N
N

N

HAL

open science

Is it more effective to protect susceptible individuals or
isolate infected people to prevent the spread of a
SIR-type epidemic?

Mostafa Adimy, Abdennasser Chekroun, Charlotte Dugourd-Camus

» To cite this version:

Mostafa Adimy, Abdennasser Chekroun, Charlotte Dugourd-Camus. Is it more effective to protect
susceptible individuals or isolate infected people to prevent the spread of a SIR-type epidemic?. Dis-
crete and Continuous Dynamical Systems - Series B, 2024. hal-04847754

HAL Id: hal-04847754
https://inria.hal.science/hal-04847754v1
Submitted on 19 Dec 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://inria.hal.science/hal-04847754v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Is it more effective to protect susceptible individuals or isolate
infected people to prevent the spread of a SIR-type epidemic?

Mostafa Adimy*¥, Abdennasser Chekroun®®?
and Charlotte Dugourd-Camus™"

Hnria, CNRS, Ecole Centrale de Lyon, INSA Lyon, Universite Claude Bernard Lyon 1,
Université Jean Monnet, ICJ UMR5208, 69603 Villeurbanne, France.

2Laboratoire d’Analyse Nonlinéaire et Mathématiques Appliquées, University of Tlemcen,
Tlemcen 13000, Algeria.

Abstract

There are many ways of preventing the spread of an epidemic. One of
the most effective is to vaccinate susceptible individuals. Locking down the
population or isolating infected individuals are also particularly effective ways
of preventing the spread of respiratory infections, especially when no effective
vaccine yet exists. The purpose of this work is to compare two approaches
used to prevent the spread of an epidemic, namely the protection of suscepti-
ble people and the isolation of infected individuals. A classical SIR model is
used, with a phase of protection of susceptible population and a phase of isola-
tion of infected individuals. These two phases are temporally limited and are
represented by a system of age-structured partial differential equations. By
integrating the age-structured system along the characteristics, we reduce the
model to a hybrid differential-difference SIR epidemic model with two delays.
We determine the basic reproduction number, R, of this system, and using
Lyapunov functionals, we prove that if Rg < 1, the disease-free equilibrium is
globally attractive and if Ro > 1, the endemic equilibrium is globally attrac-
tive. Furthermore, we also prove the uniform weak and strong persistence of
the epidemic when Ro > 1. We conclude our work with a comparative numer-
ical study of the efficacy of protecting susceptible individuals versus isolating
infected individuals on the spread of the epidemic.

Keywords: SIR epidemic model, Age-structured PDE, Delay differential-difference
system, Basic reproduction number, Lyapunov functional, Global stability, Uniform
weak and strong persistence.

MSC Classification: 4D23, 34K17, 34K34, 37N25, 92D30.

1 Introduction

The way in which an epidemic spreads is a subject that has already been studied
extensively, but is still relevant today. Among the best known are the classic com-
partmental models of Kermack-McKendric, [25], and the studies of smallpox and
malaria done by Bernoulli and Ross, [13, 30]. One of the main questions is how
to prevent the disease from spreading. During the Covid-19 epidemic, a number of
more or less effective measures were recommended to reduce the spread of the dis-
ease: use of mask, social distancing, mobility restrictions, indoor settings closure,
lockdown. However, one of the most effective and well-studied approaches is to
vaccinate susceptible individuals. From a modeling point of view, it is then possible
to simply add a compartment corresponding to the vaccination, [10, 11, 34], or, for
a more precise model, to consider an age-structured system, [16, 20]. Some clas-
sical applications are influenza or cholera, but recent works also studied the effect
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of PrEP on HIV propagation, [8]. In other respects, the recent Covid-19 epidemic
has highlighted another way of containing disease transmission: isolation of infected
individuals, [35]. Indeed, the isolation of infected individuals is also a particularly
effective way to prevent the spread of an epidemic. An even more drastic method
is confinement, [14, 33]. In [9, 31], the author study a model in which quarantine,
isolation and vaccination are mixed. In summary, the main methods used to control
the spread of an epidemic are (preventive) vaccination; isolation: infected people
are isolated to prevent them from transmitting the disease; quarantine: people who
may have been in contact with the virus are isolated for a certain period of time
because they are suspected (but not confirmed) of having contracted the disease.
It should be noted that in this case, healthy and unhealthy people are isolated, and
healthy people may be quarantined with infected people; and finally confinement:
everyone is isolated, including people who have not been in contact with the dis-
ease. Here are a few examples where some of these methods have been very useful.
Vaccination eradicated smallpox and considerably reduced the incidence and con-
sequences of other diseases such as measles, whooping cough, tuberculosis and even
influenza. The plague and cholera are two diseases known to have used quarantine.
In the past, this method was widely used in ports when new ships arrived. More
recently, during the Covid-19 crisis, some countries, such as China, also applied this
method to new arrivals in the country, particularly those arriving by air. Similarly,
during this pandemic, lockdown measures were taken by many countries during the
highest peaks, followed by isolation measures only.

Nevertheless, a model comparing the impact of protecting susceptible population
with that of isolating infected individuals seems to be a novelty. In this paper, we
focus on a simple SIR model with a linear force of infection and try to determine the
most appropriate approach between protecting susceptible population and isolating
infected individuals. We consider an age-structured model in which susceptible
individuals can protect themselves for a limited period (as in [1, 3, 6]) and infected
individuals can be temporarily isolated. We therefore obtain a model with two
different delays, the first corresponding to the duration of the protection period
and the second to the duration of the isolation period. In our model, we assume
that infected individuals can recover even if they are isolated, and that once they
have recovered, they are permanently immune. We also assume that protected
susceptible individuals cannot be infected and that isolated infected individuals
cannot infect others. We therefore suppose that the new arrivals are all susceptible
and that the mortality rates in each compartment may be different.

The system we obtain is a coupling between time-delay differential equations
and continuous-time difference equations, see [7, 12, 23, 27, 28]. For our model,
two delays appear for the reasons explained above, which is new compared to our
previous models. This type of model can be adapted to various biological phe-
nomena in which two states can be distinguished: an active state and an inactive
state. The interpretation of the terms ”active” and ”inactive” may vary from one
model to another. For example, in cell division, the active state can be the di-
vision phase and the inactive state the resting phase (Go-phase), see for instance
[2, 4, 7]. In epidemiology, the active state represents the period when individuals
are protected, for instance by vaccination or treatment, and the inactive state the
period when they are susceptible, see for instance [1, 3, 5]. With a few exceptions,
these proposed models can be considered as hyperbolic systems. Furthermore, these
equations, which may sometimes seem simple, present considerable theoretical dif-



ficulties. In particular, the existence of two delays introduces additional difficulties.
The main difficulties relate to proving the results concerning uniform persistence
and global stability. To prove uniform persistence, we reason by the absurd and
look for a contradiction as in the paper [19]. On the same subject, in [29], the au-
thor studies a structured SI model of infection load, shows in particular the uniform
persistence and defines a key function (¢f. g in Section 6) to obtain a Lyapunov
functional adequate for the proof of global stability. With regard to global stability,
we constructed a Lyapunov functional that is well adapted to both disease-free and
endemic steady-states.

The first objective of this study is to use a model to compare the impact of
protecting susceptible population and isolating infected individuals. We also aim
to carry out a complete theoretical study of this new hybrid system, composed of
a two-delay differential system and a continuous-time difference system. In Section
2, we give a formulation of the model based on a system of age-structured partial
differential equations. In the same section, we reduce the age-structured model
to a hybrid differential-difference system with two delays. Section 3 is devoted to
discussing the existence of steady-states and establishing the basic reproduction
number, Ry. Section 4 focuses on the general properties used for persistence and
global stability results, which can be found in Sections 5 and 6. Section 5 is devoted
to the persistence of the disease when the basic reproduction number is greater than
one. We prove uniform weak and strong persistence. In Section 6, we study the
global asymptotic stability of the two steady-states, disease-free and endemic. Using
appropriate Lyapunov functionals, we obtain the global attractivity of each steady-
state. Indeed, we prove that if Ry < 1, the disease-free steady-state is globally
attractive and if Ry > 1, the endemic steady-state is globally attractive. Finally, we
conclude our work in Section 7 with numerical simulations and a general discussion.
We carry out a comparative study of the efficacy of protecting susceptible population
versus isolating infected individuals on the spread of the epidemic.

2 Presentation of the model

Consider that during an epidemic, susceptible individuals can protect themselves
(through vaccination, treatment, teleworking, lockdown, etc.) by entering a com-
partment that protects them from contamination (compartment P). Similarly, in-
fected individuals can be isolated (compartment )) to prevent contamination of
susceptible individuals. We neglect infections of protected individuals, in compart-
ment P, and transmission of infection by isolated individuals, in compartment Q).

The rate of new susceptible individuals is A. It includes newborns, immigrants,
etc. The force of infection follows the usual law of mass action, 58I, with g > 0.
Susceptible individuals enter in the protection phase, with a rate h. During this
period, susceptible individuals cannot be infected. After a fixed period of time T,
protected individuals can update their protection with a rate o € (0,1). They
become susceptible again at a rate 1 —«. Similarly, infected individuals are isolated
at a rate k, for a fixed period of time 7/. At the end of this period, isolation can be
renewed at a rate o’ € (0, 1). Infected individuals, whether isolated or not, recover
at a rate . They then acquire permanent immunity and are therefore placed in the
compartment R (this compartment is not taken into account in the model). The
mortality rates are denoted by ag, ar, a, and a,. Figure 1 is a representation of
the model SIR explained above.



Denote by p(t,a) and ¢(t, a) the densities of protected and isolated populations
at time ¢, which have spent a time a € (0,7) and a € (0,7’) in their respective
compartments. The total populations of protected and isolated individuals are
therefore

’

P(t) = /OT p(t,a)da and Q) = /OT q(t,a)da. (1)

According to the definition of p(t,a) and ¢(t, a), we have that p(¢,0) and ¢(¢,0) are
the populations of protected and isolated individuals starting their protection or
isolation phase, whereas p(t,7) and ¢(t,7’) are those at the end of their protection
or isolation phase. We then have the following boundary conditions

p(t,0) = hS(t) + ap(t, ) and  q(t,0) = kI(t) +d/q(t, 7).
In addition, p(t, a) and ¢(t, a) satisfy the age-structured partial differential equations

Jp Jp . Jq
E(u a) + %(ta a) - _app(t7 a) and ot

Jq

(t’ a) + aa

(t7 a) = _(aq + M)q(ta a)'

We thus obtain the following epidemic model

S'(t) = A—(h+as)S(t)—BSHI(t)+ (1 —a)p(t,T),
'ty = —(u+k+apnIt)+B8SHIE)+ (1—a)qt, ™),
Op Op
E(t,a) + %(t,a) = —app(t,a), o)
Sita) + 9l (ta) = —(ag + walta),
p(t,0) = hS(t) + ap(t, 1),
q(t,0) = KI(t) +/q(t, 7'),

with the non-negative initial condition
S(0) = So, 1(0) = Iy, p(0,a) = po(a), a € (0,7) and ¢(0,a) = qo(a), a € (0,7'),

where pg, go can be integrable on (0,7) and (0,7’), respectively. We assume that
Po, go are continuous on the intervals [0, 7] and [0, 7'] and satisfy the compatibility
conditions

p0(0) = hSy + apo(T) and q0(0) = kIp + o/ qo (7). (3)
We then introduce the following continuous functions
D, (t) = e ipg(—t), t € [-7,0] and Dy(t) = e Wty (—t), t € [-7',0],

which depend only on the initial conditions pg and go. We denote by wu(t), respec-
tively v(t), the number of individuals entering the compartment P, respectively @,
at time ¢ > 0,

u(t) :=p(t,0), and w(t):=q(t,0).

Using the method of characteristics, we obtain that the functions p and ¢ are de-
termined, for ¢ > 0, a € [0, 7] and a € [0, 7'], respectively, by the functions u, v, ®,



and @,

_o—a, u(t—a), t>a,
p(t,a) = e {(I)p(ta), 0<t<a,

(4)
_ —(agtma v(t—a), t>a,
and q(t,a) = e\ { By (t—a), 0<t<a.
The last two boundary conditions of System (2) become
| RS(t)+ae>Tu(t—7), t>0,
u(t) = { (1), r<t<0, (5)
and (Gt
_ I(t) + d/e @t y(t —7'), t>0,
v(t) = { D, (1), —7' <t <0. (6)

The epidemic model (2) is then reduced to the following hybrid system, for ¢ > 0,

S'(t) = A—(h+ag)S(t)—BSH)I(t)+ (1 —a)e % u(t— 1),

I't) = —(u+k+a)It)+BSEIE) + (1 —a)e @ty —7/),

u(t) = hS(t)+ae T u(t — 1), )
o(t) = KI(t)+ e @t y(t —77),

with the non-negative initial condition
S(0) = So, I(0) =1Io, u(t)=®,(t), t €[-7,0] and v(t) = ,(¢), t € [-7,0],

where the functions @, € C([—7,0],R") and ®, € C([—7',0],R™) satisfy the com-
patibility conditions (3). In other words

®,(0) = hSy + ae~ " ®,(—7) and D,4(0) = klp 4+ /e~ @t P (—7).  (8)

By solving System (7), we can determine from (4), p(¢,a) and ¢(¢,a) then from (1),
the total populations P and Q. In fact, we have

P(1) fOT e~ %%(t — a)da, t >, )
N Le—avay(t —q da+ [ e e t—a)da, 0<t<T,
o X p
and
Q) = fOT/ e~ (@atmay(t — a)da, t>7, (10)
fot e~ (@atmay (t — a)da + ftT/ e~(@atmed (t —a)da, 0<t <7,

In what follows, we focus on the hybrid model (7).

Proposition 2.1. All solutions (S, I,u,v) of System (7) associated with non-negative
initial conditions (Sy, Iy, ®p, ®q) are non-negative and uniformly eventually bounded.
Moreover, S and I have a continuous first derivative for all t > 0, and u and v are
continuous for all t > —7 and all t > —7', respectively, if and only if the initial
conditions (So, Lo, ®p, ®4) satisfy the compatibility conditions (8).
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Figure 1: Schematic representation of the SIR model with protection and isolation
phases.

Proof. Let 7, := min(7,7’) and 75 := max(7,7’). To prove the non-negativity
of the solution, we do this first on the intervals [0, 7,,] and [0, 7as], then on each
interval [k7,,, (k 4+ 1)7nl, [k7ar, (K + 1)7ag], for k = 1,2---. To simplify the proof,
we can assume that 7 = 7/. For ¢ € [0, 7], we have t — 7 € [—7,0], and the system
(7) can be rewritten as follows

S'(t) = A—(h+ag)S(t)—BSH)I(t)+(1—a)e »",(t—T1),

I'(t) = —(u+k+an)I(t)+BSEHIE)+(1—ao)e @™ (t - 1),
u(t) = hS(t)+ae" "D, (t—71),

o(t) = KI(t)+ /e @t (¢ — 7).

We then have for S(t) =0,

S't)=A—(h+as)S{t)+(1—a)e ™ ®,(t—7)=A+ (1 —a)e” " @ (t—7) >0,
and for I(t) =0,

I'(t) = BSWIE) + (1 — a)e @t @ (t — 1) = (1 —a')e” (W7 @ (¢ — ') > 0.
So, S(t),I(t) > 0, for t € [0,7]. Then, u(t) > 0 and v(¢t) > 0 for ¢t € [0,7]. The
same reasoning is applied to the interval [, 27], and so on. We conclude that S, I,

u and v are non-negative on the interval [0, 4+00). We now denote by N (t) the total
population at time t > 0, i.e. N(t) = S(¢) + I(t) + P(t) + Q(t). So, we have

N'(t) <A —anN(t), t>0,

with ay := min(ag, ar + p, ap, aq + p). Then,

A
limsup N(t) < —.
t—+o0 an



Thus, the solution is uniformly eventually bounded, i.e., there is ¢ > 0 such that
limsup, , . (S(t) + I(t) + P(t) + Q(t)) < ¢, for all non-negative solutions, see
[32]. This means that each sub-population, S, I, u and v is uniformly eventually
bounded.

For the regularity of the solution, since we know that ®, and ®, are continuous,
then we have that S’ and I’ are continuous for all ¢ > 0. Furthermore, u, respectively
v, is continuous for any ¢t > —7, respectively for any ¢t > —7/, if and only if the
compatibility conditions (8) are satisfied. O

3 Steady-states and basic reproduction number

Our main objective is to study the behavior of System (7). We first investigate
the existence of steady-states and determine the basic reproduction number. The
steady-states of (7), denoted E = (S,I,ﬂ,z‘;), are the solutions of the following

system B o
A—(h+ag)S—pSI+(1—a)e ™"y = 0,

—(p+k+a)I+BST+ (1 —a)e (aatmy = 0,
(1—ae ®T)u = hS,
(1—ae @atm™)y = kI
The third and fourth equations give
N h - _ k -
u = ms and v = WI.

Then, by substituting @ and v in the first two equations, we get

_ —apT | _
[ﬁn htas - (h+aas)e } S,
1 — ae %7
55— k+p+ar—[k+ (p+ aI)O//}e*(anr#)T' I—o,
1— a/e_(aq+ﬂ)7
(11)
a=—" 5
e
o k _
v= 1 — a’e*(anFl‘)"'l

The disease-free steady-state that always exists is given by
EY:=(5°0,u°0),

with

B A(l — ae™9T)

T h +ag — (h + aas)e*“PT 1 — e 9T

Denote an endemic equilibrium by E* = (S*, I*, u*,v*), with I* > 0. The second
and third equations imply

SO

c_ktptar—[k+(utapale et b
- 5(1 _ a/ef(anru)T’) - 1 — qe—%T :

S



Then, we get

k
1 — a’e—(agtu)7’

A1 1 ) .
I:ﬂ|:51*_5'0:| and v =

The condition of existence of the endemic steady-state is

SO ﬂ (1 — O/ei(a’ﬁkl“‘)'rl) A(l _ Oéefap'r)
TS ket p+ar—[k+ (u+ar)ale(@atm)r “h +as — (h+ aag)e=7

Ro : > 1.

We have therefore proved the following theorem.

Theorem 3.1. The unique endemic steady-state E* exists if and only if Rg > 1.
The disease-free steady-state E° always exists.

Remark 3.2. Using the equations (9) and (10), we deduce the total protected and
1solated stationary populations,

_ 1 —e T _ 1 = e (agtm)7’
P=—""4 and Q=——13
ap aq + 1

with @ and v given by (11).

It is interesting to study Ro := S°/S* as a function of the parameters of the
system (7), and in particular the two parameters 7 and 7/. First, we can easily
prove the following result.

Proposition 3.3. The function 7+ S%(7) is decreasing on R* and the function
7!+ S*(7') is increasing on RT with

A A
0._ QO(m — 2% 0 ._ 1 0y —
Sg :=57(0) = a5’ Soo TEI-’I-IOOS (1) T as
and N bt
* * nrar * . * o ar
Sy = 5"(0) = 5 Si = T'LHEOOS (') = —5
Proof. We have
0 A — 1)e—T
oS (r) = aph(a—1)e <0
or (h+as — (h+ aag)e=T)
05* k 1 — a)e (agtm)’
and 6/(7’)26 (aq + ) 704)6 — > 0.
T (5(1 — o/e(agtm)T ))

O

Figures 2(a)-(a’) and (b)-(b’) represent the functions 7 + S°(7) and 7/ —
S*(7"). Using Proposition 3.3, we define the ranges of the functions 7 +— S°(7) and
7/ = S*(1’) as follows

S°:=(5%,50] and S*:=[S;,8%), with S% <S) and S < Si.



The next objective is to find the pair (7,7’) for which Ro(7,7") = 1, 4.e. for which
S9(r) = S*(7'). This depends on the intersection between the two intervals S° and
S*. We define the four limits 79, 7, oo and 7., when they exist, by

Ro(70,0) = Ro(Toc, +00) = Ro(0, 7)) = Ro(400,75,) = 1.

In fact, they are given explicitly by

e
() s
- () SR gy e
fem i (T e e e

We then obtain the following result.
Lemma 3.4. (1) Suppose that S < Si. Then, Ro(r,7') < 1, for all 7, 7/ > 0.
(2) Suppose that S, < SO . Then, Ro(r,7') > 1, for all 7, 7/ > 0.

(3) Suppose that S§ < S, < S§ < S*,, which is equivalent to the assumption that
S® € S*. Then, for all T € RT, there exists a unique 7'(7) € [14,7.,) such
that Ro(7, 7' (7)) = 1. Furthermore, if 7" < 7'(7), we have Ro(7,7') > 1 and
if T > 7'(1), we have Ro(r,7") < 1.

(4) Suppose that SO, < S; < S* < SY, which is equivalent to the assumption that
S* ¢ S. Then, for all 7' € RT, there exists a unique 7(7') € [10,Too) such
that Ro(7(7"),7") = 1. Furthermore, if 7 < 7(7'), we have Ro(7,7') > 1 and
if > 7(7"), we have Ro(7,7") < 1.

(5) Suppose that SO, < S§ < S§ < 8%, which is equivalent to the assumption that
S*NSY = [Sg, SY]. Then, for all T € [0, 7o), there exists a unique (1) € [0, 7))
such that Ro(7,7'(1)) = 1. Furthermore, if 7" < 7/(1), we have Ro(7,7") > 1
and if 7' > 7'(1), we have Ro(r,7") < 1.

(6) Suppose that S§ < SO, < S* < SY, which is equivalent to the assumption that
S*NSY = (8%, 8%). Then, for all T > 7o, there exists a unique 7' (1) > 7
such that Ro(7,7'(1)) = 1. Furthermore, if 7" < 7/(1), we have Ro(r,7") > 1
and if 7' > 7'(7), we have Ro(7,7") < 1.

Proof. The proof is simple, and therefore left to the reader. O

4 Fundamental properties of nonhomogeneous func-
tional difference equation

In this section, we present some fundamental properties of the nonhomogeneous
functional difference equation that will be used in the next sections. We consider
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Figure 2: Here we first consider the situation S§ < S < S* < S, which cor-
responds to item (6) of Lemma 3.4 (sub-figures (a), (b) and (c)), and then the
situation SY < Sp < SJ < S%, corresponding to item (5) (sub-figures (a’), (b’)
and (¢’)). (a)-(a’) The curve of 7 +— S°(7). (b)-(b’) The curve of 7/ — S*(7').
(c)-(¢’) The blue curve indicates the separation, S*(7') = S°(7), between the ar-
eas where Ro(7,7') < 1 and Ro(r,7') > 1. The red dotted lines indicate the
threshold values of 7o, and 7/ or 79 and 7§. The common parameter values are
p=058=02as =01 a =01,a, =0.1,a, = 0.1, h = 0.385. For the first
situation (a-c) we have A = 2, k = 0.385, o = 0.95, @’ = 0.05 and for the second
one (a’-¢’) A =0.5, k = 0.485, « = 0.5, &/ = 0.5.

the following general problem

U(t) +Eult—7), t>0,
ult) = { 6(1), r<t<o,

with 0 < £ < 1 and ¢ € C([—7,0],R) satisfying the compatibility condition. The
two systems (5) and (6) are particular cases of System (12). We also assume in

all this section, that the function ¥ : [0,40c0) — R is continuous. We have the
following classical result.

(12)

Lemma 4.1. Suppose that the function ¥ satisfies
lim ¥(t) =0.

t—+o0
Then, the solution u of the system (12) satisfies
lim w(t) = 0.

t—+o0

10



Proof. The first equation of (12) can be rewritten
D(u) = ¥(t),

where the operator D : C([—7,0],R) — R is defined by D(¢)) := ¢(0) — &p(—7),
with ¢ € C([-7,0],R), 0 < £ < 1 and the function w;, with ¢ > 0, is defined by
ut(s) = u(t + s), for —7 < s < 0. As |[¢| < 1, D is uniformly stable, see Definition
3.1, p 275 of [24]. Then, the result comes from Lemma 3.5 of [18]. O

Let (tn):i% be a non-decreasing sequence such that tg > 7 and lim,— o0 tn, =
+00. We define the sequence of functions (V,,);">} which are elements of C([—, 0], R),
by

U, (0)=9(,+0), n>0 and 0 € [-7,0].

Lemma 4.2. Suppose that the function ¥ is uniformly continuous and bounded.
Then, there erists a subsequence of (\I/n):i% that converges in the Banach space
C([—7,0],R): there exists ¥ € C([—7,0],R) such that lim,,— oo ¥,, = U uniformly.

Proof. Tt is clear that the sequence (0,,);7>) is well defined, uniformly bounded and

equicontinuous on the space C([—7,0],R). The result follows immediately from the
theorem of Ascoli-Arzela. O

We now define the sequence (uy,);">% of elements of C([—7,0],R), by

un(0) = u(t, +6), n>0 and 6 € [—7,0],
where (t,)120 is the subsequence obtained in the previous lemma and u is the

solution of (12).

Lemma 4.3. Suppose that the function ¥ is uniformly continuous and bounded.

Then, there exists a subsequence of (un)xi% that converges in the Banach space

C([—7,0],R): there exists u € C([—,0],R) such that lim,,_, 1 oo U, = % uniformly.

Proof. Tt is clear that the sequence (u,);'% is well defined and uniformly bounded on

the space C([—, 0], R). We now want to prove that this sequence is equicontinuous.
t t

Let N,, = || be the integer part of —, with tq > 7. We obtain, for 8, 6’ € [, 0],
T T

the inequality
[un(0) —un(0)] = |u(tn +0) — u(ta +6')],

< Wt +6) = Wty +6)| +Efultn + 0 —7) —ulty + 6 —7)],
N,—1 )

<N Gt 40— j7) = Bty + 0 — j7)|
§j=0

+EN u(ty + 0 — NoT) — ulty + 0" — Nut)|.
Then, for all 1 < j < N, — 1 and 0 € [—7,0], we have
th+0—j7>0 and —7<t,+60—-—N,7<T.
Let us consider the function ¢ defined on [—7,7] by

{ U(t)+Ep(t —7), te(0,7],

o0 =1 ), te -0

11



Using the compatibility condition, we can see that the real function ¢ is uniformly
continuous on the interval [—7, 7]. Let € > 0 fixed. As the function ¥ : [0, +o0) — R
is uniformly continuous, then for all £ > 0 there exits § > 0 (6 may depend on &,
but not on 6, #’ or n) such that

|U(t, +60—47) — U(t, +0 —j7)| <&,

whenever

10 —0'| = |(tn +60 —j7) — (tn + 0 —j7)] < 4.
e(1-9)
2

Therefore, we have this inequality for € = . Similarly, using the uniform

continuity of ¢, we have
_ - €
|u(tn +6— NnT) - u(tn +6 — NTLT)| = |¢(tn +0— NnT) - ¢(t7L +6 — Nn7)| < §a

whenever

0 —0'| = |(tn + 0 — Npo7) — (tp + 0" — Np7)| < 6.
We conclude that

N,—1
|tn (0) — un (0')] < -9 ; g+ g <e,

whenever

16— 0| < 4.
The result follows immediately from the theorem of Ascoli-Arzela. O
Corollary 4.4. Under the same conditions as Lemma 4.3, suppose that

lim V(t,) =1L exists.

n=-+too
Then, the function @ given by Lemma 4.3 satisfies
(0) = L + &u(—r).
Proof. The result follows immediately from the limit of the expression
Un(0) = U(ty) + Eun(—7).
O

The following lemma will be particularly used to prove the global stability of
the two steady-states.

Lemma 4.5. e Let x : [0,400) = R be a uniformly continuous function such
that
t
i [ xoas

exists and is finite. Then,

lim x(¢) =0.

t——+o0
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o Let V : [0,400) — [0,400) be a continuously differential function and x :
[0,400) = [0,4+00) a uniformly continuous function such that, there exists a
positive constant v so that

V() < —vx(t), t>0.

Then,
Proof. The first assertion of Lemma 4.5 is in fact a version of Barbalat’s lemma (see
lemma 8.2, page 323 of [26]). For the second statement, we start by integrating the
two sides of V' (t) < —vx(t), which gives us

/0 X(s)ds < = (V(0) - V(1)) (13)

On the other hand, the function V' is non-negative and non-increasing. We then
have
lim V(t)=inf V(s) =V >0.

t—+oo s>0

This implies that
t

im [ x(s)ds < 2 [V(0)—V].

t—+o00 J v o
Clearly, such a limit exists, and by definition y is uniformly continuous. We can
therefore apply the first assertion of this lemma to obtain that

lim x(¢) =0.

t—+oo

5 Uniform weak and uniform strong persistence

We suppose in this section that Ry > 1. We examine the uniform weak and strong
persistence of the disease, which also shows the instability of the disease-free equi-
librium E°. We are in the general situation where the limit, as ¢ — 400, of the
solutions of System (7) may not exist. For more details on the notion of persistence,
see [21, 22, 32].

Theorem 5.1. Suppose that Ry > 1. Then the disease is uniformly weakly per-
sistent, i.e. there exists € > 0, such that for any non-negative initial condition
(S0, 1o, p, ®y), with Iy > 0, the solution (S,1I,u,v) of System (7), satisfies

limsup I(t) > e.

t——+oo

Proof. We assume by contradiction that for all € > 0, there exits (So, In, p, D4),
which may depend on e, such that limsup, , . I(t) < e. Therefore, there exists
T. > 0, such that I(t) <, for all t > T.. We deduce from (7) that, for all ¢t > T,
we have

S'(t) > A—(h+as)S(t)—BeS(t)+ (1 —a)e " u(t — 1),
u(t) = hS(t)+ae" " u(t — 7).

13



The advantage of this new system is that it is independent of infected compartments
I and v. The aim is to use it as a comparison system with the system (7). Consider
the system

{ SE() = A—(h+as)SE(t) = BeSH(t) + (1 - a)e»Tuf (t —7), (14)
uf(t) = hSHE)+ ae Tuf(t — 1),
with the initial condition (the same as for System (7))

{ S5E0) = So,

uf(s) = @,(s), for s € [—7,0].
We have the following result.
Lemma 5.2. System (14) has a unique steady-state
P S T
e h+as— (h+aag)e=®T + Be(l —ae™%7)" 1 — ae™%7

which is globally asymptotically stable.
Proof. The proof is similar to that of Theorem 8.1 of [3]. O

For € > 0, we define the expression
_ S
=5

Notice that K° = Ry > 1 and S° > S° > 0. Therefore, for ¢ > 0 small enough, we
have

Ke:

Ro > K> 1. (15)

We set € > 0 so that (15) is satisfied and define, for 0 < € < S? small enough, the
expression
S0

Kot
S*

> 1.

Then, we have i
Ro > K> K > 1.

Based on the principle of comparison, we know that S(t) > SX(t), for all t > T..
Moreover, Lemma 5.2 implies that lim; o, ST (t) = SY. Then, for € > 0 small
enough we can choose T: > T,, such that for all t > T%, ST (¢) > S — &. In short,
we proved that

S(t) > SH(t) > 8% —é> 8% forall t> T
We now define, for £ > 0,

) 8 (1 alemErarr)
Ke&s =

= S0 @),
k+&+p+ar—[k+(E+p+ar)ale Eraatnr x (96 =9)

Notice that

o ... P (kT e~ (Eraatm (o — 1) — (1 — a/@*(£+aq+u)7')2)
5" = 5 X (8¢ —¢) <0,

0§ (k+€+u+a1 —[k+ <§+M+GI)O/]€7(§+U“Z+”)T,)
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and K949 = K¢, Then, we can choose £ > 0 small enough such that
Ry > K > K9 > L9 > 1.

Now we can establish the contradiction. Indeed, we multiply the equation of I(t)
in System (7) by e~%" and integrate it between T to +o0,

+oo +oo
/ e St (t)dt :/ [—(k+p+ar) + BS(H)]e S I(t)dt

Tg TE
400
+ (1 — a')e~(aatm)T / e Syt — 7')dt.
T:
Recall that we have the equality
o(t) = kI(t) 4+ /e @t y(t — 7). (16)
It can be rewritten as follows
, elagtu)’
o(t—71") = — (v(t) — kI(t)).
This gives
“+o00 “+o0 k
/ e St (t)dt :/ {— <, + p+ a1> + BS(t)] e SHI(t)dt
T: T «
€ € (17)
1 _ O{/ +oo _ft
+ o, /T e~ (t)dt.

In addition, by integrating Equation (16) and using the change of variable s := t—71/,
we obtain

400 +o0 + oo
/ e Su(t)dt = k/ e~ St I(t)dt + of e (@7 / e Stu(t — 7')dt,

Te Te Te

+o0 , +oo ,
= k/ e St I(t)dt + of e (@7 / e 86+ )y (s)ds,
T: Te—7'

“+o0

—+oo
k:/ e SHI(t)dt + o/ e EFaatT / e %%v(s)ds.
Tg TE

Y

So, this gives the following comparison

R 1 R
- > - .
/Tg e *to(t)dt > TR k:/T e ST I(t)dt

We substitute this last inequality in (17) and rearrange the terms to obtain

“+oo
/ e St (t)dt

Te
+00 (1 - e—(5+aq+u)f’)
= / —|* 1 — a’e—(EFag+u)r’ +p+ar | +p50) e_gtl(t)dt'
T: - a

15



Integrating it by parts, we obtain

+oo

— e ST (T2 — / —&e S (t)dt

Te

+oo (1 - e*(5+aq+u)7/>
_ _¢t
= /Te e aie@ra e T e | HBS(E)| eI(t)dt.

Finally, using the fact that S(t) > S? — € for t > Tk, and rearranging the terms, we
get

— e T (Ty)
(1 — e—(£+aq+#)7'> 400
R e R RG] AR OF
Since %€ > 1, the right-hand term satisfies
<1 _ e—(€+aq+u)7’) +oo
- 1 — /e~ (E+aqg+m)7’ +utar| +B(S ¢ /Tg e~ I(t)dt > 0.

This is in contradiction with
—e T [(Ty) < 0.

We conclude that there exists € > 0, such that for any non-negative initial condition
(So, 1o, ©p, ®,), with Iy > 0, we have

limsup I(t) > e.

t——+oo
Then, the uniform weak persistence is proved. O

In fact, for the system (7), the uniform weak persistence implies the uniform
strong persistence. This is shown by the following result.

Theorem 5.3. Assume that Rg > 1. Then, the disease is uniformly strongly
persistent, i.e. there exists 0 < € < ¢, with ¢ defined in Theorem 5.1, such that for
any initial condition (So, Iy, ®p, ®4), with Iy > 0, the solution (S, I,u,v) of System
(7), satisfies

liminf I(t) > €.

t——+oo
Proof. Let (S, I, u,v) be the solution associated with the initial condition (So, I, ®,, D).
From the weak persistence we have limsup,_, . I(t) > €. This means that there
exists an increasing positive sequence (nj);;‘)g, n; — 400, such that I(n;) > e, for all
j € N. Suppose by contradiction that for any € € (0, €], there exists a non-negative
initial condition (Sp,Io, ®,, @), with Iy > 0, such that liminf, .. I(¢) < €.
Hence, there exists a positive increasing sequence (tj)j:"(o), t; > n;, and a positive
decreasing sequence (Vj);':og, lim;_, 4o 7v; = 0, such that

I(tj) <~ <€ <e.
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As I is a continuous function and using the intermediate value theorem, there
exists an increasing sequence (uj);rog, nj < vj < tj;, such that I(rv;) = € and
I(t) < ¢, for all t € (v;,t;). The sequence (I(Vj));;og is constant (equal to €) and

the sequence (S (Vj))jog, is bounded. Then, according to the Bolzano-Weierstrass

theorem, there exists a subsequence of (S(v ))j’o‘o’, also denoted (S(v ))j‘og, such

that lim;_, 4 S(v;) = lg > 0. We are also keeping the same notation for the

subsequence associated with the constant sequence (I(v ))jog

We recall the two following problems

()—I—ae‘“ﬂ (t—r7), t>0,
ult) = { @,(1), te[-r0],

(t)_{ I(t) + ae @atmT y(t —7/), ¢ >0,

and O,(t), te[—7,0].

They correspond to the general problem given by Equation (12) with respectively
U(t) =hS(t), £ = ae™ %7, ¢ = &, and U(t) = kI(t), £ = a’e” (@t ¢ = &, with
S and I uniformly continuous on [0, 4+00), because their derlvatlves are bounded.
Therefore, thanks to Lemma 4.3 and Corollary 4.4, we have the existence of a subse-
quence of (V])+ 5 which we note the same, and @ € C([—7,0],R), v € C([-7',0],R)
such that
li =1 d 1 =7

L wy;+)=1u an jirilmv(uj +) =1,

with
w(0) = hls + ae~*Tu(—7) and  9(0) = ke + o/ (@t (7).

We return to System (7) and consider the solution with the initial condition starting
from the limit (So, I, ®,, ®4) = (Is, €, @, 0). From Theorem 5.1, there exist To, > 0
and m € (0, €] such that

I(To) >€¢ and I(t) >m forallt e (0,Tx).
Now we have to find a contradiction. Let I;(t) = I(v; +1t), t > 0, j € N. We have

;(0)=I(vj) =¢, lim S(v;)=ls, lim u(vj+)=a(-)and lim wv(v;+)=5().

j—r+o0 Jj—+o0 Jj—+oo
Let j € N. We consider the solution of (7) with the initial condition
(S0, Lo, By, ®q) = (S(v5), € ulv + ), v(v; +))
and we choose T}, so that
I(T;)>e and  I;(t) >m, forallte (0,T)). (18)
We can choose j sufficiently large so that
v; <m, forall t € (0,Tj).
We denote t; :=t; —v;. So, for all t € (0,;), we have v; +t € (v;,t;) and
L) =Ivj+t)<yj<e and L) =1I(t;) <v; <e (19)

This gives us three different scenarios to analyze.
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e Suppose that Tj < ;. Then, v;+Tj € (v;,t;) and I;(T}) < e. This contradicts
(18).

e Suppose that Tj = #;. Then, v; + T; = t; and [;(T) = I(t;) < e. This
contradicts (18).

e Suppose that Tj > f;. Then, we have from (18), I;(£;) = I(t;) > m > ;.
This contradicts (19).

We conclude that there exists € € (0, €] such that

liminf I(t) > €.

t——+oo

O

One could think of using classical results from uniform persistence theory (see,
for example, [32]), but these results cannot be applied directly to our case, as
they require conditions on the semiflow generated by the system. These include
the existence of a compact attractor, which is not straightforward to satisfy for
difference equations. We have therefore chosen to provide a direct proof for the
uniform persistence of our system.

6 Global asymptotic stability of the steady-states

In this section, we show the global attractivity of the disease-free equilibrium when
Ro <1 and the global attractivity of the endemic equilibrium when Rg > 1.

Theorem 6.1. 1. Suppose that Rg < 1. Then, the disease-free equilibrium E°
is globally attractive.

2. Suppose that Rg > 1. Then, the disease-free equilibrium is unstable and the
endemic equilibrium E* is globally attractive.

Proof. Let E = (S, _,_ i,7) be an equilibrium, disease-free or endemic. We set, for
t>0,8() =S(t) — S and u(t) = u(t) — u and we keep I(t) and v(t) unchanged.

Note that I(¢) and v(t) are non-negative functions, while S(¢) and @(¢) need not
necessarily be. The system (7) becomes

S'(t) = —(h+as)S(t)—BSH)I(t) — BSI(t) + BSI + (1 — a)e @ u(t — 7),

I'(t) = —(u+k+ap))I(t)+BSE)It) +BSIE) + (1 —a)e(@atm™ y(t — 77,

a(t) = hS(t)+ae”»Tu(t — 1),

o(t) = kI(t)+a/e @ty — 1),

(20)
The proof is based on the following Lyapunov functional
- t _ §(1 — o' )e—(agtm)’ rt
V= 38%0+ [ aastoss o) O EET [ feteas
2 i 1 — /e (aatm)T ey

for ¢ > 0, with
h(62ap7' _ Oé) + as(ehp'r _ Oé2)
(1—a)? ’

O0<o:=2
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and (S(t),I(t),a(t),v(t)) € R x R* x R x RT. The choice of the functions f; and
[ depends on the equilibrium under study. In the case of disease-free equilibrium,
I =0 and v =0 it is defined by

folx) =z, x>0,

and in the case of the endemic equilibrium, I = I* > 0 and © = v* > 0, it is given
by
for () = 2%g (ﬁ*) , x>0, with 2" =v*ora* =17,
x
and the function g is defined for = > 0, by
g(x) =z —1—1In(x).

Note that the function V is always non-negative for all ¢ > 0. The function ¢ is
continuous, convex and non-negative and equal to zero only at x = 1. Indeed, for
x>0, we have ¢'(z) =1— 2 and ¢"(z) = & > 0.

The derivative of V along the solutions of System (20) is given by

V'(t) = — oS (t)S(t) + @?(t) — a*(t — ) + aST'(t) f7 (1(1))
+n(fo(v(t) — st —77)),  t>0,

where B ,
oS(1 — o/ )e (@atm)T
1 — a’e—(aqtw)r’

We replace S’(t) and @2 (t) by their expressions
V() = —o(h+ag)S%(t) —oBS2(t)I(t) — oSS (t)I(t) + o BSIS(t)
+o (1 —a)e~ Tt — 7)S(t) + h2S%(t) + (ae™%7)2a%(t — )
+2hae~ T S(t)a(t — 1) — w3 (t — 1)
o ST (1) f (1(1))
+1 (fs(0(t)) = fo(v(t —77))).
Then, by rearranging the terms and developing the expression of I’(t), we obtain
V'(t) = —(o(h+as)—h?) S%(t)+o(l —a)e u(t — 7)S(t)
+(e= 7202 (t — 7) + 2hae %7 S(t)a(t — ) — a3(t — 7)
—oBS2(t)I(t) — o BS(t)S(t)I(t) + o BSIS(t)
+05 (=(u+ K+ ar) + BS(t) + BS) 1(8) f1(1(1))
+0S(1— o )em @t y(t — 7') fL(I(t))
+n (fo(v(t) = fo(v(t — 7))

For the moment, we consider the same function V' for both steady-states, i.e.
disease-free or endemic. For all I > 0, the following equalities hold

IOf(IH) =1t —I and fH(I(t) =1~ %

19



Moreover, for all o > 0,

Il
=
|
\]

) = (et = o) o7+ (T

o(t)
= o(t) —o(t—7) +o (U(i(_t;l) ~1-yg <W>> :

Then, we can write, for all I > 0 and 7 > 0,

VI(t) = —(o(h+as)—h?)S%(t)+o(l —a)e 2 u(t — 7)S(t)
+(ae=%T)202(t — 1) + 2hae= 7 S(t)a(t — ) w(t—1T)
—oBS2()I(t) — oS (u+k+ar — BS) (I(t)

o800 i) (1 Ié))

r{sr-siron (510 (%57)

We use the fact that v(t) = kI(t) + o/e~(@at#)y(t — '), for t > 0, which allows us
to get

V'(t) = —(o(h+as)—h?) S%t)+o(l —a)e a(t — 7)S(t)
+(e= 7202 (t — 7) + 2hae %7 S(t)a(t — ) — a(t — 7)
—oBS2(1)I(t) — oS (u+k+ar —BS) (I(t) —I)

+0S(1 — of)e~(aatmT y(t — 1) (1 I)

I(t)
+n(kI(t) + /e @t vt — 7)) —no(t — 1)
fot=T) (et
e ( Y ( o0 )) |
By rearranging certain terms, we obtain
VI(t) = —(o(h+as)—h?)S%(t)+o(l—a)e 2 u(t —7)S(t)

+(ae= T 202(t — 1) + 2hae= > S(t)a(t — 7) — a(t — )
—oBS2()I(t) + (=S (u+k +ar — BS) +nk) I(t)

+0S (p+k+ar—BS)I
_ , T ’
+ (05(1 —a/)e(aatmT (1 — I(t)) — (1 — /e (eatmT )) v(t—1')

(571 (57),

We recall the expression

oS(1— o )e~(@atmr’
- 1 — a/e—(ag+p)7’
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This gives the following equality

_ ’ j ’ _
0S(1—a')e~(@atm)T (1 - I(t)) —n(1—a/e” @ty = _55(1—qa')e" (@t

Therefore, we obtain
VI(t) = —(o(h+as)—h?) S*(t)+o(l—a)e " u(t — 1)
+(oe= 7202 (t — 1) + 2hae %7 S(t)a(t — 1) — 03 (
—oBS2()I(t) + (—0S (u+k +ar — BS) +nk) I(t)
+08 (p+k+ay—BS) I

—7)

081 — alyetartnr Ly oy

a:=o(h+as)—h? b:=0c(1—a)+2ha>0, c:=e*" —a? >0,

If we denote by

we can see that the first part of the expression of V'(t) has the following form
—(o(h+ag) — h?)S(t) + o(1 — a)e~ % u(t — 7)5(t)
+(e=T)202(t — 7) + 2hae~ " S(t)u(t — T) — U3 (t — T)
= —aS%(t) + be~Tu(t — 7)S(t) — ce2@TA2(t — 1),

(e—wa(t —7)— ;cé(t))2 — MSQ(@] .

=—c
4c2

Let’s first show that a := o(h + ag) — h? is also positive. Indeed, we have

_ 227 (h + ag)? — 2a(h + aag)(h + ag) — h*(1 — a)?
a= 1—a) :

Then, we claim that 2¢2%7 (h+ag)? —2a(h+aag)(h+as)—h?(1—a)? > 0. Indeed,

2e2%T (h + ag)? — 2a(h + aag)(h + as) — h*(1 — a)?
=227 (h? 4+ a% + 2hag) — 2a(h® + hag + ahas + aa%) — h*(1 — a)?,
= 2a%(*™7 — o?) + 4hage®>™ — 2haga — 20’ hag
+h%(2e2%7 — 20 — 1 — a? + 20),
= 2a%(e**7 — a®) + 2hag(2e*T — a — a?) + A% (26277 — 1 —a?).

Since 0 < a < 1, then
2a%(e*™ — a?) + 2hag(2**T — o — a®) + h*(2e***T — 1 — a?) > 0.
We have proved that a > 0. Now we need to show that

b2 — dac < 0.
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b —dac = (0(1—a)+2ha))’® —4(o(h+as) —h?) (227 —a?),
= 0*(1-a)® 4o (4ha(l — @) — 4(h + ag) (7 — a?)) + 4h*a?
b2 (27 — o?)
= (1-a)®c®+4((h+aas)a — (h+ag)e*™7) o + 4h%e**7.

We obtain a second-degree polynomial of o, that we denote P(X). The derivative
of P(X) is

P'(X)=2(1-a)’X +4((h+aas)a— (h+ag)e*™7).
The argument of the minimum of P, X, satisfies
P/(X) =0.
In fact, it is given by

X—2 (h+ aag)a — (h + ag)e?w™ Y
(1—a)?
To show that P(o) < 0, it suffices to show that the discriminant of the polynomial
P(X) is positive. This discriminant is given by

A = 16((h+aag)a—(h+a )62“?7)2 —16(1 — a)*h2e?r ™,
= 16 [(h + aag)a — (h+ag)e*™™ + (1 — a)he®7]
x [(h+ ozas)oz - (h +ag)e®™” — (1 — a)he™"],
= 16 [h(a+e™7)(1 —e*7) + as(a® — **7)]
x [h(o — e )( +e™7) +ag(a® — e*7)],
> 0.
Therefore, we have
P(0) = b* — 4ac < 0.

Let’s return to the derivative of V'

4dac

v = —[( it 7) - 250)) _b;CzSQ(t)]

—oBS2()I(t) + (—0S (u+k +ar — BS) +nk) I(t)

Lv(t —7)

+0S (p+k+ar—BS)I—0S(1— of e (aatmT’ 0

Moreover, we have for all ¢ > 0,
b~ \? .
—c (e @wTa(t —7) — 25(15)) <0 and — oBS?(t)I(t) <0.
c

We introduce the notation
b% — dac 50
Vi=m————— .
4c
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Thus, we have

Vi(t) < —vS*t)+ (—oS (u+k+ar—BS) +nk) I(t)

1

+0S(p+k+ar—BS)I—0S(1— o/)e_(%‘”‘“)T/m

Let us now distinguish between the case where E is the disease-free equilibrium
E° and the case where it is the endemic equilibrium E*.

v(t — 1) (21)

e In the case E = E° := (5°,0,u4°,0), i.e. I =0 and v = 0, with Ry < 1, the
inequality (21) becomes

V'(t) < —vS*(t) + (oS (u+ k +ar — BS°) + k) ().
Using the expression of 7, we obtain

o |k+ntar—[k+ (p+an)a]e et
1 — a/e—(ag+p)7’

V'(t) < —vS3(t)—oS [1—Ro]I(t).

Therefore, since Ry < 1, we have
V/(t) < —vS3(t), t>0.

Consequently, using the second assertion of Lemma 4.5 and Lemma 4.1, we
get ~
lim S(¢t)=0 and lim a(t) = 0.

t——+oo t—+oo

We conclude that

lim S(t)=5° and lim wu(t) = u°.

t—+4oo t—+oo

Furthermore, since V' is decreasing and lim;_, o V() = V, we have limy_, , o, V'(t) =

0. Remember that

k+p+ar — [k+ (u+ ar)o/]e”(@atnr
1 — a’e—(aqgtu)r’

V'(t) < —vS?(t)—0S°

‘| [1—TRolI(t) <O0.

As -
lim V'(t) =0, lim S%(t) =0,

t——+oo t——+oo

and
k — [k Ne—(ag+u)7’
pgo0 |Ftptar—| +(u+az)0f]e [1—Ro] >0,
1— a/e_(aq"‘l‘)"'
we obtain, thanks to squeeze theorem
tl}g_noo I(t)=0.

Finally, we use Lemma 4.1 with the inhomogeneous equation

v(t) — o' e~ @ty (t — 1) = KI(t),
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to get

lim o(t) = 0.

t—+o0
In conclusion, we have shown that for Ry < 1,
: _ 0 ._ (g0 0
Jlim (S(), 1(2),u(t), (6)) = E° = (5°,0,u°,0).
We now consider the endemic equilibrium £ = E* with I = I* > 0,9 = v* > 0
i I'*. Using th

W . simng €
expression of S* we can obtain the following equality

and we suppose that Ry > 1. We have v* =

(14 k+ar — BS™) (I(t) = I") = v* (1 — o)~ (a7 (I;t) B 1) |

Thus, inequality (21) becomes

V() < —wS%(t) - (05*1;*(1 — o )e~ (@t _ nk) I(t)

’ ’ I*
+0S*v* (1 — o/ Ye (@t _ 58%(1 — o/ )e~(@atm)T 0 v(t— 1)
v(t — 1) v(t — 1)
(R g ().
(%5 /("o
We can check that
US*%(]. —a/)e(atmT _pp— 0.
We still have to show that
- Ne—(agtm™ _ 5 gx Ne—tag+mr L /
oS*v* (1 —a')e” % —0S*(1—a)e ' I(t)v(t—T)

Next, we put M := ¢5*(1 — a/)e” (@ tM7™ and L := 1 — a/e~(@a+m7" Notice
that M = nL. We rewrite the previous expression as

777,0*9 (’U(tT’)) +U*[M*Tl] +7’]U*U(t7’r/) 7MI*U(t77J)

o(t) / v(t/) I10) |
_ nU*LQU(IzI_(;)- 0.
= (o () )

)
- <ln (k‘l(t) T a’:@(a_«:fgf’v(t - T’)> e Lﬂ(’if_(t;l)) ’
=nu* (m(lfm) +1—D—(1—D)2$>7
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where . ,
T = v(kf_(;)- : and D = /e (@atmT’

For the sake of simplicity, we omit dependence on variables, in particular time.
We notice that 0 < D < 1. We can easily show that

o 2
— —D-(1- < >0,
f(z) ln(1+Dz>+1 D—-(1-D)z<0, for >0
In fact, we have
fl(x) = —(1-D)*+ __r for >0
z(1+ Dz)’ -

We remark that f”(z) <0, for all z > 0. We can check that the maximum of
the function f is reached at the critical point Z = 1/(1 — D) with

1 z
f(l_p)ln(m)“

dac — b?
4c

We proved that

VI(t) < — ( ) S2(t) = —vS%(t),  with v >0.

Since S: (t) is bounded, then S’(t) is also bounded from the equation of S.
Thus, S(t) is uniformly continuous. We can then apply the second statement

of Lemma 4.5 and obtain R
lim S(t) =0.

t——+o0

On the other hand, 4 satisfies the inhomogeneous difference equation
D) = hS(1),
with

D(¢) := ¢(0) —ae™**"¢p(—71), ¢ € C([-7,0],R), 0<ae " <1
and lir+n S‘(t) =0.

t——+oo

By applying Lemma 4.1, we show that

lim a(t) = 0.

t——+o0

This means that

lim S(t)=5" and lim wu(t) =u".

t——+o0 t——+oo

Remember the expression of V

V(t) = 2530 + / @(s)ds + 08" L1 (1(0) + 1 / Lo (o(s))ds
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Going to the limit we get
t

V=inf V(s) := lim (US*fI* (1) +m

520 t=+00

For(0ls)ds).

t—T1’

We know that the function ¢ — S (t) is bounded and differentiable, so there

exists a sequence (), such that ¢, — 400 and lim,_, .~ S’(t,) = 0. Hence,
thanks to the first equation of System (20), lim,,—, y oo I(t,,) exists and satisfies

0=-8S" lim I(t,)+pSI".

This implies that
lim I(t,)=1I".

n—-+o0o

As in the proof of Theorem 5.3, we use the theorem of Ascoli-Arzela, to prove
that

lim v,(0) := lim v(t, +6)=o(0) exitsin C([—7',0],R).

n—-+oo n—-+oo

Then, we have from the last equation of System (7)
5(0) = kI* + o/ e~ (@t (7).
Consequently,

lim fI*(I(tn)) = fI*(I*) =0 and nll)r_{_loofv*(vn(e)) = fv*(ﬁ(a)) =0,

n—-+oo

for 6 € [—7,0]. We therefore conclude that

0
v— i (o5 (10 40 [ o (0a(0)a9) =0

n—-+oo o

In fact, we have already proved that this limit exists when ¢ — 4+o0c. Then,

0
lim (JS*fp (I(t)+n Sor (0(t+ 9))d9> =0.

t—+o0 i

We deduce that

lim fr- (I(1)) =0 and  lim fo-(v(t+-)) =0.

t——+o0
*

By the properties of the function g, we conclude that the function o(-) = v
is constant and

lim I(t)=I" and lim wo(t) =v".

t——+oo t——+oo

Then, the endemic equilibrium E* is globally attractive if Ry > 1.

To complete the proof, we have in the case Ry = 1 that the two steady-states
are identical and the global stability is obtained by passing to the limit.

O
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7 Discussion and numerical simulations

In this section, a simulation study is carried out to verify our results and deduce how
the parameters affect the model and therefore the epidemic. First, we illustrate the
temporal evolution of S, I, P and @ for a given set of parameters, for two different
pairs (h, k), in Figure 3. First, in black, we take (h,k) = (0.3,0.7), which gives
Ro = 1.158, second, in red, we take (h,k) = (0.7,0.3), which gives Ry = 0.905.
When Ry > 1, the disease persists and the solution reaches, if its limit exists, the
endemic equilibrium E* = (S*, I*, P*,Q*) = (6.4, 0.2, 10.9, 0.2). On the contrary
the disease-free equilibrium, given by E® = (S°, 1%, PY Q%) = (4.04, 0, 15.96, 0) is
reached when Ry < 1. Therefore, with this configuration, i.e. this set of parameters
(which is given in the caption of Figure 3), we can say that protecting susceptible
individuals is better than isolating infected ones. Figure 4 shows the influence
of h, k, p and S on Ry. As expected, the more the infected disappear (i.e. pu
increases), the more the infection decreases. Indeed, as p increases, the area where
Ro < 1 becomes larger. However, we observe the opposite phenomenon when the
parameter § increases. And for an infection rate S too large it is not possible to
find (h,k) € [0,1] x [0,1] such that Ro(h,k) = 1. Using Lemma 3.4 and Figure
2, we can see that it is not always possible to find a pair (7,7') € Ri such that
Ro(r,7") = 1. Nevertheless, the more susceptible individuals are protected and the
more infected individuals are isolated, the lower the basic reproduction number.

Figure 5 compares the evolution of S° and S* as a function of similar parameters.
In the first column, we compare the effect of the delays, 7 and 7/, on S° and S*, for
different values of p. The second column compares the effect of h and k, the rates of
protection and isolation. Finally, the third shows the effect of renewals of protection
or isolation. We observe greater variations on the curves of SY, particularly when
varying the delay or the renewal rate. This suggests that changing the protection
parameters will have a greater impact on the dynamics.

Figure 6 gives the partial rank correlation coefficients (PRCCs) with R as the
output. The input parameters are chosen from a uniform distribution using the
Latin Hypercube Sampling. The aim of calculating PRCCs is to determine the
relationships between each input parameter and R, the ouput one, while keeping
all the other input parameters constant. The qualitative relationship is given by
the sign of the PRCC, its magnitude indicates the importance of the uncertainty
in the input variable in contributing to the imprecision in predicting the value of
the outcome variable, [15, 17]. We see that the increase of A and § promotes the
increase of Ry, and these two parameters are the most influential. Moreover, related
to the contribution of parameters to Rg, we see that the parameters associated to
protection (h, o and 7) are more important that those associated to isolation (k,
o/ and 7).

In fact, it is always preferable to act simultaneously, protecting susceptible peo-
ple and isolating infected individuals. Vaccination is also considered to be a highly
effective solution because it offers ”long-lasting” protection, but it is sometimes
expensive and it is not always possible to obtain a vaccine quickly. In a situation
like this, where the aim is to be effective quickly, and if a choice had to be made,
it would seem preferable to keep susceptible individuals isolated (i.e. short-term
temporary protection) rather than those who are infected. In fact, if we choose to
isolate the infected, a single infected individual who is not isolated can continue
spreading the disease.
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Figure 3: Temporal evolution of S, I, P and @ for two different pairs (h,k). In
black (h,k) = (0.3,0.7), which gives Ry = 1.158, in red (h,k) = (0.7,0.3), which
gives Rg = 0.905. The other parameters are A = 2, u = 0.5, § = 0.2, ag = 0.1,
ar=01,a,=01,6,=017=57=5 a=05 & =0.5.

We studied a SIR epidemiological model containing two age structured tem-
porary classes. We considered a period of temporary protection for susceptible
individuals (by vaccination or medication, for instance) and a period of temporary
isolation for infected individuals. Our system with two delays is reduced, using the
method of characteristic, to a hybrid model with two differential equations and two
difference equations. We established the basic reproduction number, Ry, which is
a threshold for the existence of an endemic equilibrium. Notice that there is always
a disease-free equilibrium. The global asymptotic stability of the two steady-states
was proved using well-chosen Lyapunov functionals. If Ry < 1 the disease-free
steady-state is globally asymptotic stable, otherwise if Ry > 1, the endemic steady-
state is globally asymptotic stable. We studied the behavior of R( as a function of
the parameters h, k, a, o', 7, 7/ and p. This allows us to say which of the protection
or isolation of individuals facilitates the control of the epidemic.
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Figure 4: Ro(h, k) = 1, for different values of p (blue line: p = 0, red line: p = 0.2
, yellow line: p = 0.5, purple line: p = 1) and 8 (top left: 8 = 0.1, top right:
B = 0.2, bottom left: 5 = 0.35, bottom right: g = 0.8), with A =2, ag = 0.1, a; =
0.1,a, =0.1,a,=0.1, h=0.385, k = 0.385, 7 =5, 7/ =5, « = 0.5, &/ =0.5.
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