N

N
N

HAL

open science

Centered colorings in minor-closed graph classes
J drzej Hodor, Hoang La, Piotr Micek, Clément Rambaud

» To cite this version:

J drzej Hodor, Hoang La, Piotr Micek, Clément Rambaud. Centered colorings in minor-closed graph

classes. 2024. hal-04819300

HAL Id: hal-04819300
https://inria.hal.science/hal-04819300v1

Preprint submitted on 4 Dec 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://inria.hal.science/hal-04819300v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2411.02122v1 [math.CO] 4 Nov 2024

CENTERED COLORINGS IN MINOR-CLOSED GRAPH CLASSES

JEDRZEJ HODOR, HOANG LA, PIOTR MICEK, AND CLEMENT RAMBAUD

ABSTRACT. A vertex coloring ¢ of a graph G is p-centered if for every connected subgraph
H of G, either ¢ uses more than p colors on H, or there is a color that appears exactly once
on H. We prove that for every fixed positive integer t, every K;-minor-free graph admits a
p-centered coloring using O(p'~!) colors.
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1. INTRODUCTION

Let G be a graph, p be a positive integer, and C be a set of colors. A coloring ¢: V(G) — C
of G is p-centered if for every connected! subgraph H of G, either ¢ uses more than p colors
on H, or there is a color that appears exactly once on H. The p-centered chromatic number
of G, denoted by x,(G), is the least nonnegative integer k such that G admits a p-centered
coloring using k colors. The following theorem is the main contribution of this paper.

Theorem 1. Let t be an integer with t > 2. There exists an integer ¢ such that for every
Ky-minor-free graph G and for every positive integer p,

xp(G) < c-pt— L

This improves on the work of Pilipczuk and Siebertz [11] who proved that for every integer
t with ¢t > 2, Ky;-minor-free graphs have p-centered chromatic number upper bounded by a
polynomial in p. Contrary to Theorem 1, the degree of their polynomial is not explicitly
given and arises from an application of the graph minor structure theorem by Robertson and
Seymour [13]. On the other hand, Debski, Micek, Schroder, and Felsner [5] showed that there
exist K;-minor-free graphs with p-centered chromatic number in Q(p*~2). Hence, Theorem 1
is tight, up to an O(p) factor. Let us provide some context for our theorem.

One of the driving forces in graph theory continues to be the development of efficient algorithms
for computationally hard problems for sparse graph classes. Negetfil and Ossona de Mendez [10]
introduced the concepts of bounded expansion and nowhere denseness of classes of graphs.
These notions cover many well-studied classes of graphs, such as graphs excluding a fixed
minor, graphs of bounded book-thickness or graphs that admit drawings with a bounded
number of crossings per edge. A key reason why centered colorings have gained significant
attention is that they encapsulate the concept of bounded expansion. Indeed, a class of graphs
C has bounded expansion if and only if there is a function f: N — N such that for all positive
integers p, we have x,(G) < f(p) for every graph G in C, see again [10].

Centered colorings are also a crucial tool in designing parameterized algorithms in classes of
graphs of bounded expansion. For example, Pilipczuk and Siebertz [11] showed that if C is a
class of graphs excluding a fixed minor, then it can be decided whether a given p-vertex graph
H is a subgraph of a given n-vertex graph G in C in time 20®1gP) . nO1) and space n®M.
This algorithm relies on a general fact that the union of any p color classes in a p-centered
coloring induces a subgraph of treedepth at most p. Therefore, finding a p-centered coloring
using pPM) colors, allows us to reduce the problem to graphs of bounded treedepth, on which
the subgraph isomorphism problem can be solved efficiently. The running times of algorithms

based on p-centered colorings heavily depend on the number of colors used.

Another important family of graph parameters capturing sparsity are the weak coloring num-
bers. Let G be a graph, let ¢ be a vertex ordering of GG, and let r be a nonnegative integer.
For all w and v vertices of G, we say that v is weakly r-reachable from u in (G,o), if there
exists a path between v and v in G containing at most r edges such that for every vertex w on
the path, v <, w. Let WReach,[G, o, u| be the set of all vertices that are weakly r-reachable
from w in (G, o). The r-th weak coloring number of G is defined as

weol, (G) = min max | WReach,[G, 0, u],
o uweV(G)

where o ranges over all vertex orderings of G.

" this paper, connected graphs are nonnull, that is, they have at least one vertex. Note that a tree is
defined as a connected forest, thus, trees and subtrees are also assumed to be nonnull.
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Van den Heuvel, Ossona de Mendez, Quiroz, Rabinovich, and Siebertz [8] established that for
every integer t with t > 2, for every K;-minor-free graph G, we have wcol,.(G) = O(rt~1). Their
proof hinges on a carefully designed partition of the vertex set of G, inspired by Andreae’s
work [1] on the cops and robber game for K;-minor-free graphs. This partition, now commonly
referred to as a chordal partition, mimics an elimination ordering of vertices of a chordal graph.
Chordal partitions have since become a significant tool in both structural and algorithmic graph
theory. In particular, weol,(G) = O(r~!) is obtained in [8] with a relatively simple and self-
contained argument. However, there is currently no known analogous partitioning method
that works well with p-centered colorings. In [11], the bound of x,(G) = O(p?®)) for some
function g was achieved by first proving the result for graphs of bounded Euler genus, and then
lifting the argument using the graph minor structure theorem by Robertson and Seymour [13].
The degree of the polynomial bound in p they obtain depends on the constants of this structure
theorem and is not explicitly given. Consequently, a significant gap exists between the state-
of-art upper bounds for weak coloring numbers and the ones for centered chromatic numbers
of Ki-minor-free graphs. In this work, we close this gap.

The main novelty of the proof is a replacement of a Helly-type property well-known for graphs
of bounded treewidth (see Lemma 4) by a statement on centered colorings that works in the
broader class of K;-minor-free graphs. See the definition of (p, ¢)-good colorings and Lemma 5.
The final centered colorings are constructed in this paper in two steps. First, we prove this
Helly-type property for K;-minor-free graphs following a layered variant of Robertson-Seymour
decomposition introduced by Dujmovié¢, Joret, Micek, Morin, Ueckerdt, and Wood [3]. Second,
using this property, we adapt a framework proposed by Illingworth, Scott, and Wood in [9].
This in result allows us to move most of the dependency on ¢ from the degree of the final
polynomial to a multiplicative constant in front of it. For a more detailed outline of the proof,
see Section 2.

Graphs with bounded degree have p-centered chromatic number in O(p) as proved in [5]. This
combined with the structure theorem by Grohe and Marx |7] gives a polynomial in p upper
bound on x,(G) for all G excluding K; as a topological minor.

Open problem. Let t be an integer with ¢ > 2. Does there exist a nonnegative integer ¢ such that
for every K-topological-minor-free graph G and for every positive integer p, x,(G) < c- pt=1?

2. OUTLINE

For a positive integer k, we write [k] = {1,...,k} and [0] = 0. Let S be a set. An ordering of
a finite set F is a sequence o = (z71,. .. ,a:|E‘) of all the elements of E. We write min, £ = 1
and max, F' = z|g|. A coloring of S is a function ¢: S — C for some set C. For each u € §,
we say that ¢(u) is the color of u and subsequently we say that ¢(S) is the set of colors used
by . Given S’ C S, an element u € S’ is a p-center of S if the color of u is unique in S” under
¢, in other words, p(u) ¢ p(S” — {u}). Let G be a graph. A coloring of G is a coloring of
V(G). Recall that a coloring ¢ of G is a p-centered coloring of G for a positive integer p if for
every connected subgraph H of G, either |o(V(H))| > p or V(H) has a p-center. A collection
P of subsets of a nonempty set S is a partition of S if elements of P are nonempty, pairwise
disjoint, and |JP = S. Given a graph G and a partition P of V(G), the quotient graph G /P
is the graph with the vertex set P and two distinct P, P’ € P are adjacent in G/P if there are
u € P and v’ € P’ such that uu’ is an edge in G. The neighborhood of u € V(G) in a graph G,
denoted by Ng(u), is the set {v € V(G) | wv € E(G)}. For every set X of vertices of a graph
G, let Ng(X) = UueX Ng(u) — X.
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For a graph H, a model of H in a graph G is a family (Bx | x € V(H)) of disjoint subsets of
V(G) such that

(i) G[By] is connected, for every z € V(H) and
(ii) there is an edge between B, and B, in G, for every zy € E(H).

If G has a model of H, then we say that H is a minor of G.

A tree decomposition of G is a pair W = (T, (W, | € V(T))) where T is a tree and W, C V(G)
for every x € V(T') satisfying the following conditions:

(i) for every u € V(G), T[{zx € V(T) | u € W, }] is a connected subgraph of T and
(ii) for every edge uv € E(G), there exists z € V(T') such that u,v € W,.

The sets W, are called the bags of W. The sets W, NW,, for zy € E(T) are called the adhesions
of W. The width of W is max,cy () [Wz| — 1, and the treewidth of G, denoted by tw(G), is the

minimum width of a tree decomposition of G. An elimination ordering of W?* is an ordering
(u1, ..., upy (@) of V(G) such that for every i € [[V(G)[], there exists x € V(T') such that

(W2 |2 € V(T) and w; € W} 0 {u; | j € [i — 1]} € W

Next, we explore the key ideas underlying the proof of Theorem 1.

First, let us discuss the p-centered colorings of graphs of bounded treewidth. Let p, w and ¢ be
positive integers with ¢ > 2, and let G be a graph with tw(G) < w. Pilipczuk and Siebertz [11],
showed that x,(G) < (¥ :}w) = O(p"). In fact, they proved a stronger statement, namely, they
used elimination orderings of tree decompositions to localize potential centers in a structured
way. In order to state this stronger version of the result, let us define a variant of centered
colorings in ordered graphs. Let o be an ordering of V(G). A coloring ¢ of G is a p-centered
coloring of (G, o) if for every connected subgraph H of G, either |p(H)| > p or min, V(H) is
a p-center of V(H). We denote by x,(G, o) the least nonnegative integer k such that (G, o)
admits a p-centered coloring using k colors.

Theorem 2 ([11]). Let w be a positive integer, G be a graph, and W be a tree decomposition of
G of width at most w. For every elimination ordering o of W and for every positive integer p,

(G, o) < (p + w).

w

The bound x,(G) < (p:}w) for graphs with tw(G) < w can be used to obtain a good upper-
bound on the p-centered chromatic number of K;-minor-free graphs of bounded treewidth. In
an influential recent work, Illingworth, Scott, and Wood [9] proved that every Kj-minor-free
graph G with tw(G) < w admits a vertex-partition P such that G/P has treewidth at most ¢t —2
and each part of P has at most w + 1 elements °. This combined with Theorem 2 implies that
for every K;-minor-free graph G of bounded treewidth, we have x,(G) = O(p'~?) as we show
below. Let G be a K;-minor-free with tw(G) < w and let P be a partition of V(G) as above.
Let € be a coloring of G/P given by Theorem 2 and p be a coloring of G using at most w + 1
colors that is injective on each P € P. For every P € P and u € P, let ((u) = (£(P), p(u)).
To show that ¢ is indeed a p-centered coloring of G, let H be a connected subgraph of G such
that |((V(H))| < p. The parts of P that intersect V(H) induce a connected subgraph of G/P,

2Equivalently, (u1,...,ujv(e)) is an elimination ordering of W if and only if it is a perfect elimination
ordering of the chordal graph obtained from G by adding all possible edges between vertices in a same bag W,
for every z € V(7).

3In other words, there exists a graph A of treewidth at most ¢ — 2 such that G C AX K,,+1, where X denotes
the strong product.
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FiGurE 1. Finding a (-center of V(H) in Py.

thus, there is a {-center P € P of the set of parts of P intersecting V(H). Now, since p is
injective on P, any vertex in P is a (-center of V(H).

The previous paragraph sketches the proof of the statement like in Theorem 1 but for K-
minor-free graphs of bounded treewidth. The essential property of the parts in P we used is
that their sizes are bounded. There is no hope of obtaining such a partition P, with each part
of size bounded by a constant, in the general case of K;-minor-free graphs. This forces us to
relax the condition on parts, so instead of bounding the maximal size of the part we want to
maintain enough structural information. We accomplish this goal with an extra pre-coloring
p of vertices of G so that we are able to mimic the proof as in the paragraph above. Since
p uses O(p) colors, this ultimately gives the bound O(p!~1) instead of O(p'~2). Below is a
precise technical statement that we prove later in the paper and a simple argument that the
statement together with Theorem 2 implies Theorem 1.

Lemma 3. For every positive integer t, there exists a positive integer c3(t) such that for every
Ki-minor-free graph G and every positive integer p, there exists a partition P of V(G), a tree
decomposition W of G/P of width at most t — 2, an elimination ordering o = (Py,...,P;) of
W, and a coloring p of G using at most c3(t) - (p + 1) colors such that for every connected
subgraph H of G[U{Q € P | Q =, P} with V(H)NP # 0, either |p(V(H))| > p, or V(H)NP
has a p-center.

Proof of Theorem 1. Let c3(t) be the constant from Lemma 3 and let ¢ = 271 . ¢3(¢). Let G
be a K;-minor-free graph and let p be a positive integer. Let P, W, o, and p be obtained
by Lemma 3. Let { be a p-centered coloring of G/P using at most (ptf) colors obtained
from Theorem 2 applied to G/P, W, o, and p. We define a coloring ¢ of G in the following
way. For every P € P and u € P,

Note that

cwven< ("7

It remains to show that ( is a p-centered coloring of G. Let H be a connected subgraph
of G with [((V(H))| < p. Let Py = {P € P | PNV(H) # (0} and Py = min, Py.
See Figure 1. Since |£(Pu)| < [C(V(H))| < p and & is a p-centered coloring of (G/P, o), Py
is a &-center of Py. So ((u) # ((v) for all u € V(H) N Py and v € V(H) — Py. Now, H is
a connected subgraph of G [|J{Q € P | Q >, Py}] with V(H) N Py # 0 by definition of Py.
Since |p(V(H))| < [C(V(H))| < p, there exists a p-center u in V(H) N Py. It follows that u is
a (-center in V(H). We conclude that ¢ is indeed a p-centered coloring of G. O

) el D < e () < eyt
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The proof of Lemma 3 draws on the ideas from [9]. Let ¢ be an integer with ¢ > 2 and let
G be a K;-minor-free graph. Next, we describe a key step of the construction (from [9]) of a
partition P of vertices of G such that G/P has treewidth at most t — 2 and each part of P
has at most tw(G) + 1 elements. Let R = {r1,...,7_2} be a subset of vertices of G. (One
can think of vertices in R as contracted parts of the vertex-partition constructed so far.) For
simplicity, assume that G — R is connected. Set F to be the family of all connected subgraphs
of G— R adjacent to all r1,...,r_9in G. Since G is Ky-minor-free (and G — R is connected), F
does not contain ¢ pairwise disjoint members, as otherwise, G contains a K;-minor (as shown
in Figure 3). Now comes the critical moment when the argument (from [9]) exploits the fact
that G has bounded treewidth and therefore G admits the following Helly-type property.

Lemma 4 ([12, Statement (8.7)]). For every graph G, for every tree decomposition V of G,
for every family F of connected subgraphs of G, for every nonnegative integer d, either

(i) there are d 4+ 1 pairwise vertex-disjoint subgraphs in F or
(i) there is a set Z that is the union of at most d bags of V such that V(F)NZ # 0 for every
FeF.

We take as V a tree decomposition of G witnessing treewidth of G and now Lemma 4 implies
that there is a set Z C V(G) of size at most d - (tw(G) + 1) such that V/(F) N Z # 0 for every
F € F. This set Z is destined to be a new part in the constructed vertex-partition. The key
property is that each component C' of G — R — Z is not in F and so C' is not adjacent to at
least one vertex in R. This allows us to continue the process for C where a non-adjacent to C'
vertex of R is replaced by the contraction of Z. This sketch omits numerous details, e.g. we
do not know if Z is connected in G.

The key property of a graph G required for the idea in [9] to work is that for every family F
of connected subgraphs of G, there is a hitting set* of F of size bounded by a function of the
packing number” of F. Graphs of bounded treewidth indeed satisfy this property as witnessed
by Lemma 4. However, K;-minor-free graphs do not admit such a Helly-type property®. The
observation that will eventually lead to the proof of Theorem 1 is that we do not need these
hitting sets to have bounded size, as long as we can find a suitable coloring for them.

More precisely, we propose the following technical definition. Let p and ¢ be positive integers.
A coloring ¢ of G is (p, ¢)-good if for every subgraph Gg of G, for every family F of connected
subgraphs of Gg, for every positive integer d, if there are no d 4+ 1 pairwise disjoint members
of F, then there exists Z C V(Gp) and ¢: Z — [c - d] such that

(pcl) V(F)N Z # 0 for every F € F;

(pc2) for every connected subgraph H of Gy with V(H) N Z # 0, either |o(V(H))| > p or
V(H) N Z has a (¢ X 1)-center;

(pe3) for every component C' of Gy — Z, Ng,(V(C)) intersects at most two components of
Go —V(C).

The main technical step of our proof is the following lemma proved in Section 5.

4A hitting set of a family F of connected subgraphs of a graph G is a set Z C V(G) such that V(FYNZ # 0
for every F € F.

5A packing number of a family F of connected subgraphs of a graph G is the maximum number of pairwise
vertex-disjoint members of F.

6Consider the n x n planar grid G and the family F consisting of all the unions of one row and one column
in the grid. The packing number of F is 1 but there is no hitting set of F that has less than n elements.
Additionally, each planar grid is Ks-minor-free.
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Lemma 5. For every positive integer t, there exists a positive integer cs(t) such that for every
K-minor-free graph G and every positive integer p, G admits a (p, c5(t))-good coloring using
p+ 1 colors.

The existence of good colorings in K;-minor-free graphs (Lemma 5) suffices to replace the role
of Lemma 4 in the sketched proof framework of [9] and this way we close the proof of Lemma 3.
See Section 4.

In the rest of the outline, we discuss the ideas behind the proof of Lemma 5. For simplicity,
in this outline we consider a simpler variant of good colorings, where we drop (pc3). Observe
that in the definition of good colorings, a subgraph G occurs only in (pc3), hence, if we ignore
this item, we can also assume that Gg = G. Solely for this outline, we say that a coloring is a
simple (p, ¢)-good coloring if it admits the relaxed definition as discussed above.

Note that for graphs of bounded treewidth there is a straightforward way of constructing simple
good colorings. Let G be a graph. We can set ¢ to use only one color, and for a family F
of connected subgraphs of G having no d + 1 pairwise disjoint members we take Z as given
by Lemma 4, so (pcl) is satsfied. For an injective ¢: Z — [(tw(G) + 1) - d], (pc2) is clearly
satisfied. This gives a (p,tw(G) + 1)-good coloring of G using one color for every positive
integer p. A true inspiration for the definition of good colorings comes from the case of graphs
of bounded layered treewidth. Let us first introduce this parameter properly.

A layered tree decomposition of G is a pair (W, L) where W = (T, (W, | z € V(T))) is a tree
decomposition of G, and £ = (L; | i € N)" is a layering of G, that is, a family of pairwise
disjoint subsets of V(G) whose union is V(G) and such that for every edge uv of G, there
exists ¢ € N such that w,v € L;UL; 1. The width of WV, L) is max |[W, N L;| over all x € V(T')
and i € N. The layered treewidth of G, denoted by ltw(G), is the minimum width of a layered
tree decomposition of G.

A typical example of a family of graphs of bounded layered treewidth but unbounded treewidth
is the family of planar graphs. Indeed, Eppstein [6], see also [4, Theorem 12|, proved that planar
graphs have layered treewidth at most three.

Next, we describe how to obtain simple good colorings of graphs of bounded layered treewidth.
Let G be a graph, let p be a positive integer, and let ltw(G) be witnessed by (W, L), where
W = (I,(Wy | 2 € V(T))) and L = (L; | i € N). For all i € N and v € L;, we define
p(v) =imod (p+ 1). We claim that ¢ is a simple (p,ltw(G))-good coloring of G. Let F be
a family of connected subgraphs of G with no d + 1 pairwise disjoint members. Let Z be the
union of at most d bags of W that is a hitting set of F in G (given by Lemma 4). In particular,
|ZNLi| <ltw(G) -d for every i € N. Let ¢: Z — [ltw(G) - d] be any coloring that is injective
on Z N L; for every i € N. It remains to verify (pc2). Let H be a connected subgraph of G
with V(H) N Z # (. Since H is connected and L is a layering of G, V(H) intersects a set
of consecutive layers in £. If this set has at least p + 1 elements, then |o(V(H))| > p, and
otherwise any element of V(H) N Z is a ¢ X 1-center of V(H) N Z.

In order to lift this idea to the class of general K;-minor-free graphs, we use a graph decompo-
sition introduced by Dujmovié¢, Joret, Micek, Morin, Ueckerdt, and Wood [3]. We first formally
define this decomposition and then discuss how it can be used to construct good colorings.

For a graph G and a subset W of vertices of G, the torso of W in G, denoted by torsog (W),
is the graph with the vertex set W and two vertices are adjacent if they can be connected in
G by a path whose internal vertices do not belong to W. For a graph GG and a positive integer

7By N we denote the set of all nonnegative integers.
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FIGURE 2. A bag W, of W in a layered RS-decomposition (7, W, A, D, L) of
width at most ¢. The set A, (in red) is included in W. The graph torsog(W5)—
A, has a layering £, (in purple) and a tree decomposition D, (in green). Note
that for every y € V(T) — {z}, W, N W, — A, is a clique in torsog(W;) — Az,
and so, it is contained in a single bag of D, and it at most two layers of L.

¢, a layered Robertson-Seymour decomposition of G (layered RS-decomposition for short) of
width at most c is a tuple

(T7 W? A7 D? E)
where T is a tree and

(Irs1) W = (T, (W, | € V(T))) is a tree decomposition of G where adhesions have size at
most ¢;

(Irs2) A= (Ay |z € V(T)) where A, C W, and |A;| < ¢ for every z € V(T);

(Irs3) D = (D, | # € V(T)) where Dy = (Ty, (Da,- | 2 € V(I))) is a tree decomposition of
torsoq(Wy) — Ay for every x € V(T);

(Irsd) £ = (L, | € V(T)) where L, = (Lgy; | i € N) is a layering of torsog(W,) — A, for
every z € V(T);

(Irsb) |Dgy N Ly;| < cforall z e V(T), z € V(T,), and i € N.

See Figure 2.

Theorem 6 (|3, Theorem 41|). For every positive integert, there is a positive integer cs(t) such
that every Ky-minor-free graph G admits a layered RS-decomposition of width at most cs(t).

Given a layered RS-decomposition of a graph G of bounded width, the strategy to find a simple
good coloring of G is the following. Let p be a positive integer. The intention is to mimic the
proof for the bounded layered treewidth case. That is, ignoring the overlapping between the
bags of W, we set p(v) =i mod (p+1) for every ¢ € N, and for every v € L, ;. We claim that ¢
is a simple (p, ¢)-good coloring, where ¢ depends only on the width of the given decomposition.
Let F be a family of connected subgraphs of G with no d 4+ 1 pairwise disjoint members. We
glue all the tree decompositions in D in a natural way obtaining a tree decomposition U of G.
Note that the vertices of A; do not occur in bags of tree decompositions of D, but we can just
add them to all bags of U corresponding to W,. The important property of U is that (lrs5) is
preserved. Next, we apply Lemma 4 to F and U obtaining a hitting set Z of F in G, which is
the union of at most d bags of U. Note that there are also at most d bags of W, whose union
contains Z. Say that these bags correspond to the vertices in X C V(T'). The next step is
to “disconnect” elements of Z in different bags of WW. To this end, we root T arbitrarily and
we define B as the union of UIe v Az and the union of adhesions between W, and the bag
corresponding to the parent of x in W for all x € X. In particular, the size of B is bounded.
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Finally, we define a coloring 1 of Z so that 9 is injective on B and % is injective on L, ;N Z but
the colors used are disjoint from ¢ (B). Checking that i) witnesses ¢ being a simple (p, ¢)-good
coloring of GG is very similar to the bounded layered treewidth case.

3. PRELIMINARIES

Let T be a tree rooted in a vertex r. For every vertex v of T with v # r, we define p(T,v)
to be the vertex following v on the path from v to r in T. For a subtree T” of T', we define
root(7”) as the unique vertex in 7" closest to r in T.

Let u, v be two (not necessarily distinct) vertices of T. The lowest common ancestor of u
and v in T, denoted by lca(T,u,v), is the furthest vertex from the root that has u and v
as descendants. Let Y C V(T). The lowest common ancestor closure of Y in T is the set
LCA(T,Y) = {lca(T,u,v) | u,v € Y}. Observe that LCA(T,LCA(T,Y)) = LCA(T,Y). The
following two lemmas are folklore. See e.g. |2, Lemma 8| for a proof.

Lemma 7. Let m be a positive integer. Let T be a tree and let Y be a set of m wvertices
of T. Let X = LCA(T,Y). Then, |X| < 2m — 1 and for every component C of T — X,
INT(V(C))] < 2.

For a tree T and zy € E(T'), we denote by T, the component of x in T' — {zy}. Note that
T — {zy} is the disjoint union of Ty, and T),. A tree decomposition (T, (W, | z € V(T))) of

a graph G is natural in G if

ly
for every edge zy in T', the graph G || 2EV(Ty,) WZ} is connected.

Lemma 8. Let m be a positive integer. Let G be a graph and let W = (T, (W, | z € V(T)))
be a tree decomposition of G. Let X be a set of m vertices of T. Then Z = UazeLCA(T,X) Wy is
the union of at most 2m — 1 bags of W such that for every component C of G — Z, Nq(V(C))
is a subset of the union of at most two bags of W. Moreover, if W is natural, then Ng(V(C))
intersects at most two components of G — V (C).

We will also need the following simple combinatorial fact. Let T be a tree and let Q a collection
of connected subgraphs of T whose vertex sets partition V(7). For every X C V(T), let
QX)={QeQ|V(Q)NX #0}.

Lemma 9. Let T be a tree and let Q a collection of connected subgraphs of T whose vertex
sets partition V(T). Let X, Y C V(T) with X CY and LCA(T,X) = X. If Q(X) = Q(Y),
then Q(Y) = Q(LCA(T,Y)).

Proof. Suppose that Q(X) = Q(Y). Since Y C LCA(T,Y), we have Q(Y) C Q(LCA(T,Y)).
Thus, it suffices to prove that Q(LCA(T,Y)) C Q(Y). Consider Q € Q(LCA(T,Y)). There
exist y1,y2 € Y such that lea(T,y1,12) € Q. Let Q1,Q2 € Q be such that y; € V(Q1),
y2 € V(Q2). In particular, Q1,Q2 € Q(Y) = Q(X). Hence, there exist 1 € V(Q1) N X and
X9 € V(QQ) NX.

If the roots of 1 and Q2 are not in an ancestor-descendant relation in 7', then for all ¢; € V(Q1)
and g2 € V(Q2), we have lca(T, ¢1, g2) = lca(T', root(Q1),r00t(Q2)). In particular,

lea(T, z1, x2) = lca(T,root(Q1), root(Q2)) = lca(T, y1, y2) € V(Q).
Observe that lca(T, 21, x2) € LCA(T, X) = X, thus, V(Q)NX # 0, and so, @ € Q(X) = Q(Y).
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Therefore, we can assume that one of the roots say root(Qp), is an ancestor of the other
root(Q2) in S. It follows that for all g1 € V(Q1) and g2 € V(Q2), lca(T, q1, q2) is either equal
to root(Q1) or is a descendant of root(Q1). In both cases, lca(T, q1, ¢2) lies in the path from ¢;
to root(Q1) in S. Since @ is connected, we obtain that lca(T), q1,¢2) € V(Q1). In particular,
lea(T, z1,22) € V(Q1), and so, Q1 = @ implying @ € Q(Y'), which ends the proof. O

Finally, we need a simple fact about torsos. We give the proof for completeness.

Lemma 10. Let G be a graph and let W C V(G). If H is a connected subgraph of G inter-
secting W, then V(H) N W induces a connected subgraph of torsog(W).

Proof. Let H be a connected subgraph of GG intersecting W, and suppose to the contrary that
the subgraph Hy of torsog (W) induced by V(H) N W is not connected. Let u,v € V(Hy)
be vertices in distinct components of Hy such that the distance between u and v is minimal
in H. Note that the internal vertices of a shortest path between u and v in H do not lie in
W as otherwise we obtain a pair of vertices of Hy in distinct components that are closer in
H. Tt follows that v and v are adjacent in torsog(W), and so, in Hy, which contradicts the
assumption and completes the proof. O

4. FROM GOOD COLORINGS TO CENTERED COLORINGS

In this section, we prove Lemma 3 assuming Lemma 5 (proved in Section 5). The lemma below
is an inductive setup of the proof and is inspired by the framework given in [9].

Lemma 11. Lett be an integer with t > 2 and let p, c be positive integers. Let G be a K¢-minor-

free graph, let r be an integer with 0 < r < t—2, and let Ry, ..., R, be pairwise disjoint subsets

of V(G) with |R;| € {1,2} for every i € [r]. Let ¢ be a (p,c)-good coloring of G — ;¢ Ri-

There are a partition P of V(G), a tree decomposition W = (T, (W, | & € V(T))) of G/P of

width at most t — 2, and an elimination ordering o = (Py, ..., Py) of W such that

(a) P; = R; for every i € [r];

(b) there exists s € V(T') such that Ry, ..., R, € Wg;

(c) for every P € P —{Ry,...,R,}, there is a coloring vp: P — [c-2!72(t — 1)] such that
for every connected subgraph H of G[|U{Q € P | Q >, P}] with V(H) N P # 0, either
lp(V(H))| >p, or V(H) N P has a ¢ x p-center.

Proof. Let R ={Ri,..., Ry} and R = J;¢,) Ri- We proceed by induction on (|[V(G — R)|,7)
in the lexicographic order. For the base case, assume that V(G — R) = (). Then we set P = R
and 0 = (Ry,...,R;). Let T'= K; and Wy = P for s the unique vertex of 7. Then (a) and (b)
hold by construction, and (c) is vacuously true. From now on, we assume V(G — R) # ().

If r < t—2, then we set R, to be an arbitrary singleton in V(G — R) and we apply induction
on G, (Ri,..., Rri1),¢lv(G—Rr-R,.,)- This gives a partition P of V(G), a tree decomposition
W of G/P, and an elimination ordering o of W satisfying all three items. Items (a) and (b) are
now clear by induction. Item (c) is clear for all P € P — {Ry,..., Ry, R,41}, thus, it suffices
to argue it for P = R,1. Recall that R, = {v} for some v € V(G). We set pg, ., (v) = 1.
Observe that in this case for every subgraph H of G intersecting R,4+1, V(H) N R,y has a
¢ X 1R, -center. This completes the proof in the case r < ¢ — 2. Therefore, from now on, we
assume r =t — 2.
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Next, suppose that G — R is not connected, and let C be the family of all the components

of G — R. Fix some C € C and let G¢ = G[V(C) U R]. By induction hypothesis applied

to Go, (R1,..., Ri—2), and ¢|y(¢), there are a partition P of V(G¢), a tree decomposition

We = (TC, Wea |z e V(TC))) of Go/Pc of width at most ¢ — 2 and an elimination ordering

oc = (Pca,-..,Poy,) of We such that

(a") Pc; = R; for every i € [r];

(b?) there exists s¢ € V(T¢) such that Ry,..., Ri—2 € We s.;

(¢)) for every P € Po — {Ri,...,Ri—2}, there is a coloring ¢ p: P — [c-272(t — 1)] such
that for every connected subgraph H of G¢ [|U{Q € Pc | Q >4 P} with V(H)NP # 0,
either |(V(H))| > p, or V(H) N P has a ¢ x ¢c p-center.

Then, let P = UgeePc and let o be the concatenation of (Ry,...,Ri 2),
(Pey =15+ Poyue)s - (Pog =1, - - Py p) for an arbitrary ordering (Ch, ..., C,) of C. Let
T be obtained from the disjoint union of T over all C € C by adding a new vertex s with
the neighborhood {s¢c | C' € C}. For every C € C and every x € V(I¢), let W, = We,.
Additionally, let Wy = {R1,...,Ri_2}. By construction, W = (T, (W, | z € V(T))) is
a tree decomposition of G/P of width at most ¢ — 2 and o is an elimination ordering of
W. Moreover, (a) and (b) are clearly satisfied. It remains to show that (c) holds. Let
P e P —{Ri,...,Ri_2}. There exists C € C such that P € Pc. Let ¢)p = o p. Let
H be a connected subgraph of G [|{Q € P | Q >, P}| with V(H) N P # (. Note that H is
a connected subgraph of G¢ [J{Q € Pc | Q 2o P}]. Hence by (¢’) either |p(V(H))| > p or
V(H)N P has a (¢ x ¢ p)-center u. In the former case, we are immediately satisfied, and in
the latter case, u is also a (¢ x 1p)-center of V(H) N P. Therefore, (c¢) holds, which concludes
the case where G — R is not connected. From now on, we assume that G — R is connected.

Suppose that there exists ¢ € [t — 2] such that Ng(R;) N V(G — R) = (). In this case, we call
induction on G — Ry, (R1,...,Ri—1, Riy1,...,Ri—2),p. We deduce that there is a partition
P’ of V(G — R;), a tree decomposition W' = (T',(W, | « € V(T))) of (G — R;)/P’ of
width at most ¢t — 2, and an elimination ordering o’ = (P[,..., P;) of W’ satisfying all three
items. In particular there exists s’ € V(T") such that Ry,...,Ri—1, Rit1,..., Ri—2 € Wy. Let
P =P U{R;} and let 0 = (P[,...,P,_,Ri,P;,,...,P,). Let T be obtained from T" by
adding a new neighbor s of §’. Finally, let Wy = {Ry,...,R_2} and W, = W] for every
z € V(T'). We obtain that W = (T, (W, | « € V(T))) is a tree decomposition of G/P of
width at most ¢t — 2 and o is an elimination ordering of W. It is immediate from the induction
hypothesis that P, W, and o satisfy (a)-(c). From now on, we assume that for every i € [t — 2],
there is an edge between V(G — R) and R;.

This completes the series of simple reductions. As a result we can assume the following:
V(G—R) #0,r=t—2, G— R is connected, and for every i € [t — 2], there is an edge between
V(G — R) and R;. We proceed with the main argument.

Let F be the family of all connected subgraphs H of G — R such that Ng(R;) N V(H) # 0
for every i € [t —2]. We claim that there are no 2/=2(¢t — 1) + 1 pairwise disjoint members
of F. Suppose to the contrary that there are 21=2(t — 1) + 1 pairwise disjoint members of
F. Since for each i € [t — 2], |R;| < 2, and every member of F has a neighbor in R;, by the
pigeonhole principle, there exist pairwise disjoint H1,...,H; € F and there exists r; € R; for
each i € [t — 2] such that for all j € [t] and i € [t — 2], we have that H; contains a neighbor
of r; in G. Since G — R is connected, there exist distinct i1,4 € [t] such that there is a path
between V'(H;,) and V(H;,) in G — R internally disjoint from (J;cp V(H;). Let A be the set
of internal vertices of this path. Without loss of generality, suppose that i1 =¢—1 and is = ¢.
Then
(V(H) U{ri}, ..., V(Hi—2) U{ri—o}, V(Hi—1), V(Hy) U A)
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FIGURE 3. After pigeonholing pairwise disjoint members of F, we obtain a
situation as in the figure. Here, t = 5. The model of K} is constructed in blue.

iz i Bs R, Zo Ry

A EENE

I
[\v]

FIGURE 4. The pink vertices depict the set Z. The yellow pieces are compo-
nents of G — R — Z. In the figure, i = 2, that is, C does not have a neighbor in
Ry. The set Z¢o consists of two vertices z; and z9 obtained by contracting the
orange parts. In order to apply induction, we replace Rg with {z1, 22}.

is a model of K} in G (see Figure 3), which contradicts the assumption as G is K;-minor-free.
This contradiction concludes the proof that F has no 2/=2(t — 1)+ 1 pairwise disjoint members.

Since ¢ is a (p, ¢)-good coloring of G — R, it follows that there exists a set Z C V(G — R) and
Yz Z — [c-272(t — 1)] such that
(pcl’) V(F)N Z # () for every F € F;
(pc2’) for every connected subgraph H of G — R with V(H) N Z # 0, either |o(V (H))| > p,
or V(H)N Z has a ¢ X ¢z-center;
(pe3’) for every component C' of G—R—Z, Ng_r(V(C)) intersects at most two components
of G- R-V(C).
Note that G — R € F, and so F is nonempty. In particular, Z is nonempty. Let C be the
family of all the components of G — R — Z.

Fix some C € C. Since V(C)N Z =), by (pcl’), we have, C' ¢ F. In particular, there exists
i € [t — 2] such that Ng(R;) N V(C) = 0. Let G¢ be obtained from G — R; by contracting
each component of G — R — V(C) into a single vertex. See Figure 4. Let Zc be the set
of the resulting contracted vertices. Since Z # (), we have 1 < |Z¢|, and since G — R is
connected, by (pc3’), |Zg| < 2. Moreover, G¢ is a minor of G, thus, G¢ is K;-minor-free.
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Let Re =R —{R;} U{Z¢c} and let (Rc 1,...,Rct—2) be an arbitrary ordering of R¢. Since
Z # ), we have
V(Ge = JRe)l < V(G - R)|.
Hence by induction hypothesis applied to G, (Rc,1,-- ., Rci—2), and ¢y (), there is a parti-
tion Po of V(G¢), a tree decomposition We = (TC, We |z € V(Tc))) of Go/Pe of width
at most ¢t — 2 and an elimination ordering oc = (Pc,1, ..., Pog.) of We such that
(") Pci = R, for every i € [t — 2];
(b”) there exists s¢ € V(T¢) such that Rc,...,Rc, € Wes; and
(¢”) for every P € Pc —{Rc1,. .., Rct—2}, there is a coloring ¢o p: P — [c-2!72(t —1)] such
that for every connected subgraph H of G¢ [|J{Q € Pc | Q 2o, P} with V(H)NP # 0,
either |o(V(H))| > p, or V(H) N P has a ¢ X ¢ p-center.

Then let P = Ugee(Pe — Re) U R U {Z} and let o be the concatenation of
(Ri,...,R—2,72),(Pcy t—1, - - '7PC1,601)7 ooy (Pegt=15-++, Pogpc,) for an arbitrary ordering
(C1,...,C,) of C. Let T be obtained from the disjoint union of Tx over all C' € C by
adding a new vertex s with the neighborhood {s¢ | C € C}. For every C € C and every
z € V(Tc), let Wy = We,. Additionally, let Wy = {Ry,...,Ri—2,Z}. By construction,
W = (T, (W, |z € V(T))) is a tree decomposition of G/P of width at most ¢ — 2 and o is an
elimination ordering of W. Moreover, (a) and (b) are clearly satisfied.

It remains to show that (c¢) holds. Let P € P — {Ry,..., Ri_o}. First, suppose that P # Z.
Then there exists C' € C such that P € Poc. We set ¥p = o p. Let H be a connected
subgraph of G [ {Q € P,Q >, P}] with V(H)N P # (). Then H is a connected subgraph of
Geo | U{Q € Pc | Q 24, P}]. Hence by (¢”) either |p(V(H))| > por V(H)NP has a (pxt¢c p)-
center u. In the former case, we are immediately satisfied, and in the latter case, u is also a
(¢ x ¥p)-center of V(H) N P. This yields (¢) when P # Z. Finally, suppose that P = Z.
Let H be a connected subgraph of G [|U{Q € P | Q >, Z}] = G — R. Now (c) follows directly
from (pc2’). Summarizing, we constructed P, R, and o satisfying (a)-(c), as desired. O

Proof of Lemma 3. Let t be a positive integer and set c3(t) = c5(t) - 272(t — 1). Let G be
a K;-minor-free graph and p be a positive integer. By Lemma 5, there exists a (p,cs(t))-
good coloring ¢ of G using at most p + 1 colors. Next, we apply Lemma 11 with ¢ = ¢5(¢)
and 7 = 0. We obtain a partition P of V(G), a tree decomposition W of G/P of width at
most ¢ — 2, and an elimination ordering o = (Py,..., FPy) of W such that for every P € P,
there is a coloring ¢p: P — [c5(t) - 2272(t — 1)] such that for every connected subgraph H
of GIU{Q € P | Q >, P} with V(H) NP # 0, either [o(V(H))| > p, or V(H) N P has a
¢ X pp-center. For every P € P and u € P, let p(u) = (¢(u),¥p(u)). Thus, p is a coloring of
G using at most c3(t) - (p + 1) colors and satisfying the assertion of Lemma 3. O

5. CONSTRUCTING GOOD COLORINGS

In this section, we prove Lemma 5, namely, we show that for every positive integer t, there
exists a positive integer c5(t) such that for every Kj-minor-free graph G and every positive
integer p, G admits a (p, ¢5(t))-good coloring using p + 1 colors.

At one point in the proof, we would like to assume that the tree decomposition that we consider
is natural but still preserves certain properties. For this reason, we introduce the following
definitions and we prove Lemma 12.

Let G be a graph. A pair (U, P) is a normal pair of G if U = (T,(Uy | t € V(T))) is a

tree decomposition of G, and P is a collection of connected subgraphs of T" whose vertex sets
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FIGURE 5. In this example, G is an 8-vertex path. P = {P;, P»} and Q =
{Q1,Q2,Q3,Q4}. One can check that (V, Q) refines (U, P) which is witnessed
by f and g. Note that f is a function on V(S) but for the readability reasons
we depict it as it acted on bags of V.

partition V(T'). Consider two normal pairs (U, P) and (V,Q) of G with U = (T,(Us | t €
V(T))) and V = (S, (Vs | s € V(S))). We say that (V, Q) refines, or is a refinement of (U, P)
if there exist f: V(S) — V(T) and g: Q — P such that
(rl) for every s € V(S5),
Vs C Up(s);

(r2) for every @ € Q,
fV(@) € V(9(Q)).

See an example in Figure 5.

Lemma 12. Let G be a connected graph and (U, P) be a normal pair of G. There exists (V, Q)
a refinement of (U, P) such that V is natural.

Proof. For every positive integer i, for every tree decomposition W of G, we denote by n;(W)
the number of bags of W of size 4. Then let n(W) = (njy(q) (W), ..., no(W)).

Since the refinement relation is reflexive, every normal pair of G has a refinement. Consider
the refinement (V, Q) of (U, P) with n(V) minimal in the lexicographic order. We claim that
Y is natural.

Let V = (S, (Vs | s € V(S))). Suppose to the contrary that there exist z,y € V(S) such that
xy € E(S) and G [Usev(sz‘y) VS} is not connected, and let C be the family of its components.

The plan for obtaining a contradiction is finding a refinement (V', Q') of (V, Q) such that
n(V') < n(V) in the lexicographic order. For every C' € C, let S¢ be a copy of S|, with vertex
set {(C,s) | s € V(Sy)} and edge set {(C,s1)(C,s2) | s152 € E(Sy,)}. Let " be the tree

obtained from the disjoint union of S|, with all the S¢ over C' € C by adding the edges (C,x)y



CENTERED COLORINGS IN MINOR-CLOSED GRAPH CLASSES 15

FIGURE 6. Proof of Lemma 12: construction of S’ from S and of Q' from Q.
The blue partition of S is @ and the blue partition of 5" is Q’.

for each C' € C. See Figure 6. Let f: V(S") — V(S) be such that for every z € V(S5'),

£2) s if z = s for some s € V(Sy,),
Z) =
s if z = (C,s) for some s € V(S,,) and C € C.

Also, for every z € V(5'), let

;) Vs if z = s for some s € V(Sy,),
2\ VenV(C) if z=(C,s) for some s € V(Sg|y) and C € C.

Note that by construction, for every z € V(S8'), V] C Vy(,). Moreover, V' = (8, (V] | z €
V(S"))) is a tree decomposition of G.

To complete the construction, we specify a collection Q' of subtrees of S’ whose vertex sets
partition V(S’). Simultaneously, we define g: Q" — Q. First, for every @Q € Q with @ N
V(Sy‘x) #* @, let

Q' =5 |(V(QNV(Sy.)) U [JL(C,2) | 2€ V(Q)NV(Sy)}| and 9(Q) = Q.

ceC
Next, for every Q € Q with @ C V/(S,,), for every C' € C, let

Qc =S"{(C,2) | z€ Q}] and g(Qc) = Q.

Finally, let
Q' ={Q Qe Qwith V(Q)NV(Sy,) # 0} U | {Qc | V(Q) S V(Suy)}-

cecC
It follows that @’ is a collection of subtrees of S’ whose sets of vertices partition V(S’) and
and f(V(Q")) = Q = ¢g(Q) for every Q' € Q. In other words, (r2) holds. Note that (r1) also
holds, and thus, (V', Q') refines (V, Q). Moreover, by transitivity of the refinement relation,
(V', Q') refines (U, P).
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To conclude the proof, we show that n()’) is less than n(V) in the lexicographic order, which
leads to a contradiction. For every s € V(S,,), we have » . cc \V(’C,S)] = |V|. Thus, either
|V(’C’S)\ < |Vs] for every C' € C or there is exactly one C' € C with |V(’CS)\ = |Vs| and |V(’D78)| =0
for all D € C — {C}. Moreover, for every s € V(Sy,), we have Vs = V{. Since G is connected,
V. intersects every component in C. Also, note that we supposed |C| > 2. Consider the
maximum integer 4o such that there exists s € V(S,,) with |Vi| = dg and V; intersects at
least two components in C. From the construction, we obtain that n;(V") = n;(V) for every
integer ¢ with ¢ > 49 and n;, (V') < n;,(V). We conclude that n(V’) is less than n()) in the
lexicographic order. O

Proof of Lemma 5. Let t be a positive integer. Let ¢s(t) be the constant from Theorem 6. We
set
es(t) = cs(t) (12¢6(t) + 10).

Let G be a Ki-minor-free graph, and p be a positive integer. By Theorem 6, G admits a
layered RS-decomposition (T, W, A, D, L) of width at most ¢s(t). Let W = (W, | z € V(T)),
A= (A, |z2eV(T)), D= ((To,(Ds. | z€ V(T}))) | z € V(T)), and L = ((La; | i € N) |
x € V(T)). We root T in an arbitrary vertex r € V(T).

We define a coloring ¢: V(G) — {0, ...,p} as follows. For every v € V(G) let

0 ifveA,,
(v) = imod (p+1) ifveW,—A, andv e L,
Y0 if ve Ay — Wy for € V(T) — {r},

imod (p+1) ifveW,— (AzUWyry) and v € Ly ; for z € V(T) — {r}.

It remains to show that ¢ is a (p, ¢5(t))-good coloring of G. Fix a subgraph Gy of G.

Now, we reduce to the case where Gg is connected. Indeed, if Gg is not connected, consider
the family C of all the components of Gg. Let d be a nonnegative integer and let F be a
family of connected subgraphs of G such that there are no d + 1 disjoint members of F. For
every C' € C, let do be the smallest integer such that there are no dgo + 1 disjoint members
of Fo = {F € F | F C C}. Clearly do < d. Assuming we can prove the result when Gy is
connected, we apply it for C' and F¢ and obtain a set Zo C V(C) and ¢ : Zo — [c - d] such
that (pcl)-(pc3) holds. Now take Z = |Joce Zo and let ¥ be defined by ¥(u) = o (u) for
every C' € C and every u € Zo. Recall that each F' € F is connected, so F' C C for some
C € C, and therefore Zoc NV (F) # (. Thus, (pcl) holds. Since every connected subgraph H
of Gy is a subgraph of C for some C € C, (pc2) holds. Finally, (pc3) holds because for every
component C" of G — Z, there exists C' € C such that C' C C.

Therefore, from now on we assume that Gg is connected. We start by building a normal pair
(U, P) where U is a tree decomposition of G obtained from “gluing” tree decompositions in D
along the edges of T'. This construction is depicted in Figure 7.

For all z,y € V(T) with zy € E(T), W, N W, induces a clique in both torsog(W,) and
torsoq(Wy), hence, there exist z,, € V(1) and z,, € V(T,) such that W, "W, = D, ., N
Dy ... Let Ty be the tree defined by

V(Ty) ={(z,2) |z € V(T),z € V(T})} and
E(To) = {(z,21)(x, z) | w € V(T), 2122 € E(Ti)} U{(%, 229) (Y, 240) | 7y € E(T)}.

In other words, Tj is obtained from the disjoint union of T, over 2 € V(T') by adding the edges
between z;,, and 2, for adjacent vertices x and y in T'. Next, let U, ) = (Dz .UA;)NV (Go) for
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W

FIGURE 7. Tree decompositions D, and D, are “glued” in a natural way.
Additionally, we add all corresponding apices (members of A, and A,) to each
bag of the corresponding part in the tree decomposition /. The partition P
indicates from which of {7} | x € V(T')} a given vertex comes from.

every (z,z) € V(Ip). We claim that U = (To, (U, | (,2) € V(Tp))) is a tree decomposition
of Go. For every v € V(Go), To[{(w,2) € V(Tp) | v € U, »)}] is isomorphic to the connected
subgraph of Ty formed by replacing every vertex x of T'(v) = T[{z € V(T) | v € W, }] with
Ty{z € V(T}) | v € Dy .}] when v ¢ A, or with T,, when v € A;, and every edge xy of
T'(v) with zyy2y,. For every edge uv € E(Gy), there exists € V(T') such that u,v € W,.
If u,v € Wy — Ag, then there exists z € V(7)) such that u,v € D, . and thus u,v € U, ..
If ue A, and v € W, — A, then for any z € V(1) with v € D, ., we have v € Uz,») and
u € Ay NV (Go) C Uy If u,v € Ay, then for every z € V(T%), we have u,v € U, ). Thus,
indeed U is a tree decomposition of Gy.

Observe that P = {Tp[{z} x V(Ty)] | = € V(T)} is a collection of subtrees of Ty whose vertex
sets partition V(Tp). Therefore, (U, P) is a normal pair of Gy.

By Lemma 12, there exists V = (S, (V, | y € V(5))) and Q such that V is natural and (V, Q)
is a normal pair of G refining (U, P). Among all such pairs (V,Q), we take one with |Q)|
minimum. Let f: V(S) — V(1) and g: Q@ — P witness the refinement relation. For every
Q € Q, let z(Q) € V(T') be such that g(Q) = To[{z(Q)} x V(Ty(q))]- See Figure 8.

In the next two claims, we show that the new tree decomposition V in some sense preserves
small adhesions (only ones coming from W) and small intersections with layers of the layerings
in £. In the first claim, we exploit the minimality of (V, Q).

Claim 13. Let y,y' € V(S) and Q, Q" € Q such that y € V(Q), v € V(Q') and Q # Q. Then
[Vy N V| < es(t).

Proof of Claim 13. By properties of tree decompositions, there is an edge zz’ in S such that
Vy N Vy € V. N V.. Therefore, without loss of generality, we assume that yy’ is an edge in
S. We argue that ¢(Q) # ¢g(Q'). Suppose to the contrary that ¢(Q) = ¢g(Q'). Since yy' is
an edge in S, the subgraphs @ and Q' are adjacent in S, and thus, Q" = S[V(Q) U V(Q')]
is a connected subgraph of S. Observe that (V,Q — {Q,Q'} U{Q"}) is a normal pair which
refines (U, P) as witnessed by f and ¢’ defined by ¢'(P) = g(P) for every P € Q — {Q,Q’}
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FIGURE 8. Intuitively, the part of the tree decomposition V corresponding to
the vertices in () comes from D).

and ¢'(Q") = g(Q) = g(Q'"). However, this contradicts the minimality of |Q|. We obtain that
indeed ¢(Q) # ¢(Q'), and so, z(Q) # x(Q’). In particular,

Vy N Vel < U@),1@) N U@). 1w < IWa@) N Wa@nl < es(),

where the first inequality follows from (rl), the second from the properties of tree decomposi-
tions, and the last from (lrsl). O

Claim 14. Let x € V(T'), y € V(S), and ¢ € N. Then
‘V;JﬂLx,il < Cﬁ(t).

Proof of Claim 14. Since (V, Q) refines (U, P) we have that V,, C Uyqy. Let f(y) = (2/,2)
where z' € V(T) and 2z € V(T). Thus, Upyy = U2y = (Do . U Apr) N V(Go). Recall that
Ay N Ly; =0. Thus in the case of z = 2/,

|Vy N Lx,z| < |U(z,z) N L:r:,z| < |(Dx,z U A:c) N LCE,Z| < |Dx,z N Lx,z| < CG(t)7

where the last inequality follows by (Irs5). Finally, in the case of x # z’, we have Uy ;) € Wy
and L, ; C W,, and so,

|Vy N L:Jc,i| < |U(ac’,z) N Lm,i| < W N W] < es(t),
where the last inequality follows from (lrsl). O

We root S in an arbitrary vertex root(S). For every X C V(S), we define
QX)={Qe Q| V(QnX #0}.

Let d be a positive integer and let F be a family of connected subgraphs of Gy such that there
are no d + 1 pairwise disjoint members of F. In the remainder of the proof, we construct Z
and 1 satisfying (pcl)-(pe3).

By Lemma 4, there exists Xo C V(S) of size at most d such that Uye X, Vy Intersects every
member of F. Let
X1 = LCA(S, Xo).
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I(Q,V)

V4
V1

V2
U3

FIGURE 9. Here, V = {v1,v2,v3,v4}. Note that UyEV(Q) Vy is separated from
V by II(Q, V) in G as we show later in Claim 15.

By Lemma 7,
[Q(X1) < [Xa| <2d - 1. (1)

The set UyGX1 V, is a hitting set of F, thus, it is a good candidate to be Z. However, we still
need to define ¥ and the ultimate goal is to repeat the idea of coloring that we applied in the
bounded layered treewidth case. Since £, is a layering of torsog(W;) — Az, we need to take
into account the vertices in A; when building the final Z. Moreover, the coloring ¢ may not
be compatible with layerings on the adhesions of W, we also need to consider some of them.
To this end, we will add some more vertices to Z, which we ultimately color injectively with a
separate palette of colors. Because we work with V instead of U/ we need the following notions
of projections. See also Figure 9 for an illustration.

Let @ € Q and v € V(Gy). Let S, = S[{z € V(S) | v € V;}]. Thus, @ and S, are two
subtrees of S. We define projections 7(Q,v) and II(Q,v) as follows. If @ and S, share a
vertex, then choose such a vertex z arbitrarily and set 7(Q,v) = z and II(Q,v) = {v}. If V(Q)
and V'(S,) are disjoint, then consider the shortest path in S between V(Q) and V (S,). Let z
be the endpoint of that path in @) and y be the vertex adjacent to z in that path. Then set
m(Q,v) = z and II(Q,v) = V,, N V.. The definition can be naturally extended to subsets of
V(Gy). For each V C V(Gy), let

7(Q,V) ={n(Q,v) |[veV} and T(Q,V) = | I(Q,v).
veV
Note that by Claim 13,
I(Q, V)| < es(t) - [V].
The key property of these objects is the following. See Figure 9 again.

(2)

Claim 15. Let Q € Q and V C V(Gp). Every connected subgraph H of Gy — II(Q, V) that
intersects (J,ey () Vy is disjoint from V.

Proof. 1t suffices to observe that by the properties of tree decompositions and construction,
I1(Q, V) intersects every path between UyEV(Q) Vy and V in G. Thus, if a connected subgraph

H of Gy has a vertex is both (J,ecy(g) Vy and V, then it has a vertex in I(Q, V). O
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Let
m(Q, Az@) Y W) N Wore(qy)) if 2(Q) # 7.

Recall that [A, @)l < cs(t) by (Irs2), and if 2(Q) # 7, then [Wyo) N Wyra)l < cs(t)
by (Irs1). Thus, we have

Yo = {W(QyAJ:(Q)) if 2(Q) =,

Yol < Az <e(t) ifxz(@)=r, 3)
Yol < [Az@)l + IWa@ N Wira@)| < 206(t) if 2(Q) # .
Moreover, by definition Yo C V(Q).
Let
Xy = X1 U {root(Q) | Q € Q(X1)} U J{¥o | Q € Q(X1)}
and
X3 = LCA(S, Xa).
Observe that
| X3 < 2| X3 —1 by Lemma 7
<2(] X ] + QX)) + [Q(X1)| - 2¢5(1)) — 1 by (3) n
<2((2d—1)+(2d—1)+ (2d —1) - 2¢5(t)) —1 by (1)
< (8cs(t) + 8)d.

Recall that by Lemma 9, for all X, Y C V(S) with X C Y and LCA(S,X) = X, if 9(X) =
Q(Y), then Q(Y) = Q(LCA(S,Y)). Since by construction Q(X;) = Q(X3), we can apply the
above with X = X7 and Y = X5 to obtain that

Q(X1) = Q(X2) = Q(X3).

Finally, the set Z that witnesses the assertion of the claim is given by

zZ=|J Vv

yeXs

Next, consider @ € Q(X;) and let
_ )@, Ayg) if 2(Q) =,
I(Q, Azg) U Wa) N Wyra))) if 2(Q) # 1.
Since for every v € V(Go), II(Q,v) € Vy(gw and Yo C X2 C X3, we have
Boc UvcUwecz
yeYQ yeXa

Recall that [A,q)| < cs(t) by (Irs2), and if x(Q) # 7, then [Wyq) N W)l < co(t)
by (lrsl). Thus, by (2), we have

|Bgl| < [Azq)l - cs(t)
1Bal < [As@) U (Wa@) N Wpira@)))] - cs(t)

(es(t)®  if(Q) =,

5
Aeo®)? ia(@ £r.

NN

Let

B = ( U Vioot(@) N Vp(&root(Q») U ( BQ) :
QEQ(X1),r00t(S) 2V (Q) QeQ(X1)
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Recall that for every @ € Q(X1) with root(S) ¢ V(Q), root(Q) € Xz and so Vigee(g) N
Vi(Sr00t(Q)) € Vioot(@) € Z. Moreover, for every Q € Q(X1), Bg C Z. Therefore,

BCZ.
Observe also that

IB| < |Q(X1)] - es(t) + |Q(X1)| - 2(es(t)? by Claim 13 and (5)

<
< (24— 1) - e(t) + (2d — 1) - 2(es(8))® by (1) (6)
g C()( )(46()( ) + 2>d

Claim 16. For all distinct Q1,Q2 € Q(X7), there is no path between UyEV on Yy — B and
Uyev(gs) Vv — B in Go — B. In particular, U,y g,) Vy — B and Uyey(g,) Vy — B are disjoint.

Proof of Claim 16. Let Q1, Q2 be distinct members of Q(X7). Recall that Q1, Q2 are disjoint
subtrees of S. Note that there exists ¢ € {1, 2} such that root(Q;) # root(S) and every path in
S between @1 and Q2 goes through the edge root(Q;) p(S,root(Q;)) of S. Hence by properties
of tree decompositions, Vioot(Q;) M Vp(S,ro00t(Q,)) Intersects every path between Uyev Q1) Vy and

Uer(Q2) Vy in Go. Since Vigot (@) N Vp(S,root(@;)) S B, this proves the claim. O

As a consequence of Claim 16, {(Uer(Q) Vy)N(Z—-B)|Q € Q(X1)} is a family of pairwise
disjoint sets covering Z — B (because Q(X;) = Q(X3)). We want to refine this family with

the layerings of the torsos. To this end, we need the following fact where we substantially use
the fact that (V, Q) refines (U, P).

Claim 17. For every @ € Q(X;) and V' C V(Gy) such that II(Q, V) C Bg, we have

U v-BSWyq -V
yeV(Q)

Proof of Claim 17. Let Q € Q(X;) and let V' C V(Gp) be such that II(Q, V) C Bg. Since
II(Q,V) € Bg C B, then

U %w-B< |J Vi-Bec |J V-1(Q,V).
yeV(Q) yeV(Q) yeV(Q)
By Claim 15, Uer( Q) V, —I(Q, V) is disjoint from V. Thus, to conclude the claim, it suffices
to show that ey () Vy © Wa(q)- Recall that g(Q) = To[{z(Q)} x T(g)]. We have

Uwe U e U v.= U U. € Wag)

yeV(Q) yeV(Q) 2€V(9(Q)) ze{z(Q)}xTw(q)
where the first inclusion follows from (rl), the second from (r2), and the last one from the
construction of U. O

Since TI(Q, A, (q)) € Bq for every @ € Q(X1), by Claim 17,

(Uyevig) Vs — B) N Ay = 0

Recall that for every @ € Q(X1), (Ly(@);i | # € N) is a layering of torsog(Wy(q)) — Axq)- It
follows that the family

B={(Uyevio) %) N Lu@i N (Z ~ B) | Q € Q(X1),i € N}
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FIGURE 10. The set Z is the union of B and the members of B. We color the
vertices in B injectively. The role of the set B is to separate members of B so
that if B is intersected by a connected subgraph H of G, we immediately get
a center. In the figure, By = Uyey(g,) Vy — B and By = Uyey(g,) Vy — B for
some @Q1,Q2 € Q(X3). If a connected subgraph H of Gy, intersects both By
and By, it has to intersect B.

is a family of pairwise disjoint sets covering Z — B. Moreover, the members of B are of
reasonable size, namely, for every @ € Q(X;) and i € N,

|(Uyevio) Vi) N La@i N (2 = B)| < L@ N 21 € Y |Lu@i NVl

yeXs
<) L) N Uyl by (r1) (7)
yeX3
< colt) - 1X| by (Irs5)
< co(t) - (8es(t) + 8)d by (4).

We define a coloring ¢ of Z using at most c¢;(t) colors. See also Figure 10. First, we color B
injectively, and then we color each member of B also injectively avoiding colors in ¢ (B). In
the first step we used at most cs(t)(4es(t) + 2)d colors by (6) and in the second step, we used
at most c;(t) - (8¢s(t) + 8)d colors by (7), thus, ¢ is well-defined.

We now show that Z and v satisfy (pcl)-(pe3).

Recall that Xy was chosen so that Xg C X3 and Uye X, Vy Intersects every member of F.
Therefore, (pcl) holds. Item (pc3) holds by Lemma & since Z = Uyer,ca(s, x,) Vo and ¥V =
(S, (Vy |y € V(S))) is a natural tree decomposition of Gy.

It remains to prove (pc2). Consider a connected subgraph H of Gy such that V(H) N Z # (.
If V(H)N B # (0, then since every vertex of B has a unique color, any vertex in V(H)N B is a
t-center of V(H)NZ, and so, a ¢ x ip-center of V(H)NZ. Thus, we assume that V(H)NB = {).

Since V(H) N B = 0, it follows from Claim 16, that V(H) N Z € U,cy(g) V- for some @ €
Q(X1).
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Additionally, by Claim 17,
VIHINZ C W, — Ay ifx=r,
VH)NZ C Wy — (Az UWyr ) if © #r.

Recall that (L, ; | i € N) is a layering of torsog(W,) — Az. Moreover, by definition of ¢, for
every u € V(H)NZ, p(u) =i mod (p+ 1) where i € N is such that u € L, ;.

Consider u € V(H)NZ. Let i € N be such that u € Ly ;. If uis a (¢ x ¢)-center in V(H)N Z,
then we are done. Assume now that there exists v’ € V(H) N Z distinct from u such that
o(u) = p(u') and ¢(u) = Y(u'). Let j € N be such that v’ € L, ;. Without loss of generality,
assume that ¢ < j. By the definition of 1, j # i, and by the definition of ¢, |j —i| > p. By
Lemma 10, V(H)NW, induces a connected subgraph of torsog(W,) — A,. Since (L, | k € N)
is a layering of torsog (W, ) — Ay, it follows that V (H ) intersects L j, for every k € {4,...,j—1}.
We deduce that [¢(V(H))| > p. Therefore, we obtain (pc2), which ends the proof. O
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