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Backstepping passivity-based trajectory tracking control
of frictional oscillators: continuous and discrete time
analyses

Bernard Brogliato and Félix Miranda-Villatoro and Aya Younes*
December 16, 2024

Passivity-based control, backstepping control, LMI, maximal monotone operator, tra-
jectory tracking, set-valued Coulomb’s friction, superpotential, proximal-point algorithms,
sliding mode control, finite-time convergence.

Abstract

This article is largely concerned with the design of trajectory tracking controllers
for a class of frictional oscillators, represented by differential inclusions with maxi-
mal monotone operators. A backstepping passivity-based control strategy is proposed,
which relies on set-valued friction and its monotonicity properties (hence the goal is
not to compensate for friction but to take advantage of it). Both the continuous-
time design and its discrete-time counterpart are analysed. Robustness with respect
to uncertainties in the friction coefficient is carefully analyzed in both continuous and
discrete time settings. Details about the set-valued controller implementation are pro-
vided. Numerical simulations illustrate the theoretical developments.

1 Introduction

1.1 Frictional oscillators

This article focuses on the control of one-degree-of-freedom oscillators, a class of systems
widely studied in the Applied Mathematics, Nonlinear Dynamics and in the Bifurcation and
Chaos scientific communities, see, e.g., [1, Chapter 9] [2, 3, 4, 5]. It may also be seen as
a simplified Burridge-Knopoff model [6]. The behaviour of the stick-slip oscillators with
various friction models has been studied see, e.g., [2, 7, 8, 9]. The existence and stability
analysis of periodic solutions of a periodically excited frictional oscillator was originally
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presented by [4, 5], see also [10, 3]. Externally excited frictional oscillators, as studied by
[11, 7, 8], may exhibit chaotic behaviour. They undergo rich bifurcational behaviour, see,
e.g., [12, 13, 2, 8|. Stick-slip vibrations, which are self-sustained oscillations induced by dry
friction are described in [11, 10]. Control techniques have been analyzed and implemented,
such as active feedback control to superimpose frictional force in [14], and control strategies
based on delayed time feedback in [15, 16].

1.2 Friction Modeling

The analysis and the control of systems with friction have witnessed a large number of articles
in both Automatic Control and the Nonlinear Dynamics. Roughly speaking, friction models
of interest for Control may be classified as follows: static models (which may be set-valued or
single-valued, with constant or with varying friction coefficient), and dynamic models which
incorporate pre-sliding, bristle, hysteretic effects, etc. Static models comprise Coulomb’s
friction with constant coefficient or varying coefficient (e.g., Stribeck [17], Dieterich-Ruina
[18, Equation (21)]), which are set-valued at zero relative tangential velocity, as well as
regularized models (for planar friction, where the set-valued signum function is replaced by
a single-valued saturation, or a sigmoid function). Set-valuedness at zero tangential velocity
allows to correctly handle sticking modes. It is thus crucial in multibody applications.
Dynamic models with internal state are numerous (LuGre, Leuven, Bliman-Sorine, Dahl,
elastoplastic etc [19]). They are better suited for modeling micro stick-slip effects, though
Coulomb with Stribeck coefficient of friction also provides good results in this respect [19].
Dynamic models also present severe drawbacks [20, 21]. Coulomb friction (with constant
coeffdynamicsicient) has limitations [18, 8], but it can also provide quite good results in
many instances, see, e.g., [22, 23, 8]. Tt is sometimes not an easy task to choose between a
regularized (around zero tangential velocity) model and a set-valued model, see, e.g., [24]. It
is inferred that conducting preliminary research work using the set-valued Coulomb’s model
(with constant coefficient of friction) is a reasonable path for trajectory tracking, especially
if robustness with respect to uncertain coefficients is shown.

1.3 Control with Friction

The subject of friction in controlled systems is wide. It has mainly concerned friction com-
pensation at low tangential velocity, see, e.g., [25] and references therein, or stability/sta-
bilization of equilibrium points or of sets of equilibria [17, 26]. To the best of the authors’
knowledge, the problem that is tackled in this article is original, because it is based on using
friction to achieve trajectory tracking with a backstepping passivity-based input.
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Figure 1: Frictional oscillator with Coulomb’s friction.

1.4 Controlled Frictional Oscillator’s Dynamics

Consider the frictional oscillator system depicted in Fig. 1. The objective is to perform
trajectory tracking for the mass with position ¢q. Neglecting the frictional effects on the belt
dynamics so that the pulleys-belt’s velocity can be considered not influenced by the friction
with the mass, is a common assumption in the Nonlinear Dynamics literature [2, 3, 4, 5]. If
friction on the pulley-belt dynamics is not neglected, because it does not hold that “5*¢ < 1,
the following set-valued dynamics is obtained:

mi(t) = —kq(t) = Fa(t) + a(t) - pmgA (1) (12)
I6(t) = 7(t) + r,umg')\t(t) (1b)
Ai(t) € sgn(q(t) — ro(t)) (1c)

where 7 is the control torque applied on the pulleys, [ is the inertia momentum of each
pulley, 6 = w, > 0 is the friction coefficient, r is their radius, g is the gravity acceleration,
m kg the mass weight, £ > 0 is a stiffness, f > 0 is a viscous friction coefficient, —umgl; is
the tangential force exerted by the belt on the mass (thus, ) is a selection of the set-valued
signum function), ¢ is the mass’ position, ¢ its velocity, § its acceleration, 0 is the pulley’s
angle, 0 its angular velocity, 6 its angular acceleration, sgn(z) = 1if z > 0, =1 if z < 0,
[—1,1] if x = 0. It may also be assumed that the spring is acted upon by the input u,
(which is a displacement instead of a force) instead of the mass [8]. Then the term —kq in
(1a) is replaced by —k(q + uy). Provided that k is known, this does not change the control
problem tackled in this article.



1.5 Backstepping Passivity-based Tracking Control

Let u; = ui(q,q,t). Then a remarkable feature of (1) is that the only link between (1a)
and (1b) is made through the selection \; in (1c). The basic idea in this article is to
use a backstepping-like strategy to give \; a desired value which allows to control (1a),
using a suitable 7 in (1b). To that aim we first recall how to achieve trajectory tracking
when 76 is considered as a control input wug, using u = (uy,up)’. This is based on the
results in [27]. Then a fictitious input ¥, is used, and the error input ay is forced to be
finite-time stable. The maximal monotonicity of the signum set-valued function is used to
show stability, in a similar way as in [28, 27]. It is noteworthy that this can be seen as
an extension of [29, 30] where backstepping is applied to mechanical systems where the
coupling between both (actuated, and non-actuated) dynamics is a force that derives from
the elasticity potential energy, which is a quadratic function of the positions. In (1) the
coupling A derives from a nonsmooth potential x — |z| with corresponding set-valued force
J|z| = sgn(z), where 0 is the subdifferential of Convex Analysis [31]. This is named a
superpotential or pseudopotential [32].

~ To the best of authors’ knowledge, this work is the first application of backstepping to
mechanical systems with superpotentials set-valued interconnections.

1.6 Article’s Outline

This article is organized as follows: section 2 recalls the results obtained when the belt’s
velocity is considered as the control input, as a consequence of the material in [27]; section
3 is dedicated to present the backstepping controller and its stability analysis; section 4
studies robustness of the backstepping scheme with respect to uncertain friction coefficients;
the discrete-time controller, its implementation, stability and robustness are analysed in
detail in section 5; numerical simulations illustrate the theoretical findings in section 6;
conclusions end the article in section 7.

Notation and Definitions A quadruple (4, B, C, D) is passive if there exists P = PT 3= 0
—~ATP—-PA PB-CT

B'P-C D+ DT
PMI(A, B, C, D)). Equivalently, the system @ = Az + Bu, y = Cx + Du is passive if there
exists a storage function V(z) = 2" Pz such that for any ¢, > t1, V(z(t2)) — V(z(t1)) <

ttf u(t) Ty (t)dt. The system is strictly state passive if the PMI holds with —A"P — PA—¢cP
for some ¢ > 0 (then we speak of the SSPMI(A, B,C, D,¢)), and P > 0. It is strongly
passive if the PMI(A, B,C, D) is satisfied with strict inequalities. Let M € IR™ ™, then
M, o is its i-th row and M, ; its i-th column. M € IR™" is a P-matrix if all its principal
minors are positive. Let K C IR" be a closed nonempty convex set. Its normal cone at
reEKisNga)={z € R"|2"(y—2)<0Vye K} Let M:R"— IR" be a maximal

such that > 0 (this is called the passivity matrix inequality



monotone operator. Its resolvent of degree « is J¢y = (Is + aM)™!, @ > 0. It is Lipschitz
continuous, single-valued and non-expansive. The L>*-norm of a signal v : IR, — IR is given
by |lu||pe = esssup {u(t)|t € [0,400)}. Let K C IR" be a set, the orthogonal projection of
x € IR" onto K is denoted by proj(x). AC stands for absolutely continuous. GUUB stands
for globally uniformly ultimately bounded.

2 Direct Controller Design (u; = r0)

First let us assume that the pulley’s angular velocity can be given an arbitrary value, hence
the controlled system reduces to (1a), (1c) with control input u = (uy,us)7, uy = r6. The
objective is to track trajectories (gq(t),¢q(t))". Following the passivity-based strategy in
[27], desired trajectories are generated by desired dynamics. The goal is not to compensate
for A¢ in (1a) using a sliding-mode input uy, but to use uy through friction coupled to the
maximal monotonicity of the signum multifunction (similar to the maximal monotonicity of
the normal cone mapping in [27]). To that aim we set:

u= Ke+uy(t) (2)
with e = (§,6)7, § = q — qa(t), K = (™1 %12} apq
le k22

{méid(t) = —kqq(t) — fqa(t) + wia(t) — pmgAea(t) (3a)
Aea(t) € sgn(qa(t) — u2a(t)) (3b)

is the desired dynamics which generates the desired trajectories (i.e., u4(t) has to be chosen
suitably to generate desired solutions, see [33, 34] for efficient solutions to compute periodic

1
solutions). Let us define the following matrices: Ay = (L m), By = (_01 8)7

m m

0 0 -1 0
error system (1a), (1c), (2), (3) writes as the linear complementarity system (LCS):
é = Age+2ugBag(A — \i(t))

0< Al w= Ccle + Dcl)\ + <_Qd(t) 1}‘ U2d<t)> >0

0< M L wg = Dahg + (‘Qd(” T“Qd“)) >0,

C, = (kZl —L kQ?), Dy = ( 0 1), A=(M M), A= (Mg Asa)T. The closed-loop

(4)

where the representation of the signum set-valued function in a complementarity framework
is used [35, 36|, see Appendix A. Hence (4) is equivalent to the differential inclusion:

e(t) €Aqe(t) + pgEq sgn(da(t) — ugq(t))
— ugEqsgn(—[Culiee(t) + da(t) — u2a(t)), (5)



where \; = 252 € [0,1], and Ey = (0 1)T. We have A\; = 28 with X, in (lc). It
is noteworthy that p does not play any role in the complementarity constraints, which
equivalently represent (1c) and (3b). Still following the developments in [27] (which deal

with LCS control) the following holds true:

Proposition 1 Consider the error dynamics in (4). Assume that the quadruple (Ay, By, Cey, Der)
is strictly state passive. Then e(t) — 0 as t — +oo exponentially fast for any initial condi-
tion.

The SSPMI(Ag, Ba, Cu, D, €) with unknowns K and P [27, Section 3, Appendix C] is used
to calculate the gains. Numerical examples prove that the PMI is solvable, with —2poug =
kor and —2pooug = koo — 1 < 0. The proof uses the monotonicity of the set-valued part,
and is led similarly as [27, Proposition 3.8]. It does not use the boundedness of the signum
function to compensate for it. The oscillator block diagram is depicted in Fig. 2. In addition,
some robustness results can be obtained, which are a particular case of [27, section 4] since
the matrix P is computed independently of the friction coefficient .

u1l Mass q

\ _/ dynamics

_ Signum
¢ multifunction f \ U2
or complementarity
constraints U

Figure 2: Block diagram for (1a), (1c) (2) (two-channel set-valued system). Same applies to
(3) with u14 and wuag.

Remark 1 A summary of LCS well-posedness is proposed in [27, section 2]. Passivity is
used to prove that (4) possesses AC solutions with uniqueness. The desired dynamics always
has an AC solution imposing mild reqularity conditions on u1q and usq (relying for instance
on Filippov’s differential inclusions). Uniqueness may be obtained using LCS well-posedness
tools.

When k£ > 0 and f > 0, it is possible to solve the problem with kj; = k2 = 0 (provided
that the PMI has a solution). Then wu; reduces to a feedforward input u(qq, a4, u14), and
the control problem is that of a robot-object system [37].
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3 Backstepping Controller Design with Pulley-Belt’s
Dynamics

Consider the mass dynamics in (1a). For the sake of notation simplicity we assume without
loss of generality that £ = 0 and f = 0 (or, we just replace formally k1; — k by kj; and

ki2 — f by ki2).
3.1 Controller Design

Define 9, 2 ko1q + kaod + usg, then (1a) is equivalently rewritten as:
——= — pg sgn(q(t) — J2(t) — a(t)) (6)

with s 20— 9. Here, 1, plays the role of us in section 2. Thus using (3) and u4(q, ¢, 1)
from (2), the error dynamics is:

G(6) = - (knd(t) + ko (1) — 59 (1) ~ M) 1)

where A 4(t) € sgn(ga(t) — u2a(t)) and A (t) € sgn(q(t) — ¥2(t) — u2(t)). It is seen that (7)
and (1b) (1c) has the required structure for backstepping control. The objective is to design
the controller 7(-) such that 4y — 0, so that the control problem reduces to that of section
2 (and (7) becomes equal to (5)). Thus iy = 76 — 0, i.e.:

lis(t) € 7T(t) + Tz“# sgn(§(t) — Va(t) — Ua(t)) — kanq(t) — kaaq(t) — ti2a(?), (8)

where ug4(+) is assumed to be differentiable almost everywhere. Inserting (6) into (8) yields
the differential inclusion:

k22k12

- r kaoky -
dalt) € Gr(0~ "2 g10) (ko +

Jator+ (7 k) ngsentite) ) - )
— %uld(t) — ?le(t) + kggdd(t). (9)

Consequently, it is possible to rewrite (9) as:

Uy (t) € §T(t) — A(q(t),4(t), qa(t), qa(t), t)
+ (WTm + k22) g sgn(q(t) — v2(t) — u2(t)), (10)



where A(q, ¢, qa, da, ) = ka1(4(t) = da(t)) + ko2 ™22 — kapéia(t) + tia(t), with uy = k(g — qa) +
k12(¢ — qa) + u1g. The next step is to design an input 7(-) such that @y converges to zero.

For this purpose, let us choose 7(t) such that:

r

TT(t) = A(Q@;ded,t) +Ts(t)7 (11>

with
Ts € —kg sgn(isy), (12)

and kg > pg| TQTm+k22| (recall that uy(q, ¢, 0, qu, Ga, Ugq) is calculable from state measurement).
The closed-loop dynamics for s is the differential inclusion:

fia(t) € —ky sgn(iin(t)) + pg (Tm ¥ k:) A,

Au(t) € sgn(q(t) — Va(t) — a(t)). (13)

Thus in this context of sliding mode control, \; which is a (at least Lebesgue measurable)
selection of the set-valued signum function, is considered as a bounded disturbance.

Remark 2 The closed-loop (1b) (11) (12) reads as 16 € IN(g,q,t) — Lky sgn(r — kyi§ —
krggé—um(t))—l—rpmg/\t. The proposed strategy is thus quite different from classical first-order
sliding-mode control Teme of the (0,0)-dynamics, which would aim at compensating rumg;
in (1b), treating it as a disturbance, and then designing a suitable desired 04 to be used as a
fictitious control (recall that uy = r6). Indeed, letting o = 6 4 af, § = 0 — 04(t), a > 0, we
get Tome = 104 — Taf — asgn(o), a > 4 so that 0 € —asgn(o) + "7\ o vanishes
in finite time, and both 6 and 0 — 0 exponentially globally. But this implies that 0, depends
on Ay, which we do not assume to be available. Moreover the exponential convergence of

0 to a suitable 6, implies the presence of a disturbance inside A\ because iy = r0 vanishes
asymptotically only.

Notice that the controller 7 can be computed online with measurements of ¢, g, 9, since
iy = 16 — U2(q, ¢, u2a(t)). The dynamics for iy in (13) is a consequence of the choice of
7(q,q,0,t) in (11) (12), it doesn’t need to be implemented.

3.2 Stability Analysis

The main stability result is stated.

Proposition 2 Consider the error dynamics in (7) with bounded initial data and functions
qa(*)s Ga(+), Ga(-), ura(-), qu(-z, Uaq(+). Let K be chosen such that (Aq, Ba, Cuy D) is strictly

state passive, and kg > pg|™* + k| in (12). Then e = (q q)" is bounded and converges
exponentially fast to zero. Moreover 8 and 6 are bounded on [0, +00).
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PROOF: The proof is performed in three steps. First, the focus is on demonstrating the
finite time convergence of 4y in (13) to zero. Then, the stability of (7) is analysed when
o = 0. The third step demonstrates the boundedness of the variables.

e First step: Consider the dynamics of 1iy(t) in (13). The objective is to show that @y = 0

for all ¢ > ¢* where t* < oo, under the sliding mode control (12), with the sliding surface

@iy = 0. Let us take the Lyapunov function V (@iy(t)) = 2a2(t), then along trajectories of

(13): i

V= digly = iy (Ts + (T%mg + k‘22#9> >‘t>

i e (14)
= —kgqiy sgn(ty) + Uy ( L+ k22M9> At
Given that A\, € [—1,1] and 1y sgn(ds) = |Gsl:
V= —kalfs| + 1y <T2“Img + k22M9> Ag
< s + [ia] [ 2522 + ko pug (15)

IN

~ 7"2 m.
|| ( B4 k22,ug’ — ksl)
r2pumg

7+ kjgg,ug‘, let us define —a = TQ“% + kooug| — kg < 0 with

a > 0. Then: V < —aliis| < —ay/2V 2. Thus, according to [38, Theorem 4.2, the equilibrium
point a5 = 0 of the dynamics in (13) is globally finite-time-stable. Let ¢* to be the finite
time required for @y to reach zero (i.e., the solution uy(t) of (13) is defined on [0,¢*] and

1
lim; 4+ s (t) = 0). Applying [38, Theorem 4.2] yields t* = %\%(0)).

Considering that kg >

e Second step: In this step, the stability of (7) is analysed for all ¢t € [t*, c0) when uy(t) = 0.

The closed-loop system (6) is reduced to the following on [t*, 00):
. ki1 . kg - u14(%)
t) e—q(t —q(t —_—
G(t) €=q(t) + —a(t) + —— |
— pgsgn ((t) — knq(t) — kaaq(t) — usa(t)) (16)

Consequently, the error dynamics in (7) is reduced on the interval [t*, 00) and is written as:

Cj(t) = %(kll(j(t) + k12§(t)) + g P‘t,d(t) — Ae(1)] (17)

where A 4(t) € sgn(qa(t) — u2q(t)) and A(t) € sgn(q(t) — Vo(t)). Given that J9(t) =
ko1(q(t) — qa(t)) + k22(q(t) — Ga(t)) + uaa(t), the error dynamics in (17) are equivalent to the
error dynamics in (4) or (5). Hence a similar result as in [27, Proposition 3.8] is applied in this

step (it can be used to prove Proposition 1). Let us recall the proof for the sake of readability.
Let V(e) = %eTPe, where P = PT = 0 is a solution of the SSPMI(A, By, Cu, Da, €). Then



along the closed-loop trajectories:
. 1
V(t) = 5eT(AgP + PAg)e + pge Cr(A = \)

1
— 5eT(AgP + PAg)e
+ pg(w — wg — Dag(X = Aa)) T(A = A\g)

= —e" (AP + PAy)e + pg(w — wg) " (A — \g)

e (AP + PAy)e < —ce' Pe. (18)

N — DN —

<

The fact that Dy = —D) = PBy = CJ, the monotonicity for each ¢ of the normal cone

) m 0
mapping N (Cae + Da), S(t) 2 {6 € R™ | €+ Cry(t) + Fug(t) + 1) — Carg(t) > 0},

and the fact that w(t) — wy(t) = Cye(t) + Da(A(t) — Ng(t)), are used. Using (17) it follows
also that A(t) — Aq(t) — 0.

e Third step: This step is dedicated to show the boundedness of variables. Let us analyze
the dynamics in (1b). According to the analysis in section 2 and given that 4y = 0 for t > t*,
it follows that the variables ¢(-), ¢(-) are bounded on [t*, +00). Assuming that tgg(-), ¢a(+)
and §a4(+) are bounded, then ¢(-) is also bounded. Therefore, on [t*,4+00), and given that
70 = ko1 (G — Gq) + koo (G — Ga) + tsa, it follows that 6(-) and consequently 7(-) are bounded.
Similarly, 6(-) is bounded on [t*, +00). Since 6 is defined modulo 27, its boundedness is a
secondary issue. The boundedness of all variables on [0,t*) is ensured from the fact that
there does not exist any finite escape in the closed-loop system, since all the right-hand sides
are sums of linear single-valued terms and bounded set-valued terms. [J

Remark 3 It follows from (18) and as a consequence of the mazximal monotonicity [39,
Section 4.3.3] that the system (/) is incrementally passive with supply rate (A—Xg) " (w —wq)
and storage function %eTPe = %(:13 —xq) " P(x —z4), * = (¢,4)", za = (qa,Ga)" . Similarly
to section 2, it is noticed that the backstepping scheme is still valid when p = u(q, é,t) > 0,
provided the coefficient is known to design the desired system to obtain the error dynamics

(7).

4 Robustness Analysis: Unknown Friction Coefficient
]

In this section it is assumed that the friction coefficient u(q, 9, t) > 0 is an unknown function
(which is denoted by u(t) in the sequel to simplify notation). It is also assumed that the
nominal value p(t) is uniformly bounded and an upper bound on its uncertainty Apu(t)

10



(defined below) is known. Thus, in this new setting, the pulley-belt dynamics is still given
by (1), but the desired dynamics is given by

mqa(t) = —kqa(t) — fqa(t) + w1a(?)
— po(t)mgAsa(t) (19a)
At,d(t) € sgn(qa(t) — uga(t)), (19b)

where fig(t) > 0 for all £ > 0. In other words, a time-varying coefficient is allowed in
the desired dynamics, since setting jio(qa, ¢, t) would destroy the independency of (19) with
respect to the plant’s dynamics (recall that 64(¢) is not defined as an arbitrary exogenous
signal).

Let us analyse the behaviour of the closed-loop system (4) when Apu(t) 2 p(t) — po(t) # 0.

The error dynamics is thus described by
é(t) = Aqe(t) — po(t)gEq(M(t) — Ma(t)) — Ap(t) gEq M a(t), (20)

where E. is as in (5), Ay and A4 are as in (1c) and (19b), respectively. It is worth to
notice that the last term in (20) is globally bounded, by assumption. Thus, robustness of
the backstepping design, with respect to the friction coefficient, is expected.

Proposition 3 Consider the system (1) and the desired dynamics (19), with uy = k11(q —
qa) + k21(4 — Ga) + w1qg and T from the backstepping design, i.e.,

r . . ~

jT € A(QaQaqd7Qd7t) - ksl Sgn(u2)7 (21>
where

r’m
kg >g I + koo

lellzoe

A(q,4,qa, Gart) = ko1 — qa) — 22wy — tiag + koaGa, Us = r0 — 0y, and ¥y = kai(q — qq) +
koo (¢ — Gq) + uog. Let SSPMI(Ag, Ba, Cy, Dy, €) have a solution P = PT = 0. Then the

origin of (20) is GUUB in a ball with radius p,//\'“L((g)), where p 2 CelLel |Ap||ze, and

min €Amin (P)

all signals are bounded.

PROOQOF: The proof follows the same steps as in the previous section. First, notice that
the dynamics of @, in (13) remains unchanged for the case of unkown p. Consequently,
the finite-time convergence of s to zero remains unchanged. For the second step, i.e., the
analysis of the error dynamics on the interval [t*, 00), let us consider the Lyapunov function
candidate V' (e) = %eTPe, where P = P = 0 is a solution of the SSPMI(Ay, By, Co, Do, €).
The time derivative of V' along trajectories of (20) is given by

. 1
V(e) = 5eT(A;P + PAg)e — u(t)ge PEg(M\ — Ma)
— Ap(t) ge" PE Ay . (22)

11



Using the fact that PE, = —[C)

cl

Joq1 = ( 1_k]2€1 ), and the maximal monotonicity of the
— K22

sign multifunction, it follows that
V(e) < —ee' Pe — Ap(t) ge" PE Mg
< — (EAmin(P)le]l = gllAull L= [[[Calroll) llell

Hence, whenever ||e|| > p, then V(e) < 0. It follows from classical arguments, see, e.g., [40],

that the error converges towards the smallest level set of V' containing the ball p3. Hence,
the error is guaranteed to converge to a ball of radius p imfi—"((lf)). Boundedness of all signals

holds using the same arguments as in Proposition 2. [

5 The Backward-Euler Discrete-time Implementation
of the Backstepping Controller

It is of interest to analyse the discrete-time implementation of the controller (11) (12), which
is set-valued and thus prone to numerical chattering when badly implemented. Backward
Euler discretizations drastically decrease the digital chattering [41, 42, 43, 44, 45, 46, 47, 48,
49].

5.1 Plant and Controller Discretization

To that aim let us start with a backward (implicit) Euler discretization of the dynamics in

(1):

(. ) h
Qr+1 = Gk + ULk Pprg e ks (23a)
Q1 = Gk + hae (23b)
1041 = 10 + h7y; + hrpmgAg g1 (23c)
Ory1 = 61 + hoy (23d)
( Atgr1 € S80(Gkr1 — rbiia) (23e)

with A > 0 the timestep. It is assumed in this section that u is known. The scheme in (23) is
named implicit because it is implicit in the set-valued frictional terms (23e). This allows us
to get numerical results avoiding chattering at sticking modes [50]. In other words, backward
Euler schemes correctly approximate the contact force, while forward Euler schemes do not.
It is therefore postulated that (23) is a good time-discretization of the plant’s dynamics for
the analysis (see Appendix B). The discretization of (3) is given by (assuming f = 0 and
k=0):

Jdk+1 = Gaj + %uld,k — hpig i a k41

qdk+1 = Gdk + hqax (24)

Ad k1 € SEN(Ga 1 — Uodk41)

12



Let us define gy = r0), — Vo k., where Vg, = ko1 (q — qax) + k22(Gr — Gax) + u2ax. After some
manipulations we obtain:

3 _ r . r’m
Ug 1 = U + thk — hAa(Gr, Gak, k) + hpg (T + k22) At k1 (25)

where

Ad(dka Qd,k; k) = le(qk — Qd,k) _ k;22 (@)

k u —u
n ﬂul,k 4 Uzt 20,k (26)
m h
Mimicking the continuous-time case, let us consider the control input 7 as
r ..
{ 7Tk = Aa(Gr> Gae, k) — ksiAz ki1, (27a)
>\3,k+1 S sgn(ﬂgjkﬂ) . (27b)

This controller is an implicit (or backward) Euler discrete-time input, due to (27b). Indeed
the substitution of (27) into (25) yields the GE:

U k+1 = U2k — hksl>\3,k+1

r’m
+ h,ug (T + k‘gg) )\t,k—l—l (28&)
)\3,k+1 € Sgl’l(ﬁ27k+1) (28b)

The next step is to prove that the controller in (27) can be computed at ¢ = t;, in a unique
way (i.e., it is well-posed).

5.2 Well-posedness of (23), (27), (28)

The system in (23),(27),(28) is a difference inclusion, which is a GE with unknowns g1,
Oki1, Atkt1, U kt1, Ask+1. The inclusion in (23e) is equivalently written as: §xi1 — rfgy1 €
NiZ11)(Aek41). Using (23a), (23c), and (27), then:

qr + h# — 170k — hAG(Qk, drs te) + MK et

T2m
—hug {1+ N A1 € N1 (Aewgr)  (29)

with:
w g = k11 (e — qar) + k12(de — qar) + Wik (30)

13



In a similar way, it follows from (28b) that s 11 € N—11](A3k41). Thus, the substitution
of (28a), leads us to

2

. r2m
10, — Vo — hkgAs k1 + hug <k22 + T) A1 € N1y Asget1) (31)

Combining (29) and (31), the following GE with unknown (A¢ k41, A3 x+1) is obtained:

. A A
H(qx, 4r, O, tx) — M, ( t’kH) € Ni_1p2 ( t’kH) (32)

A3 kt1 A3t 1

with H = (HlaHQ)T7 Hy =g + hu:n—’k - Ték - hAd(dkan,kak)> Hy = Ték — ko1 (qr — Qd,k) -
pg (1422) kg

koo (dk — dak — Uoak, and My, = h o

Lemma 1 Assume that ky < 1, kg > 0, and p > 0. Then the GE in (32) has a unique
solution (A g+1, Ask+1) for any data gy, g, Ok, tx, k > 0.

PROOF: The GE in (32) can be written as an affine variational inequality AVI(K, H, M},)
[51] where K = [—1,1]* is a bounded polyhedral set. It has a solution according to [51,
Corollary 2.2.5]. In order to show the uniqueness of the solution to (32), it is sufficient to
prove that the matrix M}, is P-matrix [52, Theorem 3]. It is sufficient to check that the
second principal minor kgug(1l — ko) > 0, which holds for all ko < 1. Thus, the matrix M,
is a P-matrix if kg < 1. [

Therefore the controller 7, in (27a) to be applied on [ty tyy1), can be computed with
measurements of q, ¢ and 6 at t = ty.
Existence and uniqueness of the multipliers as shown in Lemma 1, prove that the following

is true.

Corollary 1 The difference inclusion in (23) (27) (28) is well-posed with unique solution
Q15 Doty Orrr, Oppa

5.3 Controller Calculation

There is no unique way to compute the controller by solving the GE. Let us indicate one of
them. First it is possible to rewrite the GE (32) as a linear complementarity problem (LCP).
Let Apiq 2 (Mke1 Azgs1) ! and let us define C as the set of Ay such that Ay q € [—1,1]2
then:

C={ M1 € R*| R\jy1 +7 >0} (33)

14



-
R= (1) _01 (i _01) and r = (1111)". Let us define the normal cone to C at \yy; as

follows:

NC(/_\k-i-l) = {Z € IR* | 21 = =71+ Y2 and zy = —Y3 + Y4,7% = 0 fori e {172,3,4}}
B (34)
={zcR?*|2=—-R"y,0<~y L R\py1 +7 >0}
where v = (v1,72,73,74) | is a vector of slack variables. Then, the GE in (32) is equivalently
written as the mixed LCP (MLCP):

MyNes1 — H(qw, grste) = Ry (35)
0<7 L RNy +7>0.
Given that M, is P-matrix, the following LCP is derived:
0<~yLRM'R"y+ RM; H(q, G, tx) +7r > 0. (36)

By solving (36), the variables A\ 11 and A3 11 are obtained. The matrix RM, 'R" is not a
P-matrix, since it has low-rank 2 provided that koo < 1. However it is noteworthy that the 4
constraints defining C in (33) cannot be activated simultaneously. Therefore an enumeration
procedure can be used to compute the solution, which exists with uniqueness. The controller
Tk in (27a) to be applied on [ty tri1), can be computed with measurements of q, 4 and 6 at
t = 1.

Another way to compute the multipliers A ;41 and A3 ;41 in (32), consists in using proximal
splitting methods from convex optimization [53] (another way, not presented here, consists of
solving a linear complementarity problem). The following proposition, states the conditions
for convergence of the Douglas-Rachford splitting, when applied to the GE (32).

Proposition 4 Assume that ksy < 1, kg > 0, and > 0. Let zy € IR* be arbitrary, and
consider the following iteration in s € N:

5\3 = Proj[fl,lP(Zs)a (37&)
%Hz%—ﬁful+M@yl@x—%+ﬁHQ, (37b)

where M, and H;, = H(qk,qk,ék,tk) are as in (32). If

B — /B — (na)? < kg < B+ +/B2 — (paz)?, (38)

where = p(2a1 — ap). Then, for any 6 > 0, lim,_, A = [Aei1, Aspr1] |, solution of (32).

15



PROOF: The proof relies on verifying that the map A(\) = M,A— H,, is strongly monotone
and B()\) = ./\/‘[,171]2(5\) is maximal monotone and then applying [54, Theorem 25.6]. Since
B = 0¥[_y4p, it is maximal monotone [54, Theorem 20.40]. Regarding A, it is maximal
strongly monotone if and only if

ksi+pas
2

1 _
5 (M + M) = h pren )

ks aeP)
— = 2 ksl

This last condition holds, if and only if, pay > 0, kg > 0 and (38) holds. Therefore, under

the assumptions of Lemma 1, the GE: 0 € A()) + B()) has a unique solution and [54,
Theorem 25.6] guarantees the convergence of A\; towards it. [J

Under the assumptions of Proposition 4 the multiplier A ;11 appearing in (27) can be ap-
proximated, at each time step, by the iteration (37). As demonstrated in section 6, such an
approximation is sufficiently accurate not to destroy the closed-loop properties.

5.4 Study of (28)

The input in (27) is the counterpart of (11)-(12), while (28) is the counterpart of (13). Thus,
similar to the continuous time case, sy, is finite-time stable.

Lemma 2 Assume that koy < 1, kg > 0, and up > 0. The GE (28) has always a unique
solution Us 1. Moreover for kg > ,ug|T21m + koo, the sequence {tgytr>0 converges to zero
i a finite number of steps.

The proof is identical to the proofs that can be found in [41, 42] and it is omitted. If a
forward Euler discretization is chosen, then the sequence {2y }r>o does not converge to
zero. Consequently the multiplier A3 in (27b) keeps on oscillating between 1 and -1, and
chattering is present in the controller in (27a), see section 6.

5.5 Closed-loop Extended Proximal-Point Algorithm

Resolvants of maximal monotone operators and proximal-point algorithms are well-known in
Optimization and maximal monotone operators theory [54]. They also appear in backward
discretization of sliding-mode systems [44, 55]. Interestingly the following holds.

Proposition 5 Consider (23), (24), (27), (28), (30). Then:

U g1 = JIRa (T + hade et (gr, des Or), (39)

where a 2 g (TQIm + k'22>, and

Gerr = i (T ™M (1 = a2) (1 + L heio) i
G (e, i, Oy t) + B s O i) (40)
— B Gx, O i)
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A . . A .
where G, = L ki1 (qr — qak) + dak — Gapsr + Lrgg, and B, = —koi (qr+ hdk — qap1) — Uzdor1,
1 — kog > 0, and

P01 — Vo prn = JIE (1O — Do, + Vi(qr, G O t)), (41)

. A . r2um
with Ye = 192,k — 1927“_1 + hA(qk, qr, tk) + h MI g)\t,k_H.

PROOF:

Proof of (39): From Lemma 1, A¢ p+1 = A k+1(ks Gk Hk) Then (39) is a direct consequence
of (28) and the definition of the resolvant.

Proof of (40): Using (23a) and (24) yields:

Gk+1 — Qd k1 = (1 + %kn) (dk — qa) + %kw(% — Qak) + Gak — ddj+1 (42)
+,%U1d,k: — hpugAe ks1-

Assume that s = 0 for all & > k* (from Lemma 2 such a k* < +o00 exists), then rék = Vo
and:

Qi1 — Qa1 € (1+ %klz) (dk — Gar) + %k‘ll(% — Qak) + Qi — dak+1 + %Uld,k (43)
—hug Sgn(dkﬂ - k21(Qk+1 - Qd,k+1) - /f22((ik+1 - dd,kﬂ) — U2d,k+1)

Then (43) is rewritten equivalently as:

i1 — Gaga1 € (14 Lkio) (dk — Gap) + G — hpgsgn((1 — ko) (drs1 — dapr1) + Br)-

(44)
Let us denote g 2 Gk — qak- Then (44) is rewritten equivalently as:
Qo1 € (14 Lk1o) G + G — hyrg sgn((1 — ko)1 + i)
)
(1= ko) Grr1 + Br € B+ (1= ko) (1+ 2k12) G (45)

iIFCk — (1 = kg2)hpug sgn((1 — ka2)qrs1 + Br)

(1 = ko) Gisr + Br = Jgn 29 (1 = kag) (14 Zkyo) G + G + Br)

where it is used that 1 — ky; > 0 as in Lemmata 1 and 2. Equivalence with (40) follows. By
definition 76 = g + V2. Therefore the above reasoning can be redone, introducing s j in
(43), in sgn(dr+1 — k21 (@rt1 — Trd k1) — ko2 (drs1 — Toa 1) — Uod k1 + Uz k1) and adjusting
[ accordingly. '

Proof of (41): We have 192,k+1 = 1927k+1(qk+1,q'k+1,tk) = ﬂg,k+1(qk,q'k,9k,tk). Hence Ye =
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Ve (Qis G, O, t1,). Consider now (23¢). Inserting (27) into (23c) yields:

rOrs1 € 10k + hA(q, G, L) ' ,
—hkg sgn(—vs 41 4+ 70k11) + A=A
(i

P01 — Vo1 € 70k — Do + Vo + hA(Qk,QQk, tr) (46)
—Vg k1 — hkg sgn(—vapq1 +70k11) + A=A ki
()

0541 — Vo1 € 10, — Vo + v — hky sgn(rfpp1 — 9o pi)-

This shows that (41) holds. OJ

It is noteworthy that (39), (40) and (41) are is similar to a proximal point algorithm [54].
However the presence of "perturbations” introduces significant differences. They may be
named extended prozimal-point algorithm. The behaviour of (39) is analysed in Lemma 2.
The behaviour of (40) and (41) is a consequence of the analysis in section 5.6. This allows
us to extend the results on classical proximal-point algorithms.

5.6 Stability Analysis

The stability analysis of (43) is inspired from its continuous-time counterpart. Using (23)-
(24) the discrete-time error dynamics are given by:

(Grir = Gk + higMNeapr1 — Mopr1)
h

+ E(ul’k — U1d,k) (47a)
Uy = k11qr + k‘lﬁk + U4,k (47b)
Atdk+1 € SgN(Gaky1 — Uzdk) (47¢)

Atget1 € SgN(Gry1 — T9k+1) = SgN(Gkt+1 — Ug kt1
— Vo pt1) (47d)
Vs = korGx + koaQr + Uoak (47e)
Gkt = G + hie. (47f)

with g = ¢x —qak, e = i —(a,- Thus, similarly to the continuous-time design, we now focus
on the stability of the zero solution of the discrete error dynamics. Setting ey = [k, Gr] |, it
follows from (30) (47) that the discrete time error dynamics is given by:

ert1 = (I +hAg)er — hiugEaq(Me k41 — Mdg+1) (48a)
Atit1 € SEN(Grg1 — ki) (48Db)
Atd i1 € SEN(Ga k1 — Uod p+1) (48¢)

18



with the matrices Ay and E, as in (5) and ., satisfies (23c). Recalling that 764 =
Ug k1 + Vags1, (with ¥y defined after (24)) and that gy becomes zero after a finite
number of steps k* (Lemma 2), it is sufficient to study the difference inclusion (48) for
k > k*, so that the error dynamics becomes equal to

ext1 = (L +hAg)er — hppgEa( M k+1 — Mdt1) (49a)
Aoit1 € S8N(Cyepi1 + Ga g1 — Uzdk+1) (49Db)
Atdk+1 € SgN(Gakt1 — Uzd ki) (49¢)
where Cq = —[Cyl1. with Cy as defined in Section 2. The following proposition states the

asymptotic stability of the discrete error dynamics.

Proposition 6 Let all the assumptions of Lemma 2 hold. Consider the difference inclusion
in (49), with bounded initial data. Assume that (Ae, Ba, Cea, D) is strictly state passive, and
that P = PT = 0 is a solution to the SSPLMI(Ay, By, Cu, Doy e). Thus, for h sufficiently
small, such that

eP —hAPA, - 0, (50)
the origin of the error dynamics (49) is globally asymptotically stable.

PROOF: It is easy to see that any P = PT = 0 solution to the SSPLMI(A, B, Cy, D, €)
is also a solution to the SSPLMI(Ay, Ey, Cy, 0,¢), with Cg = (—koy, 1 — ko) ". In particular:
i)ALP + PAy =X —eP and ii)PE, = C;. Keeping this two facts in mind, consider the
candidate Lyapunov function V(e) = 3¢/ Pey, and let AV = V(epi1) — V(ex). It follows
from (49) that

1 1
AV = §e;+1Pek+1 — §6kTPek

1 1
= 56;{([ + hAL)P(I + hAy)e; — §e[Pe,€
(hug)®

— hpug AN EGP(I + hAg)ey, + A1 EJPEy AN pia

1 1
= 562([ + hAy)P(I + hAy)er — 56;—P6/€ — hug AAIk—i—lE;ll—Pek-i—l
(hug)?
2

where AN 11 = Agsr1 — Adks1. Using ECTZ P = (Cy and the monotonicity of the sign
multifunction it follows from (49b) and (49¢) that AN, E Pegyq > 0 and

A1 By PEq A ps1, (51)

1 1
AV S 56;([ + hAcl)P<I + hAcl>€k - iegpek
h
= 56 (ALP + PAq+ hA P Aa)e

h
< —56,1(513 — hAPAy)es, (52)
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and the conclusion follows in view of (50). O

Remark 4 The variable 0, is uniformly bounded as well under the conditions in Lemma 2
and in Proposition 6. Indeed we have 6y = Ug i+ Vo = Uo g+ ko1 (qk — qak) + ko2 (dk — qak) +
uzq k- Lemma 2 and Proposition 6 allow us to conclude. After a finite number of steps it is
true that 0y = U + Vo = ko1 (@ — qak) + Kko2(Gr — dak) + Uod k-

5.7 Case with Unknown pu

Similarly to the continuous-time case, in this section we allow for i to be time-dependent,
i.e., e = p(qr, Gk, tr). The explicit expression for py, is assumed unknown, however, an upper
bound is assumed available, that is || < f for all £ € N and some known 0 < i < co. In
this case, it is not possible to consider (27b) with this selection A3 41. Indeed using (23a)
and (23c), it follows that @y 441 = Ték_H — Ug k41 depends on p which is unknown. Another
way to see this is to consider that M), in (32) depends on p, hence A3 4y in (27) used to
compute the controller, depends on p. Therefore the reasoning in section 5.2 cannot be
applied directly to the current case.

5.7.1 Controller Calculation

To overcome this issue, the control input 75 is modified in the following way

r ..
( 7Tk = Na(Grs Gaps k) — ksiAs pq1 (53a)
A3 +1 € sgN(Hoy — hkgAs i
+ hMO,kOfQ)\t,k-&-l) (53b)
Akt € sgn(Hyy, + hkgAz ki1
\ - huo,kal)\t,kﬂ) (53c)

where (19 > 0 denotes the nominal (known) value of the friction coefficient and, like above,

r?m

a; =g ( 7 + 1) and ag = ¢ (TZTm + kgg). The arguments of the signum multifunction in

(53b) and (53c) replace the unknown A x4 with its nominal value denoted S\t,kﬂ. Note that
(53) is independent of py. Moreover, it is well-defined for all £ € N. Indeed, the subsystem
(53b)-(53c) can be rewritten equivalently as:

—po k0 kg A3 kt1 A3 k1

H(C]k,%,ék,tk) _p ( Mo,k —k:sz) ()\t,k—H) GM—1,1]2 (/\mkﬂ) (54)

with same matrices as in (32). Thus the well-posedness of the GE (54) is established, for
each & € N, under the assumptions of Lemma 1. Hence, the control input 74 in (53) is
uniquely defined for all £ € N. It is worth to remark that if j59, = 0, then the solution to the
GE (54) is not unique when Hj j, + hkgAs ;41 = 0. Nevertheless, the multiplier (selection)
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A3 k+1, and consequently the input 7, is always uniquely defined. Indeed, if jio; = O then
(53b) becomes

)\37143_;,_1 - Sgn(HQ’k — hksl/\&k—f—l) (55)
whose unique solution is
. Hj
/\37]€+1 = PI‘O‘][_Ll] <%) s (56)

such that 75 is uniquely determined by (53a). Now, the new control input (53) transforms
the dynamics of @41 in (25) into

(

U k1 = Okt1 + hao (A jr1 — PJO,kS\t,k—H) (57a)
Ori1 = Hop — PkgXs 1 + hpio ro e g (57b)
A3k+1 € SgN(0k41) (57c)
Aiker € sgn(Hyp, + hkgs g

\ — hMo,kOélj\t,kH) (57d)

To see explicitly the difference between ;11 and S\nkﬂ, we recall using (23a) (23c) that
Gk+1 — T0ks1 = Hip + hkgAs pr1 — hoapp A k+1. Hence, under the assumption that g > 0
for all k € N, it follows from (23e) and [54, Example 23.4] that

. Hyj + hkgAs k+1)
A = Proj;_ : : , 58
t,k—+1 J[-1,1] ( hev (58)
whereas, assuming that g, > 0 for all £ € N, (53c) is equivalent to
< H hkgA
A1 = Proj;_y ( 1,k::L' I 3,k+1) ’ (59)
Q1 o,k

It is thus clear that when there is no uncertainty in the friction coefficient (i.e., g = pox for
all k£ € N), then A 41 = :\t7k+1, implying that s 11 = 0k+1 and the scheme (57) reduces to
(28). Notice also that the existence and uniqueness of A3 ;41 implies that of A ;41 whenever
pr # 0. On the other hand, if y = 0, from (23e) we have A y4+1 € sgn(Hy, + hkgAspr1) C
[—1,1], but in this case, the exact value of A\ ;41 becomes irrelevant, since it plays no role
in the dynamics (23) when p;, = 0. We have thus proved the following.

Corollary 2 For any two sequences of uniformly bounded, non-negative friction coefficients,
{tr}ren and {0k bren, the controller 7, is unique for all k € N and the difference inclusion
(23), (53), (57) possesses a unique solution {qxtren, {dx tren, {0k }ren, {Ok ren-

5.7.2 Stability Analysis

In what follows we focus on the stability properties of the zero solution of the closed-loop
error dynamics. We start with the study of the dymamics of @y x4 in (57).
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Proposition 7 Consider the scheme (57) and let 0 < iy < 0o be such that po < fig for all

keN. |

© f TQm _

- + kool | fio + sup |k — pokl ) » (60)
keN

then there is 0 < k* < oo such that ory1 = 0 for all k > k*. In particular

ko >

r’m
—+k
7 + Kog

g k1| < h sup |pk — Ho gl (61)
keN

for all k > k*.

PROOF: It follows from (57a)-(57b) that gy, satisfies

Ok+1 = Ok — hksl/\3,k+1 + h,U/O,ka25\t,k+1 + hay (,Uzkfl)\t,k - ,uo,kqj\t,k) ) (62)

since Hyy = r0), — Vo = Ugk. Taking the candidate Lyapunov function V(gg) = %’Qk|2, it

follows that

1
AV = Qi-&-l - §(Qi+1 + Qi)

= Ok+1 <Qk — hkgAs st + Ppio ro X ki1
h Aok — ) — L(o? 2
042(/%—1 t,k — H0k—1 t,k) 2(9k+1 + Qk)
1 _
< _§(Qk+1 — o)’ — h<7€sz — |aa|(fio

- |,Uk71)\t,k - ,UO,kflj\t,kD> |Qk+1‘- (63>

Now, from (58)-(59), simple computations show that

Pt 1 = Proj[,ﬂkm] (ar), (64)
o kAL k1 = PTOJ[WOV,C,MO’,C} (ar), (65)
where qj, = Zth=tthradsnr ponce.

haq
|/ﬁk71)\t,k - /LO,kflj\t,k|
- Proj[_ﬂkflvﬂk71]<ak) - Proj[—#o,kﬂ,#o,kfﬂ(ak)
< [pr—1 = prog—1| < sup [pr — o xl- (66)
keN
The conclusion follows by noticing that (60) and (66) imply in (63) that AV < —¢|gg1],

for some € > 0 sufficiently small, and the finite-time stability of the zero solution associated
with gxy1 follows. OJ
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Proposition 7 shows that s ;11 stays uniformly bounded for all k& € N, with an upper bound
proportional to the difference between the friction coefficients. Let us show that the error is
ultimately bounded. The associated error dynamics is now given by

(err1 = (I 4+ hAg)es
— hgEa(pee ki1 — HorAedki1) (67a)
At iet1 € 58N(Cyeri1 + Ga 1
— Uad 1 — Uz kt1) (67Db)
LAt dkt1 € SEN(Gak+1 — U2 k+1) (67c)

with 41 satisfying (57) and §gg+1, At.ar+1 given by (24) with friction coefficient i .

Corollary 3 Consider the difference inclusion (57) and (67), with bounded initial data and
bounded friction coefficients (0 < px < fi and 0 < pox < fip for all k € N). Assume that
P = P" = 0 is a solution to the SSPLMI(Ay, By, Ce, Do, €). If kg > 0 satisfies (60) and
h > 0 is sufficiently small such that (50) holds, then the origin of (67) is GUUB in a ball

with radius py/ ’/\\m‘f‘—"((llj)) where
VIl A

_ r 68
P Nam(eP — AT PA,) (68)

I'= €4 /€ + 20 in(cP — hALPAL)S, (69)
£ = [|Ca(I + hAw) |/ gllApillis, and & = 2fc2 + g(fi + fio) || Eal-

PROOF: Similarly to the proof of Proposition 6, consider the function V(e) = %ekTPek.
This yields:

h
AV S _562—(6P - hA;;PAcl>ek - hg(NkAt,k+1 - NO,k)‘td,k-f—l)Cd@/H-l
h 2
B ( g> (Nk)‘t,k+1 - No,k)\td,k+1)2E;;PEcz
h ~
= _562(51{) - hA;PAcﬂek + hgpe( Ao k1 — Meder1) U2 k41

— hg(pe — pog) M p+1Ca€rt1
h
< —56;—(6P - hA;;PACl)Gk

+ hgit| At k1 — Mvagrr |G pr1| + hgle — pox| (|Ca(L + hAqg)ex]]
+hg(fi + fo) || Eall) (70)
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where we have used the monotonicity property of the sign multifunction to get the second
inequality. Since, by assumption, kg satisfies (60), it follows from (61) in Proposition 7 that,
after a finite number of steps, the difference AV satisfies

cl

h
AV < —Ee;(gP — hAPAy)es,
+ hgsup | — fio.x| <2hﬂa2
keN

G + hAg)er + hg(i+ ﬂo)HEclH) . (71)

Simple computations show that the right-hand side of (71) is negative whenever ||e||* > p.
The ultimate boundedness of the error e follows in view of [56, Corollary 4.11.2]. [

6 Numerical Simulations

Consider the tracking problem for the plant (1) and (3), with the following parameters for
both systems: m = 1[Kg], & = O[N/m], f = O[(N/m)/s], r = 0.25[m], g = 9.81 [m/s?,

I == : [Kg - m?]. The nominal friction coefficient of the desired system is set to the

constant value pg = 1.0, whereas the friction coefficient of the plant is set to

w(t) = max {sin(5t) cos(t) + cos(mt) cos(t/V/7), 0.1} . (72)
The inputs for the desired dynamics are set as
uyq(t) = 1.5 cos(2nt) and ugq(t) = V2sin(V/3t). (73)

Two different discrete-time controllers are considered to address the tracking problem. The
first one is the controller (53) which is designed with a backward Euler discretization of (21).
As second controller, we consider the forward Euler discretization of (21)

r o :
T Texp e = Aa(dr, daj, tr) — kgsgn(rly, — Do) , (74)

with Ad(cjqu,k,tk) as in (26) and 1927]g = k'Ql(qk — qdyk) + kgg(qk — qd,k) -+ U k- In what
follows the subindex ’exp’ is used to indicate the variables obtained from closing the loop
with (74). The resulting closed-loops are simulated considering a sampling time of i = 1072
seconds. Regarding the parameters of each controller, the gain matrix K is computed from
the SSPLMI(A.;, B, Cu, Dy, €) with € = 3.0 and with P satisfying (50) yielding

(75)

p_ [4542 852] . [-21506 —6.995
T 852 29| T | =852 —1.902|"
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Figure 3: Positions and velocities in (1) and (3) with the control laws (53) and (74).

For the controller (53), the computation of the multipliers S\t,kﬂ and Az ;41 is done using
Proposition 4. Thus, with the above parameters, and taking into account the constraint
imposed by (60) in Proposition 7, the gain kg is constrained to the set

1.56 < ky < 115.806. (76)

In the following we set ks = 15.0 for both control laws.  Figures 3 through 8 show the time
evolution of closed-loop variables. Notably the proposed strategy (53) shows no chattering
in the input, leading to small tracking errors, contrary to the forward Euler controller (74),
where the input chattering propagates to the state geyp, affecting also the friction force
g(t) A exp(t). This chattering reduction is a landmark of backward Euler schemes [41, 42],
allowing better precision in the closed-loop. It is noteworthy that the splitting approach of
Proposition 4 converges to a solution of (54) with a precision of the order of 10715, taking
in average 25 iterations at each time step. Pulleys’ angular velocity remains bounded (Fig.
7), while the relative velocity shows a stick/slip behaviour (Fig. 8). Due to lack of space
the issue of optimal choice of control gains in Proposition 3 and Corollary 3 is not tackled.
It can be formulated as an optimization problem under constraints.

7 Conclusions

This article is largely concerned with trajectory tracking control of frictional oscillators,
a class of set-valued nonsmooth dynamical systems which has received much attention in
the Nonlinear Dynamics scientific community. It is shown how backstepping and passivity
can be combined to achieve trajectory tracking when set-valued friction is considered, thus
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Figure 4: (Upper part) Position errors |gexp(t) — qa(t)| and |g(t) — qa(t)|, with controllers (74)
and (53), respectively. (Lower part) Velocity errors |Gexp(t) — ¢a(t)| and |¢(t) — qa(t)], with
controllers (74) and (53), respectively.
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Figure 5: (Upper part) Control inputs (74) (gray line) and (53) (blue line). (Lower part)
Backstepping variables g exp(t) and ws(2).
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Figure 6: Friction forces fi(t) = gpu(t)dexps(t) (gray line), fi(t) = gu(t)Aea(t) (blue line),
and f1 4(t) = gpoAea(t) (red line).
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Figure 7: Angular velocities éexp and 6 with inputs (74) and (53), respectively.

~10 | S } )
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£ 1s] 10 15
Figure 8: Relative velocities qrepexp(t) = Goxp(t) — Texp(t) and Grai(t) = () — r(t) with
controllers (74) and (53), respectively.

extending backstepping to a class of maximal monotone interactions. Both the continuous
and the discrete-time cases are analysed. Robustness is studied carefully. It is noteworthy
that the results in this paper, extend naturally when the signum multifunction is replaced by
a bounded maximal monotone mapping A\, € M(§ — 7"0) The case of hypomonotone friction
(like Stribeck effects) is worth investigating: the addition of a linear feedback (using u;) from
both the mass and the pulley’s velocities may be necessary to recover the monotone case.
It would also be interesting to investigate whether or not the mass controller u;(q4, 44, Ga)
could be generated through )¢, without any direct action u;. Finally extension towards

higher dimensional systems (with several masses on the belt, or stacked masses) could be
tackled.

A Relay Systems and LCS

Consider the dynamics in (1a), (1c) with 76 = uy. Using [35] this is equivalently rewritten

as:
(. (01 A D U D A A T
T o o)L o) T g —2ug 0
0 1 0 0 1
o<atu= (3 Nur ()% D ™

+<O _1)x20,

0 0
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with z = (¢,¢)", A = (A, X\2)", u = (uy,uz)". From the complementarity constraints:
A1 € [0,1]. Same applies to (3). As alluded to above, uncertainties in p do not affect
multipliers A. The LCS in (77) is compactly written as @(t) = Az(t) + Eu(t) + E' + BA(t),
0 < XL Cx(t)+ DAt) + Fu(t) + F' > 0. In (4) we have: Ay = A+ EK, 2ugB, = B,
Cy =C+ FK, Dy = D. The multiplier \; satisfies 2ugA; € sgn(¢ — uz). Hence \; €
[—ﬁ, 2_,1@] The LCS form (77) shows that the controller acts in both the differential and
the complementarity parts of the dynamics, so that it is natural to follow a passivity-based
control strategy as in [27].

B Analysis of Convergence of Discrete-time Solutions
to Continuous-time Limits

This short section is a preliminary study of the convergence of piecewise-linear approxima-
tions (constructed from the discrete-time system’s variables). Let us consider a countable
sequence of positive timesteps {h}r>0, ter1 — tx = hr > 0, and let T > 0 such that
T =>"7_ohy for some n € IN. Let us analyze the convergence of the continuous piecewise-

linear functions: b
_ A — 1
en(t) = (ert1 —ex)

+ e, t € [tr, thy), (78)
k

defined on [0, T, and {ey }x>o is a trajectory of the difference inclusion (48) (or of (49)). Thus
we study the convergence of the sequences {€,},en on [0,7] as n — +oo. It is clear from
(78) and Proposition 6 that the sequence is uniformly bounded on [0,7]. Secondly consider
l|én(71) — €,(72)|| for some n € IN, 7, 72 € [0, T]. From continuity of the functions é,(-), for
any € > 0 there exists 0 > 0 (that does not depend on n) such that ||é,(m1) — é.(T2)|| < &
for any |1 — 7| < 0. Thus the sequence {é,(-)}nen is uniformly equicontinuous. By the
Arzela-Ascoli Theorem, it follows that there exists a subsequence {é,, };cv which converges
uniformly to a continuous limit é(-) on [0,7]. Consider now the functions:

€k+1 — €k

én(t) = i

, t€ [tk,tk+1), (79)
defined on [0, 7], which are the almost-everywhere derivatives of €,(-). From Proposition
6 it follows that é,(t) is bounded, hence the sequence {é,(-)}new is uniformly bounded
on [0,7]. From the Banach-Alaoglu Theorem, this sequence converges weakly* towards a
bounded limit é(-), i.e., for all ¢ € £1([0,T], IR?): lim, fOT(én(t) —&(t)) Tp(t)dt = 0.
Let Af,,(t) = Avgy1, and Ay, (t) = Agowtr, for all ¢ € [t txy1). For identical reasons
(both multipliers are bounded) it follows that {A}, }nerv, {Af g, nen converge weakly* to
bounded limits A;(-) and A 4(+), respectively, on [0, T]. Notice that same results hold for the

sequences constructed from {ék}keﬂVa i.e., Qn(t) 2 (9k+1 — Hk)% + 0, t € [tk,tkr1), and

0,(t) = %, t € [tk tkt+1),, see Remark 4.
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The next step is to prove that limits are solutions of the closed-loop system (1) (11) (12),
equivalently of (47) or (49). From (49) the following holds for all ¢ € [tg, tx1):

kN ek 1 6k —% N\ * N\ *

en(t) = +h—k: = Ay (t) = pgBa(A (1) = Agn(t)), (80)
where e (t) = ey, for all t € [tg,tx+1). Mimicking [44, section 4.5], we have that ||e, —
enllZ,qom < M where C' is an upperbound of é,. It is deduced that {&X(-)}.>0

converges to €(-) strongly in L£9([0,7]). Now Aix € sgn(Cuex + qar — U24k), see (67b).
Thus X;n(t) € sgn(Cyes(t) + qan(t) — u2q,(t)) for all t € [tg, tx11), where both sequences
{Gan(-) }n>0 and {ugqn(-) }n>o are constructed as in (78). Desired trajectories and inputs are
uniformly bounded, and we can assume that they satisfy regularity properties such that both
sequences converge uniformly to continuous gq(-) and wug(+) on [0,7]. Recalling that for a
compact set [0,7]: Lo([0,T]) C £L2([0,T]) C £1([0,T]) and that the sequences {A}, }nen
and {\}, }nen converge in the weak* topology of L ([0,T7]), it follows that indeed both
sequences also converge in the weak topology of £5([0,T]) towards A, and /_\dm respectively.
Now, using [54, Proposition 20.33] we deduce that \; € sgn(Cgé + G — uzq) and Ag; €
sgn(gq — uzq). Taking the limits of both sides in (80) it is inferred that the triplet of limit
functions (€, A, Ag¢) are solution of (49).

~ This shows that the approximate discrete-time solutions obtained using the plant dis-
cretization in (23), are “close” to the continuous-time differential inclusion.
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