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Abstract

We consider the quantitative inverse problem in
which the physical properties of a viscoelastic
medium are reconstructed from wave measure-
ments. The inversion and direct modeling are
carried out in the frequency domain to facili-
tate working with different attenuation models,
which are frequency-dependent. The hybridiz-
able discontinuous Galerkin (HDG) method is
employed in forward modeling to discretize the
time-harmonic linear viscoelastic equations, as
well as in inversion. The inversion follows a min-
imization algorithm in which the elastic moduli
are iteratively updated. We carry out recon-
structions with attenuation model uncertainty
and illustrate the performance of the method in
ultrasound imaging experiment to reconstruct
synthetic breast samples.
Keywords: Inverse problem; Viscoelastic mod-
els; Time-harmonic wave propagation; Full wave-
form inversion; nonlinear inversion.

1 Introduction

We consider the quantitative reconstruction of
properties of a viscoelastic medium from mea-
surements of waves. Wave propagation in such
media displays loss of energy, called attenua-
tion, and is mathematically modeled with linear
viscoelastic equations, [1]. Compared to purely
elastic material, viscoelastic ones are represented
by additional parameters, increasing the com-
plexity of inversion. Furthermore, various vis-
coelastic models exist to describe different at-
tenuation behavior in material, [1]. In inversion,
the precise viscoelastic model of the material is
typically unknown, leading to attenuation model
uncertainty, that is, inversion is carried out with
a different attenuation model than the one to
which observables or synthetic data are associ-
ated, [4]. In this work, we investigate different
models of linear viscoelasticity which, in the fre-
quency domain, can be united under the same
form of constitutive law with complex-valued co-
efficients. Then, we carry out numerical exper-

iments of elastic reconstruction following an it-
erative minimization procedure, allowing for at-
tenuation model uncertainty.

2 Time-harmonic viscoelastic modeling

At angular frequency ω and for an interior source
f , the equation of motion of time-harmonic waves
in viscoelastic medium is given in terms of the
displacement u and stress tensor σ solutions to,

−ω2 ρ(x)u(x, ω) − ∇ · σ(x, ω) = f(x, ω) , (1)

with ρ the density. The equation is coupled with
absorbing or rigid boundary conditions.

Constitutive law The relation between the
stress tensor σ and the strain tensor ϵ = ∇u +
(∇u)t is given by the material constitutive law,
which takes the following form in the frequency
domain:

σ(x, ω) = M(x, ω) ϵ(x, ω) , (2)

where M is the viscoelastic tensor which is com-
plex valued and frequency dependent and takes
different definitions according to the attenuation
models. We give below the definition of vis-
coelastic models from [1], with auxiliary fourth-
order tensors C• and η• that are real-valued
and frequency independent.

− No attenuation: M0 := C0;

− Kelvin–Voigt model: Mkv :=
(
Ckv − iω ηkv

)
;

− Maxwell model: Mma := −iω
(
η−1
ma− iωC−1

ma

)−1
;

− Zener model: M ze :=

(
Cze − iω τϵ ηze

1 − iω τσ

)
.

For the numerical discretization of the vis-
coelastic wave equation, we use the HDG method,
and refer to [5] for detailed description of its
implementation for linear anisotropic elasticity.
The implementation of the forward and inverse
problems are carried out in the open-source soft-
ware Hawen, [2].
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3 Inverse problem and experiments

We consider viscoelastic isotropy with tensors
C and η each having two degrees of freedom,
respectively (λ, µ) and (λ̂, µ̂). Their actions on
symmetric matrix ϵ are

C• ϵ = λ•Tr(ϵ) + 2µ•ϵ , (3a)

η• ϵ = λ̂•Tr(ϵ) + 2µ̂•ϵ , (3b)

with Tr denoting the trace. For all the above at-
tenuation models, the constitutive law is written

σ = λ†Tr(ϵ)Id + 2µ† ϵ , (4)
with λ† and µ† complex-valued. Here we focus
on the reconstruction of λ• and µ•.

For inversion, we follow an iterative mini-
mization of a misfit function that evaluates the
discrepancy between the measurements and sim-
ulations starting from initial models. It is a
Newton-type algorithm for nonlinear inversion,
a methodology referred to as Full Waveform In-
version method in seismic applications, [6]. The
gradient of the misfit function is computed with
the adjoint-state method which needs to be adapted
to the specificity of the HDG discretization, cf.
[3] for acoustic waves.

We carry out a numerical experiment using a
viscoelastic synthetic model of breast sample in
ultrasound imaging in two dimensions. Data are
generated for an acquisition setup with sources
and receivers surrounding the sample of interest.
The synthetic data are obtained for frequencies
between 200 and 600kHz, using the Maxwell
model of attenuation. For the reconstruction,
we start from a constant background for initial
models. The iterative minimization algorithm is
carried out exclusively with the Kelvin–Voigt at-
tenuation model, that is, using a different model
from the one used to generate the data. To com-
pare between models, we take Mma = Mkv at
300kHz, defining ‘true’ models for Kelvin–Voigt
attenuation. The reconstructed µkv is shown in
Figure 1 in which the different types of tissues
are well distinguished, both in terms of struc-
tures and associated values of velocity.
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Figure 1: True model (top) and reconstruction
(bottom). The initial model corresponds to a
constant background (middle). The data used
for inversion are synthetically generated using
the Maxwell model of attenuation while the
reconstruction is carried out with the Kelvin–
Voigt model.

able discontinuous Galerkin discretization,
Journal of Open Source Software 6 (2021).

[3] F. Faucher and O. Scherzer, Adjoint-
state method for Hybridizable Discontinu-
ous Galerkin discretization, application to
the inverse acoustic wave problem, Com-
puter Meth. in Appl. Mechanics and Engi-
neering 372 (2020), 0045-7825.

[4] F. Faucher and O. Scherzer, Quantitative
inverse problem in visco-acoustic media un-
der attenuation model uncertainty, Journal
of Computational Physics 472 (2023).

[5] H. Pham, F. Faucher and H. Barucq,
On the implementation of Hybridizable
Discontinuous Galerkin discretization for
linear anisotropic elastic wave equation:
Voigt-notation and stabilization, Research
Report hal-04356602 RR-9533 (2023).

[6] J. Virieux and S. Operto, An overview of
full-waveform inversion in exploration geo-
physics, Geophysics 74 (2009).


	Introduction
	Time-harmonic viscoelastic modeling
	Inverse problem and experiments

