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A priori and a posteriori error estimates of a DG-CG method for the wave equation in second
order formulation

Z. Dong*! L. Mascotto?31Z. Wang*

Abstract

We establish fully-discrete a priori and semi-discrete in time a posteriori error estimates for
a discontinuous-continuous Galerkin discretization of the wave equation in second order for-
mulation; the resulting method is a Petrov-Galerkin scheme based on piecewise and piecewise
continuous polynomial in time test and trial spaces, respectively. Crucial tools in the a priori
analysis for the fully-discrete formulation are the design of suitable projection and interpola-
tion operators extending those used in the parabolic setting, and stability estimates based on
a nonstandard choice of the test function; a priori estimates are shown, which are measured in
L°°-type norms in time. For the semi-discrete in time formulation, we exhibit constant-free,
reliable a posteriori error estimates for the error measured in the L (L?) norm; to this aim,
we design a reconstruction operator into C' piecewise polynomials over the time grid with
optimal approximation properties in terms of the polynomial degree distribution and the time
steps. Numerical examples illustrate the theoretical findings.

AMS subject classification: 65M50; 656M60; 65J10.

Keywords: wave equation; discontinuous Galerkin method; adaptive algorithm; a posteriori
error analysis.

1 Introduction

We establish fully-discrete a priori and semi-discrete in time a posteriori error estimates for a DG-
CG (discontinuous Galerkin - continuous Galerkin) method, see, e.g., [32], approximating solutions
to the wave equation in second order formulation, which are explicit in the spatial mesh size, the
time steps, and the polynomial degrees.

Formulation, a priori estimates, and minimal literature. The DG-CG method we are
interested in is based on a second order formulation of the wave equation. Compared to several
references where first order systems are considered [9}/10(18//20], the dimension of the corresponding
discrete spaces is smaller.

The method lies in between a fully DG and a C! schemes in time: it employs piecewise and
piecewise continuous polynomial in time and space; upwind terms involving first time derivatives
in time of the trial functions are included in the formulation. The polynomial degree in time of the
trial functions is larger by 1 than that for the test functions, leading to square systems for each
time interval, which are solved sequentially as a time marching scheme.

A key tool in deriving stability and a priori error estimates is the choice of an appropriate test
function. For instance, in [32], a higher order fully-discrete version of the test function in [3] is
used, leading to stability estimates in the L°°-type norms in time.
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A posteriori estimates and minimal literature. A posteriori error estimates are well estab-
lished for elliptic problems and a considerable amount of work is available for parabolic problems
as well; on the other hand, hyperbolic (and in particular wave) problems are less explored.

A posteriori error estimates for wave problems in second order formulation are studied in [1] and
later rigorously analysed in [4]; first order systems are instead the topic of [20}/23,/29]; a posteriori
error estimates measured in the L>°(L?) norm are investigated for different time stepping schemes
in [11,]12L|14]. A posteriori error estimates in other norms are instead investigated, among others,
in [64(7].

Features of the DG-CG method. Compared to fully DG schemes in time, the DG-CG method
involves fewer unknowns; in view of the a posteriori error analysis for the semi-discrete in time
version, one can employ tools from the parabolic setting and deduce a posteriori bounds that are
fully explicit with respect to the polynomial degree.

On the other hand, compared to schemes with C! in time trial functions, the DG-CG approach
seems to be more suited to allow for mesh changes in space [21]; we are not aware of works in the
literature with spatial mesh changes for C! in time discretizations.

First main contribution of the manuscript. We modify the analysis in [32] so as to have
explicit dependence on the polynomial degree for the a priori analysis of the fully-discrete scheme.
We consider uniform polynomial degree in the spatial discretization and possibly nonuniform poly-
nomial degree in the time discretization. Static meshes in space are considered.

Our analysis hinges upon deriving stability estimates for the scheme, which are explicit in
the polynomial degrees; see Section Based on such stability estimates and the properties of
an integrated Thomeé operator discussed in Section [2.2] a priori error estimates are proven in
Section Convergence estimates are obtained in Section [2.4] which are explicit in the spatial
mesh size, the time steps, and the polynomial degrees. Optimal convergence for the error measured
with respect to L°°-type norms in time is shown for sufficiently regular solutions and data for fixed
polynomial degrees in time and space.

Second main contribution of the manuscript. For the semi-discrete in time method, we
design an error estimator satisfying a posteriori error estimates, with explicit dependence on the
polynomial degree distribution in time. The crucial tool in a posteriori error estimates for time-
dependent problems is the derivation of a reconstruction operator into smoother spaces. The
original idea in the context of parabolic problems traces back to Makridakis and Nochetto [22];
the corresponding p-version analysis is detailed in [27] and later [17]. We design a related operator
in the wave equation setting and derive p-optimal approximation estimates in several norms in
Section such an operator is instrumental for designing an error estimator that is reliable for
the error measured in the L°°(L?) norm; see Section The upper bound is explicit in the
polynomial degree distribution and the time steps, without unknown constants. Since the test and
trial test functions have different polynomial degrees in time, the a posteriori error bounds involve
extra oscillation terms compared to the parabolic setting.

To the best of our knowledge, we provide for the first time in the literature constant free,
reliable a posteriori error estimates for a semi-discrete in time method for the approximation of
solutions to the wave equation in second order formulation, which are explicit in the polynomial
degree distribution in time and optimal in the time steps. The proposed analysis does not hinge
upon any CFL condition, which is greatly advantageous for adaptivity whilst compared to methods
based on explicit time stepping; there, for each mesh refinement, one has to check whether the
resulting spatial mesh size is sufficiently small compared to the corresponding time step and the
polynomial degree [16]. This improvement is even more effective for wave problems involving higher
order spatial elliptic operators [24], where the CFL condition poses even stricter constraints on the
spatial mesh size.

List of the main results and advances. For the reader’s convenience, we list here the main
results of the manuscript ([APRI] = a priori analysis; [APOS] = a posteriori analysis):



[APRI] Theorem is concerned with constant free stability estimates for the DG-CG
formulation, which are explicit with respect to the polynomial degrees in time and space
employed throughout;

[APRI] Theorem discusses a priori estimates that are explicit with respect to the spatial
mesh size, the time step distribution, the spatial polynomial degree, and the polynomial
degree distribution in time;

e [APOS] we define an error estimator 7 in for the semi-discrete in time formulation;

[APOS] corresponding reliability estimates with respect to the L>°(L?) norm of the error
are displayed in Proposition [3.6]

Functional setting. Standard notation is used throughout for Sobolev and Bochner spaces.
Let D be a Lipschitz domain in R?, d = 1, 2, and 3, with boundary dD. The space of Lebesgue
measurable and square integrable functions over D is L?(D). The Sobolev space of positive integer
order s is H*(D). We endow H?(D) with the inner product, seminorm, and norm

('7')S7D) "S,Dv ||'||S,D'

Interpolation theory is used to construct Sobolev spaces of positive noninteger order; duality is
used to define negative order Sobolev spaces. We shall be particularly using the space H (D),
which is the dual of HE(D); the duality pairing between the two spaces is (-, -).

A trace theorem holds true for the space H*(D), 1/2 < s < 3/2. In particular, given s in the
above range and g in H*~ 2 (Ty), being I'y any subset of 0D with positive measure in D, we define

H;(D,Ty):={ve H*(D,I'p) | vr, = g}

The space of polynomials of nonnegative degree p over D is P,(D).

Given X a real Banach space with norm ||-|| ,, an interval I, and ¢ larger than or equal to 1, we
define L*(I; X) as the Bochner space of measurable functions v from I to X such that the following
quantity is finite:

1
(ff HUH;) “dt for1<t<oo

||UHLt(I;X) =
ess sup,¢g||v]|, for t = oo.

For s in N, the space H*(I; X) is the space of measurable functions v whose derivatives in time up
to order s belong to L?(I; X). For any real number s larger than or equal to 0, the space H*(I; X))
is constructed using interpolation of integer order Bochner spaces.

To avoid confusion, the seminorm symbol |-| is only used to denote spatial seminorms. Semi-
norms in time are rather displayed as L? norms of a suitable time derivative. The first and second
derivative symbols are - and -”; time derivatives of order s larger than 2 are displayed as -(*).

The continuous problem. Let Q be a polytopic, Lipschitz domain in RY, d = 1,2,3; T a
positive final time; Q7 = (0,7] x Q the space-time cylinder; uy in H}(Q); uy in L2(Q); f
in L2(0,T; H-1(Q)).

Given Ay- and V- the spatial Laplace and gradient operator, we consider the following prob-
lem: find u : @7 — R such that

' —Ayu=f inQr

(t,-) = on (0,7] x 99
u(0,-) = up(-) on Q
u'(0,) =wu1(-) on Q.

Introduce the spaces

X := H*0,T; H'(Q)) N L*(0,T; H} (Q)) N H'(0,T; L*(2)), Y := L*0,T; H}(Q)),



and the bilinear form on Y x Y
a(u,v) = (Vxu, Vxv)o.0.

We consider the following weak formulation of problem :

find v € X such that
S 0) + alu,v)ldt = [, (f,v)dt YweyY (2)
w(0,-) = uo(-) in Hy(Q),  «'(0,-) = uy(-) in L*(Q).

Problem is well posed; see, e.g., |25 Theorem 8.2-2]. To simplify the forthcoming analysis
(especially the a posteriori error analysis in Section, we assume that f belongs to L2(0, T; L%(9)).

In [32], homogeneous Dirichlet and inhomogeneous Neumann boundary conditions are consid-
ered. This results in further complication in the analysis below. For this reason, we prefer to stick
to the setting in .

Spatial meshes, time grids, and polynomial degree distributions . We consider either
a simplicial or tensor-product conforming mesh 7, of Q and a corresponding H'-conforming La-
grangian finite element space V}, of uniform order px. We assume the existence of a constant -y
in (0,1) such that each element of T} is star-shaped with respect to a ball of radius larger than
or equal to the diameter of that element; moreover, we assume quasi-uniformity of the mesh, i.e.,
given hy and ho the diameters of two arbitrary elements with hy < hs, one has hy < vh;. E

We further consider a decomposition 0 =ty < t; < --- <ty =T of [0,7] and introduce 7, :=
tn, — tn—1 for all n = 1,...,N. With each time interval I,, := (¢,_1,t,], we associate a local
polynomial degree p’,; we collect such polynomial orders (in time) in the vector p’ in Nf , and set
p!, :=pl. For k in Z, p* + k is the vector of entries pf, + k.

Forallm =1,...,N, we set (v')T(t,_1,) := vy, (tn—1,-) and (V') (tn-1,") == ”\/In,l(t"—lv s
for all v piecewise continuous in time, we set v*(tn—1,-) = vjp, (tn-1,-) and v~ (tn_1,-) =
U\In—l (tn—h )

We also define the tensor product space

Py (In; Vi) :==A{vnr € L3(L,; Vi) | Vh,r = a(x)b(t), a € Vi, be Py (I,)}.
Throughout we assume that

pl >2 Vn=2,...,N.
The fully-discrete DG-CG method. Let g, and uy p, be discretizations of ug and uy in Vj,.
For instance, we pick ug  as the elliptic projection of u defined in display below; u; j, as the

L? projection of u; onto Vj,. Other variants are possible, but are omitted here.
We define

Xh,r = uo,n + {uh,‘r € CO(O7T§ Vi) | Up, I, € ]P)pﬁl (Ln; V) ¥n=1,...,N}
and the upwind jump operator for the time derivative as
why 11, (0,) —ug i (+) ifn=1
[th+(ta0)] () = § 7 , .
Up, r|In (tn—1,") — Up, 7|11 (tn—1,-) ifn=2,...,N.

The DG-CG method, see, e.g., [32], reads as follows: find uj, - in X}, » such that

/ [(uh s Vh7)o.0 + alunr, vn)ldt + ([[ug, ]| (tno1,), 07 (Enm1, 7))o,
I, (3)

= (fvvh,T)L2(In;L2(Q)) V’Uh’-,- Gppa_l(.[n;vh), Yn=1,...,N.

The initial condition wug j, is imposed strongly in X, -; the initial condition u j is imposed weakly
through the upwind term at the initial time.

n the a priori analysis, the only place where quasi-uniformity is used in lieu of local quasi-uniformity is while
deriving estimates of the elliptic projector in the L? norm; see displays (21)) and (22)) below



Method is solved time-slab by time-slab as a time marching scheme. Initial conditions on
each time slab are assigned taking the values of the solution at the final time of the previous slab
and upwinding the first time derivative.

The existence and uniqueness of a solution and the data of method follow, e.g., assuming
sufficient smoothness of the solution to problem , showing stability estimates as those in The-
orem below (which imply uniqueness), and using the fact that on each time slab the linear
system to solve is square (which entails that existence is equivalent to uniqueness).

The semi-discrete in time DG-CG method. Define the space
X, = up + {u,r €C°0,T; HY(Q)) | Ur1, € Py (In; Hy ()}

In Section [3| below, we prove constant free, reliable a posteriori error estimates for the time semi-
discrete in time version of . More precisely, we look for u, in X, such that

/I [(U:, UT)O,Q + a('l.t.,., UT)]dt + ([[ufr]] (tnflv ')7 Ui (tnflv '))O,Q = (fa 'UT)LZ(O,T;LZ(Q)) (4)

Vor € Py 1(In; Hy(Q)), ¥n=1,...,N,

with ug imposed strongly in X, and u; imposed weakly through upwinding.
Let Hgt_l denote the piecewise L? projector onto Py _1(I,; Hj(Q)) for all n = 1,...,N. We
can replace the right-hand side of with the following expression:

(f?vT)LQ(In;LZ(Q)) = (Hopt_lf,v-,-)L2(In;L2(Q)) Vn = 1,...7N. (5)

Structure of the remainder of the paper. We discuss stability and convergence estimates of
the fully-discrete method in Section which are explicit in the spatial mesh size, the time steps,
and the polynomial degrees. A posteriori error estimates for the semi-discrete in time method
are derived in Section[3] We assess the numerical findings with numerical experiments in Section [4]
and draw some conclusions in Section Bl

2 A priori error analysis

This section is concerned with proving stability and a priori estimates for method : in Section
we show stability estimates following the analysis in |32] by tracking the explicit dependence on
the polynomial degree distributions; in Section we introduce and show the approximation
properties of an integrated Thomeé-type operator in terms of the spatial mesh size, the time
steps, and the polynomial degrees, which are instrumental in deriving abstract error estimates in
Section 2.3} standard polynomial approximation results yield convergence estimates in Section [2:4]

2.1 Constant free stability estimates

The stability of method in certain norms is investigated in [32, Theorem 4.5]. The main idea
behind the derivation of stability estimates is to take a suitable test function, namely the L?
projection onto the correct test space of the time derivative of the discrete solution times a weight
mimicking an exponential function. The reason for this is that testing only with the time derivative
of the discrete solution would yield to stability estimates at the time grid point only, i.e., no global
stability estimates would be available; see [32, eq. (4.1)].

The constants in the stability estimates in [32], depend implicitly on the distribution p! of
polynomial degrees in time; for this reason, we revisit that proof so as to carry out an explicit
analysis in terms of the polynomial distribution in time.

To this aim, given a generic element g in the space X}, -, let m = m(g) so that I,,, is the interval
where

12 2 N 112 2
lg ||L°°(Im;L2(Q)) 191100 (1,11 () = Max (Hg ”qumwn)) T ‘9|L°°UmH1<ﬂ>>)’ (6)
The index m depends on the choice of g. We also define
1
Ly VYn=1,...,N. (7)

T 1028(p)2(2ph + 1)



Theorem 2.1. Let up » be the solution to and f be the source term in , The following
stability estimate holds true:

1 m
Hm (H“;%T||ioo(1,,,L;L2(Q)) + |“hv"|i°°(1m;H1(Q))) + 1 Z H ([wh,r]] (tn-1, )H(Q)Q
n=1

1 _ 2 tm
<3 (|uh,r(07 Wi o+ [|(un) (O, ')HO,Q) + THfHQLz(o,tm;m(Q)y

Proof. Define
1

Ay = ———— Vn=1,... N.
A(2pt + 1)1 "

Let Hgt—1 denote the piecewise L? projector onto Py _1(1,; L?(€2)) and consider the following test
function already used in [32, Theorem 4.5]

Onyrir, =% 1 (1= An(t = tne1)]up, 7) Vn=1,...,N.

Picking v, » as above in and proceeding as in the proof of |32, Theorem 4.5], more precisely
see [32, eq. (4.2)], yield, for alln =1,..., N,

1 An
(1 - AnTn) (|Uh-r(tm')|1 ot H Uh 7-) (tm' ”0 Q) + = (Huhngun (L2(Q)) + |Uh'r|L2(1,L Hl(Q)))

ol ]) (M2 < 5 (o ) g+ () Gl

+ ([[uhr]] (En1y ) (u ) (tnors ) = 03 2 (a1, )02 + / [ = An (- = tn-1)](pe 1 f, wh,r)o.0dt.

n

We estimate the last two terms on the right-hand side separately: one involving the jump of the
first derivative at t,,_1; the other involving the source term f.

As for the “jump” term, we invoke [32, Corollary 4.4] and the definition of )\, use standard
manipulations, and get

([[u;z,'r]] (tn*h ')v (U’Z,-r)/(tn*h ) - ’U}er,-r(tnflﬂ '))O,Q
< | Q] e M| ) () = 0t )|

< [lwh, -] (taa ')HO,Q/\" (2P}, + 1)7—"Hulh7‘l'HL2(1n;L2(Q))
1 A
(ZPZ + 1)Tn)\n(§H [[U;L,Tﬂ (tn—l, ')H;Q + 7”’(1%77,“?2(]”;[/2(9)))
1/1 9 A 9
= 5 <5|| H:ulh,f]] (tn—h ')HO,Q + ?HU;“THLz(In;Lz(Q))) Vn = 17 A 7]\7,

As for the “source” term, we write

/I [1 - /\n( - tn—l)](ngtflfv ulh,T)O,th < ||H(;])‘71f||L1(In;L2(Q))HU;L,THLDO(In;Lz(Q))'

We combine the three displays above: for alln=1,..., N,

(17)\717_71) (|uh T(t”5)|IQ+H uh‘r) tn” ”0 Q)
A 1
vy (H“h 2 sz * lunrliaman) + LI RO S
1 _ 2
<3 (\Uh,T(tn—1,~)|1,Q +| uh,r)l(t”—lv')Ho,Q) -2 fll a1, 20 100l e 1,220

Using that A\, 7, < 1/4, and 1 — A\, 7, > 0, we simplify this inequality:

An 1
& (el 1z + T g,y ) + 71 0T e G
<1

-2

(‘“hﬂ'(tn—lv )ﬁﬂ + H(ui:,-r)l(t"—l’ )H(Q)Q) + HH(I))t—lfHLl(In;LZ(Q))||U;Lv"'”L°°(In;L2(Q))'



In [32, eq. (4.1)], a stability estimate is proven taking uj, . as a test function, which gives, for all
n=1,...,N,

5 (1t )+ ]| o)) < 5 (000 + | 0] )

0,

N

+ "Hg‘flfHLl(o,tn,l;m(Q)) (5”“;1,7'HLoo(o,tn,l;Lz(Q)) + 5|“h,r|2Loo(0,tn,1;Hl(Q)))

Inserting the bound

N|=

HuhTHLoo[ LQ(Q)) (HuhTHLoo(] Lz(Q)) ‘uhT|Loo([ Hl(Q))) VTL:L...7N

in (9)), selecting n to be m = m(up,,) as in (6)), and combining the two displays above give

Am 1 &
4 (HuhaTHi2(1m;L2(Q>> + |uh7""2LZ(I,,,,;H1(SZ))) 1 Z uh -r tn—1, )Hin

< 5 (100 o 0 0. )

Nf=

T 2( Z ||Hg‘*1f||L1<1n;L2<ﬂ>>) (”thf”iw(m;m(n)) + |“hvf|i°°(1m:H1(Q)))
n=1

We recall the one dimensional L™ to L?-norm polynomial inverse inequality in [28, eq. (3.6.4)]:

32(pl,)? 2
(L)) <~ U lra g, )

We deduce

1 1 —
t)2(2pt, + 1) (Hulh’fuiooum;m(m) +|“h’f‘i°°<1m;H1<ﬂ>>) ZZ [tth,- ] tn—lv')Hi,n

12(pj,
1 / 2
5 (‘uh'r |1Q+ ” Up, hor) 0")”0,9)

1

+ 2( Z HHOt—lfHLl(zn;m(g))) (Hu;%"'HiOO(Im;LQ(Q)) + |“h”'|i°°(Im;H1(ﬂ))) E'
n=1

Using Young’s inequality 2ab < ea® + g, with e = 1028(p?,)%(2p!, + 1) = u;,;! for the last term in
the above relation and the definition of i, in (7)), we infer

Hm (Hu;lv”'Hioo(Im;LQ(Q)) + |“hv"'|2L°°(I,,,L;H1(Q))) Z I (tn-1,°) Hin

1 _ 2
< 3 (10,9 N O3 ) + 2 (S0 I 1)
mot =1

The stability estimate follows using the Holder inequality, the stability of the L? projector in
the L2(I,,) norm, and the ¢? Cauchy—Schwarz inequality in the last term on the right-hand side

above:
m

)R 1 KON Z i 1fll 22 (1,:020)) <tm||f||L2(0tm,L2(Q)) (10)
n=1

O

Remark 1. The norms appearing on the left-hand side of are of the same sort of those in 32,
Theorem 4.5]. Instead, that on the right-hand side involving the source term f differs a bit: here,

we employ an L2(L?)-type norm weighted with t2, / ,uél, which scales exactly as the L!(L?) norm
used by Walkington. The reason for this change resides in inequality ; by proceeding as in 32,
we would end up with further suboptimality by two orders in the polynomial degree due to the L'
stability of the L? projector.



2.2 An integrated Thomée-type operator

Given a Banach space X, we introduce an operator Pp: mapping C*(0,7;X) into the space of
piecewise polynomials with polynomial distribution p’ over the time grid. This operator is the
integrated version of an operator in |30] in the framework of parabolic problems, see also [2], and
whose p-approximation properties are derived in [26].

The operator Py is piecewise defined fixing the following conditions: for alln =1,..., N,

(w/_Ppt(w)/7Qp§lf2)L2(In;X) =0 Vn=1,...,N, va;f2 ePpﬁ,y*Z(In;X)Q
Por(w) () = w'tn,-); Ppe(w)(tn-1,:) = wltn-1,7)  in &

As shown in [32] Section 5.1], this operator is well defined and the above definition is equivalent to

{(w_,])pt(w),quS)LQ(IW/;X) =0 VTL:L...,N, qu%,g, G]P)pz,g(ln;x),

Pt (W) (E72) = /(b )y Par (@)(tn) = w(tn)s  Por(@)(tnors) = wltaor,) i, D

where the orthogonality condition in the first line of is not taken into account if pf, = 2.
The function Pp(w) is globally continuous but not necessarily C' in time and satisfies the
following property.

Lemma 2.2. For all u in H*(I,;X) and all Qpt —1 1 Ppe _1(In; X), the following identity holds
true:
((U*Pptu)//>qP2*1)L2(ImX) = ([[(Pp‘u)/]] (tn—la')v%i’rl(tn—la'))ﬁf Vn=1,...,N. (12)

Proof. We have

((u— Pptu)/lv qp'h—l)LQ(In,X)

= —((u=Pprw) s dpr —1) 21,2y + (0 = Ppra) (tn; ), pt, —1(tns ) %

— ((u— Pp”u)/(tnfla s qp,’,’ﬁl(t"*h )
(1= Ppr) (bn-1, ) gt 11, D ([(Ppea) [ o1, )s g1 (b1, D

which is the assertion. O

The scope of this section is showing the approximation properties of Pp:. We recall the prop-
erties of the original Thomée operator |30]. Introduce j’vpt mapping C°(0,T; X) into the space of
piecewise polynomials with degree distribution p? over the time grid (in particular, discontinuous
functions in time). The operator 75pt is defined fixing the following conditions:

S (13)

(w—’ﬁpt(w),qpﬁl_l)Lz(ln;X) =0 Vn = 1,...7N, Vqﬁ”fl—l eprl—l(IrﬁX);
Pot (w)(t;, ) = w(tn, ) in X.

The following approximation results can be found in |26, Lemmas 3.6-3.8, Theorem 3.10] and [5|
Lemma 3.3].

Lemma 2.3. Let ﬁpt be the operator in . Then, for all w in H*Y1(I,; X) with s > 0, the
following inequalities hold true for alln=1,... N:

S 0 Tn ’
oo =Porwr] o S =Tl gy + 0 ey (14a)
- T
_ < i _ n _ !
Hw Pptw‘ L2(In;X) ™ ePIPItlf(In;X) (Hw . HLZ(I";X) * Ph H(w qub) HLZ(I";X)
"o 14b
T min(s,pan—l ( )
< (I Hw<s+1)
~ \ph L2(In;x)
~ Tn /
’prw‘ L2(Ls0) S llwllz 2y + IT%”w ”L2(1n;X)7 (14c)
ﬁ ¢ < Tn % inf !
H(w_ ptw)( nflf)HXN o). ,,e]P’Htl(In;X) ”(w_qpfb) ||L2(1n;x)
Pn n (14d)
T min(s,p%)«‘ﬁ%
<(In w(S“)‘ .
~ A\ ph L2(In;X)



On the reference interval 1 = [—1,1] |} the bounds in Lemma are a consequence of the
properties of the Legendre polynomials, the identity

(w = Ppew) (t,) = (w — Iw)(t, ) + (w - Tw)(L,)L,(H)  in X, (15)
and sharp estimates for the second term on the right-hand side of .
The operators Pp: and 73pf, in and are related by the following identity: for all ¢ in I,

Ppt (w)(t,-) = / (ﬁpt,l(w'))(s,) ds +w(ty—1,) inX Yn=1,...,N. (16)

tn—1

Combining with Lemma and using |26, Theorem 3.10], we get the following result.

Lemma 2.4. Let Py: be the operator in . Then, for all w in H5Y(I,; X) with s > 1, the
following inequalities hold true for alln=1,...,N:

Tn
10 Pt Ly S 0 0l + 0y (170
/ . ’ Tn 1"
[[(w = Pprw) ||L2(In;X) S 0 e]PI:tlf(In;X) <||(w — apt,) HLZ(I";X) + gH(w — ) HLZ(I”;X)
St 17h
’ min(s,p;) ( 7 )
< (I ’w<s+1>‘
~ AP L2(I,; )
T’ﬂ
”(,Pptw),HLQ(In;X) < Hw/HLZ(I,,,;X) + pT”wH”L?(IW;X)‘ (17¢c)

Proof. Inequality (I7a)) follows from (T4a)) and (L6). Inequality (I7d) follows from (T4c) and (I6).
Inequality (17b]) follows from (L7c|), the triangle inequality, and the fact that Py preserves poly-
nomials of degree pf, in time for all n =1,..., N. O

We derive bounds for the operator Pp: in L?-type norms. To this aim, we introduce the
piecewise H! projector Hll)t_1 onto polynomials in time as follows:

Pn

((w 7H;t*1w)/5q/t71)071n =0 Yw € HY(I,,; X), Gpt —1 € Ppt _1(In; X); (18)
(w—T5, _w)(tp-1,-) =0 inX Vn=1,...,N.

On the other hand, the operator Hop,, _; denotes the piecewise L? projector onto polynomials in
time.
Some properties of the operator Py are detailed in the next result.

Proposition 2.5. Let Py and Hll),,_l be the operators in and . Then, the following
inequality holds true: for all w in HT(I,,; X) with s > 1

2
LT

”w_Pp"wHLZ(]n;X) S ||w_H]1;;fw||L2(In;X) (pt)? |w”||L2(In;X) VYn=1,...,N. (19)

Since Pyt preserves polynomials in time of order pt, we also have
P n’

2
Tn

Tn
7H(w — qp%)/HLZ’([,,L;X) + WH(’U} - qp%)//HLZ(In;X))

Jw=Ppew]| o, S in (
PEUNLE(In; X) ™ g L eP 4 (InsX) \DE,
Py Py

min(s,pi)«kl
< (L) [+
~A\Ph

Proof. We prove the assertion on the reference interval I= (=1, 1); the general bound follows from
a scaling argument.

(20)
Vn=1,...,N.

L2(In;X)

2With an abuse of notation, we use the same notation for the operators on the reference interval.



Identity implies
(w — Pprw) (t,) = (' = Pye_y (w))(t,) = (w' —T%e_yw')(t,) + (' Mo w')(1, ) Lps _1(£) in X

Since (w — Pprw)(—1,-) = 0, an integration by parts gives

(w = Pyow)(t,) = /_1(11) —Pyew) (s, -)ds
- /_1(11/ ST, uf)(s, )ds + (w — Hgt,lw’)(l,.)/ Ly —1(s)ds =: Ty + T,

-1

We estimate the two terms on the right-hand side separately. The properties of the L? and H*!
projec'ttors imply Hgt_lw’ = (Hlljtw)’. Therefore, recalling from that w(—1,-) = Hlljtw(—L s
we write

t
Ty = / (w' = (Hpew)')(s,)ds = (w — Mpw)(t, ) in X.
-1
This identity leads to the estimate on the first term on the right-hand side of .
As for the term T5, we expand w’ with respect to Legendre polynomials:

+oo
w'(t,) =Y wi()Li(t)  in X, wl e X.
7=0

Standard properties of the L? projector imply

400 t
Ty = Z wi(-) / Ly _1(s)ds in X.

J=ph -
From [26| eq. (3.5)], we have
+00 )
> wi()] S @) 2l Ol 7 in x.
i=pry

Using that [*| Ly —1(s)ds = (2p%, — 1) (Ly — Lyt —2) and || Ly ||, 7~ (p},) % yields

H/ Lyt —1(s)ds
-1 0,1

Collecting the two displays above implies

< ()7 (HLpa ort HLpa—zHoj> S @h)7E

Ty S (0h) 21w ()l 7 in X.

This concludes the proof of ‘ As for 7 we add and subtract g, , employ , note that Ppe
piecewise preserves piecewise polynomials of degree pf, in time, and use the properties of the
projector H;t as in 28} Corollary 3.15]. O

2.3 Abstract error analysis

Let II§ : H}(2) — Vj, denote the elliptic projector defined as
a(u —T§u,v,) =0 Yoy, € V. (21)

We have the following stability estimate for the elliptic projector Hﬁ in , which is a consequence
of the Aubin-Nitsche technique: for any nonnegative s larger than or equal to 1, and possibly equal
to 0o, there exists « in (0, 1] depending on 2 such that

(e

|15 0] Lo(Ly;L2() T g‘”

L5 (I,;L2(Q)) 5 ||7)| Ls(I,;HY(Q)) Vn = 1,...,N. (22)

10



Estimate holds true under the assumption of quasi-uniformity of the sequence of spatial
meshes. This is the only occasion in the manuscript where local quasi-uniformity cannot be used.
Recall that Pp: is given in and let

ah)-,- = ’pr,Hiu.
We analyze a priori estimates of the following error quantity, which we spit into two contributions:
€hr = U= Upr+ = (u - ;Jh,‘l') + (ah,‘r - U'h,‘r) =:p+&hr- (23)

We show an upper bound on a suitable norm of the two terms on the right-hand side of . We
begin discussing the term &, -.

Lemma 2.6. Consider m = m(&.+), fim, and &+ as in @, , and . Let u and up, + be the
solutions to and ([3). Assume that Axu and u" belong to H*(I,; L*(Q0)) and L*(I,; H} () for
alln =1,...,m. Recall that their initial conditions are uy and w1, and uo,n, and uy p,, respectively.
Then, the following estimate holds true:

Hm (Hg;l»"'Hix(Im;L%Q)) + |£h,T|iOO(]m;H1(Q))) + Z H [[f;z,r]] (tnflv )H(2)7Q
n=1

S o = uon)(); g + 1wr = ur ) Oll5 g + 1w () = (Porw) (0, )5 g
+[|(Por (2 = TI)w)(0,)|[2

tm m m
+ 7 ( Z (I = Pp‘)Ax“|\i2(1n;L2(Q)) + Z ||([ - Hi)u”HZL?(I”;L%Q)))'
m Cn=1 n=1

The hidden constant is independent of t,, T, h, px, and pt, for anyn=1,...,m.
Proof. Let ey, + be as in . Subtracting and , foralln=1,..., N, we arrive at

/ [(6/};77-7vh,T)O,Q+U«(eh,TvUh,‘r)]dt“"([[e%,q-]] (tn—1,"),0nr(tn-1,"))o.2a =0 Yopr € Ppe 1(In; Va).

I’!‘L

Splitting yields
/ (& +>vh,7)0,0 + a(én,rs vn,7)]dE + ( [[EZ,T]] (tn—1,"), vh,r (tn-1, '))
In

0,Q
(24)

= —/ (0", vn,r)o,0dt —/ a(p,vn,r)dt — ([0']] (tn=1,"),vn,r (tn—1,))o,0  Yon,r € Ppe _1(In; Vi)

n n

We rewrite the right-hand side of as (fe, .»Vr)L2(0,1302(Q)), 1-€., as the right-hand side of
method 7 for a suitable f¢, _, which we fix in , so as to exploit the stability estimates ()
and deduce the assertion.

We focus on the second term on the right-hand side of (24). Using the fact that Py and II5
commute, definition (21]) of Hi, the fact that Pp¢ preserves polynomials in time, and an integration
by parts, we arrive at

/ a(p,vh,.,.)dt:/ a((I — PpeTI§ )u, vp, 7 )dt

I, In

= / a((] - 'Ppt,)u,vh,,.)dt = 7(AX(I - Ppt)u, Uh,T)L2(In;L2(Q))-
In

(25)

As for the first and third terms on the right-hand side of , we use the continuity in time of u’
and , and get

(p”7vh,‘r)L2(In;L2(Q)) + ( I:[pl]:l (t’ﬂ*h ')7vh,f(tn*17 .))OVQ
= (u//7 Uh,T)L2(In;L2(Q)) + ( [[ul]] (tn—h ')7 Uh,‘l'(tn—h .))O’Q

— (P vnr) 2 a2y = ([[(PorlTiw) ]| (b, )y onr (tams, )
= (u", vn7)L2(1,:02(0) — ((Pptniu)”aUh,-r)LZ(In;LZ(Q)) - ( [[(Pptﬂiu),ﬂ (tn—1,),Vn,+(tn-1, ))

"

0,Q

0,02

7Uh,r)L2(In;L2(Q)) - ((Hiu)”7Uh,-r)L2(I,,;L2(Q))-

11



For alln =1,... N, we deduce

[(p”a U’L,T)LQ(I,,L;LZ(Q)) + ([[Pl]] (tn—la '); Uh,‘r(tn—la '))O,Q = ((I Hh)u Uh, T)LQ(I,L,LQ(Q))' (26)
We insert and in and arrive at
/ [(&h s vnr)o.0 + alénrsvn)ldt + ([[€2]] (Bno1s)s 07 (tn-1,-))0.0

(I = Pot) Axtt, Vi e ) 121,22 (02)) — (I = )", vn ) 121,12 ()
= ((I = Pp)Au— (I =T onr) 21222 Vonr € Ppe _1(In; Vi), Vn=1,...N.

In words, &, - is the solution to method with right-hand side given by (fe, ., v+)r2(0,1:22(0))
with

fen = (I = Ppt)Axu— (I —TI5)u”. (27)
We are now in a position to apply the discrete stability estimates . Let m = m(&p,,~) be defined
in (6) and get

m

1 m
Hm (Hfh "'HL°° In;L2(2)) + |§h»f|2Loo(1m-,H1(Q))) + 4 ; 11€n.+] (tn, ')||§,Q

1 2 _ 2 tm 2
< 5 (|§h,1’(07 ')|1,Q + H(gh,‘r)/(o’ )HO,Q) + /]Limefh,‘r ||L2(0,tm;L2(Q)) = Tl + TQ-

We estimate the two terms on the right-hand side. The triangle inequality implies

2

<3 (I 0.0 4 60 ) = T+ Thal

0,2

Using and the stability of the elliptic projection Hg, we deduce

2
Tix = [, (0,)]] o = Junr (0, ) = I5u(0,-)]} o < [(uo — wo) ()17 -

We further have
2

i = 65 09 = [0 0.9 = Pl 0.9 = st = Promfy .

<20 — w) )0 +2)

wi() = Pl (0,)]],

2

< 2l — O+ s () = (P02, + 4 Py (1 = D' 0,0

Next, we deal with the term T5:

m

Mk tm
u = T5 .
L2 (1n:L2(9) Z o

t tm
L= Hf&h‘f“fﬁ(o tmiL2(Q) Z H (I = Ppe)Ascu — (I —TIj)

o
We have
Ton < 2||(1 - Ppt)Axu||2L?(Iﬂ,;L2(Q)) + QH(I - Hi)””HL%In;B(Q))'
Collecting the bounds on 77 and T yields the assertion. O
We deduce an abstract convergence result. Introduce k in 1,..., N such that

(™ +lensl; ) = ax (|[ef, .| T lenrl? ).
T Lo (I L2(2)) TILe (I H(Q)) =1 b7l Loo (1,;L2(2)) sTILoo (1, H1(Q))

(28)
The index k is defined similarly to the index m in @ However, on the one hand, with k we
maximize positive functionals in Bochner spaces and not in space—time finite element spaces; on
the other hand, using a different nomenclature of the indices allows us to improve the readability
of the estimates in Theorems 2.7 and 2.8 below.

12



Theorem 2.7. Consider m = m(&n.+), fim, k, and &+ and p as in @, , , and . Letu
and up, + be the solutions to and ([B). Assume that Axu and v’ belong to H*(I,; L*()) and
L2(1,,; HY () for allm = 1,...,m, respectively. Recall that their initial conditions are ug and u1,
and ug,n, and uy p, respectively. Then, the following estimate holds true:

N 2 2 1 2
Ak (||6;%THL°°(ITL;L2(Q)) + |eth|L°°(In;H1(Q))) S . (|(u0 —u0.n)()1 g

1= w1 )N+ s () = (P (0,1} g + [| (P (7 = T D) (0,5 )

tm 2 tm £ (2 (29)
+ MT Z ”(I - Pp")Axu”H(In;m(Q)) + ,UT Z ”(I - Hh)uHHLZ’(IH;LQ(Q))
m p=1 m n=1
8
2 2
1P Ve 1y 2000) + 1PLioe (st oy =5 D55
j=1
Proof. Using the triangle inequality and the definition of m = m(&, +) in @, we deduce
N 2 2
ey (He;w||L°°<In;L2<Q>> +lenr qun;Hl(m))
2 2 2 2
<2 (||P/HL°°<1ML2(Q>) + ‘P‘Lxuk;fﬂ(m)) +2 <||5§L,r||Loo(1k;Lz<m> + |€h>"'|L°°(Ik;H1(Q)))
2 2 2 2
<2 (Hp/HLOO(Ik;LQ(Q)) + ‘p‘LOC(Ik;Hl(Q))> +2 (Hg;L,THLoo(Im;Lz(Q)) + |£h,T|Loo(]m;H1(Q))> .
The assertion follows using Lemma [2.6 O

2.4 Convergence estimates

For m = m(&p, ) and py, as in @ and @, we derive convergence estimates for method , which
are explicit in the spatial mesh size, the time steps, and the polynomial degrees in space and time,
with respect to the norm

N 12 2 )
max (1113 15250 + oo (1)) (30)
To this aim, we give explicit bounds on the terms J;, j = 1,...,8, appearing on the right-hand

side of , and collect the resulting estimates in the following result.

Theorem 2.8. Let u and up .+ be the solutions to and , and ep + be as in ; ug, U1,
and u be sufficiently smooth; m = m(&p +), pom, and k be as in (@, , and ; « be the elliptic
regularity parameter as in . Then, the following a priori estimate holds true:

. 1
b ([ +lenel; S i AT
ne1 \Nn Tl oo (1,:02(0)) T 1T ILo nsEY Q) ) S p2oT 05+,
h2min(px+l,s—%) 9 m 2min(p'i,s)71 (s41) 2
S
e Oy o+ () [l o
Px z Pi L2(13,L2(9)

N T 2 min(px+1,5—1)—2(1—«) H //||2 N h2min(Px+1,S*%)*2(lfa) ” ()”2
e 552 3(1-a) WollL2 (g me-1(0)) 25— 1-2(1—a) i3 .0
1 Px Px

e

)2 min(sfl,pffkl)

r S (2

B = \ph

tm ™ p2min(px+1,s—1)—2(1-a)
5 Z 2s—2—2(1—a)
m n=1 Px

L2(In;L2(2))

||u”||i2(1n;H5*1(S2))

h2min(s,pz)+27_k h—2+2a 1 9
+ ( (p})25+2 ( p;2+2a) (7% ||u/||L°°(Ik;HS+1(Q)))

2min(s,pf€)—1

+(;;)““‘W (HU(SH)‘

2 h2a—2
el
L2(I;;L2())  p2o

2
L2(1k?H1(Q))))

2min(s,p?€+l)71 5
L2(1,,HY(Q) |

h2 min(px,s),rfl o .
+ (23 = (mkllull oo s 1) + |
pPx Py

13



Proof. Estimates on J;. We recall that ugj is the elliptic projection of ug as in onto Vj,.
Standard polynomial approximation estimates imply

) 9 h2min (px+1, s——) 5
pm A7 = [(uo — uon) ()i o S pgs—,1||u0(‘)||s+%,9- 31)

X

Estimates on J;. We recall that uy j, is the L? projection of u; onto Vj,. Standard polynomial
approximation estimates imply

) 9 h 2 min (px+1,5—3%)
pmdy = [l(ur — w1 n)()llo o S st—_lnul( [ (32)

X

Estimates on J3. Using identity and the approximation estimate (|14d|), we infer

2 min(pj,s)—1
2 _ o / a2 _ ' / . 2 < 1 (s+1)
Tt = = Py 0.3 = 0 = Py 5 (5) Sl )
Estimates on J;. Using the triangle inequality, we have
2 H I- : <o - 1 -1y (0, )| =B, 41
pm33 = || (Poe (1 = 1)) (0, < 2|[((1 = Pp)(r =T)uy 09 +2|[(7 =m0, =T+
Following the proof of the bound on I3 we get the following bound on I3 ;:
(L4d)
2 EN, M
RS ( )H 1 =11y )u HL2(11 L2(9))
71 . 2 2
< ('L "o E 1
~ (p§> i€ Lh Vi) <”“ Gl 1220 + [T (u qpx)||L2(11;L2(Q))>
1 f " 2 h2 -, 2
~oA\pt 4o €L2(13V) 1™ = @l ;20 + P2 = 21500 )
< 7_1 h2min(px+1,s—1) 2 h2a h2min(px+1,s—1)—2 2
~ A\ E 2(s—1) [[u ||L2(11;HS*1(Q))+ 20 2(s—1)—2 [u ”Lz(h;HS*l(Q))
pl px px px
< ! h2 min(px+1,5s—1)—2(1—a) ||u/l||2
~\pt p)2c57272(17a) L2(Iy;H==1(Q))"
As for the term Jy 2, we proceed similarly:
Bo=|0-1mw0| <t (- g O + [T~ g0
4,2 h oa ™ apn €L2(11:Vi) Px 0,0 h Px 0.9
22} h2 min(px+1, s—— 5 hQa h2 n)in(px+1,.s—%)—2 9
S = ud | LSS O | I WS R sl P u()lls- 2
( eI lur (-1 0 2 553 lur (I
2 min(px—+1,5—3)—2(1—a)
" "’ [RCT .
~ p)2(57172(17a) s—5,0
Collecting the two displays above gives
. . 1
5 7_1 h2m1n(px+1,s—1)—2(l—a) 2 h2m1n(px+1,s—§)—2(1—a) 9
pomds 2 (E) p22720-0) [ u ”L?(ll;Hs—l(ﬂ)) + p2e1=20-) lurC)ls-g,0- (34)
Estimates on J5. Using Proposition we get
" m ’ 2min(s—1,p;+1) ( )
= (I = Poe) A < m N (T HA - 1’ 35
¥= MMZII Po) At a1, n200) S 2 2; (pz ) A R C )



Estimates on Jg. Using and the fact that Hi preserves spatial polynomials of degree pyx, we
get

. 2
=23 H(I — )

13 L2(I,i5L2(9))

n=1
m

tm .
Z inf (‘ U’ — qpy HiZ(IH;Lz(Sl)) + Hﬂi(u" — Q)

2
Him 2= apx €L2(In;Vp)

A

2
LQ(In;LQ(Q)))

tm ) 2 h** 2

e 7: nz::l qPXEngl(fIn;V ) <”u” = ol iz, 2o p?}u” I }LZUMHl(Q))) (36)
tim m h2min(px+1,sfl) 5 h2a h2min(px+1,571)72 5

S uz, 2131 (WH“'/HLZUH;HHm» + ww““ﬁﬂmun;mlm)))

- tm m h2min(px+l,s—1)—2(1—o<)

2
12, pes220-a) HUN||L2(In;H5—1(Q))'
n=1 x

Estimates on J;. Using and the definition of p in gives

2 _ 2 _ g v?
I = ||leL°°(Ik;L2(Q)) - H(u ~ Pprllw)’ Lo (I1;;L2(92))
, (37)

2 h\ 2 2
S (e - iy pe gy I o) e ooy + (E) = Pt [ e 11 )

First, we focus on the first term on the right-hand side: for any g, in W (Ix; V},),

2 2
[ (u— Hi“)/Hquk;m(Q)) S Hu— qpx)/”ioo(Ik;LQ(Q)) + |5 (u — qu)/HLoo(Ik;Lz(Q))

(222 h2e

2 2
S M= ) e zzqe) + e 100 = ) T 15000 )

5

h2 min(s,pi)-&—QTk h2 min(s,p2)+2a7_k (

—1 2
~o(ph)=t? (7 M oo (1m0 () + A

h2min(s,p§c)+27_k h—2+2a . 9
= i \25+2 + —577a (Tk ”uI”LN(Ik;HSH(Q)))'
(pk:) Px

Next, we deal with the second term in the parenthesis on the right-hand side: using a polynomial
inverse inequality as in [28, eq. (3.6.4)], for any g,: in Py (Ix; L3(Q)),

—-1 2
T ||U/|‘Loo(1k;Hs+1(Q)))

‘ 2

2 2
= Port) e 1,022y S M = @) [ 1,200y HP;“ =@ ey

<[] +(p§f)2H7>' (u—gp0)||

~ Pr/ lpos (1,;;12(9)) Tl p PRl L2 (102 (9))

(INES) 2 (pt)? 2 2
= .Y LH Y H Y/ _
~ ‘(U qpk) Lo (I L2 () + Tk (u qpk) L2(I;;;L2 () Tk (U qpk) L2(I;L2(Q2))

Standard polynomial approximation properties in 1D give

2 7_2 min(s,ph)—1 9
R T cud VAt
Py, Loo (I L2(Q)) (pZ)Zmln(s,pk)fl L2(11:L2(Q))
2 min(s,pk)—1
(pZ)QH(u7q t),‘Z < %Hu(sﬁﬁl)‘Q |
Tk P e srz@) 7 (pf )2 min(eei) =2 L2(1:L2(9)
and (o)1
2 2 min(s,py)— 9
—q,)" < k—H <s+1>‘ .
TkH(U qp}c) L2(I;:L2(Q)) ™ (pz]fc)Qmin(s,pZ)—2 u L2(I4:L2(Q))

We collect the four displays above and get

) Tlfmin(smfic)*l (o412
— D) < kst
1w = Ppru) ||L°°(Ik;L2(Q)) ~ (pz)2min(s,p§;)—2 Hu ’ L2(1;;L2(Q))

15



We proceed similarly for the third term on the right-hand side of :

B\ 22 B 2o 2min(s,py)—
Y iy S (1) e
Px (Ix;H(2)) Px (pk)2m1n( )2 L2(I;HY(Q))

p2a—2 2 min(s,p},)—1
Tk

_ th (s+1) ‘
p)Z(a (p2)2 min(s,p! )— L2(Ip; Hl(Q))
Recalling 7 we arrive at
12 min(s,p2)+2Tk B —2+20
2 —1y,112
7S [ ()22 <1+ p—2+2a) T ullwrce (rs 1))
2 min(s,pl,)— 20—2 (38)
+Tk— H (e+1)‘ h th (s+1>‘
(p}) 2 min(spi) =2 L2(Ii; L2(9)) L2 (1 HY(9)

Estimates on Jg. Using the stability of the elliptic projector Hi in H*(Q2) and the 1D Sobolev
embedding in [19, eq. (1.3)], we write
2 _ 2 _ £, 12
3= |p|L°°(Ik;H1(Q)) = ‘“ - ,PptHhu’LOO(]k-Hl(Q))
£.12 £
S (|“ - Hhu|L°°(Ik;H1(Q)) + [T (Id = Py u|L°° (In: Hl(Q)))
£ 12
< (’“ - Hhu‘LOO(Ik;Hl(Q)) +lu - 7)Pt“|L°°(h;H1(Q)))
£ 12
< (’“ = Ul (g sy 18 = Portl po g, () (0 = Ppt“)/|L2(1k;H1<Q)))'
As for the first term on the right-hand side, polynomial approximation properties (in space) give
h2 min(px,s)T—l 5
g (Tl Lo (1, o1 0)-

Px
As for the second term on the right-hand side of (39)), we use and (17b]), and obtain

[

& 2
[u = 105l e 1130y < 10— Gl (1110 S

Tk
[ = Portl 1 @) | (= Port) a1 @) S (t

2 min(s,pl,+1)—1
pk)

L2(I, HY(R))

Combining the above displays and recalling entail

u®

)2 min(s,p;‘€+1)71 H

h2 min(px S)T71 % 2
Q[ A 1] - : 40
8~ P2 ( | HL (In;H +1(Q))) + pz L2(1, H1(9) (40)

Convergence estimates. The assertion follows combining (31| . , . . , .
and (| .

The a priori estimates in Theorem can be simplified under the assumption of elliptic reg-
ularity, i.e., assuming the parameter « in to be 1 (this happens for instance if Q is convex);
under more regularity on the solution; requiring the isotropy of the spatial and time meshes; fixing
the polynomial degrees in space and time (in what follows, p denotes the polynomial degree of the
scheme).

Notably, the next result contains two estimates: the first one holds true for smooth exact
solutions and the rate in the time step has optimal order p; the second one holds true for exact
solutions with finite total Sobolev regularity indices s smaller than or equal to p and is optimal in
terms of the Sobolev scaling.

Corollary 2.9. Let u and up, + be the solutions to and , and ey + be as in . We assume
that the initial conditions ug and uy in and u are smooth in the sense s is larger than or
equal to pt, + 2 on each I,, for alln = 1,...,N. Assume that the parameter o in s equal
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to 1, i.e., elliptic reqularity holds for the domain Q. Let 7, = 7 for alln =1,...,N, and choose
h = O(r). For given p in N, we further demand that px = p and pt, = p for alln = 1,...,N.
Recall that m = m(&p, +) is defined in @ Then, the following a priori error estimate is valid:

N ;o2 2 3
ey (||eh»THL°°<In;L2<Q>> + |€h»T|L°°<In;H1<Q>>> ST

On the other hand, if s is smaller than or equal to p, then the following a priori error estimate is

valid:
: 1

N ’ 2 2 2 s—1
r}ﬁi{ (!’eh17'||L°°(I,L;L2(Q)) + |eh,T|Loo(I";H1(Q))) g T2, (41)

Proof. The proof boils down to using Theorem and note that, for the estimates of the terms J3
and J7 in , we can use

1
<72 ul
L2(Ii;L2(92))

Hu<p+1>‘
Lo (1 L2(9))

p+1) H

All other J; terms, j = 1,2,4,5,6,8, already gave O(7P) rates. O

Remark 2. The error measure in (30) does not involve the jumps at the time nodes of the first
time derivative. Some comments about this feature are in order.

e Lemmal2.6|involves an error measure containing the sum of jump terms up to m, m = m(&, )
as in (6); a modification of the proofs of Theorems and would lead to estimates for
norms of the error containing jumps, but only up to the time node t,, and leading to an

optimal convergence rate (9(74’_%)7 which is however suboptimal for the first term in the

€ITor measure .

e Walkington’s strategy [32] involves the use of a special test function, leading to errors mea-
sured in L*®-type norms in time. Such norms are different from L2-type norms in time,
which are typically obtained by testing with “more standard” functions and typically come
together with jumps at the time nodes.

e Optimal convergence for a norm involving jumps in our setting may be derived by using
stability estimates obtained by using the test function v, , = u;m_. This is shown, for
instance, in |32} eq. (4.1)] and would give an optimal rate of convergence for the jump terms.

e Even though we did not prove convergence rates for the jumps on the theoretical level, in
Section {4] below, we shall investigate their practical behaviour.

3 A posteriori error estimates for the semi-discrete in time
method

This section is concerned with introducing an error estimator for the semi-discrete in time method ,
and prove constant free, reliable a posteriori estimates for the error measured in the L°°(L?) norm
under extra assumptions discussed in Section In Section we introduce a novel reconstruc-
tion operator and exhibit its approximation properties, which are instrumental in the a posteriori
error estimates given in Section [3.3]

3.1 Data assumptions

Throughout, we make the following assumption, which is instrumental in deriving the a posteriori
error estimates: for u and u, solutions to to ,

Ayu € L*(0,T; L*(Q)) (which implies Ayu, belongs to L?(0,T; L*(2))). (42)

17



As detailed in Proposition below, sufficient conditions such that holds true are:

the spatial domain € is convex;
up and u; belong to H?(Q) N Hy(Q) and Hy(Q); (43)
the right-hand side f belongs to H'(0,T; L*(f)).

Additional comments on this point are given in Remark [4| below. We now discuss why

implies (42)).

Proposition 3.1. Under assumption , then, the solution u to s such that

u € L°(0,T; H*(Q)) N Wh(0,T; Hy () N W2°(0,T; L*(2)) N W°°(0,T; H1(2)).
In particular, property holds true.

Proof. A proof for domains with sufficiently smooth boundary can be found in [8, Theorem 5,
Chapter 7.2] and is based on the Faedo-Galerkin technique, based on taking the limits of expan-
sions into eigenfunctions. In turns, the regularity in space only depends on the regularity of the
eigenfunctions of Ay, which on convex domains [43)) is H?(Q); see, e.g., [15]. O

3.2 A reconstruction operator

In view of deriving a posteriori error estimates in Section [3.3] below, we discuss here the properties
of a generalization of the reconstruction operator introduced in [22] for parabolic problems; see
also [17,27] for a proof of p-approximation properties of the operator in [22].

Given a Banach space X and v, in C°(0,T; X) with vy, in Py (I,,; X) and (v;)’(0,-) is an
element in X, let Rpty; be piecewise defined for alln =1,..., N as

{((Rptﬂvr)’ﬂ%1)L2(1n;x> = (v apt 1) 21,0y T ([07] (b1, @pe 1 (Bn1, ))&

44
Rt 4107 (tn—1,7) = vr(bn15), (Rpt10m) (1) = (07 (b, ) 0 X Vaye y € By (I3 X). o)

The corresponding operator for parabolic problems also allows for spatial mesh changes, see,
e.g., [13], a topic that is still open for the wave equation in second order formulation and that we
shall investigate in the future.

We begin by proving the following property of Rp:yiur.

Proposition 3.2. The function Rpt11v+ is a C! piecewise polynomial in time reconstruction of
a C° piecewise polynomial in time.

Proof. The assertion follows using the last condition in and proving that
(Rpts10r) (bn, ) = (05 (s, Rpts1tn(t,) = ve(tn,) in X, (45)

Proving the first identity in (45). Taking ¢,: _1 = cx to be fixed in X below and independent
of time in the first line of foralln =1,..., N, and integrating by parts on both sides lead to

((Rpt+1v‘r)/(tnv ) - (Rpt+1vr)/(tn—1a ')’ CX)X
= ((v7) (tn, ) = (VF) (ta=1,) + (0F) (tn—1,) —(v7) (ta—1, ), ex) -
=0

Using that (Rpt4+107) (tn-1,-) = (v5) (tn—1,-) in X and taking cx equal to (Rpt11v+) (tn,) —
(v7) (tn, ), we deduce the first identity in ([45).

-
Proving the second identity in . We take ¢t 1 = (t — t,—1)cx with ¢x to be fixed in X
below and independent of time in the first condition of (44]) for all n = 1,..., N, integrate by
parts, and get

((Rpt+lv"')/(tn7 ), TnCx)x — ((Rp"+1UT)/7EX)L2(In;X) = ((v7) (tn, "), Tnlx)x — ('U-lr:gX)L2(In;X)-
Using (Rpt4107) (tn, ) = (v7)(tn, ) entails

(Rpt41v2),€x) 2 (1:20) = (Ve €X) L2(1,5) -
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Integrating by parts again gives
(Rpt 4107 (tn, ) — Rpt410r (tn-1,7),cx)x = (r(tn, ") — vr(tn-1,),x)x-

Using that Rpt410r(tn—1,7) = vr(tn—1,-) in X, which is the first initial condition in (44), and
choosing ¢x equal to Rpt 10+ (tn, ) — v (ty, ) yield the second identity in . O

We have additional properties on the operator Rpt41.

Lemma 3.3. Consider a Banach space X and vy in C°(0,T; X) with vy g, in Py (In; X). For
alln=1,..., N, the following identities hold true:

2
I(wr = Rpes10m) 727,20y = 1 (0h)*107] (Enrs )l (46a)
[(vr — Rpt1vr)" ”LOO(In;X) = |I[vr] (tn-1, ')HX, (46b)
2
[or — Rpes10n 2 ry < 722G (bnes, I (460)
where
2 P, ¢ ty—1
c1(pn)” = (2pt _ 1)?21)15 T1) c(pn) = (Ph)" 2, (47a)
p:L if ot > 3 .
ea(pl)? = 4 G2~ D7 - ) ?fp: 2 3, ea(ph) ~ (ph )%, (47b)
1571.2 pr'n, = 23

Proof. Identity (46a)) is proven in [27, Theorem 2]. Identity (46b]) is essentially proven in [17]
Lemma 1]. As for inequality (46c]), we first observe that definition , an integration by parts,
the first identity in , and the smoothness of Rp: v, imply, for all n =1,...,n,

(44)
[[ ; ]] ln-1,") qp§;1(tn—1a Nx = ((vr — Rpwrﬂ)-r)”aqp;—l)ﬁ(fn;x)
(IBP)
—((vr t+1vr) q;)%—l)LQ(I";X)
+ (( t+1’U1-) (tTH ')7 qp%’—l(tna ))-X - ((UT - Rpt-‘-lv‘f')/(tn—lv ')7pr1_1(tn—17 ))-X
((v"' t+1’U‘,-) q;ﬁLfl)LQ(In;X) - ([[Ufrﬂ (tn—h ')7prb—l(tn—17 ))X VQpﬁl—l S ]P)pfl—l(In; X)

Proving (46c)) for p! larger than 2. A further integration by parts and the smoothness of v,
and Rpt4+1v- at the endpoints of each I,, entail

(UT - Rpt+1UT7ngL—1)L2(In;X) =0 Vq[);—l € ]P)pﬁl—l(InQ X) (48)

For all t in I,,, we pick

Ipt —1( / / — Rpt41v.)(r,-)dr ds in X

n

and deduce
(’U-,- — Rpt+1’l)-,-, Hgt_g,(v.,- — Rpt+lvr))L2(In;X) =0. (49)

Using [28, Theorem 3.11] entails

Tn

IN

||(I - Hgt,3)(11,- - Rp‘+1v‘r)||L2(1n;X) [ (vr — Rpt+1v‘f),||L2(I LX) (50)

1
2k —2)(ph, - 1)
Approximation properties as in |28, Theorem 3.11] imply

||U'r - Rpt+1vf||2L?(In;X) = (UT - Rpt+lv7'a Ur — Rpt+lvT)L2(1n;X)

149)
! (’U-,- — Rpt+1’l]7-7 (I — Hgtig)(’UT — Rpt—‘,-lvT))Lz(In;X)

1 !/
§ (p% _ 2)(27% — 1) ||U-,- - Rpt+1lelL2(In;X)||(’UT - Rpt—i-lvr) ||L2(In;X)'
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The first line in inequality (46c) follows recalling identity (46al).
Proving (46d) for p!, equal to 2. The last display above modifies as follows: the 1D Poincaré
inequality in time implies

2
2 7 2
o7 = Rptarvrllagr, ) < (5 1(0r = Rptavn) iz, vy

The second line in inequality (46d) follows recalling identity ([46a) with pf, = 2.

3.3 An error estimator for the semi-discrete in time method

We construct a computable error estimator and prove constant free, reliable a posteriori error
estimates. We introduce

3
o) = [ (= Ryrsrur) (s, )ds in X, (51)
¢
with € in I,,,, 1 < m < N. The function v belongs to C'(0,7; L?(Q2)). In definition (44)), we set
(Rt 1102)'(0,7) = w1 (") in L2(0), (52)
We pick € in such that
”(u - Rpt+1u7)(f, ')”079 = Hu - Rpt+1u7||LOO(O7T;L2(Q)) with £ € Ip,. (53)

We state an auxiliary technical result.

Lemma 3.4. Given v and & as in and , the following estimates hold true:

Tn

. t !/
o e o 10~ Bl inaiay < @I im i snay (54a)
1ol Lo 1 giz2 ) < TmllV L (11 622020 (54b)

where we have set, also for future convenience,

o [vE o ifph=0,1,2
CS(pn) T

1 et
Ph—2 if py, = 3,

es(ph) =~ (ph) " (55)

Proof. Inequality in the case p! larger than 2 is the Bochner version of |31, Theorem 7.2]
up to a scaling argument. Inequality in the case p!, equal to 0, 1, and 2 follows from [19, eq.
(1.3)] and the 1D Poincaré inequality in time. Inequality follows from the Cauchy-Schwarz
inequality, the definition of v in , and the fact that v(£,-) =0 and |£ — ty—1] < T O

Proposition 3.5. Let assumption hold true, which implies . Consider u and u, the
solutions of (2) and , and Rpt41 the operator in . Given v, & and m, ca(pt), and c3(pt)

as in , (53), (47b), and , we have

HU — Rpt41ur HLD@(O,T;Lz(Q))

m—1
S 2(( Z %63(1’; - 1)Hf - Hot—lfHLl(zn;L‘z(Q)) + Tme - H(l))‘—lfHLl(Im;H(Q)))

n=1
m—1 T (56)
+ ( 2 ?63(1’% - 1)HAX(“"' - Hgt—lu")HLl(zn;H(n)) + TmHAX(“" - Hgt—lu"')HLl(Im;L2(Q)))
m—1 g3
T ( %62(1);)64(1)2 - 3)“ [[Axuf,]] (t"—lv ')HLz(sz) + TE’LC?(p:ﬂ)H [[Axufr]] (tm—lv ')HLQ(&Z))>7
n=1

with cy(pl, — 3) defined as

[tm —tn_1] et
. =l ifpy, =2
c —3) := Tn 57
(on = 3) {03(1)% —3) ifp, =3 &7
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Proof. Let Rpt41 be the reconstruction operator in . Using , we have the identity
((Rptﬂu,.)”, 1},-)[/2(1";[/2(9)) - (Axu.,-, ’U7-> = <f, U-,-> VU-,- S ]P)pzfl(fn; H& (Q)) Vn = 1, ey N.

Recall the time semi-discrete right-hand side in . Due to , forallm=1,...,N, we have the
following identity in L?(Q) inside each time interval:

(Rpt41ur)” — I

pi—1

Axur =110, f. (58)

Using Axﬂoptflu.,. = HngAxu.,, and subtracting to , we get the following identity
in L2(1,,; L*(2)):

(u— Rp”+1u7')” — Ax(u—Rpry1ur) = (f - Hopt—lf) + Ax(Rpt41ur — H?)f,_lu,-). (59)

Next, we derive an error equation testing with a particular function mimicking that proposed
in [3] eq. (3.7)], i.e., the function in (51)). It is immediate to check

—v'(t,-) = (u— Rptr1ur)(t, ) (60)

and
(€, =0. (61)

Multiplying with the function in , integrating in space, and integrating by parts, we arrive
at the following identity in L?(0,T):

(4~ Rptr1ur)” )00 + a(u — Ryt s1tir, v)
=(f- Hgt71f;U)O,Q + (Ax(Rptq1tr — Hi’,z,luf),v)o,n.

Using 7 we readily deduce the following identity in L2(0,T):
((u — Rpti1ur)’ v)o0 —a(v',v) = (f — Hgt,lf, 0)0,0 + (Ax(Rpt41ur — Hgtflu,-), 0)0,0-

The following trivial but crucial identity holds true: given sufficiently smooth functions X and 3,

we have
(R, Do,0 = (N, D)oo — (Y, T)o,0 in L?(0,T).

This identity and imply

((u = Rpryrur)',0)0 g + (u — Rpeyrur), u — Rpirtr oo — a(v', v)
=(f- H?)t_lf, v)o.0 + (Ax(Rpty1ur — Hgt_lur),v)o,ﬂ in L2(0, 7).

Equivalently, we write
1 2 1
((u—Rprsrur)’, U)B,Q + 5(”“ - RP‘+1UT||07Q)/ - 5“(07 v)’
=(f - Hgt_lf, v)o,0 + (Ax(Rpty1tr — Hgt_lu.r), v)o.0 in L2(0, 7).

We integrate in time over (0,£), £ as in the choice of the test function in . We arrive at

S = Ryt 1) (0, )2~ 5a(0(0,1),0(0,)

S = Ry (€, = 5a(0(€,), 06 ) = 5

2
§
+ / ((f - Hgt71fv U)O,Q + (AX(Rpf+1u‘r - nglu‘r)v U)O,Q — ((u— Rpt+1u‘r)/v U)(),Q) dt.
0

Using and (52)), we have (u — Rpti1ur)’(0,+) = 0, whence we write

3
- /o ((u—Rprt1ur)', v)p odt
= —((u = Rpry1t7) (€. ),0(E, Nog + (1~ Rpry117)(0,),0(0, o
(4 = Rper)(0,),0(0, ). = 0.
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Combining the two above displays again with , adding and subtracting u, in the last term on
the right-hand side, and using that (v — Rpt41u-)(0,-) = 0 yield

1 1
0~ Ryt )€ 2+ 3a0(0,),(0,)
13
= / ((f =1 frv)o.0 + (Ax(ur =190 _jur), v)0,0 + (Ax(Rpt 1tz — ur), v)o,0) dt.
0

Let gy _1 and g, 3 realize (54a) of degree p!, — 1 and pf, — 3 (with g,; 3 = 0 for p!, = 2),
respectively. Using the properties of Hgt—p the orthogonal property , and the choice of &
in (including the fact that & lies in the time interval I,,,), we end up with

1 1
5 Hu — Rpt+1uf||2L°°(o,T;L2(Q)) + 5&(1)(0, ')v U(Ov ))

m—1 13
<> / (f = Tpe_1f,0 = Gyt —1)o,0dt + / (f = TMpe_1 f,v)o,0dt
n= n 1

m—

m—1 3
+ Z / (Asc(ur — e _yur), v — qpe _1)o,0dt +/t (Ax(ur — I _yur),v)o,0dt
1

3
+ Z / pt+1uf — u-,-) v — qPi*3)0*th -I—/ (Ax(Rpt+1u1- — -,- 0 th ZT
tm—1

As for the the term T3, we use Holder’s inequality, inequality E (with constant c3(pf, — 1)), and
the fact that [|v'|| e s, .r2(q)) 18 smaller than [[v'|| e« o 7,12(q)), and end up with

m—1
T < Z Hf—HgtﬂfHLl(In;Lz(Q))Hv — qPifl”LOO(In;Lz(Q))
-
< Zl Zes(ply = DI = B9 1l g, o1l e 12200 (63)
< (T Zai-vlr -1yl V11l 22060
=1 " LY (In; L2 () L>°(0,T;L%(2))

Similarly, using (54b) and the fact that [[v'|| e, ¢.12(0)) 18 smaller than [[V']| Lo 1.12(0)), We
also infer the following bound on the term T5:

0
I < Hf - HptflfHLl(tm,l,g;LQ(Q))HU||L°°(tm—17€§L2(Q))
< Tm”f - Hgt—lfHLl([n;Lz(Q))HUIHLW(tm_l,E;LZ(Q)) (64)
< Tm”f - Hgt—1f||L1(Im;L2(Q))||U/||L°°(O,T;L2(Q))‘

Next, we bound the term T3 using again (b4al) with constant c3(pt, — 1):

m—1
Ty < ) [ Axlur =Ty yu) gy, g v = ot -1ll e 1,20
n=1
m—1
< Z %CS(PZ — )| Ax(ur - Hgt—lu"')HLl(IH;Lz(Q))||v/||L°°(In?L2(Q)) (65)
n=1
m—1
= ( %03(172 = D[ Ax(ur — Hgf—luf)HLl(In;Lz(ﬂ))) 107l L (0,7 2252
n=1

We bound the term T based on (54b)) and proceeding as in the bound of T3:

Ty < ||AX(UT - Hgtflu‘l')||L1(tm71,§;L2(Q))||U||L°°(tm,1,£;L2(Q))
< T | Ax(ur — H(I))tflu"»HLl(tm,l,ﬁ;LQ(Q))HU,HL“’(tm—l,@LQ(Q)) (66)

= 7—mHAx(u‘r' - Hgf—luT)HL%Im/;Lz(Q)) ”v/”L‘X’(O,T;LQ(Q))'
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Using estimates (54a)) with constant c3(pf, — 3) and ({46¢) with constant co(pf,), we show an upper
bound on the term Ty for pf, > 3:

1
15 < T | Ax(Rptrur = ur)ll 27,1200y lv = qP%*?’HLW(In;LQ(Q))
77,:1
m—1 T%
<> —cs(Pn = 3Ax(Rpe 1tz = wr)ll a1, 200 1V | oo (1,220 ®7)
n=1
m—1 7_3
< < —ea(pn)es(pr, = 3)lI[Axu] (tn—lv')“LQ(Q)) 10l o 0,752
n=1

For p!, = 2, using the definition of v and ¢ in and , and the fact that | — ¢,_1| is larger
than |§ — ¢,|, we have

HU”LOO(IW,;L?(Q)) <l€- tn71|||v/||L°°(1n;L2(Q)) < tm — tnfl|||vl||L°°(In;L2(Q))'

Using the definition of c4(p!, — 3) in (57)), we have the following bound on the term T} for all pf,
larger than or equal to 2:
~1

1
7it | Ax(Rpt1tr — UT)||L2(In;L2(Q))||U||L°°(In;L2(Q))

3

IN

15

il
_

1
< [t = tn—1]7i [ Ax(Rpt41ur — uT)HL2(1n;L2(Q))||v/||L°°(In;L2(Q))
1

3
Il

—1

3

IN

[t — tn—1|Trca (Pl I AxuL] (o, ')||L2(Q)> 10"l Lo (0, 7522(02)) -

n=1

We bound the term Tg using estimates (46¢)) and (54b)):

1
Ts < mmllAx(Rpers = ur)ll o, er2 @ 10l oe oy 6220

3
< 7| Ax(Rpr41 — U’T)”LZ([W;LZ(Q))||U/||L°O(O,T;L2(Q)) (68)

< TiCZ(P;)H[[AxU;ﬂ (tm—1, ')HLZ(Q)||vl||L°°(0,T;L2(Q))‘

Finally, using the fact that [|v"[| .« 7.12(q)) 1 equal to |lu — Rpt+1uT||Loc(0 T,12(q)) the assertion
follows inserting , , , , , and in . O

The error measure on the left-hand side of contains the reconstruction operator Rpe1,
which we do not want to compute in practice. For this reason, we elaborate further.

Recall that m is as in . Consider the time steps and time polynomial degree distributions 7
and p' as discussed in Section[L} ¢1(p!,), c2(ph,), c3(pL,), and ca(p},) as defined in ([@74), [@7DH), (55).
and . Define

1
moi= max (e (ot )ea ) I (s Vo g

Given m as in , foralln=1,...,m — 1, we also define

%(Tn03(pﬁl — l)HAx(u.,- — Hgt_lu.,-)’

L (In;L2())
Mo = 7o (ph)ea(ply = ) [Axtr] (b1, ) 2(cr) ) ifn=1,.m-1
2(im | A (e = 110, _ )| + ea(ph) 7 1Aty ] (tn1, M2y ) i =,

Ll(In§L2(Q))

and the data oscillation terms

(f) 2%03(p271)"finopt—1f‘111([ iL2(Q)) lfn::l”mil
0SCy, = "
0 e
27_me7Hpt_1f‘ LA L2() if n.=m.
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With this at hand, for m as in , we introduce
N2 == Z M2,n;5 OSC(f) = Z OSCn(f). (69)
n=1 n=1

We are now in a position to derive a constant free, reliable a posteriori upper bound for the L>°(L?)
error with respect to the error estimator

n=n1 + N2 (70)

Proposition 3.6. Let u and ur be the solutions to and ; 7 as in , and osc(f) as in .
Then, the following bound holds true:

[l = vrl Lo (0,702 < 1+ 08c(f). (71)
Proof. The triangle inequality implies
e = el e 0.7:22(2)) = 1t = Rprtirll e 0,720y + e = Rptatie e o 7,120
Next, we pick m = 1,..., N and gsuch that

|(ar = Rpe 1) €]

) ')O,Q = [Jur — RpUrlu‘r”Loo(o’T;sz(Q)) with £ € I.

An upper bound for the first term in the maximum is a consequence of . As for the second
term, we use the (1D in time) Sobolev embedding H! — L, see, e.g., [19, eq. (1.3)], and observe

2
lur — Rpt’JrluTHL"o(O,T;B(Q)) < |lur — Rp‘+1uT‘|L2([ﬁ;L2(Q))H(U’T - RthrluT)/”L?(Im;LQ(Q))
). @5 )
< mre(ph)ea (i) Iur] (o1, )llo.q-

As m and E cannot be determined a priori, we further elaborate the above bound as follows:
2 ¢ 2
l[ur — Rpt+1UTHLoo(o,T;L2(Q)) < n:Hlla_“.).(NTicl(p;)@(p;)H[[Ufrﬂ (tn—1, ')HO,Q'

The assertion follows combining the above displays. O

Remark 3. For the case pt, = 2, the parameter c4(pl, — 3) in scales as 7,7, which reduces by
one order the convergence rate of the term Tg compared to the case pf, > 3. On the other hand,
the optimal convergence order for the term Tg for pf, > 3 is (9(71’1"’2)7 which is one order higher
compared to the error |[u — s || p (o 7;12(q))- Therefore, for pl = 2, the term T converges with

the same rate as that of the error [|u — ur||pw o 7.12(0))-

Remark 4. Property is crucial in deriving bounds . In principle, we may also assume the
weaker requirement that Ayu, belongs to L?(0,T; H=1(Q2)) but end up with an error estimator
involving a negative norm, which is harder to realize in practice than the L?(0,T; L?(Q2)) norm.

4 Numerical experiments

We assess numerically the a priori and a posteriori error estimates proven in Theorem and
Corollary 2.9 and Proposition [3.6]

Spatial and time discretization. In what follows, we always consider the spatial domain
Q = (—1,1)? partitioned into uniform tensor-product meshes; we use tensor Lagrangian (equidis-
tributed) nodal basis functions. As for the time discretization, we fix T' = 1 and take the Lagrangian
basis functions in time for simplicity.
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Error measures. We are interested in investigating different error measures for the a priori and
a posteriori error estimates.

Given v and up -~ the solutions to (2) and (3), and ep r := u — up », we consider the two error
measures appearing on the left-hand side of separately:

N , N
I”?:ai(Heh,THLOO(In;LQ(Q)y I”Illg‘i(|6h,T|Loo(]n;H1(Q))- (72)
We also consider the errors

|eh,T|L2(O,T;H1(Q))) HC;L,T ||L2(O,T;L2(Q))’ ”eh,THLOO (0,T;L2(Q))’ (73)

and the jump error
1

N =
(Db rD b )™ (74)

The L2-type norms in time are computed with GauB-Legendre quadrature formulas of order 2pf, +3;
the L>°-type norms in time are evaluated at 2p! + 3 equally distributed nodes in time for each
time interval; the spatial norms are computed by using tensor product Gaufl-Legendre quadrature
formulas of order 2px + 3.

Imposing Dirichlet boundary conditions. We consider homogeneous Dirichlet boundary
conditions, which are imposed strongly at the boundary degrees of freedom. The case of inhomo-
geneous boundary conditions is discussed in [32), Sections 3 and 5.3].

4.1 Convergence under uniform refinements

We investigate the rate of convergence of the fully-discrete method under uniform time step
and polynomial degree in time refinements in various norms for three tests.

The initial and boundary conditions, and the right-hand side of are computed accordingly
to the explicit formula of the different solutions we pick below.

4.1.1 TUniform refinements: test case 1

We consider the analytic solution
u(z,y,t) == (1 — 2%)(1 — y?) cos(4t). (75)

As for the spatial discretization, we fix px = 2 and h = 0.4. Since the exact solution is a quadratic
polynomial in space and we use a quadratic nodal tensor product basis, up to machine precision,
the spatial error is zero.

Convergence under uniform time step refinements. For p, in {2,3}, we pick 7 in {2 x
107110715 x 1072,2.5 x 1072,1.25 x 1072}; for p!, in {4,5}, we pick 7 in {2 x 1071,1.25 x
1071,9.09 x 1072,7.15 x 1072,5.88 x 1072}. We display the errors in 7 , and in
Figure

The expected optimal convergence rates as discussed in Corollary [2.9)are observed for the errors
in ; the same convergence rate is achieved by the other error measures, which is not covered
by the theoretical results from Section [2 In particular, the error in has order O(Tpfﬂ_%); see
also Remark [2| for further comments on this point.

Convergence under uniform polynomial degree in time refinements. We pick p! in
{2,3,4,5,6} and 7 in {2 x 107%,107!}. We display the errors in (73), and in Figure

We observe exponential convergence for all the errors. Even though this is not covered by the
results in Section [2] we can expect this convergence from the smoothness of the function in
and standard p-FEM techniques [28§].
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Figure 1: Exact solution as in ([75]), uniform 7-refinement.
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Figure 2: Exact solution as in ([75)), uniform pﬁl—reﬁnement.

4.1.2 Uniform refinements: test case 2

We consider analytic in space solutions
u(z,y,t) == (1 —2?)(1 — ¢y, «c{1.75,2.5}, (76)

which belong to H227¢(0,T;C>(Q)) and H37¢(0,T;C>(Q)) for a = 1.75 and 2.25, respectively,
for arbitrarily small, positive e. We fix py = 2 and h = 0.4.

Convergence under uniform time step refinements. We pick p!{, = 2 and 7 in {2 x
107510715 x 1072,2.5 x 1072,1.25 x 1072,6.13 x 1072,3.06 x 1073,1.53 x 1073} for a = 1.75
and 7 in {2 x 1071,107,5 x 1072,2.5 x 1072,1.25 x 1072} for a = 2.5. We do not consider
higher polynomial degrees in time, since they deliver the same convergence rates. The results are
exhibited in Figure [3]

We observe optimal convergence for the errors in as dictated by Corollary similar
rates are achieved by the error measures in (73)). The error measured in the W1°°(L?)-seminorm
confirms estimate ; that seminorm converges with the same rate of the error in .

26
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Figure 3: Exact solution as in ([76]), uniform 7-refinement.

Convergence under uniform polynomial degree in time refinements. We pick p!, in
{2,...,10} and 7 = 0.2. The results are displayed in Figure
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Figure 4: Exact solution as in (76}, p%—reﬁnement.

We observe doubling order convergence in pf,, which is standard in p-FEM while approximating
functions with growth of t* type Section 3.3.5], for the jump of the H*(L?)-seminorm, whereas
other quantities display a super-convergence phenomenon.

4.1.3 Simultaneous space—time uniform refinements: test case 3

We consider the analytic solution
u(x,y,t) := sin(mrz) sin(ry) cos(v2nt), (77)

and pick px = p%, +1 and h = 7, i.e., we are interested in simultaneous space and time refinements.

On the other hand, for pf, € {2,3}, we choose 7 in {2x 1071, 1071, 5x1072,2.5x 1072,1.25 x 10~ 2};

for pl, = 4, we choose T in {2x1071,1071,6.67 x 1072,5 x 1072,4 x 1072}; for p!, = 5, we choose T

in {5x1071,3.33 x 1071,2.5 x 107,2 x 1071, 1.67 x 10~'}. The results are displayed in Figure 5]
We observe optimal convergence rates for the errors and .

4.2 Efficiency of the error estimator for the semi-discrete in time scheme

Henceforth, the semi-discrete formulation is considered. We check the efficiency of the error
estimator 7 in (with m = N and £ = ¢y in )7 compared to the error measured in the
L*°(0,T; L?(2)) norm. In particular, we investigate the behaviour of the effectivity index

jo " . (78)
llenrll o< 0,72 ()

We focus on the test cases with exact solutions in (75]) and , and consider here uniform time
steps and polynomial in time refinements.
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Figure 5: Exact solution as in (77)), 7-refinement.

In Figure [6] we present the results we obtained under uniform time steps refinements. For the
test case with exact solution as in , we pick p!, in {2,3,4}; for the test case with exact solution
as in (76)), we pick p, = 2, o = 1.75.

The estimator has the optimal convergence rate as the error measured in the L>(0,7’; L?(£2))
norm. Notably, the effectivity index in is stable with respect to T, i.e., is uniformly bounded
by a constant with respect to 7.

Then, in Figure [7] the same tests are investigated with N = 5, i.e., for a fixed 7 = 0.2 under
p-refinements in time; for the test case with exact solution in we only consider a = 1.75.

Also in this case, the estimator has the same convergence rate as that of the L>°(0,T; L?(€))
norm of the error. For the test case with exact solution in , the effectivity index & is uniformly
bounded in terms of pt; for the test case with exact solution in , k increases with rate 1/2 in
terms of pf,.

4.3 Convergence under adaptive refinements in time

Since the data oscillation terms in the a posteriori error estimates are not dominant, we omit
them for simplicity. We consider here an adaptive algorithm with the usual structure

SOLVE == ESTIMATE == MARK == REFINE.

The ESTIMATE step is driven by using the error estimator associated with 7; to this aim,
we propose an algorithm for the localization of &, which is the point of (0,7] where the error
estimator 7y attains the maximum. As for the MARK step, we use Dérfler’s marking with a
given threshold @ in (0,1]. The REFINE step is realized by the bisection of the marked time
intervals.

In what follows, we denote the Kronecker delta function by d;_;.

Adaptive algorithm for the localization of each ESTIMATE step.

1. Find the interval index m where 7; attains the maximum and set £ = ¢,,—1.
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Figure 6: Exact solution as in ([76]), uniform 7-refinement.
2. Compute 7z, for n =1,...,m and 12 by with the above given m.
3. Set gz, =0forn=m+1,...,N.
4. Denote 1, = 0ym.nM1 + N2.n the local error estimator on the time interval I, forn =1,..., N.

4.3.1 Numerical results: the adaptive algorithm

We consider the test case with exact solution as in and « = 1.75; pl, in {2, 3,4}; px = 2; 5 nodes
in each space direction; Dorfler’s marking parameter § = 0.5. We define DoF's = N x p!, x card(V},).
In Figure we display the L>°(L?) uniform and adaptive errors and estimators 7 in the left panels;
the effectivity indices x are presented in the right panels.

Some remarks are in order:

e adaptive algorithm delivers optimal convergence in terms of the number DoF's of the adaptive
algorithm;

e the effectivity index is uniformly bounded for fixed pf, and the adaptive algorithm asymp-
totically returns smaller effectivity indices.

In Figure @ we illustrate the final time meshes produced with p!, = 2 and 4 from the adaptive
and uniform refinement algorithms.

The adaptive algorithm generates a time mesh with a strong grading towards the initial time.
Such temporal meshes are more graded in the case p!, = 4 compared to the case p, = 2.

5 Conclusions

For a DG-CG discretization of the wave equation in second order formulation

e we derived a priori estimates for the fully discrete method, which are explicit in the spatial
mesh size, the time steps, and the polynomial degree distributions in space and time (the
errors were measured in L*°-type norms in time);
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Figure 7: Exact solution as in (76)), pf,-refinement.

e we derived constant free, reliable a posteriori estimates for the L>°(L?) error in terms of a
novel error estimator, which involves jumps of the time derivatives and the spatial Laplacian
at the time nodes.

A campaign of numerical experiments revealed that

e the convergence estimates under uniform refinements are optimal also for L2-type errors in
time;

e the proposed error estimator is efficient under time step refinements and may be inefficient
under p-refinements in time.
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