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—— Abstract

This paper contains three main results.

Firstly, we give an elementary proof of the following statement: Let M be a topological manifold
without boundary embedded in R?. If M has positive reach, then M can locally be written as the
graph of a C*! function from the tangent space to the normal space. Conversely if M can locally
be written as the graph of a C1'! function from the tangent space to the normal space, then M has
positive reach. The result was hinted at by Federer when he introduced the reach, and proved by
Lytchak. Lytchak’s proof relies heavily on CAT(k)-theory. The proof presented here uses only basic
results on homology.

Secondly, we give optimal Lipschitz-constants for the derivative, in other words we give an
optimal bound for the angle between tangent spaces in term of the distance between the points. We
stress that Lytchak did not provide any bound, let alone an optimal one, making his proof, although
interesting from a mathematical perspective, ineffectual in an algorithmic setting. To provide precise
and optimal bounds on the angle between tangent spaces, we formally introduce the local reach for
sets of positive reach, based on Aamari et al’s discussion for C? manifolds. We prove that the local
reach of a manifold is completely characterized by the variation of tangent spaces. This improves
earlier results, that were either suboptimal or assumed that the manifold was C?.

Thirdly, we show that the value of the reach is equals minimum of the local reach of the set and
a global bottleneck for any set. This generalizes a result by Aamari et al. which explains how the
reach is attained for C? manifolds.

2012 ACM Subject Classification Theory of computation — Computational geometry
Keywords and phrases Reach, Manifolds, Differentiability class, Lipschitz continuity, Tangent space

Funding Mathijs Wintraecken: Supported by the European Union’s Horizon 2020 research and
innovation programme under the Marie Sklodowska-Curie grant agreement No. 754411. The
Austrian science fund (FWF) M-3073. The welcome package from IDEX of the Université Cote
d’Azur. The French National Research Agency (ANR) under grant StratMesh.

Acknowledgements We thank Jean-Daniel Boissonnat for discussion. We would also like to acknowl-
edge the organizers of the workshop on ‘Algorithms for the Medial Axis’, and Erin Chambers in
particular for giving an impulse to this research.

1 Introduction

In [14] Federer introduced the reach of a closed set S C RY as the minimum of the distance
from S to the medial axis ax(S), i.e. the set of points in R? for which the closest point in
S is not unique. Assumptions on the reach (and its local version the local feature size [4])
underpin the correctness of many algorithms in computational geometry and topology. In
this paper we consider the differentiability class of manifolds of positive reach and give tight
bounds on the angle between nearby tangent spaces for general manifolds of positive reach.
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Manifolds of positive reach, differentiability, tangent variation, and attaining the reach

For arbitrary sets of positive reach we give a geometrical explanation on how the reach in
attained.

Previous work

Differentiability Federer proved that the reach is stable under C':!-diffeomorphisms of the
ambient space. Here we write C'1'! to indicate C' maps whose derivative is Lipschitz, and
by a C'!-diffeomorphism we mean that both the diffeomorphism and its inverse are C'':!.
Federer [14, Remark 4.20] furthermore mentioned (without going into much detail on one
direction of the implication) that the graph of a function has positive reach if and only if it is
C11. Lytchak [21, 22] proved that a topologically embedded manifold without boundary has
positive reach if and only if it is 1!, without a quantitative bound on the Lipschitz constant.
This statement is quantified in our Theorem 1 below. We emphasize that quantifying these
constants is essential for the result to allow us to formulate sampling criteria that guarantee
the correctness of algorithms.

Lytchak’s proof requires significant background in CAT(k)-theory. Lytchak, motivated by
bounds on intrinsic curvature, does not give any quantified bound on the extrinsic curvature,
which play an important role in this paper.

Scholtes [28] also gave a proof that a hypersurface has positive reach if and only if it is
CY!, using different techniques from both the ones employed by Lytchak and in this paper.
Scholtes’ method uses the fact that the manifold has codimension one in an essential way.

Rataj and Zajicek [26] prove that if a Lipschitz manifold has positive reach, then it
is C1!. They also use Lemma 17, however the assumption that the manifold is already
Lipschitz simplifies the matter considerably, in particular they can skip the topological
analysis. Moreover, again, they do not quantify their results in the way that we do and is
essential for guarantees for algorithms. Recently, Leobacher and Steinicke [19] also reproved
Lytchak’s result, but once more the result was not quantified. We further stress that the
bounds that we provide on the Lipschitz constants are tight, as we’ll discuss in more detail
below.

Geometric bounds and tangent variation Bounding the tangent angle variation on smooth
manifolds is crucial for establishing constants in the context manifolds reconstruction and
meshing [4, 11, 13, 8]. If we now focus on more recent results, some authors consider angle
variation bounds for a given local feature size bound [18]. Other authors, including the
ones of the present paper, give angle variation bounds based on the reach [9]. Assuming
the surface to be smooth, more specifically C? smooth, allows using standard differential
geometry tools such as second fundamental forms, curvatures and Riemannian geometry,
while, as hinted at by Federer’s and Lytchak’s results, the weaker positive reach assumption
is sufficient for many properties to hold.

For example, in [9], the angle variation bound given for C? manifolds are clearly optimal
(the bound is attained on spheres) while only suboptimal bounds are derived for C11, or
positive reach, manifolds.

Attaining the reach In [1, Theorem 3.4], Aamari et al. make the following observation
for C? manifolds: The reach of a submanifold of Euclidean space can be expressed as the
minimum of a global quantity, realized at so called “bottlenecks”, and a local quantity, the
inverse of the maximal extrinsic curvature. These “bottlenecks” can be formally related to a
global reach and the local quantity with a local reach, which we’ll do in this paper. We stress
that the concepts of the local and global reach are mentioned once in the introduction of [1],
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André Lieutier and Mathijs Wintraecken

no formal definition was given in that paper. Moreover, while this assumption is somewhat
implicit in the proof of [1, Theorem 3.4], the analysis uses the context of Riemannian geometry,
assuming the C? regularity of the manifold. We further emphasize that [1] focused uniquely
on manifolds, which contrasts with the definition for global reach and local reach for any set
of positive reach in this paper.

These results explain how the reach is attained, see Figure 1. This gives insight in which
parts of a set of positive reach present the ‘difficult’ parts for algorithms, in the examples
we’ll discuss now.

Motivation and related work

The assumption of positive reach is central to almost all triangulation algorithms, see for
example [11, 13, 8], manifold learning, see for example [16, 15, 2, 29], and homotopy inference,
see for example [24, 30]. Closing the gap between C? and positive reach manifolds significantly
extends the applications domains. This extension is necessary to include for example the
boundary of objects that have been designed by computer aided design software. These
boundaries are generically tangent continuous and have bounded curvature (e.g. two planar
faces connected through a cylindrical fillet surface), but don’t have continuous curvature.
The main result of this paper makes precise what it means for a topologically embedded

submanifold of Euclidean space to have positive reach: The embedding is necessarily C*+!-

smooth (Theorem 1) and we give a tight bound on the (generalized) extrinsic curvature of
the submanifold (Theorem 4).

Generalized tangent and normal spaces Federer showed that although sets of positive
reach are more general than smooth manifolds, they still posses generalized tangent and
normal spaces, which are convex cones instead of just linear spaces. Roughly speaking, the
normal cone at a point p of a set with positive reach determines the topological “link” of
point p in the set, that is the local topology.

To prove the Theorem 1 it is essential to show that the normal cone at any point of a
positive reach, topologically embedded n-manifold is a (d — n)-dimensional vector space. In
the proofs of [21, 22] the relation between the normal cone at a point p of a topologically

embedded manifold with positive reach and the “link” of p is established using CAT (k)-theory.

In contrast, the short proof of Lemma 31 is based on elementary properties of (the homology
of) convex cones makes this correspondence more transparent in our opinion.

We further extend the results of [21, 22] by giving an optimal bound on the angle variation
of tangent spaces. This also extends the same bound obtained in the particular context of
C? manifolds [9]. We even obtain a significantly stronger result, that is, we characterize the
local reach of a manifold completely by the tangent variation.

Contribution In this paper we give an elementary proof of the following characterizations

of manifolds of positive reach. Moreover the statement is quantified with optimal constants.

Here we write B(p,r) or B°(p,r) for the closed or open ball centred at p with radius r.

» Theorem 1. If M is a topologically embedded manifold with positive reach and p a point
in M, then M N B°(p,v/2rch(M)) N W;le(BO(O,rch(M))) is the graph of a CY! function
above the open domain B°(0,rch(M)) C T,M.

We also generalize the notations of local and global reach from C? submanifolds [1] to
arbitrary compact sets (of positive reach):
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Manifolds of positive reach, differentiability, tangent variation, and attaining the reach

» Definition 2 (Local and global reach). For a closed set S C RY, we define the local rchyoe. (S)
and global rchgiop. (S) reach as:

: la — b ofa+b |a—1D
rchgion. (S) i lnf{ 5 ‘Ela,beS,B TR NS=10 (1)
rchyoe. (p,S) = lim rch(SN B(p,p)) € [0, +o] (2)
def. p—0
p>0
rchyoe. (S) o ;Iég rchyee. (p, S)€E [0, 00, (3)

where inf(f)) = +oo.

» Remark 3. If rch(S) > 0, then p — rch(S N B(p, p)) is non-increasing (this follows from
Theorem 16 because S N B(p, p) is geodesically convex [9, Corollary 1] for all p < rch(S)
so that the set of bounds that need to be satisfied in (9) is larger, c.f. [6, Lemma 5]) as
soon as p < rch(8), so that the limit in (2) exists. Moreover, since for any p one has
rchyoe. (p, S) > rch(S), we get that:

rehype (S) > rch(S). (4)

To be able to give the bounds on the tangent variation/extrinsic curvature we need to
introduce some notation.

We write Gr(n,R?) for the Grassmannian, that is the space of n-linear subspaces of R?
with metric given by the sine of the maximum angle. We recall that the maximum angle is
given by

ZA,B = max min Za,b= max min Za,b. (5)
def. acA\{0} be B\{0} beB\{0} a€ A\ {0}

We use this maximal angle as our metric. It is not that difficult to establish that this is
indeed a metric, see [31] or [25] for a far reaching generalization.!

» Theorem 4. If M C R? is a topologically embedded n-manifold with reach at least R > 0,
then tangent spaces and normal spaces to M are linear spaces at any point p € M and the
maps Tan : M — Gr(n,R%) and Nor : M — Gr(d — n,R%) are Lipschitz.

Moreover, the smallest Lipschitz constant satisfied by p — Tan(p,S) is m

“ Z Tan(p, M), Tan(q, M) 1
P»qel?\/i dm (p, Q) B rChloc.(-/\/l)7

P#q

(6)

where dpq denotes the geodesic distance on M and we say that dy(p,q) = oo when p and ¢
are not connected by any path in M and that 1/oo = 0.

» Remark 5. If M C R? is a manifold with boundary then the results of Theorem 4 still
hold as long as there is a shortest path geodesic between p and ¢ that lies completely in the
interior of M.

L The sine of this angle also defines a metric on the Grassmannian as can be found in e.g. [17, Chapter
IV, Section 2.1] or [3, Section 34], see Appendix B for a more extensive description. It seems that in a
number of fields the sine of the angles is a more common metric, but it is suboptimal in this context. We
further stress that neither of these metrics equal the standard Riemannian metric on the Grassmannian,
which is given by the sum of the squares of the principal angles, see e.g. [32].
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Figure 1 In this figure we see the two ways in which the reach can be attained for a general set
of positive reach, by means of the global reach (top) or local reach (bottom), for two sets of positive
reach in the plane. The shading indicates a solid set. The points (red) and the circle (blue) in which
the reach is attained are indicated.

Next theorem is a generalization of [1, Theorem 3.4] which was formulated in the particular
situation where S is a C? embedded manifold, in which case rchyee. (S) is also the supremum
of extrinsic curvature.

» Theorem 6. If S is a compact subset of R?, then:
rch(S) = min(rchgop. (S), rehoc. (S))

We refer to Figure 1 for an illustration.

2 Preliminaries

In this section we first recall some results and definitions concerning sets of positive reach.
The results concerning the reach are mainly taken from [14] and [9].

2.1 Sets of positive reach

Throughout this paper we will write S for a general closed set (mostly with positive
reach) and M for a manifold (mostly without boundary) and in some (rare) cases
OM for its boundary (if it exists).

The concept of a tangent space of a smoothly embedded manifold has been generalized
by Federer to tangent cones in the following manner:
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» Definition 7 (Generalized tangent spaces, Definitions 4.3 and 4.4 of [14]). If S C R? and
p € S, then the generalized tangent space

Tan(p,S)

is the set of all tangent vectors of S at p consists of all those u € R?, such that either u = 0
or for every e > 0 there exists a point ¢ € S with

0<|lg—p|<e and a=p U\
lg—p|  [ul
The set
Nor(p, S)

of all normal vectors of S at p consists of all those v € R? such that v-u < 0 for all
u € Tan(p, S).

» Definition 8. We write ms for the closest point projection on S.

Although it is possible to define a set valued version of g, we only use the projection map
outside the medial axis, that is at those points where there is a single closest point.

For the remainder of this subsection we will recall the properties of this map and sets of
positive reach that are essential for this paper.

» Lemma 9 (Angle with tangent space, Theorem 4.8(7) of [14]). Suppose that S is a set
positive reach rch(S). Let p,q € S C R? such that |p — q| < rch(S). We have

sin Z(q — p, Tan(p, S)) < ;i;é,) (7)

Moreover, a variant of the previous lemma characterizes the reach for arbitrary closed
sets, that is:

» Lemma 10 (Distance to tangent space characterizes the reach, Theorem 4.18 of [14]). For a
closed subset S of Euclidean space E = R%, one has:

. lp—ql?
h(S) = inf i
rch(S) pl%qs 2dg(q, p + Tan(p, M)) )

» Lemma 11 (Theorem 4.8 (4) of [14]). ©s is continuous on R4\ ax(S).
In fact the following lemma strengthens the previous.

» Lemma 12 (Theorem 4.8 (8) of [14]). If z,y € R?, and

max{|z — ms(z)], |y — ms(y)|} = p < rch(S),

then

s (@) — ms(y)| < —S)

~ rch(S) — ulz Yl
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» Lemma 13 (Theorem 4.8 (12) of [14]). If p € S and Ifs(p) > p > 0, then
Nor(p,S) ={ v | A >0, |v| = p,7s(p+v) = p}.

Tan(p, S) is the convex cone dual to Nor(p,S), and
li -1 =
Jim t~d(p + tu, M) =0,

for u € Tan(p,S), where d is the Euclidean distance.

» Lemma 14 (Remark 4.15 (1) of [14]). If p € S and Ifs(p) > p > 0, then SN B(p, p) is
contractible.

2.1.1 Geodesics

We also recall a result from the second paragraph of Part III, Section 1: “Die Existenz
geodétischer Bogen in metrischen Rdumen” in [23]:

» Lemma 15 (Menger's existence of geodesics). For a closed set S C R%, ds denotes the
geodesic distance in S, i.e. ds(a,b) is the infimum of lengths of paths in S between a and
b. If there is at least one path between a and b with finite length, then it is known that a
minimizing geodesic, i.e. a path with minimal length connecting a to b exists. When no such
path between a and b with finite length exists, we write ds(a,b) = co.

We'll be using the metric characterization of the reach from [9] quite often in this paper.

» Theorem 16 (Theorem 1 of [9]). If S C R? is a closed set, then
-b
rchS = sup {7" >0, Va,be S, |a—b| <2r=ds(a,b) < 2rarcsin |a2r|} , (9)

where the sup over the empty set is 0.

2.2 Embeddings and atlases

We consider below an embedded, compact n-manifold M C R¢ with an atlas associated with
an open cover (U;)ier:

M=JUu

icl

and charts f; : U; — R™ that are homeomorphisms on their images, where the topology on
M is the one induced by the ambient metric of R%.
Note that, topologically? embedded manifold does not exclude wild embeddings [12] but,

as seen below, the positive reach assumption does, because the embedding is proven to be
chL

2 We say that an embedding is topological to stress that we don’t make any assumption beyond the
assumption that it is a homeomorphism onto its image, in particular no assumptions on differentiability
are made.
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3  Overview of the first two main results: Manifolds of positive reach,
differentiability, and tangent variation

In this section we provide an overview of the proof of the first two main results of this paper
Theorems 1 and 4. We discuss this in complete detail with full proofs of the statements in
the appendix.

A topologically embedded manifold with positive reach is differentiably embedded
Consider a topologically embedded manifold with positive reach. That is, we don’t assume
anything on the embedding of the manifold except that it is a homeomorphism with its image.
However, the assumption that the manifold has positive reach yields that the generalized
tangent spaces (see Definition 7) are cones.

Figure 2 Convex cones come in two variants, a tapering object or a half space on the one hand
and vector spaces on the other.

A characterization of convex cones by topological means can be found in Section A.1 of
the appendix. We recall that a convex cone is a subset of R? that is convex and for each
v in the set we have that Av is also in the set for A € R>g. By this we mean that, roughly
speaking, convex cones A come into two classes:

1. The convex cone is defined by
A={Xa]X>0,a € A},

where A is a contractible subset of S%~1. Note that A = AN S%!. In this case A is
(again roughly speaking) either a tapering object or a half space.
2. The convex cone is defined by

A={\a|]A>0,a € A},

where A is a (k dimensional, with 0 < k < d — 1) geodesic sphere in S4=1. In this case A
is a vector space.

These two classes are characterized by the homology of B(0,1) \ AL, see Lemma 30. The
contractibility of A is the key ingredient of proof of Lemma 30. More precisely we’ll use that
A is contractible on the sphere if and only if A isn’t a vector space.

In Section A.2 of the appendix we’ll establish, based on the characterization of Section
A.1 of the appendix, that for topologically embedded manifolds the tangent cones are in fact
tangent spaces. The proof proceeds in two steps:

In Lemma 31, we'll see that B(p, p) \ (p + Nor(p,S)) has the same homology as SN
B(p, p) \ {p}, see Figure 3. This result will rely on the deformation retract along the
closest point projection of sets of positive reach and its continuity as established by
Federer [14]. We stress that the normal cone Nor(p, S) is the dual of the tangent cone
Tan(p, S), which explains the link with Lemma 30.
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In the proof of Lemma 32, we’ll see that if M is manifold, then M N B(p, p) \ {p} has
the homology of a sphere of dimension n — 1, which with the previous lemma allows us
to conclude that Tan(p, M) is a vector space. The proof combines topological reasoning
with arguments based on the charts of the manifold M.

\ TSNB(p.p)

Figure 3 Sketch of the proof of Lemma 31. We establish a homotopy between B(p, p) \ (p +
Nor(p, 8)) and SN B(p, p) \ {p} by deformation retract induced by the map msnp(p,p)-

By definition we have that if a manifold has a tangent space it is differentiably embedded,
but that does not mean that the manifold has to be continuously differentiably embedded,
this is what will be the topic we’ll address next.

Semi-continuity of normal cones and C' embeddings In Section A.3 of the appendix
we will first prove a more general statement (Lemma 33), namely semi-continuity of the
normal cones for general sets of positive reach. By this we mean that given a point p and its
normal cone Nor(p, S), for all e there exists a neighbourhood of p such that for all p’ in this
neighbourhood, we have that the normal cone Nor(p’,S) makes only an € angle with some
subset of Nor(p,S). The proof is elementary, but rather technical, and relies on compactness
arguments and the manipulation of offsets.

Lemma 33 together with the observation that the tangent spaces are k-dimensional vector
spaces the one sided bound on the angle between the normal cones above is in fact a two-sided
bound, see Lemma 34, yields that the manifold is C!, that is continuously differentiable.
Lemma 35 strengthens this even further and explains that M can locally be written as the
graph of a function. To put it differently, using some geometrical and analytical arguments
we see that, locally, the manifold projects injectively on its tangent cone (which is an affine
space by Lemma 32). This then allows us to identify it, locally, as the graph of a differentiable
map from the tangent space to the normal space.
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From C! to C''! embeddings Section A.4 of the appendix proves the majority of the main
statements of the paper, namely that manifolds with positive reach are C''! and characterizes
the Lipschitz constants of the derivative in terms of the local reach. It is the most technical
section and relies heavily on the theory of semiconcave functions. Most crucially we’ll use
the following result, namely Corollary 3.3.8 of [10]:

» Lemma 17. Let F: U — R be a function defined on a convex open set U C R™. Then the
following properties are equivalent:

F is of class CY! with 1-Lipschitz derivative.
both x — 1/2 2% — F(z) and x — 1/2 2% + F(z) are convex functions.

Figure 4 A manifold with empty tangent balls (blue) and (locally) empty tangent parabola
(red).

Although that the precise technical way that this result is used is too intricate to explain
in a paragraph or two, the link between sets of positive reach and Lemma 17 can be explained
in geometrical terms. Assume for the moment that M has reach 1. As a consequence of
Lemma 13 the interior of every ball that is tangent to a manifold M, that has radius less or
equal to 1 (the reach of M) does not intersect M itself. Geometrically speaking the fact
that x — 1/22% — F(x) and x — 1/2 2% + F(z) are convex functions can be expressed by the
fact that (locally) the interior of parabolae that are tangent to the manifold have an empty
interior, see Figure 4. Of course these parabolae are just second order approximations of
the spheres. Because we are just interested in the Lipschitz constants of the derivative this
approximation suffices.

Using Lemma 17 we do not directly prove our bound on the angle between nearby tangent
spaces, instead we first establish the bound

D6 (y2) — Do(yn) | < lys — 1],
(

1
rchyoe. (p, M) —€)
see Lemma 39, where ¢ is the local function (from the tangent to normal space) of which M
is locally the graph and || - || denotes the operator two norm, in other words we regard the
Jacobians as matrices depending on y and bound their Lipschitz constant in a way that is €
close to optimal.
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From the result of Lemma 39 it is not very difficult to derive a local bound between
tangent spaces, which is done in Lemma 40. This local bound can then be extended (Lemma
41) to a non-local statement by gluing the local estimates on the angle between tangent
spaces along a geodesic, which exists thanks to Lemma 15. This allows us to establish one of
the main results, the characterization of the local reach in terms of the tangent variation in
Theorem 4, whose proof requires a significant amount of computation. The optimal size of
the domain (in a fixed tangent space) such that M can be written as the graph of a function
from a (fixed) tangent space to its normal space is then given in Theorem 1. The proof can
be sketched as follows: By combining Theorems 4 and 16 with the submersion theorem we
can establish a local diffeomorphism. The global diffeomorphism is established by proving
that the covering number is one.

4 Global and local reach

In this section we stablish the third main result of the paper, that is Theorem 6. This
theorem generalizes the results of [1] on how the reach is attained from C? manifolds to
arbitrary sets of positive reach. It states that the reach is a consequence of either curvature
maxima or so-called bottlenecks. In our result we replace the curvature by the local reach,
which in turn is defined using local metric distortion, while the bottlenecks are similar in
nature. In a number of cases we will have to assume that the set is bounded/compact.

Athough some of the details of the proof of Theorem 6 are a bit technical, the main idea

is not that complicated. In fact we provide a sketch of the proof in Figure 5 and its caption.

Figure 5 To derive a contradiction assume that rch(S) < rchioe. (S) and S is tangent to the ball
with radius rch(S) (blue) in two distinct points (red) that are closer than 2rch(S), and therefore not
antipodal. Consider the cord connecting these two points (dashed red), then Theorem 16 yields that
the length of the geodesic is at most equal to part of the circle indicated in red, however that is
the only curve of that length (or less) that connects the two red points that does not intersect the
interior of the ball of radius rch(S). This implies that this curve has to lies inside S, moreover this
curve has local reach rch(S). Combining these observations yields that rch(S) > rchyoc. (S)

We recall the definition from the introduction:

» Definition 2 (Local and global reach). For a closed set S C R%, we define the local rchy,.. (S)
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and global rchgop. (S) reach as:

L la — b ofa+b |a—10 B
rchgion. (S) b 1nf{2‘3a,b€S,B 5 NS=10 (1)
rchioe. (p,S) = lim rch(S N B(p, p)) € [0, +o0] (2)
def. p—0
p>0
rchyge., (S) d?f. ;gg rchyge. (p, 8)6 [07 +OO]7 (3)

where inf () = +oo.

» Lemma 18. The map p — rchyoe (p,S) defined over S is lower semi-continuous, in other
words:

h =1li inf h .
rchyoe. (p; S) pl_r% sesomb e toc. (4 S)
p>

Proof. By definition of rchj,e. (p, S), we have that for any e > 0 there is p > 0 such that:
rch(p, S N B(p, p)) > rchioe. (p, S) — €. (10)
One gets

rchyee. (p, S) > inf rchipe. (4, S
toc. (P, S) q€ESNB° (p,p) toc. (0, 5)

= inf rchyee. (¢, S N B(p,
4ESNBS (pp) loc.(q (P, p))

> rchyoe (SN B(p, p)) (by (3) applied to the set S N B(p, p))
> rch(S N B(p, p)) (by (4))
> I‘Chloc. (pa S) — €. (by (10))
Because this inequality holds for any positive €, the equality follows. |

» Remark 19. As a consequence, when S is compact, the inf in (3) is a min, in other words
there exists at least one point p € S such that rchy,. (p, S) = rchjpe. (S).

» Definition 20. A bottleneck is a pair of points (a,b) € S? such that

a+b la—1b
B° =0.
( g )ﬂS 0

We have the following variant of Lemma 12 of [9], which in turn is a relatively straight-
forward generalization to arbitrary dimension of Property I of [5]:

» Lemma 21. If a geodesic (or more generally a curve) v parametrized according to arc
length on the interval [0,{] satisfies

1
£3(s1),3(s2) < ls2 = s, (1)

then as long as ¢ < 2wR,

. 14
lg — p| > 2rch(M) sin (2R> ,

where p = ~v(0) and ¢ = v(¥).
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Proof. The length of v in the direction "y(%) is

(1= (5)) = [ Gonaemas
0

/2
- / ((5),4(¢/2))ds + / (3(s),4(/2) ds
0 ¢

/2
0/2 _ 0 _
> / cos Mds + / cos Mds
0 R 02 R

I
=2Rsin| — .
Rsin (QR)

where, in the above inequality, we use the assumption ¢ < 27 R and the fact that 6 — cos 6

is decreasing on [0, 7].
Because |g — p| > (g — p,¥(%)), we see that

L
—p|>2Rsin| — | .
ool ()

Combining Lemmas 42 and 21 we get:

» Corollary 22. If v is a geodesic in S with length ¢ < 2mrche (S), then

lp — q

¢ < 2rchy,.. (S) arcsin 2rchype. (S)”

The Lemma 23 below is a special case of [20, Lemma 4.6], we still provide a proof for

completeness.

» Lemma 23. Let x ¢ ax(S) and denote by T the unique point closest to x in S.
Then, for any € > 0, there is o > 0 such that,

ly—z|<a={ze8|dy,z) =d(y,S)} C B°(Z,¢).

(12)

Proof. Consider the closed set &' := S\ B°(%,¢). The minimum distance d(z,S’) to z is

attained at least at some point z in &’ so that
d(z,8") = d(z,2) > d(z,7) = d(z,S).
Taking
d(z,S8") —d(z,S)

o= 5 ,

we get, for any y such that |y — x| < o and z € §’ that:
d(ya Z) > d(y75/) > d(xasl) - d(yVT)

=d(z,8)+2a—d(y,z) = d(z,%) + 2a — d(y, x)
> d(x, &) +d(y, x) > d(y, 7) > d(y, S).

We have shown that if 2 € §’, then d(y, z) > d(y,S). It follows that any closest point to y in

Sisin S\ &' =8N B°(Z,¢) which is (12).

<
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» Theorem 6. If S is a compact subset of RY, then:
rch(S) = min(rchgep. (S), rehype. (S))

Proof. We consider first the situation where rch(S) = 0. In this case, since S is bounded,
there exists some point p € m NS. Then, for any p > 0, there is some p’ € ax(S) such
that d(p’,p) < p/2, so that there are at least two points in S N B(p, p) closest to p’. Thus,
rch(S N B(p, p)) < p/2, and, since this holds for any p > 0, we get that rchjee (p,S) = 0 and
as a direct consequence rchyo. (S) = infyes rchyee. (¢, S) = 0.

We assume now that rch(S) > 0. As we have seen in Equation (4) of Remark 3, we
have that rch(S) < rchyoe. (S). Therefore it suffices to prove that, if rch(S) < rchyee. (S), then
rch(S) = rchyop. (S). So let us assume now that rch(S) < rchyoc. (S).

Since S is compact and thus bounded, which implies that a closed rch(S)-neighbourhood
of § is also bounded, there must exist x € ax(S), where ax(S) is the closure of the medial
axis ax(S), such that d(z,S) = rch(S).

If z € ax(S) \ ax(S), in particular = ¢ ax(S) and there is a unique point % closest to z in
S. Choose some 0 < € < rch(S) and, as in Lemma 23, take o > 0 so that (12) holds and,

moreover, such that

a < rchyee. (8) — rch(S).

Since = € ax(S), there exists y € ax(S) N B°(z,«)), and therefore Lemma 23 yields that
there exists at least two points p,q € B°(Z, ¢) such that d(y,p) = d(y, ¢) = d(y, S).

Because d(p, q) < 2¢ < 2rch(S), by Theorem 16, there is a geodesic from p to ¢ of length
at most mrch(S), which is less that 27rch,e (S). But then one can apply Corollary 22, which
implies that the length of a geodesic from p to ¢ is at most

Ip — q|

Cmax = 2rchye, n —— .
rchyoe. (S) arcsin Srchi (S)

However, since projecting a curve outside a given sphere onto the given sphere only decreases
its length, a curve from p to ¢ outside the ball centered at y whose radius is at most
rch(S) + |y — z| < rch(S) + « < rchyee. (S) must have length strictly greater than fyay, a
contradiction.

We have so far proven that when rch(S) < rchyee. (S), then the reach cannot be realized
in ax(S) \ ax(S). One must then have z € ax(S) and there are at least two points p # ¢
closest points to z on S.

If |p — q| < 2rch(S) then by Theorem 16 one has that ds(p,q) < 2rch(S) arcsin 2‘;;}_1(?5')
which is less than 27rchy,. (S). Again, Corollary 22 implies that the length of a geodesic from
p to ¢ is a most 2rchy,e (S) arcsin #_f‘(s), which, again, is impossible without entering the
ball centered at x with radius rch(S) < rchyee. (S).

Since |p — q| < 2rch(S), the only possibility is that |p — ¢g| = 2rch(S), i.e. z = (p+¢q)/2,
a bottleneck. |
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A Manifolds of positive reach, differentiability, and tangent variation

A.1 Convex cones

In this section we recall the definition of a convex cone, and some known consequences. We
follow Chapter 2 of [27] and refer to this book for further reading. After the short recap, we
characterize vector spaces among convex cones by means of their homology, which we have
not been able to find in the literature.

In one of the equivalent definitions of a convex cone we use geodesic convexity on the
sphere S9!, which we’ll recall first.

» Definition 24. A set of directions S C S is said geodesically convex if, given p,p’ € S
such that Zp,p’ < m, the unique minimizing geodesic joining p and p’, i.e. the arc pp’ of a
great circle strictly shorter than m, is contained in S.

The notion of convex cone is standard. We use the following definitions, the first of which is
standard and the second is easy to verify.

» Definition 25 (Convex cone). For a subset A C R?, the following properties are equivalent
(and define convex cones):

(1) Val,ag € A,VAl, Ao >0, Aa1 + Asas € A
(2) Both

Vae A,VA >0, \ac A
and

ANS*t s geodesically conver in  S?!
If Ac R? AL, its dual convex cone is

At = {z eRVa € A, (a,z) <0}

We have the following, see [27].
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» Lemma 26. If A is a closed convex cone it is the dual of its dual: A = (A+)+ .
Also, from Definition 25, item (1), we see that:

» Observation 27. For a convex cone A, we have that A = —A if and only if A is a vector
space.

» Observation 28. A conver cone A is a k-dimensional vector space if an only if A+ is a
(n — k)-dimensional vector space.

Moreover vector spaces can be distinguished among convex cones by the homology of
their intersection with the unit sphere S¥~1. More precisely, we have:

» Lemma 29. For a convex cone A C R and a non negative integer k < d, the following
are equivalent:

A is a k-dimensional vector space,
k > 1 and the (k — 1)-homology of ANS%~t is non-trivial or k =0 and ANS4~1 = ().

Proof. If A is a k-dimensional vector space, then ANSY~! = S¥~1 whose (k — 1)-homology is
non-trivial and (k" — 1)-homology for k" # k is trivial. Of course, if k = 0, then ANS?~! = §.

If A is not a vector space, then by Observation 27, A # —A. This implies that there
exists ag € ANS?! with —ag ¢ A. This in turn gives that for any a € ANS?!, one has
Zag,a < 7 so that the (unique) minimal geodesic from a to ag remains in ANS?~!. It follows
that there is a deformation retract from AN S?! to ag along geodesics. Hence that A is
contractible and has therefore trivial homology. |

Vector spaces can also be distinguished among convex cones by the homology of the
complement of their dual cone in the unit ball. More precisely, we have:

» Lemma 30. Let A C R be a closed convex cone and let k < d be a non negative integer.
The following are equivalent:

The cone A is a k-dimensional vector space.
If k> 0, the (k — 1)-homology of B(0,1)\ A+ is non-trivial and if k =0, B(0,1)\ At is
empty.

Proof. Since {0}+ = RY, the case k = 0 is trivial. We assume now k > 0. Since 0 € AL,
B(0,1) \ At can be written as

U {wulxeo1],

u€eSd—1\ A+

where S?~! denotes the unit sphere centred at the origin. This means that there is a
deformation retract from B(0,1)\ A+ to ST~1\ A+,

Now we use the same argument as in Lemma 29. If kK > 1 and A is a k-dimensional vector
space, then A+ is a d — k dimensional vector space and S*~! \ AL is homeomorphic to the
open cylinder S¥~! x (—1,1)47* whose (k — 1)-homology is non-trivial.

Conversely, £ > 1 and A is not a k-dimensional vector space, then by Observation 28

neither is A+. As in the proof of Lemma 29 we note that by Observation 27, A+ # — AL,

This implies that there exists a; € A* NSY! with —a; ¢ A+. This in turn gives that for
any @ € At NS?! one has Zay,d < 7 so that the (unique) minimal geodesic from @ to a,
remains in A+ N S?1. It follows that there is a deformation retract from A+ NS%~! to a,
along geodesics as well as a homotopy from S\ A+ to S¥~ !\ a; ~ B!, where B4!
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denotes the open d — 1-dimensional ball. Hence S?~!\ A" is contractible and its homology
is therefore trivial.

Finally, we consider the case where k = 0. If A is a 0-dimensional vector space, that is a
point, then A is the entire Euclidean space, and therefore B(0,1)\ A+ is empty. Conversely
if B(0,1)\ A+ is empty then At is the entire Euclidean space and its dual is therefore a
point. <

A.2 The (generalized) tangent spaces of embedded manifolds

In this section we establish that the tangent spaces of topologically embedded manifolds
are vector spaces of the right dimension. The argument is based on homotopy theory and
deformations retract in particular, which uses a more general statement that we proof first.

Closest point projection in a neighborhood gives a deformation retract We know (Lemma
14 above and Lemmas 5 and 9 in [6]), that, if p < rch(S), then rch (SN B(p, p)) > rch(S)
and that S N B(p, p) is contractible. Moreover one has:

» Lemma 31. If0 < p < rch(S), the projection Tsnp(p,p) defines a deformation retract from
B(p,p) \ (p + Nox(p,S)) to SN B(p,p) \ {p}-

Proof. Since rch (SN B(p, p)) > rch(S), we know that 7snp(y,,) is continuous (Lemma 11
or 12). The homotopy (¢, ) — (1 —t)z + tTsnB(p,p) (x) is then a deformation retract from
B(p,p) to SN B(p, p). Therefore, the only thing we have to prove is that, for y € B(p, p):

y €p+Nor(p,S) <= Tsnp@.) () =p.

We note that thanks to Definition 7, we have Nor(p,S) = Nor(p,S N B(p, p)). The result
now follows by Lemma 13 and the fact that p < rch(S) < rch (SN B(p, p)). <

Tangent cones of embedded n-manifolds with positive reach are n-vector spaces

» Lemma 32. Let M C R? be a topologically embedded n-manifold in R?, with positive
reach. Then for any p € M, Tan(p, M) is a n-dimensional vector space.

Proof. By definition of an embedded manifold, M has the induced topology. Let p € U,
where U C M is the open domain of a chart in the atlas of M. This means that there exists
amap f: U — R” that is a homeomorphism on its image. We note that because M is
compact, or equivalently closed and bounded, M\ U is compact too and thus d(p, M\U) > 0.
We now choose p, so that

0 < p < min (rch(M%d(p,M \ U))

Note that in particular M N B(p,p) C U.

By Lemma 14 the set M N B(p, p) is contractible. Because f is an homeomorphism on
its image f(M N B(p, p)) is a contractible subset of R™ containing a neighborhood of f(p).
Therefore, we know that the n — 1 homology of f(M N B(p,p)) \ {f(p)} is non-trivial. Using
again that f is an homeomorphism on its image, we see that the set f(M N B(p,p)) \ {f(p)}
is homeomorphic to M N B(p, p) \ {p}. By Lemma 31, M N B(p,p) \ {p} has the same
homotopy type as B(p, p) \ (p + Nor(p, M)).

We get that the n — 1 homology of B(p,p) \ (p + Nor(p, M)) is non-trivial, which, by
Lemma 30 gives that Tan(p, M) is a n-dimensional vector space. <
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A.3  Semi-continuity of normal cones and C! embeddings

In this section we first discuss a weak form of continuity for tangent and normal cones of
general sets of positive reach before focusing on manifolds.

Semi-continuity of p — Nor(p,S) and p — Tan(p, S) for sets of positive reach For a cone
X, X“€ is the set of vectors making an angle less than € with some vector in X. For sets with
positive reach, we have a semi-continuity of the normal and tangent cones, more precisely,

» Lemma 33. Ifrch(S) > 0, then
Vp € S,Ve >0,3a > 0| p' € SN B(p,a) = Nor(p',S) C Nor(p,S)“. (13)

Proof. Take p such that 0 < p < rch(S) and denote by S?®? the boundary of the p-offset of
S, in other words,

§% = {w eR!| d(x,8) = p}.
For p € S, we write N(p, S, p) for the set of points of S?®” whose projection is p, that is
N(p.S,p) = {a€ 8| ms(q) =p}.
Lemma 13 yields that if p € S, then
Nor(p,§) ={Mg—p) | A =0, g€ N(p,S,p)}- (14)
For n > 0 we denote by N(p,S, p)" the open offset of N(p,S, p) in S?97, that is
NS p)" = {a€8%,d(a,N(p,S,p)) <n}.
For any integer j7 > 1, the set

S0 ﬂwgl(B(p, 1/5)n s)

is compact, being bounded and the inverse image of a closed set by the continuous map ns.

Because S?7 \ N(p,S,p)" is a closed set, the set

K; = 8703t (B(p,1/)NS) 0 (7 \ N(p, S, p)")

= (8°"\ N(p.S,p)") 75" (B, 1/) NS)

is compact, but may be empty. We have that

N s (B 1/)NS) =5 (p}),

Jj=1

because if a ¢ 75 ({p}), then 7s(a) = ¢ # p and thus a ¢ MNj>1 ng(B(p, 1/4)N S) for

some j. Hence, since

(K =87 nag' ({p}) N (S?*\N(p,S,p)") = N(p,S,p) N (S?*”\N(p, S, p)") =,

Jjz1
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we have that (Kj)(j>1) is a nested (in inverse order) sequence of compact sets whose

intersection is empty. Therefore, there is some integer number n > 1 such that K,, = @), such
that

§%%r N 7r§1 (B(p, 1/n)N S) C N(p,S,p)".
We note that such an n exists for any n > 0. This implies that for any n such that
0 <n < psin 5, there exists an n large enough such that both:

1 1

— < = 1 15

~ < gpsine (15)
and

S?P N5t (B(p,1/n)NS) C N(p, S, p)rsins.

Using this n we pick a = %, and we claim that this « satisfies the assertion in the lemma.

Indeed, if p’ € SN B(p,a), then N(p',S,p) C N(p,S,p)?*™ 5. Hence by definition, if
q¢ € N(p',S,p), then there exists a ¢ € N(p, S, p) such that d(q,q’) < psin §, while by (15),
d(p,p") < psin §. Since ¢ —p| = |¢' —p'| = p and |[p — p'|,|q — ¢'| < psin §, we get
L€
(g =p) = (" =P)| < 2psin g,
so that
2 —p,q—p) <e

This holds for any ¢’ € N(p/, S, p) and since ¢ € N(p, S, p), the claim is proved, thanks to
(14). <

The semi-continuity of normal cones translates into a symmetric result for tangent cones.
This is easy to see: For set S with positive reach, Tan(p,S) = Nor(p, S)*, and, if X and Y
are convex cones, then:

X CY% < VYoreX\{0},vy €Y\ {0}, 4x,y’>g—e
— Yt (xhH)“

Lemma 33 therefore similarly (but inclusion reversed) gives semi-continuity of p — Tan(p, S)

Vp e S,Ve>0,3a>0| p € SN B(p,a) = Tan(p,S) C Tan(p/, S)“*. (16)

Continuity if the tangent spaces are vector spaces Of course, in cases where Tan and Nor
are vector spaces, this semi-continuity gives continuity. This results from a straightforward
lemma:

» Lemma 34. If A and B are k-dimensional vector subspaces of R?, with 1 < k <d — 1,
then

A C B¢ — B C A“.

Proof. If A = B the statement is trivially true. If A # B, the bisector of A and B contains
at least one hyperplane P and B is the image of A by the isometric mirror symmetry with
respect to P. <
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From Lemma 34, we get that, in case of manifolds, Lemma 33 and equation (16) gives us
the continuity of tangent spaces. More precisely, we have:

» Lemma 35. If M is a topologically embedded n-manifold in R, with positive reach,
then M is C' embedded in RY. More precisely for any p € M, there exists some open
p € Up C Tan(p, M) and a map ¢ : U, — Nor(p, M), such that x — ®(x) i p+x+ o(x)

is a C* map from U, to M.

Proof. Lemma 32 says that Tan(g, M) is a n-dimensional vector space for any ¢ € M.

Regarding Tan(g, M) as an element of the Grassmannian Gr(n, R?), Lemmas 33 and 34
give that the map defined from M to Gr(n,R?) by ¢ — Tan(g, M) is continuous. It follows
that, for p € M, there is some €, with 0 < ¢ < rch(M)/2, such that

Vg € M N B(p,e), £ Tan(q, M), Tan(p, M) < w/4. (17)

We claim that for this €, the restriction to M N B(p,¢€) of the orthogonal projection on
p + Tan(p, M) is injective.

Indeed, assume (to derive a contradiction) that there exist ¢i,q2 € M N B(p,€) such
that ¢ 7£ q2 and 7Tp+Tan(p,M)(Q1) = 7rp+Tan(p,M)(q2)' Then, because |qQ - Q1| < I'Ch(./\/l),
inequality (7) from Lemma 9 yields that sin Z(¢1 — g2, Tan(g;, M)) < % Combining this
with (17),

Z(q1 — q2, Tan(p, M)) < Z(Tan(p, M), Tan(g1, M)) + Z(q1 — g2, Tan(q1, M))

Tom w
which cannot be since go — g1 is orthogonal to Tan(p, M). Hence, the claim is proved.

Since the restriction to M N B(p,€) of the orthogonal projection on p + Tan(p, M) is
an injective continuous map, from an open n-manifold to the n-manifold p + Tan(p, M),
invariance of domain implies that it is an homeomorphism on its image. This means that
M N B(p,e) is the graph of a map = — ¢(z) from some open set U, C Tan(p, M) to
Nor(p, M), i.e. & — p+x + ¢(x) is a local homeomorphism from U, to M. Moreover, these
maps induce an atlas for M.

Definition 7 and the fact that Tan(p, M) is a n-dimensional linear space together imply
that ¢ is differentiable at 0 with D®(0) = 0, and more generally that ¢ is differentiable at
any € Up. The continuity (16) of ¢ — Tan(g, M) for the Grassmannians metric yields that
¢ is of class C1. |

A.4 From C! to C!! embeddings

In this section we prove the first main result of this paper, namely that manifolds of positive
reach are C1'!. We distinguish ourselves from the previous methods by making all constants
explicit.

In this paper we view derivatives of a C1'! function F' as linear operators (matrices). The
norm we use on the derivatives of F' is the operator 2-norm, that is

DF
IDF(2)]| = max 2E@U
lul=1  |u]

For example, F' having a A-Lipschitz derivative means that the difference of Jacobians viewed
as matrices (or linear operators) satisfies :

IDF(z) = DF(y)]| < Az —y| for allz,y. (18)
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The following Lemma on C'! functions is essential to our proof and can be found in a
number of texts concerning semiconcave functions as well as [21, 22], albeit without constants,
the version with constants we recall here can be found as Corollary 3.3.8 in [10].

» Lemma 17. Let F: U — R be a function defined on a convex open set U C R™. Then the
following properties are equivalent:

F is of class C™1 with 1-Lipschitz derivative.
both x — 1/2 2% — F(z) and x — 1/2 2% + F(x) are convex functions.

Following two lemmas are of use in the proof of Lemma 38.

» Lemma 36. Assume that M C R? is a topologically embedded n-manifold, with reach
larger or equal to R > 0. Suppose that p € M, and let U, C Tan(p, M), ¢ : U, — Nor(p, M),
and ® be as in Lemma 35.
Then, for all @ > 0, there is an o > 0 such that:
£ Tan(®(y), M), Tan(®(y'), M) < 0
lyl,ly'| <a={ and (19)
/®(y") — ®(y), Tan(p, M) < 6.

Proof. Because ¢(0) = 0, D¢(0) = 0 and, according to Lemma 35, ¢ is C!, there exists an
«a > 0 such that:

0
lyl < a = [|D(y)]| < tan g

0
= / Tan(p, M), Tan(®(y), M) < 2

which gives us the first implication in (19), thanks to the triangle inequality on Grassmannians.
For the second implication, observe that:

o) — d(y) = / D((1— )y +ty') - (o — y)dt

, 0
<l —yltans,

so that
0
£8(y'") — ®(y), Tan(p, M) < 5< 0.
|

» Lemma 37. For any p € M, there is a > 0 such that for any o such that 0 < o/ < «,
for any g € MNA(B(p,a')) and ¢ € M N B(p,a') the closest point projection of q' on
q + Tan(q, M) belongs to ¢+ Tan(q, M N B(p,a')), in particular, one has:

de(q', ¢ + Tan(g, M N B(p, o)) = dr(q’, ¢ + Tan(q, M)) (20)

Proof. Thanks to Lemma 36 we have that for sufficiently o’ and ¢ € M N 9IB(p,a’), the
bound Zgq — p, Tan(g, M) < 7/2 holds. Since Nor(q, B(p,a’)) = {\(¢ —p) | A > 0}, this
means in particular that one has:

Nor(q, B(p,a')) N ( — Nor(q, M)) = Nor(q, B(p,')) N Nor(q, M) = {0}.
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This means that one can apply [14, Theorem 4.10 (3)], which gives us
Nor (¢, M N B(p,a')) = Nor (¢, M) & Nor (¢, B(p,'))
= Nor (¢, M) & {\(g—p) | A > 0}.
Because normal and tangent cones are dual we see that
1L
Tan (¢, M N B(p,a’)) = (Nor (¢, M) & {A(g —p) | A > 0})
— Nor(g, M)" N {A(g—p) | A>0}*
= Tan(g, M) N {u € R? | (u,q —p) < 0}. (21)

dTan(q, M N B(p, )

Tan(g, M)

dTan(g, M N B(p,a’)) @ Nor(q, M)

Tan(g, M N B(p, o))

S; = 0B(p,a’) N (dTan(q, M N B(p,a’)) & Nor(g, M))

Figure 6 Notation used in the proof of Lemma 37 (side view).

0B (p,a’) N (0Tan(¢, M N B(p,a’)) @ Nor(q, M))

dTan(q, M N B(p,a’)) ® Nor(q, M)

Nor(q, M)

Tan(q, M)

q
Figure 7 Notation used in the proof of Lemma 37 (the restriction to the d— 1-plane d Tan (q, MnN
B(p,a’)) ® Nor(gq, M)).
Consider the d — 1 dimensional plane

P = 9Tan (¢, M N B(p,a’)) & Nor(q, M).
=0 (Tan(q,/\/l) N{ueR| (u,q—p) < 0}) @ Nor(g, M) (by (21))
= (Tan(q,/\/l) N{ueR| (u,q—p) = O}) & Nor(q, M),
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see Figure 6. We stress that {u € R? | (u,q — p) = 0} is the tangent plane of the sphere
0B(p,a’) at q. Moreover the plane P separates exactly those points ¢’ for which the closest
point projection of ¢’ on ¢ + Tan(g, M) belongs to ¢+ Tan(g, M N B(p,a’)) from the points
¢ for which this does not hold. The plane P intersects the sphere dB(p,a’) in ¢, more
precisely, the intersection Sy = ¢ + P N dB(p,a’) is a d — 2-sphere that is tangent to g.
These two observations mean that the centre ¢y of Sy satisfies ¢; — ¢ € Nor(q, M), see
Figure 7. On the other hand any point ¢’ that does not project onto a point that belongs in
q + Tan(q, M N B(p,a’)) will lie in the centred at c;, now seen as a point in R?, with radius
ler — gl, that is the red sphere in Figure 6. However, by assumption o < rch(M), which
means that such a ball cannot contain points of M. <

» Lemma 38. Assume that M C R? is a topologically embedded n-manifold with positive reach.
Suppose that p € M, with rchyoe. (p, M) > 0 and let U, C Tan(p, M), ¢ : U, — Nor(p, M),
and ® be as in Lemma 35.

Then, for all ¢ > 0 and v € Nor(p, M), with |v| = 1, there is an « > 0 such that the
restriction to U, N B(0,a)° of

T — 1/2 1'2 - (rChloc. (paM) - €)<U’ d)(x))

is convex. If rchyoe (p, M) = 0o, then the statement holds with rchyee, (p, M) replaced by any
R >e.

Moreover, if r > rchjee. (p, M) then, for any n > 0, there is v € Nor(p, M), with |v| =1,
such that the restriction of

e 1/22% —r(v, ¢(x))
to B(0,7n) is not convex.

Proof. Let us choose a > 0 as in Lemma 36 and 37, so that (19) and (20) hold. From the
definition of rche. (p, M), a > 0 can moreover be chosen small enough such that

rch(M N B(p, a)) > R := rchyoe. (p, M) — /2. (22)
Let y € Up and write g =p+y + ¢(y) = ®(y) € M. Choose 6 > 0 such that:

R—¢/2

3
0>
cos 7

(23)

For y,y' € U, we denote the images under ®, that is the points on M, by ¢ = ®(y), ¢ = &(v/').
We now take y,y’ € U,, such that one has ¢,¢' € B(p,«). This means in particular that

lyl 1y'| < a.
Thanks to Equation (8) in Lemma 10 and the fact that R < rch(B(p, «)), one has

d(q¢',q + Tan(q, M)) < lg’ —al” q|2'

’ ’ - 2R
Combining this with (20) yields

/ _ / ‘q/ - Q|2

d(q'; ¢ + Tan(g, MN B(p, a))) = d(q’, ¢ + Tan(g, M)) < =——=.
The first order Taylor expansion of ® near y is given by
2= (y) + D2(y)(z —y) = (p+y+ ) + (2 —y) + Dd(y) (= — y)

=p+éy) + 2+ Doy)(z —y),

(24)
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and its graph coincides with the affine tangent space g + Tan(q, M) of M at g = ®(y).

Write ¢; for orthogonal projection of ¢’ on ¢ + Tan(g, M), that is q1 = Ty 4 Tan(q,Mm)(¢)-
We note that ¢; — ¢’ € Nor(g, M). Since, ¢’ + Nor(p, M) and ¢ + Tan(q, M) are transversal
and their dimension sum to d, they have a unique intersection point ¢s. The point g3, see
Figure 8, is also the point above ¢’ on the graph of the first order Taylor expansion of ¢
near y:

@ =p+y +6(y)+ Do(y)(y — ).

p + Tan(p, M)

7|
Figure 8 Notation used in the proof of Lemma 38.

Since q1,¢2 € g+ Tan(g, M), one has that g2 — ¢1 € Tan(g, M). As we concluded above
¢1 — q¢' € Nor(q, M). Combining these observations gives that the triangle ¢'q1 g2 has a right
angle at q;.

Because ¢o — ¢1 € Tan(q, M) and £ Tan(g, M) Tan(p, M) < 6, there is a vector w €
Tan(p, M) such that Zw, g2 — ¢1 < 0. As ¢2 — ¢’ € Nor(p, M), one has Zw,q — ¢’ = 7/2,
and therefore the triangle inequality on the sphere yields Zg2 — ¢/, g2 — ¢1 > 7/2 — 6. This
is one angle of the triangle ¢’q1q2 and we already established that this triangle has a right
angle at g; and hence,

Zoo—q 1 —¢ <0.

This angle bound translates to the first inequality between the edge lengths of the triangle
q'q1q2, because q1 = TgyTan(g,Mm)(¢') and (24) the second inequality below follows,

L, 1 ¢ —qf
—ql < =1
cos@'q ol < cosf 2R

ld — q2| < (25)

Since Zq’' —q, Tan(p, M) < 6 by (19), and 3’ —y is the projection of ¢’ —q on p+Tan(p, M),
we have

I g < "yl
' —d < gl — vl
and (25) gives
/ 2
r < ly' =y .
4~ @l < 2 Rcos3 0
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Because ¢/ = ®(y') =p+y + o), |¢ — gz| is the difference between ¢(y’) and the value,
at ¢/, of the first order Taylor expansion of of ¢ near y, so the last inequality gives

/02

< 1y —yl

~ 2Rcos30

ly — yl?
2(R—¢€/2)

6 = (o) + Do) )
(by (23))

Denoting by f : U, — R the map defined by f(y) = (v, ¢(y)) this together with |v| =1

gives

! 2
N D _ﬁ)‘ v —yl

16 = (&) + DI ~9)| < i —eay
so that

I ) > 1)+ DI — ). (20)

2(R—¢€/2)
Since both ¢ + |y —y|? and its derivative vanish at y, the right-hand side in (26) is the first

’ 2

order Taylor expansion at y of the left-hand side 3’ — % + f(y'). We have shown that
the map 3’ 2|(y};%?:|22) + f(y') is greater or equal to its first order Taylor expansion at y.

Because y' — (' — y)? — 3’2 is a linear function, this property extends to the map
g :UpNB(0,x)° — R defined by

y/z / y’2 2
) + f(y ) = 2( + <U7 (b(y» - 2 (I'Chloc. (pa S) - 6)

dct. 2(R—¢/2 R—¢/2)
where the last equality follows from (22). This holds for any y € U, such that ®(y) € NB(p, a),
so that for some o/ > 0 small enough, it holds for any y € U, N B(0, ). There, the function
g is C' and greater or equal to its first order expansion at any point, and is therefore convex.
We have proven the first statement of the lemma.

9(y) + (v, 9(y)),

‘We now concentrate on the second statement.
As we have seen in Remark 3, p — rch (./\/l N B(p, p)) is non-increasing and hence

rch(M N B(p,n)) < rchyoe. (p, S) (because non-increasing)
<r. (by assumption)

Reusing the same construction (see Figure 8) as for the proof of the first statement of
the lemma, we see that by (8), there exists ¢,q¢' € M N B(p,n) with ¢’ # g such that:
- g —d'f

2dg(¢', ¢ + Tan(q, M N B(p,n))’

r

that is
q—q?
de(q', ¢ + Tan(q, M N B(p,n)) > % (27)
By Lemma 37, one has
) lg —d')?
de(q', ¢ + Tan(q, M) > —————. (28)

2r
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Looking at Figure 8, we see that (28) translates into

lg—dq'|
2r

/

lg" —aq1| >

which is equivalent to

lg —q'|?

— < 1.
2r|q" — q1

Becauge the left hand side is strictly less than 1, there exists a 6’ > 0 such that cos#’ >
la—q'|
2rlg’—aq1|” o
«a = n in Lemma 36) small enough to get cosf > 2';1;,‘17;1‘. Because the angle between
Tan(p, M) and Tan(g, M) is upper bounded by § examining the triangle ¢’q; g2 in Figure 8

yields that |¢' — 2| > |¢’ — q1| cos @, which combined with the previous result yields

This means that in the context of Lemma 36, one can choose 1 (where we take

/12
s A
|4 = a2l > = —
Writing
!
v= ﬁ € Nor(p, M),

so that |¢' — ¢2| = (v, ¢’ — ¢2) and using |q — ¢’| > |y’ — y|, this can be reformulated into

/ 2
r > ly' —yl - 29
<U7 q CI2> = o ( )
Because
¢~ a2 = (0, 6(y)) — (¢y) + Do) (' ~ v))) :
Tan, MxNor, M
and f(y) = (v, 6(y)), we may rewrite (29) as
er.
ly' — y‘2 ’ D / 30
T T W) <) + DI~ y)- (30)
The function z — g(x) = % + f(x) is not convex since (30) says that g(y’) is below
the first order Taylor expansion of g at y. <

A relatively straightforward consequence of Lemmas 17 and 38 is the following:

» Lemma 39. Consider a n-manifold M C R? topologically embedded in R, with positive
reach, a point p € M, U, C Tan(p, M) a neighborhood of p in Tan(p, M), and ¢ : U, —
Nor(p, M), the a C* map defined in Lemma 35, such that x +— ®(z) = p+ 2 + ¢(x) is a
chart from U, to M.

Then, for all € > 0, there is a > 0 such that the derivative of the restriction of ¢ to
Up N B(0,a)° is W—Lipschitiz, where the distance on derivatives is the operator
norm of the difference, that is

1
rchyoe. (p, M) — €)

||D¢(y2) - D¢(y1)|| < ( ly2 — y1-

If rchype (p, M) = 00, then the statement holds with rchyee. (p, M) replaced by any R > e.
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Proof. We get from Lemmas 17 and 38, and reusing the same ¢ and « selection as in
Lemma 38, we get that for any v € Nor(p, M) such that |v| = 1, the map y — (v, ¢(y)) is
7(rchloc_gp’s)fe)—Lipschitz in U, N B(0, ).

It follows that if y;,y2 € U, N B(0,®)°, then, for any w € Tan(p, M) and any v €

Nor(p, M) such that |w| = |v| = 1:

1
(rchipe.(p, M) —€) lv2 =

(v, Dg(y2)w) — (v, Dp(yr)w) <

and this precisely means that, for the operator norm:

1

1D6(y2) = Do) < 3

|y2—y1|.
)

Next lemma is instrumental in the proof of Lemma 41:

» Lemma 40. For Fy, Fy linear maps from R™ to R™, denote by L1 and Lo the corresponding
graphs in the product space R™ x R™ = R™™™ cquipped with the canonical dot product:
L; = {(z, F;(z)) € R**™}.

ALla L2

2sin <||F— A

where || - || is the L? operator norm.

Proof. The angle between L1 and Lo is a attained in a pair of vectors, that is there exists
vy € L1 and vy € Lo such that

/Ly, Ly = Zv1,v2 = min Zvl,vé = max min lvll,vé = max min Zvi,vé,
’UéELz ’UiELl UéELQ UéELQ ’UiELl

where the last equality follows from Lemma 34. This explains the asymmetrical expression.
For some vg € R™, with |vg| = 1, and A > 0, we have v; = A(vg, F1(vo)) and therefore

ZLy, Ly = Z(vg, F1(vo)),v2 < Z(vo, Fi(vg)), (vo, F2(vo)), (31)

because, by definition of Fy, we have (vg, F2(vg)) € La.
Since |(vo, F1(vo))|, |(vo, Fa(vg))| > 1, one has:

Z(vo, F1(vo)), (vo, F2(vo))
2

2 sin

< |(vo, F2(vo)) = (vo, F1(v9))]
= [Fa(vo) — Fi(wo)| < ||F> = P,

This with (31) gives the inequality of the lemma. |

» Lemma 41. If M C R? is a n-manifold topologically embedded in R?, with positive reach,
then M is Cb' embedded and if p1,ps € M then

Z Tan(py, M), Tan(p2, M) <

pS mdM(p17p2)7

where daq denotes the geodesic distance inside M and we say that 1/co = 0.
If now M is an n-manifold with boundary, topologically embedded in R?, the same property
holds when the shortest geodesic between py and ps avoids the boundary.
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Proof. If M has local reach rchjee. (M) = oo, (9) implies that all geodesics are straight lines,
that is every connected component of M is convex. Therefore, because M does not contain
a boundary by assumption, every connected component of M is affine and the statement
holds. This means that we can concentrate on the case where rchj,. (M) < 0.

Lemma 39 already says that M is C1'! embedded by considering the atlas defined by
projections on local tangent spaces. Now, (if p; and ps lies in the same connected component
of M) considers (thanks to Lemma 15) a geodesic «y of length L = daq(p1, p2) joining p; and
p2. Take € > 0 and 6 > 0. By application of Lemma 39 there is at each point ¢ € ([0, L]) an
open neighborhood V; of ¢ in M, such that V; is the graph of a map ¢, from Tan(¢, M) to
Nor(g, M) whose derivative is bounded by tan # and, if R < rchjse. (M), is (Tie)—Lipschitz
(in the sense of Lemma 39). Consider for each ¢ € [0, L] an open interval (¢~ ,¢t+) such that
((t~,t+) N[0, L]) C V,+). By compactness, one can extract a finite open cover of [0, L] by
intervals in the form (t;,¢])i—o n, with ¢; € (t;,¢]"), to = 0 and t; = L. One can therefore
find a finite sequence 0 = ¢, < ... < t)y, = L such that for any j such that 0 < j < N’, there
is some i such that [t},1; 4] C (t7,t). Since y(ty) = v(0) = p1 and y(ty,) = ¥(L) = pa,
one has:

N'—1
/ Tan(py, M), Tan(pz, M) < Z Z Tan(y(t}), M), Tan(y(t}, ), M) (32)
§=0

The segment of geodesic y([t}, ", ;] belongs to the graph of the map from Tan(y(t;), M)

which derivative is ﬁ—LipschitZ for the operator norm, we get from Lemma 40 that:

R

2 sin 4Tan(”y(t;),M),Tan(’y(t;-+1),./\/l) < 1

and, since:

Tran(y(t:),M) (Y5 51)) = Tran(yieo .00 (VED)| < [y (Eq) — v(85)]
we get:

Z Tan(y(t:), M), Tan(~y(t,, ;), M
2sin 0;) )2 ). M) < (Rl—e) Y (t41) = ()]

Since £ Tan(y(t}), M), Tan(y(t}, ), M) < 20 and 6 — si89 is decreasing for positive small
@, one has:

Z Tan(y(t}), M), Tan(y(t}, 1), M) _ sinf

25sin 5 > Z Tan(y(t}), M), Tan(y(t} 1), M)
so that (32) gives:
N'—1 0 0
Z Tan(p1, M), Tan(pz2, M) < JZO & omd [y (ts11) —(t)] < mdm(pl,pz)
Since the last inequality holds for any 8 > 0 and € > 0, the lemma is proved. |

We can now prove one of our main theorems:

» Theorem 4. If M C R? is a topologically embedded n-manifold with reach at least R > 0,
then tangent spaces and normal spaces to M are linear spaces at any point p € M and the
maps Tan : M — Gr(n,R?) and Nor : M — Gr(d — n,R?) are Lipschitz.

5 < =g ™00 (0 (542)) = Trana .00 (/8
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960 Moreover, the smallest Lipschitz constant satisfied by p — Tan(p,S) is m
LT T: 1
961 sup an(p’ M)7 an(q7 M) = y (6)
Ppai;\/l dm (p, Q) rChloc.(M)

w2 where dyq denotes the geodesic distance on M and we say that dy(p,q) = oo when p and q
w3 are not connected by any path in M and that 1/c0 = 0.

sws  Proof. One direction is given by Lemma 41. For the other direction, we distinguish two
065 cases, rchyoe (M) = 0o and rchjpe (M) < oo. If

/ Tan(p, M), Tan(q, M)
966 sup = 0,
p,g;i;\/i dM (p7 q)

o7 then M is an affine space, because it is a closed manifold without boundary. This means that
ss each connected component of M has infinite reach and by extension the local reach is also
wo infinite. This means that we can concentrate on the case where rchy,. (M) < co. It now
oo suffices to prove that, if R > rchj,.. (M), then there exists distinct ¢1,q2 € M (i.e. ¢1 # ¢2)
on  such that

/Tan(q;, M), Tan(ga, M) _ 1

" dm(qr, q2) "R (33)
o3 Let 6 > 0 be such that

rchype. (M
o74 cos® 6 > %
o5 From the definition of rchy,. (M) it follows that there exists p € M such that
o76 rchyoe. (M) < rchype. (p, M) < 1 := Rcos® . (34)
o7 Lemma 36 implies that there exists a > 0 such that (19) holds in the neighbourhood of p.

as By taking n = « in the second statement of Lemma 38 we have that the restriction of
o9 e f(x) = 1/22% — r(v, d(x))

w0 to B(0,n) is not convex. We stress that as in Lemma 35 (and by extension Lemma 38)
o1 p has coordinate 0. This implies that there exists y,y’ € B(0,7n) such that the segment
w [(y, f(y), W, f(¥))] is not always above the graph of f. Let t1,t2 € (0,1), with #; < o
se3  be such that the open interval (¢1,%2) is a connected component of the non empty open
we set {t € [0,1] | f(1—=t)y+1ty) > (1 —2t)f(y) +¢f(y')}. This means that if we define
ws  y; = (1 —t;)y + t;y’ we have that

d f(y2) = f(y1)
986 @\t:of((l —t)y1 +tya) > Tt
d f(y2) — f(y1)

f((l - t)yl +ty2) < W

987

dt |1=1
ws Combining these equations yields

d

a‘t:l f((l - t)y1 + tyg) <0.

= 0m+tm) - 5
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Using the definition of f given above, this translates into

(y2 —y1)* —r ((v, (Do (y2) — Dd(y1)) (y2 — 11))) < 0. (35)

We define ¢; = ®(y;) = (vi;¢(v:)), for i = 1,2 and the vectors v; := D®(y;)(y2 — 11) €
Tang, M. Note that Z Tan, M, Tan,, M < 6. Further writing v5 for the projection of v, on
Tan,, M, we consider the triangle va, v}, v1.

Since v4 — vq is orthogonal to Tan,, M, and v — vy C Tan,, M, the triangle vq, v, v1 is
orthogonal at v} and Zv} — ve,v1 — va < 6. One has then

|va] sin Zvg, Tan,, M = |vg — vh| > cos O|vy — vq].
Moreover, because
ZTang, M, Tang, M > Zvy, Tang, M > sin Zvg, Tangy, M,

and |vz| < —5|y2 — y1], one has

£ Tang, M, Tan,, M > cos? QM.
ly2 — v
By (35) one has
1 2
[v2 —v1] 2 (v, 02 —01) = ~(y2 = 51)".

Combining the last two equations yields

cos? 6 cos3 6

£ Tang, M, Tang, pm > ly2 — 1| >

r dM(Q17q2)7

where the last inequality follows from the fact that da((¢1,¢2) is upper bounded by the
length of ®([y1,y2]). This with (34) gives us (33). <

» Lemma 42. If M C R? is a n-manifold topologically embedded in R?, and v a geodesic in
M of length £, the local reach of v([0,£]) is upper bounded by the local reach of M and in
particular:

1

Vs1,s2 € [0, 4], Ao A2) < T T

|52 — 51 (36)
Proof. Applying Theorem 16 to the set M N B(p, p), for arbitrary small p, shows that the
local reach of M is the infimum on all the local reach on all geodesics on M. Then one can
apply Lemma 41 to ([0, £]) which gives (36). <

» Theorem 1. If M is a topologically embedded manifold with positive reach and p a point
in M, then M N B°(p,v/2rch(M)) N W:;:M(B"(O,rch(/\/l))) is the graph of a C*' function
above the open domain B°(0,rch(M)) C T, M.

Proof. Thanks to Theorem 16 we have that for ¢ € M N B°(p, v/2 rch(M))

V2rch(M) =
2rch(M) ErCh(M)'

lg — pl

(iJ\4 ((l,]?) f; 2 r(3}1(4A/1) arcsin Eii;;};(;&;{j

< 2rch(M) arcsin

Now using Theorem 4 or Lemma 41, this implies that

1
ZTa’n(paM)7Tan(q7M) S 7dM<pa q) <

il
rch(M) 2’
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The submersion theorem now yields that the orthogonal projection 77, A from M N
B°(p,v/2 rch(M)) onto Tan(p, M) = T, M is a local diffeomorphism.

We recall that the covering number of a point in the image of a map is the number of
points in the preimage above that point. Because the orthogonal projection 7, is a local
diffeomorphism, the covering number is constant on B°(0,rch(M)) C T, M except when one

crosses the boundary (M N B°(p, v2rch(M))). However, we claim that

O(M N B°(p, V2rch(M))) N gy (B(0,rch(M))) = 0.

This claim can be established as follows: To derive a contradiction we assume that
q € 9(MnNB°(p,v2rch(M))), and write ¢ = z + n, with z € B°(0,rch(M)) C T,M
and n € NyM. Then, by Pythagoras, we have that n > rch(M). This contradicts the
characterization of the reach given in Lemma 10.

We therefore conclude that the covering number is constant on B°(0,rch(M)) C T, M.
However, thanks to Lemma 35 the covering number is one at 0 and in fact in a neighbourhood
of zero. Hence the covering number is 1 on B°(0,rch(M)) C T, M. Because M and the
graph is locally Ot it is globally C*! and the result follows. |

Lemma 43 provides us with an explicit bound on « in Lemmas 38 and 39. Such a bound
is useful for explicit calculations, see e.g. [7].

» Lemma 43. As long as

R—¢

>1/2,

or equivalently e/ R < 1/2, it suffices for «, as defined in first statement of Lemmas 38 and
39, to satisfy

a < VeR.

Proof. In the proof of Lemma 38 we pick 6 € [0, 7/2] such that

— €

30 > 23

cos 7 (23)
Given 0 we then choose an « > 0 so that

ly| < a = £ Tan(p, M), Tan(g, M) < 6. (19)

3

Because Lz cos?(6) = sin(6)(21 cos?(0) — 6sin®(0)) > 0 if 6 € [0,7/4] , Taylor’s Theorem
with integral remainder yields that remainder the R(#) in

cos3(0) = 1 — 292 + R(0)

is positive, if § € [0,7/4]. As cos3(6) is monotone on [0, 7/2] and
s 1 R—e¢
cos|— | =—F=<1/2< ,
(4) 222 /2= R

and hence 6 € [0, 7/4], Therefore it follows that

cos3(9) <1-— 392 <1-—62
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which in combination with (23) gives that 6% < %+ We need to bound « such that
£ Tan(p, M), Tan(g, M) < 6, but thanks to Lemma 41 we know that

1
£ Tan(p, M), Tan(q, M) < Tidm (p, q),

so that we need to impose

1 €
—d <4/ —=.
7 m(p,a) < 4 7

Because ¢ = p+ y + ¢(y), we have that |y| < da(p, ¢), which results in

ly| < VRe.

B The metric on Grassmannians

In this appendix we recall some results on the metric on Grassmannians.
The distance on Grassmannians is intricately linked with projections. More precisely it is
shown in [3, Section 34] that

de(A, B) = max{ sup d(u, B), sup d(u, A)} = ||Pa — Pg|l,
u€ES A u€ESE

where Sy is the unit sphere restricted to A, d(u, A) denotes the distance from u to A (as
above), and P4 denotes the linear (orthogonal) projection operator on A. We write dg to
emphasize its use in the context of Grassmannians, but it is defined for arbitrary Hilbert
spaces. With these definitions we have dg (A, B) = sin(ZA, B). Because dg is now written
in terms of an operator norm the dg is a metric. The fact that the maximal angle is a metric
can also be seen as follows. By taking the intersection of an n-dimensional linear subspace
with the unit sphere in R, one finds an n — 1-dimensional sphere. The Hausdorff distance
between two such sphere is precisely the angle between the two linear subspaces. Because we
already know that the Hausdorff distance is a metric, the result follows.

The fact that it is a metric can also be proven directly. The fact that the angle is zero if
the spaces coincide follows immediately from the definition, and the same holds for positively,
while symmetry was proven in Lemma 34. The only thing that remains to verify is the
triangle inequality. By definition ZA, B and £ZB, C are the smallest number such that

Vaoe A dbeB such that Za,b< LA,B
YVoe B JceC such that Zb,c < /B, C

so that by combining these

YVaoe A FbeB,ceC such that Za,b+ /b,c < /A, B+ /B, C.
by the triangle inequality between vectors Za,c < Za,b+ £b, c so that

Vae A dcel such that Za,c < LA, B+ /B, C.

This gives ZA,C < LA, B+ ZB, C, that is the triangle inequality, by definition.
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