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The Generalization Error
of Machine Learning Algorithms

Samir M. Perlaza

Abstract—In this paper, the method of gaps, a technique for
deriving closed-form expressions in terms of information mea-
sures for the generalization error of machine learning algorithms
is introduced. The method relies on two central observations:
(a) The generalization error is an average of the variation of the
expected empirical risk with respect to changes on the probability
measure (used for expectation); and (b) these variations, also
referred to as gaps, exhibit closed-form expressions in terms of
information measures. The expectation of the empirical risk can
be either with respect to a measure on the models (with a fixed
dataset) or with respect to a measure on the datasets (with a fixed
model), which results in two variants of the method of gaps. The
first variant, which focuses on the gaps of the expected empirical
risk with respect to a measure on the models, appears to be the
most general, as no assumptions are made on the distribution of
the datasets. The second variant develops under the assumption
that datasets are made of independent and identically distributed
data points. All existing exact expressions for the generalization
error of machine learning algorithms can be obtained with the
proposed method. Also, this method allows obtaining numerous
new exact expressions, which improves the understanding of the
generalization error; establish connections with other areas in
statistics, e.g., hypothesis testing; and potentially, might guide
algorithm designs.

Index Terms—Supervised Learning, Worst-Case Data Generating
Measure; Gibbs Algorithm, Generalization Error, and Sensitivity.

I. INTRODUCTION

The generalization error in statistical machine learning is the
expectation (w.r.t. the joint probability distribution of datasets
and models) of the difference between the population risk
and the empirical risk [[1]-[11]. The generalization error has
become a key metric for assessing an algorithm’s performance
and its ability to generalize beyond training data. Traditional
approaches for analyzing the generalization error generally
fall into two categories. The first category derives upper
bounds on the generalization error based on properties of
the hypothesis class, such as Rademacher complexity and
VC dimension [12]-[16]. The second category examines the
dependency between learning algorithms and data distributions
through various information-theoretic metrics [17]—[25]. The
initial exact characterizations of generalization error using
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information measures were introduced for the Gibbs algo-
rithm in [2] and further expanded in [26]]. A more general
result, which considers a o-finite measure as the reference
for the Gibbs algorithm, was presented in [9]]. For learning
algorithms beyond Gibbs, two main types of guarantees are
provided under the information-theoretic framework. The first
type is often referred to as guarantees in probability, which
assert that with high probability over the probability measure
of the datasets, the expected risk induced by the learning
algorithm is bounded above by a certain threshold. This type
of guarantees is referred to as PAC-Bayesian generalization
bounds as in [27]-[33]. In parallel, guarantees in expectation
provide bounds on the generalization error. To account for
the dependence between the learning algorithm and the data
distribution, mutual information is a common metric in these
analyses. Such information measure was first introduced in
[34] and later extended in [4]. Chaining techniques were
incorporated in [20], [22] to derive upper bounds, with similar
bounds appearing in [10], [[35]] and related studies. Alternative
metrics such as Wasserstein distance [7]], [18[, [21], [25],
maximal leakage [19], [36]], mutual f-information [37]], and
Jensen-Shannon divergence [5]] have also been used to derive
generalization bounds. Comprehensive literature reviews of
these guarantees can be found in [38] and, more recently, in
[39]. Nonetheless, for any specific use, the tightness of many
of these bounds cannot be guaranteed, as noted in [40] and
[41]. Recently, exact characterizations of the generalization
error, applicable to any statistical learning algorithm, were
provided in [42] and [43]. These new expressions involve
several information measures, e.g., relative entropy, mutual
information and lautum information [44]].

The present work is dedicated to deriving closed-form ex-
pressions for the generalization error of machine learning
algorithms through the lens of information theory. The main
contribution is a general method for such a purpose, which has
been coined the method of gaps. Interestingly, all existing exact
expressions for the generalization error of machine learning
algorithms can be obtained with the proposed method.

A. Gaps and the Method of Gaps

In order to introduce the method of gaps, first the notion of gap
is defined. A gap is the difference between two expectations of
the empirical risk, each calculated using a different probability
measure, both on the same measurable space. Hence, a gap can
be understood as a measure of the variation of the expected
empirical risk due to a change on the measure used to take
such an expectation. The expectation of the empirical risk
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can be taken with respect to either (1) a probability measure
over the set of models, keeping the dataset fixed; or (2) a
probability measure over the set of datasets, keeping the model
fixed. Variations in the first case are often called algorithm-
driven gaps. This is because probability measures on the set of
models correspond to different machine learning algorithms,
meaning these variations reflect changes in the algorithm.
Variations in the second case are known as data-driven gaps.
These arise from changes in the probability measures over
the datasets, which can be interpreted as changes in the
statistical properties of the data. Certain algorithm-driven
and data-driven gaps have been shown to have closed-form
expressions in terms of relative entropies. The first closed-
form expressions of an algorithm-driven gap were presented
in [45] Theorem 1] to quantify the variation of the expected
empirical risk due to a deviation from the Gibbs algorithm
to an alternative algorithm. This foundational result serves
as a key building block in this work for deriving closed-
form expressions for algorithm-driven gaps due to transitions
between arbitrary algorithms. See for instance, Theorem
in Section The first-closed form expression for a data-
driven gap due to a change from a worst-case data-generating
(WCDG) probability measure to an arbitrary measure was
presented in [46, Theorem 5.2]. This crucial result formed
the basis for deriving the closed-form expressions for data-
driven gaps due to a changes from and to arbitrary probability
measures in [42, Theorem 8]. In a nutshell, exact expressions
for algorithm-driven gaps involve the Gibbs algorithm studied
in [9], while exact expressions for data-driven gaps involve
the WCDG probability measure introduced in [46]. In both
cases, these expressions are surprisingly simple and flexible,
as they contain free parameters that can be chosen subject to
few constraints.

From this perspective, two variants of the method of gaps can
be identified. The former, which is based on algorithm-driven
gaps, involves two steps: (¢) To express the generalization error
as the expectation (with respect to a probability measure on the
datasets) of a particular algorithm-driven gap (see Lemma [3]in
Section ; and (i7) To exploit the closed-form expressions
for algorithm-driven gaps presented in Section to obtain
expressions for the generalization error. The method of gaps
via algorithm-driven gaps, was implicitly used to obtain the
celebrated exact expression of the generalization error of the
Gibbs algorithm in [9, Theorem 17]. Albeit no particular
mention to a method is made therein, [|9, Theorem 16] can
be associated to step one of the method of gaps; and [9,
Theorem 17] to step two. Unfortunately, the closed-form
expressions for algorithm-driven gaps developed in [8]], [9] are
limited to transitions from the Gibbs algorithm to alternative
algorithms. This limits such a theoretical framework to obtain
exact expressions for the generalization error of arbitrary algo-
rithms. Nonetheless, these findings are essential for obtaining
the results presented in this work.

The second variant of the method of gaps, which is based on
data-driven gaps consists also in two steps: (i) To express the
generalization error as the expectation (with respect to a prob-
ability measure on the models) of a particular data-driven gap

(see [42 Equation (75)]); and (i4) To exploit the closed-form
expressions for data-driven gaps presented in Section to
obtain expressions for the generalization error. This second
variant was the method of proof used in [42] to obtain the
first exact expression [42, Theorem 10] for the generalization
error of arbitrary machine learning algorithms. Using the same
method of proof, other closed-form expressions [43, Theo-
rem 11 and Theorem 13] have been obtained. The expressions
obtained via this second variant of the method of gaps are
surprisingly flexible, as they depend on parameters that can be
arbitrarily chosen subject to mild conditions. However, these
expressions are developed under the assumption that datasets
consist of data points that are independent and identically
distributed. Interestingly, this assumption can be relaxed to
identically distributed datapoints, but such a relaxation has not
been explored in this work.

B. Contributions

The main contribution of this work consists in a novel method
for developing closed-form expressions for the generalization
error of machine learning algorithms. The technique features
two distinct variants: One based on algorithm-driven gaps
and another one based on data-driven gaps. While the variant
based on data-driven gaps is established, having been used
in [42], [46] and [43], the variant based on algorithm-driven
gaps is original and yields innovative expressions for the
generalization error. More importantly, this variant does not
require the assumption that datasets are made of independent
and identically distributed data points, which is the underlying
assumption in the variant based on data-driven gaps.

Each variant of the method of gaps leads to different equivalent
expressions for the generalization error of machine learning
algorithms. Nonetheless, a common structure consisting of
the addition of two terms can be identified. Independently of
the variant, the first term, up to a constant factor, is either
the mutual information or the lautum information between
the models and the datasets. The second term is particular
for each variant. Nonetheless, such terms appear to highlight
some ‘“‘geometric” duality between the two variants. From
this perspective, another key contribution of this work is the
establishment of parallels between the two variants of the
method of gaps using simple connections to existing problems,
for instance, mismatched hypothesis testing [47]. While these
arguments illuminate interesting findings, many intriguing
aspects of the expressions obtained with the method of gaps
are left unexplored and open for future research.

C. Notation

Sets are denoted by calligraphic uppercase letters, except
sets of probability measures. Given a set M and a sigma-
field .# on M, the set of all probability measures that
can be defined on the measurable space (M,.%#) is denoted
by A (M, .F) or simply A (M), when the sigma-field is fixed
in the analysis. If M C R, then the Borel sigma-field on M
is denoted by % (M). The subset of measures in A (M)
that are absolutely continuous with a probability measure ()



is denoted by Ag (M). Given a measure P € Ag (M),
the Radon-Nikodym derivative of P with respect to @ is
denoted by %. Given a set N, the set of all probability
measures defined on (M, .%) conditioned on an element of N/
is denoted by A (M|N). More specifically, given a mea-
sure Pyyy € A (M|N) and n € N, the measure Pyyn—, is

in A (M).

The relative entropy is defined below as the extension to o-
finite measures of the relative entropy usually defined for
probability measures.

Definition 1 (Relative Entropy): Given two o-finite mea-
sures P; and P, on the same measurable space, such that P; is
absolutely continuous with respect to P, the relative entropy
of P» with respect to P; is

dpPs dpPs
D (P||P) = /dTDl(x)l (dT?l

where the function % is the Radon-Nikodym derivative of P

with respect to P;.

@) dA@, 0

Given a probability measure Py € A (N), the mutual in-
formation (see [48|] and [49]) and lautum information (see
(44]) induced by the measures Py and Py are denoted
respectively by

I(PM|N§PN):/D(PM\N:nHPM)dPN(n), and (2)

L (Pysj; P) = / D (Pull Pasi—n) dPx(n),  (3)

with Py € A (M) being the marginal measure induced
by Py and Py; and D (-|-) being the relative entropy

in (1).

II. STATISTICAL SUPERVISED MACHINE LEARNING

Let M, X and ), with M C R?, be sets of models, patterns,
and labels, respectively. A pair (z,y) € X x ) is referred to
as a labeled pattern or as a data point. A training dataset z €
(X x Y)" is a tuple of n data points of the form:

Z:((3317111)7(372,@2)>~--a($myn>)E(Xxy)n- (4)

Let the function f : M x X — ) be such that the label
assigned to the pattern x according to the model 8 € M
is f(0,z). The function f(0,-) : X — ) might for instance
represent a neural network whose weights are vectorized
into 6. Let the function

0:YxY—0,+00)], (5)

be the risk or loss function. Such a function is often of the
form ¢(p,v) = |u—v[’, with p > 1; or {(p,v) = Tiu=vy-
In the following, the risk function ? is assumed to be a
nonnegative function and for all y € Y, ¢ (y,y) = 0.

In general, given a labelled pattern (z,y) € X x ), the risk
induced by a model @ € M is £ (f(8,z),y). For the ease of
notation, consider the function ¢ : X x Y x M — [0, +oc]
such that

The problem of supervised machine learning boils down to
devising an algorithm that takes as input a training dataset,
as z in (@), and outputs a model 6, with certain probability
to satisfy some performance metric. The notion of machine
learning algorithm is formally introduced hereunder.

Definition 2 (Algorithm): A conditional probability mea-
sure Pg|z € A (M| (X x Y)") is said to represent a super-
vised machine learning algorithm.

Let Pgiz € A (M|(X x Y)") be an algorithm. Hence, the
instance of such an algorithm trained upon the dataset z in (#)
is denoted by Pg|z—., which is simply a probability measure
in A (M).

A central performance metric for a fixed model is the empirical
risk it induces with respect to a given dataset. Such a metric
is defined as follows.

Definition 3 (Empirical Risk): The empirical risk induced by a
model 8 € M with respect to the dataset z in (@) is determined
by the function L : (X x V)" x M — [0, +00], which satisfies

n

L(.0)= >0 (r0,0:,6) ™

i=1

The expectation of the empirical risk L (z,0) in requires
particular notations depending on whether such an expectation
is with respect to a measure on the models or the datasets.
More specifically, given a model 8, which is kept fixed, the
expectation of L (z, 8) under the assumption that the dataset z
is drawn from a probability measure P € A ((X x Y)") is
denoted using the functional Rg : A ((X x Y)") — R, which
satisfies

Re (P) = /L (2,0)dP(z). (8)

Alternatively, given a dataset z, which is kept fixed, the
expectation of L (z,0) under the assumption that the model 6
is drawn from a probability measure P € A (M) is denoted
using the functional R, : A (M) — R, which satisfies

R. (P) = / L(2,0)dP(6). ©)

The following section introduces the generalization error.
Later, it is shown that the generalization error of any ma-
chine learning algorithm can be characterized by studying the
sensitivity of the functionals Rg in (8) and R, in (9).

ITI. GENERALIZATION ERROR

In a practical setting, the generalization capability of a ma-
chine learning algorithm is evaluated via test datasets, which
are different to the training dataset [43].

In particular, given an algorithm Pg|z € A (M| (X x V)"),
a test dataset u € (X X y)", and a training dataset z €
(X x V)", a typical evaluation of the generalization capability
of the instance Pg|z—, of such an algorithm consists in
calculating the difference between the expected empirical risk



it induces on the test dataset v and on the training dataset z.
That is, the difference

Ru (Po|z=z) — Rz (Po|z=2) ;

where the functionals R,, and R, are both defined as in (9). In
a nutshell, the evaluation consists in calculating the variation of
the expected empirical risk induced by the algorithm Pg|z—.
with respect to a data set that changes from the training
dataset z to the test dataset uw. A small variation is interpreted
as a good capability of the algorithm Pg|z to generalize the
training dataset z into the test dataset w. While the difference
in being smaller than certain threshold for certain test
datasests is not a guarantee of good generalization into other
test datasets, this is the most popular tool used by practitioners
for evaluating machine learning algorithms. This is in part,
because in most cases, test and training datasets are the only
data actually available.

(10)

The analysis of the generalization capabilities of an algo-
rithm Pg|z can be deepened if further assumptions are
adopted. For instance, it can be assumed that test and train-
ing datasets are both independently drawn from the same
probability measure. This is indeed, one of the most popular
assumptions, and the one adopted to define the generalization
error. In a nutshell, the generalization error induced by an
algorithm Pg,z is the expectation of the variation in (I0)
under the assumption that both test and training datasets are
independently sampled from the same probability measure
in A((XxY)").

Definition 4 (Generalization Error): The generalization error
induced by the algorithm Pg|z € A (M| (X x Y)") under
the assumption that training and test datasets are independently
sampled from a probability measure Pz € A ((X x Y)"),
which is denoted by G (Peg|z, Pz)., is

G (Peyz, Pz)
// P@\Z z R (P@‘Z:z))dPZ(u)dPZ(z). (11)

Often, the generalization error G (P@‘ Z, Pz) is defined as the
expectation of the difference between the population error
and the empirical risk. The population error, induced by a
model @ € M under the assumption that datasets are drawn
from the probability measure Pz, is Rg (Pz), where the
functional Rg is defined in (8). Alternatively, the training
error induced by the model 6 with respect to a training
dataset z € (X x )" is L(z,8), where the function L is
defined in (7). Using these elements, the following lemma
introduces an alternative expression for the generalization
error G (P@| Z, PZ) in terms of the population error and the
empirical risk, cf., |2, Equation 2] and [4, Equation 4].

Lemma 1: The generalization error E(P@| z.Pz) in
satisfies

G (Po)z, Pz)
=] [ (Ra(P2) =L (2.0) )aPerz. 0)aPz (). (12

where the functional Rg is defined in (§) and the function L
is defined in (7).

Proof: The proof follows from (TT)) by observing the following
equalities:

[ [ Ru(Poiz=s) arz (warz (2)
~[ | [two)are iz 0)arz warz(x)  a3)
/ / / w,0)dPy (u ))dP@|z:z (0)dPy (2) (14)
~[ [ Ro(P2)dPeiz- 0)dPz (2).

where the equality in follows from (9)); the equality in (T4)
follows from [50, Theorem 2.6.6]; and the equality in (15])
follows from (8). The proof follows by observing that

//Rz (Po|z=2) dPz (u)dPz ()
- [ [Lz00aPoizes @)aPz (2).

where the equality in follows from (9). Finally, using

and (I6) in leads to

15)

(16)

G (Pez, Pz)
~[ [ (Ra(P2) = L(2.0) )aPorz—s 0)aPz ). ()
which completes the proof. ]

The main contribution of this manuscript is a method that
allows constructing explicit expressions for the generalization
error in . In the following, such method is referred to as the
method of gaps and is introduced in the next section.

IV. THE METHOD OF GAPS

The method of gaps is a two-step technique to construct
explicit expressions for the generalization error G (P@‘ Z, PZ)
in (TI) in terms of information measures. The method is based
on the analysis of the variations of the functionals Rg in
and R, in (@). More specifically, given two probability mea-
sures P; and Py in A (M) and two probability measures ()1
and Q2 in A ((X x Y)"), the differences R, (P1) — R, (P)
and Ry (Q1) — Rg (Q2) capture the variation of the func-
tionals R, and Ry due to the change of measure from P,
to P, and from ()2 to @)1, respectively. These differences
are referred to as gaps. In a nutshell, the first step of the
method of gaps consists in expressing the generalization error
as either: (a) an expectation (with respect to some probability
measure Q € A ((X x V)")) of the gap R, (P1) — R, (P%),
for some specific measures P; and Ps; or (b) an expectation
(with respect to some probability measure P € A (M)) of
the gap Rg (Q1) — Re (Q2), for some specific measures Q;
and (2. The second step consists in leveraging the proper-
ties of such gaps for expressing the expectations mentioned
above in terms of information measures. To formalize the
presentation of the method, the notion of gap is developed
hereunder.



A. Gaps

The variations of the functional Rg in (IS]) for some fixed
model @ € M; and those of the functional R, in @]}, for
some fixed dataset z € (X X y)", due to changes in their
arguments, are referred to as gaps. These gaps are studied via
the following functionals:

G: (X x)"xAM)x A(M)—R; and (18)
CGMXAXXY)xA(XxY)—=TR, (19)

where the former satisfies
G(z,P1,P) =R, (P) — R (P2), (20)

and the latter satisfies

G (anvaQ)
= /ﬁ (z,9,0)dQ; (z,y) — /E(x, y,0)dQs (z,y), (1)

with the function ¢ defined in (6). Note that the measures P,
and P in 20) are in A (M), while the measures Q)1 and Q-
in are in A (X x ). Despite the same notation G for the
functionals in (20) and in (Z2I), their distinction is immediate
from their arguments, and thus, there is no ambiguity.

Given a fixed dataset z; and two algorithms Pgz €
AMI(X xY)") and Qelz € AM|(X xY)") re-
spectively trained upon some datasets z; and zo, the
gap G(Z,P@\z:zl,Q(mz:zz) characterizes the variation
of the expected empirical risk R, when the algo-
rithm Qg|z—, changes to Pg|z—.,. This justifies coining the
gap G(z, Py, P») in 20) algorithm-driven gap, as Py and Py
can be seen as instances of particular algorithms.

Similarly, the gap G (0,Q1,Q2) in I) characterizes the
variation of the expected empirical risk Rg in (8) when
datasets are formed by n data points independently sampled
from () instead of (5. This observation becomes clearer
by considering two product probability measures Pz &€
A((XxY)") and Qz € A((X x)Y)") formed by the
measures Py € A(X xY) and Qz € A (X xY). More
specifically, for all measurable subsets of (X x V)" of the
form A; x Ay x ... x A,, it holds that

Pz(.Al X.AQX...X.AH):sz(.At), and (22)
t=1

Qz (A1 x Az x ... x Ay) = [TQz (4. (23)
t=1

Under this assumption, the following lemma presents an
important property of the functional Rg in ().

Lemma 2: Consider a probability measure Pz €
A ((X x Y)") that satisfies for some Pz € A (X x V).
Then, the functional Rg in @]) satisfies

Ro (P2) = [ 0. 0.0)dPz(ey). 24

where the function ¢ is defined in (6).

Proof: Note that from (), it follows that

Ro (Pz) = [ L(=.6)dPz (2)
:/%Zé(@,xt,yt)dPZ (z) (5

_ / 0(8,2,) APz (,y),

where the equality in follows from (7); and the equality
in follows from [50, Theorem 1.6.3]. This completes the
proof. ]

(26)

Lemma [2| given a fixed model & € M and the probability
measures Pz and @z that respectively satisfy (22) and 23),
for some Pz and @@z in A (X x ), leads to the following
equality:

G(0,Pz,Qz) =Re(Pz) —Re (Qz),

which is the variation of the functional Rg when its argument
changes from Qz € A ((X x Y)") to Pz € A((X x )").
This justifies coining the gap G (0,Q1,Q2) in the data-
driven gap, as Pz and (Qz are interpreted as statistical
descriptions of the datasets. Note the limitation due to the
fact that the analysis of the variations of the functional Rg
via the functional G in @I)), implicitly assumes that datasets
are formed by n independent and identically distributed data
points (see (22))). This limitation is not present while studying
the variation of the functional R, via the functional G in 20).
This induces two different variants of the method of gaps, the
first one for the case of algorithm-driven gaps; and a more
limited variant for the case of data-driven gaps.

27

B. Method of Algorithm-driven Gaps

1) Step One: The first step of the method of algorithm-driven
gaps consists in writing the generalization error G (Pg|z, Pz)
in in terms of the functional G in , as the expectation
of an algorithm-driven gap. The following lemma formalizes
this first step.

Lemma 3: Consider the generalization error C(P@‘ Z,PZ)
in (IT) and assume that for all z, the probability mea-
sure Pg|z—. is absolutely continuous with respect to the
probability measure Pg € A (M), which satisfies for all
measurable subsets C of M,

P@ (C):/ PC-)|Z:z (C) dPZ (Z) . (28)

Then,
G (Poiz Pz) = [ 6 (2. Fo, Poiz=s) dPz (2), (29)
where the functional G is defined in (20).

Proof: The proof is presented in Appendix ]

Given a training dataset z, as the one in (@), a probabil-
ity measure Pg|z—, represents the specific instance of an
algorithm Pg|z obtained by training such an algorithm on
the training dataset z. From this perspective, each dataset z



in (X x Y)" generates one instance of the algorithm Pg|z.
From a Bayesian perspective, the instance Pg|z—. of the
algorithm Pg|z can be understood as the posterior of the
prior Pg in (28)), after the observation of the training dataset z.
From this perspective, Lemma [3] presents the generalization
error G (Pg|z,Pz) in ([I) as the expectation (when z is
assumed to be drawn from Pz) of the variations of the
empirical risk R, in (9) when the measure on the mod-
els changes from the posterior Pg|z—. to the prior Pe.
From (28), note that Pg is a convex combination of all
possible instances of the algorithm Pg|z. The coefficients of
such a combination are determined by the probability measure
on the datasets Pz.

2) Step Two: The second step consists in exploiting the fact
that algorithm-driven gaps exhibit closed form expressions
involving the conditional Gibbs probability measure studied
in [9]], [S1]-[54] and used in [55]—[59]]. In order to formally
describe this step, such a conditional Gibbs probability mea-
sure is introduced. Consider two parameters: (a) A o-finite
measure ) € A (M); and (b) A positive real . These
parameters are often referred to as the reference measure;
and the temperature coefficient. A Gibbs probability measure,
parametrized by ) and A, and conditioned on a training
dataset z in (X x V)", is denoted by Pg"?’z’\lz € A(M).
This notation is chosen to explicitly highlight the param-
eters (, A, and the training dataset z. Before introducing
an explicit expression for such a measure, two mathematical
objects of central importance are introduced. First, let the
function Kg , : R — R U {400} be such that

Kq.» (t)=log (/ exp(tL(z,0)) dQ(O)) , (30)

where the function L is defined in (7). The function Ky .,
often referred to as the log-partition function of the mea-
sure P((-)Q|7z/\:)z’ is nondecreasing, convex, and differentiable
infinitely many times [9) Lemma 15 and Lemma 16]. Let also
the set g > C (0,+00) be

1
ICQﬁzé{s >0: Kg. (—;) < +oo} .

The set K¢ is either empty or a convex interval including the
interval (0, b), for some real b € (0, +occ]. See for instance, [9,
Lemma 1]. Interestingly, when () is a probability measure, it
follows that g » = (0, +00). Let also the set g be

N Ko

z€Esupp Q

€2y

Ko = (32)

Using this notation, the Gibbs algorithm is defined as fol-
lows.

Definition 5 (Gibbs Algorithm): An algorithm, denoted
by Pols) € A(M[(X xY)"), is said to be a Gibbs
algorithm with parameters @ € A (M) and \ € Kq, with Kg

in (32), if the instance of such algorithm obtained by training

it upon the dataset z in (@), denoted by P(Ej?éAiz € A (M),
satisfies for all 8 € supp Q,
ap@ 1 1
B|Z==z
TOE (g)=exp (K (1) ~ 3L (=.0)) 33
dQ()eXp Qz|—y)~3L(z0)), 33

@)
where the nonnegative function (Z'QZ” : M — (0,400) is
the Radon-Nikodym derivative of the measure P(-(-)C%Z)\iz with

respect to (); and the functions L and K . are respectively

defined in (7) and (30).

Using this notation, the second step of the method of gaps is
formalized as follows.

Lemma 4: Consider the generalization error E(P@‘ z.Pz)
in and assume that for all z € (X x Y)™:

(a) The probability measure Pg|z—, is absolutely continu-
ous with respect to the probability measure Pg in (28));
and

(b) The probability measures Pg|z—, and Pg in are
absolutely continuous with respect to the o-finite mea-

sure @ in (33).
Then,

[ (0 (relr$2) - D (Pero—ilP2.)

+D (Poiz=21Q) ~ D (PollQ) )aPz (), G4

where the measure Pg"?’z)‘lz

and X € Kg, with K¢ in (32).

€ A (M) is defined in (33);

Proof: The proof follows immediately from Lemma |3| and
Theorem which is introduced later in Section [VII-D
|

Note that while the right-hand side of the equality in (34))
depends on the measure () and a real A, the left-hand side does
not depend upon these parameters. This shows the paramount
relevance of the equality in (34) as particular choices of Q
and A would yield different equivalent expressions for the
generalization error G (P@‘ Z, Pz) in (TI). Section |V|explores
some of these choices and presents some interesting explicit
expressions for G (Pg|z, Pz) emerging from (34).

C. Method of Data-driven Gaps

1) Step One: The first step of the method of data-driven
gaps consists in writing the generalization error G (P@‘ Z, Pz)
in (II) in terms of the functional G in (I, as the ex-
pectation of a data-driven gap. To achieve such an ob-
jective, the central observation is that the joint probability
measure Pg|z - Pz € A (M x (X x Y)") shares common
properties with the measure Pz|g-Po € A (X x V)" x M),
where Pg is in (28) and the conditional probability mea-
sure Pz € A((X x Y)"|M) satisfies for all measurable
subsets B of (X x V)",

Pz (B) :/PZ\G):O (B)dPe (0). (35)
These common properties are discussed in detail in Ap-
pendix [A] In the following, it is assumed that the probability



measure Pz in (33) is a product measure formed by the
measure

PreA(XxY). (36)

That is, the probability measures Pz and Py satisfy the
equality in (22). For all & € M, the marginal measures
of the probability measure Pz g@—g, denoted by Pz, j@—g €
A (X xY) with t € {1,2,...,n}, are probability measures
satisfying the following conditions. For all m € {1,2,...,n},
let the set B, C (X x ) be

BmZ.Al X Ag X ... X An, (37)

where for all t € {1,2,...,n}\ {m}, 4+ =X xY; and A,,
is any measurable subset A of X x ). Hence, the marginal
probability measure Py, @—¢ satisfies

Py, 10=6 (A)=Pzi0—0 (Bm) -

Under the above assumptions on Pz and Py, the marginal
measures Pz @-9, Pz,j0=0, ---» Pz,j©=¢ turn out to
be identical to some Pzg—g, as shown by the following
lemma.

(38)

Lemma 5: Consider the conditional probability mea-
sure Pzi@ € A((X xY)"|M) and the probability mea-
sures Pg and Pz in (B3). If Pz satisfies 22) for some
probability measure Pz € A (X x Y), then, for all measur-
able sets A of (X x ), for all & € M, and for all t €
{1,2,...,n}, the measure Py, |@—¢ in satisfies,

Pz,10=6 (A) = Pzie=6 (A)

for some probability measure Pzjg—g € A (X x ) that
satisfies,

(39)

P2 (A) = [ Prie-a(A)dPe (6). (40)

Proof: From the assumptions on Pz and Pz, namely the
equality in (22), the datasets are formed by data points that
are independent and identically distributed with P. Hence,
for all t € {1,2,...,n} and for all measurable sets .4
of X xJ,

Pz (A) = /Pzt|@):g (A)dPe (0). (41)

The proof is completed by [50, Theorem 5.3.1], which states
the uniqueness of the measure Pz, |@—¢ (almost surely with re-
spect to Pg), and thus, completes the proof of (39). W

The following lemma formalizes the first step of the method
of data-driven gaps.

Lemma 6: Consider the generalization error G(Pg|z, Pz)
in (TI) and assume that

(a) The probability measure Pz satisfies (22) for some Py €
A (X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in are mutually absolutely continuous; and

(¢) For all 8 € M, the probability measures Pzje—g and Pz
in (33) are mutually absolutely continuous.

Then,
E(P@\z,Pz) = /G (6, Pz, Pz10=¢) dPe (0), (42)

where the functional G is defined in (ZI)); and the probability
measure Py g—g satisfies {@0).

Proof: The proof is presented in Appendix ]

From a Bayesian perspective, if the algorithm Pg|z—, is un-
derstood as the posterior of the prior Pg after the observation
of the training dataset z, then, the probability measure Pz @—¢
in (39) can be understood as the likelihood of the datasets
after the observation of the model 6. From this perspective,
Lemma (6| presents the generalization error G (Pe|z,Pz)
in (II) as the expectation (when 6 is assumed to be drawn
from Pg in ) of the variations of the empirical risk Rg
in when the measure on the data points changes from the
likelihood Pzg—g to the ground-truth probability distribu-
tion Py, which is invariant with respect to the models.

2) Step Two: The second step consists in exploiting the fact
that data-driven gaps exhibit closed-form expressions involv-
ing the WCDG probability measure introduced in [46] and
further studied in [42]]. The WCDG probability measure is con-
ditioned on a model € € M; and parametrized by a real 8 > 0
and a probability measure Ps in A (X x )). Such a WCDG
probability measure is denoted by prsh e p Py (X X D).

Z|©=0
psh) requires defining

zZ|@=0
the following mathematical objects. Let Jp, ¢ : R — R be the

function

Jps.o(t) =log (/ exp (tﬁ(@,x,y))dPS(:U,y)), (43)

Defining an explicit expression for

where the function ¢ is defined in (6). The function Jpg ¢
in (@3) is convex, nondecreasing, and differentiable infinitely
many times in the interior of {¢t € R : Jp, ¢ (t) < +00} [42,
Lemma 1]. Let also the sets Jp, 9 C (0,+00) and Jp, C
(0, +00) be

1
jp&gé{t S (0, —‘rOO) : JPS,Q (;) < +OO} , 44)

and

A
Jps =

m JIps.6-

fesupp Ps

(45)

The set Jpg e is either empty or an interval including the
interval (b, +00), for some real b € (0, +00]. See for instance,
[42, Lemma 2]. Using this notation, the WCDG conditional
probability measure is defined as follows.

Definition 6 (The WCDG conditional probability measure):
A conditional probability measure, denoted by Pg)cf)’ﬁ ) €
A (X x YIM), is said to be a WCDG conditional probability
measure with parameters Ps € A (X x YY) and 5 € Jpg,
with Jp, in @3), if for all @8 € M and for all (z,y) €
supp Ps,

dPEPSsﬁ)

j%s:e(x,y): exp (%E(G,x,y) —Jps.6 (%)), (46)



(Ps.8)
Z|®@=6

ar. %Y — (0, +00) is the Radon-
Nikodym derivative of the measure nggf;
to Pg; and the functions ¢ and Jp, ¢ are defined in (6)

and (@3).

Using this notation, the second step of the method of data-
driven gaps is formalized as follows.

where the function

with respect

Lemma 7: Consider the generalization error E(P@‘ z,Pz)
in and assume that:

(a) The probability measure Pz satisfies (22) for some Py €
A(X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in are mutually absolutely continuous;

(c) Forall @ € M, the probability measures Pz|g—¢ and Pz

in (39) are mutually absolutely continuous; and

For all 6 € M, the probability measures Py @—g and Pz

satisfy (@0) and are both absolutely continuous with the

probability measure Ps € A (X x V) in (#@6).

Then,
C(Pe\z,Pz)Zﬁ/ <D (PZ\@):GHP;SEL) -D (PZHP;(;’Q,)

—D(Pzj0=0|Ps) +D(PZ||PS)>dP®(9)a 47)

i (Ps,B8)
where the probability measure PZ| o0

and § € Jp,, with Jp, in (@3).

Proof: Under Assumptions (a) and (c¢), Lemma and
Lemma (9] (in Appendix imply that for all & € M,
the probability measures Pz @—¢ and Pz are mutually ab-
solutely continuous. Hence, the proof follows immediately
from Lemma [6] and Theorem [43] which is introduced later

in Section [VIII} [ ]

is defined in (46);

Note that while the right-hand side of the equality in (47)
depends on the probability measure Ps and (3, the left-hand
side does not depend upon these parameters. This shows
the paramount relevance of the equality in as partic-
ular choices of Ps and 3 would yield different equivalent
expressions for the generalization error G (P@‘ Z, Pz) in (TI).
Section [V explores some of these choices and presents some
interesting explicit expressions for G (Pg|z, Pz) emerging
from (47).

V. EXPLICIT EXPRESSIONS OBTAINED VIA THE METHOD
OF ALGORITHM-DRIVEN GAPS

This section focuses on constructing novel explicit expressions
for the generalization error G (P@| Z, PZ) in (TI) by exploring
different choices of the parameters () and X in (34). It is
important to highlight that in these expressions, the central
building-block is the Gibbs algorithm P4%" (Definition [5).
From this perspective, it can be admitted that the expressions

for the generalization error G (P@| Z,PZ) presented in this

section are obtained by comparing the algorithm Pg|z with

the Gibbs algorithm PG,

This section is divided in four subsections. The first three
subsections provide explicit expressions for the generalization
error C(P@| Z,PZ) aiming at establishing connections to
existing results in statistics (statistical hypothesis testing),
information theory (information measures), and Euclidian ge-
ometry (Pythagorean Theorems). The last subsection reviews
the generalization error for the special case of the Gibbs
algorithm.

A. Connections to Statistical Hypothesis Testing

The equality in (34) can be alternatively expressed as shown
by the following theorem.

Theorem 8: Consider the generalization error G (P@‘ Z, PZ)
in (TI) and assume that: (a) For all 2 € (X xY)", the
measure Pg|z—, and the o-finite measure () in are
mutually absolutely continuous; and (b) The measures Pg
in (28) and @ are mutually absolutely continuous. Then,

4p@N
O|Z==z
3 [ [ (105752 0) ) dPoz—. (6) Pz (2
ri5p,
[ [ 10e=52= () | are 0)arz (). @)
oo

where the Radon-Nikodym derivative —30 is defined

in (33); and X € K, with Kg in (32).

Proof: Given the Assumptions (a) and (b), Lemma [
holds. The proof follows by observing that the differ-
ences D (Po||Pyly,) — D (Pel|Q) and D (Pojz—2IlQ) —
D (P@| Z—z HP(EDC\QZ/\;J in respectively satisfy the follow-
ing equalities:

A
D (Po|Psiy ) — D (PollQ)

dPe dPe
- log —— 2 (9) —1 9) | dPs (8)(49)
/ o gpioar @) =108 3G @) ) aFe )
argy
=- / log%(e) dPe (6), (50)

where the equality in holds from Assumption (b) and the
fact that the measures P@?’Z’\iz and @) are mutually absolutely
continuous [9, Lemma 3]. Using the same arguments,

D (Peiz=2|Q) — D (PQ\Z:z||Pé?;iz>

4p@N
— [ (106=52=10) | dPez—(®). 5D
d@ -
Plugging both (30) and into yields (@8), which
completes the proof. ]



The relevance of Theorem [§] lies on the fact that it allows
framing the generalization error G (Pgz, Pz) in (TI) within
the context of a mismatched hypothesis test (see [47] and [60]).
More specifically, let the random variable (®,Z2) € M x
(X x V)" follow the probability distribution associated to
the probability measure Pg|z - Pz € A (M x (X x Y)").
Let (60, z) be a realization of such a random variable. Consider
a hypothesis test in which the objective is to determine
whether such an realization (0 z) is generated from either
a probability distribution P(E)?Z Pz € AM x (X xY)")
(null hypothesis) or from the alternative distribution Q) - Pz €

A (M x (X xY)") (alternative hypothesis). The resulting
hypothesis test is said to be mismatched because neither the
null hypothesis nor the alternative hypothesis matches the
ground-truth probability measure Pg|z - Pz. In a nutshell,
the null hypothesis presumes that the dataset z is obtained
by sampling the probability measure Pz, while the model 6
is obtained by sampling the probability measure Pg"QZ’\ )z
Conversely, the alternative hypothesis posits that the dataset z
and the model @ are obtained by simultaneously sampling
the probability measures Pz and @), implying independence

between the random variables Z and ®. From this per-
(@,%)

P
spective, the term log ebz 2 (@) in (51) appears to be
the log-likelihood ratio to decide based upon the observa-

tion (0, z) on the null or alternative hypothesis. Essentially,
CBY)

given a v € R, if log—55==(0) > 7, then the null

hypothesis is accepted. Alternatively, the null hypothesis is
(@)

rejected if log dP@g 2 (0) < +, which highlights the role
of v to trade-off between Type-I and Type-II errors in the
context of such a mismatched hypothesis test [47]. From this
perspective, the generalization error G (P@| Z, Pz) in (TI) can
be interpreted as the variation of the expectation of the log-
likelihood ratio of such a mismatched hypothesis test when the
measure (used for expectation) changes from the product of
the marginals of the ground truth, i.e., Pg - Pz to the ground
truth probability measure Pg|z - Pz.

Variations in the expected log-likelihood ratio for mismatched
hypothesis tests, due to changes in the measure used to
compute the expectation, remain a shyly explored area in
statistics and information theory. Nevertheless, it is crucial to
emphasize that this concept might hold a pivotal role in the
analysis of generalization error. Variations of the expected log-
likelihood ratio of matched and mismatched hypothesis tests
are found all along the remaining of this work.

B. Connections to Information Measures

Two particular choices for the reference measure @) in (34)
are worth particular discussions as they lead to expressions
involving either the mutual information or the lautum in-
formation. Those choices correspond to cases in which the
gap G (z, Pe, Po|z—-) in (29) is calculated using either Po
or Pg|z—_ as reference measure. From Lemma @} it follows
that the case in which the reference measure is Pg leads to an
expression involving the mutual information (P@| Z; PZ) , as
shown by the following corollary.

Corollary 9: Consider the generalization error G (Pez, Pz)
in and assume that for all 2 € (X x))", the mea-
sure Pg|z—. is absolutely continuous with respect to Pe

in (28). Then,
G (Pe|z, Pz) = M (Pe|z; Pz)

Po, A\ (Pe,\
0 [ (D(PolPG52) — D (Perz=s P32 4Pz (2).

where A > 0; and the measure PL2) € A (M) is defined

O|Z==z
as in (33).

Similarly, using Lemma [4] it is shown hereunder that the case
in which the reference measure is Pg|z—. leads to an expres-
sion involving the lautum information L (Pg)z; Pz).

Corollary 10: Consider the generalization error G (P@‘ Z, Pz)
in (TT) and assume that for all z € (X x ))", the probability
measures Pg in (28) and Pg|z—. are mutually absolutely
continuous. Then,

E(P@|Z,PZ) =-AL (P@|z; Pz)
+/\/ P@HP@T;‘ZZZ )>dPZ (2)

[ D(Porzs PS5 7 apat), 52

2\ .
where A > 0; and the measure P(E)‘;‘Zz ) e AM) is
defined as in (33).

Independently of the choice of @ and A in (34), the general-
ization error G (Pg|z, Pz) in (TI) can be written in terms of
a mutual information I (Pg)z; Pz) as follows.

Theorem 11: Consider the generalization error G (P@‘ Z, Pz)
in (TI) and assume that

(a) For all z € (X x )", the probability measures Pg
n (28) and Pg|z—. are both absolutely continuous with
respect the o-finite measure () in ; and
(b) The measure () is absolutely contlnuous with respect
to Pe.

Then,

E(P@\Z,Pz) =\ (Po|z; Pz)

+X / (Poll sy ,)—D(Peiz=zl PS5, ) )dPz(2),(53)

P@Y

where the probability measure ©|Z—

and A € Kg, with K¢ in (32).

is defined in (33);

Proof: The proof follows from Lemma [d] which holds un-
der Assumption (a) and (b). The focus is on the differ-



ence [ (D (Poiz=+Q) - D (PollQ) )aPz () in GD.

which satisfies the following equalities:

/ (D(Poiz=+1Q) ~D(Psl|Q) ) dP7(2)

= [ D(Poiz=2@)AP2(z)-D(Fol@) (59
= [([10s(52=00)) aPerz-.(0)) Pat2
~D(PellQ) 5

~ [ (J10(*52=200)) aPerz--(0) ) apa(2)

- [10(5200) )ara(e) (56)
= [(J1s(*5=0) )arers—.t0) )apatz

~[([roe(C520) )arozni@))aratx) 1)
-/ ( / log(%?((a))dpez_z(e))dzﬂz(z) (58)
=1 (Pe|z;Pz) . (59)

where the equality in relies on the Assumptions (a)
and (b), which imply that the measures Pg and () are mutually
absolutely contmuous and thus, for all 8 € M, dP 9 (9) =

(F©)
It is important to highlight that the proof of Theorem |1 1|relies
on the equality

J1o(Si@)) arete)

:/(/1 (ddQ@( )) dP@|Z:z(9)) dPz(z), (60)

which holds under the assumption that the reference mea-
sure () is independent of the datasets. More specifically, @) €
A (M) and Q ¢ A (M](X x Y)"). The equality in (60) is
used to obtain the equality in (37).

. This completes the proof. [ |

The significance of Theorem [[1] lies on the fact that it
preserves the flexibility of selecting a reference measure ()
within A (M), provided that conditions (a) and (b) are met.
This freedom in choosing the reference measure is further
explored in Section Such a flexibility can also be
preserved while using the lautum information L (P@‘ z; PZ),
as shown by the following theorem.

Theorem 12: Consider the generalization error G (Peyz: Pz)
in (TT) and assume that for all z € (X x )",

(a) The measures Pg in (28) and Pg)z-, are absolutely con-
tinuous with respect to a o-finite measure @ € A (M)
(or a conditional o-finite measure in A (M| (X x Y)"));
and

(b) The measures Pg and Pg|z—. are mutually absolutely
continuous.

Then,

E(P)('3|Z5PZ)
=—\L (Pez; Pz) + /\/ <D (Pelngl?ZA)z)

~D (Pojz=:|PS}52.) + D (Pez-:IIQ)

dPg|z-=
- / log =35> (0)dPo (0>)sz (=), (6
where the probability measure Pg"gz) is defined in (33);

and A € Kg, with K¢ in (32).

Proof: The proof follows from Lemma [ which holds under
Assumptions (a) and (b). Hence, in (34), under Assump-
tions (a) and (b), the following holds:

/ D (Pe||Q) dPz (2)

/ / log I2€ (9 4P (8) dPy (2) ©2)
L - dP@|Z - (6)dPe (6) APz (2)
+ [ [10s50== 0)are (0)apz (2) (63)

= L(Pe)z:Pz) //log Fojz— (0)dPe(0)dPz(2). (64)

Plugging (64) into (34) yields @]), which completes the proof.
|

Substracting (6I) from (53) yields the following equality,
which unveils a connection between hypothesis testing and the
sum of the mutual information I (Pg|z; Pz) and the lautum
information L (Pe,z; Pz).

Corollary 13: Given a conditional probability measure Pg|z €
AM|(X xY)") and a probability measure Pz €
A ((X x Y)"), assume that for all z € (X x V)™

(a) The probability measures Pg in (28) and Pg|z—, are
both absolutely continuous with respect to some o-finite
measure Q € A (M);

(b) The measure @ is absolutely continuous with respect
to Pe; and

(¢) The measure Pg is absolutely continuous with respect
to P@| Z—z-

Then,
I (Pe\z; Pz) + L (Pe|z; Pz)
dP ;
//10 i (0))dP@‘Z:z(0)dPZ(z)

7//log dng‘z(e)) dPe (8) dPz (2). (65)

The equality in (63) holds significant interest as it expresses
the sum of the mutual information 1 (P@| Z; Pz) and the lau-
tum information L (P@| z; Pz) in terms of a free parameter @),



which can be chosen subject to conditions (a) and (b). How-
ever, what truly elevates this equality is its profound connec-
tion to the realm of hypothesis testing [61]]. More specifically,
let the random variable (©,Z) € M x (X x Y)" induce
the probability measure Pg|z - Pz € A (M x (X x Y)").
Consider a hypothesis test in which the objective is to de-
termine whether an observation (6,z) € M x (X x V)" of
such a random variable (©, Z) is obtained by sampling the
(ground-truth) probability measure Pg)z- Pz (null hypothesis)
or by sampling the alternative probability measure ) - Pz €

AMx(XxP)") (alternatlve hypothesis). From this per-
spective, the term log d =12== (0) in (63) can be interpreted
as the log-likelihood ratio used to decide between the null and
alternative hypotheses based on the observation (6, z). Essen-
tially, for a given threshold v € R, if log d@# 6) >,
the null hypothesis is accepted, and the alternative hypothesis
is rejected; otherwise, the opposite decision is made. The
sum of the mutual information I (Pg)|z; Pz) and the lautum
information L (P@| z; Pz) in (63) can be interpreted as the
variation of the expectation of the log-likelihood ratio of such
a hypothesis test when the measure (used for expectation)
changes from the product of the marginals of the ground
truth, i.e., Pg - Pz, to the ground-truth joint probability
measure Pg|z - Pz.

An important observation is that the left-hand side of the
equality in (63) is independent of the parameter ). Hence,
from the perspective of the hypothesis testing problem formu-
lated earlier, it appears that the measure () in the alternative
hypothesis does not impact the variation of the expectation of
the log-likelihood ratio when the measure (used for expecta-
tion) shifts from the product of the marginals of the ground
truth to the ground-truth probability measure. Note also that
such a variation is nonnegative. That is,

0<//10 dP@‘Z z (0)) dPe|z—= (8) APz (2)
[/ 1og((”f1’654<e>) dPe (6)dPz (2), (66)

which follows from the fact that both mutual and lautum
information are nonnegative. Finally, note for instance that
if for all z € (X x ))", the probability measures Peg|z—--
and Pg are mutually absolutely continuous, then () can be
set to be equal to Pg, which implies that the hypothesis test
discussed earlier includes the test for independence.

The sum of the mutual information I (Pg)z; Pz) and the lau-
tum information L (P@‘ Z; PZ) can be found on several equiv-

alent expressions for the generalization error G (Peyz: Pz)
in (TI), as shown by the following theorems.

Theorem 14: Consider the generalization error G (P@‘ Z, PZ)
in (TI) and assume that for all z € (X x V)™

(a) The probability measures Pg in (28) and Pg|z—, are
both absolutely continuous with respect to some o-finite
measure Q) € A (M);

(b) The measure () is absolutely continuous with respect
to Pg; and

(¢) The measure Pg is absolutely continuous with respect

to P®|Z:z'
Then,
CP@\ZJDZ) MI (Pez; Pz) + L (Po|z; Pz))
A / / ?C‘QZA 2 (0)dPe (0) APy (2)
@\Z z
@\Z z
A [ [108T0E (0) aPoze @) 0Pz (). (@)
dP
®|Z==z
where the probability measure Pgﬁz’\l is defined in (33);

and A € Kg, with K¢ in (32).

Proof: The proof follows from Theorem [T1] which holds under

Assumptions (a) and (b). Note that the term D (P@ ||P(®Q|?ZA )z)

within the integral in (53), can be re-written as follows:

/P P@HP(S)?; .)dPz (2)

= [ [10e 5 0)aPe (0)ars (2)

@\Z z
dPe dPe|z—z
//lo Q’\)\}dP®|2z9)
dP, .
-/ / log 125 (6)dPo (6) 4P (2
@\Z z
// dP@
//log

® dPoiz—» ©|Z==
where the equality in holds from Assumptions (a), (¢)

@\Z z
(Q,N)
and [9} Lemma 3]. Plugging into (53) completes the proof.
|

(68)

dPe(0)dPz(z) (69)

(6) dPe () APz (2) (70)

(0)dPe (0)dPz(z)+L(Pe|z;Pz),(71)
Polz==

In Theorem [[4] ﬂ the term

[ [1ox 0555 (0) are (6) arz 2
G‘)|Z z
A / / log ?Qﬂzw)dP@zﬂ (0)dPz (), (72)
Polz=-

can be interpreted in the context of the following hypothesis
test. Consider the training dataset z in @) which is obtained
by sampling from the measure Pz. Assume that both the
algorithm Pg|z and the Gibbs algorithm P(E)C\?’z)\ ) are trained
upon the same dataset z. Hence, the hypothesis test consists
in determining whether a model 6, obtained by sampling from
the probability measure Pg|z—-, has been obtained from the

ground-truth probability measure Pg|z—. (null hypothesis); or

from the probability measure ng’z_) (alternative hypothesis).

In essence, the null hypothesis claims that the model 6 is
the result of the original algorithm under study, while the
alternative hypothesis suggests it is the output of a Gibbs
algorithm. The resulting log-likelihood ratio to distinguish
between these two hypothesis, based on the observation of



?C‘QZA)Z (0). Hence, the term in (72) can
Peiz
be interpreted as the variation of the expectation of the log-

likelihood ratio of such a hypothesis test when the measure
(used for expectation) changes from the ground-truth joint
probability measure Pg|z - Pz to the product of the marginals
of the ground truth, i.e., Pg - Pz.

the model 0, is log

The following theorem leads to alternative equivalent expres-
sions generalization error G (Pg|z, Pz) in (IT), which might
also be interpreted within the context of a similar hypothesis
test.

Theorem 15: Consider the generalization error G (P@‘ Z, PZ)
in (TI) and assume that for all z € (X x V)™

(a) The measures Pg in (28) and Pg|z—. are absolutely
continuous with respect to a o-finite measure @ (or a
conditional o-finite measure in A (M| (X x Y)")); and

(b) The measures Pg and Pg|z—. are mutually absolutely
continuous.

Then,
G(Pe|z,Pz) = /\( (Peyz; Pz) + L (Po|z; Pz))
+)\//10g (Q)\) ( )dP@(O)dPZ(z)

@\z z
A [ 1oz 5285 0)aPorz-. 0)aPs (2)
@\z z
A / / 1og%(e) dPo)z-» (2) APz (2)
—A / / 1ogdPZ’5‘z(0) dPe (8) dPz (2), (73)
where the probability measure ngz)z is defined in (33);

and X € Ko, with K¢ in (32).

Proof: The proof follows from Theorem [I2] which
holds under Assumptions (a) and (b). Note that the
term D (PGIZ:zHP(E)?ZA)z) within the integral in (61]), can
be re-written as follows:

D (Pe\z:z||P@ﬁ2;)z)

_/ IOg df)®|Z:z
- (@)
dP@|Z:z
:/log
(@)
dP®|Z
dPe
= [ log —z5— (0)dPe|z—= (9)
/ dPSY |

O|Z==z
+/log (0)dPe|z—~(0),

dP, Q|Z==z
dPg
where the equality in follows from Assumption (b) and
9, Lemma 3]. Plugging into (6I) yields (73), which
completes the proof. ]

(0)dPe|z—= (0) (74)

dPe
dPe

dPe)|7—»
©|Z= (75)

(9) (0) | dPg|z==(0)

(76)

(77)

Although the expression presented in Theorem[I3] may initially
seem more intricate compared to the one in Theorem [I4] it of-
fers a distinct advantage: the flexibility to choose the reference

measure as a conditional measure. For example, by selecting ()
as the conditional probability measure Pg)z, it significantly
simplifies, as shown by the following corollary.

Corollary 16: Consider the generalization error G (P@‘ Z, Pz)
in (TT) and assume that for all 2 € (X x ))", the mea-
sures Pg and Pg|z—. are mutually absolutely continuous.
Then,

P@\Z,Pz) = >\ (I (Pe|z; Pz) + L (Po)z; Pz))
+/\//log o P@‘Z 7 (0)dPo (0)dP; (2)

O|Z==z
dP,
*A/ / log 2 (0)dPojz-= (0)dPz (2), (78)
dP PG)\Z z )
O|Z==z
where A > 0; and the probability measure Pé‘g‘zzz”\) is

defined as in (33).

The interests of Corollary [T6] lies on the fact that it is written

z7A .
in terms of the measure P(E)lg‘zz ), which represents a
Gibbs algorithm whose reference measure is dependent on the
training dataset z. Interestingly, such a reference measure is

precisely the algorithm under study Pg)z.

Another result from Theorem [I5] and Corollary [I3] follows by
plugging the equality in (63) into (73).

Corollary 17: Consider the generalization error G (Pez, Pz)
in and assume that for all z € (X x )™

(a) The probability measures Pg in and Pg|z—, are
both absolutely continuous with respect to a o-finite
measure (;

(b) The measures Pg and Pg|z— are mutually absolutely
continuous; and

(¢) The measure () is absolutely continuous with respect
to Pe.

Then,

P

E(P@\Z Pz) _)\//log
’ @)
dPg iz,

A [ [ros e ng; (6) dPoj7—x (6) dPz (2).

(0) dPe (6) APz (2)

P@Y

where the probability measure ©| 7~

and X € Kg, with K¢ in (32).

is defined in (33);

Corollary is reminiscent of Theorem [§] and thus, it has a
similar interpretation.

C. Connections to Euclidian Geometry

Another expression for the generalization error G (P@‘ Z, PZ)
in (TI), which leads to interesting connections to Euclidian
geometry is presented hereunder.

Theorem 18: Consider the generalization error G (P@‘ Z, Pz)
in (TT) and assume that for all z € (X x ))", the probability

(79)



measure Pg|z—. is absolutely continuous with respect to
some measure Q@ € A (M). Then,

EP@\ZaPZ // P@\Z z||P@C|QZ)\ u)
_ (@A
D(Po)z=:IIPs 52 z))dPZ(u)dPZ(z),(SO)

where the probability measure P(E)%z
/CQ, with /CQ in @I}

Proof: ~ The  proof consists in  re-writing the
difference R,, (P@‘Z:z) - R, (P@‘Z:z) in (I0) in terms of
an algorithm-driven gap, i.e., using the functional G in (20).
More specifically, consider the equalities

Ru (Pojz=z) =6(u,Po|z-2.Po 5 ) +Ru( Polp,) (81)

and

satisfies (33)); and A €

R- (Pojz=2) =G(2,Po|z—=.Po 5.

o) +R=(PST), (82)

that implies,

Ru (Poiz=z) — Rz (Po)|z==)
o P ) R (112

(e o P R (S
—R, (ng;)u) +AD (ng;)ullQ)

R, (PE)) =D (PG 110)

+A<D(P@|z:zllPé‘f;)u) D(Po)z- z||P@CfZA)Z)) (84)
Ru (@ = AD (QIIFgTzL)
R (@) + 2D (QlIPST;L.)
+/\<D(P@|zzz||Péﬁ3Z”u) D(P@‘Z:zHngZA)z)),(SS)

where the equality in @ follows from [45, Theorem 1],
which holds under the assumption of the theorem and
[9f Lemma 3]; and the equality in @ follows from [9,
Lemma 20]. Finally, from (85) and Definition [ it follows
that

P@\Z7PZ)
// P@\Z z R (P@‘Z:z))sz(u)dPZ(z) (86)

:// (R — D (QPSY,)) APz (u) APz (2)

—//(R @ -
[ [ (0 (Poiz=alP)

O|Z=u

AD (Q[IPSP5Y.)) APz (w)dPy (2)

_D(P@‘ZZZHP(E)%Z z))dPZ( YdPz(z) (87)
:)\//(D (P@|Z:z|\Pg?;)u) (88)
~D(Pos—lIPSY.) )aPa(u)dPy(z), (39)

which completes the proof. ]

Theorem E expresses the generalization error G (P@‘ Z, Pz)
in (TI) as the difference between the expectations of two
relative entropies. The first relative entrop? compares the
algorithm Pg|z to the Gibbs algorithm P, oz , under the
assumption that such algorithms are trained on independent
datasets drawn from the same probability distribution Pz. The
second relative entropy compares these algorithms under the
assumption that they are trained on the same dataset drawn
from Pgz. In particular, the first relative entropy satisfies the
following property.

Lemma 19: Consider a probability measure Pz €
A ((X x Y)") and a conditional probability measure Pg|z €
A (M| (X x Y)") and assume that for all z € (X x V)",

o The measures Pg|z—, and Pg in are absolutely
continuous with respect to some measure () € A (M);

o The measure Pg|z—. is absolutely continuous with re-
spect to Pg.

Then,

|| P(Porz=ullPS52.) aPz (w) aPe (2)
= / (D(PellPS}5.) +D(Po)z—:]Po) )dPz(2),  (90)

PN

where the probability measure ©|7—=

/CQ, with /CQ in @I)

Proof: The proof follows by noticing that

)
//D Pe|z- uHPéﬁ)’Z

[ [ Jiox( Soz56) ) arerzu(@nrauara(:)

Poiz=

satisfies (33); and A €

.) APz (u)dPz (2)

/ / / tog T(‘” dPo|z=u(0)dPz(u)dPz(2)

Polz=s

+/ / / log(%@:u@)dp o1z—u(0)dPz(1)dPz(2)

_ / / log 4(@ > (6) | dPo(0)dPs(=)

G‘)|Z z
//log

_ / (D(P@HP(ED"‘?Z”Z)+D(P@‘Z=z|| Po))dPs(2),

@‘Z u (0)) dPo|z—u (0)dPz (u) (91)

92)

which completes the proof. ]

The converse of the Pythagorean theorem [62, Book I, Propo-
sition 48] together with Lemma lead to the geometric
construction shown in Figure [I] Such interpretation becomes



:||Pe)dPz(2)

\/ / D(Peyz

\/ [ (rolr2.) ars )

Fig. 1. Geometric interpretation of Lemma [I9] involving only relative
entropies. Note that [ D (P@‘Z:ZHP@) dPz (z) =1 <P®|Z§ PZ).

z”P(..))sz(Z)

\//D(P@Z

2 (rolr2 ) ars 2

Fig. 2. Geometric interpretation of Lemma involving the generalization
error G (P@|Z, PZ) in (TT).

more interesting by noticing that, from Theorem [I8] the square
of the hypothenuse of the triangle in Figure [I] satisfies

//D Po|z= ull P @\z z>dPZ( )dPZ(Z):%E(Pe\zypz)

+ [ D(Poiz=|IPS;). ) aPz (2), ©3)

which involves the generalization error G (Pe|z, Pz) in (M);
and the length \//D (Po|z=z||Pe) dPz (z) is the square

root of a mutual information, i.e., \/I (Pe|z; Pz). This leads
to the alternative interpretation shown in Figure

D. Generalization Error of the Gibbs Algorithm

The generalization error of the Gibbs algorithm Pé)Q’Z)‘ Vin 33D,
can be immediately obtained from Theorem [§] - Theorem
or Theorem The following corollary formalizes this obser-
vation.

N

Sz )

J
)

L (P(EDIZ ). PZ)

PN

Fig. 3. Geometric interpretation of Lemmalfor the Gibbs algorithm ©|Z

(Definition [3).

JRCES

e|z ,Pz) in@,

Corollary 20: The generalization error G (

with the measure P(@?z) in (33), is

E(P(Q A)

oL ,PZ):)\(I(P(Q ). PZ>+L(P(Q A PZ)).

e|z e|z 4)
Corollary [20] has been proved numerous times before using
several techniques. For instance, a proof for the case in
which @ is a probability measure appears in [2]. The more
general case in which @) is a o-finite measure is proved
in [9]. A proof for the particular case in which @ is a
probability measure and datasets are formed by independent
and identically distributed data points is presented in [46].
Figure [3| shows a geometric interpretation of Corollary
which is reminiscent of the Pythagorean theorem mentioned
in the previous subsection.

Theorem [I8] provides another e (pressmn for the generalization
error of the Gibbs algorithm P in (33), as shown by the

e|z
following corollary.
JICRY

e|z aPZ) in (T1)),

Corollary 21: The generalization error G (
with the measure Pgl?’z/\) in (33), is

Ppl@A)

(Q.2)
®|Z= u P

e .)dPz(u)dPz(2).
(95)

GRSy

. ra [ [ (e

Corollary [21! shows that the generalization error of the Gibbs
algorithm P@Q|Z/\ in (33) is equal to the average (expectation
with respect to Pz - Pz ) of a pair-wise comparison via relative

entropy of all the instances of such an algorithm.

VI. EXPLICIT EXPRESSIONS OBTAINED VIA THE METHOD
OF DATA-DRIVEN GAPS

This section focuses on constructing novel explicit expressions
for the generalization error G (P@|Z, PZ) in (TI) by explor-
ing different choices of the parameters Ps and § in @7).
It is important to highlight that in these expressions, the
central building-block is the conditional WCDG probability
measure Pgljgﬁ ) € A (X x YIM) in @) (Definition

The first three subsections provide explicit expressions for
the generalization error G (Pg)z, Pz) aiming at establishing
connections to existing results in statistics (statistical hypoth-
esis testing), information theory (information measures), and
Euclidian geometry (Pythagorean Theorems). The last section



focuses on the algorithm resulting from the WCDG probability
measure.

A. Connections to Hypothesis Testing

A first connection to statistical hypothesis testing is made by
the following theorem.

Theorem 22: Consider the generalization error E(P@‘ z,Pz)
in (TI) and assume that:

(a) The probability measure Pz satisfies for some Py €
A(X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in (28) are mutually absolutely continuous;

(c) For all 8 € M, the probability measures Pzje—g and Pz
n (35) are mutually absolutely continuous; and

(d) For all @ € M, the probability measures Pzjg—g and Pz
satisfy (@0) and are both mutually absolutely continuous
with the probability measure Ps € A (X x )) in (46).

Then,

E(P@|z,Pz)
(PS 7 (2)

Ao

/ / log ﬁ(z) dP,(2)dPe (0)), (96)

=6

dPzje=e(2)dPe (6)

where the probability measure piPs ’B is the WCDG proba-

bility measure in {@6); and 3 € j Pss Wlth Jps in @3).

Proof: Under Assumptions (a), (b), (¢), and (d), Lemma

holds. Then, the proof follows by observing that the
. B

difference D (PZ‘@ ol Py 2)) — D (Pzje-ellPs)

and D (Pz||Ps) — D(P ||P;lggﬂ‘)9) in respectively

satisfy the following equalities:

D (PZ\@:BHPé@’Bg)) D (Pzj0=6l/Ps)

B dPZ‘@ o dPzie-0

dP
= / log 7@5 55 (2)dPz0=0 (2). (98)
dPA S
AR

where the equality in (98) follows from the Assumption (d).
Similarly,

Ps,
D (P4|[Ps) - D (P2 P57

B Py Py
- /(log dPg (2) - dP(PS B) (2 ))dPZ(z)
1, AP
~ ] B pPsh)

Z|®=6
Z|©=6

99)

(2)dPz (2), (100)

where the equality in (I00) follows from Assumption (d).
Plugging both and (100) into yields (96), which

completes the proof. ]

Theorem [22] is reminiscent of Theorem [§] and thus, its rele-
vance lies on the fact that it allows framing the generalization
error G (P@‘ Z, Pz) in (TI) within the context of mismatched
hypothesis testing [47]], [60]]. Let the random variable (Z, ®) €
(X x Y x M) follow the probability measure Pze - Po €
A (X x Y x M), with Pg and Py e satisfying and (40).
Let (z,0) € (X x ) x M be a realization of such a random
variable. Consider a hypothesis test to decide whether the
realization (z,0) € (X x)) x M has been generated by
the product measure Ps - Pg (null hypothesis) or the joint
measure Pépg’ﬁ ). Peo (alternative hypothesis). The hypoth-
esis testing 1s said to be mismated because neither the null
hypothesis nor the alternative hypothesis matches the ground-
truth probability measure Pz@ - Po. From this perspective,

the term ‘25; B (z), which satisfies for all z € supp Pz and

Z|@=0
for all 8 € supp Pe,

dPS’ dPS Peo
apPs:B) (2) = apPs B p (2,0), (101)
zZ|e=6 Zle=9 1 ©

appears to be the log-likelihood ratio for deciding upon the
observation (z, @) between the null and alternative hypothesis.

Given an n € R, if log > 7, then the

— e (?)
Z\@ )

null hypothesis is accepted. Alternatively, the null hypoth-
esis is rejected and the alternative hypothesis is accepted

if log %(z) < n . From this perspective, the ex-

Z|©=0
pression in (96) can be interpreted as the variation of the

expectation of the log-likelihood ratio of such a hypothesis
testing problem, when the measure that generates the obser-
vations varies from the product of the marginal measures Pz
and Pg to the joint measure Py @ - Po.

The following theorem is reminiscent of Corollary and
might also be interpreted in the context of a statistical hy-
pothesis test.

Theorem 23: Consider the generalization error E(P@‘ z,Pz)
in and assume that:

(a) The probability measure Pz satisfies for some Py €
A(X X)),

(b) Forall z € (X x )", the probability measures Peg|z—
and Pg in (28) are mutually absolutely continuous;

(c) Forall @ € M, the probability measures Pz|g—¢ and Pz
in (35) are mutually absolutely continuous; and

(d) For all & € M, the probability measures Pyjg—g and Py
satisfy and are both mutually absolutely continuous
with the probability measure Pg € A (X x )) in (@6).



Then,
E(Pe\zapz)
_B<//log T,m( z) |dPzje—e(2)dPe (6)
z|® 0

dP.

‘/ / log cﬂfim( z) |dPz(2)dPe <e>>, (102)
Z|G) 6
(Ps.pB)

where the measure P o is the WCDG probability measure

in @6); and § € jps, with Jp, in

Proof: Under Assumptions (a), (b), (¢), and (d), Lemma
holds. Also, under Assumptions (a) and (c), Lemma 48| holds.
Then, the proof follows from the equality in by noticing
that

/ (D (Pzj@=0llPs) — D (Pz||Ps)) dPe (0)
= [ 10 (F22220)) aPrio-(21P0 (0

~D(P2|Ps) o)
//lo %(Ze( giz Z))dPZ‘@ 0(2)dPe(0)
D PZ||PS) os
= [ [1o6(F 2= 4 ) 4P io-ofz) 700
~D (P2 Py) 0s)
// (dPZ|® : ))dPZ|@:e(2)dP@(0)
//log dP dPZ\@ 6(z)dPe ()
—D(PzFs) (106)
// <dPZ|® " )> dPze=e(z)dPe (6)
/1 g(j}lz (2 )) dPz(2) = D (Pz| Ps) (107)

°()) dPsioo(2)Po (6),  (108)

- for(Me

where the equality in (I03) follows from Assumptions (a),
(¢), and (d), together with Lemma (in Appendix [A).

Plugging (TI08) in yields

= (Ps, (Ps,
G(Pez,Pz)=5/< Pzie= 9HPZ|Z) 39) (P HPZlg 9)

- f1og (F22=012)) dPZ@_e<z>> 1Po (0).

Note also that from Assumptions (a) and (c), together with

(109)

Lemma (48] (in Appendix [A)), it holds that
/D PZ\@:GHPé‘gﬁ;) dPe ()
dpP
//10 ( 218= "( )) dPzje—o(2)dPe (8)  (110)

= [ [rox( —5F @) |aPze-alare 60). 1D
PZ\@ 0

By substituting (IT1)) in (T09) leads to (T02), which completes
the proof. ]

The right-hand side of shows a connection to a mis-
matched hypothesis test. In this case, the goal is to decide
whether the observation (z,0) € (X xY) x M, sampled
from Pz - Pe, is generated from Pz - Pg (null hypothesis) or

the probability measure Pél g’ﬂ) - Pg- (alternative hypothesis).
Then, the term %( z) appears to be the likelihood ratio
p(Ps
Z|®@=60
for deciding based upon the observation (z,0) on the null or

the alternative hypothesis. From this perspective, the general-
ization error C(P@‘ z,Pz) in can be interpreted as the
variation of the expectation of the log-likelihood ratio of such
a hypothesis testing problem, when the measure that generates
the observations varies from the product of the marginal
measures Pz and Pg to the joint measure Pzg - Po.

B. Connections to Information Measures

Two particular choices for the reference measure Pg
in lead to closed-form expressions for the general-
ization error G (Pg|z,Pz) in (II) involving either the
mutual information [ (PZ|@;P@) or the lautum informa-
tion L (PZ|@;P@). These choices correspond to cases in
which the gap G (0, Py, Pz‘@:g) in (@2) is calculated using
either Pz or Pze—g instead of the reference measure Ps.
From Lemmal[7] it follows that the case in which the reference
measure is Pz leads to an expression involving the mutual
information [ (PZ|@; P@).

Corollary 24: Consider the generalization error E(P@‘ z,Pz)

in (TI) and assume that:

(a) The probability measure Pz satisfies for some Py €
A(X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in (28) are mutually absolutely continuous; and

(c) For all 8 € M, the probability measures Pzje—g and Pz
n are mutually absolutely continuous.

Then,
E(Pe|z,Pz)**5f (Pz1@: Po)
+8 [ D(Pre-ol PL")) dPe (6)

—B/D P ||Péféﬁg>dP@(0) (112)
where the probability measure P(Is’f‘)g is defined in (46);

and 8 € Jpy with Jp, in @3).



Alternatively, from Lemma it follows that the case in
which the reference measure is Pzjg—g leads to an expression
involving the lautum information L (PZ|@; P@).

Corollary 25: Consider the generalization error E(P@‘ z,Pz)
in and assume that:

The probability measure Pz satisfies for some Py €

A (X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in (28] are mutually absolutely continuous; and

(c) For all 8 € M, the probability measures Pzje—g and Pz

in (35) are mutually absolutely continuous.

Then,
E(PG\Z7 Pz)=BL (Pze; Pe)

Pzie=6,8

+5/D(PZ|@:9||P;;|:999 )

—5 [D(PAPl5 " ) are®). a1y

)are (0)

where the probability measure Pglj(f)’f()g
and 8 € Jp,, with Jp, in (@3).

Independently of the choice of Pg in (@7), under the condition
that Ps € A (X x)) (and not in A ((X x Y)|M)), the

generalization error G(Pg|z, Pz) in (II) can be written in
terms of a mutual information as follows.

is defined in (46);

Theorem 26: Consider the generalization error E(P@‘ z,Pz)
in and assume that:

(a) The probability measure Pz satisfies (22) for some Py €
A (X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in (28) are mutually absolutely continuous;

(c) For all 8 € M, the probability measures Pzje—g and Pz
in (33) are mutually absolutely continuous; and

(d) For all @ € M, the probability measures Pzg—¢ and Py
satisfy (@0) and are both mutually absolutely continuous
with the probability measure Ps € A (X x )) in (46).

Then,

G(Pe|z, Pz)=—B8I (Pze; Po)
+8 [ D(Pre-olPLf5)) dPe (6)

-6 [ D(PAPL7) dpe 6). (14

T (Ps,B)
where the probability measure PZ| o0

and € Jp, with Jpg in @3).

Proof: Under Assumptions (a), (b), (c), and (d), Lemma
holds. Under Assumptions (a) and (c), Lemma and
Lemma 9] (in Appendix [A) imply that for all & € M, the
probability measures Pzg@—¢ and Pz are mutually absolutely
continuous. Hence, the proof follows from the equality in

is defined in (@0);

by noticing that if Ps € A (X x )), under Assumption (d),
then

[ (0 (PocolPs) - D (PolPs)) aPo (0)

=1I(Pze;Pe), (115)

which completes the proof. ]

The importance of Theorem lies on the fact that it
allows the flexibility of choosing a reference measure Pg
within A (X x )), provided that Assumption (d) is met.
Such a flexibility can also be preserved while using the
lautum information L (Pz|e@; Pe). as shown by the following
theorem.

Theorem 27: Consider the generalization error E(P@‘ z,Pz)
in and assume that:

(a) The probability measure Pz satisfies for some Py €
A(X xY);

(b) Forall z € (X x Y)", the probability measures Pg|z—_
and Pg in (28) are mutually absolutely continuous;

(c) Forall 8 € M, the probability measures Pzje—g and Pz
in (35) are mutually absolutely continuous; and

(d) For all @ € M, the probability measures Pyjg—g and Py
satisfy (@0) and are both absolutely continuous with the
probability measure Pg € A (X x )) in @6).

Then,

E(P(-D\ZaPZ)

~D (P2IPY5")) = D (Pe=olPs)

1P (z)dPZ(z)) dPe (0), (116)

i1 (Ps.B)
where the probability measure PZ| -0

and 3 € Jpg, with Jp, in @5).

is defined in (@6);

Proof: Under Assumptions (a), (b), (c¢), and (d), Lemma
holds. Under Assumptions (a) and (c), Lemma and
Lemma 49 (in Appendix [A) imply that for all & € M, the
probability measures Pzg@—¢ and Pz are mutually absolutely
continuous. Hence, the proof follows from the equality in



by noticing that

/ D (P4]|Ps) dPe (6)

//log Py Z\dPZ|® 2
dPzie—e = dPs

— [ [ 1o CUDZZ_@(z)sz(z)dP@ ()

))aPs(z)dPe(8) (17)

+ / / log %(z)dpz(z)dpe 0) (118)
Z/D (Pz||Pz10=¢) dPe (6)
+ [ [10g S22 yaps)are (0) (19)
—I( PZ|@,P@)
//log P216-0 .\ ap,(2)dPe (8). (120)

The proof is completed by using (120) in (7)), which leads to
the equality in (TT6). |

The following corollary of Theorem [26] and Theorem
is reminiscent of Corollary [I3] as it provides an equivalent
expression to the sum of the mutual information I (Pz|e; Pe)
and the lautum information L (P e; Pe) by substrating
from (114).

Corollary 28: Given a conditional probability measure Pg|z €
A (M| (X xY)") and a probability measure Pz €
A ((X x Y)"), assume that:

(a) The probability measure Pz satisfies (22) for some Py €
A (X xY);

(b) Forall z € (X x )", the probability measures Pg|z—
and Pg in (28) are mutually absolutely continuous;

(c) For all 8 € M, the probability measures Pzje—g and Pz

in (33) are mutually absolutely continuous; and

For all 8 € M, the probability measures Pzjg—g and Pz

satisfy (@0) and are both mutually absolutely continuous

with the probability measure Ps € A (X x )) in (46).

Then,
Pz|e,P®) + L (Pzje; Po)

= [ [10s 52 )aps0 000 0)
//log(U;lZ;;_o(z)dPZ(z)dP@(O). (121)

z|e> o

Similar to Corollary [I3] this alternative expression for the
sum of the mutual information and the lautum information
is interesting as it is formulated in terms of a free pa-
rameter Pg, which can be chosen subject to condition (b).
This equality also shows a connection to hypothesis test-
ing. More specifically, the goal is to decide whether the
observation (z,0) € (X x)) x M has been generated
by the joint measure Pz @ - Po (null hypothesis) or the
product measure Ps - Pg (alternative hypothesis). Then, the

dPze— L . .
term %5‘9 appears to represent the likelihood ratio for this

matched hypothesis testing. From this perspective, the sum
of the mutual information and the lautum information can
be interpreted as the variation of the expectation of the log-
likelihood ratio of such a hypothesis testing problem, when the
measure that generates the observations varies from the joint
measure Pz|@ - Pe to the product measure Py - Po.

The following theorem provides an expression for the gener-
alization error G(Pg|z, Pz) in involving the sum of the
mutual and the lautum information in Corollary 28]

Theorem 29: Consider the generalization error E(P@‘ z, Pz)
in and assume that:

(a) The probability measure P satisfies for some Py €
A (X X)),

(b) Forall z € (X x Y)", the probability measures Pg|z—
and Pg in (28) are mutually absolutely continuous;

(c) For all 8 € M, the probability measures Pzje—g and Pz

n are mutually absolutely continuous; and

For all 6 € M, the probability measures Pz @—g and Pz

satisfy (40) and are both mutually absolutely continuous

with the probability measure Ps € A (X x )) in (@6).

Then,

G(Pe|z,Pz) =—B(I (Pzje;Pe) +L(Pze:Po))

dP
o f f e (Mo

dPzie=6 (2) dPe (0)

Z|®=6
] [

- (Ps,B) : .
where t.he proba.blhty measure PZ| o_p 1sdefined in @o); s €
JIps with Jp, in @3).

Proof: The proof follows from Theorem 26| which holds under
Assumptions (a), (b), (¢), and (d). Note that in (T14), the
following holds:

(Ps,
/D PZ||PZ‘gﬂ9) dPe (0)

o
/ (— [ 108 ((U;;]D(j_a@))dpz(z)

dPy (z)dPe (6),  (122)

dPz (2 \dPZ\G 9/2)
PSB dPZ\@ 0
Z

dP
_ / log dej'f;”ﬁ‘)’(z) dPy (z))dP@ (6) (124)
Z|0=6
= —L (Pze; Po)
dPzie=6
//log dPT’)(Z) dPz (z)dPe (), (125)

AICET)

where the equality in follows from Assumptions (a)
and (d) and Lemma @] (in Appendix [A), which imply that
for all & € M, the probability measures Pzj@—g and Py are



mutually absolutely continuous. The proof ends by using the

equality (125) into (114)), which yields (122). ]

Note that the integrals on the right-hand side of (122)
show a connection to a matched hypothesis testing [63]].
More specifically, the goal is to decide whether an observa-
tion (z,0) € (X x)) x M, sampled from Py g - Pe, is
generated from Pz e—g - Pe (null hypothesis) or the proba-

P(PS’B)
Z|@=6
context, for all z € supp Pz and for all 8 € supp Pe,

bility measure Pe (alternative hypothesis). In this

dPzie=e dPzie-6 - Pe
dPu‘DSm (2) = dP(JLSﬁ) 5o 20, (126)
Z|©=0 zlo=0 ' ©

appears to be the log-likelihood ratio for deciding upon the
observation (z, ) between the null and alternative hypothesis.
The hypothesis test is said to be matched because Pz - Po
(null hypothesis) is the ground-truth probability measure. From
this perspective, the generalization error C(P@| z, Pz) in (TI)
can be interpreted as the variation of the expectation of the
log-likelihood ratio of such a hypothesis testing problem, when
the measure that generates the observations varies from the
product of the marginal measures Pz and Pg to the joint
measure Pz @ - Po.

C. Connections to Euclidian Geometry

The following lemma presents an alternative expression for
the generalization error C(P@| z,Pz) in (TI), in terms of the
variation of the functional Rg in (8) due to changes of the
parameter 8 € M.

Lemma 30: Consider the generalization error E(P@‘ z,Pz)
in (TI) and assume that for all 8 € M

The probability measures Pg in (28] and the probability
measure Pzg—_g satisfy (33));

(b) for all @ € M, the probability measures Pz@—g and Pz
are mutually absolutely continuous; and

For all z € (X x )", the probability measures Pg|z—»
and Pg in (28) are mutually absolutely continuous;

Then,

P@|z,Pz)
= [ [ (Re(Pri0-0) ~Ro(Pzi0-0) )aPa(v)dFa(6). (127

where the functional Rg is defined in (8).

Proof: The proof follows from observing two series of equal-

ities. The first equalities are:
//Ru (Pzj@=6) dPe (V) dPe (0)
// / Z 174 dpz|@ g( )) dP@ (V) dP@ (9) (128)

//(/ (z,v)dPe (v )> dPzje-¢(z)dPs (6) (129)

://Rz (P@))dPZ‘@:(g(z)dP@ @) (130)

= [ [Repe) FEE= yapznara ) (31
- [rere) ([ %(z)dlﬂe ©) dPz(z) (32
~ [ R (Po)drz(»). (133)

where the equality in follows from (8); the equality
in (I29) follows by exchanging the order of the integrals
(50l Theorem 2.6.6]; the equality in (I30) follows from (9);
the equality in (I31I) follows from Assumption (b) and [61}
Theorem 2.2.3]; the equality in follows from (50}
Theorem 2.6.3]; and the equality in follows from the
fact that [50, Theorem 4.5.2]:

/ %(z)dpe (0)= (134)
The second equalities are:
/ / Ro (Pzje-0) dPe (1) dPe ()
_ / Re (Pzje_0) dPo (6) (135)
://L(z,a) dPze—e (2) dPs (0) (136)
/ / dZZ]'fZ’ % (2)dPy (z) dPe (6) (137)
// sz|® 9( )dPg (0) dPz (2) (138)

—//L(Z,O\dP;ZP(Z 9/ )d];i@f: (8)dPg|z—~(0)dP£I39)
// (2,0)dPg|z— (0) dPz (2)
/R (Po|z=-) dPz(2),

where the equality in follows from (B)); the equal-
ity in follows from Assumption (b) and [61, Theo-
rem 2.2.3]; the equality in (I38) follows from [50, The-
orem 2.6.6]; the equality in (I39) follows from Assump-
tion (c) and [61, Theorem 2.2.3]; the equality in (T40) follows
from Assumption (b), which together with Lemma [46| and
Lemma (in Appendix [A) imply that for all (2,6) €
(X x Y)" x

(140)

(141)

dPzie-s dPe
dPz dPe|z=-

and the equality in (T4T)) follows from (©).

(0)=1; (142)



From (133) and (T41)), it follows that
| | (RelPzio-0)~Ra(Pzi0-0) ) aFe(v)aPe(6) 143

_ / R. (Pe) dPyz(z) - / R. (Poiz—.)dPz(z)  (144)
- / G (2. Po. Pojz-.) 4Pz (=) (145)

where the equality in (T43)) follows from (20); and the equality
in (T4@) follows from Lemma [3} This completes the proof.
|

Lemma [30]introduces an alternative expression for the general-
ization error G(P@‘ z, Pz) that is reminiscent of the expression

in (TI). More specifically, Lemma H 0| presents G(P@‘ z,Pz)
as the expectation of the variation

Ry (Pzje-6) — Ro (Pzje=0)

under the assumption that models v and @ are independently
sampled from the same probability measure Pg € A (M)
in (28). The following theorem leverages this observation
to obtain an equivalent expression for the the generalization
error G(Pg|z,Pz) that is of a similar form to the one
introduced by Theorem [T8]

Theorem 31: Consider the generalization error E(P@‘ z,Pz)
in (TT) and assume that:

(a) The probability measure Py satisfies (22)) for some P €
A(X xY);

The probability measures Pg in (28) and the probability
measure Pz e—¢ satisfy (33);

For all 8 € M, the probability measures Pzg—¢ and Pz
are mutually absolutely continuous;

For all z € (X x ))", the probability measures Peo|z=2
and Pg in (28) are mutually absolutely continuous; and
For all 8 € M, the probability measures Pyjg—g and Pz
satisfy (@0) and are both mutually absolutely continuous
with the probability measure Ps € A (X x V) in (@6).

Then,

C(PoizPz) =6 [ [ (D(ProulPL57))
~D(Pje- ,L||P(PS7B)))dP@(v)dP@(m,(lM)

where the measure Pél g’f) is the WCDG probability measure
in @6); and 8 € Jps. with JIps in @3).

Proof: The proof follows from Lemma [30} which holds
under Assumptions (b), (¢), and (d). More specifically, the
proof consists of re-writing the difference R, (Pzje=p.) —
Ry (Pzj@=y) in (127) using the functional G in (21). Under
Assurnptlon (a) and Lemma [5] note that for all (v,p) €
M XM,

R (PZ|G):;L) = /E(V,.T,y) dPZ|@:H(x7y)7 (1438)

20

where the conditional probability measure Py g satisfies (40).
Hence, the following holds for all (u,v) € M x M,

Ry (PZ\®=M>
= G(V7PZ|®:;M ngﬁu /é v .T,y Z\G) )( 71/)7 (149)
and

Ru (PZ|@=H)

= G(N’>PZ|G‘):;M Z\@ — /E H? Y dPngB) (I’,y)7(150)

where the functional G is defined in (2I). From Assump-
tion (e) and Lemma [42| (in Section [VIII), it holds that

6 (v Prio-w P57
= 5(17 (Pzio=ullPs) = D (Prio-ulPY5"))
b (P2Is) ) (151)
and
G (“’7 Prio=p: ngg ﬁ‘)u)
=h (D (Pzio=ullPs) = D (Pzio=ulPS5"))
-D (Péfg’ﬁ HPS) ) (152)

Using these equalities, it follows from (149) and (150)
that

Ry (Pzio=n) — Ru (Pzio=p)
_ G(V7PZ‘@:p,Péléﬁ) /e (v,2,y dPéﬁ;"fj( ,y)

_G<IJ’7PZ|@:;L7P( Sﬁ)

P»
Oy /E p.x,y)dP, 5 (x,y)(153)

)

(Ps,B)
Z|®=v

(=D (Puo-nlifs2) -0 (¢

(-(Pao-ulPf5%,) -p(Pia2 )
+/€(V,af7y dPéfg’ﬂ)( ,y)
- / U )APYS) (2.) (154)
ZﬁD(PZ\@ ;LHPZTCZ’ ) 5D(PZ\® uHPng’ ,,)
+ [t apys?) (o) - 5D (P 11)
/z wo ) dPYS ) (2,y) —|—,6D( P | Py ) (155)

where the equality in (134) follows from both (T31)

and (132).



Therefore, from Lemma [30} it follows that

P®|Z7PZ)
// (Pzj@=p) —Ru(Pzje=p)dPe(v)dPe(u) (156)

=5 [ [ (2 (ProulPlfs2)

D (Pro-ul P57 )aPew)dPo(n), (157

which completes the proof. ]

Theorem expresses the generalization error as the differ-
ence between the expectations of two relative entropies. The
first relative entropy compares the likelihood Pz g—g to the
WCDG probability measure P( S’ﬂ ) , under the observation
of the same model 6, which is drawn from Pg in (28). The
second relative entropy compares these two conditional prob-
ability measures under the case that the observed models are
dawned independently from the same probability measure Pg.
More interestingly, the second relative entropy satisfies the
following property.

Lemma 32: Consider a probability measure Pz €
A ((X x Y)") and a conditional probability measure Pg)z €
A (M (X x Y)") and assume that:

(a) The probability measure Pz satisfies (22) for some Py €
A (X xY);

(b) The probability measures Pg in (28] and the probability
measure Pz g—_g satisfy (33));

(c) For all @ € M, the probability measure Pze—g is
absolutely continuous with respect to Pz; and

(d) For all @ € M, the probability measures Pyg—¢ and Py
satisfy (40) and are both absolutely continuous with the
probability measure Pg € A (X x )) in (@G).

Then,

| [ p(Prel

- [ (D (Paaalez) + D (P2, Jare @)

Py ) )dP@<v>dP@<0>

where the probability measure Péfg’f)g is defined in (@6); 8 €
jps, with jps in @
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Proof: The proof follows by noticing that

//D Pz|@):e||Pg|D:)’B)))dP@)(V)dP@(O)
///bg%( 2)dPze=¢(2)dPe(v)dPe(0) (158)

Z\@—

/// sz\e 9 (2)4Pyj00(2)AF6(6)

] 1og%< 2)dPsj0-o(2)dPo(v)dPo(8). (159)

Z\G)_

_ / D (Psje—o||Pz) dPo (8)

///bgw( 2)dPyjeo()dPo(r)dPo(8), (160)

Z\G)_
where the equality in (I59) follows from Assumptions (a)

and (c) together with Lemma [4§| (in Appendix [A) and [61]
Theorem 2.2.3].

The rest of the proof follows from (I60) by noticing
that

///log %(z)dPZ|@:0(z)dP@(u)dP@(B)
dPZ|(~)=u

dPz
=///10g —p g (2)
(Ps,B)
dPZ|®:u

SO0 ()P, (2)APe (1) o ) 6
log 7 (2)
// Péf@f)
([ F2e=0rare)) arsraretr) a2
/ / log m(@) AP (2)dPe (V) (163)
Z\@-u
/D (P2 ||P;fgﬂ()9)> Po (), (164)

where the equality in follows from Assumptions (a)
and (c) together with Lemma [4§| (in Appendix [A) and [61]
Theorem 2.2.3]; the equality in (I62)) follows by exchanging
the order of the integrals [50, Theorem 2.6.6]; the equality
in (I63) follows from [50, Theorem 4.5.2], which implies
that

/ 7100 )1 (6)= (165)

dPz

The proof is completed by plugging into (T60). W

The converse of the Pythagorean theorem [|62, Book I, Propo-
sition 48] together with Lemma [32] lead to the geometric con-



0llPz)dPe(0)

\/ / D(Pye

\/ / D(P7|PY5?))dPe(®)

Fig. 4. Geometric interpretation of Lemma [32] involving only relative
entropies. Note that [ D (Pzje—el|Pz) dPe(8) = I (Pz/e; Pe).

ol Pz)dPe(0)

\/ / D(Pye

\/ [ (AP ) areto)

Fig. 5. Geometric interpretation of Lemma [32] involving only relative
entropies. Note that [ D (Pzje@—el|Pz) dPe(8) = I (Pz/e; Pe).

struction shown in Figure 4] Note the duality between Figure|[I]
and Figure ] From Theorem [31] it follows that

/ / D (Prio-ullPs”) ) dPo(v)dPe (1)

B

which involves the generalization error G (Pe|z, Pz) in ().
This observation leads to the construction in Figure [5] which
exhibits a duality with Figure

1
— [ D(Prio-ullFf5".) dPo(k) - 56 (Feiz.Pz). (166)

VII. ALGORITHM-DRIVEN GAPS

The purpose of this section is to provide explicit expressions
for the algorithm-driven gap G(z, P, P;) in 20) for an
arbitrary dataset z and two arbitrary probability measures P;
and P, in A (M). In particular, these expressions are in terms
of the Gibbs probability measure Pglg’ZA:)z in (33), which
represents a Gibbs algorithm. For the ease of presentation,
the analysis of G (z, P;, P») is performed using the fact that

22

G(2 P, Py) = G(z PP, ) — G(2,P, PSRV

@\Z:z), for an

Thus, the focus is on the gap G (z,P7
arbitrary measure P € A (M).

A. Deviations from the Gibbs Measure

The variation or sensitivity of the functional R, in @) to
deviations .from the Probability measure Pg‘g’z)‘iz in 33) to
an alternative probability measure P is

G (2 P Pgy) ) =R (P)—R. (PSTZY,), (167)
20). The

expression

where the functional G is defined in
following theorem introduces an explicit
for G (z, P, P(E)ﬁ)’z)iz).

Lemma 33 (Theorem 1 in [45]]): The probability mea-
sure P(E)C%z)iz in (33) satisfies for all P € Ag (M),
(Q,N)
G (2P, PST7.)
A A
=2 (D (P§L.1Q) + D (PIPSY,) — D (PIQ)), (168)
where the functional G is defined in (20).

An interesting observation from Lemma [33] is that when
the reference measure () is a probability measure, it holds
that D (P||Q) = 0 [9, Theorem 1], which leads to the
following corollary of Lemma

Corollary 34: If () is a probability measure, then the
gap G (z, P, Pglg’zﬁz) in (T67) satisfies

A A
J<A(D(PS3L.1Q)+D(PIFSY.,)).(169)
with equality if and only if D (P||Q) = 0.

The gap G (z, P, ng’z’\iz> in is nonnegative. This
follows immediately from [9, Lemma 20] and Lemma [33] as
suggested in the following corollary.

Corollary 35: The gap G (z, P, Pgﬁ’z)‘iz) in satisfies

Q)
G(z,P,PeIZ:z

G(z,P,PCE,?;:)z) >0 (170)

with equality if D (P||PS%,),) = 0.

B. Priors and Posteriors

From Lemma [33] under the assumption that () is a probability
measure, it follows that

R=(Q)—R=(PSY, )= (D(QIPST,)+D(PEIIQ)).

where the right-hand side is a symmetrized Kullback-Liebler
divergence, also known as Jeffrey’s divergence [64], between
the measures @@ and ng’z’\lz. More importantly, when @
is a probability measure, it follows from [9, Theorem 1]
that D (P2 Q) > 0 and D (QIPSY.) > 0. which
reveals the fact that the expected empirical risk induced by
the Gibbs probability measure P(E)C]?é/\:)z is smaller than or
equal to the expected empirical risk induced by the reference
measure (). This observation is formalized by the following

corollary of Lemma [33]



Corollary 36: If @) is a probability measure, then the proba-

bility measure P(E)Cf);:)z in (33) satisfies

R. (PST72.) <R:(Q),

where the function R, is defined in (9).

(171)

Note that the reference measure ) in Corollary [36] can be
chosen independently of the dataset z. From this perspective,
the measure () can be interpreted as a prior on the models,
while the probability measure P(Gﬁ?;:)z can be interpreted as
a posterior once the prior @) is confronted with the training

dataset z.

C. A Geometric Interpretation

In Lemma [33] note that if () is a probability measure,
then it holds from [9, Theorem 1] that D (P||Q) >

0. D(P|PSHY.) > 0. and D(PSY Q) > 0. Thus,
from , it holds that

G (2P, Pglz.) +AD (P|Q)
=R (P) + AD (P[Q) - Rz (PS5, (172)

>R (P53, ) +AD (PSR 1IQ) — R (PSY,) a73)

=AD (Pgi;2.11Q) . 174
and moreover,
G (= P.PSZ).) + D (PlQ)
(D (PER.1Q) + D (PIPSL))  a79)
>AD (P Pglzl.). (176)

where the inequality in (I73) follows from (33); and the
equality in (I75) follows from Lemma [33]

Hence, under the assumption that the measure @) is a prob-
ability measure, the equality in can be written as
follows:

2
(Vie(errgi) +owio)

(/o (P 1) ’ @n )
D(PEXIQ)) + (D (PIPSY.)) . am

which together with (I75)) and (176)) imply that a right-angled
triangle can be constructed such that the hypotenuse exhibits

length \/§G (z, P, Pg‘g’z’\lz) + D (P||Q) and the short sides
exhibit lengths /D (PS%,Y Q) and /D (PIIPSY),
respectively. Figure [6] shows this interpretation of the
gap G (z, P, PCE)?’Z’\:)z) in (167).

D. Sensitivity from/to Arbitrary Deviations

Given two probability measures P; and Ps, both in A (M),
and a dataset z € (X X 3))", the focus is on the variation
of the functional R, in (@) from P, to P;. In terms of the
functional G in (20), such a variation is G (z, Py, P2). The
following theorem provides an exact expression for such a
variation.
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D(PS.IIQ)

Fig. 6. Geometric interpretation of the gap G (z, P, Pglg’z’\:)z) in (I67).

Theorem 37: If the probability measures P, and P» are both
absolutely continuous with respect to the o-finite measure ()
in (33), then the gap G (z, P1, P») in satisfies

G (z,Pl,Pg):)\(D (PIPSHY, ) — D (P2l PS5,

+D(PQ)-D(P1Q)). (178

PSEY | is defined in (33).
Proof: The proof follows from Lemma and by noticing

that G (2, Pr, P2) = G (2, P1, P2 ) =G (2, P, PST5Y ).
|

where the probability measure

In Theorem 37} as long as the probability measures P; and P»
are both absolutely continuous with respect to the o-finite
measure (), the reference measure () can be arbitrarily chosen.
Similarly, the parameter A can be arbitrarily chosen within
the set g, in (3I). Some notions of optimality for the
choice of A have been studied in [65]]. This flexibility in
the choice of these parameters is essentially because only the
right-hand side of depends on them. Another interest-
ing observation is that none of the terms in the right-hand
side of depends simultaneously on both P; and P.
These observations highlight the significant flexibility of the
expression in to construct closed-form expressions for
the gap G (z, P1, ).

E. Choice of the Reference Measure

The choice of @ in is subject to the constraint that both
probability measures P} and P, must be absolutely continuous
with respect to (). From this perspective, the measure @
can be seen as a free parameter, which can be strategically
chosen.

1) Probability Measures: Two choices of (), as a probability
measure, for which the expression in the right-hand side
of significantly simplifies are Q = P; and Q = P,
which leads to the following corollary of Theorem

Corollary 38: If P; is absolutely continuous with P,
then G (z, P1, P») in (I78) satisfies:

G(ZaPhP?)

Py, A Py
:)‘<D (PIHP(E)\Z:)z> —D(P\||P) _D(P2|‘P€(_.)‘Z:)z>>.(l79)



Alternatively, if P, is absolutely continuous with P; then

G(z,
(P,

A(D(PIPS) + Do) -

P17P2)
(faufzﬁ;AL)),aso>

PPN

where for all ¢ € {1,2}, the probability measure o2~z

satisfies (33) under the assumption that Q = P;.

In the case in which none of the measures is absolutely
continuous with respect to its counterpart, choosing () as
a convex combination of P, and P, guarantees an explicit
expression for G (z, Py, P2) in (T78). The following corollary
formalizes this observation.

Corollary 39: For all a € (0,1), G (2, P, P,) in satisfies

G (Z, Pla P2>
_ (aP1+(1—a) P2, ) (aP14+(1—a)P2,A)
(D (PIPGEER) — D (PP —)

D(P2||aP1+(1—a)P2)—D(P1HaP1+(l—a)Pg)),(181)

where the probability measure ng?tﬂ P2 qatisfies

under the assumption that Q = aP; + (1 — a) Ps.

The measure @ in (33) can also be chosen as a o-finite
measure, e.g., the counting measure or the Lebesgue mea-
sure.

2) The Counting Measure: Assume for instance that the set
of models M is countable and the reference measure @) is
the counting measure. Under this assumption, any probability
measure P € A (M) is absolutely continuous with respect
to the counting measure (). The Radon-Nikodym derivative
of P with respect to () is the probability mass function of P,
denoted by p : M — [0, 1]. Interestingly, under the current
assumption, D (P||Q) is equal to negative Shannon’s discrete
entropy of P. That is, D (P||Q) = Y gc 1, p(60) log (p(8)) =
—H (P) . This observation leads to the following corollary of
Theorem 37

Corollary 40: Let the set M be countable and let @
in (33) be the corresponding counting measure. Then, the
gap G (z, P, P2) in (20) satisfies

G (Z Pl,PQ)
A(D(PIIPSL) -

where the probability measure Pgﬁzl is defined in (33)); and
the terms H (P;) and H (P,) represent Shannon’s discrete

entropy of the probability measures P, and P, respectively.

(182)
D(PA\ PSS ) ~H (P +H(P) ),

From [9, Theorem 3], it follows that the probability mass
function of the measure P in (I82), denoted p . :

(-)|Z z
M — [0, 1], satisfies
dPSY
Pr=(0)= 44§§5—7(0> (183)
_ exp (—xL(2,90)) (184)

> v €XP <_XL(Z7V)) 7
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@
. dp
where the function —3&== is in (33).

An important observatron from Corollary [0)is that for all i €
{1,2}, while the term D (P HP(E)(‘?Z)‘ z) is convex in P;, the
term H (P;) is concave in P; [9, Theorem 2]. Interestingly,
the term H(P;) is independent of the dataset z, the choice
of the loss function ¢ in (6), and the regularization fac-

tor A. Moreover, while the term D (P ||P (@) ) is minimized

O|Z==z

when P; = Pg"gz)‘ ) _» the term H (P;) is minimized when P; is
concentrated on any singleton of M. This shows the trade-
off arising in model selection between randomly choosing
the models by sampling the probability measure Pgl?’z)‘:)z and
choosing a model with probability one.
3) The Lebesgue Measure: Assume that the set M is a
subset of RY, and the reference measure @ is the corre-
sponding Lebesgue measure. Under these assumptions, the
Radon-Nikodym derivative of a given absolutely continuous
probability measure P with respect to @ is the probability
density function of P, denoted by p : M — [0,1]. Un-
der the current assumption, D (P||Q) is equal to negative
Shannon’s differential entropy of P. That is, D (P|Q) =
[ p(@)log (p(8)) d8 = —h(P). This observation leads to the
following corollary of Theorem

Corollary 41: Let the set M be a subset of R?, and let Q
in (33) be the corresponding Lebesgue measure. Then, the
gap G (z, P, P2) in (20) satisfies

G(Z Pl,Pg) (185)
A D(PIPSL) ~D(P PSR ~h(P2)+h(Py)).

where the probability measure Pg"gz ) _is defined in (33); and

the terms h (P;) and h (P,) represent Shannon’s differential
entropy of the probability measures P; and P», respectively.

From [9, Theorem 3], it follows that the probability density
function of the measure Pé‘ -, in (I83), denoted py . :
M — [0, 1], satisfies

(Q:N)
d‘P®|Z z

d@
exp (—%

e

(Q,X)
©|Zz==2

where the function —35== is in (33). Despite the fact that

for all ¢ € {1, 2}, the convexity of D (P ||P(£)Q|QZA ) ) and the
concavity of h (P;) with respect to P; hold as in the previous
case, these terms do not lead to useful interpretations as, for
instance, the differential entropy h (P;) might be negative and

unboundedly increase or decrease.

Pz (0) (0)

L(z,0))
L(z v))dv’

(186)

(187)

VIII. DATA-DRIVEN GAPS

The purpose of this section is to provide explicit expressions
for the data-driven gap G (0,Q1,Q2) in for an arbitrary
model & € M and two arbitrary probability measures ();
and Q2 in A (X x Y). Interestingly, these expressions are
in terms of the a WCDG probability measure P(PS A

AR
in (@6).



A. Deviations from the WCDG probability measure

The variation or sensitivity of the functional Rg in (§) to
deviations from the WCDG probability measure Pgr(f)’ﬁ ?9
in (#6) to an alternative probability measure P € A (X x )
is

G (0 P, P“’W) —Re (P) - Rg (PEPS’B)) . (188)

Z|o=0 Z|©=0
where the functional G is defined in @I). The
following lemma introduces an explicit expression
(Ps,B)

for G (6, P, P,
Lemma 42 ( [42 Theorem 6]): The probability mea-
sure Pélljgﬁé in (@0) satisfies, for all P € Ap, (X x ),

(Ps,B)
G (o, PP 0)

Ps, Ps,

=8(D(PIPs)-D(PIPYE) - D(P;‘gﬁgnps)),asw

where the functional G is defined in (21I).

B. Sensitivity from/to Arbitrary Deviations

Given two probability measures P; and P,, both
in A(X x)), and a model & € M, the focus is on
the variation of the function Rg in (§) from P to P;.
In terms of the functional G in @, such a variation
is G(0, P, P,). The following theorem provides an exact
expression for such a variation.

Theorem 43 ( [42| Theorem 8]): For all P, € Ap, (X x )
and P, € Ap, (X x Y), and for all 8 € M,

(P HP(PS ﬁ))

G(O, P, P) = 5<D (P 1Py ﬁ)) Z10=6

Z|@=0

—D(P||Ps)+ D(Pi|Ps) ), (190)

where the functional G is defined in (ZI)); and the parameter B,
the model 0, and the measures Ps and piPs jointly

Z|0—6
satisty (40).

C. Choice of the Reference Measure

The choice of the reference measure Ps in (T90) is subject
to the constraint that both probability measures P; and P
must be absolutely continuous with respect to Pg. Despite
this constraint, the reference measure Pg can be seen as a
free parameter, which can be strategically chosen. Two choices
of Pg, for which the expression in the right-hand side of (T90)
significantly simplifies are Pg = P; and Ps = P», which leads
to the following corollary of Theorem

Corollary 44 ( [46, Corollary 3]): If P; is absolutely contin-
uous with Ps, then the gap G(0, P1, P») in ZI) satisfies:

G(av Plv PQ)
P )
:ﬁ< (P HPél(ri) 9) >+D(P1||P2)). (191)
Alternatively, if P, is absolutely continuous with P; then,

G(6, P, P,)
S(p(rrti)-

(Ps,
p(PPyE?,

(P HP;D(; e) D(P2||Pl))7 (192)
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(Ps,B)
z|@:oHPS)

P,

Vo

D (P||ng g’ﬂ;)

Fig. 7. Geometric interpretation of the gap G (0, P, P(Ps B)) in (189).

pPiB)

where for all ¢+ € {1,2}, the probability measure Z|6—6

satisfies (#6) under the assumption that Pg = P;.

Interestingly, absolute continuity of P; with respect to P
or P, with respect to P; is not necessary for obtaining an
expression for the gap G(@, Py, P,) in ZI). In the case in
which none of the measures is absolutely continuous with re-
spect to its counterpart, choosing Ps as a convex combination
of P, and P, always guarantees an explicit expression for
the gap G(0, P1, P,). The following corollary formalizes this
observation.

Corollary 45: For all P, € Ap, (X x)Y) and P, €
Ap, (X x V), for all @ € M, and for all « € (0,1),

G(0, Py, )

= 8(D(PallPLEE P

(QP1+(1 OL)PZ ﬁ)
Soo Dl )

AR
—D(P2||aP1+(1—a)P2)+D(P1||aP1+(1—a)Pg)),(193)

where the functional G is defined in (2I); and the param-
eter 3, the model 0, and the measures aP; + (1 — )Py
and polit-aP.s j jointly satisfy (#6).

Z|@=6
D. A Geometric Interpretation

In Lemma [2] the reference measure Pg is a prob-
ability measure. Then, from [9, Theorem 1], it fol-

(Ps,
lows that D (P||Ps) > OD(PHPZ‘Cf) ;) > 0
and D lelj(f)’ OHP) > 0. This observation together
with lead to the following inequality:

0< D (PIPSY) + D (PLEIPs)

:D(P||PS)—BG(0,P pg"gﬁ;) (194)
Moreover,
8D (P|1Ps) - G (0.2, P15 7)
~ (R (P) — 8D (P|[P5)) + Ro (PL57))
> = (Ro (PL555) - 00 (P5251Ps))
+Ro (PY57) (195)
= 8D (PYE2)1Ps) (196)



where the equality in (I93) follows from [42] Lemma 3 ].
Similarly,

8D (P||Ps) — G (9 PPy ;)

= 8D (PIPSS2)) + 6D (PSP IPs)  (197)
(Ps,B)
> 6D (PIPY ") (198)

where follows from Lemma [42]

From these observations, the equality in (I89) can be written
as follows:

<\/D (P||Ps) — BG (9 PP’ ;))
= (,/ (PHP;lDCf) ) >2+ (\/D P(Psyﬁ) HPS)>2.(199)

Z|@=6
The equality in (199) together with the inequalities
in (I96) and (198) imply that a right-angled triangle
can be constructed such that the hypotenuse exhibits

length \/ D (P||Ps) - 4G (0 P, P(Ps’ﬁ)> and the short sides

2

Z|@=6
S (Ps, B (Ps,B)
exhibit lengths D P||PZ‘® )) and \/D Pye 9||PS),
respectively. Figure [7] shows this geometric interpreta-

tion.

IX. CONCLUSIONS AND FINAL REMARKS

In this work, closed-form expressions for the generalization
error have been derived in terms of information-theoretic
measures. Two distinct classes of expressions are identified.
The first class encompasses formulations involving the Gibbs
algorithm, as defined by the Gibbs probability measure in
Definition [5] The second class pertains to expressions incorpo-
rating the WCDG probability measure, defined in Definition [6]
While the former represents a more general framework, as it
imposes no specific conditions on the probability distribution
of datasets, both classes offer unique and complementary
insights. These insights establish connections between the
generalization error and concepts such as hypothesis test-
ing, information measures, and Euclidean geometry. However,
these connections have been only briefly explored in this
work, and their full potential to enhance the understanding
of generalization error remains an open avenue for further
research.

It is important to note that the derived expressions do not
significantly simplify the numerical computation of the gener-
alization error. This is unsurprising, as the primary goal of this
study is to provide a deeper conceptual understanding of the
generalization error from an information-theoretic perspective.
Specifically, the established connections between the general-
ization error, the Gibbs algorithm, and the WCDG probability
measure represent a significant advancement in this goal.
Concerning the connection to the Gibbs algorithm, probably,
the expression that best unveils the relevance of these findings
is the one in Theorem Note that such expression implies
that the generalization error of an arbitrary machine learning
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algorithm can be understood as a comparison, via relative
entropy, of all possible instances of the algorithm under study
with all possible instances of the Gibbs algorithm in two
scenarios: (a) Both algorithms are trained upon the same
training datasets drawn from the same probability distribution;
and (b) Both algorithms are trained upon training datasets
independently drawn from the same probability distribution.
Alternatively, concerning the connection to the WCDG prob-
ability measure, probably, the expression that best unveils the
relevance of these findings is the one in Theorem [3I] The
expression therein implies that the generalization error of a
given machine learning algorithm consists of a comparison,
via relative entropy, of all possible likelihoods on the data-
points induced by the algorithm under study; and the WCDG
probability measure in two scenarios: (a) both probability
measures, e.g., likelihood and WDCG probability measures,
are conditioned on the same model drawn from the same
probability distribution; and (b) both probability measures are
respectively conditioned upon models independently drawn
from the same probability distribution.
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APPENDIX A
STATISTICAL PROPERTIES OF ALGORITHMS

An algoritm Pgz € AM[(Xx)Y)") and a
probability measure Pz € A((X x)Y)") determine
two unique probability measures in A ((X x V)" x M)
and A (M x (X xY)"), respectively. Such probability
measures are respectively denoted by Pz e and Pg z and
for all measurable sets A C (X x V)" x M, it follows
that

Pze (A) = /PG)|Z:z (A2)dPz (z), (200)

28

where A, is the section of the set A determined by z,
namely,

A =2{0eM:(2,0)c A}.

Alternatively, for all measurable sets B C M x (X x )", it
follows that

Po.z (B) = / Poiz—» (B=) APz (2).

where B, is the
namely,

201)

(202)

section of the set B determined by =z,

B.2{0cM:(0,2)cB}. (203)
If the sets A and B are of the foom A = C x D and B =
D x C, for some C C (X x V)" and D C M, then, it holds
that

PZ,@ (C XD) :AP@|Z:z (D)dPZ(z) :P@’Z(DXC).(Z(M-)

In particular, if C = (X x Y)" in (204), then, it follows
that

PZ,@ ((X X y)” X D) = P@),Z (D X (X X y)") = P@ (D) y (205)
where the probability measure Pg € A (M) also satis-
fies (28).

Alternatively, if D = M in (204), then, it holds that

Pz6(CxM)=Pgoz(MxC)=Pz(C). (206)

Hence, in the following, the measures Pg in (205) and Pz
in (206) are said to be the marginals of the join probability

measures Pz g in (200) and Pe, z in (202).

The instance Pg|z—. of the algorithm Pg|z, for some
dataset z € (X x ))", can be interpreted as the posterior
probability measure of the prior Pg after the observation of
the dataset z. Let the conditional probability measure Pze €
A ((X x V)" | M) be such that for all measurable sets C C
( X x y)n’

Pz(€)= [ Prio-a(©)dPe(®),  @0)
with Pg in (203) and Pz in (206). Such a conditional
probability measure Pz|g exists and is unique almost surely
with respect to Pg [50, Theorem 5.3.1]. The probability
measure Pz|@ can be interpreted as the likelihood (on the
datasets) induced by the posterior Pg|z and the ground-
truth probability distribution of the datasets Pz. The joint
probability measures Pz @ and Pg,z can be described via
the conditional probability measure Pg|z and the probability
measure Pz as in (200) and in (202); or via the conditional
probability measure Pz and the probability measure Pg.
More specifically, for all measurable sets A € (X x V)" x M,
it follows that

Pz e (A) = /PZ\G:G (Ag)dPe (8),

where Ag is the section of the set A determined by 6,
namely,

(208)

Ag={ze€ (X xY)":(z,0) e A}. (209)



Alternatively, for all measurable sets B C M x (X x V)", it
follows that

Po.z(B) = [ Prioo(Bo)dPe (6),  (210)
where the section By of the set B is
Bo={z€ (X xY)":(0,z) € B}. @211)

For all measurable sets A € (X x V)" x M, let the set A €
M x (X xY)" be

A={(0,2) e M x (X x V)" : (2,0) € A}, (212)
then, from (208) and ZI0), it holds that
Pze (A)=Peo.z (A). (213)

The following lemmas, Lemma and Lemma present
some properties of the probability measures mentioned above,
which are known, but given their central roles in this work,
are presented and proved using the current notation.

Lemma 46: Consider the conditional probability mea-
sures Pg|z and Pz e; and the probability measures Pg
and Py that jointly satisfy and (207). Assume that:

(a) Forall z € (X x )", the probability measure Pg|z—
is absolutely continuous with respect to Pg; and

(b) For all & € M, the probability measure Pzje—g is
absolutely continuous with respect to Py.

Then, for all (z,0) € (X x V)" x M
dPzie=s _ dPe|z=2

almost surely with respect to the product measure Pz Pg €

A (X x V)" x M).

Proof: From ([208), it holds that

Pze (A)//A dPz|e=e (2)dPe (0) (215)

// dPzie-e 9

4, dPz

//dPZ|® )
dPz

(2)dPz (2)dPe (6)  (216)

z)1{zen01dPz(z)dPe(6) (217)

dPze=0
:/ﬁ(z)n{z%}dpzp@ (2,0) (218)
APyie_
:/ — 21928 () APz Pe (2,0), (219)
. dPgz

where, the set Ag is defined in (209). Moreover, the equal-
ity in @2I6) follows from Assumption (b) and [61, Theo-
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rem 2.2.3]. Using similar arguments, from (200), it follows

that
a= [ /A APoys—. (0)dP5 (2)
-//. SO (9)are 0)aPz (2) (21
dP@|Z =
f?dpdepj 2
dPe

Pz el (220

]l{GGAz}dP@(O)dPZ(z) (222)

0)1(pca.ydPz(2)dPe(0) (223)

dP@ Z=z
_ / ﬁ (6) 1(9ca.ydPzPo (2,6) (224)
dPg|z-~
:/ —OZ=2 (9) 4Py Pe (2,0), (225)
4 dPe

where, the set A, is defined in (201). Moreover, the equal-
ity in follows from Assumption (a) and [61, Theo-
rem 2.2.3]; and the equality in (223)) follows by exchanging
the order of the integrals [50, Theorem 2.6.6]. The proof is
completed by noticing that from (Z19) and (223), the following
equalities hold:

" dPzie=
Pro() = [ SEEZ ()arape (0)  @26)
A z
Po|z-
:/ deﬁ(g)dpzp(a (2,0), (227)
. dPe

which together with [61, Theorem 2.2.3] implies the equality

in (214) almost surely with respect to the product mea-

sure PzPg € A ((X x Y)" x M). This completes the proof.
|

Lemma 47: Consider the conditional probability mea-
sures Pg|z and Pz e; and the probability measures Peg
and Pz that jointly satisfy and (207). Assume that:

(a) For all z € (X x )", the probability measure Pg is
absolutely continuous with respect to Pg|z—.; and

(b) For all @ € M, the probability measure Pz is absolutely
continuous with respect to Pz|@—¢-

Then, for all (2,0) € (X x Y)" x M
dPz dPe
_(n)= - (g, (228)
sz|@:e( ) dP@|Z:z( )

almost surely with respect to the measure Pz g €

A (X xY)" x M) in (200).

Proof: The proof follows by observing that for all measurable
sets A € (X x )})n X M, the product measure PzPg €



A((X X P)" x M
PzPg (A)

) satisfies

= / dPzPe (2,0) (229)
A
= / dPz (z)dPe (0) (230)
Ag
ap.
[ | im i (2)dPsem0 (2) dPo (6 (231)
Ao APz|0=0

dP
/ / 2 ()1 ennydPrios () dPo (0) (232)
dPzie= 9

dPgz
=) ——— 1 dP 0 233
[ iy O hiseaniPro (2,0) 233

dP.
:/ z (Z) dPZ,@ (Za 0) y (234)
4 dPzie=s
where the set Ag is defined in (209); the equality in (231)
follows from Assumption (b) and [61, Theorem 2.2.3]; and
the measure Pz g is defined in (208).

The proof proceeds by noticing that for all measurable
sets A € (X x V)" x M, the product measure PzPg €
A((X x Y)" x M) also satisfies

PzPg (A)

= / dPzPe (2,0) (235)
A
= / dPz (z)dPe (0) (236)
Ae
=/ dPe (0) dPz (2) (237)
A,
d P
:/ ——=—(8) dPg|z—- (0) dPz (%) (238)
Az dP@lZ—
d P
// 2 0)19c41dPe|z—~ (0)dPz (z) (239)
dPe|z—=
dPe
Pois_s (0)1{pca,ydPe.z (0, 2) (240)
_[ _dPe
—/A 1Poiz— (0)dPe,z (0, 2) (241)
dPe
=[ ——(0)dP 0 242
/Adpelzz() z0(2,0), (242)

where the sets A,, Ag, and A are defined in (201), (209),
and (212); and the measure Pg z is defined in (202). The
equality in follows by exchanging the order of the
integrals [50, Theorem 2.6.6]; the equality in (238) follows
from Assumption (a) and [61, Theorem 2.2.3].

The proof is completed by noticing that from (234) and (242)),
the following equalities hold:

dP
PZ,@(A) :/ d‘Piz(z)dPZ’e (270)’ (243)
A Z|®=60
dP,
- /A ﬁ (0)dPze (2,0), (244)

which together with [61, Theorem 2.2.3] implies the equality
in (228) almost surely with respect to the measure Pz e €
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A((X xY)" x M) in (200). This completes the proof.

The following lemmas, Lemma 8] and Lemma (9] introduce
other properties for the particular case in which Py satis-

fies (22) for some Pz € A (X x ).

Lemma 48: Consider the conditional probability mea-
sure Pz|@ and the probability measure Pz, both in (207).
Assume that:

(a) The probability measure Py satisfies for some Py €
A (X x)); and

(b) For all & € M, the probability measure Pzje—g is
absolutely continuous with respect to Py.

Then, for all & € M, the probability measure P g—¢ in {@0)
is absolutely continuous with respect to Py.

Proof: For all measurable sets A C (X x )" and for all 8 €
M7

Pzie—o6 (A)

Z/AdPZ|e_o (2) (245)
/i&gi(M&<) (246)
A
-/ / SO (v aPs ) dPs (), 4D

where the equality in (246)) follows from Assumption (b) and
(61l Theorem 2.2.3]; and the equality in follows from
Assumption (a), where the set A, is the section of the set A
determined by z € X x V-

A.={ve@x))" i (zv)e A}, (248)

and the measure Pz , is a product distribution
in A ((X X y)"‘l) formed by Pz. That is, the product
measure Pz - Pz_, is identical to the measure Pz

in 22).
Given a measurable set B C X x ), consider the set A that
satisfies:

A=B x A x AB) x ... x A (249)
where
AP = AB) = = A = 3 x Y.

Hence, for all z € B, it follows that the section of the set A
in (249) determined by z is

A,=(X x y)”*l

Using such a fact, it follows that for the sets .A and 5 in (249),
and for all @ € M,

Pyie=6 (B)=Pzje-6 (A)

// dPZ|® o
//sze 0

(250)

251)

(252)

z,v)dPz_, (v)dPz (2) (253)

2,v)dPz_, (v)dPs (2), (254)



where the equality in (252)) follows from (38) and the observa-
tion that under Assumption (@), Lemma [5| holds; the equality
in (253) follows from (247)); and the equality in (254) follows
from (251).

Hence, given that the set B can be any measurable sub-
set of X x Y, the equality in (254), together with [61}
Theorem 2.2.3], imply that the probability measure Pz e—g
is absolutely continuous with respect to Pz. Moreover, the
Radon-Nikodym derivative of Pz@—g With respect to Pz,

denoted by m, is
dPzie-6 dPzie-e
which completes the proof. [ |

Lemma 49: Consider the probability measure Pz and the
conditional probability measure Pz|g, both in (207). Assume
that:

(a) The probability measure Pz satisfies for some Py €
A (X x)); and

(b) For all @ € M, the probability measure Pz is absolutely
continuous with respect to Pzj@—g.

Then, for all @ € M, the probability measure Py is absolutely
continuous with respect to Pzje—g in @0).

Proof: The proof follows along the lines of the proof of
Lemma For all measurable sets A C (X x V)" and for
all 8 € M,

Pz (A)
- / Py (2) (256)
" dP.
2/ ﬁ (2)dPzje—0 (2) (257)

// (2,v)dPz_ | 2,—.,0=6(V)dPz,j@-0(2) (258)
dPZ\@ 0

// (2,0)dPz_, 1 7,=2,0=6(V)dPz1@=0(2),(259)
de\@ )

where the equality in follows from Assumption (b)
and [61] Theorem 2.2.3]; and in the equality ([258), the

set A, is defined in and the probability mea-

sure Py 1z,—.0=0 € A((X x)/)n%) is the one that

satisfies for all measurable subsets C of (X x y)”*l,
Pzie=¢ (X x Y) x ()

2/ Pz_.1z,—20-0(C)dPz 0=6 (%), (260)

where the measure Pz |@—¢ is the marginal defined in (38));
and finally, the equality (259) follows from Assumption (a)
and Lemma
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The proof continues by noticing that for a given measurable
subset B of X x ), the set A in (249) satisfies for all 6 €
M,

Pz (B) = Pz (A) (261)
dP:
:// 4Z(z,u)sz_1|zlzz,@:9(u)dPZ‘@:9(z)7(262)
AzdPZ\G) —6

// (2,0)dPz_, 1 7,=2,0=0(V)dPz1@=0(2), (263)
dPZ\(—) )

where the equality in (261) follows from Assumption (a);
the equality in follows from (259); and the equality
in follows from (251)). Hence, given that the set B can
be any measurable subset of X' x ), the equality in (263),
together with [61, Theorem 2.2.3], imply that the probability
measure Py is absolutely continuous with respect to Pz jg—g-
Moreover, the Radon-Nikodym derivative of P, with respect

to Pzj@—g, denoted by dpiig,e’ is

dF)Z dPZ
FT Gl By GLOL - 264
dPZl@:@ : /dPZl@e (2711) Z71|Z17Z,G)70 (V)? ( )
which completes the proof. -

Lemma and Lemma lead to the following corol-
lary.
Corollary 50: Consider the probability measure Pz and the

conditional probability measure Pz g, both in (207). Assume
that:

(a) The probability measure Pz satisfies for some Pz €
A (X x)); and

(b) Forall & € M, the probability measures Pz and Pzg—¢
are mutually absolutely continuous.

Then, for all @ € M, the probability measures P and PZ|@:9
in (40) are mutually absolutely continuous.

This appendix ends stating the following property of the
functionals Rg in () and R, in (9).

Lemma 51: Consider the conditional probability mea-
sures Pg|z and Pz e; and the probability measures Pg
and Pz that jointly satisfy and (207). Then, the func-
tionals Rg in (8) and R in (9), satisfy

/Rz (Pe)dPz (z):/ Re (Pz)dPs (0) . (265)
Consider also the following assumptions:

(a)
(0)

For all z € (X x Y)", the probability measure Pg|z—»
is absolutely continuous with respect to Pg; and

For all & € M, the probability measure Pzg—g is
absolutely continuous with respect to Py.

Then, the functionals Ry and R, also satisfy:

/Rz (P@|Z:z)dpz (Z)Z/Rg (PZ|@:9)dP@ (0) (266)



32

Proof: The proof of (263) follows from observing that where the equality in (277) follows from (9)). The proof follows
by noticing that

/ R. (Po)dPy (2 / / 2,0)dPe () dPy (2) (267) / / / L (u,8) dPeyz_» (6) APy (u) APy (2)
_ / / L(2,8)dPy (=) dPe () (268) / / / (w,0) APy (u )) Pz, (6) APz (2) (278)

— [ Ro (P2) a7 (6). 89 = [ [Ro(Pz)aPojz-. (0)aPz (2 279)

dP@\Z z
Ro (Pz) 0)dPe (0)dP 280
where the equality in follows from (@); the equality / / o (Pz) dPe (0)dPe (8) dPz (=) (280)

in (268) follows by exchanging the order of the integrals dPe|z-=
= [ Rg (Pz) —

(50l Theorem 2.6.6]; and finally, the equality in (Z69) follows dPe (6)dPz (Z)) dPe (6) (281)

from (8). This completes the proof of (266).
- / Ro (Pz)dPe () (282)
The proof of (266) follows from observing that
= /Rz (Pe)dPz (2), (283)
/ R, ( P, Z:z) dPz (z) where the equalities in (278) and (281)) follow by exchanging
the order of the integrals [50, Theorem 2.6.6]; the equality
/ / 2,0)dPe|z—. () APz (2) (270) in follows from (8); the equality in (280) follows from
2=z the assumption that Pg|z—_ is absolutely continuous with Pg
dPeg|z== and [61, Theorem 2.2.3]; the equality in (282)) follows from
//L(z,@) dPe (0)dPe (6)dPz (2) (271) observing that
dPe|z—2
= L(z,0) ———=(0)dPz (z)dPe () (272 dPe|z-=
// (2.0) —4p,  ()dPz(2)dPe (6) 272) / T (0) APy (2)=1; (284)
dPzie=¢
//L (2,0) ﬁ (2)dPz (2)dPe (0) (273) and finally, the equality in (283) follows from Lemma [51] (in
Appendix [A).
z,0)dP. dPe (6 274
ugging the equality 1n ( ) yields
// z10=6 (2) dPe (0) ()Pl' h i in @7TT) yield
~ [ Ro (Pzi0-0) dPe (6). @19 G (Pos. P2)
= /Rz (P@) dPZ (Z) — / Rz (P(-)|Z:z) dPZ (Z) (285)
where the equality in @270) follows from (9); the equality
in (271) follpws from the assumption that Pg|z—. is ab- — / (R= (Pe) — R (Po|z=z)) APz (z) (286)
solutely continuous with Pg and [61, Theorem 2.2.3]; the
f:quality in follows by exchangin.g the order of the _ / G (2, Po, Pojz—2) 4Pz (2), (287)
integrals [50, Theorem 2.6.6]; the equality in (273) follows

from Lemma and finally, the equality in @275) follows — p. completes the proof.

from (8). This completes the proof of (266). |
APPENDIX C
PROOF OF LEMMA [6]
APPENDIX B The proof is essentially algebraic and follows from Defini-
PROOF OF LEMMA 3] tion @ More specifically,

The proof is essentially algebraic and follows from Defini- PG‘Z’PZ)
tion [} More specifically, // (Po|z=z) —Rz(Po|z=2))dPz (u)dPz(z) (288)
P@\z,Pz) /// u,0)—L(2,0))dPg|z—~(0)dPz(u)dPz(z)(289)
// u(Po|z=z) —Rz(Po|z=2))dPz(u)dPz(z) (276) // / u,0)dPz (u )) dPe|z—- (0)dPz (2) (290)
_ / / / L (u,0) dPe)z—. (6) dPyz (u) APy (2) - / / L(2.0)dPoyz. (8)dPz (=), (291

_/Rz(P®|Z:z)dPZ(z)v 277 ://(Re (Pz) —L(2,0))dPe|z== () dPz (2), (292)



where the equality in (289) follows from (9); the equal-
ity in (290) follows by exchanging the order of the inte-
grals [50, Theorem 2.6.6]; and the equality in (292) follows

from (8).

The proof continues by noticing that:

//RG(PZ>dPG)\Z:z (0)dPz(z)

/ / Re (Pz) dP@‘Z z(e)dP@(H)dPZ(z) (293)
= [Rotea( [ ‘”Df,%w)dpz (2))dPo(6) (94
— [ Ra(P2)dPo 6) (295)
://(iZf(xt,yt,0)> APy (2)dPo (6)  (296)

1 & -

_1 (¢ (x,y,0)) APy (2,y) dPo (6) (297)

n;// Y Z Y e
~[ [ (.6 4Pz .1 dPe (6). (298)

where the equality (293) follows from Assumption (b) and [61}
Theorem 2.2.3]; the equality in (294) follows by exchanging
the order of the integrals [50, Theorem 2.6.6]; the equality
in (293) follows from observing that

dPo|z—-
[ 20 6y apz (-

the equality in (296) follows from (7) and (8); and finally, the
equality in follows from [50, Theorem 1.6.3].

(299)

Finally, note that

[ [rz0)dres . ©)arz 2

/ / di@]z 2 (0)dPe (0)dPz (z)  (300)

/ / d]z@]‘gz) % (0)dPz (2)dPe (6)  (301)

of [tz e

deiz}Z—e (2) dPzje-0 (2) dPe (8) (302)
= / / L(2,6) dPzje-s (2) dPe (6) (303)
:itzn;//f(%yﬁ) dPgz,1e=6 (z,y) dPe (0) (305)
- [ [t@0.0)aP0 0 1) aFo (0). (306)

where the equality (300) follows from Assumption (b) and
[61, Theorem 2.2.3]; the equality in (301) follows by ex-
changing the order of the integrals [50, Theorem 2.6.6];
the equality (302) follows from Assumption (c¢) and [61}
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Theorem 2.2.3]; the equality in (303) follows from Lemma [46|
and Lemma [47] (in Appendix [A), which hold under Assump-
tion (b) and Assumption (¢) and imply that for all (z,0) €
(X x Y)" x
dPg|z- P

OlE=s (g) T (z)=1,

dPg dPzie-e
the equality in (304) follows from (7); the equality in (303)
follows from [50, Theorem 1.6.3]; and finally, the equality
in (306) follows from Lemma [5] which holds under Assump-
tion (a).

The proof ends by using (298) and (306) in (292), which
yields

C(Poiz.Pz)= [ [ ¢(@.5.6)dPz (.1 dPe (6)
- [ [ #e.0.0)4Pz10-0 (w.0)aPo 6) 308

_ / G (60, P2, Psjo—0) dPo (0).

where the equality in (309) follows from (ZI). This completes
the proof.

(307)

(309)
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