tumor cells 2 · 106 cells Assumed
M(0) Initial condition of TAMs population 106 cells [9]
C(0) Initial condition of CAR T-cells [5 · 105;9 · 107] cells Assumed

3 Analysis of the model

Firstly, it is necessary to examine the third equation of the model to better
understand the dynamics of CAR T-cells in the presence of immunosuppressive
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factors. Let us consider the following function

f3(T ) :=
α3T

K3 + T
. (2)

Then, the last equation of the model (1) becomes

dC

dt
= (f3(T )− (µ3T + κ3))C.

To analyze the interaction between CAR T-cell growth and natural death, we
also introduce the following function

g3(T ) =
1

T
(f3(T )− κ3), T > 0. (3)

The function g3 is specifically designed to measure the net growth/decay of
CAR T-cells per tumor cell, independent of the tumor-dependent removal term
µ3T . By excluding the term µ3T , we isolate the effects of natural CAR T-
cell dynamics, capturing the balance between the tumor-driven proliferation,
represented by f3(T ), and the natural death rate κ3. This allows us to assess
how the CAR T-cell population evolves as a function of tumor load when the
influence of direct interaction with tumor cells is controlled. We have the limits

lim
T→0

g3(T ) = −∞ and lim
T→+∞

g3(T ) = 0.

The derivative is given by

g′3(T ) =
1

T 2
(f ′

3(T )T − (f3(T )− κ3)).

In other words

g′3(T ) =
1

T 2(K3 + T )2
(
(κ3 − α3)T

2 + 2κ3K3T + κ3K
2
3

)
.

If κ3 ≥ α3, then g′3(T ) > 0 for all T > 0. Suppose now that κ3 < α3. The
discriminant of the second-degree polynomial is

∆ = 4[κ2
3K

2
3 − (κ3 − α3)κ3K

2
3 ] = 4κ3α3K

2
3 > 0.

Then, the unique positive solution is given by

T̄0 =
κ3K3 +K3

√
κ3α3

α3 − κ3
=

√
κ3√

α3 −
√
κ3

K3.
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We conclude that g3 is increasing on (0, T̄0) and decreasing on (T̄0,+∞). We
define a threshold for the parameter µ3 as follows

µ3max := max{g3(T ) : T > 0} = g(T̄0), with T̄0 =

√
κ3√

α3 −
√
κ3

K3.

We proved the following proposition.

Proposition 1 Let κ3, α3 and K3 be positive.

• Suppose that κ3 ≥ α3. Then, for all T > 0, g3(T ) < 0.
• Suppose that κ3 < α3.

– If µ3 > µ3max, then f3(T ) = µ3T + κ3 has no solution.
– If µ3 < µ3max, then f3(T ) = µ3T + κ3 has two solutions T̄1 < T̄2.

Figure 2 illustrates the Proposition 1.
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Fig. 2 Comparison between f3(T ) and µ3T + κ3 for different parameter values. Using
α3 = 0.9, κ3 = 0.35 and K3 = 2 · 107, we obtained µ3max ≈ 6.37 · 10−9. Three scenarios are
represented: the red dashed line where the growth and decay terms balance out at a single
point; the green dashed line where the growth term dominates, leading to two solutions
T̄1 < T̄2; and the orange dashed line where the decay term exceeds the growth term, leading
to no solution.

Figure 2 (see also Proposition 1) illustrates the interaction between the
growth term f3(T ), which represents the proliferation of CAR T-cells in
response to tumor cells, and the linear decay term µ3T + κ3, which models
the removal of CAR T-cells due to both their interaction with tumor cells
(proportional to µ3T ) and natural cell death (κ3).
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3.1 Steady-states and their local asymptotic stability

The equilibrium points Ē := (T̄ , M̄ , C̄) of the system (1) are the non-negative
solutions of 

(
α1

(
1− T̄

K1

)
(1 + β1M̄)− µ1C̄

)
T̄ = 0,

(
α2T̄

(
1− M̄

K2

)
− κ2

)
M̄ = 0,

(
f3(T̄ )− (µ3T̄ + κ3)

)
C̄ = 0.

(4)

We denote by F1, F2, and F3 the three components of the nonlinear func-
tion on the right-hand side of System (1). Then, the partial derivatives at an
equilibrium point Ē := (T̄ , M̄ , C̄) are given by

∂F1

∂T
= α1

(
1− T̄

K1

)
(1 + β1M̄)− α1T̄ (1 + β1M̄)

K1
− µ1C̄,

∂F1

∂M
= α1T̄

(
1− T̄

K1

)
β1,

∂F1

∂C
= −µ1T̄ ,

∂F2

∂T
= α2M̄

(
1− M̄

K2

)
,

∂F2

∂M
= α2T̄

(
1− M̄

K2

)
− α2M̄T̄

K2
− κ2,

∂F2

∂C
= 0,

∂F3

∂T
=

(
f ′
3(T̄ )− µ3

)
C̄,

∂F3

∂M
= 0,

∂F3

∂C
= f3(T̄ )− (µ3T̄ + κ3).

We begin by analyzing the local asymptotic stability of trivial steady-states.
We introduce notations that will be the main thresholds of the two parameters
α2 and α3, for the existence and stability of equilibrium points:

α2min :=
κ2
K1

, α3min := κ3

(
1 +

K3

K1

)
and α3max(α2) := κ3

(
1 +

α2

κ2
K3

)
. (5)

We can notice that we have α3max(α2min) = α3min.
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Proposition 2 The trivial equilibrium E0 = (0, 0, 0) always exists and is unstable
(saddle point). The equilibrium E1 = (K1, 0, 0) always exists and is locally asymp-
totically stable if and only if α2 < α2min and µ3 > g3(K1), where α2min is given by
(5) and the function g3 is given by (3).

Proof It is not difficult to check directly that E0 and E1 are trivial solutions of the
system (4). The Jacobian matrix associated with the equilibrium point E0 is

J0 =


α1 0 0

0 −κ2 0

0 0 −κ3

 .

The eigenvalues are α1, −κ2 and −κ3. Then, E0 is unstable (saddle point).
The Jacobian matrix associated with the equilibrium point E1 is

J1 =


−α1 0 −µ1K1

0 K1α2 − κ2 0

0 0 f3(K1)− (µ3K1 + κ3)

 .

Then, the eigenvalues are λ1 = −α1 < 0, λ2 = K1α2 − κ2 and λ3 = f3(K1) −
(µ3K1 + κ3). We have

• λ2 < 0 if α2 < α2min.
• λ3 < 0 if f3(K1) < µ3K1 + κ3. This last inequality is equivalent to

µ3 >
1

K1
(f3(K1)− κ3) = g3(K1).

□

To satisfy the case µ3 > g3(K1), we have two scenarios:

• Suppose that α3 ≤ κ3. Then, we always have µ3 > g3(K1).
• Suppose that α3 > κ3. If µ3 ≥ µ3max, then we always have µ3 > g3(K1). If
µ3 < µ3max, then µ3 > g3(K1) if and only if K1 ∈ (0, T̄1)∪ (T̄2,+∞), where
T̄1 < T̄2 are the zeros of the function g3 (see Figure 2).

Another equilibrium with the component C̄ = 0 may exist. More precisely, we
have the following result.

Proposition 3 E2 =

(
K1,K2

(
1− κ2

α2K1

)
, 0

)
is an equilibrium point if and only

if α2 > α2min. It is locally asymptotically stable if and only if α2 > α2min and
µ3 > g3(K1).
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Proof It is not difficult to verify using the system (4) that E2 is an equilibrium if and
only if α2 > α2min. Furthermore, the Jacobian matrix associated with this point is

J2 =


−α1

(
K2

(
1− κ2

α2K1

)
β1 + 1

)
0 −µ1K1

K2(K1α2 − κ2)κ2
K2

1α2
−K1α2 + κ2 0

0 0 f3(K1)− (µ3K1 + κ3)

 .

Then, the eigenvalues are

λ1 = −α1

(
K2

(
1− κ2

α2K1

)
β1 + 1

)
,

λ2 = −K1α2 + κ2,

λ3 = f3(K1)− (µ3K1 + κ3).

We conclude that E2 is locally asymptotically stable if and only if

α2 > α2min and µ3 > g3(K1).

□

We also have two equilibrium points with the component M̄ = 0. More precisely,
we have the following result.

Proposition 4 E3 = (T̄ , 0, C̄) is an equilibrium point if and only if µ3 ≤ µ3max and
0 < T̄ < K1. This point is locally asymptotically stable if and only if µ3 ≤ µ3max,

0 < T̄ < min

{
K1,

κ2
α2

}
and f ′3(T̄ ) > κ3.

Proof For M̄ = 0 the system (4) becomes
g3(T̄ ) = µ3,

C̄ =
α1

µ1

(
1− T̄

K1

)
.

The necessary and sufficient condition for the existence of at least one positive
solution is

µ3 ≤ µ3max and 0 < T̄ < K1.

There are two such equilibrium points, denoted by E3i := (T̄i, 0, C̄i), i = 1, 2, with

g3(T̄i) = µ3 and C̄i =
α1

µ1

(
1− T̄i

K1

)
.

The Jacobian matrix is given by

J3 =

a11 a12 a13
0 a22 0
a31 0 0

 ,

with

a11 = −α1
T̄

K1
,
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a12 = α1T̄

(
1− T̄

K1

)
β1,

a13 = −µ1T̄ ,

a22 = α2T̄ − κ2,

a31 =
α1

µ1

(
1− T̄

K1

)(
f ′3(T̄ )− κ3

)
.

The characteristic equation is then given by

(λ− a22)(λ
2 − a11λ− a13a31) = 0. (6)

According to the first factor of (6), we have the eigenvalue λ1 = a22 = α2T̄ − κ2. It
is negative if and only if

0 < T̄ < min

{
K1,

κ2
α2

}
.

For the second term of (6), we use the Routh-Hurwitz criterion for the equation
λ2 + p1λ+ p2 = 0, with

• p1 := −a11 = α1
T̄

K1
> 0,

• p2 := −a13a31 > 0 if and only if T̄ < K1 and f ′
3(T̄ ) > κ3.

□

One can remark that f ′3(T̄1) > κ3 and f ′3(T̄2) < κ3. Then, if µ3 < µ3max

and 0 < T̄1 < T̄2 < min

{
K1,

κ2
α2

}
, the equilibrium E31 := (T̄1, 0, C̄1) is locally

asymptotically stable and the equilibrium E32 := (T̄2, 0, C̄2) is unstable (see Figure
2).

The analysis of the existence and local asymptotic stability of the equilibrium
E∗ is much more technical than for other equilibrium points. Before addressing it,
we give below the biological meanings of the four equilibrium points.

• E0 = (0, 0, 0) corresponds to the extinction of all populations. It is not
biologically relevant to our study.

• E1 = (K1, 0, 0) characterizes treatment failure as it describes the persistence
of melanoma cells (at a high level, K1), with the disappearance of CAR
T-cells and TAMs population.

• E2 =

(
K1,K2

(
1− κ2

α2K1

)
, 0

)
also characterizes treatment failure with

a high level of melanoma cell, the disappearance of CAR T-cells and the
persistence of TAMs population. This point intersects E1 at the value α2 =
α2min.

• E3i = (T̄i, 0, C̄i), i = 1, 2, represent the disappearance of TAMs population
and the persistence of melanoma cells and CAR T-cells. These equilibrium
points represent a more effective treatment outcome compared to the points
E1 and E2, as they are characterized by T̄i < K1.

In previous sections, we incorporated the term µ3CT to model potential
immunosuppressive effects on CAR T-cell dynamics. However, due to the algebraic
complexity introduced by this term in the analysis of the coexistence equilibrium E∗,
we introduce the assumption µ3 = 0 to simplify the existence conditions and the anal-
ysis of the asymptotic stability of this equilibrium. This assumption allows us to focus
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on biologically meaningful interactions without compromising the insights derived
from the stability analysis of E∗. Furthermore, the assumption µ3 = 0 remains
consistent with previous sections where immunosuppressive effects were taken into
account in the analysis of the simplest equilibrium points. Therefore, removing this
term for the coexistence equilibrium analysis does not affect the general validity of
the results, as the immunosuppressive effects can be considered negligible in the spe-
cific context of the coexistence equilibrium. Nevertheless, the impact of µ3 > 0 will
be studied in detail in Section 5, where we will numerically explore its influence on
the dynamics of the system and the stability of the equilibrium points.

In the remaining part of this section, we assume that µ3 = 0.

Proposition 5 A coexistence equilibrium,

E∗ =

(
κ3K3

α3 − κ3
,K2

(
1− κ2(α3 − κ3)

κ3α2K3

)
,
α1

µ1

(
1− T ∗

K1

)
(1 + β1M

∗)

)
,

where the third coordinate is expressed in terms of the first two coordinates

T ∗ =
κ3K3

α3 − κ3
and M∗ = K2

(
1− κ2(α3 − κ3)

κ3α2K3

)
,

exists if and only if α3min < α3 < α3max(α2), where α3min and α3max(α2) are
given by (5).

Proof Solving the system (4), with µ3 = 0, to find a coexistence equilibrium is
straightforward and is not presented here. It is also not difficult to see that E∗ exists
if and only if α3min < α3 < α3max(α2). □

Our objective in this paragraph is to determine some properties of the coexistence
equilibrium E∗. We show that the last two components of E∗ can be written as
functions of the first component T ∗.

Proposition 6 The coexistence equilibrium E∗ can be written as a function

T ∗ ∈ Ω 7→ E∗(T ∗) := (T ∗,M∗(T ∗), C∗(T ∗)),

with the interval Ω :=

(
κ2
α2

,K1

)
and

M∗(T ∗) = K2

(
1− κ2

α2T ∗

)
and C∗(T ∗) =

α1

µ1

(
1− T ∗

K1

)(
1 + β1M

∗(T ∗)
)
.

Furthermore, T ∗ 7→ M∗(T ∗) is an increasing function from the interval Ω to(
0,K2

(
1− κ2

α2K1

))
, and there exist two points

T̄ ∗ :=

√
β1K1K2κ2

α2(1 + β1K2)
and K̄1 :=

κ2(1 + β1K2)

α2β1K2
,

such that

(a) if K1 > K̄1, then T ∗ 7→ C∗(T ∗) is increasing on (κ2/α2, T̄
∗) and decreasing

on (T̄ ∗,K1);
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(b) if K1 ≤ K̄1, then T ∗ 7→ C∗(T ∗) is decreasing on Ω.

Proof The first component of E∗ is given by

T ∗ =
κ3K3

α3 − κ3
.

As a function of α3 ∈ (α3min, α3max(α2)), we obtain a decreasing function α3 7→
T ∗(α3) such that,

T ∗(α3max(α2)) =
κ2
α2

< T ∗(α3min) = K1.

This gives the interval Ω := (κ2/α2,K1) to which T ∗ belongs. On the other hand, a
simple calculation shows that

M∗(T ∗) = K2

(
1− κ2

α2T ∗

)
and C∗(T ∗) =

α1

µ1

(
1− T ∗

K1

)(
1 + β1M

∗(T ∗)
)
.

It is clear that the function T ∗ 7→ M∗(T ∗) is increasing from the interval Ω to(
0,K2

(
1− κ2

α2K1

))
.

To study the function T ∗ 7→ C∗(T ∗), we need to calculate its derivative on the
interval Ω. This derivative is given by

C∗′
(T ∗)=

α1

µ1

[
− 1

K1

(
1+β1K2

(
1− κ2

α2T ∗

))
+

(
1− T ∗

K1

)
β1K2

(
κ2

α2T ∗2

)]
.

Then, C∗′
(T ∗)<0 if and only if T ∗>T̄ ∗ :=

√
β1K1K2κ2

α2(1 + β1K2)
. We have to see if T̄ ∗

belongs to the interval Ω :=

(
κ2
α2

,K1

)
. Due to the inequalities

β1K2κ2
α2(1 + β1K2)

<

κ2
α2

< K1, we have T̄ ∗ < K1. But we do not know the position of T̄ ∗ in comparison

with
κ2
α2

. Two cases are possible:

(a) If K1 > K̄1 :=
κ2(1 + β1K2)

α2β1K2
, then T̄ ∗ ∈ Ω. This implies that T ∗ 7→ C∗(T ∗)

is increasing on (κ2/α2, T̄
∗) and decreasing on (T̄ ∗,K1).

(b) If K1 ≤ K̄1, then T̄ ∗ ≤ κ2/α2. This implies that T ∗ 7→ C∗(T ∗) is always
decreasing on Ω.

□

The cases analyzed above are shown in Figures 3 and 4.
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(a) T∗ 7→ M∗(T∗) when K1 > K̄1.
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(b) T∗ 7→ C∗(T∗) when K1 > K̄1.

Fig. 3 These figures represent the first case in which K1 > K̄1. We use the parameters
shown in Table 1 and choose K1 = 2 · 107 cells as the value greater than K̄1. Figure 3(a)
shows that T ∗ 7→ M∗(T ∗) is an increasing function on the interval Ω := (κ2/α2,K1). In
Figure 3(b), we can see that T ∗ 7→ C∗(T ∗) is increasing in

(
κ2/α2, T̄ ∗) (see the zoom), the

green star represents the point T̄ ∗, and T ∗ 7→ C∗(T ∗) is decreasing on
(
T̄ ∗,K1

)
.
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(a) T∗ 7→ M∗(T∗) when K1 ≤ K̄1.
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(b) T∗ 7→ C∗(T∗) when K1 ≤ K̄1.

Fig. 4 These figures represent the second case, K1 ≤ K̄1. We use the parameters given in
the Table 1. Figure 4(a) shows that T ∗ 7→ M∗(T ∗) is an increasing function on Ω. In Figure
4(b) we can observe that T ∗ 7→ C∗(T ∗) is a decreasing function on Ω.

We now focus on the local asymptotic stability of the coexistence equilibrium
E∗. We start with the case β1 = 0, where tumor proliferation is independent of the
action of the TAMs population. We then increase the value of β1 > 0 to see how this
equilibrium behaves.

Proposition 7 We assume that β1 = 0. When the coexistence equilibrium E∗ exists,
that is when T ∗ ∈ Ω, it is always locally asymptotically stable.
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Proof The Jacobian matrix for β1 = 0, evaluated at E∗ is given by

J∗ =


− α1

K1
T ∗ 0 −µ1T

∗

α2M
∗
(
1− M∗

K2

)
− α2

K2
T ∗M∗ 0

α3C
∗K3

(K3 + T ∗)2
0 0

 .

So, we have the real eigenvalue

λ0 = − α2

K2
T ∗M∗ < 0.

The two other eigenvalues λ1 and λ2 are solutions of

λ2 +

(
α1

K1
T ∗

)
λ+

µ1α3C
∗K3T

∗

(K3 + T ∗)2
= 0.

Then, λ1 + λ2 = − α1

K1
T ∗ < 0 and λ1λ2 =

µ1α3C
∗K3T

∗

(K3 + T ∗)2
> 0. So, λ1 and λ2 have a

negative real part. We conclude that for β1 = 0 when the equilibrium E∗ exists, it is
always locally asymptotically stable. In terms of parameters, the existence of E∗ is
equivalent to α3min < α3 < α3max(α2), where α3min and α3max(α2) are given by
(5). □

In the next subsection, we explore various aspects related to the coexistence
equilibrium point E∗, covering issues such as the emergence of oscillatory solutions
around E∗ and the Hopf bifurcation phenomenon.

3.2 Oscillating solutions and Hopf bifurcation

As in the previous analysis of the equilibrium point E∗, we continue to assume in
this subsection that µ3 = 0. This simplification, introduced to manage the algebraic
complexity of the system, remains valid throughout our study of the coexistence equi-
librium E∗ and its surrounding dynamics. The exclusion of the term µ3CT does not
affect the qualitative behavior of the system, in particular concerning the existence
of oscillations and Hopf bifurcations.

We are now concentrating on the appearance of oscillations around E∗. Even
in the case where β1 = 0, these oscillations, although damped, exist. By increasing
the parameter β1 > 0, these oscillations can be transformed into periodic solutions
through a Hopf bifurcation. Let’s first examine the existence of oscillations for β1 = 0.
We introduce the following notation

α̃1 :=
4α2

2α3K1K3(α2K1 − κ2)

κ2(α2K3 + κ2)2
. (7)

Proposition 8 We assume that β1 = 0 and we consider two situations:

• Suppose that α1 ≥ α̃1. Then, there is no oscillating solution (E∗ is a sink).

• Suppose that α1 < α̃1. Then, there exits T̃ ∗ ∈
(
κ2

α2
,K1

)
, such that

– if T ∗ ∈
(
κ2

α2
, T̃ ∗

)
, then there are damped oscillating solutions (E∗ is a

spiral),
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– if T ∗ ∈
(
T̃ ∗,K1

)
, then, there is no oscillating solution (E∗ is a sink).

Proof We compute the discriminant ∆ of the polynomial introduced in the proof of
Proposition 7,

λ2 +

(
α1

K1
T ∗

)
λ+

µ1α3C
∗K3T

∗

(K3 + T ∗)2
= 0, T ∗ ∈ Ω :=

(
κ2
α2

,K1

)
,

with

C∗ =
α1

µ1

(
1− T ∗

K1

)
.

Then, for T ∗ ∈ Ω, we get

∆ =

(
α1

K1
T ∗

)2

− 4
µ1α3C

∗K3T
∗

(K3 + T ∗)2
=

[
α1

K2
1

T ∗ − 4
α3K3

(K3 + T ∗)2

(
1− T ∗

K1

)]
α1T

∗.

We have to study the sign of the function

∆̄(T ∗) =
α1

K2
1

T ∗ − 4
α3K3

(K3 + T ∗)2

(
1− T ∗

K1

)
, T ∗ ∈ Ω.

It is equivalent to study, for T ∗ ∈ Ω, the sign of the polynomial function

∆̃(T ∗) = T ∗3 + 2K3T
∗2 +

(
K3 + 4

α3

α1
K1

)
K3T

∗ − 4
α3

α1
K2

1K3.

Let’s first consider the function ∆̃ defined on the interval [0,+∞). It is clear that ∆̃
is increasing on [0,+∞) with ∆̃(0) < 0 and limT∗→+∞ ∆̃(T ∗) = +∞. Furthermore,

∆̃(K1) = K3
1 + 2K3K

2
1 +K2

3K1 > 0.

Then, there exists a unique T̃ ∗ ∈ (0,K1) such that ∆̃(T̃ ∗) = 0. We need to check
the position of T̃ ∗ with respect to κ2/α2. This is given by the sign of

∆̃

(
κ2
α2

)
=

κ32
α3
2

+ 2K3
κ22
α2
2

+K2
3
κ2
α2

− 4K1K3
α3

α1

(
K1 − κ2

α2

)
.

More precisely, we have

∆̃

(
κ2
α2

)
≥ 0 if and only if α1 ≥ α̃1,

where α̃1 is given by (7). We conclude that, if α1 ≥ α̃1, then ∆̃(T ∗) ≥ 0, for all
T ∗ ∈ Ω. So, the equilibrium E∗ is a sink. Suppose now that

α1 < α̃1.

We have T̃ ∗ ∈
(
κ2
α2

,K1

)
. So, if T ∗ ∈

(
κ2
α2

, T̃ ∗
)
, then the equilibrium E∗ is a spiral,

and if T ∗ ∈
(
T̃ ∗,K1

)
, the equilibrium E∗ is a sink. □

We suppose now that β1 > 0. The Jacobian matrix evaluated on E∗ is given by

J∗ =

a11 a12 a13
a21 a22 0
a31 0 0

 , (8)
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where

a11 = − α1

K1
T ∗(1 + β1M

∗) < 0,

a12 = α1T
∗
(
1− T ∗

K1

)
β1 > 0,

a13 = −µ1T
∗ < 0,

a21 = α2M
∗
(
1− M∗

K2

)
> 0,

a22 = −κ2 + α2T
∗
(
1− 2M∗

K2

)
< 0,

a31 =
α3C

∗K3

(K3 + T ∗)2
> 0.

Then, the characteristic equation associated to the matrix (8) is given by

λ3 + q1λ
2 + q2λ+ q3 = 0,

with q1 := −(a11 + a22), q2 := a11a22 − a12a21 − a13a31 and q3 := a13a22a31. We
can use the Routh-Hurwitz criterion to evaluate the stability of the equilibrium E∗.
It is clear that q1 > 0, q2 > 0 and q3 > 0. The only missing condition is the positivity
of the expression

Q := q1q2 − q3 = −a211a22 + a11a12a21 + a11a13a31 − a11a
2
22 + a12a21a22.

Let’s consider Q := Q(β1) as a function of β1 ≥ 0. Only the coefficients a11, a12 and
a31 depend on the parameter β1, through the expression

C∗ =
α1

µ1

(
1− T ∗

K1

)(
1 + β1M

∗) ,
because T ∗ and M∗ are independent on β1. As Q(0) > 0, thanks to the continuity
there exists β∗

1 > 0, such that Q(β1) > 0 for all β1 ∈ [0, β∗
1 ). This threshold β∗

1 can be
a bifurcation parameter that destabilizes the equilibrium E∗, with the appearance of
periodic solutions. If this threshold exists, it will be such that Q(β∗

1 ) = 0. Due to the
large number of parameters, it is difficult to prove analytically the existence of β∗

1 .
We numerically analyze the situations described above. We consider the two cases

α1 ≥ α̃1 and α1 < α̃1, with α̃1 given by (7). We want to vary T ∗ ∈ Ω := (κ2/α2,K1),
which also means varying κ3 in a certain interval, the parameter that models the
rate of apoptosis of CAR T-cells and the effect of immunosuppression. The condition
of existence of E∗, given by

α3min := κ3

(
1 +

K3

K1

)
< α3 < α3max(α2) := κ3

(
1 +

α2

κ2
K3

)
,

can also be written as follows

α3κ2
κ2 + α2K3

< κ3 <
α3K1

K1 +K3
.

Then, by considering T ∗ : κ3 7→ T ∗(κ3) =
κ3K3

α3 − κ3
as a function of κ3 on the interval

(α3κ2/(κ2 + α2K3), α3K1/(K1 +K3)), we obtain an increasing function (see Figure
5). In accordance with the set of parameters presented in Table 1 and taking α1 =
0.69 day−1, we determine the specific value for which ∆̃(T̃ ∗) = 0. This value is given
by T̃ ∗ = 3.86 · 108. We also obtain from (7) that α̃1 = 3.85 · 104. For the values of α1
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shown in Table 1, only the condition α1 < α̃1 is satisfied, since α1 ∈ [0.69, 0.97] to
be biologically acceptable [17]. Then, considering the value α1 = 0.69 < α̃1, we vary

κ3 ∈
(

α3κ2
κ2 + α2K3

,
α3K1

K1 +K3

)
,

such that T ∗(κ3) =
κ3K3

α3 − κ3
crosses the threshold T̃ ∗ (Figure 5).
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Fig. 5 The gray area, T ∗ ∈
(
κ2/α2, T̃ ∗

)
, is the region where the equilibrium E∗ is a

stable spiral, and the part above the green dashed line, T ∗ ∈
(
T̃ ∗,K1

)
, is the region where

this equilibrium is a stable sink.

With the choice of α1 = 0.69 < α̃1 and following Proposition 8, two possibilities
for the equilibrium point E∗ arise. Employing the parameters from Table 1, with
β1 = 2.3 · 10−10, and selecting two values for the parameter κ3, i.e. κ3 = 0.5 and
κ3 = 0.86, to satisfy the two situations presented in Figure 5, we obtained the
following results, as shown in Figure 6.
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(a) κ3 = 0.5 day−1

0 50 100 150 200 250
Time (days)

0.0

0.2

0.4

0.6

0.8

1.0

T
(t

)

1e9

T ∗

(b) κ3 = 0.86 day−1

Fig. 6 In (a), we can observe that when κ3 = 0.5 day−1, the condition T ∗ ∈
(
κ2/α2, T̃ ∗

)
is satisfied, and the equilibrium E∗ is a stable spiral. In (b), we observe that when κ3 = 0.86
day−1, the condition T ∗ ∈ (T̃ ∗,K1) is satisfied, and we have that the equilibrium E∗ is a
stable sink (without oscillations around T ∗).

We run simulations to assess the influence of parameter β1 ≥ 0 on the appearance
of periodic solutions around equilibrium E∗ (Hopf bifurcation). In this scenario, we
focus on the case where the equilibrium E∗ is a stable spiral for β1 = 0, as shown
in the grey region of Figure 5. We then increase the value of β1 > 0 until the spiral
around equilibrium E∗ becomes a center (Hopf bifurcation). We use the parameters
of Table 1, with α1 = 0.69, κ3 = 0.35 day−1, and the initial condition C(0) = 107

cells. In this case, the condition α1 < α̃1 is satisfied. We stop the simulations at
t = 1000 days. Our results (only the component M(t) of the solution) are shown in
Figure 7.
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(a) β1 = 0 cells−1
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(b) β1 = 5.9 · 10−11 cells−1

Fig. 7 In this figure, we show only the component M(t) of the solution. When β1 = 0 in
panel (a), the solutions oscillate and converge to the equilibrium E∗ (red star). An increase
in the parameter β1 from 0 leads to the appearance of periodic oscillations through a Hopf
bifurcation at β1 = 5.9 · 10−11 cells−1 (panel (b)).

Let’s now explain the conditions that give rise to a Hopf bifurcation. To do this,
we again consider the characteristic equation associated with the equilibrium E∗, in
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the case β1 > 0,
λ3 + q1λ

2 + q2λ+ q3 = 0,

with q1 := −(a11 + a22), q2 := a11a22 − a12a21 − a13a31 and q3 := a13a22a31. As
mentioned before, we plot the function

Q(β1) := q1q2 − q3 = −a211a22 + a11a12a21 + a11a13a31 − a11a
2
22 + a12a21a22.

Figure 8 shows the results obtained.
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Fig. 8 The function Q(β1) := q1q2 − q3 is positive for β1 less than β1 = β∗
1 ≈ 5.9 · 10−11

cells−1 and negative when β1 is greater than this threshold. The parameters used in this
figure are shown in Table 1, with α1 = 0.69 and κ3 = 0.35 day−1.

If we increase the value of parameter β1 from 0, we have that the function
Q(β1) := q1q2 − q3 is positive until a certain threshold β1 = β∗

1 , which is approxi-
mately 5.9 · 10−11 cells−1. The function Q(β1) becomes negative beyond this value.
We have Q(β∗

1 ) = 0 and β∗
1 is responsible for the appearance of periodic solutions

(Hopf bifurcation) as observed in Figure 7.
Recent experiments have revealed that periodic oscillations in the cell population

can occur during melanoma treatment [39]. Our study does not take place under the
same conditions as these experiments. However, this study indicates that periodic
oscillations in melanoma treatment may exist.

In the next section, we perform a sensitivity analysis to assess the impact of key
parameters, including µ3 > 0, on the behaviour of the model.

4 Sensitivity analysis

According to Saltelli, Tarantola, and Chan [40], sensitivity analysis (SA) aims to
determine how a model depends on its associated parameters, thus contributing to
the understanding of behavior, consistency between the model and the phenomenon
being modeled, and how the different parts of the model interact. In this way, it
is possible to identify and classify the parameters that have the greatest impact on
model output.

The first-order sensitivity index, S1, indicates the individual contribution of each
input variable to the variation in output. It captures the isolated effect of each input
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variable on total model variation and is relevant for discerning which variables have
a significant independent impact [40, 41].

The total sensitivity index, ST , is a measure that encompasses both the individ-
ual effects of each variable and higher-order interactions. Contrary to the first-order
sensitivity index S1, the total sensitivity index ST encompasses the contribution of
a variable across all possible orders of interaction. This index is important for deter-
mining the ability to fix a parameter at any point in its range of variability without
causing a significant impact on the outcome, i.e., the model output. For instance, if
ST ≈ 0 for a specific parameter, it is possible to assign it any value within its uncer-
tainty range without substantially affecting the variation in the model output. In
this context, total sensitivity indices are particularly relevant for factor-fixing config-
urations, as they provide valuable insights into the relative influence of variables and
their interactions on the model outcome. Parameters whose first-order and total sen-
sitivity indices are greater than 0.05 are considered significant for the model output
[41–43].

4.1 Sensitivity analysis of the mathematical model

CAR T-cell therapy is understood as a consequence of the interaction of various
phenomena unfolding in diverse biological populations. However, the comprehension
of some side effects, such as cytokine generation and interaction with endogenous
immune cells, such as macrophages, remains limited, with many mechanisms still
unknown.

The proposed mathematical model, as presented in the system (1), incorporates
specific parameters that are presumed to contain uncertainties. In this context, sen-
sitivity analysis aims to examine the most important parameters of the model, i.e.,
those capable of modifying the dynamics of the system by varying their values. Sen-
sitivity analysis was conducted using the Python programming language with the
SALib library, which offers implementations of the eFAST method, [40, 41, 44, 45].

In our analyses, we considered the parameters of the system (1) introducing a
perturbation of 20% to the reference values presented in Table 1. This perturbation
allowed us to observe how these parameters influence the dynamics of tumor cells,
TAMs, and CAR T-cells over a simulated period of one hundred days. Particularly,
the initial conditions considered in the analyses were T (0) = 2 · 106, M(0) = 106,
and C(0) = 107 cells. Additionally, we set α1 = 0.69 day−1, β1 = 2.3 ·10−10 cells−1,
κ3 = 0.35 day−1 and µ3 = 6.752 · 10−10 as reference values. The results obtained
are presented in Figure 9.
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Fig. 9 Sensitivity analysis (SA) of the parameters from Table 1 was conducted using the
Python programming language and the SALib package. Blue bars represent first-order sen-
sitivity indices (S1), while orange bars represent total sensitivity indices (ST ).

Table 2 presents the values for first-order and total sensitivity indices, along with
the 95% confidence interval used in the analyses.

Table 2 First-order sensitivity indices (S1) and total-order sensitivity indices (ST ) for
the populations of tumor cells, TAMs, and CAR T-cells with a 95% confidence interval.

Parameters Tumor TAMs CAR T-cells

S1 ST S1 IC 95% ST IC 95% S1 ST S1 IC 95% ST IC 95% S1 ST S1 IC 95% ST IC 95%

α1 0.001805 0.142015 0.001433 0.014867 0.006222 0.759713 0.001532 0.013085 0.032984 0.869870 0.001559 0.011892
α2 0.000058 0.071421 0.001625 0.012891 0.000826 0.047743 0.001460 0.011368 0.000036 0.049753 0.001394 0.013937
α3 0.186196 0.785235 0.001754 0.012913 0.057875 0.736822 0.001509 0.014630 0.010143 0.843995 0.001271 0.013829
β1 0.000495 0.091149 0.001609 0.012478 0.005323 0.192882 0.001618 0.013421 0.000269 0.226524 0.001478 0.011161
µ1 0.000746 0.113515 0.001339 0.011183 0.002702 0.250715 0.001463 0.013534 0.020330 0.340476 0.001424 0.013967
κ2 0.000037 0.079978 0.001530 0.013490 0.016737 0.153686 0.001585 0.012526 0.000174 0.152075 0.001590 0.013609
µ3 0.010079 0.231176 0.001549 0.013283 0.000540 0.068447 0.001662 0.013426 0.000829 0.092897 0.001487 0.012306
κ3 0.114070 0.674413 0.001417 0.012463 0.084677 0.430056 0.001413 0.013504 0.004196 0.383694 0.001392 0.012953
K1 0.010250 0.207585 0.001420 0.010248 0.000841 0.167951 0.001449 0.013162 0.000441 0.203998 0.001784 0.012409
K2 0.000576 0.094239 0.001469 0.011729 0.019584 0.210984 0.001548 0.013075 0.000046 0.228957 0.001568 0.014163
K3 0.008598 0.200026 0.001458 0.014531 0.008137 0.079146 0.001557 0.014381 0.000093 0.141011 0.001557 0.012265

Figure 9(a) presents the first-order sensitivity indices (S1) and total sensitivity
indices (ST ) in the population of tumor cells. The results underscore the importance
of parameters specific to tumor dynamics. The two most influential parameters are
the proliferation rate of CAR T-cells in response to tumor antigen (α3) and the
resistance of CAR T-cells to apoptosis (κ3), emphasizing their significance for tumor
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dynamics. The high influence of these parameters suggests that the treatment terms
are a key determinant for control growth. The strategies that enhance the prolifera-
tion of CAR T-cells in response to the antigen and promote the resistance of these
cells may enhance treatment persistence and efficacy.

Figure 9(b) shows the results related to the dynamics of TAMs. The TAMs pop-
ulation is positively influenced by the increase in α1, suggesting that macrophage
proliferation is associated with tumor activity. Therapeutically, modulating the pro-
liferative response of macrophages can be explored to impact tumor dynamics. The
analysis also highlights the influence of the parameter α3, both through its individual
contribution (S1) and total contribution (ST ). This indicates an indirect influence of
the CAR T-cell response to the tumor antigen on TAMs. Finally, the apoptosis rate
of CAR T-cells (κ3) also showed a high sensitivity index. These results indicate a
complex interaction between the tumor and TAMs, emphasizing the need for strate-
gies that modify these interactions to reduce the pro-tumoral support provided by
TAMs cells and enhance the efficacy of CAR-T immunotherapy.

The results related to CAR T-cells shown in Figure 9(c) underscore the crucial
importance of the specific antigen proliferation rate (α3) in antitumoral efficacy. The
positive influence of α3 suggests that therapeutic strategies promoting a robust and
targeted response to the antigen may be crucial for the success of CAR T-therapy.
Additionally, the natural proliferation rate of tumor cells (α1) also influences the
dynamics, indicating that strategies to improve antigen recognition for CAR T-cell
expansion can be explored to optimize therapy.

The results of the sensitivity analysis reveal crucial information for understanding
the dynamic interactions among cellular populations in a therapeutic context, high-
lighting the influence of various parameters on the behaviors of tumor cells, TAMs,
and CAR T-cells. The intrinsic tumor proliferation rate (α1) emerges as a signifi-
cant factor in the overall dynamics, positively affecting all three cellular populations.
The antigen-specific response, represented by the increase in α3, is critical for the
effectiveness of CAR T-cells against the tumor. Additionally, the pro-tumoral inter-
actions, represented by β1, underscore the complexity of the relationships between
tumor cells and TAMs, highlighting potential therapeutic targets. The cytotoxic
effect of CAR T-cells (µ1) is identified as a promising strategy for reducing the tumor
population. These findings provide valuable insights for the development of personal-
ized therapeutic approaches, directing the intricate interactions among tumor cells,
TAMs, and CAR T-cells to optimize clinical outcomes in cancer treatment.

5 Computational simulations

Several models involving CAR T-cell kinetics have been developed to present its
different phases, namely distribution, expansion, contraction, and persistence. The
distribution phase occurs after administration of the immunotherapeutic dose, dur-
ing which CAR T-cells are disseminated in various tissues of the body, resulting in
an initial decrease in the population. After this decline, the cells enter the expansion
phase due to interaction with the tumor antigen, reaching a peak of expansion rep-
resenting the maximum population of CAR T-cells. Finally, CAR T-cells undergo
processes such as antigen loss, exhaustion, and apoptosis, which contribute to a sub-
sequent decrease in the population, which enters the contraction and persistence
phase. After the contraction and persistence phases, effector CAR T-cells lose their
ability to expand [46].



A mathematical model to the melanoma dynamics involving CAR T-cells 25

In this section, we proposed several scenarios to simulate the efficacy of CAR
T-cell immunotherapy against melanoma and to assess the impact of immunosup-
pression on treatment. In addition, we examined the characteristic phases of CAR
T-cells throughout the therapeutic process.

5.1 Scenario 1: immunosuppressive effects have an
impact on CAR T-cell immunotherapy

In this scenario, we evaluate the impact of varying the parameter µ3 in the context of
CAR T-cell immunotherapy and identify a bifurcation point that significantly alters
the population dynamics.

Using the parameters from Table 1, specifically α1 = 0.69 day−1, β1 = 2.3 ·10−10

cells−1, κ3 = 0.35 day−1, we set the initial CAR T-cell population at C(0) = 5 · 105
cells and simulate the system across a range of µ3 over the interval [5 ·10−10, 5 ·10−9]
cells·day−1, to observe how the final tumor cell population T (t), and, consequently,
the equilibrium points, respond to different levels of immunosuppression. Figure 10
shows the behavior of the tumor population T (t) for different values of µ3.

The analysis shows a bifurcation in the system’s behavior as µ3 increases.
Initially, for lower values of µ3, the system tends to stabilize at the coexistence
equilibrium point E∗ (stable spiral). However, as µ3 approaches a critical value
(approximately µ3 ≈ 6.752 · 10−10 cell·day−1), the system undergoes a bifurcation,
after which the tumor cell population T (t) no longer converges to the coexistence
equilibrium E∗.
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Fig. 10 Dynamics of tumor cell population T (t) under varying 100 values of µ3 with
t = 60 days. (a) The time evolution of the tumor population T (t) for different values of µ3.
The figure shows that as µ3 increases, the tumor cells either stabilize or exhibit oscillatory
behavior before reaching equilibrium. (b) The bifurcation diagram shows the final tumor
population T (t) as a function of µ3. A bifurcation occurs around µ3 ≈ 6.752 · 10−10 cells
·day−1, where the system switches from a stable tumor population to tumor persistence,
indicated by the vertical red dashed line.

Beyond this bifurcation point, the system moves into the equilibrium E2, where
CAR T-cells are no longer able to develop effectively due to the high immunosup-
pressive effects, and the tumor population dominates. This is evident in Figure 10(b),
where, for higher values of µ3, the tumor population stabilizes in the carrying capac-
ity K1, indicating the dominance of the tumor and the failure of treatment. The
bifurcation therefore represents the threshold at which equilibrium passes from the
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coexistence equilibrium point, E∗, to treatment failure and tumor dominance, E2,
under the effect of increasing immunosuppression.

Using four specific values for µ3, we can observe the impact on the dynamics of
all cell populations with t = 30 days. Figure 11 shows the results obtained.

µ3 = 10−9 (cells·day)−1 µ3 = 5 · 10−9 (cells·day)−1

µ3 = 5 · 10−10 (cells·day)−1 µ3 = 10−11 (cells·day)−1
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Fig. 11 For low values of µ3, the initial dose C(0) = 5 · 105 cells is able to expand and kill
the tumor population.

Given that the parameter µ3 models the effects of immunosuppression of TAMs,
we can note that for high values of µ3, the CAR T-cell population takes some time to
reach its maximum expansion, at which it begins to reduce the number of tumor cells,
and this reveals the model’s ability to demonstrate phases of expansion, contraction,
and persistence ( represented by the red lines), suggesting its effectiveness in describ-
ing CAR T-cell dynamics. When immunosuppression is high, as with µ3 = 10−9 and
µ3 = 5 · 10−9, CAR T-cells are unable to expand, leading to treatment failure.

These observations related by immunosuppression may represent, for example,
the interaction of PD-L1 ligand present on tumor cells and TAMs with the PD-
1 receptor, present on CAR T-cells [28, 34, 47, 48]. Furthermore, these results
corroborate data in the literature regarding the presence of TAMs in the tumor
microenvironment and its negative influence when using CAR T-cell immunother-
apy [49, 50]. Immunosuppressive factors such as interleukin-10 (IL-10) produced by
TAMs are also responsible for the failure of CAR T-cells against solid tumors such
as melanoma [51].

5.2 Scenario 2: increasing the dose of immunotherapy
may improve tumor control

In this scenario, we simulate an immunosuppressive tumor, as in the case of cutaneous
melanoma. Therefore, we perform simulations by varying the initial doses of CAR T-
cells to verify the dose that allows longer control of tumor progression. We consider
the parameter values and initial conditions of Table 1, with α1 = 0.69 day−1, β1 =
2.3 · 10−10 cells−1, κ3 = 0.35 day−1 and µ3 = 6.752 · 10−10 (characterizing the
equilibrium point E2). We vary the initial doses of CAR T-cells between C(0) = 106

cells and C(0) = 9 · 107 cells. The results are shown in Figures 12.
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Fig. 12 Time evolution of tumor cells, TAMs, and CAR T-cells for different initial
immunotherapeutic doses. The shaded area highlights the range where the tumor popula-
tion is suppressed below 102 cells.

The results show that, under conditions of high tumor immunosuppression, in
particular an immunosuppressive tumor microenvironment, resulting from TAMs-
related effects, and CAR T-cell death due to depletion, and to improve treatment
efficiency, initial immunotherapeutic doses need to be adjusted. Following the results
presented by Barros et al. [27], we adopted a threshold of undetectable tumor cells
set at 102 cells.

In Figure 12(a), we observe that from high initial doses of CAR T-cells, tumor
cells decrease rapidly, allowing tumor control for 12.4 days for C(0) = 7 · 107 cells
and 21.7 days for C(0) = 9 · 107 cells, after which the tumor grows to carrying
capacity, which usually represents patient death. Figure 12(c) shows that the CAR
T-cell population is reduced due to the decrease in the tumor cell population. The
accelerated decrease in tumor cells also implies a decrease in the TAMs population,
which is to be expected since both populations depend on each other according to
the mathematical modeling employed.

Our in silico simulations modeled the use of high doses of CAR T-cells, and
the results obtained showed that this could overcome the immunosuppressive mech-
anisms associated with tumor cells and the TAMs population. However, the use of
high doses of CAR T-cells is technically not possible due to the complexity of produc-
ing them in large quantities [6, 26, 28]. Moreover, in the context of solid tumors such
as melanoma, even with the administration of a substantial quantity of CAR T-cells
to the patient, only a limited number of cells manage to cross various physical and
chemical barriers to localize and combat tumor cells. Our results also showed that,
despite the injection of high immunotherapeutic doses, within 30 to 40 days the tumor
population resumed its growth, reaching carrying capacity, indicating treatment fail-
ure. Anticancer therapies aim to increase patient survival time as much as possible.
One strategy for increasing the efficacy of CAR T-cells, and consequently patient
survival time, would be to combine them with Immune-Checkpoint Immunotherapy
(ICI) such as PD-1/PD-L1 axis blockers [28, 47].
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5.3 Scenario 3: evaluate the impact of TAMs-associated
factors such as β1 on tumor growth in the context of
CAR T-cell immunotherapy

In the last scenario, our objective is to simulate the impact of tumor growth factors
produced by TAMs, such as growth factors, pro-angiogenic molecules, and immuno-
suppressive factors, all represented by the parameter β1, in the context of CAR T-cell
immunotherapy. To this end, we carried out simulations by varying the initial doses
of CAR T-cells and increasing the parameter β1. To measure the interference of
these factors in treatment, we calculated the time of tumor control (in days) for two
selected values of β1, i.e. 10

−7 and 2 · 10−6 cells−1 (characterizing the equilibrium
point E2). We considered the parameter values and initial conditions presented in
Table 1, with α1 = 0.69 day−1, κ3 = 0.35 day−1 and µ3 = 6.752 · 10−10. We varied
the initial doses of CAR T-cells between C(0) = 5 · 106 cells and C(0) = 9 · 107 cells.
The results are shown in Figure 13.
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Fig. 13 Tumor growth, due to the pro-tumor action of TAMs, can reduce the efficacy of
immunotherapy, even with the use of high doses.

In the top panel of Figure 13, we can observe that by using β1 = 10−7, tumor
cells remained below the threshold considered as control, only when exposed to doses
of 7 · 107 and 9 · 107 cells. Under these conditions, the tumor population remained
below 102 cells for 12.1 and 21.4 days, respectively. Examining the bottom panel of
Figure 13, we see once again that the same immunotherapeutic doses kept tumor
cells below 102. However, for the dose of 7 ·107 cells, the control period was 2.1 days,
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and for the dose of 9 · 107 cells, the period extended to 15.2 days. Our results in
silico support information in the existing literature concerning the impact of tumor-
associated macrophages (TAMs) on CAR T-cell immunotherapy and, consequently,
on tumor promotion [9, 10, 13, 14].

6 Conclusions

With this work, the scope of existing models of tumor growth with CAR T-cell
immunotherapy has been extended by incorporating tumor-associated macrophages
and a specific cancer variant, melanoma. After constructing a system of ordinary
differential equations to study the efficacy of CAR T-cell immunotherapy against
cutaneous melanoma, taking into account the TAMs population, the system’s equi-
librium points and their asymptotic local stability were examined using analytical
and numerical methods. Local stability conditions were established, with particu-
lar emphasis on the coexistence equilibrium. A set of results has been established
to ensure local asymptotic stability when β1 = 0 and µ3 = 0. We have shown that
around the coexistence equilibrium, oscillations, including periodic oscillations (Hopf
bifurcation), occur depending on certain parameters of the proposed model.

In our study, we investigated the impact of CAR T-cell immunotherapy in a model
including melanoma and the TAMs population, to establish therapeutic approaches
for this type of cancer. Using in silico simulations, we observed the expansion, con-
traction, and persistence phases of CAR T-cells, as well as the cytotoxic effects of
immunotherapy against cutaneous melanoma. The proposed model enabled us to
observe immunosuppression caused by tumor cells and the TAMs population during
immunotherapeutic interventions. These results are in agreement with the findings
of the literature, highlighting the immunosuppression induced by tumor cells and
the TAMs population in the tumor microenvironment. Immunosuppressive factors
produced by the TAMs population appear to contribute to treatment inefficiency.
Furthermore, the analyses indicate that, due to tumor- and TAMs-induced immuno-
suppression, tumor control is possible for a specific period, provided the initial dose
of CAR T-cells is adjusted. In high-dose situations, an initial rapid decrease in the
tumor and CAR T-cell population was observed, followed by a resumption of tumor
growth and attainment of the tumor’s carrying capacity.
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