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Abstract

In this research, an examination is conducted on a model derived from the inquiry
into the efficacy of HIV Pre-Exposure Prophylaxis (PrEP) within high-risk pop-
ulations. To achieve this objective, we employ an SI model coupled with an
age-structured equation to delineate the dynamics of individuals under PrEP pro-
tection, incorporating an infected-dependent rate of new users recruited from the
susceptible population. This nonlinear term is contingent upon a factor dedicated
to the political or economic context of a government. Local asymptotic stability
for both disease-free and endemic equilibria is established, and global asymp-
totic stability for the disease-free steady-state is demonstrated. To address the
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system’s behavior, a reduction of the partial differential equation is undertaken,
presenting it as a coupled system of differential equations and a delayed differ-
ence equation. Lastly, persistence is substantiated when the endemic equilibrium
is realized.

Keywords: Age-structured PDE, Delay differential-difference system, Local and
global asymptotic stability, SI epidemic model.

MSC Classification: 34K60 , 37N25 , 92D30

1 Introduction

HIV (Human Immunodeficiency Virus) is a retrovirus that infects humans and leads
to AIDS (Acquired Immunodeficiency Syndrome). AIDS marks the advanced stage
of the infection, wherein the virus has depleted a substantial count of CD4 T-cells,
leading to immune system failure. It is crucial to note that this stage can be fatal
if left untreated. Typically, this stage manifests between 5 and 10 years after initial
infection, with an average survival time of 9.2 months [1]. At present, there is no cure
or vaccine available for HIV, and treatment options become limited once AIDS has
developed. In 2019, UNAIDS reported that around 38 million people worldwide were
living with HIV. Within that year, approximately 1.7 million individuals contracted
the virus, while 690,000 deaths resulted from AIDS-related illnesses [2]. HIV can be
transmitted through various means, including unprotected sex, mother-to-child trans-
mission, and exposure to contaminated blood through activities like drug injections.
While prevention methods may seem straightforward in theory, implementing them
systematically in practice proves more challenging for several reasons. One key factor
is that younger generations are less inclined to consistently use condoms during sexual
activity [3] while older generations [4] tend to underestimate their risk of infection.

A number of initiatives are already in place to help combat the current HIV epi-
demic. Among these, two treatments appear to be effective in preventing the spread
of the epidemic. Namely, PrEP (Pre-Exposure Prophylaxis) and TasP (Treatment as
Prevention).

PrEP is a treatment taken to reduce the risk of HIV infection. It is used by people
who are not HIV-positive but who are at high risk of exposure to HIV through sexual
intercourse or injecting drug use. PrEP combines several antiretroviral drugs and is
available in both oral and injectable forms. The oral form can be taken according to
continuous (daily) or discrete (on-demand) protocols. The on-demand regimen involves
taking the drug approximately 2 hours before and up to 2 days after each sexual
encounter. This worldwide approach has proven highly effective, offering excellent
protection against HIV transmission [5]. PrEP users have a significantly reduced risk
of HIV infection for three months. However, as PrEP does not protect against other
Sexually Transmitted Infections (STIs) [6], they are required to undergo STI screening
after this period, to renew their prescription of PrEP. They can then choose to continue
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treatment if they wish. When correctly implemented, PrEP has a proven impact on
HIV transmission [7].

TasP, on the other hand, targets people who are already infected (HIV-positive).
Individuals taking this drug are then unable to transmit the disease, thus protect-
ing their sexual partners [8, 9]. TasP is able to significantly reduce the viral load to
undetectable levels and maintain a nearly unchanged lifespan [10]. TasP, when imple-
mented at the population level, can effectively reduce the rate of transmission and
bring the epidemic under control.

PrEP and TasP have in common the need for total adherence to treatment to fully
exploit their potential to prevent the spread of HIV. However, many factors can lead to
treatment failure, such as forgetting to take the medication, stigma-related problems,
and side effects [11–13].

Many mathematical models have been investigated with the intent to bring light
to difficult questions arising from HIV/AIDS conditions [14, 15]. For a good review,
we suggest [16–18]. Delay differential equations have been one of the main tools in
HIV immunology modeling over the years [19, 20]. In [21], researchers examined the
influence of spatial factors on the MSM (Men who have Sex with Men) population,
segmented into immunity-based compartments. They integrated this approach with
an optimal control case to investigate the effects of varying PrEP costs. Similarly,
[22] explored a combined approach involving both ART (Anti-Retroviral Therapy)
and PrEP. They proposed an age-structured model incorporating infection ages and
conducted qualitative analysis alongside numerical simulations utilizing data from
China.

In [23], the authors developed a model for HIV/AIDS to evaluate the impact
of combining PrEP and ART drugs. They conducted mathematical and numerical
analyses to explore the effects of these combined controls in the context of PrEP drug
resistance. The findings indicated a significant reduction in new HIV infections when
both PrEP and ART are applied at high levels. However, the study also showed that
resistance to PrEP drugs could diminish or negate PrEP’s effects, especially at lower
efficacy levels.

In [24], a mathematical model was proposed to understand HIV/AIDS transmission
dynamics within a worker population, divided into isolated and non-isolated groups.
Isolated workers were HIV-negative individuals who disclosed their status and commit-
ted to maintaining it, while non-isolated workers included those either HIV-positive or
not wishing to reveal their status. The model extended the work of [23] by considering
PrEP use and effectiveness. The study aimed to assess the impact of isolated groups
on HIV/AIDS dynamics, revealing that high individual awareness and PrEP efficacy
significantly reduce the epidemic.

In [25], the authors designed and calibrated a compartmental model using Cana-
dian data to observe changes in serosorting patterns due to PrEP. The model
underscored the critical importance of maintaining high PrEP effectiveness.

Finally, in [26], the authors investigated the issue of reduced PrEP efficacy, pri-
marily due to non-adherence, and its effect on HIV/AIDS infection dynamics. The
study aimed to determine the critical threshold of PrEP efficacy needed to prevent
backward bifurcation, which occurs when efficacy falls below 100%. Conversely, with
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100% efficacy, indicating full adherence, the model exhibited a forward bifurcation.
The numerical analysis highlighted the crucial role of adherence in enhancing PrEP
efficacy.

Here, we base our model on the classic Kermack-McKendrick SI model [27], inte-
grating an age-structured phase to depict the impact of PrEP only. We do not deal
with other STIs or other treatments. These latter will be the object of further work.
The age variable is exclusive to the PrEP user compartment, symbolizing the dura-
tion spent between prescription renewals. To the best of our knowledge, this is the
first model that includes the time between two consecutive prescriptions. Individuals
who remain protected during this period are described by an age-structured equation.
The age structure allows for a more comprehensive system by adding the age variable
alongside the time variable (in our case, the protection age). This system extends a
previously published model outlined in [28]. As detailed in [28], it can be reformu-
lated into a delay differential-difference system, where the delay corresponds to the
duration of HIV protection provided by PrEP, approximately three months between
two prescriptions. The primary alteration concerns the nonlinear force of infection
[29] among PrEP users recruited from susceptible individuals. While previously con-
sidered as a constant parameter [30], we argue that it should depend not only on the
infected population (increasing with the number of infected individuals) but also on
factors associated with the political or economic context of a government. Addition-
ally, we propose that only a fraction of the population can afford to utilize PrEP due
to economic and political constraints, which we will now elucidate.

On one hand, a country might opt to limit the number of PrEP users, either due to
the treatment’s cost or because the prevalence of infection is deemed too low to justify
widespread use. On the other hand, some governments may choose to fully subsidize
the treatment and actively promote its utilization among high-risk individuals. Con-
versely, other governments might allow individuals to decide whether to pursue PrEP
at their own expense or opt not to include any PrEP options in their healthcare plans
[31]. Our study aims to examine the behavior of solutions with a rate of new PrEP
users, recruited from the susceptible population, assumed to model a government’s
political or economic context. We are investigating whether, under specific conditions,
the endemic equilibrium of this system may become unstable. Could a specific series
of political and economic measures lead to a destabilization of this equilibrium, allow-
ing periodic oscillations to occur? We meticulously analyze the stability of each steady
state, achieving local asymptotic stability for both disease-free and endemic equilibria.
Furthermore, we demonstrate global asymptotic stability for the disease-free steady
state. Finally, we establish persistence when the endemic equilibrium exists. Although
our study focuses on a simplified model, we believe the results hold validity for the
PDE system. Given certain compatibility conditions on initial conditions, equivalence
between the two systems can be achieved.

The organization of this paper is as follows. In the next section (Section 2), we
formulate the age-structured model by introducing a protection phase by PrEP. We
carefully detail the role of each term and parameter. Section 3 focuses on establishing
the existence of two steady-states. A threshold basic reproduction number is also
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defined. In Section 4, we provide stability of the disease and disease-free equilibria:
local, global, and persistence. We conclude with a discussion of our results in Section 5.

2 Age-structured model with fixed maximum age

Let us first remind the model introduced in [28]. We consider a population with three
categories of individuals: susceptible S(t), infected I(t), and PrEP users p(t, a), where
a ∈ [0, τ) represents the time since an individual started a new prescription (usually
τ = 3 months is the recommended duration between two prescription renewals). Then,
the total protected population of all ages is given by

P (t) =

∫ τ

0

p(t, a)da,

and the entire population studied by

N(t) := S(t) + I(t) + P (t).

In order to generalize a previous work, we define the recruitment rate of starting PrEP
as a function depending on infected I and we note φ(I).

We assume that a large number of infected people in a population will push sus-
ceptible people to protect themselves. Then, I ∈ R+ 7→ ψ(I) is an increasing function.
Consequently, we assume ψ(0) = 0. If there is no infection there is no individual
seeking PrEP.

For political and economic reasons, we consider that only a fraction of the pop-
ulation of susceptible is able to start taking PrEP and we note f(S), where f is an
increasing function.
Then, the part of the population starting PrEP is represented by ψ(I)f(S). This term
allows us to consider different scenarios. We are giving interpretations in 2, 3 and 4.

At the end of the prescription period τ , only a proportion 0 < θ < 1 of PrEP users
decide to renew their treatment and remain protected. Thus, (1− θ)p(t, τ) represents
the proportion of individuals who decide to stop renewing the prescription and lose
their protection. They re-enter the susceptible phase. We denote µ as the constant
death rate common to the three categories and Λ be the susceptible recruitment rate.
We neglect here vertical (mother/child) transmission. We denote by β the rate at
which the susceptibles become infected. Now and using the previous description (see
Figure 1), we are ready to set up the whole system for t > 0 as follows,

dS(t)

dt
= Λ− µS(t)− βI(t)S(t)− ψ(I(t))f(S(t)) + (1− θ)p(t, τ),

dI(t)

dt
= βI(t)S(t)− µI(t),

∂p

∂t
(t, a) +

∂p

∂a
(t, a) = −µp(t, a), 0 < a < τ,

p(t, 0) = ψ(I(t))f(S(t)) + θp(t, τ),

(1)
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with initial conditions

S(0) = S0, I(0) = I0 and p(0, a) = p0(a), 0 < a < τ.

Fig. 1 Schematic representation of the process. The population splits into susceptible S(t),
infected I(t), and protected individuals under PrEP p(t, a), where a stands for the elapsed
time (finite time: less than τ , between to prescription renewals) in the PrEP compartment.

We can reduce the model by using the method of characteristics (see [28, 30, 32]
for the details) and introducing the function ϕ defined by

ϕ(t) = e−µtp0(−t), t ∈ [−τ, 0],

and putting the new state
u(t) := p(t, 0), t > 0,

it is possible to obtain

p(t, τ) = e−µτ

{
u(t− τ), t > τ,
ϕ(t− τ), t ∈ [0, τ ].
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Then, we have the following coupled differential-delayed difference equations, for t > 0,

dS(t)

dt
= Λ− µS(t)− βS(t)I(t)− ψ(I(t))f(S(t)) + (1− θ)e−µτu(t− τ),

dI(t)

dt
= −µI(t) + βS(t)I(t),

u(t) = ψ(I(t))f(S(t)) + θe−µτu(t− τ),

(2)

which is completed by the initial conditions

S(0) = S0, I(0) = I0 and u(t) = ϕ(t), for − τ ≤ t ≤ 0.

The existence, uniqueness, and positivity of the solution of this system may be deduced
in a classic way [30] or [32].

However, in the context of our objective to generalize the study of [28] where only
the homogeneous steady-states were investigated, we decided to analyze the dynamics
of the age-distributed equilibria from the original age-structured model (1). Moreover,
both systems can be linked by the same states S, I and considering, for a ∈ (0, τ),

p(t, a) = e−µa

{
ϕ(t− a), 0 < t ≤ a,

u(t− a), t > a.

3 Existence of steady-states

Beforehand, observe first that the equation on p(t, a) can be simplified by integrating
over the age, for t > 0,

dP (t)

dt
= −µP (t)− p(t, τ) + p(t, 0) = −µP (t) + ψ(I(t))f(S(t))− (1− θ)p(t, τ).

Then, by adding it to the two first equations of the system (1), we obtain, for t > 0,

dN(t)

dt
=
dS(t)

dt
+
dI(t)

dt
+
dP (t)

dt
= Λ− µ(S(t) + I(t) + P (t)) = Λ− µN(t).

This means that

lim
t→+∞

N(t) =
Λ

µ
. (3)
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Then, we denote the steady-states by (S∗, I∗, p∗(a)), 0 < a < τ . They satisfy the
following system

Λ− µS∗ − βI∗S∗ − ψ(I∗)f(S∗) + (1− θ)p∗(τ) = 0,

βI∗S∗ − µI∗ = 0,

d

da
p∗(a) = −µp∗(a),

p∗(0) = ψ(I∗)f(S∗) + θp∗(τ).

(4)

The equation of p∗ has an analytical expression given by

p∗(a) = e−µap∗(0).

Two possible steady-states may arise then: the disease-free equilibrium (DFE)
characterized by the fact that I∗ = 0, and the endemic one for which I∗ > 0.

Let us investigate the disease-free steady-state. Considering I∗ = 0 yields to{
Λ− µS∗ + (1− θ)e−µτp∗(0) = 0,

(1− θe−µτ ) p∗(0) = 0.

Since θ < 1 < eµτ , then 1− θe−µτ > 0 and the second equation of the system implies
that

p∗(0) = 0 and S∗ =
Λ

µ
.

It follows that there is a unique DFE and is given by

E0 =

(
Λ

µ
, 0, 0

)
.

As previously mentioned, for an endemic steady-state, we consider I∗ > 0. From the
second equation of (4) we have

S∗ =
µ

β
.

Substituting the expression of S∗ in (4) leads to
Λ− µ2

β
− µI∗ − ψ(I∗)f

(
µ

β

)
+ (1− θ)e−µτp∗(0) = 0,

p∗(a) = e−µap∗(0),

p∗(0) =
1

1− θe−µτ
ψ(I∗)f

(
µ

β

)
.

Then, by replacing the expression of p∗(0) into the first equation, we obtain

Λ− µ2

β
− µI∗ −

[
1− (1− θ)e−µτ

1− θe−µτ

]
ψ(I∗)f

(
µ

β

)
= 0.
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To prove the existence of a solution to this equation, we consider the function H
defined on R+ by

H(I∗) :=
βΛ

µ2 + βµI∗ +

[
β(1− e−µτ )

1− θe−µτ

]
ψ(I∗)f

(
µ

β

) .
The existence of an endemic steady-state is then equivalent to solving the equation

H(I∗) = 1.

Since all the parameters of the system are positive, we easily check that H is a decreas-
ing function on R+ with lim

I∗→+∞
H(I∗) = 0. We are then able to define the basic

reproduction number R0 as

R0 := H(0) =
βΛ

µ2
.

Therefore, we conclude that

• If R0 > 1, then there is a unique endemic steady-state.
• If R0 < 1, then the maximal value of the function H is R0 and there is no endemic
steady-state.

We summarize the existence of equilibria in the following theorem.
Theorem 1. If R0 > 1, then the system (1) has two distinct steady-states: a disease-
free steady-state E0 and an endemic steady-state E∗ := (S∗, I∗, p∗(a)). If R0 < 1, then
E0 is the only steady-state.

Based on the equilibrium E∗ := (S∗, I∗, p∗(a)) of System (1) where
S∗ =

µ

β
,

p∗(a) = e−µap∗(0),

p∗(0) =
1

1− θe−µτ
ψ(I∗)f

(
µ

β

)
,

we notice that the positive equilibrium of System (2) is given by

(S∗, I∗, u∗) = (S∗, I∗, p∗(0)).
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4 Stability of the two steady-states and persistence
analysis

To study the stability of the two steady-states, we linearize the system (1) about each
steady-state (S∗, I∗, p∗(a)). We put, for t > 0, S(t) = S∗ + s(t),

I(t) = I∗ + i(t),
p(t, a) = p∗(a) + q(t, a).

Then, by deriving these expressions, the system (1) yields to

dS(t)

dt
= Λ− µS(t)− βI(t)S(t)− ψ(I(t))f(S(t)) + (1− θ)p(t, τ),

dI(t)

dt
= βI(t)S(t)− µI(t),

∂q

∂t
(t, a) +

∂q

∂a
(t, a) +

d

da
p∗(a) = −µp(t, a), 0 < a < τ,

q(t, 0) + p∗(0) = ψ(I(t))f(S(t)) + θp(t, τ).

We replace the functions S, I and p by their expressions

dS(t)

dt
= −(µ+ βI∗ + ψ(I∗)

df(S∗)

dS
s(t)− (βS∗ +

dψ(I∗)

dI
(f(S∗))i(t)

+(1− θ)q(t, τ),
dI(t)

dt
= βI∗s(t) + (βS∗ − µ)i(t),

∂q

∂t
(t, a) +

∂q

∂a
(t, a) = −µq(t, a), 0 < a < τ,

q(t, 0) = ψ(I∗)
df(S∗)

dS
s(t) +

dψ(I∗)

dI
f(S∗)i(t) + θq(t, τ).

We look for solutions with exponential growth of the form

s(t) = eλts0, i(t) = eλti0, and q(t, a) = eλtq0(a), λ ∈ C.

We substitute in the previous system and we simplify by eλt, to obtain

λs0 = −
(
µ+ βI∗ + ψ(I∗)

df(S∗)

dS

)
s0 −

(
βS∗ +

dψ(I∗)

dI
f(S∗)

)
i0

+(1− θ)q0(τ),

λi0 = βI∗s0 + (βS∗ − µ)i0,

λq0(a) + q′0(a) = −µq0(a),

q0(0) = ψ(I∗)
df(S∗)

dS
s0 +

dψ(I∗)

dI
f(S∗)i0 + θq0(τ).
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The equation on q0 can be solved analytically and we have the exact solution

q0(a) = e−(λ+µ)aq0(0).

This leads to the following linear system

(
λ+ µ+ βI∗ + ψ(I∗)

df(S∗)

dS

)
s0 +

(
βS∗ +

dψ(I∗)

dI
f(S∗)

)
i0

−(1− θ)e−(λ+µ)τq0(0) = 0,
−βI∗s0 + (λ− βS∗ + µ)i0 = 0,

−ψ(I∗)df(S
∗)

dS
s0 −

dψ(I∗)

dI
f(S∗)i0 + (1− θe−(λ+µ)τ )q0(0) = 0.

This system can be written with a matrix of the form A(s0, i0, q0(0))
T = 0, where

A =


λ+ µ+ βI∗ + ψ(I∗)

df(S∗)

dS
βS∗ +

dψ(I∗)

dI
f(S∗) −(1− θ)e−(λ+µ)τ

−βI∗ λ− βS∗ + µ 0

−ψ(I∗)df(S
∗)

dS
−dψ(I

∗)

dI
f(S∗) 1− θe−(λ+µ)τ

 .

Then, the characteristic equation is

det(A) = 0,

where det(A) is the determinant of the matrix A. We treat the two steady-states
separately.

4.1 Disease-free equilibrium: E0 := (Λ/µ, 0, 0)

For this case, we have to write and study the characteristic equation for E0 :=
(Λ/µ, 0, 0).
Theorem 2. Assume that R0 < 1. Then, E0 := (Λ/µ, 0, 0) is the only steady-state
and is locally asymptotically stable. If R0 > 1, then the disease-free steady-state E0 :=
(Λ/µ, 0, 0) is unstable.

Proof. The characteristic equation is given, for E0, by∣∣∣∣∣∣∣∣∣∣
λ+ µ βS∗ +

dψ(0)

dI
f
(

Λ
µ

)
−(1− θ)e−(λ+µ)τ

0 λ− βΛ−µ2

µ 0

0
dψ(0)

dI
f
(

Λ
µ

)
−1 + θe−(λ+µ)τ

∣∣∣∣∣∣∣∣∣∣
= 0.
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This is equivalent to

(λ+ µ)

(
λ− βΛ− µ2

µ

)(
−1 + θe−(λ+µ)τ

)
= 0.

Then, we have three eigenvalues

−µ < 0, µ (R0 − 1) ,
1

τ
ln(θ)− µ < 0.

We easily conclude on the local asymptotic stability of the disease-free equilibrium.

• If R0 < 1, then the disease-free equilibrium E0 is locally asymptotically stable.
• If R0 > 1, then the disease-free equilibrium E0 is unstable.

4.2 Global asymptotic stability of E0 := (Λ/µ, 0, 0)

Global attractivity of E0 may be seen with the following arguments. Note(
lim inf
t→+∞

S(t), lim sup
t→+∞

S(t)

)
= (S∞, S

∞), S∞ ≤ S∞ < +∞,

and
lim sup
t→+∞

I(t) = I∞ < +∞, lim sup
t→+∞

p(t, 0) = p∞ < +∞.

By (3), we get S∞ < Λ/µ+ ϵ, where ϵ > 0 small enough. Then, for a large time, the
function I(t) obeys the following inequality

dI(t)

dt
≤ µI(t)

(
R0 − 1 +

ϵβ

µ

)
.

Therefore, forR0 < 1, I(t) is decreasing for t large enough and tends to zero as t goes to
+∞, keeping in mind that ϵ is very small. Moreover, from the age structured equation
of p (third equation of System (1)), when time is large, we have p(t, τ) = e−µτp(t−τ, 0).
Then, using the fact that ψ(0) = 0, we obtain

p∞ =
ψ(I∞)f(S∞)

1− θe−µτ
= 0.

We directly use Lemma 3.5 of [33] to prove that p(t, 0) tends to zero as t goes to
+∞. Using the fluctuation lemma (see Lemma A.14 of [34]), there exist two sequences
(tn)n∈N and (sn)n∈N tending to infinity as n goes to infinity such that S(tn) → S∞,

S(sn) → S∞,
dS(tn)

dt
→ 0 and

dS(sn)

dt
→ 0. We conclude from the equation of S (first

equation of System (1)) that S∞ = S∞ = Λ/µ. Consequently, we have the following
theorem.
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Theorem 3. Assume that R0 < 1. Then, the disease-free steady-state E0 :=
(Λ/µ, 0, 0) is globally asymptotically stable.

4.3 Persistence analysis

In this section, we examine the persistence of the solution of the system (1) (i.e.,
when the solution remains positive) in the presence of an unstable disease-free steady-
state. For technical reasons, we consider the reduced system (2) instead of the original
system (1).

We prove the following lemma on the weak persistence of the disease.
Lemma 4. Assume that R0 > 1. Then, there exists ϵ > 0 such that

lim sup
t→+∞

I(t) > ϵ,

for any initial condition (S0, I0, ϕ) ∈ R+ × R+∗ × C([−τ, 0],R+) of the system (2).

Proof. Let us prove by contradiction that lim supt→+∞ I(t) > ϵ.
We assume that lim supt→+∞ I(t) ≤ ϵ. Then, there exists a sufficiently large tϵ > 0
such that I(t) ≤ ϵ, for all t ≥ tϵ. Therefore, we have for all t ≥ tϵ

dS(t)

dt
≥ Λ− µS(t)− βϵS(t)− ψ(ϵ)f(S(t)).

If we set lim inft→+∞ S(t) = S∞, then there exists a sequence (tk)k∈N tending to
infinity as k tends to infinity such that S(tk) → S∞ and S′(tk) → 0. Necessarily, we
have

S∞ ≥ F−1
ϵ (Λ), with Fϵ(x) = µx+ βϵx+ ψ(ϵ)f(x), x ≥ 0.

Remember that for ϵ = 0, we have F−1
0 (Λ) = S0 = Λ/µ and R0 = βS0/µ. Hence, by

using R0 > 1, we can choose ϵ > 0 and ν > 0 sufficiently smalls such that

Rϵ
0 :=

βS0
ϵ

ν + µ
> 1, where S0

ϵ := F−1
ϵ (Λ).

Multiplying the equation of I(t) by e−νt and integrating from tϵ to +∞, we obtain

0 > −e−νtϵI(tϵ) >
[
−(ν + µ) + βS0

ϵ

] ∫ +∞

tϵ

e−νtI(t)dt > 0.

This is a contradiction with the positivity of the solution. Hence, the conclusion of the
lemma holds true.

We now give the following result on the strong persistence of the disease, see [34].
We use the same idea as in the paper [35, the proof of Theorem 1].
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Theorem 5. Suppose that R0 > 1. There exists a positive constant ϵ1 > 0 such that
lim inft→+∞ I(t) > ϵ1, for any initial condition (S0, I0, ϕ) ∈ R+×R+∗×C([−τ, 0],R+)
of the system (2).

Proof. By using the weak persistence proved in Lemma 4, we have

lim sup
t→+∞

I(t) > ϵ

for a given ϵ > 0. This yields to the existence of an increasing sequence (ηk)k∈N, which
is positive, with ηk → +∞ such that I(ηk) > ϵ. Suppose by contradiction that for all
ϵ̃ ∈ (0, ϵ] there exists an initial condition (S0, I0, ϕ) ∈ R+×R+∗×C([−τ, 0],R+), such
that

lim inf
t→+∞

I(t) ≤ ϵ̃.

There exists a positive increasing sequence (tk)k∈N and a positive decreasing sequence
(t′k)k∈N with tk > ηk, limk→+∞ t′k = 0 and

I(tk) < t′k < ϵ̃ ≤ ϵ. (5)

Therefore, there exists a sequence (νk)k∈N where νk ∈ (ηk, tk) such that

I(νk) = ϵ and I(t) < ϵ, for all t ∈ (νk, tk). (6)

Let (Ik)k∈N and (Sk)k∈N be the sequences such that Ik := I(νk) = ϵ and Sk :=
S(νk) ∈ R+. We point out that the sequence (Ik)k∈N is constant and the sequence
(Sk)k∈N is uniformly bounded. Accordingly to the boundedness, there exist conver-
gent subsequences of (Ik)k∈N and (Sk)k∈N (we keep the same notation for these two
subsequences). Then, we have Ik = ϵ and limk→+∞ Sk = l, with l ∈ R+. Consider the
following problem

v(t) =

{
ψ(ϵ)f(l) + θe−µτv(t− τ), t > 0,
ϕ(t), t ∈ [−τ, 0].

It admits a unique continuous solution v on (0,+∞), for any initial condition ϕ ∈
C([−τ, 0],R+). Let (uk)k∈N be the functional sequence in C([−τ, 0],R+) defined by
uk(θ) := v(νk + θ), θ ∈ [−τ, 0] with νk > τ for k large enough. Without loss of
generality, we can consider νk > τ , for all k ∈ N. Thus,

uk(θ) = ψ(ϵ)f(l) + θe−µτuk(θ − τ), for all θ ∈ [−τ, 0].

Clearly, we have the uniform boundedness of the sequence (uk)k∈N. By taking α, α′ ∈
[−τ, 0], we have

|uk(α)− uk(α
′)| = θe−µτ |uk(α− τ)− uk(α

′ − τ)| ,

≤
(
θe−µτ

)nk+1 |ϕ(νk + α− (nk + 1)τ)− ϕ(νk + α′ − (nk + 1)τ)| ,
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≤ |ϕ(νk + α− (nk + 1)τ)− ϕ(νk + α′ − (nk + 1)τ)| ,

where nk := ⌊νk/τ⌋. By the fact that ϕ is uniformly continuous on [−τ, 0], then the
last inequality implies that the sequence (uk)k∈N is equicontinuous. It follows from
the Ascoli-Arzela theorem that there exists a convergent subsequence of (uk)k∈N (we
denote it again (uk)k∈N). Then, limk→+∞ uk = u∗ and u∗ ∈ C([−τ, 0],R+).

We consider now the solution, denoted (S∞, I∞, u∞), of System (2), with the initial
condition S0 = l, I0 = ϵ and ϕ = u∗ ∈ C([−τ, 0],R+). From Lemma 4, there exists
ϱ > 0 and we can find 0 < m < ϵ, such that

I∞(ϱ) > ϵ and I∞(t) > m, for all t ∈ (0, ϱ). (7)

Now, we are going to prove that a contradiction occurs. For each k ∈ N, we put
Ĩk(t) := I(νk + t), t > 0. From (7), the continuity and the fact that

Ĩk(0) = Ik = ϵ, lim
k→+∞

Sk = l and lim
k→+∞

uk = u∗,

we have, for k large enough and by limk→+∞ t′k = 0,

Ĩk(ϱ) > ϵ and Ĩk(t) > m > t′k, for all t ∈ (0, ϱ). (8)

In a parallel way, by putting t̃k := tk − νk, we have from (5) and (6) that

Ĩk(t̃k) = I(tk) < t′k < ϵ and Ĩk(t) = I(νk + t) < ϵ, for all t ∈ (0, t̃k). (9)

We distinguish the following cases:

• If ϱ < t̃k, then the second inequality of (9) which gives Ĩk(ϱ) < ϵ and the first
inequality of (8) are in contradiction.

• If ϱ = t̃k, then the first inequality of (8) and the first inequality of (9) are in
contradiction.

• If t̃k < ϱ, then the second inequality of (8) which gives Ĩk(t̃k) > t′k and the first
inequality of (9) are in contradiction.

Consequently, there exists ϵ̃ ∈ (0, ϵ] such that for any initial condition (S0, I0, ϕ) ∈
R+ × R+∗ × C([−τ, 0],R+), we have

lim inf
t→+∞

I(t) > ϵ̃.

This result suggests that given a set of parameters where the basic reproduction
number R0 > 1, the number of infected will not die out by itself, and the disease will
become endemic. The number of infected will always be greater than a strictly positive
constant ϵ. Thus, any outbreak related to the disease will last in time because there
is always infection. PrEP is then effective by reducing the reproduction number and
has an impact on the persistence of the disease.
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4.4 The dynamical behavior of the endemic steady state

Let us focus now on the stability of the endemic steady-state. Suppose that τ > 0. We
have

S∗ =
µ

β
,

H(I∗) : =
βΛ

µ2 + βµI∗ +

[
β(1− e−µτ )

1− θe−µτ

]
ψ(I∗)f

(
µ

β

) = 1,

p∗(a) =
e−µa

1− θe−µτ
ψ(I∗)f

(
µ

β

)
.

Then, the characteristic equation is given by det(A) = 0, where the determinant of
the matrix A is

det(A) =

∣∣∣∣∣∣∣∣∣∣∣
λ+ µ+ βI∗ + ψ(I∗)

df(S∗)

dS
βS∗ +

dψ(I∗)

dI
f(S∗) −(1− θ)e−(λ+µ)τ

−βI∗ λ− βS∗ + µ 0

−ψ(I∗)df(S
∗)

dS
−dψ(I

∗)

dI
f(S∗) 1− θe−(λ+µ)τ

∣∣∣∣∣∣∣∣∣∣∣
.

To simplify the expression of the determinant, we add the three lines to the first line
and we obtain ∣∣∣∣∣∣∣∣

λ+ µ λ+ µ 1− e−(λ+µ)τ

−βI∗ λ− βS∗ + µ 0

−ψ(I∗)df(S
∗)

dS
−dψ(I

∗)

dI
f(S∗) 1− θe−(λ+µ)τ

∣∣∣∣∣∣∣∣ = 0.

This implies the following factorization

(λ+ µ)

∣∣∣∣∣∣∣∣∣∣
1 1

1− e−(λ+µ)τ

λ+ µ

−βI∗ λ− βS∗ + µ 0

−ψ(I∗)df(S
∗)

dS
−dψ(I

∗)

dI
f(S∗) 1− θe−(λ+µ)τ

∣∣∣∣∣∣∣∣∣∣
= 0.

Remark that the following limit is finite

lim
λ→−µ

1− e−(λ+µ)τ

λ+ µ
= τ ̸= 0.
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Therefore, λ = −µ < 0 is a root of the characteristic equation. Other roots verify∣∣∣∣∣∣∣∣∣∣∣
1 0

1− e−(λ+µ)τ

λ+ µ

−βI∗ λ− β(S∗ − I∗) + µ 0

−ψ(I∗)df(S
∗)

dS
ψ(I∗)

df(S∗)

dS
− dψ(I∗)

dI
f(S∗) 1− θe−(λ+µ)τ

∣∣∣∣∣∣∣∣∣∣∣
= 0.

By observing that βS∗ − µ = 0, we develop the determinant following the first line

(λ+ βI∗)
(
1− θe−(λ+µ)τ

)

+
1− e−(λ+µ)τ

λ+ µ

∣∣∣∣∣ −βI∗ λ+ βI∗

−ψ(I∗)df(S
∗)

dS
ψ(I∗)

df(S∗)

dS
− dψ(I∗)

dI
f(S∗)

∣∣∣∣∣ = 0.

This implies that

(λ+ βI∗)
(
1− θe−(λ+µ)τ

)
+

1− e−(λ+µ)τ

λ+ µ

(
−βI∗(ψ(I∗)df(S

∗)

dS
− dψ(I∗)

dI
f(S∗))

)
+

1− e−(λ+µ)τ

λ+ µ

(
ψ(I∗)

df(S∗)

dS
(λ+ βI∗)

)
= 0.

To simplify the notations, we note

b := βI∗
dψ(I∗)

dI
f(S∗) > 0,

c := ψ(I∗)
df(S∗)

dS
> 0.

With these notations, we define the function F by

F(λ) := (λ+ µ) (λ+ βI∗)
(
1− θe−(λ+µ)τ

)
+ (cλ+ b)

(
1− e−(λ+µ)τ

)
= 0. (10)

We easily prove that F is strictly increasing on [0,+∞) due to the positive parameters.
Moreover, we have

lim
λ→+∞

F(λ) = +∞.

Furthermore,

F(0) = µβI∗
(
1− θe−µτ

)
+ (1− e−µτ )b > 0.
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Then, the function F has no positive real root. We also remark

F(λ) :=
(
1− θe−(λ+µ)τ

)
(cλ+ b)

[
(λ+ µ) (λ+ βI∗)

cλ+ b
+

1− e−(λ+µ)τ

1− θe−(λ+µ)τ

]
,

with

lim
λ→−∞

1− e−(λ+µ)τ

1− θe−(λ+µ)τ
=

1

θ
.

Then,
lim

λ→−∞
F(λ) = −∞.

This means there is a negative real root and all real roots are negative.
- Case τ = 0: the characteristic equation is simplified to

F(λ) := (λ+ µ) (λ+ βI∗) (1− θ) = 0.

It has two roots λ = −µ < 0 and λ = −βI∗ < 0 which are negative. This implies that
the endemic steady-state is locally asymptotically stable.
- Case τ > 0: we need to go further in our analysis and investigate the behavior
of complex roots. Before that, we check that there is no infinite sequence of complex
roots {λn}n with strict positive real parts. We suppose by contradiction that there
exists a sequence of roots {λn}n with

lim
n→+∞

|λn| = +∞.

In this case, every λn satisfies(
1 +

βI∗

λn

)(
1− θe−(λn+µ)τ

)
+

1− e−(λn+µ)τ

λn + µ

(
c+

b

λn

)
= 0.

By taking the limit for n→ ∞, we obtain

lim
n→∞

(
1− θe−(λn+µ)τ

)
= 0.

This implies that
lim

n→∞
eℜ(λn)τ = θe−µτ .

Therefore

lim
n→∞

ℜ(λn) =
1

τ
ln
(
θe−µτ

)
=

1

τ
ln(θ)− µ < 0.

Then, the roots have negative real parts. At this step, we conclude with the following
proposition.
Proposition 6. There exists some τ∗0 > 0 such that for τ ∈ [0, τ∗0 ) all characteristic
roots have negative real parts.
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Next, we prove the existence or non-existence of complex roots with positive real
parts.
- Case τ = 0: we first notice again the non-existence of such roots.
- Case τ > 0: we prove the non-existence or the existence of pure complex roots of
the form iw, with w > 0. We rewrite the equation (10) as, for λ ∈ C,

F(λ) := λ2 + (βI∗ + µ+ c)λ+ µβI∗ + b

−e−(λ+µ)τ
[
θλ2 + (θβI∗ + θµ+ c)λ+ θµβI∗ + b

]
= 0.

(11)

For λ = iw and by separating the real and the imaginary part in (11), we get{
A cos(wτ)−Bw sin(wτ) = w2 − µβI∗ − b,

Bw cos(wτ) +A sin(wτ) = w(βI∗ + µ+ c),

where
A = e−µτ [θw2 − θµβI∗ − b] and B = e−µτ [θβI∗ + θµ+ c].

It follows that 
cos(wτ) =

A(w2 − µβI∗ − b) + w2B(βI∗ + µ+ c)

A2 + (Bw)2
,

sin(wτ) =
wA(βI∗ + µ+ c)−Bw(w2 − µβI∗ − b)

A2 + (Bw)2
.

(12)

Then, we get

A2 + w2B2 = (w2 − µβI∗ − b)2 + w2(βI∗ + µ+ c)2.

Hence, it implies that w must be a root of the following equation

(1− (θe−µτ )2)w4 + (−2(µβI∗ + b) + 2θe−2µτ (θµβI∗ + b) + ϑ(τ))w2

+(µβI∗ + b)2 − e−2µτ (θµβI∗ + b)2 = 0,

where ϑ(τ) := (βI∗+µ+c)2−e−2µτ (θβI∗+µθ+c)2 ≥ 0. We note X = w2 and analyze
a second-degree polynomial function for X ≥ 0. If (−2(µβI∗ + b) + 2θe−2µτ (θµβI∗ +
b)+ϑ(τ)) is nonnegative for τ ∈ [0, τ∗1 ) with τ

∗
1 > 0, then the Routh-Hurwitz criterion

implies that no positive real roots exist. So, we have the following property.
Proposition 7. Assume that R0 > 1 and ϑ(τ) ≥ ϑ∗(τ) := 2(µβI∗ + b) −
2θe−2µτ (θµβI∗ + b) for all τ ∈ [0, τ∗1 ) with τ∗1 > 0. Then, the endemic steady-state
E∗ := (S∗, I∗, p∗(a)) is locally asymptotically stable for τ ∈ [0, τ∗1 ).

To illustrate the previous proposition, we give the following two examples associ-
ated with the bilinear case and a saturated case with a function as in [29] which is
more realistic.
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Example 1. Let ψ and f given by

ψ(I) = l1I, f(S) = l2S, with l1, l2 > 0.

This set-up would describe a population of small size or living in a rich country where
no competition effect would occur when individuals are seeking treatment. The choice
of the function ψ means that recruitment is motivated by the number of infected with
no restriction from political or economic decisions.
We note l := l1l2. The condition ϑ(τ) ≥ 2(µβI∗ + b)− 2θe−2µτ (θµβI∗ + b) is always
true for any τ ≥ 0. Then, the endemic equilibrium is always asymptotically stable (see
Figure 2). In fact, in this case, we have

c := ψ(I∗)
df(S∗)

dS
= lI∗ and b := βI∗

dψ(I∗)

dI
f(S∗) = µlI∗ = µc.

Therefore, we get

ϑ(τ)− ϑ∗(τ) = (βI∗ + µ+ c)2 − e−2µτ (θβI∗ + µθ + c)2

− 2(µβI∗ + µc)− 2θe−2µτ (θµβI∗ + µc),

= [(β + l)2 − e−2µτ (θβ + l)2](I∗)2 + µ2(1− θ2e−2µτ ),

≥ 0.

Thus, the endemic steady-state E∗ := (S∗, I∗, p∗(a)) is locally asymptotically stable for
τ ≥ 0.
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u(t)=p(t,0)
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Fig. 2 Left: we observe that the condition ϑ(τ) ≥ ϑ∗(τ) of Proposition 7 is satisfied for the
selected parameters. Right: a simulation is carried out for the stability of the endemic equilibrium.
Parameters are Λ = 50, µ = 0.1, β = 0.001, θ = 0.1, l1 = 0.01, l2 = 0.3 and τ = 3.5. In this case
R0 = 5 > 1.
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Example 2. Let ψ and f given by

ψ(I) =
aII

bI + I
, f(S) = aSS, with aI , aS , bI > 0.

The choice of function would describe a saturation effect in recruitment due to a
high number of infected. It would describe an outbreak in a very specific population
where the ones targeted by PrEP and the very persons supposed to begin treatment
are unable as they are infected.

We check that the condition ϑ(τ) ≥ 2(µβI∗ + b) − 2θe−2µτ (θµβI∗ + b) is always
true for any τ ≥ 0 (see Figure 3). In this case, we have

c := ψ(I∗)
df(S∗)

dS
=

aSaI
bI + I∗

I∗ =: l(I∗)I∗

and

b := µL(I∗)c, where L(I∗) :=
bI

bI + I∗
< 1.

After an easy computation, we get

ϑ(τ)− ϑ∗(τ) = (βI∗ + µ+ c)2 − e−2µτ (θβI∗ + µθ + c)2

− 2(µβI∗ + µL(I∗)c)− 2θe−2µτ (θµβI∗ + µL(I∗)c),

= [(β + l(I∗))2 − e−2µτ (θβ + l(I∗))2](I∗)2 + µ2(1− θ2e−2µτ )

+ 2µl(I∗)I∗(1− L(I∗))(1− θe−2µτ ),

≥ 0.

Consequently, the endemic steady-state E∗ := (S∗, I∗, p∗(a)) is locally asymptotically
stable for τ ≥ 0.

Next, we suppose that ϑ(τ) < ϑ∗(τ) = 2(µβI∗ + b)− 2θe−2µτ (θµβI∗ + b) for some
τ > 0. After tedious calculations, the discriminant is given by

∆(ϑ(τ)) = ϑ2(τ)− 4[(µβI∗ + b)− θe−2µτ (θµβI∗ + b)]ϑ(τ)

+[2e−µτθ(µβI∗ + b)− 2e−µτ (θµβI∗ + b)]2.

Furthermore, the discriminant of the last polynomial of the second degree is

∆̄ = 16[(1 + θe−µτ )(µβI∗ + b)− (θe−2µτ + e−µτ )(θµβI∗ + b)]

×[(1− θe−µτ )(µβI∗ + b)− (θe−2µτ − e−µτ )(θµβI∗ + b)],

≥ 0.

Define

ϑ−(τ) := 2[(µβI∗ + b)− θe−2µτ (θµβI∗ + b)]−
√
∆̄

2
≥ 0.
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Fig. 3 Left: we observe that the condition of Proposition 7 is satisfied for the selected
parameters. Right: a simulation is carried out for the stability of the endemic equilibrium.
Parameters are Λ = 50, µ = 0.15, β = 0.001, θ = 0.1, aS = 0.3, aI = 0.5, bI = 1 and τ = 3.5.
In this case R0 = 2.22 > 1.

Clearly, the discriminant ∆(ϑ(τ)) is either negative for ϑ−(τ) < ϑ(τ) < ϑ∗(τ) or
nonnegative for 0 ≤ ϑ(τ) ≤ ϑ−(τ).
Proposition 8. Assume that R0 > 1 and ϑ−(τ) < ϑ(τ) < ϑ∗(τ) for all τ ∈
[0, τ∗2 ) with τ∗2 > 0. Then, the endemic steady-state E∗ := (S∗, I∗, p∗(a)) is locally
asymptotically stable for τ ∈ [0, τ∗2 ).

Now, we focus on the case where 0 ≤ ϑ(τ) ≤ ϑ−(τ) for some τ > 0 (see example
given in Figure 4). Then, there are two possible roots w±(τ) given by

w−(τ) =

[
−(−2(µβI∗ + b) + 2θe−2µτ (θµβI∗ + b) + ϑ(τ))−

√
∆(ϑ(τ))

2(1− (θe−µτ )2)

] 1
2

,

and

w+(τ) =

[
−(−2(µβI∗ + b) + 2θe−2µτ (θµβI∗ + b) + ϑ(τ)) +

√
∆(ϑ(τ))

2(1− (θe−µτ )2)

] 1
2

.

From (12), we define the angles Θ±(τ) ∈ [0, 2π] solution of
cos(Θ±(τ)) =

A(w2
±(τ)− µβI∗ − b) + w2

±(τ)B(βI∗ + µ+ c)

A2 + (Bw±(τ))2
,

sin(Θ±(τ)) =
w±(τ)A(βI

∗ + µ+ c)−Bw±(τ)(w
2
±(τ)− µβI∗ − b)

A2 + (Bw±(τ))2
.

22



We get w±(τ)τ = Θ±(τ) + 2kπ with k ∈ N. A deep analysis of the existence of such
angles can be referred to [36]. We also get

Θ±(τ) = arctan(H1(τ)/H2(τ)), if sin(Θ±(τ)) > 0, cos(Θ±(τ)) > 0,

Θ±(τ) = π/2, if sin(Θ±(τ)) = 1, cos(Θ±(τ)) = 0,

Θ±(τ) = π + arctan(H1(τ)/H2(τ)), if cos(Θ±(τ)) < 0,

Θ±(τ) = 3π/2, if sin(Θ±(τ)) = −1, cos(Θ±(τ)) = 0,

Θ±(τ) = 2π + arctan(H1(τ)/H2(τ)), if sin(Θ±(τ)) < 0, cos(Θ±(τ)) > 0,

with
H1(τ) := w±(τ)A(βI

∗ + µ+ c)−Bw±(τ)(w
2
±(τ)− µβI∗ − b),

H2(τ) := A(w2
±(τ)− µβI∗ − b) + w2

±(τ)B(βI∗ + µ+ c).

We keep in mind that the endemic equilibrium exists for R0 > 1 and τ ranges on
R+. To obtain a critical value of τ for the stability change, we define the following
functions, for k ∈ N,

T±
k : R+ → R,

τ 7→ T±
k (τ) = τ − Θ±(τ) + 2kπ

w±(τ)
.

Note that a pair of simple conjugate pure imaginary roots λ = ±iw(τ∗) exist at τ∗ if
and only if τ∗ is a root of T+

k or T−
k , k ∈ N. Then, the stability may switch at any

root of T±
k . We are now ready to conclude with the following theorem.

Theorem 9. Let R0 > 1. If T±
k has no root on R+, for any k ∈ N, then the endemic

equilibrium is locally asymptotically stable for all τ ∈ R+. If T+
k or T−

k has at least
one root in R+ and if we denote by τ∗ the smallest root among all, then the endemic
equilibrium is locally asymptotically stable for τ ∈ [0, τ∗).
Example 3. Let ψ and f given by

ψ(I) = aII, f(S) =
aSS

bS + S
, with aI , aS , bS > 0.

For this last example, the situation described would take place in a poor country or in
a very large population where we would observe competition between individuals. For
a given parameter, we check that the condition 0 ≤ ϑ(τ) ≤ ϑ−(τ) is true for τ ∈ [0, 6]
in Figure 4.

In this example, we remark that the functions T±
k plotted do not admit any roots and

this is valid for all the values of the parameters. So, we conclude that the characteristic
equation cannot have a purely imaginary root and therefore no destabilization of the
endemic equilibrium is possible.
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Fig. 4 We observe that the condition 0 ≤ ϑ(τ) ≤ ϑ−(τ) is satisfied for a selected parameters.
Parameters are Λ = 50, µ = 0.1, β = 0.001, θ = 0.1, aS = 1, aI = 2, bS = 0.2.
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Fig. 5 Functions T±
k are drawn for τ ∈ [0, 6]. We observe that these functions exhibit no root

in this interval where a possible purely imaginary root could exist. In this case, no possible
Hopf bifurcation occurs. Parameters are Λ = 50, µ = 0.1, β = 0.001, θ = 0.1, aS = 1, aI = 2,
bS = 0.2.

5 Discussion

In this study, we concentrated on an epidemiological SI (Susceptible-Infected) model
that characterizes HIV epidemics, with an additional external compartment denoted
as P to represent Pre-Exposure Prophylaxis (PrEP) treatment. We assumed the P
compartment to be age-structured, where age corresponds to the time elapsed since
the last PrEP prescription. Our goal is to introduce a novel framework to assess the
effects of PrEP on HIV transmission dynamics. Our approach builds upon prior mod-
els [28, 30, 37, 38], in which the initiation rate (ψ) of the protection phase remained
constant. However, unlike these works, we now consider ψ to be dependent on the
infected population I, emphasizing the influence of the HIV epidemic on the protec-
tion phase.
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Employing the method of characteristics, we derived a coupled system of differential-
difference equations with delay. We pinpointed two steady states – the disease-free
equilibrium and the endemic equilibrium – and scrutinized their stability and exis-
tence using the classic criterion associated with the basic reproduction number R0.
We confirmed the global asymptotic stability of the disease-free equilibrium and inves-
tigated the system’s persistence when R0 > 1.
Remarkably, the basic reproduction number of the system reflects that of any stan-
dard SI model due to ψ being an I-dependent function, with the assumption ψ(0) = 0.
This differs from a previous study [28], where ψ was assumed to be constant, resulting
in a more complex expression for R0 involving delay dependence. Since ψ now varies
with I, the disease-free equilibrium relies solely on the susceptible component, unlike
in [28]. However, the equilibrium and its stability are affected by the delay. We demon-
strated the weak persistence of the disease, leading to the proof of strong persistence.
Subsequently, we analyzed the stability of the endemic state, uncovering various sta-
bility regions. While the case with zero delay is straightforward, the non-trivial case
presents challenges, and we could not fully determine the occurrence of Hopf bifurca-
tions.
We maintain that the occurrence of a Hopf bifurcation in this system is unlikely, sup-
ported by heuristic reasoning from the theory of monotone systems. However, further
investigation is necessary to confirm this. It is important to note that the behavior of
the recruitment function was based on pre-COVID-19 data, and the pandemic likely
affected data collection and access to treatment services, including PrEP. Neverthe-
less, it appears that the recruitment rate has returned to pre-pandemic levels. Future
research will focus on the impact of various policies, economic factors, and cultural
influences from different countries on the evolution of the epidemic, as well as on the
development of STIs. We have included numerical simulations to visually demonstrate
the established stability conditions.
As far as we know, this study presents a more realistic depiction of PrEP’s influence
on new HIV cases and introduces fresh theoretical perspectives on stability. In essence,
our approach offers a more efficient method of modeling the HIV epidemic, considering
political and economic decisions regarding PrEP treatment for high-risk populations.
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