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Abstract

Myelin surrounds axonal membranes to increase the conduction velocity of nerve
impulses and thus reduce communication delays in neural signaling. Changes in
myelination alter the distribution of delays in neural circuits, but the implica-
tions for their operation are poorly understood. We present a joint computational
and non-linear dynamical method to explain how myelin-induced changes in ax-
onal conduction velocity impact the firing rate statistics and spectral response
properties of recurrent neural networks. Using a network of spiking neurons with
distributed conduction delays driven by a spatially homogeneous noise, combined
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probabilistic and mean field approaches reveal that myelin implements a gain
control mechanism, optimizing neural coding while stabilizing neural dynamics
away from oscillatory regimes. The effect of myelin-induced changes in conduc-
tion velocity on network dynamics was found to be more pronounced in presence
of correlated stochastic stimuli. Further, computational and theoretical power
spectral analyses reveals a paradoxical effect where the loss of myelin promotes
oscillatory responses to broadband time-varying stimuli. Taken together, our find-
ings show that myelination can play a fundamental role in neural computation
and its impairment in myelin pathologies such as epilepsy and multiple sclerosis.

Keywords: Myelin, Delays, Recurrent networks, Computation, Nonlinear dynamics,
Noise, Mean-field

Nonlinear systems with delayed feedback have widespread applications across the fields
of physics[1], engineering [2] and biology [3]. In biological neural networks, time delays
reflect the combined effect of slow synaptic transmission and the finite propagation
velocity of nerve impulses along axons. Moreover, delayed neural signaling has been
shown to support a wide range of nonlinear phenomena in the brain, ranging from
collective synchronization [4, 5], stochastic resonance [6] and induction of brain oscil-
lations [7] to various types of noise-induced bifurcations [8-13]. For this reason, time
delays have been implicated with a rich repertoire of physiological dynamics support-
ing brain function [12, 14-16].

In the nervous system, axonal conduction delays are not free parameters but are
strictly regulated by myelin, a fatty substance enwrapping neural membranes. Myelin
enables saltatory conduction, and greatly accelerates the propagation of action po-
tentials (APs) along axons. Produced by glia cells, myelin compensates for variability
in length and caliber between different axons [17-19], adjusting the time required for
APs to propagate towards their post-synaptic targets (known as conduction delay).
Conduction delays are of prime importance for the faithful transmission of corre-
lated and/or temporally structured fluctuations resulting from recurrent connectivity
[20, 21], sensory stimuli and/or functionally relevant afferent inputs. Such correlated
stimuli challenge both the limited coding capacity of neurons[22], as well as the tem-
poral coordination of neural signaling [17, 19, 21, 23]. To face this challenge, glial cells
can adaptively adjust the amount of myelin along axons, speeding up or slowing down
the propagation of APs by tuning conduction velocity, thereby stabilizing neuronal
trafficking [12, 13, 24-27]. Indeed, myelin has recently been shown to be plastic, sup-
porting and imparting flexibility for various neural computations, notably by opimizing
conduction delay distributions amongst neuronal assemblies [27-31] with important
consequences on neural dynamics, synchrony and brain function[13, 21, 27, 32, 33].
Research on glial cells, especially myelin, has emerged as one of the most effervescent
and rapidly evolving areas in neuroscience (see [34] and references therein).

In the light of the manifest richness of delayed feedback systems [3], it is no sur-
prise that myelin-induced changes in axonal conduction velocity (and delays) influence
neural signaling and transform the dynamics of neural circuits and how they respond
to time-varying fluctuations. Yet, networks with time delays are amongst the most
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challenging to characterize mathematically, which severely limits data interpretation.
We here explore this problem using a spiking neural network of excitatory neurons,
with distributed delay and correlated additive noise. In our analysis, we considered
conduction velocities over a range aligned with experimental observations made in the
central nervous system of across multiple mammalian species [19, 35, 36].

We develop a computational strategy for stochastic spiking networks, and associ-
ated non-Markovian theory, that lifts the restriction of single delays to reveal a host of
new delay density-dependent dynamical phenomena of physiological and clinical rele-
vance. Leveraging mean field theory, we develop a method to determine the statistics
of the stationary probability density function associated with the collective neuron
activity in this network. Building on previous results on stochastic delay equations
[37—41], this approach permits the derivation of implicit expressions for statistical mo-
ments of the mean field dynamics. Most importantly, it reveals that delay distributions
may regulate the activity of cells in these network by tuning their individual dynamic
range and encoding capability for noise-like stimuli. Using this approach, we charac-
terize changes in neural activity resulting from variation in axonal conduction velocity
reflecting various levels of myelination.

While it is generally assumed that delays mainly influence synchrony and oscilla-
tions, our mathematical and numerical results show that myelin-induced changes in
conduction velocity implement a gain control mechanism amplifying neural activity,
independently of synaptic coupling, and/or irrespective of the presence of oscillations.
This gain control mechanism was further found to be especially salient in the presence
of dynamic stimuli by amplifying the collective response of the neurons to time-varying
signals. Changes in conduction velocity were found to shape the information coding
capacity of the network, suggesting that myelination may be tuned in a contextual
way to optimize the faithful encoding of stimuli of a given amplitude and baseline
noise into network firing properties [21, 42]. In addition, power spectral analysis re-
veals that the dispersion of time delays, resulting from either variability in conduction
velocities and/or axonal lengths, regularizes neural activity, suppressing oscillatory
activity and promoting asynchronous dynamics. These findings echo effects seen ex-
perimentally under the influence of activity-dependent myelination [17, 24, 26, 27, 29].
Taken together, these results allow us to draw conclusions about how myelination may
solicit nonlinear neural interactions to implement gain control and optimize the en-
coding capability of neural circuits. Further, they enable us to make predictions about
potential dynamical consequences of myelin disruption in pathological states, such as
those seen in epilepsy [43] and/or multiple sclerosis[44].

Results

Our analysis starts with the observation that the collective activity of neurons in our
network model (cf. Methods section) is highly sensitive to myelination. Exposing in-
dividual neurons to a spatially correlated stimuli, a consistent increase in the mean
network firing rate could be observed whenever conduction velocity - reflecting myeli-
nation - is increased. As shown in Fig. 1, faster conduction was found to amplify neural
activity and firing rates, and the network response to stimuli became more salient,
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Figure 1 Gain control induced by axonal conduction velocity A. Network of Poisson spik-
ing neurons with low (¢ = 0.5m/s) conduction velocity, reflecting poor myelination. The diagram
illustrates neurons (black circles) connected through axons (edges) expressing different conduction
delays due to various degrees of myelination (illustrated in shades of red). A raster plot of the net-
work spiking activity shown alongside the network mean firing rate above shows the response of the
network to a spatially correlated stochastic stimulus S(t). The histogram corresponds to the firing
rate distribution of the network (right insert). B For the same stimulus S(t), if conduction velocity
is increased (¢ = 50m/s) to reflect higher myelination, the response of the network is amplified and
mean firing rates increase. This also manifests as a change in the network firing rate distribution,
which is now heavily skewed (right insert). In A and B, axonal conduction delays 7;; = l;j/c are
Gamma distributed with shape k = 2 and scale § = 4/c ms and axonal length distribution l;;. Ex-
cept from conduction velocity (i.e., ¢), all other parameters are identical. The network is fully (i.e.,
all-to-all) connected and synaptic weights are both positive and identical. The other parameters in
the model (cf. Methods section) used for these exemplar simulations are N = 100, J;; = J = 0.9,
I =0 and D = 0.05. The activation function is nonlinear with parameters 8 = 2, h = 0.5.

suggestive of a gain control effect. We note that this effect is entirely due to a shift
in delay distribution within the network: aside from conduction velocity, all other pa-
rameters - such as synaptic weights - were kept constant. The presence of this response
amplification could also be confirmed by computing the network mean firing rate dis-
tribution, where faster conduction promotes increased probability of high firing rates
(see below).

Mean field statistics

To better understand this phenomenon, we examined how conduction velocity (i.e.
¢), reflecting the amount of myelin covering axons, shapes the dynamical properties
of cells in the network. This was accomplished by computing the probability density
function of the network-averaged instantaneous potential %, a quantity that fluctuates
in time as determined by the network collective dynamics. This was done for two dif-
ferent categories of delay distributions: Gamma, and uniformly distributed. This was
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Figure 2 Axonal conduction velocity shapes delay distributions and corresponding mean
field statistics A Mean field probability density function (top) computed numerically for a net-
work of spiking neurons with Gamma-distributed delays (bottom). The mean field probability density
function may be well approximated by a Gaussian (solid lines), and its mean and variance changes
as conduction velocity increases. The associated delay distributions are plotted alongside their an-
alytical probability distributions. Here, the shape parameter is k = 2 and the scale § = 4/c ms. B
Corresponding mean field distribution for uniformly distributed delays (top) and associated delay
distributions (bottom). Here, lmax = 10mm. Numerical simulations [45] of the network ensemble av-
erage 1 (shaded areas) are shown alongside normal distributions with associated mean and variance
(curves) for ¢ = 5.0 m/s (dark red), ¢ = 2.5 m/s (red) and ¢ = 1.0 m/s (black), respectively. Sim-
ulations were performed using the Euler-Maruyama scheme, with a population of N = 100 neurons
over trials of duration T' = 500s with steps of 1ms and D = 0.1. Other parameters are J;; = J = 0.9,
I =0, and the activation function is nonlinear with parameters = 2, h = 0.5.

first computed numerically through simulations (see Subsection Mean Field Moments
in the Methods section for details of the mathematical analysis), which then motivated
our theoretical work. Within the range of parameters examined here, Fig. 2 indicates
that the probability density function of the network mean may be well approximated
by a Gaussian - a feature that unlocks a variety of properties that makes this prob-
lem amenable to a thorough analytical characterization. These simulations also reveal
changes in mean field statistics: increasing the conduction velocity increases both the
mean and variance of the network mean potential, or conversely, larger conduction
delays tend to suppress both the mean and variance of the network mean activity.
As a consequence of this Gaussian property, high-order moments of the probability
density function (i.e., ps(%)) can be assumed to be small, so that the mean field @ in
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Eq. (2) may be used to develop equations for the dynamics of the mean (i.e., 1) and
variance (i.e., 02). This allows the derivation of the stationary distribution without re-
lying on a Fokker-Planck formalism [38, 40, 41, 46]. We used this strategy to compute
the stationary mean and variance of the mean field and characterized their respective
dependence on myelin - that is, on conduction velocity and resulting delay distribution
- and on the noise variance D. As shown in Fig. 3A-B for both Gamma- and uniformly
distributed delays, conduction velocity increases both the mean and variance of the
mean field @, confirming the numerical observations in Figs.1 and 2. While the changes
in mean and variance induced by faster conduction velocity portrayed in Fig. 3 might
appear small, they in fact support significant variations in mean firing rate (see Fig. 1
and below). We could further confirm the alignment between our analytical derivations
and analytical results, which were found to be in good agreement over multiple orders
of magnitude of the noise amplitude. We note that deviations between our analytical
and numerical results were however observed for higher values of the noise variance,
as the system approaches a regime characterized by stochastic/coherence resonance
[21, 47]. However, it is interesting to note that the theoretical predictions for the vari-
ance were accurate over a broader range of noise variance compared to the mean.
The changes in statistics portrayed in Figs. 1-3 together with our theoretical anal-
ysis suggest that myelination impacts the recurrent interactions of the network by
modulating neural activity and increasing the saliency of stimuli through augmented
responses. This results directly from the expression of mean field moments. Notably,
the stationary variance o2 is shown to scale with both the stimulus amplitude D, and
the summed contribution of delay-dependent correlations C in mean potential mea-
sured across the network (see Methods section; Eq. (9)). As conduction velocities are
decreased, these delay-dependent correlations are suppressed: the network behaves as if
it was effectively disconnected (i.e., 0’% = D). Consequently, by increasing conduction
velocity, myelination solicits recurrent interactions in the network, promoting corre-
lated activity and amplifies the temporal coordination between cells. We note that
this gain effect occurs here because the network is purely excitatory (see Discussion).

Gain control and susceptibility depend on conduction velocity

Taken together, the above results suggest that neural networks may utilize changes in
myelination and axonal conduction velocity, as well as resulting shifts in activity por-
trayed in Fig. 3, to optimize the representation of information about stimuli - such as
noise variance and bias - which in turn could be favorably read out by a downstream
network. Indeed, as we now show, the variance D of the spatially correlated noise in-
put and the input strength I influence network firing statistics and sensitivity to these
variables in a manner that is contingent on the distribution of delays between neurons,
and specifically, on the mean conduction velocity. The aforementioned changes in sta-
tionary mean and variance of the network ensemble average @ in Fig. 3 may hence be
recast as the manifestation of a gain control effect, in which the saliency of neuronal
responses can be amplified through adjustments in axonal conduction velocity [21].
To characterize the dynamic range and sensitivity of the network, we computed the
susceptibility or gain G of the network for different conduction velocities. This suscep-
tibility quantifies how the mean firing rate changes with the noise variance (i.e. D) or
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Figure 3 Mean field stationary statistics. A Stationary mean of the network ensemble average
4 computed numerically (triangles) plotted alongside the stationary mean pg computed analytically
(dotted lines, see Methods section Egs. (18), (22)) for Gamma distributed delays, and across various
conduction velocities considered (¢ = 5.0m/s, dark red; ¢ = 2.5m/s, red; ¢ = 1.0m/s, black) and
various orders of noise variances D. The grey shaded area is bounded by the limit cases where there
are no delays (top, ¢ — c0) or alternatively if delays become infinite (bottom, ¢ — 0). Both of these
limits were computed analytically. Significant deviations between numerical and analytical results
emerge for strong noise variances D (marked by stars). B Equivalent plot for uniformly distributed
delays. C Stationary variance (i.e., 02) of the network ensemble average @ for Gamma distributed
delays, computed both numerically (triangles) and analytically (dotted lines), see Methods section
for details. Here, deviations appear for large noise variances D (marked as stars). D Same as panel
C for uniformly distributed delays. In panels A and C, k = 2 and 6 = 4mm/c. In panels B and D,
lmax = 10mm. Simulations were performed using the Euler-Maruyama scheme, with a population
of N = 100 neurons over trials of duration T = 500 secs with steps of 1ms. Other parameters are
Jij = J =0.9, I =0, and the activation function is nonlinear with parameters 8 = 2, h = 0.5.

the constant input strength (i.e. I) for different values of ¢. This gain corresponds to
the slope of the network activation function F' averaged over the probability density
of the mean potential (cf. Eq. (21) in the Methods section). We remind here that as D
is swept across the shown range, the values of the mean pg and variance og have to
be continually and self-consistenly recomputed in order to evaluate the gain function.

As can be seen in Fig. 4A, the mean firing rate scales monotonically with noise am-
plitude, as one intuitively expects. Moreover, as conduction velocity ¢ increases, the
mean firing rates of the individual neurons - and thus of the whole network - increase
as well, a direct consequence of the phenomenon portrayed in Fig. 3. We note that
despite seemingly small changes in mean membrane potential (i.e., Fig. 3), firing rates
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Figure 4 Delay-induced firing and gain control as a function of noise and input strength.
A Mean network firing rate as a function of noise variance D for various axonal conduction velocities
(¢ = 5.0m/s, dark red; ¢ = 2.5m/s, red; ¢ = 1.0m/s, black). Firing rates are computed by multiplying
the network firing probability F' by a factor of 100. These rates expectedly scale with D, but are also
amplified by higher conduction velocity. The grey shaded area is bounded by the limit cases where
there are no delays (top, ¢ — oo) or alternatively if delays become infinite (bottom, ¢ — 0). Both
of these limits were computed analytically. The theory (dashed line) agrees well with the simulation
of the full spiking network. B Network gain G or susceptibility as a function of D for different
conduction velocities. These theoretical curves represent the slope of the curves in (A), and reveal an
optimal noise strength that decreases with conduction velocity. Grey lines represent the same cases
as in panel A. C Mean firing rate as a function of constant input strength I for different values of c.
Theory (dashed line) is accurate up to approximately I=0.045, after which discrepancies grow due to
the nonlinear behaviour of the network and the fact that the theory does not account for increased
spiking noise variance in the network simulations. D Susceptibility as a function input strength I for
different ¢ values. The theory is accurate again over the same range as in C. Network simulations
for higher values of I reveal a susceptibility peak due to the inflection point present in panel C. The
model assumes a distribution of axonal lengths and delays are Gamma-distributed with £ = 2 and
6 = (4mm/c). Other parameters are J = 0.9, and the activation function is nonlinear with parameters
B =2,h=0.5.

experience important changes, increasing by about 20% as conduction velocity is in-
creased from 1m/s to 5m/s, and even more if conduction velocity is increased further.

Such gain control effect must however be regarded from the perspective of the neu-
rons’ limited dynamic range and coding capacity: stimuli that are too weak may fail
to elicit a visible postsynaptic response in terms of network firing rate. If their ampli-
tude is too strong, such stimuli may in contrast lead to saturation (i.e., postsynaptic
neuron fires continuously). As direct manifestation of this, Figure 4B shows that the
gain peaks as a function of the noise strength, and this peak shifts to smaller values
of D as the velocity increases. This indicates that while myelin might control the re-
sponse gain, it is the stimulus amplitude D that dictates whether the susceptibility is
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Figure 5 Stabilizing effect of delay variability. A-C Gaussian delay distributions (left) deter-
mine the shape of the mean field power spectral density S(w) (right). The Gaussian mean and variance
are independent from each other. Here, the mean delay is kept constant and given by m = kf/c,
while the variance is increased from s2 = 0.001 to 0.5 (lines with increased shading). To compute
the power spectral density, we assumed a stimulus S(¢) with noise variance D = 0.05 and zero bias
i.e., I = 0. The dashed line corresponds to the Lorentzian power spectral density associated with

J = 0. Increasing the conduction velocities shifts the mean delay, and are given by ¢ = 1.0m/s (black
lines, panel A); ¢ = 2.5m/s (red lines, panel B); ¢ = 5.0m/s (dark red lines, panel C). D-F Eigen-
values associated with the characteristic polynomial (cf. Eq. (26) in the Methods section) whenever
conduction velocity ¢ is fixed and the delay variance s is varied. Increasing the delay dispersion s2
shifts the oscillatory eigenvalues away from the imaginary axis and stabilizes the dynamics. Different
conduction velocities are given by ¢ = 1.0m/s (black shading, panel D), ¢ = 2.5m/s (red shading,
panel E) and ¢ = 5.0m/s (dark red shading, panel F). Other parameters are J = 0.9, k = 2, § = 4
mm , I = 0, and the activation function is nonlinear with parameters 8 = 2, h = 0.5.

increased or decreased over the neurons dynamic range. This suggests that myelina-
tion may be tuned in a contextual way to optimize the faithful encoding of stimuli of
a given amplitude and baseline noise into network firing properties [21, 42].

Figure 4C shows the corresponding results when the (constant) input bias (i.e., I)
is increased. While the mean firing rate expectedly changes as I is increased, the ef-
fect of conduction velocity and/or delay distribution does not appear to impact the
response significantly compared to the noise strength D. The same trend can be seen
in Fig. 4D, where the susceptibility monotonically increase with input strength but
does not vary significantly with conduction velocity. These observations suggest that
conduction velocity mainly influences the response of the network to dynamic, time-
varying stimuli and not constant inputs.

These observations together suggest that conduction velocity may be tuned in a
contextual way to optimize the faithful encoding of stimuli into network firing prop-
erties [21, 42]. We further note the good agreement of our theory with the numerical
simulations of the spiking network, but only as long as I does not exceed the range
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shown. Beyond that, the susceptibility also peaks, albeit with a relative invariance to
conduction velocity. We hypothesize that this is due to the system being pushed into
a more nonlinear regime, in particular one in which neglecting the increase in Pois-
son noise leads to a substantial error. Coherence resonance may further amplify this
discrepancy (see below).

Conduction delay variability stabilizes network dynamics

We concluded our study by examining the effect of delay dispersion on the response
of our network to time-varying stimuli. To do so, we computed the power spectral
density S(w) of the mean field u for various delay distributions. For that purpose,
we first relaxed our previous assumption by which eigenvalues associated with the
dynamics of our network are purely real. We examined purely stochastic inputs (i.e.
setting I=0) and deliberately considered a limit case in which the delay distribution
can be approximated by a Gaussian, so that the mean and variance may be modu-
lated independently from one another (see Methods section Power spectral density).
As can be seen in Fig. 5A-C, increasing the mean delay - i.e., decreasing the degree
of myelination and thus the conduction velocity - expectedly introduces resonant os-
cillatory modes in the network, whose frequencies scale with conduction velocity. Such
frequencies can easily be determined through linear stability analysis, corresponding
to imaginary eigenmodes. Increasing the variance of the delay distribution (while
keeping the mean delay constant) suppresses these resonances, as the power spectral

density converges towards a purely Lorentzian distribution S(w) = D (77(1 + w2))_1.
We highlight that the latter corresponds to the uncoupled case where J;; = 0, in
which the mean field in Eq. (23) simplifies to a non-delayed Langevin equation. To
better understand the mechanism at play, we performed linear stability analysis of our
mean field system, computing explicitly the eigenvalues and how they depend on con-
duction velocity and delay variance (see Eq. (26)). As shown in Fig. 5D-F, increasing
the dispersion of the delays while keeping their mean constant shifts complex eigen-
value away from the imaginary axis. This indicates that delay dispersion quenches
the oscillatory modes of the system, making the system increasingly linear. These ob-
servations echo previous findings [48-50] showcasing the strongly stabilizing influence
of delay dispersion, by which the system becomes effectively decoupled through the
suppression of oscillatory modes, thereby promoting irregular, asynchronous activity.

Discussion

The influence of time delays on nonlinear stochastic systems has been thoroughly
studied [38, 40, 41], especially from the perspective of synchrony [48, 51, 52|, yet their
consequence on the computational properties of neural networks has received compar-
atively less attention. Action potential conduction velocity is strongly influenced by
the presence (and amount) of myelin covering the axon, which impacts the temporal
coordination of neural signaling with important consequences on network dynamics
[13, 18, 19, 21, 27, 29]. Glial-mediated changes in conduction velocity along axons have
been shown to be titrated autonomously to promote AP coincidence [17], reinforcing
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the probability of post-synaptic response and hence to enhance information transfer
[21, 53] as well as the resilience of brain function [13, 26]. We leveraged mean field
theory for stochastic delay equations [47, 54-56] to investigate how conduction veloc-
ity - through its influence on conduction delays - influences the activity of recurrent
networks and response to stimuli, in order to unveil the potential functional role of
myelin in neural computations.

Using mean field theory, we analyzed an excitatory network of spiking neurons
with distributed delay and additive, spatially correlated stimuli. The shape of the de-
lay distribution in this network was allowed to change with conduction velocity, meant
to reflect the net effect of myelin on AP propagation. Building on a set of assumptions
supported numerically, we derived the stationary moments for the probability density
function of the network ensemble average. Considering these delay distributions, we
quantified the mean response of the network and its variability to changes in stimulus
bias and noise strength. This analysis revealed that conduction velocity - through its
effect on delay distribution - operates as a gain control mechanism, amplifying network
firing rates to shared (correlated) input. Indeed, faster conduction velocity decreases
delay dispersion (i.e., rendering conduction delays more similar to each other), in-
creasing correlations in neural activity and, consequently, network firing rates. The
network gain (i.e. susceptibility) was found to exhibit a peak as a function of noise
strength as well as input strength, revealing that conduction velocity may be tuned to
optimize the response of the network to these changes. Further, short delays, i.e. slow
conduction, was found to promote oscillatory activity in the recurrent network. Our
theory reproduces the gain properties seen in our numerical simulations of the spiking
network, provided that the system is not pushed too far into its nonlinear regime.

Taken together, our computational and theoretical results suggest that myelinating
glia in even simplified recurrent neural networks can play an important role in con-
trolling firing rate statistics, along with their sensitivity to input changes beyond the
induction of oscillations. Factoring in delay distributions also expands our knowledge
about the determinants of firing rate distributions measured in real neural systems
[57, 58]. Over the past decades, there has been a surge of interest in understanding
the role played by myelin in brain function, health and disease [26, 27, 30, 59-61].
Oligodendrocytes have since been implicated with a plethora of biological functions
across the CNS, ranging from learning, memory consolidation, stimulus discrimina-
tion to functional resilience [13, 28, 31-33, 59, 61, 62]. Yet, understanding how myelin
- and by extension glia - shape the computational properties of neural networks re-
mains a formidable challenge, notably because of the complexity of non-linear delayed
feedback systems.

In light of these results, both insufficient and excessive conduction velocity (i.e.,
myelination) represent potential disruptors of neural function. Recent experiments
have causally linked excessive myelination to seizures in mice models of generalized
epilepsy[43]. The gain control effect described here may thus be involved in supporting
pathologically high firing rates and correlated neural activity, both of which accom-
pany seizures [63]. Conversely, our model also predicts that decrease in conduction
velocity predisposes the network to lower firing rates and gain, which may be associ-
ated with impairments observed in demyelinating diseases such as multiple sclerosis
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(MS) [28, 44, 64-67].

Our results are an extension to the distributed delay case of previous theoretical
work on oscillations in single delay rate-based models with finite-size, spatially uncor-
related noise [68], as well as in leaky integrate-and-fire stochastic networks without
[69] and with [70] spatial noise correlations. Although our work has considered that
the delay distribution resulted from a distribution in axonal lengths, the theory can
not distinguish this case from that where the delay distribution arises due to changes
in axonal diameters but fixed lengths, since it is known experimentally [19] that the
axonal conduction velocity is proportional to axonal diameter for myelinated fibers.
The more realistic situation may involve both significant diameter and length varia-
tions, which could be taken into account in our theory.

Our approach suffers from limitations which should be developed in future studies.
First, the network model considered here is purely excitatory. Future work addressing
the impact of inhibition on our results is of great interest. How conduction velocity
along both excitatory and inhibitory axons influences the dynamics of such networks
would provide important information about the functional role of myelin, especially
given excitatory and inhibitory neurons are known to display different myelination
profiles [71, 72].

Moreover, we have introduced variability in conduction delays by sampling ax-
onal lengths from a given probability (i.e., either Gamma or uniform) distribution,
while keeping conduction velocity the same for all network axons. However, myelin
distribution, caliber and/or g-ratio may vary along and between axons. Including this
additional source of variability would lead to axon-specific conduction velocities. We
note that, however, that resulting conduction delays would remain distributed - and
hence the current results would remain qualitatively unaffected.

The network under study and associated mean field (see Methods section) are
known to exhibit oscillations and /or stochastic/coherence resonance [21, 47, 51, 52, 54—
56, 73]. Such dynamics yield non-Gaussian probability density profiles, and are further
characterized by complex correlation rates 7. As such, our approach hold for positive
values of synaptic weights (J > 0) below the multistability threshold, as well as for
small values of the response gain § and noise amplitude D. We have also used a small
delay expansion [41] to approximate the correlation rate -y, which would otherwise be
both complex and satisfy a transcendental equation, greatly complicating the analysis.
Despite this approximation, we highlight that our analysis remains in good agreement
with the numerical simulations.

In addition, our network is fully connected (i.e., all-to-all) which was done for
simplicity. We orient the reader to [21], where a similar network was examined with
sparse connectivity. In our mean field equation (Eq. (2) in the Methods section), we
have neglected fluctuations in membrane potential resulting from Poisson spiking.
Such random fluctuations, whose amplitude scale with firing rate, have a multiplica-
tive effect on the dynamics of Eq. (1) and may have profound influence on network
stability [37]; it likely explains the limitation of our theory at high input strength.
We hypothesize that this additional source of variability might be involved in the de-
viations observed for high noise intensity in Fig. 3A-B. Lastly, our model is abstract
and neglects multiple relevant physiological details in order to preserve mathematical
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tractability. Further work is required to augment the biological accuracy of our model
and its ability to mimic real brain circuits and the influence of glia on neural function.

Methods
Model

We considered a generic and widely used class of spiking recurrent neural networks
in which the potential w;, ¢ = 1...N, of neurons is governed by the set of stochastic
delayed equations with additive correlated noise

N
d
7o = Llug] + Z it — 1) +S(t) (1)
where 7, corresponds to the synaptic time constant, L[u;] = —u; is a linear relax-

ation operator, and J;; are synaptic weights. Spike trains X; = Z{tj} o(t —t;) are
assumed to obey non-homogeneous Poisson processes with rate ru;], where r is a
given sigmoidal response function [54] and d(+) is the Dirac delta function. An additive,
spatially correlated input S(t) = I + v/2DE(t) is interpreted as being a functionally
meaningful stimulus applied equally to all neurons, for instance resulting from coher-
ent afferent input. This stimulus is composed of an input I, which is constant over
the network and over time, and a spatially homogeneous Gaussian white noise term
&(t) of variance 2D, satisfying (£(¢)&(t')) = 6(t — t). Here, (-) denotes the ensemble
average. Since it is additive, the stimulus S(¢) does not depend on any of the system’s
state variables, so that (S(t)) = I.

Equation (1) describes the dynamics of a spatially distributed network wherein
neurons can either be clustered spatially (e.g., cortical microcircuit) or distant from
each other (e.g., located in different brain areas). As such, the interactions within this
network occur via axonal pathways which may extend globally through white matter,
or alternatively locally between cortical layers, for instance. Due to this spatial separa-
tion, action potentials transit along axons of various lengths ¢ with axonal conduction
velocity ¢ and thus experience a conduction delay 7 = ¢/c. The axonal conduction
velocity depends on the amount of myelin covering the corresponding axon. Specifi-
cally, resulting conduction delays 7;; > 0 between two neurons ¢ and j in Eq. (1) are
assumed to be random and collectively sampled from a probability distribution ¢(7)
(see section below).

Under specific assumptions [21, 47, 54, 55| and whenever Ey n[Ji;;] = J # 0,
Eq. (1) admits a well defined mean field for the network ensemble average poten-
tial @ = Enu;]. Here Ey n[J;;] and Ex are the network average across the N x N
connections and N neurons of the network, respectively. Then

d L X
Ts %ﬂ = u E 2_: ’LLTk —+ S (2)
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for @, = @(t — 1) and conduction delay times {73}, 7 < 7 < .-+ < 7. We

orient the reader to the Appendix and [21, 54, 55] for a thorough derivation. In this

mean field equation (2), we have introduced the network average response function

fla] = En|[r] [47, 54, 55] and expressed the sum over the K = N? conduction delays

for notational convenience. The delay times are linked to the delay distribution by
K

(1) = > k=1 6(7 — i)/ K.

Equation (2) is our starting point. As defined, this mean field corresponds to a
nonlinear stochastic delay differential equation (SDDE), a well-studied [38, 40, 41,
46, 51, 52, 73], yet challenging family of dynamical systems.We are here interested in
determining the first two moments of the stationary probability density function pg()
for the mean activity @, and how such moments depend on the delay distribution ¢(7).
By doing so, our goal is to complement our understanding of the generic effect of delay
distribution on the dynamics of non-linear networks, and formulate conclusions about
the underlying functional role of myelin towards gain control in neural circuits.

Mean Field Moments

In what follows, we set the membrane time constant 7, = 1 for simplicity and consider
a purely excitatory network, i.e. J > 0, for which the dynamics of Eq. (2) possess
a single equilibrium. This regime holds whenever the response gain df /du is small,
and whenever synaptic weights J remain below the multistability threshold. Previous
studies have successfully used approximating approaches by which the Fokker-Plank
equation for the probability density function p(,t) may be formulated in presence
of time delay, despite non-Markovian dynamics [38, 40, 41, 46]. We here opt for an
alternative (yet still approximate) strategy. We will assume that the a priori unknown
stationary probability density function pg(@) is normally distributed with mean ug
and variance 0‘%, that is

ps(t) = N(us,0%) (3)

This assumption implies that the stationary state of Eq. (2) in absence of noise is
non-oscillatory, and that associated eigenvalues of the corresponding linearized system
are purely real. While Eq. (2) may admit imaginary eigenvalues, this approximation
remains valid over a wide range of parameter values, and is well supported by numer-
ical observations (see Fig. 2C-D). By virtue of this Gaussian approximation, all high
order moments of pg(@) vanish, and we may thus characterize the mean field @ in
Eq. (2) by developing explicit differential equations for the first and second moment,
whose fixed points correspond to the stationary statistics of pg ().

The first moment, defined by
u(e) = (a(t) = | apla.tyda.

is the mean potential at time ¢. Taking this expectation over the density of the mean
potential at time ¢ on both sides of Eq. (2), the time-dependent mean potential p(t)
is found to obey the following delayed (noise-free) differential equation:
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7 K
d J
%/‘ ?; uTk (4)

since (S) = I. We here introduce the expectation of the activation function f

Flu, 0% = /f (u,t)d (5)

which also corresponds to the ensemble average firing rate of neurons in the network.
One may hence determine the stationary mean pg through the equilibria of Eq. (4)
above, which are implicitly defined by

ps = JFus, o8] + 1 . (6)

Similarly, the second moment defined by

@) - | " p(a,t)da

— 00

can be shown to obey the following differential equation [39, 41]

42y = 21

K
w7 z:: wfltr,]) + 2(al) + 2v2D(ug) (7)

L2
K
applying the chain rule < (a%) = 2(a%*). Introducing the covariance terms

Ck[”a 02] = <ﬂf[a7'k]> ’

one may hence consider the equilibrium of Eq. (7) to obtain an expression for the
stationary second moment

- K
%Z klps, o8] + (al)s + V2D(ag) s )
k=1

where the stationary average (U)s = [Upg(a)du is performed over the stationary
probability density function pg(@ ) = limy o0 p(u t). The stationary value of the third
term on the right hand side of Eq.(8) may be approximated through the property of
the Ornstein-Uhlenbeck process [39]

(uf) s =~ g

Since 0% = (u?)s — p% and (ul)s = psl, replacing the above in Eq. (8) and
substracting u% on both sides gives us an implicit expression for the stationary
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variance,

Cilps, 0] + psl + D — i . 9)

] >

J

=
Il

1

The covariance terms Ci[us, 0?;] correspond to the average over the stationary joint
probability density function pg(a, @, ) [40]

+oo +oo
Ck[us,a?g]:/ / aflur, ) ps(t, iy, )dudi., . (10)

The above integral is to be performed over two random variables % and ., , which are
assumed to be Gaussian with mean ug, variance 0% and covariance (Ui, ) = o2py,
where pr = e777* is the autocorrelation and = is the correlation rate (see Appendix B
for more details). We discuss how to determine the correlation rate in further detail
in the subsequent sections below. Hence, as per Eq. (3), the joint probability density
function may be written explicitly as

ps(a’am) = ps(’awTk)pS(aTk)v (11)
_ Q _(ary —ng)?
_ e 2(1-p3) 202, ) _p2
2ro?2 ko

where Q = (@ — ps)/os — pr(tin, — ps)/os)”. Let us now examine specific examples.

Linear Networks

To illustrate the approach above, let us first consider the simplistic case in which the
response function is given by f[a] = @ with the constant input I = 0. The mean field
dynamics in Eq. (2) may be rewritten as

d _ _
= Lla] +

=~

K
Sy, + V2DE() (12)
k=1

The stationary mean pg, which corresponds to the equilibrium of Eq. (12), is here
given by

ps = JF|ps,08] = Jus =0,

since J > 0. Determining the variance 0’% of the stationary probability density function
requires to compute the K covariance terms Cy[ps, 02] which as per Eq. (10) simplify
in the linear case to

Ck[,us,dgv] = <7._L’I_L,,-k> = ngk = 036777—’“ .
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As such, since pug =0, Eq. (9) becomes

2 jo—g' = —YTk
k=1

We note that whenever K > 1, the above sum can be approximated by an integral to
obtain our final expression for the linear case

0% = Jo2L[-A]+ D, (14)

where L[—7] = E[e™""] = [;¥ e™77q(7)dr is the Laplace transform of the delay prob-
ability density function ¢(7). To determine the correlation rate v, we first observe
that the dynamics of Eq. (12) may be well described for K > 1 by the following
Ornstein-Uhlenbeck process [41]

d _ _
U= —au + @f(t) , (15)

where o = 1 — JL£[—]. This result follows from the analysis of the characteristic
equation of Eq. (12), associated with the trivial fixed point @, = 0 in absence of noise,
here given by

A=—1+JL[-), (16)

where A € C is the eigenvalue. The eigenvalue A in the equation above generically
depends on both the stationary mean pg and variance o%. However, for 7, small, one
may consider the first order expansion [41] A = —1+J+¢, € < 1 in Eq. (16), for which

the correlation rate becomes v = —1 + J, which we note is purely real. Substituting
into Eq. (14) yields an explicit expression for the variance in the linear case i.e.,

D D
YL

1—JLA—J o

We note that this result corresponds to the approximation provided in previous
work [41].

Nonlinear Networks

We now examine the case where the activation function in Eq. (2) is instead given by
the sigmoid

fla = 5 (+ ert [ — b)) a7)

Here, [ is the nonlinear response gain and h the excitability threshold of the neurons.
Note that Eq. (17) corresponds to the individual mean firing rate of the neurons in
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the network, i.e. 7; = f[u;]. In this more involved case, the stationary mean is given
by the following implicit equilibrium relationship

ps = JF|ps, o8] +1 , (18)

where the functional F' at equilibrium reflecting the ensemble average firing rate in
the network is given as per Eq. (5),

1
Flus,o%] = 3 (1 + erf

V1+282%2%| )

We note that in contrast to the linear case, now the stationary mean of u implicitly
depends on its variance. To compute ag, one needs to examine the covariance terms
Cyp, 0?] at equilibrium. Following a rather laborious technical derivation, one can
obtain

Ck [,[LS, O’%] = G[M57 O—?S']J%pk =+ ,U'SF[.USa O’%]
with the average gain G of the network

Glus, o2 = (') = [ " Paps(a)da (20)

This mean network gain is expressed as an average of the single neuron gain f/(u) =
df /du over the density of the average potential. This gain of the network quantifies
how the mean activity (i.e. firing rate) varies in response to changes in the mean
potential, which itself is a function of all the parameters of the system. The network
gain will be used later when gain control properties are investigated. It can be written
in terms of network parameters and (ug,og) as

2 _n)2
Boxp |t

(14 20%32)

G[NSUJ?S] =

Replacing into Eq. (9) yields the variance of the mean potential

K

> e 4+ JusFlus, o8] + psI + D —
k=1

JoiGlus, o%]
K

o2 =
Using the fact that usJF|us, 03] + sl = p% as per Eq. (18), we may consider K > 1
to obtain our final expression for the stationary variance in the nonlinear case

0§ = JogGlus,03]L[—] + D. (22)
We note that this equation together with Eq. (18) implicitly define the stationary

probability density function in Eq. (3). In other words, (u1s,0s) must be computed
(numerically) as the solution to these two equations. If one was to scan a parameter in
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the model, as we do below for the noise and input strength parameters D and I, the
solution set would define a curve of such solutions in the (ug,os) space, along which
the functions F' and G can be evaluated.

Here, the correlation rate «y is still undefined. As in the section above, the cor-
relation rate is also associated with the eigenvalue A € C of Eq. (2), which in the
non-linear case corresponds to

A= —1+ Jf [, L1-N],

where the fixed point 1, satisfies the implicit equilibrium relationship 1, = J f[t,] + I
for D = 0. We here adopt the same approach as in the linear case and consider 73 small,
for which the first order expansion yields the real-valued eigenvalue A ~ —1+.J f'[t,]+€
for € < 1, resulting in a correlation rate given by v = —1 + J to the first order.
Substituting into Eq. (22) leads to an implicit expression for the variance

0% = JoiGlus, o)Ll —J|+ D .

The above expressions for the statistics of the mean field agree well with numerical
simulations (see Fig. 3A-D).

Myelin and conduction delay distributions

To model the effect of myelin, we examined the effect of different conduction veloc-
ities ¢ on the propagation of action potentials along axons of given lengths ¢. We
considered two specific cases, in which resulting conduction delays 7 = ¢/c¢ adopt
different distributions:

Gamma distributed delays. Let us assume that the K = N2 axons separating
neurons in Eq. (1) possess individual lengths ¢;; randomly sampled from a Gamma
distribution i.e. ¢;; — I'[k, 8], where k and 0 refer to the shape and scale parameters,
respectively. Further, the APs propagate along those axons with constant conduction
velocity ¢, a value that scales with level of myelination along axons. Resulting con-
duction delays 7;; = ¥;;/c, for a given conduction velocity ¢ are hence also Gamma
distributed with density ¢(7) = T'[k,60/c]. We point out that the mean connection
strength .J is independent of the connection topology given by the distribution of
connection lengths ¢;;. In the limit of large NN, the associated Laplace transform
L[—~] is given by
LIy =E[e "] = (1+6v/c)".

Uniformly distributed delays. Alternatively, axons separating neurons may dis-
play individual lengths ¢;; randomly sampled from a uniform distribution i.e. ;; ~
U0, ¢max]. Then resulting conduction delays 7;; = ¢;;/c are also uniformly distributed
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with density ¢(7) = U0, £iax/c]. In this case, the associated Laplace transform £[—+]

reads )
1 — e_'y max/C
LA =Efe )= "

[=7] =E[e™"] T

Power spectral density

To gain better insight as to the effect of distributed delays on the response of the
network to time-varying stimuli, we computed the power spectral density S(w) of the
mean field @. Specifically, we linearized Eq. (2) around the deterministic equilibrium
1, to obtain the scalar SDDE,

L= fa] + 77 u / "l — )g(r)dr + VADE() | (23)

where we assumed K > 1. Taking the Fourier transform yields

= Lli] + J f'[uo]iag(w) + V2DE(w) (24)

IS8

w

where @ = ii(w) and £(w) is the Fourier transform of the mean field and the external

driving noise, respectively. Given that (¢(w)é*(w')) = 8(w — w')/2r, where % denotes
the complex conjugate,

(u(w)u* (W) = d(w — w)S(w)
with the power spectral density

D

) = Re(P0, W) + (P, W)

(25)

Here, Re(P[a,w]) and Im(P[a,w]) correspond to the real and imaginary parts of the
characteristic polynomial Pa,w] associated with the eigenvalue A = a + iw € C,
respectively. The polynomial Pla,w] associated to Eq. (23) for D = 0 is given by

Pla,w] = a+iw+1— Jf'[u,]L[—)] , (26)
which simplifies for a = 0 to
P0,w] =iw+ 1 — Jf'[t,)q(w) - (27)

To separate the (potentially distinct) contributions of the mean delay versus delay
variance on the power spectrum in Eq. (25, we considered Gamma distributed delays
i.e., q(1) =T'(k,0/c) in the limiting case for large mean and variance. Indeed, whenever
k> 1, the delay distribution q approaches a normal distribution i.e. q(7) = N (m, s?)
with mean delay m = k6 and variance s> = k2. This allows to express the Fourier
transform ¢ in Eq. (27) in a separable form i.e., §(w) = e~ 3" ¢iwm  We relaxed

20



561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

the premises above, and assumed that the mean delay m and variance s> may be

modulated independently in a regime where m > s. While this clearly does not hold
for the Gamma distributed case (since the mean and variance are not independent),
this approach remains insightful for delay distributions, that adopt a Gaussian shaped
profile. We note, that one may alternatively consider uniformly distributed delays
within the interval [m — d7,m + 67, in which case the delay distribution adopts a
mean m and variance s> = 3672 instead. This yields qualitatively similar results as
those portrayed in Fig 5.
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Appendix A Mean Field Derivation

The evolution equation (1) describes how the activity of single neurons evolve on short
time scales. This short time scale is observed by the neurons’ spike-coupling. The
equation can be written as

Ts%ui = Llu;] + I; + V2DE(t) (A1)

with
L&
I = NZJinj(t—Tz‘j)
j=1
RS
= N/ dTZ Jij(S(T—Tij)Xj(t—T) .
0 o

Let us consider the eigenvalue spectrum of the connectivity matrix J [47] with the
basis vectors {1}, {¢:}, 1;,¢; € CV and the eigenvalues \; € C, which obey

¢;¢i = 0y
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PIT = Nl

Here, t denotes the complex conjugate transposition and ¢;; is the Kronecker symbol
with 62’1‘ =1 and 6ij = 0, ) 7é ] Then

1= N/ dTZZ BT — 1) X (¢ —T) -
i=1j=1
and
N
> (1) 8(T — 7i))
=1

=N <J1, Zw’:)i%> ( Z — Tij ) +gj

(A3)
= A( z)] (/0 (T )0 (z;)dx; + ¢ > +¢j
(Ad)
Me(h); (7 (T) +€F) + e,
~ Ne(]) (T (45)

The terms ¢; denote the error of the approximation E[XY| ~ E[X|E[Y] applied in
Eq. (A3) and €7 represents the approximation error made by replacing the finite sum
by an integral in Eq. (A4) [47]. Both error terms vanish for infinite networks, i.e.
N — o0, yielding Eq. (A5). The term p; (T') denotes the probability density function
of the conduction delays 7;; in connections to the node j.

Inserting Eq. (A5) into Eq. (A2) yields

M [T
a=5 dTZwbjp;(T)Xj(t—T)

A
3/ dT( Zwk))

Q

1 R
(N ;Xj(t - T)) q(T)
- A‘Xf/”“ /Ooo dTX (t — T)q(T), (A6)
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where we assumed homogeneous conduction delays with p?(x) = ¢(z) and we approx-
imated the network mean over ¢, and X;(t — 1) by the product of their respective
mean values ¢, and X (t — 7). This approximation holds well for large networks.
Multiplying Eq. (A1) by (1#;2)1, taking the corresponding sum and inserting Eq. (A6)
leads to

d N [
r%zp;u(t) = Liyiu] + ’;zf’“/o dTX (t — T)q(T)

+V2Dyle(t)

It can be shown [47, 74], that imbalanced infinite Erdoes-Renyi networks can be
chosen to have an edge spectrum with a single eigenvalue A; and the eigenvector
= (1/N,...,1/N)! and a vanishing bulk spectrum. Then for k = 1

TsiU(t) = L[U] + %/ dTX (t — T)q(T) + V2DE(t)

with U(t) = ¢Iu(t). If the synaptic time constant 7, is large, i.e. tens of milliseconds,
then the equation considers slow synaptic response activity U(t) and fast incoming
§—function-like spike trains (included in X (t)). Now choosing the slow time scale as
the primary scale of description of the network’s dynamics, we average the system
activity over a short time window At with

yielding
TS%U(t) Llu] + %/O dT fla(t — T))q(T) + V2DE(t)
Here,
N
mwzﬁz/
v
- NZM [a(t)],

where the last equation assumes asynchronous neural activity in the population in
line with previous studies [69, 75] and M; is the number of spikes at neuron j in the
time interval [t — At;t].
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Since the delay times 7;; of number K = N 2 are discrete values, we can write

1 K
Q(T) = E Z 6(T - Tk)a
k=1

which leads to the final equation (2) with J = \;/K.

Appendix B Stationary conditional probability
density

We assume two random normal distributed variables X and Y, which are correlated
with the correlation function 0%y-. Then the conditional probability density function
p(y|z) is also normal distributed with

1
pylz) = W

ylz

e(yfﬂy\m)g/zai\z (B?)

. . 2
with mean p,|, and variance o =

Moreover, we assume that there is some kind of linear relationship between X and Y.
This leads to the linear ansatz

a.
fyle = ty + p;y (z — pa) (B8)

with the mean value pu,p, and variance o2 ,05 of XY accompanied by the variance

U§|x = 05(1 —o%y) . (B9)

Inserting Eq. (B8) and (B9) into Eq. (B7) yields the conditional probability density
function.

In the context of Eqgs. (10) and (11), py = fty = s, 0 =0y =05, ¥ =4, X = U, we
gain p;(a|t,) = p(y|x). The correlation function is

o _ Ela®att - )
XY — 2 .

Os
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