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Abstract

We study stochastic approximation algorithms with Markovian noise and constant
step-size α. We develop a method based on infinitesimal generator comparisons
to study the bias of the algorithm, which is the expected difference between θn
—the value at iteration n— and θ˚ —the unique equilibrium of the corresponding
ODE. We show that, under some smoothness conditions, this bias is of order Opαq.
Furthermore, we show that the time-averaged bias is equal to αV `Opα2q, where
V is a constant characterized by a Lyapunov equation, showing that E

“

θ̄n
‰

«

θ˚ `V α`Opα2q, where θ̄n “ p1{nq
řn

k“1 θk is the Polyak-Ruppert average. We
also show that θ̄n converges with high probability around θ˚ ` αV . We illustrate
how to combine this with Richardson-Romberg extrapolation to derive an iterative
scheme with a bias of order Opα2q.

1 Introduction

Stochastic approximation (SA) is a widely used algorithmic paradigm to solve fixed-point problems
under noisy observations. While SA was introduced in the 1950s [30, 6], it is still widely used
today in many applications to solve optimization problems, or to implement machine learning or
reinforcement learning algorithms [23, 5]. A typical SA is a stochastic recurrence of the form

θn`1 “ θn ` αnpfpθn, Xnq ` Mn`1q, (1)

where θn P Rd is a vector of parameters, Xn and Mn`1 are sources of randomness, and αn is the
step-size. The step-size might be decreasing to 0 as n grow or can be fixed to a small constant (in
which case we simply call it α).

The goal of running a SA algorithm is to obtain a sequence θn that gets close to the root θ˚ of
the function f̄pθq “ E rfpθ,Xq ` M | θs, the expectation of the iterate (1), as n goes to infinity.
The SA procedure described in (1) models many algorithms that are used in machine learning, like
first-order optimization and stochastic gradient descent [24, 16], and Q-learning or policy gradient
algorithms [5, 35].

The theory of stochastic approximation has been studied extensively and is covered by a lot of
textbooks, e.g., [4, 8, 23]. This theory shows that the limit points of θn as n grows are similar to
the limit points of the ODE 9x “ f̄pxq [3, 9]. In particular, one can show that if all solutions of the
ODE converge to θ˚, then θn gets close to θ˚ as n grows large (under technical conditions on f , the
step size αn, and the noise Xn or Mn`1). The asymptotic behavior of θn depends on the nature of
the step-size: When the step-size αn depends on n and converges to 0 as n goes to infinity, then θn
generally converges almost surely to θ˚. When αn is kept constant and does not depend on n, then
θn will in general not converge to θ˚ but keeps oscillating around θ˚, with fluctuation amplitudes
of order Op

?
αq. In this work, we focus on the latter case and propose a method to quantify these

fluctuations.
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We consider a SA algorithm with Markovian noise. That is, θn evolves as in (1) where the random
variable Xn evolves as a Markov chain that depends on θn, and the random variable Mn`1 is a
Martingale difference sequence. One thing that sets this paper apart from others is that we allow
the Markovian noise to be dependent on θn. This is particularly valuable in reinforcement learning
application such as Q-learning where the exploration policy might depend on θn (this would for
instance be the case for ε-greedy). It is known that when the step size α is constant, then the
expectation of the iterates, E rθns, does not converge to θ˚ as n goes to infinity but has a bias
[41, 20]. The goal of our paper is to provide a framework to characterize and compute this bias.

Our main contribution is to provide a framework based on semi-groups, to quantify the convergence
rate of θn to θ˚. This framework is similar to Stein’s method, that has been recently popularized to
obtain accuracy results and refinement terms for fluid limits [10, 17, 18, 40]. It allows us to quantify
the distance between the stochastic recurrence (1) and its deterministic counterpart (8) as a function
of the distance between the infinitesimal generators of the stochastic and deterministic systems. By
using this framework, we obtain two main results. Our first result (Theorem 1) states that, under
smoothness conditions on f , there exists a constant C ą 0 such that for all small enough α:

lim sup
nÑ8

|E rθns ´ θ˚| ď Cα and lim sup
nÑ8

|E
“

pθn ´ θ˚q2
‰

| ď Cα.

This guarantees that that the bias and variance of θn are of order at most α.

A classical way to reduce the variance of SA is to use Polyak-Ruppert tail averaging [28, 31],
i.e., to look at the convergence of θ̄n “ p1{nq

řn
k“1 θn instead of θn. In this paper, we show

that, for the constant step-size case, the use of Polyak-Ruppert averaging removes the variance (i.e.
limnÑ8 var

“

θ̄n
‰

“ 0), but not the bias: Theorem 2 shows that there exists a vector V and a constant
C 1 ą 0 such that:

lim sup
nÑ8

ˇ

ˇE
“

θ̄n
‰

´ θ˚ ´ V α
ˇ

ˇ ď Cα2.

This shows that the bias of the averaging is exactly of order α. We also show in Theorem 3 that θ̄n
converges in probability to a point in θ˚ ` V α ` Opα2q as n goes to infinity.

We also provide numerical simulation on a synthetic example that illustrates how to combine the
Polyak-Ruppert averaging with a Richardson-Romberg extrapolation [19] to construct a stochastic
approximation algorithm whose bias is of order Opα2q. This leads to an algorithm that enjoys both
a small bias and a fast converge rate, compared to using a time-step of order α2.

Roadmap. The rest of the paper is organized as follows. We describe related work in Section 2. We
introduce the model and give assumptions and notations in Section 3. We state the main results and
provide numerical illustrations in Section 4. We give the main ingredients of the proofs in Section 5.
The appendices contain technical lemmas and additional numerical examples.

2 Related work

Stochastic approximation algorithms were first introduced with decreasing step-size [30, 6]. Since
these seminal papers, there has been a considerable amount of work aiming at characterizing the
asymptotic properties of SA, by relating the asymptotic behavior of θn with the one of the ODE
9θ “ f̄pθq [3, 9]. These topics are today well covered by textbooks such as [4, 8, 23].

In this original theory, the goal was to show that θn is close to the behavior of an ODE but not
necessarily to obtain tight rates of convergence. This lead to the development of a new line of
research focussing on non-asymptotic properties of SA [27]. This paper derives a unified framework
to study the rate of convergence of stochastic gradient descent by relating it to SA with decreasing
step-size, and martingale noise (i.e., where the function f does not depend on Xk in (1)). This
framework has been extended by a series of papers for applications in reinforcement learning, see
for instance [11, 15, 29, 26], still in the decreasing step-size case, with the goal of understanding the
fluctuations of the algorithm around the equilibrium.

For the decreasing step size, the fluctuations of θn around θ˚ vanish as n goes to infinity. This is
not the case for constant step-size SA, for which understanding the magnitude of the fluctuations is
therefore important. To bound the fluctuations, a part of the literature seeks to obtain bounds on the
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mean squared error (MSE), E
“

pθn ´ θ˚q2
‰

as a function of the problem’s parameter and the step-
size α. These papers show that the MSE is generally of order Opαq, see for instance [33] for the
case of linear model plus Markovian noise, or [13, 15, 14] for contractive stochastic approximations
(with Markovian or martingale noise).

The case of constant-step size is also interesting because the θn has a bias that does not vanish as
n goes to infinity. In particular, the Polyak-Ruppert averaging does not converge to θ˚: generally
limnÑ8 θ̄n ‰ θ˚. It is shown in particular in [16, 20, 25, 32, 41, 42] that a constant step-size SA
has an asymptotic bias of order α, which shows that limnÑ8 θ̄n “ θ˚ ` V α ` Opα2q. Some of
these papers, and in particular [16, 20], show that this bias characterization can be coupled with
a Richardson-Romberg extrapolation to obtain a more accurate algorithm. In our paper, we also
study the case of constant-step size SA with Markovian noise and use the same Polyak-Ruppert and
Richardson-Romberg analysis. One of the distinguishable property of our model is that we allow
the evolution of the Markovian noise Xn to depend on θn, whereas most of the cited paper consider
Xn has an external source of noise. This dependence is particularly interesting when studying
asynchronous Q-learning algorithms [37, 36], for which the navigation policy is often derived from
the current values of the parameter (a popular example is to use an ϵ-greedy policy).

A second distinguishable feature of our paper is the methodology that we use. Our main tool is
to relate the distance between the expectation of θn and θ˚ as a distance between the infinitesimal
generators of the stochastic recurrence (1) and of the deterministic recurrence (8). The method that
we develop is tightly connected to Stein’s method [34] and in particular with the line of work that use
this method to obtain accuracy bounds for mean-field approximation [17, 22, 39, 40]. In particular,
the start of our proof, which is to study a hybrid system composed of a stochastic and a deterministic
recurrence in equation (9), can be seen as a discrete-time version of what is termed as a ”classical
trick” in [17, 22]. Apart from this difference between discrete and continuous time, one of the major
features of our model is to have a Markovian noise. Our model can be viewed as a discrete-time
version of the recent paper [1]. Some of our results (like our Theorem 1) are analogous to the
results of [1] but others (like Theorem 2) are different and require time-averaging, mostly because
of the possible periodicity of the discrete-time Markov chains. Also, the model of the current paper
is slightly more general than the one of [1]. The fact that our methodology directly studies the
expectation of θn makes it different from convergence results that use concentration equalities [12].

3 Model and preliminaries

3.1 Model and first assumptions

Throughout the paper pθn, Xnqně0 is a discrete-time stochastic process adapted to a filtration
pFnqně0. This stochastic process has two components of different nature. The first component
θ, that we call the parameter, is continuous and lives in a compact subset Θ Ă Rd: for each n:
θn P Θ Ă Rn. The second component X lives in a finite set X , i.e., Xn P X .

The evolution of θ and X are coupled in the following way. The parameter θ evolves according
to the recurrence equation given by (1). At every time-step n, the process X makes a Markovian
transition according to a Markovian kernel Kpθnq. More precisely, for all x, x1 P X and θ P Θ:

P
`

Xn`1 “ x1 | Xn “ x, θn “ θ,Fn

˘

“ P
`

Xn`1 “ x1 | Xn “ x, θn “ θ
˘

“: Kx,x1 pθq. (2)

To obtain our results, we will make the following assumptions:

(A1) The process M is a martingale difference sequence (that is: for all n: E rMn`1 | Fns “

0) and its conditional covariance is E
“

Mn`1M
T
n`1 | Fn

‰

:“ Qpθn, Xnq. Moreover, we
assume that E

“

Mn`1M
T
n`1 | Fn ^ Xn`1

‰

“ Rpθn, Xn, Xn`1q.
(A2) The functions f , K, Q and R are four times differentiable in θ.
(A3) For any given θ P Θ, the matrix Kpθq is unichain1.

In addition to these three assumptions, we later add an assumption (A4) about the stability of the
ODE around its fixed point. We do not state this assumption here as it needs extra definitions.

1We call a probability matrix unichain if the corresponding Markov chain has a single recurrent class and,
possibly, some transient states.
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3.2 Averaged values, average ODE and stability assumption

Assumption (A3) implies that a Markov chain with kernel Kpθq has a unique stationary measure
πpθq, and we denote by πxpθq the stationary probability of x P X for such a Markov chain. For
any function g defined on Θ ˆ X , we call ḡ its averaged version, i.e., the function that associates to
θ P Θ the value ḡpθq, defined as:

ḡpθq “
ÿ

xPX
gpθ, xqπxpθq. (3)

It is shown in [1, Lemma 4], that under Assumption (A3), for each θ P Θ, the kernel Kpθq has a
unique stationary distribution πpθq. The value ḡpθq is equal to E rgpθ,Xqs where X is distributed
according to the stationary distribution associated to Kpθq.

Following our notation introduced in (3), we denote by f̄ the averaged version of f . By [1,
Lemma 4], the function θ ÞÑ πpθq is twice differentiable under assumptions (A2) and (A3), which
implies that the function f̄ is also twice differentiable. This implies, for an initial ϑp0q “ θ, the
ODE 9ϑ “ f̄pϑq has a unique local solution, and we denote the value of this solution at time t by
ϕtpθq. In order to prove this result, we will need that this ODE has a unique fixed point to which all
trajectories converge and that this fixed point is an exponentially stable attractor. This is summarized
in the following asusmption:

(A4) There exists a θ˚ such that for any θ, the solution of the ODE 9ϑ “ f̄pϑq is defined for all
t ą 0 and converges to θ˚: limtÑ8 ϕtpθq “ θ˚ for all θ P Θ. Moreover, the derivative of
f̄ at θ˚ is Hurwitz (i.e., the real parts of all of its eigenvalues are negative).

By classical results on the stability of ODES, this assumption implies that the convergence to θ˚

occurs exponentially fast, that is, there exists a, b ą 0 such that for all θ P Θ: }ϕtpθq ´ θ˚} ď

ae´bt }θ ´ θ˚}. To prove that, one can use [21, Theorem 4.13], that shows that θ˚ is an exponen-
tially stable point of the ODE, i.e., }ϕtpθq ´ θ˚} ď a1e´bt }θ ´ θ˚} in a neighborhood N of θ˚,
because Df̄pθ˚0q is Hurwitz. Then, as Θ is compact, there exists T such that ϕT pθq P N for all
θ P Θ. The result then follows by choosing a “ a1eTb supθPΘ }θ ´ θ˚} { supθPN }θ ´ θ˚}.

3.3 Discussion on the assumptions and limits

Most of the assumptions used in the paper are classical when studying stochastic approximation
algorithms with Markovian noise. In this section, we discuss the limits of each assumption (from
the most classical one to the most original one). Assumption (A3) is necessary to define the notion
of average dynamics f̄pθq and is therefore present in virtually all papers about Markovian noise
stochastic approximation. The originality of our assumption is that we allow the transition kernel
to depend on θ. For assumption (A1), we add to the classical result the existence of a co-variance
matrix Q, which is needed as it appears in the expression of V . Assumption (A4) imposes that the
stochastic approximation has a unique exponentially stable attractor. Our results could probably be
adapted to a model with multiple attractors (by using large deviation techniques similar to the one
of [2, 38] for a two time-scale setting as ours) but this would be another paper.

One important assumption we make is that θ lives in a compact set Θ. The bounded condition on
Θ simplifies greatly the proofs because it allows us to use uniform bounds that do not depend on θ
(for instance, the identity function hpθq “ θ is bounded thanks to this assumption. Similarly, the
time taken by the solution of the ODE ϕtpθq to reach θ˚ is also uniformly bounded independently
on θ). This assumption could be relaxed by imposing high probability bounds (for instance, a large
deviation result like [2] that would guarantee that θn stays close to θ˚), or a bound on the higher-
order moment or exponential moments of θn. We left this result for future work as it would greatly
impact the readability of the proofs.

The most questionable of our assumption is Assumption (A2) that imposes that all parameters of
the problem are four times differentiable in θ. While this assumption might seem as technical, the
fact that the parameters are twice differentiable is crucial in our analysis. In particular, the constant
V does depend on the first two derivatives of the function f̄ . In general, if the parameters of the
systems are not differentiable, then the bias will not be of order Opαq but of order Op

?
αq. Treating

a non-differentiable f̄ would need a completely different methodology. Our assumption of having
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four times differentiable functions and not just twice has two reasons: it guarantees that the error
›

›θ̄n ´ pθ˚ ` αV q
›

› is Opα2q, and it simplifies the proof by allowing us to reuse Theorem 1 to obtain
the bound Opα2q in Theorem 2. We believe that if we only impose twice differentiability, this error
would be opαq (and in fact probably α3{2 as long as all derivatives are Lipschitz-continuous).

3.4 Notations

Recall that Θ is a compact subset of Rd. We suppose that it is equipped with a norm }¨}. For a
function h : E Ñ R, where E Ă Rd1

, we denote by }h} “ supePE }hpeq} the supremum of this
function. If h is i times differentiable, we denote by Dih its ith derivative. Its value evaluated in
e P E is denoted by Dihpeq. It is a multi-linear map and we denote by Dihpeqabi its value applied
to pa, . . . , aq for a given a P Rd1

. We denote by
›

›Dih
›

› the operator norm of its ith derivative,
defined as

›

›Dih
›

› “ supePE,aPRd1

›

›Dihpeqabj
›

› { }a}
j . By Taylor remainder theorem, for all e P E

and a P Rd1

, we have:
›

›

›
hpe ` aq ´ hpeq ´

ři´1
j“1 D

jhpeqabj
›

›

›
ď

›

›Dih
›

› }a}
i.

We define by
›

›Dďih
›

› “ maxp}h} ,maxjďi

›

›Djh
›

›q the maximum of the norm of the first ith deriva-
tives of h. We denote by CipE ,Rq the set of functions whose first i derivatives are bounded and by
Ci

ď1pE ,Rq the set of functions whose first i derivatives are bounded by 1:
›

›Dďih
›

› ď 1. As X is a
discrete set, the above notions extend to functions h : E ˆ X Ñ R. For such a function, by abuse of
notation, we call Dih the ith derivative with respect to the continuous variable only.

In the paper, the value at time t of the solution of the ODE 9ϑ “ f̄pϑq starting in θ is denoted by
ϕtpθq. We will introduce later a quantity φnpθq that corresponds to a Euler discretization of the ODE
with constant step-size α. To lighten notations, we will omit the dependence on α in the notation
φ but it should be clear that φ depends on α. To help distinguishing between the solutions of the
the ODE ϕt and the discrete-time recurrence φn, we will reserve the index t for a continuous time
variable and the indices n, k or N for discrete-time indices.

To ease notations in some part of the proofs, we will sometimes use big-O notations, like Op1q or
Opαq. When using this, we allow the hidden constants to depends on all parameters of the problems
defined in Assumptions (A1) to (A4) but they cannot depend on varying quantities likes an index k,
n or α or norm of functions, like }g} or }h} that are introduced in the proofs. Note that in all of our
lemmas, we always consider functions whose norm is bounded by 1. This can, of course, be readily
extended to functions not bounded by 1 by adding an extra factor like

›

›Dďih
›

›. We avoid doing this
to lighten the notations.

4 Main results and illustrations

This section presents the main theorems and illustrate their consequence. The proof of the theorems
are postponed to the next Section 5.

4.1 Theoretical results

Our first result is Theorem 1 that shows that the expected value of θn is at distance at most Opαq

of the solution of the ODE. This shows that the bias of stochastic approximation is of order α with
respect to the ODE.

Theorem 1. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for all
n, α ď α0 and all h P C3

ď1pΘ,Rq:

|E rhpθnq ´ hpϕαnpθ0qqs| ď αC.

Note that the bound of Theorem 1 is valid independently of n. As we will see in the proof, this is
a consequence of Assumption (A4). Without the latter assumption, one would naturally obtain a
constant C that grows exponentially with n. As C does not depend on time, a direct consequence of
Theorem 1 is to show that the asymptotic bias of θn is of order Opαq as n goes to infinity, that is:

lim sup
nÑ8

|E rhpθnqs ´ hpθ˚q| ď αC. (4)
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Our second result is Theorem 2, that shows that the inequality of (4) is essentially an equality. This
theorem provides an asymptotic expansion of the bias term in α.

Theorem 2. Assume (A1)–(A4). Then, there exists a constant C 1 ą 0 and α0 such that for all
α ď α0 and h P C5

ď1pΘ,Rq:

lim sup
nÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

k“1

E rhpθkqs ´ hpθ˚q ´ αV

ˇ

ˇ

ˇ

ˇ

ˇ

ď α2C 1. (5)

An important difference between Theorem 1 and 2 is that the former studies the convergence of
the iterates θn whereas the latter provides a refinement term for the average of the iterates, i.e.,
θ̄n :“ 1

n

řn
k“1 E rθks, by showing that θ̄n is essentially equal to hpϕ8q plus a bias term V α. One

may wonder if Theorem 2 would be true for the (non-averaged) iterates θn. The answer is no and
a counter-example is provided in Appendix A. This example illustrates that when the Markovian
component Xn can be periodic, the Opαq term of E rθns does not necessarily stabilize to a constant
V but can be periodic as well.

Theorem 2 concerns the convergence of the expectation of θ̄n but not the value of θ̄n itself. As
we will see in Section 5, this is mostly due to our proof techniques that works with generators and
therefore is most suitable to obtain precise convergence results for the expectation. In fact, we will
prove in Section B.2 that we can obtain a high-probability convergence result as an almost-direct
consequence of Theorem 2, as expressed by the following Theorem.

Theorem 3. Assume (A1)–(A4). Then, there exists a constant C2 ą 0 and α0 such that for all
α ď α0:

lim
nÑ8

P
`
ˇ

ˇθ̄n ´ pθ˚ ` αV q
ˇ

ˇ ě C2α2
˘

“ 0.

This result is illustrated on a synthetic example whose parameters are given in Appendix A.2, and
for which θ˚ “ 1. We run the stochastic approximation algorithm for various values of α and report
the results in Figure 1. In all cases, we use the same source of randomness (the values of the Markov
chain Xn and of the the Martingale noise Mn`1 are the same for all trajectories). We plot a sample
trajectory of θn, θ̄n, and θ̄n{2:n defined2 as:

θ̄n{2:n “

Qn

2

U

n
ÿ

k“tn{2u`1

θk,

for α P t0.001{4, 0.001{8, 0.001{16u (more values of α are displayed in Appendix A). We observe
that if θn is quite noisy, the Polyak-Ruppert averaging θ̄n or θ̄n{2:n are much closer to θ˚ “ 1, which
is a clear advantage for θ̄n{2:n in terms of rate of convergence, especially for small values of α.
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(a) α “ 0.0025 (=0.01{4) (b) α “ 0.00125 (=0.01{8) (c) α “ 0.000625 (=0.01{16)

Figure 1: Comparison of θn, θ̄n and θ̄n{2:n for various α.

4.2 The value of extrapolation: Illustration of Theorem 2 and 3

As we will see in the proof, the constant V of Theorem 2 can be expressed as a function of the
problem’s parameters, which allows one to construct a quantity θ˚ `V that is a tight approximation

2Note that if our theoretical results are presented for θ̄n, they can be readily extended to θ̄n{2:n.
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Figure 2: Illustration of the error of θ̄n :“ 1
N

řn
k“1 θk for various values of α “ 0.02 ˆ 2´k with

k P t0 . . . 5u and of the error of the extrapolation (6) for α “ 0.01 and α “ 0.005.

of θ̄n. Yet, stochastic approximation algorithms are most used when one does not have access to
the problem’s parameter. Here, we illustrate how we can run two algorithms with two different
step-sizes in order to obtain an algorithm that has both a fast convergence rate and a high precision.

Let θ̄p2αq

n{2:n and θ̄
pαq

n{2:n be two trajectories of the stochastic recurrence (1) each with respective step-
size 2α and α. By Theorem 2, for large n we have:

θ̄
p2αq

n{2:n “ θ˚ ` 2V α ` Opα2q

θ̄
pαq

n{2:n “ θ˚ ` V α ` Opα2q

We see that we can suppress the term in 2V α and V α by using a linear combination of θ̄p2αq

n{2:n and

θ̄
pαq

n{2:n, which leads to an equation that has a distance to θ˚ that is of order Opα2q:

2θ̄
pαq

n{2:n ´ θ̄
p2αq

n{2:n “ θ˚ ` Opα2q. (6)

To explore the benefit of using the extrapolation (6), we plot in Figure 2 the error of the averaged it-
erate3

ˇ

ˇθ̄n{2:n ´ θ˚
ˇ

ˇ, and the error of the extrapolation (6) for various values of α “ 0.01˚2´k, with
k “ t´1 . . . 4u. The parameters are the same as the one of Figure 1 and the various αs use the same
source of randomness. As we expect by the statement of the theorems, the error θ̄n{2:n ´ θ˚ is ap-
proximately equal to V α (the stars on the right are the theoretical values of limnÑ8

ˇ

ˇθ̄n{2:n ´ θ˚
ˇ

ˇ).

On the right panel, we observe that 2θ̄pαq
n ´ θ̄

p2αq
n is closer to θ˚ than the corresponding θ̄

pαq
n (the

scale of the y-axis is the same for both panels). Note that even for n “ 105, the valus of α are still
noisy.

5 Proof overview and generator method

5.1 Proof overview

The first idea of our proof is to construct new random variables φkpθn´kq that corresponds to a
system where we apply the stochastic recurrence (1) for k steps and then apply the deterministic
recurrence (8) up to time n. By introducing these new variables and comparing their expectation
for k and k ` 1, we reduce our problem to a comparison of the generators of the stochastic and
of the deterministic system. This step is done in Section 5.2. In an independent lemma, we use
Assumption (A4) to show that the derivatives of the function φn converge exponentially fast to 0 as
n goes to infinity. This leads to Lemma 6 whose proof is technical and postponed to Section C.

Once these two basic points are obtained, we will use them to prove Proposition 4 which shows
that the expectation of θn is close to the solution of the deterministic ODE. More precisely, this

3We only plot the error of θ̄n{2:n because it has the same limit as θ̄n but converges faster.
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proposition shows that there exists a bounded sequence of constants V pαq
n and a constant C ą 0 such

that for all n P N:
ˇ

ˇ

ˇ
E rhpθnq ´ hpϕnαpθ0qqs ´ αV

pαq
n

ˇ

ˇ

ˇ
ď Cα2. A main difficulty is to show that

V
pαq
n is bounded. For that we will use Lemmas 7 and 8 that use properties of the Poisson Equation

(21) to show that if the functions gk do not vary too much with k, then they can be replaced by their
averaged versions:

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

k“0

gkpθk, Xkq ´

n´1
ÿ

k“0

E rḡkpθkqs

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` α
n´1
ÿ

k“0

}gk`1 ´ gk}q. (7)

Theorem 1 is a direct consequence of Proposition 4. by using that V pαq
n are bounded.

The next step is to show that the time average versions of V pαq
n , V

pαq

n “ n´1
řn

k“1 V
pαq
n , converges

(as n goes to infinity) to a term V pαq. Here, the main technical difficulty is to obtain a refinement
of the averaging property of (7), which is done in Lemmas 9 and 10. We then use Theorem 1 and
Lemma 11 to show that V pαq « V `Opαq where V is given in Proposition 5. This gives Theorem 2.
As a side-product, Lemma 11 also shows that the constant V can be computed by solving a linear
system. The high-probability bound (Theorem 3) is a consequence of Theorem 2.

The proof structure is illustrated in Figure 3 that shows the dependencies between the lemmas.

Generator method
(Section 5.2)

Exponential decay of
›

›

›

B
i

pBθqi
φn

›

›

›

as n grows (Lemma 6)

Telescopic
sums

(Lemma 7)

Refined averaging
(Lemmas 9 and 10)

Derivation of V pαq
n

(Proposition 4)

limnÑ8 V
pαq

n « V
(Proposition 5)

Bias is Opαq

(Theorem 1)

Bias is
V α ` Opα2q

(Theorem 2)

High probability
bound (Theorem 3)

V is the solution of a
linear system (Lemma 11)

Poisson Equation
and averaging

(Lemma 8)

Figure 3: Overview of the proof. The dashed rectangles indicate the lemmas that are proven in
Appendix C.

5.2 Deterministic recurrence and comparison of generators

To compare the stochastic variable θn and the solution of the ODE 9ϑ “ f̄pϑq, we introduce a deter-
ministic recurrence equation, that is a first-order discretization of the ODE. This recurrence equation
is obtained by replacing the sources of randomness of (1) by their expectation. The stochastic ap-
proximation (1) contains two sources of randomness: Mn`1 and Xn. In our analysis, we will use
a deterministic counterpart of (1) that corresponds to setting the noise Mn`1 to 0 and to using f̄pθq

instead of fpθn, Xnq. More precisely, for an initial value θ P Θ and k P Z`, we define φnpθq as:

φn`1pθq “ φnpθq ` αf̄pφnpθqq, (8)

with the convention that φ0pθq “ θ.

Let h : Θ Ñ R be an arbitrary function. By using the definition of the deterministic recurrence, for
any k P t0 . . . nu, we introduce the variable

zn,k :“ E rhpφn´kpθkqqs . (9)

The quantity zn,k is the expected value of a recurrence at time n if one starts by applying the
stochastic recurrence for the first k steps and then the deterministic recurrence for the remaining n´k
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steps. Our proof method consists in obtaining precise bounds on the difference E rθns ´E rφnpθ0qs.
By using the notation zn,k, this quantity is equal to zn,n ´ zn,0. To obtain a bound on this quantity,
we will use a trick, that essentially consists in comparing zn,k`1 ´ zn,k. This quantity is simpler to
analyze because the only modification between the two is to replace one stochastic transition by one
deterministic transition. We can then recover the original bound by using that:

E rθns ´ φnpθ0q “ zn,n ´ zn,0 “

n´1
ÿ

k“0

zn,k`1 ´ zn,k. (10)

This method is illustrated in Figure 4 on a synthetic example whose parameters are given in Ap-
pendix A.3. In the right panel, plot two functions (for two different values of k) that are equal to θn
for k ď n and to φn´kpθkq for k ą n.
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(a) Stochastic vs deterministic recurrences (b) Impact of changing k in φn´kpθkq

Figure 4: Illustration of the behavior of θn, φnpθ0q and φn´kpθkq.

5.3 Derivation of V pαq
n and of V by comparing the generators

Using the above notations, we are now ready to prove the first proposition.

Proposition 4. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for
all n, α ď α0 and all h P C3

ď1pΘ,Rq:
ˇ

ˇ

ˇ
E rhpθnq ´ hpϕnαpθ0qqs ´ αV pαq

n

ˇ

ˇ

ˇ
ď Cα2,

where the quantity V
pαq
n is given by:

V pαq
n :“

n´1
ÿ

k“0

E
”

Dph ˝ φn´pk`1qqpθkqpfpθk, Xkq ´ f̄pXkqq

´ D2ph ˝ φn´pk`1qqpθkq
`

pfpθk, Xkq ´ f̄pXkqqb2 ` Qpθk, Xkq
˘

ı

.

Moreover, V pαq
n is bounded independently of α and n.

Proof. Following the definition of the stochastic and deterministic recurrences, the difference zn,k´

zn,k`1 that appears in (10) is equal to

zn,k`1 ´ zn,k “ E
“

hpφn´kpθkqq ´ hpφn´pk`1qpθk`1qq
‰

“ E
“

h ˝ φn´pk`1qpθk ` αf̄pθkqq

´ h ˝ φn´pk`1qpθk ` αpfpθk, Xkq ` Mk`1qq
‰

(11)

If g : Rd Ñ R is a thrice differentiable function whose third derivative is bounded by
›

›D3g
›

›, by
using a Taylor expansion, we have that gpx`aq´gpx`bq “ Dgpxqpa´bq`D2gpxqpa´bqb2`R,
where R is a remainder term that is smaller than c

6 }a ´ b}
3. In our proof, we use this Taylor

9



expansion with the function g “ h˝φn´pk`1q, x “ θk, a “ αpfpθk, Xkq`Mk`1q and b “ αf̄pθkq.
Applying this to (11) shows that

zn,k`1 ´ zn,k “ αAn,k `
α2

2
Bn,k ` Rn,k, (12)

where An,k and Bn,k are equal to

An,k :“ E
“

Dph ˝ φn´pk`1qqpθkqpfpθk, Xkq ` Mk`1 ´ f̄pXkqq
‰

Bn,k :“ E
“

D2ph ˝ φn´pk`1qqpθkqpfpθk, Xkq ` Mk`1 ´ f̄pXkqqb2
‰

,

and Rn,k is a remainder term.

By assumption (A1), the conditional expectation and variance of the martingale term are equal to
E rMk`1 | Fks “ 0 and E

“

Mb2
k`1 | Fk

‰

“ Qpθk, Xkq. By using the total law of expectation, this
shows that An,k and Bn,k can be simplified as:

An,k :“ E
“

Dph ˝ φn´pk`1qqpθkqpfpθk, Xkq ´ f̄pXkqq
‰

Bn,k :“ E
“

D2ph ˝ φn´pk`1qqpθkq
`

pfpθk, Xkq ´ f̄pXkqqb2 ` Qpθk, Xkq
˘‰

.

By definition, V pαq
n “

řn´1
k“0pAn,k ` αBn,k{2q. Hence, combining this with (10) shows that

E rhpθnq ´ hpϕnαpθ0qqs “ V pαq
n `

n´1
ÿ

k“0

Rn,k.

To complete the proof, it remains to be shown that there exists a constant such that
řn´1

k“0 Rn,k ď

Cα2 and that V pαq
n is bounded independently of α and n. There are three terms, corresponding to

R, B, and
řn

k“1 An,k:
Case of R. In Lemma 6, we show that the norm of the derivatives of h ˝ φn´k are smaller than
c1e

´c2αpn´kq. As the derivatives of h are bounded by 1, this implies there exists c independent of α
and n such that

›

›D3ph ˝ φn´kq
›

› ď ce´c2αpn´kq. Hence, there exists c1 ą 0 such that:
n´1
ÿ

k“0

}Rn,k} ď c1α3
n´1
ÿ

k“0

e´c2αpn´kq ď c1α3
8
ÿ

k“0

e´c2αk ď c1c3α
2.

Case of B. The proof that
řn

k“1 αBn,k is bounded independently of n and α is similar since the
factor α cancels out with the factor 1{α that comes out of

ř8

k“0 e
´c2αk.

Case of A Showing that
řn

k“1 An,k is bounded independently of n and α is more subtle and uses
the fact that f̄ is the “averaged” version of f with respect to the transition kernel K. The proof of
this is a consequence of the first point of Lemma 8 that is stated in Section C.

The proof of the main results is then a consequence of the next proposition, whose proof is given in
Appendix B. This proposition shows that the Cesaro limit of V pαq

n is approximately equal to a term
V that does not depend on α plus a term of order Opαq.

Proposition 5. Assume (A1)–(A4). Then, there exist a constant C ą 0 and α0 ą 0 such that
for all h P C5

ď1pΘ,Rq, there exists a vector V such that for all n, α ď α0:
ˇ

ˇ

ˇ
V

pαq

n ´ V
ˇ

ˇ

ˇ
ď Cpα `

1

nα
q,

where V
pαq

n :“ n´1
řn

k“1 V
pαq

k with V
pαq

k as in Proposition 4.

6 Conclusion / discussion

In this paper, we presented an analysis of the bias of constant-step size algorithms with Markov
noise. We developed a novel technic, based on generator comparison, that allows to obtain a very
fine comparison between the expectation of the stochastic trajectory and the value of its determin-
istic counterpart. This methodology is quite generic and we believe that it could easily be adapted
to obtain more general results. We are in particularly targeting: relaxing the bounded of Θ, and
obtaining non-asymptotic results.
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Appendix

A Additional numerical results

A.1 Reproducibility

All parameters given in this section should suffice to reproduce all figures. The total computation
time to obtain all figures of the paper does not exceeds a few minutes (on a 2018 laptop, all imple-
mentation being done in Python/Numpy/Matplotlib). To ensure reproducibility, the code necessary
to reproduce the paper (including latex, code to run the simulations and code to plot the figures) is
available at https://github.com/ngast/paper_bias_stochastic_approximation2024.

A.2 Parameters for the example of Figure 1 and Figure 2

For Figure 1 and 2, the state space of the Markovian part is X “ t0, 1u, and the transition matrix is

Kpθq “

ˆ

sinpθq2 cospθq2

cospθq2 sinpθq2

˙

.

The drift is fpθ, xq “ θ ´ 2x. The martingale noise Mn`1 is a sequence of i.i.d. random variables
with P pMn`1 “ 1 | Fnq “ P pMn`1 “ ´1 | Fnq “ 0.5. One can show that θ˚ “ 1. The initial
value of the algorithm is set to θ0 “ 3, X0 “ 0.

In Figure 5, we complete the results of Figure 1 by showing more values of α. We observe that in all
cases, the averaged values θ̄n and θ̄n{2:n are much close to θ˚ “ 1 than the original θn that is very
noisy. This explain why using a Polyak-Ruppert averaging is important. Also, if for large values of
α P t0.02, 0.01, 0.005u, the two quantities θ̄n and θ̄n{2:n have similar behavior, the situation is quite
different when α gets smaller. In the latter case, the convergence of θ̄n{2:n is much faster than the
one of θ̄n because of the transient behavior of θn at the beginning. This is why we use θ̄n{2:n in our
simulations.
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Figure 5: Behavior of θn, θ̄n and θ̄n{2:n for various values of α. All y-axis have the same scale.
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A.3 Parameters for Figure 4

For Figure 4, the state space of the Markovian part is X “ t0, 1u and the transition matrix is

Kpθq “

ˆ

0.5 0.5
0.5 0.5

˙

.

The drift is fpθ, xq “ 1 ´ p1 ` θqx. The initial state is θ0 “ X0 “ 0 and there is no martingale
noise4. The step-size is set to α “ 0.05.

A.4 Why is Theorem 1 for θn and Theorem 2 and 3 for θ̄n?

Note that compared to (4) of Theorem 1, the result of (5) in Theorem 2 is stated for the averaged
iterates 1

N

řN
n“1 E rθns and not directly for θn. In fact, there are many cases for which (5) is also

valid for θn. In particular, if E rhpθnqs converges as n goes to infinity, then one necessarily has:

lim sup
nÑ8

|E rhpθnqs ´ hpθ˚q ´ αV | ď α2C 1.

This is for instance the case if pθn, Xnq is an ergodic Markov chain. Yet, there are cases for which
the result of (5) only holds for the averaged iterates. This occurs typically when Xn has a periodic
behavior, in which case the averaged iterates eliminate eventual oscillations caused by periodic
noise sequences. To illustrate this, we consider a one-dimensional model with fpθ, xq “ 2x ´ θ,
Xn`1 “ 1 ´ Xn and Mn`1 “ 0. This model satisfies all assumptions of the problems and θ˚ “ 1.
The initial conditions are set to θ0 “ 0.85, and X0 “ 0. The system is therefore deterministic. In
Figure 6 we plot the trajectories of θn and of θ̄pαq

N :“ 1
N

řN
n“1 θn for two stepsize values: α “ 0.05

and α “ 0.1. We observe that, as stated by Theorem 1, the smaller is α, the closer is limnÑ8 θn
from θ˚. One can also observe that pθn ´1q{α oscillates and does not converge as n goes to infinity,
contrary to pθ̄n ´ 1q{α that does converge (to 0 here).

0 25 50 75 100 125 150
n

0.85

0.90

0.95

1.00

1.05

n, 
  

n  
 o

r  
 

*

n, = 0.1
n, = 0.1

Equilibirum *

0 25 50 75 100 125 150
n

0.85

0.90

0.95

1.00

1.05

n, 
  

n  
 o

r  
 

*

n, = 0.05
n, = 0.05

Equilibirum *

(a) α “ 0.1 (b) α “ 0.05

Figure 6: Example of a model with a periodic Xn illustrating the necessity of averaging the iterates.

B Proof of the main results

B.1 Proof of Proposition 5

In this section, we prove Proposition 5 that states, that under(A1)–(A4), there exist a constant C ą 0
and α0 ą 0 such that for all h P C5

ď1pΘ,Rq, there exists a vector V such that for all n, α ď α0:
ˇ

ˇ

ˇ
V

pαq

n ´ V
ˇ

ˇ

ˇ
ď Cpα `

1

nα
q,

where V
pαq

n :“ n´1
řn

k“1 V
pαq

k with V
pαq

k as in Proposition 4.

4Note that because of the form of the matrix Kpθq, the process Xn is memoryless. Hence, one could build
the same model with a martingale noise instead of the variable X .
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This proposition shows that the Cesaro limit of the constants V pαq
n defined in Proposition 4 converges

to a limit that is equal to V ` Opαq. In particular, this result implies that

E

«

1

k

n
ÿ

k“1

hpθnq

ff

“ hpθ˚q ` αV ` Opα2 `
1

nα
q.

Proof of Proposition 5. Recall from the proof of Proposition 4 that V
pαq
n “

řn´1
k“0 E rAn,k ` αBn,k{2s. We first treat the term

řn´1
k“0 Bn,k that is the easiest (es-

sentially because it is multiplied by a factor α). Applying Lemma 8 to the function
gpθ,Xq :“ pfpθ,Xq ´ f̄pXqqb2 ` Qpθ,Xq shows that:

n´1
ÿ

k“0

E rBn,ks “

n´1
ÿ

k“0

E
“

D2ph ˝ φn´pk`1qqpθkqgpθk, Xkq
‰

“

n´1
ÿ

k“0

E
“

D2ph ˝ φn´pk`1qqqpθkqḡpθkq
‰

` Op1q.

By applying Theorem 1, this shows that

lim
nÑ8

n´1
ÿ

k“0

E rBn,ks “

8
ÿ

k“0

D2ph ˝ φkqpθ˚qḡpθ˚q ` Op1q, (13)

where ḡpθq “
ř

xPX πxpθq
`

pfpθ, xq ´ f̄pxqqb2 ` Qpθ, xq
˘

.

The treatment of An,k requires more work, and in particular one can show that
řn´1

k“0 An,k does
not necessarily converge as n goes to infinity5. This is why we study the convergence of ĀN “
řN

n“1

řn´1
k“0 An,k and not the one of An,k. By applying Lemma 10 with g “ f and then applying

Theorem 1, it holds that limNÑ8

ˇ

ˇĀN ` αmpθ˚q
ˇ

ˇ ď Cα, with mpθ˚q equal to

mpθ˚q “
ÿ

x,x1PX

8
ÿ

n“0

DpDph ˝ ϕnqpθ˚qGf pθ˚, x1qqpfpθ˚, xq ` Rpθ˚, x, x1qqKx,x1 pθ˚qπxpθ˚q

Note that to apply Theorem 1, we need m to be three times differentiable which is why we need h
to be four times differentiable.

Let V pαq “ αp
ř8

k“0 D
2ph ˝ φkqpθ˚qḡpθ˚q ` mpθ˚qq. By using Lemma 11, there exists a vector V

such that
›

›V pαq ´ V
›

› ď Cα.

B.2 Proof of Theorem 3 (High-probability bound)

Fix some i P t1 . . . du and let Yn :“ pθn ´ θ˚ ´ αV qi, be the ith component of the vector where
the constant V is the one defined in Proposition 5 when applied to the function hpθq “ θ ´ θ˚. By
Proposition 4 and Proposition 5, there exists C ą 0 such that for n large enough:

1

n

n
ÿ

k“1

E rYks ď Cpα2 `
1

αn
q

It is easy to modify the proofs of those propositions (by adding a conditioning on FmK and starting
the summation at mK ` 1) to show that for all K and for m large enough:

1

K

pm`1qK
ÿ

k“mK`1

E rYk | FmKs ď Cpα2 `
1

αK
q.

Let Zm “ 1
K

řpm`1qK
k“mK`1 Ym. The above result shows that

řM
m“1 Zm ´ CMpα2 ` 1

αK q is a super-
martingale. Moreover, as Θ is bounded, there exists C 1 ą 0 (independent of C and α) such that
|Zn ´ Cpα2 ` 1

αK q| ď C 1 (almost surely). Hence, by using Azuma-Hoeffding inequality, for all ε:

P

˜

1

M

M
ÿ

m“1

Zm ě Cpα2 `
1

αK
q ` ε

¸

ď e´Mϵ2{C .

5This is illustrated by Figure 6.
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By setting K “ 1{α3, ε “ Cα2, and taking the limit as M goes to infinity, this implies that:

lim
MÑ8

P

˜

1

M

M
ÿ

m“1

Zm ě 3Cα2

¸

“ 0.

By using that 1
n

řn
k“1 Yk “ 1

M

řM
m“1 Zm ` Op1{Mq, with M “ tM{Ku, it follows that for all

P t1 . . . du:

lim
nÑ8

P
`

pθ̄n ´ pθ˚ ` αV qqi ě 3Cα2
˘

“ 0.

A symmetric proof shows that limnÑ8 P
`

pθ̄n ´ pθ˚ ` αV qqi ď ´3Cα2
˘

“ 0. The theorem then
follows by using a union bound on all i.

This shows that the constant of Theorem 3 can be chosen as C2 “ 3C where C is the constant
of Theorem 1. By choosing more carefully the values of K and ε, this constant can be reduced to
C2 “ p1 ` δqC for all δ ą 0.

C Technical lemmas

This section contains the technical lemmas that are used in the proof of the main theorems. This
section is divided in two parts. We first show in Lemma 6 that the derivatives of φn are exponen-
tially small as n goes to infinity. Using this exponential convergence, we then prove Lemma 7 that
provides bound for an almost telescopic sum that appears in the proof of Lemma 8. The latter shows
how to bound the difference between fpθn, Xnq and f̄pθnq by using a Poisson approach.

C.1 Exponential decay of the derivatives of φn

The first lemma is at the core of our analysis. It shows that if the ODE has a unique attractor (as
imposed by (A4)), then for α small enough, the derivatives of the discrete-time recurrence φn are
exponentially small as n goes to infinity.

Lemma 6. Assume (A2)-(A4). There exist α0 ą 0 and constants c1, c2, c3, c4 ą 0 such that
for all α ă α0, i P t1, 2, 3u and n,

(i)
ř8

n“0 e
´c2αn ď c3{α.

(ii) For all h P Ci
ď1pΘ,Rq, the ith derivative of h ˝ φn satisfies:

›

›Diph ˝ φnq
›

› ď c1e
´c2αn,

Proof. The proof of (ii) is just a comparison between a sum and an integral. Indeed, as x ÞÑ e´x is
decreasing, one have:

1

c2
“

ż 8

0

e´c2xdx “

8
ÿ

k“1

ż kα

pk´1qα

e´c2xdx ě

8
ÿ

k“1

αe´c2αk.

This shows that:
8
ÿ

k“0

e´c2αk “ 1 `

8
ÿ

k“1

e´c2αk “ 1 `
1

c2α
“ pα `

1

c2
qα.

This concludes the proof by setting c3 “ pα0 ` 1{c2q.

To prove (ii), let us first prove the result for the first derivative (i “ 1). By Assumption (A4), all
trajectories of the ODE 9ϑ “ ϑ̄ converge to the fixed point θ˚ and the Jacobian H :“ Df̄pθ˚q is
Hurwitz. By classical results [7] on the discretization of ODE6, this implies that, for α small enough,

6To see why this is true, one should remark that, because H is Hurwitz, there exists c ą 0 and α ˚ 0 such
that for all α ď α0, the eigenvalues of I ` αH have a modulus smaller than 1 ´ αc. This implies that the
recurrence equation θn`1 “ θn ` αf̄pθnq is exponentially stable around θ˚. The uniform bound for all θ P Θ
comes from the fact that Θ is compact.
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the discretization φnpθq converges exponentially fast to θ˚, that is: there exists α0 ą 0 and a, b such
that for all α ă α0 and θ P Θ: }φnpθq ´ θ˚} ď ae´c2αn. Using this and the fact that f̄ is twice
continuously differentiable in θ˚ implies the existence of a1 such that:

›

›Df̄pφnpθqq ´ H
›

› ď a1e´c2αn and pI ` αHqk ď a1e´c2αn. (14)

Recall that the definition of φn in Equation (8) implies that φn`1pθq ´ φnpθq “ αf̄pφnpθqq with
φ0pθq “ θ. Hence, as f̄ is differentiable with respect to its initial condition, by using the chain rule,
the derivative of φn`1 exists and satisfies:

Dφn`1pθq ´ Dφnpθq “ αDφnpθqDf̄pφnpθqq. (15)

To simplify notation, let use denote by Xn`1 :“ Dφn`1pθq (the above equation is Xn`1 ´ Xn “

αXnDf̄pφnpθqq), and let us compute7 Xn`1pI ` αHq´pn`1q. By adding a substracting the term
XnpI ` αHq´n, it holds that:

Xn`1pI ` αHq´pn`1q “ Xn`1pI ` αHq´pn`1q ´ XnpI ` αHq´n ` XnpI ` αHq´n

“ pXn`1 ´ XnpI ` αHqqpI ` αHq´pn`1q ` XnpI ` αHq´n

“ αXnpDf̄pφnpθqq ´ HqpI ` αHq´pn`1q ` XnpI ` αHq´n,

where we used (15) for the last line.

By using that the last term XnpI ` αHq´n corresponds to the Xn`1pI ` αHq´pn`1q where we
replace n ` 1 by n, a direct induction shows that

Xn`1pI ` αHq´pn`1q “ α
n

ÿ

k“1

XkpDf̄pφkpθqq ´ HqpI ` αHq´pk`1q.

Multiplying this equation by pI ` αHqn`1 implies that:

Xn`1 “ α
n

ÿ

k“1

XkpDf̄pφkpθqq ´ HqpI ` αHqn´k. (16)

By using (15), and denoting xn`1 :“ }Xn`1}, it holds that

xn`1 ď α
n

ÿ

k“1

xka
1e´c2αka1e´c2αpn´kq “ αpa1q2e´c2αn

n
ÿ

k“1

xk. (17)

To conclude, let yn`1 :“ αpa1q2
řn

k“1 yke
´c2αk with y0 :“ x0. It can be shown by induction on k

thatxn ď ec2αkyk. Moreover, we have:

yn`1 “ αpa1q2yne
´c2αn ` yn “ ynp1 ` αpa1q2e´c2αnq “

n
ź

k“1

p1 ` αpa1q2e´c2αkq.

By using the concavity of the log, we have that:

log
n

ź

k“1

p1 ` αpa1q2e´c2αkq “

n
ÿ

k“1

logp1 ` αpa1q2e´c2αkq

ď

n
ÿ

k“1

αpa1q2e´c2αk.

By using the point (i), the last quantity is bounded by some quantity d. This shows that xn ď

de´c2αn.

The proof of the higher derivatives (case i ě 2) are very similar to the proof for the first derivative
i “ 1 and we only give an overview. For the second derivative, differentiating (15) with respect to θ
gives:

D2φn`1pθq ´ D2φnpθq “ αD2φnpθqDf̄pφnpθqq ` αpDφnpθq, Dφnpθqq ¨ D2f̄pφnpθqq.

7We compute this quantity to solve (15) by using a technique similar to the change of variable method.
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This equation is very close to (15) with an additional term Zn :“ αpDφnpθq, Dφnpθqq ¨

D2f̄pφnpθqq. Indeed, denoting by X 1
n “ D2φnpθq, one can reapply the steps used to obtain (16)

and get instead:

X 1
n`1 “ α

n
ÿ

k“1

pX 1
kpDf̄pφkpθqq ´ Hq ` ZkqpI ` αHqn´k.

One can then use our result for the first derivative to show that
›

›pX 1
kpDf̄pφkpθqq ´ Hq ` Zkq

›

› ď

a2e´c2αk and obtain an equation similar to (17) but for x1
n`1 :“

›

›D2φpθq
›

›. The proof can be
modified mutatis-mutandis for higher derivatives.

C.2 Bound on the almost-telescopic sum

In this section, we prove a lemma that we will later use in the proof of Lemma 8. This lemma
concerns a summation that is almost-telescopic: the first (18) is of the form

řn´1
k“0 ukpvk`1 ´ vkq.

If it would hold that uk “ uk´1, then the sum would be telescopic and there would be no need for a
lemma. Here, we show that the difference }uk ´ uk´1} is small and use this to prove our result. In
the second lemma, we make a second round of summation.

Lemma 7. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for all n,
α ď α0 and all i P t1, 2, 3u, h P Ci

ď1pΘ,Rq and g P C0
ď1pΘ,Rq:

ˇ

ˇ

ˇ

ˇ

ˇ

E

«

n´1
ÿ

k“0

Diph ˝ φn´pk`1qqpθkq pgpθk`1, Xk`1q ´ gpθk, Xkqq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

ď C. (18)

Proof. Let us denote uk :“ Dph˝φn´pk`1qqpθkq and vk :“ gpθk, Xkq. The quantity (18) is equal to

E
”

řn´1
k“0 ukpvk`1 ´ vkq

ı

. By shifting the indices of the sum (which corresponds to a discrete-time
integration by part), we get:

n´1
ÿ

k“0

ukpvk`1 ´ vkq “

n´1
ÿ

k“0

ukvk`1 ´

n´1
ÿ

k“0

ukvk

“

n
ÿ

k“1

uk´1vk ´

n´1
ÿ

k“0

ukvk (19)

“ un´1vn ´ u0v0 `

n´1
ÿ

k“1

puk´1 ´ ukqvk. (20)

As the norm of g and h are bounded by 1, }un´1vn ´ u0v0} and }vk} are bounded independently of
α. Hence, the result follows if we can show that

řn´1
k“1 }uk´1 ´ uk} is bounded regardless of α. To

show this, by adding and subtracting the term Dph ˝ φn´kqpθkq, we have:

uk´1 ´ uk “ Dph ˝ φn´kqpθk´1q ´ Dph ˝ φn´kqpθkq

` Dph ˝ φn´kqpθkq ´ Dph ˝ φn´pk`1qqpθkq

By Lemma 6, the function Dph ˝ φn´kq is Lipschitz continuous with a constant ce´pn´kqαc2 .
As the difference between θk and θk´1 is of order α, this shows that the first line is bounded by
c1αe´pn´kqαc2 . For the second line, the definition of the function φn´k in (8) implies that for any θ:

φn´kpθq ´ φn´pk`1qpθq “ αf̄pφn´pk`1qpθqq.

This shows that difference between Dph ˝ φn´kq and Dph ˝ φn´pk`1qq is of order c2αe´pn´kqαc2 .
The two facts combined imply that:

n
ÿ

k“0

}uk´1 ´ uk} ď pc1 ` c2q

n
ÿ

k“0

αe´c2pn´kqα ď pc1 ` c2q

8
ÿ

k“0

αe´c2kα ď pc1 ` c2qc3α.
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C.3 Poisson equation and treatment of the averaging term

For a given g : Θ ˆ X Ñ R, we say that the function Gg : Θ ˆ X Ñ R is a solution of the Poisson
equation if it satisfies

ÿ

yPX
Kx,ypθqpGgpθ, xq ´ Ggpθ, yqq “ gpθ, xq ´ ḡpθq, (21)

with ḡpθq “
ř

x πxpθqgpθ, xq as before.

It is shown in [1, Lemma 4] that under assumption (A3), for each g, there exists such a function Gg .
Moreover, under the regularity assumption (A2), this same lemma shows that the function Gg can
be chosen to be four times differentiable and that is derivatives satisfy

›

›DďiGg

›

› “ Op
›

›Dďig
›

›q.

Lemma 8. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for all n,
α ď α0 and all i P t1, 2, 3u, h P Ci

ď1pΘ,Rq and g P C0
ď1pΘ,Rq:

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

k“0

E
”

Diph ˝ φn´pk`1qqpθkq

´

gpθk, Xkq ´ ḡpθkq

¯ı

ˇ

ˇ

ˇ

ˇ

ˇ

ď C. (22)

Proof. To lighten the notations, we consider the case i “ 1, the proof holds for i ą 1 by replacing
Dph ˝ φq by Diph ˝ φq. By adding and subtracting some terms, the quantity (22) is equal to the
expectation of

n´1
ÿ

k“0

Dph ˝ φn´k´1qpθkq

´

gpθk, Xkq ´ ḡpθkq ` Ggpθk, Xkq ´ Ggpθk, Xk`1q (23)

` Ggpθk, Xk`1q ´ Ggpθk`1, Xk`1q (24)

` Ggpθk`1, Xk`1q ´ Ggpθk, Xkq

¯

. (25)

We examine the three lines separately:

• By using the fact that Xk`1 makes a Markovian transition (2), and by using the definition
of Ghpx, yq, we get:

E rGgpθk, Xkq ´ Ggpθk, Xk`1q | Fks “ ´
ÿ

y1

KpθkqXk,y1Ggpθk, y
1q

“ ´pgpθk, Xkq ´ ḡpθkqq

from which follows that the expectation of (23) is equal to zero.

• To bound Equation (24), we use the definition (1) of θk`1 to implies that there exists a
constant C ą 0 such that |θk`1 ´ θk| ď Cα. By using that Gg is Lipschitz-continuous (see
[1, Lemma 4]) and that the norm of the derivative of h ˝φn´k is bounded by c1e

´c2pn´kqα

(Lemma 6), this shows that there exists c1 ă 8 such that:

E

«

n´1
ÿ

k“0

}Dph ˝ φn´k´1qpθkq pGgpθk, Xk`1q ´ Ggpθk`1, Xk`1qq}

ff

ď c1α
8
ÿ

k“0

e´c2kα ď c3c
1.

• The fact that the expectation of (25) is bounded is a direct consequence of Lemma 7 applied
with g “ Gg and the fact that }DGg} “ Op}Dg}q.

This conclude the proof.

C.4 Refined treatment of the averaging term

The next two lemmas prove properties of the average sums that refine the analysis of Lemma 8.
They are used to study the term An in the proof of Proposition 5.
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Lemma 9. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for all n,
α ď α0:

@ℓ P C1
ď1pΘ,Rq :

1

n

n´1
ÿ

k“0

E
“

ℓpθk, Xkq ´ ℓ̄pθkq
‰

ď Cp
1

n
` αq. (26)

@ℓ P C2
ď1pΘ,Rq :

1

n

n´1
ÿ

k“0

E
“

ℓpθk, Xkq ´ ℓ̄pθkq ` αm̄pθkq
‰

ď Cp
1

n
` α2q, (27)

where m̄ “
ř

x,x1PX DGℓpθ, x
1qpfpθ, xq ` Rpθ, x, x1qqKx,x1 pθqπxpθq.

Proof. By applying the same trick as for (23)–(25) in the one of Lemma 8 but replacing Diph ˝

φn´pk`1qqpθkq by 1{n, the left-hand-side of (26) is equal to the expectation of

1

n

n´1
ÿ

k“0

Gℓpθk, Xk`1q ´ Gℓpθk`1, Xk`1q
loooooooooooooooooooomoooooooooooooooooooon

“ Opα }DGℓ}q because DGℓ is bounded.

`
1

n

n´1
ÿ

k“0

Gℓpθk`1, Xk`1q ´ Gℓpθk, Xkq

looooooooooooooooooooomooooooooooooooooooooon

“ Op1q because sum is telescopic.

(28)

where there is no equivalent of (23) because we already use that the expectation of this term is 0.

In (28), each element of the first sum is Opαq by using a Taylor expansion of Gℓ and using that
}DDGℓ} “ Op}Dℓ}q. Hence the first term is of order Opαq. The second sum is telescopic. As it is
multiplied by 1{n, this leads to the term Op1{nq of (26). Combining both leads to (26).

To obtain (27), we refine the analysis of the first term of (28). By using a Taylor expansion on the
function θ ÞÑ Gℓpθ,Xq, the quantity Gℓpθk, Xk`1q ´ Gℓpθk`1, Xk`1q is equal to

DGℓpθk, Xk`1qpθk ´ θk`1q `
›

›Dď2Gℓ

›

› }θk`1 ´ θk}
2
. (29)

By definition, }θk`1 ´ θk}
2 is of order α2.

Let mpθ, xq “
ř

x1PX DGℓpθ, x
1qpfpθ, xq ` Rpθ, x, x1qqKx,x1 pθq. By using the law of total expec-

tation,

E rDGℓpθk, Xk`1qpθk ´ θk`1qs “ ´αE rDGℓpθk, Xk`1qpfpθk, Xkq ` Mk`1qs

“ ´αE rE rE rDGℓpθk, Xk`1qpfpθk, Xkq ` Mk`1q | Fk ^ Xk`1s | Fkss

“ ´αE rmpθk, Xkqs .

By using (26) with the function m instead of ℓ, we obtain that 1
n

řn´1
k“0 E rmpθk, Xkq ´ m̄pθkqs ď

Cpα ` 1{nq. This shows that the first term of (28) is equal to α
řn´1

k“0 m̄pθkq plus a term of order
Cpα2 ` α{nq. As the term Op1{nq from the telescopic sum of the second term of (28) dominates
the term α{n, this implies (27).

Lemma 10. Assume (A1)–(A4). Then, there exists a constant C ą 0 and α0 such that for all
n, α ď α0, h P C4

ď1pΘ,Rq and g P C3
ď1pΘ,Rq:

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

n“1

n´1
ÿ

k“0

Dph ˝ φn´pk`1qqpθkqpgpθk, Xkq ´ ḡpθkqq ´

N´1
ÿ

k“0

m̄pθkq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˆ

α `
1

Nα2

˙

,

where the function m̄ is equal to

m̄pθq “
ÿ

x,x1PX

8
ÿ

n“0

D
`

Dph ˝ ϕnqpθqGgpθ, x1q
˘`

fpθ, xq ` Rpθ, x, x1q
˘

Kx,x1 pθqπxpθq.
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Proof. Let us denote by un´pk`1qpθkq :“ Dph ˝ φn´pk`1qqpθkq and let us study the sum S :“
1
N

řN
n“1

řn´1
k“0 Dph ˝ φn´pk`1qqpθkq. By reordering the sum, this is equal to:

S “
1

N

N´1
ÿ

k“0

N
ÿ

n“k`1

un´pk`1qpθkqgpθk, Xkq “
1

N

N´1
ÿ

k“0

N´pk`1q
ÿ

n“0

unpθkqgpθk, Xkq.

“
1

N

N´1
ÿ

k“0

8
ÿ

n“0

unpθkqgpθk, Xkq ´
1

N

N´1
ÿ

k“0

8
ÿ

n“N´k

unpθkqgpθk, Xkq (30)

By Lemma 6, there exists c1, c2 ą 0 such that }un} ď c1e
´c2αn. This shows that the second term

of the previous sum (30) is bounded (in absolute value) by

1

N

N´1
ÿ

k“0

c

α
e´c2αpN´kq ď

c1

Nα2
, (31)

for a suitable constant c1. This term goes to 0 when N goes to infinity.

To treat the first term of (30), we apply Lemma 9 with the function ℓpθ,Xq :“
ř8

n“0 D
iph ˝

φnqpθqgpθ,Xq “
ř8

n“0 unpθqgpθ,Xq.

C.5 Characterization of V

The next Lemma show how an approximate computable expression of the bias term V can be ob-
tained. Recall that by definition, V is dependent on φ with step-size α. The subsequently defined
and computable expression Ṽ is resolves this dependence on α and is further justified as it admits
an accurate of order α with respect to V .

Lemma 11 (Approximate Computable Expression of V ). Assume (A1)–(A4). Define

V “ Dhpθ˚q
`

Hp1q
˘´1

pS ` Hp2q ¨ W q ` D2hpθ˚q ¨ W (32)

with H
p1q

i,j :“ Bf̄i
Bθi

pθ˚q is the Jacobien matrix of f̄ at θ˚, Hp2q

i,jk “
Bf̄i

BθiBθj
pθ˚q is the second

derivative of f̄ in θ˚. In the above notation, Hp2q ¨W :“ p
ř

j,k H
p2q

i,jkWj,kqi“1...d, where W is

the unique solution to the Sylvester equation Hp1qW `W
`

Hp1q
˘T

`O “ 0 and where O and
S are defined by

O :“
ÿ

x,x1

Gf pθ˚, x1q
`

fpθ˚, xq ` Rpθ˚, x, x1q
˘T

Kpθ˚qx,x1πxpθ˚q ` ḡpθ˚q, (33)

S :“
ÿ

x,x1

`

fpθ˚, xq ` Rpθ˚, x, x1q
˘

DGf pθ˚, x1qTKpθ˚qx,x1πxpθ˚q (34)

with ḡpθ˚q :“
ř

x πxpθ˚q

´

pfpθ˚, xq ´ f̄pθ˚qqb2 ` Qpθ˚, xq

¯

is defined as in the proof of
Proposition 5.

There exists a constant C ą 0 and α0 such that for all α ď α0:
ˇ

ˇ

ˇ
V ´ V pαq

ˇ

ˇ

ˇ
ď Cα,

where V pαq “ αp
ř8

k“0 D
2ph ˝ φkqpθ˚qḡpθ˚q ` mpθ˚qq is defined as in the proof of Proposi-

tion 5.

Note that the constant V does not depend on n or α.

Proof. Using the definitions (33) and (34) for O and S respectively, and the definition of V , ḡ and
m in the proof of Proposition 5, we can rewrite V pαq as:

V pαq “ α
`

8
ÿ

k“0

Dph ˝ φkqpθ˚qS `

8
ÿ

k“0

D2ph ˝ φkqpθ˚q ¨ O
˘

. (35)
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Using that φkpθ˚q “ θ˚ yields the identity

V pαq “αDhpθ˚q

8
ÿ

k“0

Dφkpθ˚qS (36)

` αDhpθ˚q

8
ÿ

k“0

D2φkpθ˚q ¨ O ` αD2hpθ˚q ¨

8
ÿ

k“0

Dφkpθ˚qOD
`

φkpθ˚q
˘T

, (37)

where the first line corresponds to the first term of (35) and the second line to the second term of
(35). The notations correspond to Dhpθ˚qD2φkpθ˚q “ p

ř

i
Bh
Bθi

Bφi

BθmBθn
qm,n and ¨ denotes the sum

over the element wise product between the matrices.

From hereon out, we suppress the dependence of the therms on θ˚ in order to ease the notation. As
said before, it is shown in [1, Lemma 4], under assumptions (A2) and (A3), that Gf is computable
and four times differentiable, which implies that the terms S and O are computable. Therefore, in
the rest of the proof we are concerned with obtaining computable expressions for the terms

α
8
ÿ

k“0

Dφk ; α
8
ÿ

k“0

DφkODφT
k ; α

8
ÿ

k“0

D2φk ¨ O. (38)

We recall that by definition Dφ1 “ I ` αHp1q. Using the chain rule, we have Dφk “ Dpφ1 ˝

φk´1q “ pI ` αHp1qqDφk´1 “ pI ` αHp1qqk. By assumption of exponential stability, Hp1q is
Hurwitz and thus, for small enough α, all its eigenvalues have negative real parts. This implies that
for such α,

ř8

k“0pI ` αHp1qqk “ pαHp1qq´1. This gives the first term Dhpθ˚q
`

Hp1q
˘´1

S of (32).

Define W pαq as the second sum of (38) which is equal to

W pαq :“ α
8
ÿ

k“0

DφkODφT
k

“ α
8
ÿ

k“0

pI ` αHp1qqkOpI ` αpHp1qqT qk.

As Hp1q is Hurwitz, W pαq is well-defined for α small enough and is a solution to the discrete-time
Sylvester equation pI ` αHp1qqW pαqpI ` αHp1qqT ´ W pαq ` αO “ 0. To obtain a computable
expression independent of α, we consider the corresponding continuous-time Sylvester equation
given by Hp1qW´W pHp1qqT `O “ 0 for which the Hurwitz property of Hp1q ensures the existence
of a unique solution W . By definition of the two Sylvester equations, we then have that W pαq “

W ` αHp1qW pHp1qqT , i.e., the difference between the two solutions is of order α. This gives the
second term Dhpθ˚q

`

Hp1q
˘´1

Hp2q ¨ W of (32).

For the last sum of (38), apply the chain rule and substitute Dφ1 “ I ` αHp1q and D2φ1 “ αHp2q

to obtain the identity

D2φk “

ˆ

Bφk

BθmBθn

˙

i,mn

“

˜

k
ÿ

j“1

ÿ

a

`

pI ` αHp1qqk´j
˘

i,a

ÿ

b,c

αH
p2q

a,bc

`

pI ` αHp1qqj
˘

b,m

`

pI ` αHp1qqj
˘

c,n

¸

i,mn

.

Therefore,

D2φk ¨ O “ p
ÿ

j,k

Bφk

BθjBθk
Oj,kqi“1...d

“

k
ÿ

j“1

pI ` αHp1qqk´jαHp2q ¨ pI ` αHp1qqjOpI ` αpHp1qqT qj .
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with Hp2q ¨pI`αHp1qqjOpI`αpHp1qqT qj “
ř

m,n H
p2q

i,mn

`

pI ` αHp1qqjOpI ` αpHp1qqT qj
˘

m,n
.

Consequently, for
ř8

k“0 D
2φk ¨ O the above yields

α
8
ÿ

k“0

k
ÿ

j“1

pI ` αHp1qqk´jαHp2q ¨ pI ` αHp1qqjOpI ` αpHp1qqT qj

“ α
8
ÿ

j“1

8
ÿ

k“j

pI ` αHp1qqk´jαHp2q ¨ pI ` αHp1qqjOpI ` αpHp1qqT qj

“ α
8
ÿ

j“1

8
ÿ

k“0

pI ` αHp1qqkαHp2q ¨ pI ` αHp1qqjOpI ` αpHp1qqT qj

“ α
8
ÿ

j“1

pαHp1qq´1αHp2q ¨ pI ` αHp1qqjOpI ` αpHp1qqT qj

“ pαHp1qq´1αHp2q ¨ pI ` αHp1qq

´

α
8
ÿ

j“0

pI ` αHp1qqjOpI ` αpHp1qqT qj
¯

pI ` αpHp1qqT q

“ pαHp1qq´1αHp2q ¨ pI ` αHp1qqW pαqpI ` αpHp1qqT q

“ pHp1qq´1Hp2q ¨ W pαq ` αC 1,

with C 1 “
`

pHp1qq´1Hp2q ¨
`

Hp1qW pαq ` W pαqpHp1qqT ` αHp1qW pαqpHp1qqT
˘˘

which is
bounded by assumption. Using the previously discussed difference between W and W pαq, we con-
clude that pHp1qq´1Hp2q ¨ W is an approximate solution to

ř8

k“0 D
2φk ¨ O with error of order

α.
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