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Abstract

We study the algorithmic complexity of Maker-Breaker games played on the edge
sets of general graphs. We mainly consider the perfect matching game and the H-game.
Maker wins if she claims the edges of a perfect matching in the first, and a copy of a fixed
graph H in the second. We prove that deciding who wins the perfect matching game and
the H-game is PSPACE-complete, even for the latter in small-diameter graphs if H is a
tree. Toward finding the smallest graph H for which the H-game is PSPACE-complete,
we also prove that such an H of order 51 and size 57 exists.

We then give several positive results for the H-game. As the H-game is already
PSPACE-complete when H is a tree, we mainly consider the case where H belongs to
a subclass of trees. In particular, we design two linear-time algorithms, both based on
structural characterizations, to decide the winners of the Pj-game in general graphs and
the K ¢-game in trees. Then, we prove that the K ,-game in any graph, and the H-game
in trees are both FPT parameterized by the length of the game, notably adding to the
short list of games with this property, which is of independent interest.

Another natural direction to take is to consider the H-game when H is a cycle.
While we were unable to resolve this case, we prove that the related arboricity-k game is
polynomial-time solvable. In particular, when k£ = 2, Maker wins this game if she claims
the edges of any cycle.
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1 Introduction

Positional games are a class of combinatorial games that received a lot of attention recently,
with the books [3] and [26] giving an overview of the field. Given a finite set X and a family F
of subsets of X, two players alternate claiming unclaimed elements of X until all the elements
are claimed. The set X is referred to as the board, and the elements of F as the winning sets.
The pair (X, F) is often called the game hypergraph.

As for the rules for determining the winner of the game, there are several conventions —
Maker-Breaker games, Avoider-Enforcer games, strong making games, strong avoiding games,
etc. The most studied of them are Maker-Breaker games, first introduced by Erdds and
Selfridge [16], where the players are Maker and Breaker. Maker wins the game if she claims
all the elements of a set from F, and Breaker wins otherwise. Unless stated otherwise, it is
assumed that Maker plays first and that both players play optimally, i.e., they play to win.

There is a number of results on Maker-Breaker games where the board of the game is the
edge set E(G) of a graph G. For the majority of the games that appear in the literature, the
winning sets are all representatives of some predetermined graph structure. The four most
prominent examples of the well-studied games of this kind are the perfect matching game, the
H-game, the connectivity game, and the Hamiltonicity game, where the winning sets are all,
respectively, perfect matchings, copies of a fixed graph H, spanning trees, and Hamiltonian
cycles.

Maker-Breaker games played specifically on graphs were first studied by Chvétal and
Erdés [11], who looked at the H-game, the connectivity game, and the Hamiltonicity game
played on the edges of the complete graph, and also in the biased setting, where Breaker may
claim more than one edge per round, but Maker still only claims one edge per round. These
games, along with the perfect matching game, were further studied in a series of papers, with
major breakthroughs in [2], [4], [21], and [28], resulting in the finding of the leading term
of the threshold bias (the maximum number of edges Breaker may claim each round such
that Maker still wins when claiming one edge per round) for all four games more than three
decades later.

In fast Maker-Breaker games, Maker’s goal is to win as fast as possible, that is, in the fewest
number of moves. The length (or duration) of a game in this setting was first studied by Hefetz
et al. [24] for the games of connectivity, perfect matching, and Hamiltonicity, with further
improvements and generalizations in [27, 30]. These results also have direct implications on
the outcomes of strong making games for this same set of games, see, e.g., [18].

Another line of research was initiated by Stojakovié¢ and Szabé in [39], in which they stud-
ied Maker-Breaker games played on the edge set of the Erdds-Rényi random graph model,
where the main question raised and partially answered was to determine the threshold prob-
abilities for Maker’s win for the games of connectivity, perfect matching, Hamiltonicity, and
the H-game. This question was further pursued in a number of papers [25, 31, 32].

A general overview of results on these and other games on graphs can be found in [26].

1.1 Complexity of positional games

Given a positional game, we want to study the complexity of determining the winner. Schaefer
was the first to show that determining the winner of a Maker-Breaker game (appearing under
the name POS CNF) with winning sets of size at most 11 is PSPACE-complete [35]. Recently,
Rahman and Watson reduced the required winning set size to six [34]. Shortly thereafter,



Galliot et al. surprisingly proved that the outcome of any Maker-Breaker game with winning
sets of size at most three can be determined in polynomial time [20]. This, for example,
implies that the outcome of the H-game, for any H such that |[E(H)| < 3 (e.g., the triangle
game), can be decided in polynomial time. Another game that can be resolved in polynomial
time using known results is the connectivity game. Indeed, Maker wins the connectivity game
(playing second) in a graph G if and only if G contains two edge-disjoint spanning trees [29],
and this graph property can be checked in polynomial time [40]. Regarding other conventions,
Maker-Maker (a.k.a. “the strong games” ) and Avoider-Enforcer are PSPACE-complete [10, 22],
and Chooser-Picker is NP-hard [13]. Lastly, the complexity of games played on the edge sets
of general graphs under some of the conventions above has been considered in [38], but only
in the case where some of the edges have already been claimed as part of the input. It is
worth noting that the complexity of the H-game without pre-claimed edges is left as an open
problem in [38].

1.2 Complexity of short games

From a parameterized complexity perspective, a natural parameter for games is the length
(or duration) k of a game, i.e., the game ends after k rounds. For example, in Maker-Breaker
games, that effectively means that the game ends after Maker’s k* move. This topic is of
general interest, with Downey and Fellows dedicating an entire section to it, that they refer
to as “short” or k-move games, in their famous textbook on parameterized complexity [14],
where they suggested that games in general should be AW[*]-complete parameterized by
k. This claim is supported by the fact that chess [36], geography [1], and particular pursuit-
evasion games [37] are AW [*]-complete parameterized by k. With respect to positional games,
Bonnet et al. [7] recently proved that, when parameterized by k, Maker-Breaker games are
W[1]-complete, Maker-Maker games are AW[*]-complete, and Avoider-Enforcer games are co-
W(1]-complete. However, when the winning sets are more structured, some Maker-Breaker
games are fixed-parameter tractable (FPT) parameterized by k, such as Hex played on a
hexagonal grid [8], and a generalization of Tic-Tac-Toe called k-Connect [7]. Although, in
general, there are very few games known to be FPT parameterized by k.

1.3 Our contributions

The algorithmic complexity of Maker-Breaker games played on vertex sets of graphs has been
studied in general graphs (see, e.g., [6, 7, 8, 15, 17]), and, as seen above, there is a large
literature on those played on edge sets of graphs. Surprisingly, the algorithmic complexity
of the latter has only been considered in restricted graph classes like complete graphs and
random graphs, or in the case where some of the edges of the graph have already been
claimed [38]. We study the algorithmic complexity of Maker-Breaker games played on the
edge sets of general graphs. We mainly consider two of the more prominent such games: the
perfect matching game and the H-game. In Section 3, we prove that it is PSPACE-complete
to decide the outcomes of the perfect matching game and the H-game, even for the latter
in graphs of diameter at most 6 when H is a tree (see Figure 6 for an illustration of H in
this case). Toward finding the smallest graph H for which the H-game is PSPACE-complete,
we also prove that there exists such a graph H of order 51 and size 57 (see Figure 8 for a
depiction of H in this case).

We then give several positive results for the H-game. Since the H-game is already



PSPACE-complete when H is a tree, we first mainly focus on the natural direction of consid-
ering the case where H belongs to a subclass of trees. Specifically, in Section 4, we design
two linear-time algorithms that are both based on structural characterizations, to decide the
winners of the Pj-game in general graphs and the K p-game in trees. Our algorithm for the
Pj-game improves on the algorithm of Galliot et al. [20] for this game! since their algorithm
does not give any structural insight about the graphs in which Maker (Breaker, resp.) wins,
and it runs in time O(|V (H)[?|E(H)|? + |V (H)|°A(H)), where H is the game hypergraph.

While we were unable to extend our result for the Pj-game to even the restricted case of
the P5-game in trees, we manage to extend our positive result for the K y-game by considering
parameterizations by the length of the game. That is, in Section 5, we prove that the K ¢-
game in any graph, and the H-game in trees are both FPT parameterized by the length
of the game. The first result relies on the fact that Maker trivially wins the K ,-game if
the maximum degree of the graph is at least 2¢ — 1 (Lemma 4.5), and thus, the K; -game
needs only to be considered in graphs of bounded maximum degree, while the second result is
dependent on the structure of trees. However, most importantly, both results crucially rely on
Theorem 5.1, which states that the H-game needs only to be considered in the ball (of edges)
of bounded diameter in the length of the game centered at the first edge claimed by Maker,
which is interesting on its own since it could lead to other positive results for the H-game,
and this technique could be generalized to other games on graphs. This is in stark contrast
with our result that the H-game is PSPACE-complete in graphs of diameter at most 6, even
when H is a tree. Furthermore, our result for the K y-game is notably of independent interest
since we add to the short list of games that are FPT parameterized by the length of the game,
as discussed above.

We conclude with directions for further work in Section 6. In particular, due to our
hardness result for the H-game, another logical direction for future work is to consider the
case where H is a cycle. While we were not able to resolve this case, we prove that the related
arboricity-k game is polynomial-time solvable. In particular, when k& = 2, Maker wins this
game if she claims the edges of any cycle.

2 Preliminaries

Unless stated otherwise, the graphs considered in this paper are finite, simple, and undirected.
The vertex and edge sets of a graph G will be denoted by V(G) and E(G), respectively. For
any graph G and any two vertices x,y € V(G), distg(z,y) is the length of a shortest path
between = and y in G. A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G).
Let V! C V(G). The subgraph induced by V', denoted by G[V'], is the graph with vertex set
V'’ and whose edge set consists of all the edges of G between two vertices of V': E(G[V']) =
{uv € E(G) | u,v € V'}. If E' is a set of edges, the edge-induced subgraph G[E'] is the
subgraph of G whose edge set is E/ and whose vertex set consists of all ends of edges of E'.
For any integer ¢ > 1, Py is the path with £ — 1 edges, and K is the star with ¢ edges.

In this paper, we consider Maker-Breaker games played on the edge set of a graph G.
In other words, the game hypergraph is a pair (E(G),F), where F C 2F(%)_ For all of the
games we consider, we say that Maker wins in G if she has a winning strategy in G, that is,
regardless of how Breaker plays, Maker can ensure claiming the edges of a winning set F' € F.

'Recall that Galliot et al. [20] proved that the outcome of any Maker-Breaker game with winning sets of
size at most 3 can be determined in polynomial time. This is the case for the Psj-game since |E(Py)| = 3.



Similarly, Breaker wins in G if he has a winning strategy in G, that is, regardless of how
Maker plays, Breaker can ensure claiming at least one edge in each winning set F' € F. Note
that, by definition, only one of the two players may have a winning strategy for a given pair
(E(G),F). We mainly consider the perfect matching game and the H-game. In the perfect
matching game, F is the set of all perfect matchings of G. Thus, Maker wins if she manages
to claim |V(G)|/2 vertex-disjoint edges that cover all the vertices of the graph. Note that,
during the game, Maker may claim edges incident to other edges she already claimed. In the
H-game, H refers to another (fixed) graph and the winning sets are all copies of H, that is, a
winning set F' € F is a set of edges such that G[F] is isomorphic to H. Note that G[F] is not
necessarily a vertex-induced subgraph of G (there may be more edges in G), but its vertices
must be in a one-to-one correspondence with the vertex set of H.

Most of our results are stated for Maker playing first, but can be extended to Breaker
starting. For example, assume we can check in polynomial time whether Maker wins playing
first in a family of graphs closed under edge removal. If Breaker starts, then we can scan
through all the possible first moves of Breaker, and treat the resulting graph with one edge
removed as the base graph for a new game in which Maker starts. This gives a polynomial-
time algorithm when Breaker starts.

When it is clear what the set of winning sets is, we will use only the graph G to describe
a game. We will also need to consider a position of the game where some edges have already
been claimed. We will denote a position by a triplet (G, Eys, Ep), where Eyy and Ep are two
disjoint sets of edges that correspond to the edges already claimed by Maker and by Breaker,
respectively. Note that, in general, |Eg| < |Ey| < |Ep| + 1.

We now state some basic definitions and facts about Maker-Breaker games that will be
used throughout the paper. The next lemma expresses the fact that the addition of edges can
only help Maker, whereas, the deletion of edges is favorable for Breaker.

Lemma 2.1 (Folklore). Let G' be a subgraph of G, F C 2E(G) 4 set of winning sets, and
F' € Fn2B(@) | [f Maker wins in (E(G'), F'), then she wins in (E(G),F).

The wunion of two games (F(G1),F1) and (E(G2),F2) is simply the game (E(Gp) U
E(G2),F1 U F2). Note that E(G1) and E(G2) can intersect. It is not difficult to prove
the following.

Lemma 2.2 (Folklore). Let (E(G1),F1) and (E(G2), F2) be Maker-Breaker games. If Maker
wins in one of the two games, then she wins in their union (E(G1) U E(G2),F1 U Fa). If
E(G1) N E(G2) =0, then the converse is also true.

A pairing strategy is a frequently used type of strategy in positional games. Suppose that
a subset of edges is partitioned into disjoint pairs. Then, the pairing strategy dictates that,
during the game, whenever their opponent claims one edge of a pair, the player responds
by claiming the other one. We will use pairing strategies in several places, sometimes as
ingredients in more elaborate strategies.

Erdds and Selfridge [16] gave a criterion for Breaker to win:

Theorem 2.3 (Erdés-Selfridge Criterion [16]). For any Maker-Breaker game with winning
sets F, if Y per 2~ IFl < %, then Breaker wins playing second.

We end this preliminary section with a lemma that states that if two edges are “similar”,
we can assume that both players will each claim one.



Lemma 2.4. Let G be a (not necessarily simple) graph and F the set of the winning sets of
a Maker-Breaker game played in G. Let (G, Eyr, EB) be a position of the game and ey, es two
unclaimed edges of G such that the two sets {F\(EyU{e1,es}) | e; € F € F and FNEp = 0},
for i € {1,2}, (the new winning sets for Maker after claiming e;) are the same. Then,
(G,En, EB) and (G, Epy U{er}, Ep U{ea}) have the same outcome, regardless of who plays
next.

Proof. Let G be a (not necessarily simple) graph, F the winning sets of a Maker-Breaker game
played in G, and (G, Ejs, Ep) some position. Let eq, ez be two unclaimed edges such that the
sets {F'\ (E) U{e1,e2}) | e; € F € F and FN Ep =0} are equal for i € {1,2}. Note that a
player plays next in (G, Ejr, E) if and only if they play next in (G, Eyr U {ei}, Ep U {ea}).
Suppose first that Maker wins in (G, Epy U{e1}, EpU{e2}) and let S be a corresponding
winning strategy for her. We define her winning strategy S’ in (G, Ejr, E) as follows:

e If it is Maker’s turn, then she claims the edge eg she would have claimed by S in
(G, Ey U {61}, Ep U {62}).

e If Breaker claims an edge in {ej, e2}, then she claims the second edge in {ej, es}.

e If Breaker claims any other edge e, then she claims the edge ¢’ she would have claimed
by S if Breaker had claimed e in (G, Eyf U{e1}, Egp U{ea}).

e If e; and ey are the only unclaimed edges and it is Maker’s turn, then she claims e;.

Since S is a winning strategy, there exists a set of edges I’ € F for which Maker will claim
all the edges following S in (G, Ey U {e1}, Ep U{e2}). If FN{e1,ea} = 0, then the same
set of edges F are claimed following S’ in (G, Ejyf, Ep), and so, she wins in (G, Ey, Eg).
Otherwise, F'N{e1,ea} = {e1}, as eq is attributed to Breaker. By the construction of &',
Maker either claimed e; or es. If she claimed eq, then she claimed all the edges of F', and
therefore, she wins in (G, Ejr, Ep). Otherwise, she claimed e, and by the definitions of e;
and eg, there exists a set I’ € F such that F\ (Ep U{e1}) = F'\ (Ep U {e2}). Thus, she
claimed all the edges of F’ and she wins in (G, Eyr, EB).

Reciprocally, suppose now that Breaker wins in (G, Ey U {e1}, Ep U {e2}) and let S be
a corresponding winning strategy for him. We define his winning strategy S’ in (G, Ep, E)
as follows:

e If it is Breaker’s turn, then he claims the edge ey he would have claimed by & in
(G, Ey U {61}, Ep U {62}).

e If Maker claims an edge in {ej, ea}, then he claims the second edge in {ej,ea}.

e If Maker claims any other edge e, then he claims the edge ¢’ he would have claimed by
S if Maker had claimed e in (G, Epr U {e1}, Ep U {ea}).

e If ¢; and es are the only unclaimed edges and it is Breaker’s turn, then he claims e;.

Since § is a winning strategy, for all F' € F, there exists an edge ep € F' that Breaker
will claim following S in (G, Eas U {e1}, Ep U {e2}). Since, by definition, the two sets {F \
(Ey U{er,ea})le; € F € F and F N Ep = (0} are equal for i € {1,2}, we can suppose that
ep # ea, as otherwise F'U {e1} \ {e2} would be a winning set claimed by Maker. Therefore,
as any edge that would have been claimed by Breaker by S has been claimed by him by &,
he has claimed at least one edge in each winning set, and Breaker wins in (G, Ey;, Eg). O
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Figure 1: How parallel edges are removed in the perfect matching game in Lemma 3.1.

3 Hardness Results

In this section, we prove that it is PSPACE-complete to decide who wins the perfect matching
game and the H-game via reductions from UNIFORM POS CNF 6 that is known to be
PSPACE-complete [34]. Specifically, UNIFORM POS CNF 6 is a game played on a CNF
formula F over a set of variables X = {X7,..., X,,}, where all the clauses contain exactly six
variables, each variable appears in its positive form, and each variable appears in at least one
clause. Two players, named Satisfier and Falsifier, respectively, alternate claiming a variable
that has not been claimed yet, with Satisfier playing first. Variables claimed by Satisfier are
set to true, and those claimed by Falsifier are set to false. Satisfier wins if and only if F is
true once every variable has been claimed. The associated decision problem, i.e., deciding
whether Satisfier wins or not, is denoted by UNIFORM POS CNF 6. Note that, in [34], it
is also proven that UNIFORM POS CNF 6 remains PSPACE-complete, even if Falsifier goes
first and/or the number of variables n is odd, which we make use of in our reductions.

3.1 Perfect-matching game

We first prove that it is PSPACE-complete to determine the outcome of the perfect matching
game. To simplify the reduction, the proof will be done allowing for parallel edges, that the
following lemma enables to remove, see Figure 1.

Lemma 3.1. Let G be any graph containing two parallel edges e1 and es connecting two of
its vertices w and v. Then, there exists a complete bipartite graph H, of order O(1), with
bipartition (A, B) such that, if ey and ey are removed from G, and a copy of H is added
instead, where u (v, respectively) is made adjacent to two vertices of A (B, respectively), then
the outcome of the perfect matching game in the resulting graph G’ is the same as that in G.

Proof. With the parallel edges e; and es in G, Maker can clearly claim the edge uv “for free”,
independent of the play in the rest of the graph. That means that, playing in G, she has two
possibilities to claim a perfect matching:

(i) claim a perfect matching in G — {ej, ea}, or
(ii) claim a perfect matching in G \ {u,v}.

Let H be a balanced complete bipartite graph with parts A and B, and let uj,us € A
and vy, vy € B. We will show that when |A| = |B| = k, for a suitable constant k to be chosen
later, Maker, playing second, has a strategy in H that satisfies the following five conditions:

e Maker has a perfect matching in H, and

e for every i,j € {1,2}, Maker has a perfect matching in H \ {u;,v;}.



Once this is shown, forming G’ by replacing the parallel edges e; and e in G by H, and
adding the two pairs of edges connecting u to u; and ue, and v to vy and vo, as depicted in
Figure 1, finishes the proof. Indeed, assume Maker, playing second, has a strategy in H to
satisfy the above-mentioned five conditions, and, on top of that, in G’, she pairs wu; with
wug, and vv; with vvg. Then, she can claim a perfect matching in G’ if and only if she can
satisfy (i) or (ii) in G, which corresponds to her being able to claim a perfect matching in G.

To show that Maker can satisfy the five conditions playing second in H, we define an
auxiliary positional game in H. Let

Fp={EX,)Y)| XCAYCB, |X|+|Y|=k+1},
and, for every 4,7 € {1,2}, let
Fij ={E(X,Y)| X CA\{w}, Y C B\ {v;}, | X|+ Y| =k}.

In the auxiliary game, Maker will assume the role of Breaker (to avoid confusion, we will
call this player Auxiliary Breaker), trying to claim one edge in every winning set in F :=
Fr U (U jeq1,23Fi ) If she achieves that, then Hall’s condition [23] for the existence of a
perfect matching in a bipartite graph implies that Maker will have a claimed perfect matching
in H, as well as in H \ {u;,v;}, for every i,j € {1,2}.

To show that Auxiliary Breaker can win the auxiliary game in H, we apply the Erdds-
Selfridge Criterion (see Theorem 2.3):

k k—1
k k k—1\ [k —1
—|1X —0(k—£+1 —L(k—£)
27 |§Z<€)<k—€+1>2 | )+4Z< ¢ >(k—€>2 (

E'eF =1 =1
k k
k k —t(k—0) k k —(k—0)
<
_Z<€)<k—€+1>2 4> () 0)?
=1 /=1
k k 2
k) ( k ) —t(k—0) <k —6(k—0)
— 2 +4) 2
pt L)\l —1 — ¢
[k/2] 5\ 2 [k/2] 5\ 2
<9 ( ) 9—k—0) | g ( ) )
/=1 ¢ /=1 ¢
[k/2] [k/2] ,
<10 p20o—tk—[k/2]) _ 1 (2210g2k7Lk/2j> .
/=1 /=1

This expression tends to zero when k grows, and hence, for k large enough (say, k& = 100)
it is less than 1/2, and so, the Erdds-Selfridge criterion implies Auxiliary Breaker’s win. [

Theorem 3.2. Deciding whether Maker wins the perfect matching game in a given graph G
is PSPACE-complete.

Proof. The problem is clearly in PSPACE since both the number of turns and the number
of possible moves at each turn are bounded from above by n? [35, Lemma 2.2]. To prove it
is PSPACE-hard, we give a reduction from UNIFORM POS CNF 6 where there are an odd
number of variables, which, as mentioned before, is PSPACE-hard [34].



Let ¢ be an instance of UNIFORM POS CNF 6 where there are an odd number of variables.
Denote the variables in ¢ by x1,..., 22,41, and the clauses in ¢ by Cq,...,Cy,. From ¢, we
construct the graph G as follows, and recall that, by Lemma 3.1, we can allow pairs of parallel
edges.

e For all 1 <+¢ < 2n+ 1, introduce two vertices vfo and @éo, and the edge e; = fufo@ﬁo.

e Then, add n new vertices aq,...,ay, and, forall 1 <i <2n+1and 1 </ < n, add two
parallel edges between va and ay. See Figure 2 for an illustration.

e For each clause Cj in ¢, add a vertex C7 in G.

e For each variable z; in ¢, let Cj,,.. .,Cl-kl_ be the clauses containing x; in ¢. For all
1<i<2n+1andforall 1 <j <k, add the vertices u! ,u! ,v! , vt  x!  and y! . Also,
J J J J J J

for all 1 < i < 2n+ 1, add the vertices yfk +1- Then, connect them as follows for all
1<i<2n+1and 1< j <k (see Figures 3 and 4):

Add the two edges ﬁl‘:jilu% and W:j,lﬂéj'

Add two parallel edges between uij and xij

— Add two parallel edges between xij and C%.

— Add two parallel edges between a:ij and yjj
— Add two parallel edges between uij and ﬂﬁj

Add two parallel edges between ﬂzjj and vgj.

%

Add two parallel edges between v! and vt .
J J

Also, for all 1 <i < 2n + 1, add two parallel edges between ﬁ;kz and yfkl Y1

e If [V(G)| is currently an odd number, then add the vertex yg, in G.

e For each pair of vertices among the yfj’s (including y80 if it exists), add two parallel
edges between them (see Figure 5).

—2n+1
(2’ﬂ+1)0

Figure 2: The variable gadget in the graph G constructed in the proof of Theorem 3.2.

Note that G is clearly constructed in polynomial time. We prove that Satisfier wins in
¢ if and only if Maker wins the perfect matching game in G. By Lemma 2.4, the outcome



Ot

i
yiki

i
Yip, 41

Figure 3: Construction for a variable z; in clauses C™, ..., C:i in ¢ in the graph G constructed
in the proof of Theorem 3.2.

Figure 4: Construction for a clause C;j = (z;, V -+ V 24) in ¢ in the graph G constructed in
the proof of Theorem 3.2.

of the perfect matching game in G is the same as the outcome in G, where, for each pair of
parallel edges, both Maker and Breaker have claimed one of the two edges, and so, we can
assume they have done so in what follows.

First, we prove the simpler of the two directions, that is, if Falsifier wins in ¢, then Breaker
wins the perfect matching game in G. Assume that Falsifier has a winning strategy S in ¢.
Consider the following strategy for Breaker in G:

o If Maker claims an edge e¢; = vfoﬁfo, then Breaker answers by claiming an edge e; =

v’ Eﬁo, where x; is the variable that would have been claimed by Falsifier in ¢ according

to § if Satisfier claimed z; in ¢.

e If Maker claims any edge other than an e; before all the e;’s have been claimed, then
Breaker claims an arbitrary e;. Then, as there is an odd number of e;’s, by pairing
them, Breaker can ensure claiming at least n+ 1 of them. Thus, by construction, Maker
will not be able to have a perfect matching containing all the vfo’s. Indeed, after this
step, at least m + 1 of the e;’s are claimed by Breaker, and so, their respective n + 1
vfo’s must be matched with their only remaining neighbors, the a,’s, of which there are
only n, and thus, this is not possible.

Hence, we can assume that all the edges e; have been claimed during the first 2n + 1
moves. Consider the valuation obtained in ¢ if all the x; variables associated to the e; edges

10



Figure 5: The yfj vertices in the graph G constructed in the proof of Theorem 3.2.

claimed by Maker are the variables set to true, and all the x; variables associated to the e;
edges claimed by Breaker are the variables set to false. By the hypothesis that S is a winning
strategy for Falsifier in ¢, there exists a clause C, that is not satisfied by this valuation
in ¢. Let xp,...,x5 be the variables in C in ¢. Since Breaker claimed all the edges e;
corresponding to the variables x; in ¢ that Falsifier would have claimed according to S, the
edges ey, ..., ef are claimed by Breaker in G. Recall that, as the number of variables is odd,
it is Breaker’s turn. Breaker plays as follows for all £ € {fi,..., f¢} and for j = 1 to k; while
l; <z

o If /; < z, then Breaker claims @ﬁj,lﬂﬁj' As the only remaining edge available to match

55]4 is ng,lugjv Maker has to claim it. Now, all the edges adjacent to Hﬁj have been
claimed, and Maker has claimed only two of them, of which only one does not interfere

with the edges already forced in the matching: Hﬁjvfj. Thus, ﬂﬁjvfj has to be in any

perfect matching claimed by Maker, which forces the edge vfj@ﬁj claimed by Maker to
not be in the matching.

o If /; = 2, then Breaker claims @2j_1u£, forcing Maker to claim Eﬁj_lﬂﬁ to match Eﬁj_l.

Now, the only edge that Maker can use to match u! is the edge ulz’.

By the above strategy for Breaker, any perfect matching contained in the edges claimed
by Maker has to contain the edges uﬁxﬁ for all £ € {f1,..., f¢}. Therefore, all the vertices
adjacent to C* are already matched, and thus, it cannot be matched, and Breaker wins.

Now, we prove that if Satisfier wins in ¢, then Maker wins the perfect matching game in
G. Assume that Satisfier has a winning strategy S in ¢. We construct a strategy for Maker
in G as follows:

First, Maker claims the edge e; = vf()@§ , corresponding to the variable x; that Satisfier
would have claimed first in ¢ according to S. Then,

o If Breaker claims an edge e; = vgoﬁgo, then Maker claims the edge e; = vfoﬁﬁo corre-
sponding to the variable x; that Satisfier would have claimed according to & if Falsifier

had claimed z; in ¢.

11
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e For any variable x; in a clause C; in ¢, Maker pairs the edges @;j_luﬁj and Uy, U, in

G, and so, if Breaker claims one of them, she claims the other one.

Note that, by construction, one of these moves is always available, as after the first move of
Maker, any set where moves are considered has an even number of unclaimed edges remaining.

Suppose that Maker employs this strategy until the end of the game. Then, she will have
claimed the e; edges corresponding to the x; variables claimed by Satisfier in ¢ according to
S. We extract a perfect matching from the edges she claimed as follows:

e Add in the matching, the n+ 1 ¢;’s claimed by Maker. The n vfo’s that are not in these
edges are paired with the n a/’s.

e Let i1,...,i,41 be the indices of the e; edges claimed by Maker. For ¢ = i1 to i,41, add
in the matching all the edges uﬁﬂf and vf@ﬁ such that z, is in Cj in ¢.

e For each clause C}, as at least one variable z; in Cj in ¢ corresponding to an edge
x; claimed by Maker is set to true, consider such an 7, and add the edge :EéC’j in the
matching. For each other variable z, in C; in ¢ corresponding to an edge x claimed by
Maker (¢ # i), add the edge :Ufyf in the matching.

e For each variable x; with i ¢ {i1,...,i,41} being in clauses C;,,...,C;, in ¢:

— For j =1 to k;, while Maker has claimed ﬂjiluﬁj, add in the matching the edges,

7 7

vy ui o, xy ys, and up vi . If and once Maker has claimed an edge v; %} , add in

J=1 %7 I Y lz—1 iz

the matching v} w! , ui ! , and v; v; , and exit the for loop. Then, for j = 241
z—1 1z 1z 1z 1z 1y

to k;, add in the matching the edges uﬁjﬂ%j, x%j y}j, and vgjﬁgj.
— If Maker has claimed no edge 6227 lﬂfz at the end, add in the matching Fl‘kl yl’kz 41
e Note that this strategy matches all the vertices except some of the yfj’s (including y80
if it exists). As G contains an even number of vertices, and every pair of remaining
vertices is connected by two parallel edges, by considering any matching among the

remaining yfj ’s, Maker has claimed a perfect matching and wins. O

3.2 H-game

We begin by proving that the H-game is PSPACE-complete in graphs of small diameter when
H is a tree. Hence, even when H is a relatively basic graph, determining the outcome of the
H-game is hard. Furthermore, the H-game being hard in graphs of small diameter contrasts
with a later result (Corollary 5.2) that shows that when H is a star, the H-game is FPT
parameterized by the length of the game k since the diameter of the graph (after Maker’s
first move) can be bounded by a function of k.

Theorem 3.3. There exists a tree H such that deciding whether Maker wins the H-game in
a given graph G is PSPACE-complete, even if G has diameter at most 6.

Proof. We show that the statement holds for the tree H in Figure 6.
The problem is clearly in PSPACE since both the number of turns and the number of
possible moves at each turn are bounded from above by n? [35, Lemma 2.2]. To prove it is
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Figure 6: The tree H in the proof of Theorem 3.3.

Figure 7: The graph G constructed in the proof of Theorem 3.3. In this example, the variable
x1 appears in the clauses C7 and (o, the variable xo appears in the clause Cs, and the variable
Zy appears in the clause Cy,.

PSPACE-hard, we give a reduction from UNIFORM POS CNF 6 where Falsifier plays first,
which as mentioned before, is known to be PSPACE-hard [34].

Let ¢ be an instance of UNIFORM POS CNF 6 in which Falsifier plays first. From ¢,
we construct the graph G as follows. For each clause C; in ¢, introduce a new clause vertex
C; in G, and, for each variable x; in ¢, introduce a new variable edge x; = rix? in G, all
pairwise vertex-disjoint from each other. For all 1 <¢ < n and 1 < j <m, if the variable z; is
contained in the clause C; in ¢, then add the edges xile and x%C’j in G. For each 1 <i < n,
add 28 vertices, and make 14 of them adjacent to a:ll, and the other 14 adjacent to x? Lastly,
to ensure G has diameter at most 6, add a vertex u and, for all 1 < j < m, make it adjacent
to Cj. Note that G is constructed in polynomial time. See Figure 7 for an illustration of G.

We prove that Satisfier wins in ¢ (recall that Falsifier plays first) if and only if Breaker
wins the H-game in G. First, we prove the following useful claims.

Claim 3.4. Suppose that, for all1 < i < n and 1 < j < m such that the edges xile and
z7C; exist, Breaker claims at least one of x1C;j and x2C;. In that case, if Maker is to claim
a copy of H in G, then the unique vertex of degree 6 in H must be a clause vertex in G.

Proof of the claim. Every other vertex in G either has degree 1 or cannot be adjacent to 6
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vertices that have at least 8 edges incident to each of them that Maker can claim, due to
Breaker’s strategy. o

Claim 3.5. Suppose that, for all 1 < i < n and 1 < j < m such that the edges a:ile and
z7C; exist, Breaker claims at least one of x1C; and x2C;. In that case, if Maker is to claim
a copy of H in G, then each of the pairs of adjacent degree-8 wvertices in H must be the two
vertices of a variable edge in G.

Proof of the claim. By Claim 3.4, the unique vertex of degree 6 in H is a clause vertex. Thus,
the 6 vertices of degree 8 adjacent to this vertex of degree 6 in H must each be a vertex
of 6 different variable edges in G. Indeed, u cannot be one of these vertices since all of u’s
neighbors can have at most 7 incident edges claimed by Maker due to Breaker’s strategy. Due
to Breaker’s strategy, for each of these vertices of degree 8, the only vertex adjacent to them
that has at least 8 edges incident to it that Maker can claim, is the other vertex in each of
the same variable edges. o

First, we prove that if Satisfier wins in ¢, then Breaker wins the H-game in GG. Assume
that Satisfier wins in ¢. Breaker employs the following pairing strategy. If Maker claims a
variable edge x;, then Breaker follows his winning strategy as Satisfier in ¢ by claiming the
variable edge in G corresponding to the variable he wants to set to true in ¢ assuming that
Maker just set the variable z; to false in ¢. If Maker claims an edge a:ll C; (ZEZZC]', resp.), then
Breaker claims x?C’j (l‘lej, resp.). If Maker claims an edge incident to a degree-1 vertex,
then Breaker claims an edge incident to the same vertex of that variable edge and a degree-1
vertex (there are an even number of these edges). Lastly, if Maker claims an edge incident
to u, then Breaker claims another edge incident to u. Whenever Breaker cannot employ his
strategy, he claims an arbitrary edge, and then goes back to following his strategy. For a
contradiction, assume that, at the end of the game, Maker claimed a copy of H. Then, by
Claims 3.4 and 3.5, there exists a clause such that all of the variable edges corresponding to
the variables it contains in ¢ have been claimed by Maker. This contradicts the fact that
Satisfier wins in ¢ since Breaker followed Satisfier’s winning strategy in ¢ on the variable
edges of G.

Now, we prove that if Falsifier wins in ¢, then Maker wins the H-game in G. Assume that
Falsifier wins in ¢. Maker first claims a variable edge in G that corresponds to the variable
she wants to set to false in ¢ according to her winning strategy as Falsifier in ¢. Then, Maker
employs the following pairing strategy. If Breaker claims a variable edge z;, then Maker
follows her winning strategy as Falsifier in ¢ by claiming the variable edge in G corresponding
to the variable she wants to set to false in ¢ assuming that Breaker just set the variable z; to
true in ¢. If Breaker claims an edge x!C; (22C;, resp.), then Maker claims mJZCj (a:;Cj, resp.).
If Breaker claims an edge incident to a degree-1 vertex, then Maker claims an edge incident
to the same vertex of that variable edge and a degree-1 vertex (there are an even number of
these edges). Lastly, if Breaker claims an edge incident to u, then Maker claims another edge
incident to u. Whenever Maker cannot employ her strategy, she claims an arbitrary edge, and
then goes back to following her strategy. Since Maker followed Falsifier’s winning strategy in
¢ on the variable edges of GG, for at least one clause, she will have claimed all of the variable
edges corresponding to the variables contained in that clause in ¢. We can easily locate a
Maker’s copy of H containing that clause’s vertex as the unique vertex of degree 6 in H. [J

As can be seen in Figure 6, the tree H from the proof of Theorem 3.3 has order 91. It
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would be interesting to know the order and/or size of the smallest graph H for which the
H-game remains PSPACE-complete. As a step in this direction, in a more involved proof, we
now show that the H-game is PSPACE-complete for a graph H of order 51 and size 57. It
is worth noting that the orders and sizes of our graphs H in our reductions are dependent
on the fact that UNIFORM POS CNF 6 is PSPACE-hard, but it is not known whether the
analogously defined UNIFORM POS CNF 5 or UNIFORM POS CNF 4 are PSPACE-hard,
which would allow for smaller H’s to be constructed.

Theorem 3.6. There exists a graph H of order 51 and size 57, such that deciding whether
Maker wins the H-game in a given graph G is PSPACE-complete.

Proof. The problem is in PSPACE by the proof of Theorem 3.3. Let H be the graph consisting
of a triangle and six 5-cycles, pairwise vertex-disjoint, where one vertex of each 5-cycle is
connected to the same vertex of the triangle by a path of length 4, as depicted in Figure 8.

Figure 8: The graph H in the proof of Theorem 3.6.

Before describing the reduction to prove it is PSPACE-hard, we need to introduce some
auxiliary graphs, starting with the graph X (see Figure 9), and prove several intermediate
results.

Claim 3.7. Playing on the edges of X as the second player, Maker can claim a path of

length 3 connecting t to uy or us.

Uy

< XX

U2

Figure 9: The graph X in the proof of Theorem 3.6.

Proof of the claim. Maker as the second player employs the following pairing strategy that
clearly accomplishes her goal. For each vertex w € V(X) \ {u1,u2}, she pairs the two edges
between w and its neighbors on the right. o

The next auxiliary graph is Y, whose structure is shown in Figure 10. Note that Y contains
four copies of X shown in gray (where the vertex ¢ in Y corresponds to the identification of
the vertex ¢ of each copy of X), as well as the following additional edges that are not shown
in the figure. Each of the vertices a; and ag (that correspond to the vertices u; and wug of
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Figure 10: The structure of the graph Y (some edges are omitted) in the proof of Theorem 3.6.

the corresponding copy of X) is connected by two edges to the vertices xy and yy, (this is
indicated by the letters “LL” above the first copy of X). Similarly, each of the vertices by and
by is connected by two edges to the vertices xy, and yg (indicated by “LR”). The vertices ¢;
and cg, and d; and ds are connected accordingly as in Figure 10.

Claim 3.8. Playing on the edges of Y as the second player, Maker can claim a Cs containing
the vertex t.

Proof of the claim. Maker partitions the edge set of Y into several parts, and plays on each
of them separately, responding in each of them as the second player.

On each copy of X, Maker plays to claim a path connecting ¢ and one of the two top
vertices (the two vertices corresponding to u; and wug in that copy of X), which is possible
by Claim 3.7. For each of the vertices a1, as, b1, b2, c1,co,d1,do, Maker pairs the two edges
going toward (two out of four of) the vertices zr, xR, yr, yr. Finally, she pairs the two edges
between t and z; and zg, and the two edges between t and y;, and yg.

Following this strategy, after all the edges are claimed, Maker will claim, without loss of
generality, the edges txr; and tyr. Also, in the leftmost copy of X, she will claim, without
loss of generality, a path from ¢ to a;. Now, due to pairing, one of the two edges ajxy and
a1y, is claimed by Maker, completing a C5 through ¢ that is fully claimed by her. o

Claim 3.9. Playing on the edges of the clique Kg as the second player, and given any vertex
p € V(Kg), Maker can claim a triangle containing the vertez p.

Proof of the claim. For her first two moves, Maker claims two edges incident to p, denote
them by pv; and puvo. If, by Maker’s next move, Breaker has not claimed vyvo, then Maker
does it and completes her goal.

Otherwise, there must be another unclaimed edge incident to p, denote it by pvs, and
Maker claims it. After the following move of Breaker, the edges vivs and vovs must be
claimed by him, as otherwise Maker is done. But, then there is another unclaimed edge
incident to p, denote it by pvy, and Maker claims it. By Maker’s next move, Breaker cannot
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have claimed all the edges v;v;, i, j € {1,2, 3,4}, so Maker claims one of them in the following
move completing her triangle at p. o

The last auxiliary graph is the graph Z as depicted in Figure 11.

Claim 3.10. Playing on the edges of Z as the second player, Maker can claim a path of
length 3 from the vertex £ to the vertex r.

Figure 11: The graph Z in the proof of Theorem 3.6.

Proof of the claim. In her first four moves, Maker claims two edges incident to ¢, and two
edges incident to r. If, at that point, one of the four edges closing a Maker’s path of length 3
between ¢ and r is unclaimed, she claims it and she is done.

Otherwise, all these edges are claimed by Breaker, and so, at most one edge claimed by
Breaker is incident to either £ or r. In her next two moves, Maker claims one more edge at
both £ and r, and so, there are nine edges that complete Maker’s path of length 3 from ¢ to
r. As Breaker claimed only seven edges before Maker’s next move, at least two of those edges
are unclaimed, and Maker completes her path from ¢ to r. o

We are now ready to describe the reduction. To prove it is PSPACE-hard, we give a reduc-
tion from UNIFORM POS CNF 6 where Falsifier plays first, as in the proof of Theorem 3.3.

Let ¢ be an instance of UNIFORM POS CNF 6 in which Falsifier plays first. From ¢, we
construct the graph G in the following way. For each clause Cj in ¢, j € {1,...,m}, we add
a new copy of the clique Kg and denote one of its vertices as C;. For each variable x; in ¢,
i €{l,...,n}, we introduce a new edge denoted by x;, all pairwise vertex-disjoint. For each
variable edge x;, we add a new copy of the graph Y and identify one of the ends of z;, called
its “upper” vertex, with the vertex ¢t of Y. The other vertex of the variable edge will be called
the “lower” vertex. Finally, for each variable x; and each clause Cj that contains that variable
in ¢, we introduce a new copy of the graph Z, identifying the vertex ¢ (r, respectively) of
this copy of Z with the “lower” vertex of x; (with Cj, respectively). See Figure 12 for an
illustration of G, and note that G is clearly constructed in polynomial time.

We prove that Satisfier wins in ¢ if and only if Breaker wins the H-game in G.

First, we prove that if Satisfier wins in ¢, then Breaker wins the H-game in G. Assume
that Satisfier wins in ¢. Then, Breaker can apply the winning strategy of Satisfier in ¢ on
the variable edges of GG, and play arbitrarily in the rest of the graph G. For a contradiction,
assume that, at the end of the game, Maker claimed a copy of H.

The graph H contains a triangle, the graph Y is triangle-free, and the middle part of G
(what remains of G when all of the copies of Y and K§ are removed) is bipartite. Hence, the
triangle in Maker’s copy of H needs to be within one of the copies of K¢ on one of the clause
vertices, denote it by C. But, in H, Maker also claimed six 5-cycles connected by Maker’s
paths of length 4 to that Maker’s triangle. As the other Kg’s are too far away, the only
remaining non-bipartite parts of the base graph that are close enough are the six copies of Y
glued to the edges corresponding to the variables in the clause C in ¢. Since Breaker wins as
Satisfier in ¢ on the variable edges in GG, at least one of these six variable edges is claimed by
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Figure 12: The graph G constructed in the proof of Theorem 3.6.

Breaker, and so, Maker does not have six internally disjoint paths of length 4 from the clause
vertex C to six different 5-cycles, a contradiction.

Now, we prove that if Falsifier wins in ¢, then Maker wins the H-game in G. Assume
that Falsifier wins in ¢. Maker first claims a variable edge in G that corresponds to the
variable she wants to set to false in ¢ according to her winning strategy as Falsifier in ¢.
Maker then partitions the edge set of the base graph into several parts, and plays on each of
them separately, responding in each of them as the second player. She plays arbitrarily in
G whenever she cannot follow her strategy, and then she resumes her strategy. Specifically,
she uses Falsifier’s winning strategy in ¢ on the variable edges of G. On each copy of Y, she
claims a Cj through the attachment vertex, as guaranteed by Claim 3.8. In each copy of Z,
she claims a path connecting the end vertices, as guaranteed by Claim 3.10. Finally, in each
copy of Kg, she claims a C3 on the attachment vertex, as guaranteed by Claim 3.2.

Now, we can spot a clause for which all six of the variable edges are claimed by Maker,
and locate a Maker’s copy of H on that clause’s vertex. Indeed, Maker’s graph will contain a
triangle on that clause’s vertex, six paths of length 3 that connect that clause’s vertex with
the six Maker’s variable edges, and on the “upper” vertex of each of those edges, there will
be a Maker’s 5-cycle. O
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Figure 13: Maximal non-bipartite graphs for which Breaker wins the P;-game.

4 Linear-time Algorithms

In this section, we give linear-time algorithms to solve the Pj-game in any graph, and the
K y-game in trees for any fixed integer ¢ > 1.

4.1 Linear-time algorithm for the P,-game

The P4 game can be solved in polynomial time by the algorithm of Galliot et al. for Maker-
Breaker games with winning sets of size at most three [20]. However, this algorithm does not
give any structural insight about the graphs in which Maker (Breaker, resp.) wins, and it
runs in time O(|V(H)’|E(H)|> + |[V(H)|°A(H)), where H is the hypergraph for the game.
We give a necessary and sufficient structural condition for Breaker to win the P;-game in any
graph G. This leads to a linear-time algorithm to decide the outcome of the P;-game.

Theorem 4.1. For any connected graph G, Breaker wins the Py-game in G if and only if

1. G s bipartite and all the vertices of degree at least 3 are in the same part; or
2. G is an odd cycle; or

3. G is a subgraph of the bull, K4, or a Cs with a leaf attached to one vertex (see Figure 13).

Proof. We first prove the “if” part. One can check with a small case analysis that Breaker
wins in the first three graphs of Figure 13, and thus, in all their subgraphs by Lemma 2.1. For
the odd cycle, Breaker wins with the following strategy. Let (e,...,ea11) be the edges of
the cycle in this order. Without loss of generality, let e; be the first edge claimed by Maker.
Then, Breaker claims egsy1, and then follows a pairing strategy by pairing edges eg; with
€9i+1, for 1 < i < £ (egy is not paired).

Thus, we can assume that G is bipartite with all the vertices of degree at least 3 in the
same part. Let V(G) = AU B be a bipartition of the vertices of G with the part A containing
all the vertices of degree at least 3, and so, the vertices of B have degree at most 2. Note that
any path on four vertices must contain an inner vertex in B, and thus, two edges incident to
the same vertex in B. Thus, Breaker can win by following a pairing strategy where, for each
vertex v of B, the (potentially) two edges incident to v are paired together.

We now prove the “only if” part. Let G be a graph that does not satisfy the three
conditions of Theorem 4.1. The proof is divided into four cases:

1. G contains a diamond (K4 minus one edge).

2. G contains a triangle, but not a diamond.
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3. G contains an odd path between two vertices of degree at least 3, but not a triangle.

4. (G contains an odd cycle with a unique vertex of degree at least 3.

These cases will cover all the possible graphs where Maker wins. Indeed, if G is bipartite,
then it would be treated in Case 3. If GG is not bipartite and not an odd cycle, then it has
a vertex of degree at least 3 in an odd cycle C. If C contains a unique vertex of degree at
least 3, then we are in Case 4. Otherwise, C' contains two vertices of degree at least 3, and
thus, there is an odd path between vertices of degree at least 3, and we are in Case 3 if G is
triangle-free. Otherwise, G' contains a triangle, but not a diamond (Case 2) or G contains a
diamond (Case 1).

Case 1. G contains a diamond. Since G is not restricted to a subgraph of Ky, G contains
a subgraph that is a diamond with a leaf connected to it (either to a vertex of degree 3 or to
a vertex of degree 2 in the diamond). One can easily check that Maker wins the Pj-game in
these subgraphs, and thus, by Lemma 2.1, she wins in all the graphs containing them.

Case 2. (G contains a triangle, but not a diamond. Let uvw be this triangle. Since
G is not a triangle (it would be a subgraph of the bull), at least one vertex, say u, must
be connected to another vertex z. Note that z is not connected to any other vertex of the
triangle, as otherwise G would contain a diamond. Since G is not restricted to the graph on
the vertices {u,v,w, z} (because otherwise it would be a subgraph of Kj), there is another
vertex x in the graph.

Assume first that x is connected to z. Then, Maker claims zu. Then, she has a pairing
strategy with pairs (xz,vw) and (uv, uw). Assume now that z is connected to u. Then, Maker
claims vw, and then follows a pairing strategy with pairs (zu,zu) and (uv,uw). Finally,
assume that z is connected to the triangle, without loss of generality, by v. Since G is not
a bull and does not contain a diamond, there must either be an additional edge, and it can
only be zz (otherwise G would contain a diamond) or there is another vertex connected to
the graph. The first case returns to the case where x was connected to z. For the second
case, the only possibility not covered yet is that there is a vertex t connected to w. Then,
Maker claims uw. If Breaker then claims vz or vu, then Maker claims wz, and pairs tw with
wv. Otherwise, without loss of generality, Breaker then claims uz. Then, Maker claims uv
and pairs tw with vz.

From now on, we can assume that G is triangle-free. Thus, Maker just needs to claim any
three consecutively incident edges and will be sure to obtain a Pj.

Case 3. G contains an odd path between two vertices of degree at least 3, but
not a triangle. Let u and v be two vertices of degree at least 3 connected by an odd path
P. We choose u and v such that P has minimum length. Let ej,...,e91 be the edges of P
with ep incident to u, and egp41 incident to v. Let e, and €], be the two other edges incident
to u, and e, and e} the two other edges incident to v.

If ¢ = 0, then Maker claims e; and follows a pairing strategy with pairs (e, €},) and (e,, €l,)
(e, and e}, are vertex-disjoint from e, and e/, since G is triangle-free). Assume now that £ > 0.
Maker starts by claiming eo. Assume first Breaker does not answer by claiming e;. Then,
Maker can claim e; as her second move. Then, either she pairs e, with €, if Breaker did not
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Figure 14: A tree where Maker wins the Pj;-game, but must play disconnected. By adding
an even number of degree-2 vertices in the middle path, this gives a family of trees where the
number of moves to win for Maker is unbounded.

claim any of these edges on his first move, or she pairs e, or e/, (the one that is unclaimed)
with e3. Therefore, we can assume that Breaker answers by claiming e;.

Assume now, by induction on 1 < i < ¢, that before their i** moves, Maker has claimed
all the even edges eg;, and Breaker has claimed all the odd edges eg;—q for j =1,...,i—1 (we
have shown this is true for ¢ = 2 above). Then, on her it move, Maker claims es;. Breaker
has to answer by claiming eg;_1, since otherwise Maker can claim eg;_1, creating a P, with
e2; and eg;_o. Then, the inductive hypothesis holds for ¢ + 1. Repeating this argument, for
her ¢*" move, Maker claims egs, and Breaker has to answer by claiming egy_1. Then, Maker

claims egp11 and pairs e, with e}, which will create a Pj.

Case 4. G contains an odd cycle with a unique vertex of degree at least 3. Let
u be the unique vertex of degree at least 3 in an odd cycle in G. Let e,...,eq 11 be the
edges of the cycle, with v incident to e; and eggy1. Let v be a vertex adjacent to u, but not
in the cycle (it exists since u has degree at least 3). Since G is triangle-free, £ > 1. Assume
first that £ = 2. Since G is not restricted to a C5 with a leaf, and since any additional edge
will create another vertex of degree at least 3 in the cycle, there must be another vertex w
in the graph. If w is adjacent to u, then Maker claims e;. Then, as before for the odd path,
Breaker should answer by claiming e;. Then, Maker claims e4, and Breaker should answer
by claiming e3. Finally, Maker claims es, and then pairs uv with ww. If w is adjacent to v,
then Maker claims wv. Breaker should answer by claiming vw, as otherwise Maker can make
a P3 with two free extremities. Then, Maker can force moves by claiming ey (Breaker then
claims ey), then ey (Breaker then claims e3), and then win by claiming es.

Assume now that ¢ > 2, i.e., the cycle has length at least 7. Maker claims e4. Breaker
should claim either e3 or e5 to avoid a P3 with two free extremities. If, without loss of gener-

ality, Breaker claims e3, Maker can again force moves by claiming the even edges eg, . .., 9.
Breaker always has to answer by claiming the preceding odd edges es, . .., esr_1. Then, Maker
claims egpy1 and pairs e; with uv, making a Pj. ]

The conditions given in Theorem 4.1 are checkable in linear time, which implies the
following:

Corollary 4.2. It can be decided in linear time whether Maker wins the Pyi-game in a given
connected graph G.

Solving the Pp-game for ¢ > 4 seems difficult, even for trees, since Maker’s winning strategy
can be highly non-trivial. Indeed, already for ¢ = 4, there are trees for which Maker needs an
unbounded number of moves to win and needs to play in a disconnected way. An example
is given in Figure 14, where there can be an arbitrary even number of vertices of degree 2 in
the middle path. Moreover, this can be generalized for the Ps,-game for any £ > 4.

21



However, if one extremity of the path is fixed, the game becomes easy. Consider the
rooted path game in a tree T rooted in r: Maker wants to make the longest possible path
that starts from r. Let £y (T,r) (¢p(T,r), respectively) be the longest path starting from r
that Maker can construct when she plays first (when Breaker plays first, resp.).

Lemma 4.3. Let T be a tree rooted in r, x1,...,xs the children of r, and T1,...,Ts the sub-
trees rooted in x1, ..., xs. Without loss of generality, assume that {g(Th,x1) > {p(Te,x2) -+ >
lp(Ts,xs). Then, by (T, 1) =Lp(T,r) =0 if r is the single vertexr in T'. Otherwise:

KM(T, ’I”) =1+ EB(Tl,xl)

£B(T, T’) =1 + eB(TQ,a?Q).

In particular, they can be computed in linear time.

Proof. Consider first 5 (T, ). Maker can construct a path of length 14+¢p (77, x1) by claiming
the edge rz1, and then following her strategy as the second player in 717 rooted in xy. If
Maker claims rx; as her first edge, then Breaker can assure her path has length at most
1+ 4p(T;,z;) <1+ ¢p(Ty,z1) by following his strategy in 7; rooted in ;.

Consider now Breaker as the first player. By claiming rz1, the game is then equivalent to
the game in the tree 7" where T} has been removed and Maker starts. As before, Maker will
claim a path of length 1 + ¢p(T%, z2). Breaker cannot do better: if he claims another edge
that is not in 77, then Maker claims rz; and can construct a path of length 1+ ¢5(Ty,x1),
which is worse for Breaker. If he claims an edge e = wv in T, the game is equivalent to the
game played in T"”, the tree obtained by cutting the tree on the edge e and keeping the part
containing r. Since T” contains T, Maker will be able to construct a path of length at least
1+€B(Tg,x2). ]

4.2 K, ,-game in trees

In this section, we consider the K s-game in trees. Otherwise said, Maker needs to claim ¢
edges adjacent to the same vertex. We prove that this game is tractable in trees.

Theorem 4.4. For any tree T and any fixed integer £ > 1, it can be decided in linear time
whether Maker wins the Ky ¢-game in T'.

To prove this theorem, we need three structural lemmas. The first one is true for the
K y-game in any graph.

Lemma 4.5. For any graph G and any fized integer £ > 1, if G contains a vertex of degree
at least 20 — 1, then Maker wins the K1 ¢-game in G.

Proof. Let u be a vertex of degree at least 2¢ — 1. Maker claims any ¢ edges incident to u in
her first £ moves. O

Lemma 4.6. For any fized integer £ > 1, if T is a tree with maximum degree at most 2 — 2
and at most one vertex of degree 2¢ — 2, then Breaker wins the Ky o-game in T'.

Proof. Let r be a vertex of maximum degree (possibly 2¢ — 2) and root T in r. We define
a pairing strategy for Breaker as follows. For any vertex u € V(T), let vy,...,v, be its
children, and pair together the edges {uvy;_1,uve;} for i =1 to i = |t,/2|. Breaker, playing
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(T, u, uw)-cut
—_—

T Th Ty

Figure 15: Illustration of a (7', u, uw)-cut. If u has degree 2¢ — 2, then the K j-game in T or
in the cut has the same outcome.

this pairing strategy, will claim at least half of the edges incident to r (so Maker will claim
at most ¢ — 1 edges incident to r) and, for any other vertex w € V(T'), Breaker will claim at
least [12~1| edges incident to w. Since t,, < 2¢ — 2 as r is the only vertex that could have
degree 2¢ — 2, Maker will claim at most £ — 1 edges incident to u. O

The next lemma will enable us to cut a tree into several components when there is a vertex
of degree 2¢ — 2. We first describe the cut operation we are using. Let T be a tree and let
uw € E(T). Let T,, and T, be the two trees composing the forest 7"\ {uw}, with u € V(T},)
and w € V(T,,). Let T} be the tree obtained from T, by adding one pendent edge incident to
u, and let T be the tree obtained from T, by adding two pendent edges incident to w. We
call the forest 77 U Ty a (T, u, uw)-cut. See Figure 15 for an illustration.

Lemma 4.7. For any fized integer £ > 1, let T be a tree with a vertex u of degree 20 — 2, w
any neighbor of u, and Ty UT, the (T, u,uw)-cut. Maker wins the K; g-game in T if and only
if she wins the Kj g-game in Th U T5.

Proof. Let e be the edge added to u in 77, and eq, e5 the two edges added to w in T5. Assume
that Maker wins in T'. In T U 75, Maker plays as follows. She pairs the edges e; and es, and
associates all the other edges with their corresponding edges in 7' (e is associated with uw).
Then, she plays as in T. If Breaker claims e or ey, then she claims the other edge. At the
end of the game in T, there is a vertex x in T that has ¢ incident edges claimed by Maker.
If z # w, it has the same ¢ incident edges at the end of the game in 77 U Ty (with possibly
the edge uw replaced by e if x = u). If z = w, and Maker claimed the edge uw that is not
present in 75, in the game in T, then Maker claimed the same ¢ edges in the game in 77 U T5
except that uw has been replaced by one of the edges e; or es.

For the other direction, assume that Maker has a winning strategy in 77 U T5. By
Lemma, 2.2, she wins either in 77 or in T5. Assume she wins in 7. Then, she can follow the
same strategy in 7" without taking care of Breaker’s moves in the rest of 7' (and considering
that e = uw). Assume now she wins in 7. By Lemma 2.4, since e; and e are interchangeable
in any winning set that contains one of them, Maker also wins in (7%, {e1}, {e2}), (i.e., T
where e; is claimed by Maker and ez by Breaker).

To win in 7', Maker first claims uw. Then, Breaker should answer by claiming an edge
incident to u since u has degree 2¢ — 2 (otherwise, Maker can claim ¢ edges incident to u).
Then, Maker follows her winning strategy in (75, {e1}, {e2}) in T}. The unclaimed edges are
in a one-to-one correspondence, and the vertices have the same number of edges claimed by
Maker (that is, one for w, and 0 for the other vertices). Thus, Maker will win in 7' O]

The next theorem gives a necessary and sufficient structural condition for Maker to win
the K y-game in trees. This will imply Theorem 4.4 since it is easy to check if a tree has this
structure (see the proof of Theorem 4.4 below).
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Theorem 4.8. Let T be a tree and ¢ > 1 a fized integer. Maker wins the Ki o-game in T
if and only if there is a subtree T' of T such that every vertex x of T' has degree at least
20 — 1 —dp/(z) in T, where dr:(z) denotes the degree of x in T'.

Note that if 7" is reduced to a single vertex, it must have degree 2¢ — 1 in T, which
corresponds to Lemma 4.5. Otherwise, all the leaves of 7" must be of degree 2/ —2 in T'. The
theorem says that these leaves must be connected by vertices of sufficiently large degree.

Proof. We prove the equivalence by induction on the number of inner vertices of T (i.e.,
vertices of degree at least 2). Assume that T  has only one inner vertex u. The only possibility
for T" is to be the single vertex u, and Maker wins if and only if u has degree 2¢ — 1. Thus,
the equivalence is true.

Assume now, by induction, that the result is true for any tree with at most i — 1 > 1
inner vertices. Let T be a tree with ¢ inner vertices. If T' has at least one vertex u of degree
at least 2¢ — 1, then take T” to be the single vertex u, and Maker wins by Lemma 4.5. If T
has maximum degree at most 2¢ — 2, and 7" contains at most one vertex of degree 2¢ — 2, it is
not possible to have a subtree T” satisfying the property. Indeed, since T cannot be a single
vertex, it must have at least two leaves of degree 2¢ — 2 in T. By Lemma 4.6, Breaker wins,
and so, the equivalence is true.

Thus, we can assume that T has at least two vertices of degree exactly 2/ — 2. Let u
and v be two vertices of degree 2¢ — 2 at maximum distance from each other. Let w be the
neighbor of u on the path between u and v. Let 17 U Ty be the (T, u,uw)-cut. Note that,
by the maximality of the distance between u and v, the vertex u is the only vertex of 17 of
degree 2¢ — 2. In particular, Breaker wins in 77 by Lemma 4.6. By Lemma 4.7, Maker wins
in T if and only if she wins in 77 UT5. Then, since Breaker wins in 77, by Lemma 2.2, Maker
wins in T if and only if she wins in T5. The tree T has strictly less than ¢ inner vertices, and
thus, by induction, Maker wins in 7% if and only if there is a tree T3 such that every vertex
of degree t in T} has degree 20 — 1 — ¢ in Tp.

Assume Maker wins in 7. This means that such a T exists. If w ¢ V(T3), then it is a
valid tree T” for T. If w € V(T3), then T4 does not contain the two pendent edges incident to
w (since no leaf of Ty can belong to T4). Then, let 77 be the subtree of T' obtained from 77
by adding u. Note that T4 cannot have leaves of T as vertices, and thus, all its vertices are
inner vertices of T. Since u is a leaf of T” and has degree 2¢ — 2 in T, it satisfies the degree
condition. This is also true for all the other vertices of T” except w. Let to be the degree of w
in T5. By hypothesis, its degree in Ts, dr, (w), is at least 2 — 1 — t5. The vertex w has degree
to+1in T’ and dp, (w) —1in T. Thus, dp(w) = dp,(w)—1>20—1—ty—1=20—1—dp(w),
and T” satisfies the property.

For the other direction, assume that there is a subtree 7’ valid in T. Let uw’ be the
pendent edge in T (i.e., w’ ¢ V(T)). If T” is a subtree of T} \ {w’}, then, by induction, Maker
wins in 77, and, by Lemmas 2.2 and 4.7, she wins in 7. Otherwise, let V(T4) = V(T") NV (T3).
As before, one can prove that the degree condition is correct for each vertex in T in 75 (indeed,
if u was in 77, then w has one less neighbor in 7% than it did in 7”7, but this is compensated
by the fact that w has one more neighbor in 75). Thus, by induction, Maker wins in 7%, and
so, by Lemmas 2.2 and 4.7, Maker wins in 7.

Therefore, the equivalence is true for 7', and, by induction, is true for all T O

This characterization implies a linear-time algorithm for this game.
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Proof of Theorem 4.4. To find such a T’, one can do a breadth-first search starting from any
vertex of T. Label each vertex with its degree in T'. Then, consider each vertex x, starting
from the deepest level. If z has label 2¢ — 2, then increment the label of the parent of x by
1, and otherwise, do nothing. If at some point a vertex is labeled with 2¢ — 1, then Maker
wins, and otherwise, Breaker wins. Note that when we increment the label of a vertex, it
corresponds to the cut operation. Precisely, if a vertex v receives a label 2¢ — 1, let T3, be the
subtree rooted in v. Then, a subtree T" satisfying the requirement is the inclusion-minimal
subtree of T, containing v and whose leaves (# v) have degree 2¢ — 2 in 7' O

Whether the K g-game is polynomial-time solvable for general graphs is still open, but
we prove in the next section that it is FPT parameterized by the length of the game.

5 FPT Algorithms

In this section, we consider the H-game parameterized by the length of the game k. That is,
given a fixed integer k € N, a fixed graph H, and a graph G as input, the problem consists
in deciding whether Maker wins the H-game in at most k moves.

In particular, we prove that determining the outcome for the K y-game in any graph and
the H-game in any tree are both FPT parameterized by k.? The next theorem is crucial for
these results, and is interesting on its own since it allows to bound the diameter of the graph
after Maker’s first move, which could lead to other positive results for the H-game, and the
proof technique could be generalized to other games on graphs.

For any graph G, e = wv € E(G), and r € N, let Bg(e,r) = {ww’ € E(G) | max{distg(u,w),
distg(v,w), distg(u,w'), distg(v,w’)} < r}. Given a graph G and X,Y C E(G) (with
|X| = |Y| + 1), Breaker wins the H-game in position (G,X,Y) in ¢ > 1 moves if it is
Breaker’s turn and Maker cannot create H in at most ¢ — 1 moves after Breaker’s next move.

Theorem 5.1. Let H be a connected graph, G any graph, and k a positive integer. Maker
wins the H-game in G in at most k moves if and only if there exists e € E(G) such that
Maker wins the H-game in G[Bg(e,3)] in at most k moves.

Proof. First, if there exists e € F(G) such that Maker wins the H-game in G[Bg(e, 3%)] in at
most k moves, then Maker wins the H-game in G in at most & moves by Lemma 2.1. Now,
assume that Breaker wins the H-game in G[Bg(e, 3%)] in at most k& moves for each e € E(G).
We describe a winning strategy for Breaker in the H-game in GG that takes at most k moves.

Let e be the first edge claimed by Maker, and let G1 = G[Bg(e1,3%)]. Note that Breaker
wins the H game in (G1,{e1},0) in at most k moves by the initial assumption. In particular,
if Maker always claims an edge in GG1, then Breaker wins.

First, Breaker answers to Maker claiming e; by following his winning strategy in Gj.
Let 2 < i < k be the i** round of the game, before the i** move of Maker, and let M; =
{e1,...,ei—1} be the edges claimed by Maker, and B; = {f1,..., fi—1} the edges claimed by
Breaker. Assume, by induction on ¢, that there exist edge-disjoint subgraphs G1, ..., G, such
that:

2Note that it may be possible to obtain these results via meta-theorems [9, 12, 19] combined with adapting
the arguments of Bonnet et al. [7] to express the winning conditions in first-order logic formulas with k quan-
tifiers. However, compared to our results, these meta-theorems would not provide an optimal strategy for the
winning player and they can entail much larger running times.
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e for every 1 < j < s;, there exists e; € F(G) such that E(G;) C Bg(ej, 3%);

e for every e € M;, there exists a unique 1 < j¢ < s; such that e € E(Gjé) and, moreover,
Bg(e, 3" C BE(Gy);

e for every 1 < j <'s;, Breaker wins the H-game in (G, E(G;) N M;, E(G;) N B;) in at
most k — 7 + 1 moves.

The inductive hypothesis holds if i« = 2 by remarks above (in particular, s = 1). Assume
that the inductive hypothesis holds for i > 2. Let e; be the i'" edge claimed by Maker.

e If there exists 1 < j < s; such that Bg(e;,3*%) C FE(Gj), then Breaker answers
by following his winning strategy in G;. Note that, in this case, j is unique since
Gi,...,G,, are edge-disjoint subgraphs by the inductive hypothesis for 7. Then, the
inductive hypothesis holds for i + 1 with the same subgraphs Gy, ..., G, (in particular,
8i = 8i41)-

o If Bg(e;, 3" N E(G;) = 0 for all 1 < j < s, then let s;1; = s; +1 and G, =
G[Bg(e;,3¥7")]. Then, Breaker answers by following his winning strategy in Gj, o
which exists by the assumption that Breaker wins the H-game in G[Bg(e,3%)] in at
most k moves for each e € E(G), and since G, ..., G, ., are edge-disjoint subgraphs by
the inductive hypothesis for ¢ and the case we are in. Indeed, by Lemma 2.1, Breaker
has a winning strategy in G[Bg(e;, 387%)] in k—i moves since he has one in G[Bg(e;, 3%)]
in k& moves (if Maker cannot create H in k moves, then she clearly cannot do it in k — 4

moves in a subgraph). Then, the inductive hypothesis holds for i + 1.

e Lastly, if there exists ) # J C {1,...,s;} such that, for all j € J, Bg(ei, 3* 9 )NE(G;) #
0 and Bg(e;, 3" \ E(G;) # 0, then let s;y1 = s; + 1 and Gs,,, = G[Bg(e;,3577)].
Now, for every j € J, let E; = {f € E(G;) | B(f,2-3*%) ¢ E(G;)}. Note that, for
every f' € M; and j € J, E;NB(f’,3*~%) = () by the second assumption of the inductive
hypothesis for i. For all j € J, let G; = G[E(G;) \ E;] (intuitively, the edges of G that
are “too close” to Gs,,, are removed from Gj), and note that Gy,...,G,,,, are now

edge-disjoint subgraphs since G, ..., G, were edge-disjoint subgraphs by the inductive

hypothesis for i. Now, Breaker plays his next move according to his winning strategy
in G, ,, which, as in the previous case, exists by the assumption that Breaker wins the

H-game in G[Bg(e, 3%)] in at most k moves for each e € E(G), and since G, ..., Gy,

are edge-disjoint subgraphs. Then, the inductive hypothesis holds for ¢ + 1.

The inductive hypothesis and the strategy described above guarantee that Breaker wins,
i.e., Maker cannot win in G in at most k moves. O

With Theorem 5.1 in hand, we now have one of the main tools to prove our FPT results,
which rely on the fact that we only need to consider the ball (of edges) of bounded diameter
in the length of the game centered at the first edge claimed by Maker.

Corollary 5.2. For any graph G and any fized integer £ > 1, deciding whether Maker wins
the K1 ¢-game in G is FPT parameterized by the length of the game.
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Proof. Consider the K ¢-game, for a positive constant ¢ (recall that H is a fixed graph in
the H-game), in any graph G. Let k be the length of the game. If there is a vertex of degree
at least 2¢ — 1, then Maker wins in ¢ moves by Lemma 4.5. Hence, we can assume that the
maximum degree is at most 2/ —2. By Theorem 5.1, Maker wins in G in k moves if and only if
she wins in k moves in one of the balls B(e, 3%) for some edge e € F(G). Since A(G) < 20— 2,
for any edge f € E(G), the ball B(f,3") has size at most (2(A(G) — 1))3" = (4¢ — 6)3", i.c.,
a function of k since £ is a constant. Therefore, one can check if Maker wins by first checking
the maximum degree, and then checking the outcomes of all possible games in the |E(G)]
balls (of edges) of diameter 3% which have size bounded by a function f(k). Indeed, this leads
to an FPT algorithm since, in any graph of size bounded by a function f(k), the output of
the H-game in at most k moves can be determined by an exhaustive search in time f’(k) for
some computable function f’ (the length of the game is k, and the number of possible moves
at each step is at most the number of edges which is at most f(k)). O

Theorem 5.1 combined with the particular structure of trees leads to the following result.

Theorem 5.3. For any connected graph H and any tree T, deciding whether Maker wins the
H-game in T is FPT parameterized by the length of the game.

Proof. First, note that if H is not a tree, then Breaker trivially wins the H-game in T, and
so, we can assume that H is a tree. We prove that the H-game parameterized by the length
of the game k admits a kernel in 7. That is, from 7', we build, in polynomial time, a forest
F of size at most a function of k (precised below) such that Maker wins in 7" in at most k
moves if and only if there exists a connected component of F' in which Maker wins in at most
k moves.

First, for every edge e € E(T'), let T, be the subtree of T induced by the edges at distance
at most 3* from e, i.e., T, is the subtree induced by B (e, 3’“). Let F' be the forest that consists
of the disjoint union of the T.’s, e € E(T). By Theorem 5.1, Maker wins in 7' in at most k
moves if and only if there exists e € E(T") such that Maker wins in 7, in at most k& moves.

The depth of a rooted tree is the maximum distance from its root to a leaf. For every
e € E(T), let us root T, in such a way that it has depth d. < 3* (this is possible by the
definition of T,). A vertex v € V(T,) has level i > 0 if the subtree of T, rooted in v has depth
i. Let us iteratively, for i = 1 to de, replace T~ ! (T, = T?) by a tree T! such that: Maker
wins in 77~! in at most k moves if and only if Maker wins in at most k& moves in T/; and,
for every vertex v € V(T}) at level i, the subtree of T! rooted in v has size at most n;(k) (a
function of & whose recursive definition is given below).

First, for ¢ = 1, for every vertex v at level 1 in T, (i.e., all children of v are leaves), if
v has more than 2k children, then remove all but 2k of its children. Let T} be the obtained
tree. By construction, every vertex v € V(T1}) at level 1 is the root of a subtree of size at
most nj(k) = 2k + 1. Moreover, since, for every vertex v at level 1 in T¢, at most 2k edges
between v and leaves can be claimed (as the length of the game is k), then the output of the
H-game is the same in T, and T..

Now, by induction on i > 1, let us assume that we have built a tree T/ such that Maker
wins in 7! in at most k& moves if and only if Maker wins in at most k moves in T,; and, for
every vertex v € V(T}) at level i, the subtree of T! rooted in v has size at most n;(k). Let
gi(k) be the number of rooted trees of depth at most ¢ and of size at most n;(k). For every
v € V(TY) at level i + 1, let S, ..., S, be the subtrees rooted in the children of v (note that
each of these subtrees has depth at most ¢ and size at most n;(k)). For every possible rooted
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subtree S of depth i and size at most n;(k), if there are more than 2k copies of S in the
multiset of trees {S1,...,S,}, then remove all but 2k copies of S. Let Ti™! be the resulting
tree (after having done the above process for every vertex at level i + 1 of T¢). In T: T every
vertex at level i 4+ 1 has at most 2kg;(k) children and those children are the roots of subtrees
of size at most n;(k), and hence, every vertex at level i + 1 is the root of a subtree of size at
most n;41(k) = 2kg;(k)n;(k). Moreover, for every vertex v at level i + 1 in T¢, at most 2k
edges in the subtree rooted at v can be claimed. Therefore, the output of the H-game is the
same in T¢ and T/

After the above process has been done for i = d. < 3k for each subtree T¢, e € E(T),
F consists of the disjoint union of the trees T5%, e € E(T), each of size at most ng;(k), and
Maker wins in 7' in at most & moves if and only if she wins in at most k£ moves in some
connected component of F'. While two of these subtrees are isomorphic, let us remove one of
the two isomorphic subtrees. This clearly preserves the fact that Maker wins the H-game in
T in at most k moves if and only if she wins in at most k£ moves in some connected component
of F. Moreover, eventually, F' has size at most gsx(k)nsg(k), i.e., this is the desired kernel.

To conclude, this leads to an FPT algorithm since, in any graph of size bounded by
a function f(k), the output of the H-game in at most k moves can be determined by an
exhaustive search in time f/(k) for some computable function f’ (the length of the game is
k, and the number of possible moves at each step is at most the number of edges which is at
most f(k)). O

6 Further Work

Since the H-game is PSPACE-complete when H is a tree, we investigated the complexity of
the H-game when H is a member of different subclasses of trees, leading to positive results.
Another natural direction is to consider the case when H is a cycle. While we were unable
to resolve this case, we prove that the related arboricity-k game is polynomial-time solvable.
For any graph G, the arboricity of G, denoted by ar(G), is the minimum number of forests
into which its edges can be partitioned. In the arboricity-k game played on the edge set of a
graph, where k > 2, Maker wins if her graph at the end of the game has arboricity at least k.
It is particularly interesting when k = 2 since this is the cycle game (see, e.g., [5]), the game
in which Maker’s goal is to claim a cycle, i.e., F is the set of all the cycles in the graph.

Theorem 6.1. For any graph G, Maker wins the arboricity-k game in G if and only if
k < [ar(G)/2]. Moreover, this can be decided in polynomial time.

Proof. Let £ := ar(G). It was shown in the proof of [32, Proposition 17] that Breaker can
ensure that Maker’s graph at the end of the game has arboricity at most [¢/2]. On the
other hand, if we denote Maker’s and Breaker’s graphs at the end of the game by M and B,
respectively, then this defines a 2-partition of the edge set of G, and so, ar(M) + ar(B) > /.
We can apply strategy stealing to ensure the existence of a strategy for Maker that ensures
her graph has high arboricity. Indeed, suppose that Breaker has a strategy to keep Maker’s
arboricity strictly below /2. Then, by strategy stealing, Maker as the first player can apply
the same strategy to keep Breaker’s arboricity strictly below ¢/2. But, these two strategies
put against each other would violate ar(M) + ar(B) > ¢, a contradiction. Hence, Maker can
ensure that ar(M) > £/2 at the end of the game. Since ar(M) is an integer, we are done.
Hence, to determine the outcome of the arboricity-k game, it is enough to determine
ar(G), which can be done in polynomial time [33]. O
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Remark 6.2. In the proof of Theorem 6.1, we use strategy stealing to prove the existence of a
strateqy for Maker, but this does not provide us with an explicit strategy. However, we can use
the Nash-Williams arboricity theorem which gives ar(G) = [maxG/gG HLJ(EC(?%—‘ Therefore,

there exists G' C G with % > ar(G) — 1. If Maker restricts her playing to G’ for as

long as there are unclaimed edges in G', she will claim at least |E(G')|/2 edges in G'. This

ensures that ar(M) > %, which makes this explicit strategy optimal.

Still in regards to the H-game, it would be interesting to know the order and/or size of the
smallest graph H for which the H-game is PSPACE-complete. Further, we only have positive
results for the H-game played in trees. We wonder for which graphs H, the H-game in trees
can be solved in polynomial time. Also, as the H-game is PSPACE-complete in graphs of
diameter at most 6, and Maker-Breaker games, in general, are W[1]-hard parameterized by
the length of the game k [7], is the H-game W/[1]-hard parameterized by k7

In general, it would be intriguing to know the complexity of other classic Maker-Breaker
games played on edge sets of general graphs, such as the Hamiltonicity game. Lastly, what
about these games for other conventions like Avoider-Enforcer?
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