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On hyperexponential stability and stabilization

*
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Abstract

Theorems on hyperexponential stability are proposed for both explicitly and implicitly defined Lyapunov functions. It is shown
that finite-time and fixed-time controls based on the use of implicitly defined Lyapunov function provide hyperexponential
stability under sampled-time realization. A rated hyperexponential control is proposed for linear systems. Preliminary numerical
experiments show that the proposed control law is less sensitive to measurement noise and has better performance under input

delays compared to finite-time analogs.

1 Introduction

Accelerated convergence rates are widely demanded
nowadays for control and estimation algorithms in many
applications [1], [6], [7], [12], [15], [18]. The most popular
examples are finite- and fixed-time decays [1], [12], [18],
which also possess other useful features. However, the
discretization of these kinds of systems (or implemen-
tation in digital devices) is complicated (see, e.g., [10],
[21]), and frequently it is difficult to recover all advan-
tageous properties of the designed control or estimation
algorithms in computer realization. Fortunately, there
exist other types of accelerated convergence.

This paper focuses on hyperexponential, but not
finite/fixed-time, stable systems. We call a stable sys-
tem to be hyperexponential if it converges faster than
any linear system, i.e., faster than any exponential (see,
e.g., [8], [13], [15], [22], [23]). Such systems may reach
the origin asymptotically, hence, they have a slower rate
of convergence than finite/fixed-time stable systems. In
its turn, being locally Lipschitz continuous at the origin,
hyperexponential systems provide better robustness
with respect to measurement noise and delays [5], [6],
[11], [23] compared to finite/fixed-time stable systems.
In this paper theorems on hyperexponential stability
are proposed for systems described by autonomous
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ordinary differential equations with the use of both
explicitly and implicitly defined Lyapunov functions.
Utilizing these results it is shown that finite/fixed-time
controls of linear systems, which are synthesized with
the use of implicit Lyapunov function (ILF) [18], [19]
provide hyperexponential stability under sampled-time
realization. An ILF-based and rated hyperexponential
control is also proposed in the paper for linear systems.
The preliminary results of this paper are discussed at
[24]. The key differences are as follows: the proofs of all
claims are given; the definition of hyperexponential sta-
bility has been modified; new hyperexponential stability
analysis approach based on piecewise continuous Lya-
punov functions is proposed (Theorem 2); the sufficient
conditions for the ILF method are relaxed (Corollary
1); a new time-invariant control for linear systems with
hyperexponential rate is proposed (Theorem 5); new
numerical simulations demonstrating efficiency of the
proposed control design schemes are considered.

Although hyperexponential convergence is weaker than
finite-time one, according to simulation results it is dif-
ficult to distinguish between these properties (especially
in the presence of disturbances). In turn, the proposed
control demonstrates better robustness against measure-
ment noise and delays compared to the finite-time coun-
terpart. This study highlights the significance of these
findings for practical applications and outlines the path
for future research.

Notation: R is the set of real numbers, Ry = {z € R :
x > 0}; N is the set of natural numbers; the symbol 1, m
is used to denote a sequence of integers 1, ..., m; the order
relation P > 0 (< 0; > 0; < 0) for P € R™*™ means that
P is symmetric and positive (negative) definite (semidef-
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inite); the minimal and maximal eigenvalues of a sym-
metric matrix P are denoted by Apin(P) and Apax(P),
respectively; diag{\;}7_; is a diagonal matrix with ele-
ments \;; a continuous function o : Ry U{0} — R U{0}
belongs to class K if it is strictly increasing and o (0) = 0;
it belongs to class K if it is also unbounded.

2 Preliminaries

The Implicit Lyapunov Function method allows one to
determine the stability of a system without presenting
the Lyapunov function in an explicit form (e.g., the Lya-
punov function can be introduced as a solution of some
algebraic equation, and it is not necessary to solve this
equation for stability analysis). Consider the system

L(t) = f(z(t)),

where z(t) € R™ is the state vector, f : R® — R” is
a nonlinear vector field, f(0) = 0. The next theorem
presents the ILF method.

xz(0) =mz9, t>0, (1)

Theorem 1 [18] Let there exist a continuous function

Q: Ry x R™ — R satisfying the conditions

C1) Q is continuously differentiable on Ry x R™\{0};

C2) there exists V R™ \ {0} — Ry such that

QV(z),z)=0;

C3) forQ={(V,z) e Ry xR": Q(V,z) =0}

lim ;0 V=07lim o+ [|2]|=0,lim e V=1400;
(Vz)eQ (V,z)eQ (V,z)eQ

C/) the inequality w < 0 holds for allV € Ry and

Vo € R™\{0}.

If %Z < 0 for all (V,z) € Q, then the origin of (1)

is globally asymptotically stable.

Remark 1 Theorem 1 represents the well-known ILF
result on asymptotic stability, where the conditions C1),
C2) and C4) guarantee existence and uniqueness of a
positive definite function V' : R™ \ {0} — R, such that
Q(V(z),z) = 0 for all z € R™\ {0}; C3) implies that
V(z)—=0asz—0 (V(z) = +oo0 as ¢ — 00) and it can
be continuously prolonged at the origin by V(0) = 0;
0Q((V,z) y

the condition =5 f(x) < 0 ensures V(z) < 0.

3 Stability definitions

Over the past several decades, increased interest has
been paid to finite-time and fixed-time stability (see, [1],
[12], [14], [18], [25] and references therein).

Let D be an open neighborhood of the origin in R™.

Definition 1 [1], [12], [14] The origin of (1) is said to be
finite-time stable if it is asymptotically stable and for any
xo € D any solution ®(t,xzq) of the system (1) reaches
the origin at some finite time moment, i.e. ®(t,z9) =

0Vt > T(xg) and ®(t,x0) # 0Vt € [0,T(x0)), 0 # 0,
where T: R™ — Ry U {0}, T(0) = 0 is the settling-time
function. The origin is said to be fixed-time stable if it is
finite-time stable and the settling-time function T (xq) is
bounded, i.e., ITax > 0: T(20) < Thmax, Vxo € D. If
D = R", then the corresponding stability properties are
called global.

Definition 2 [15] A set M C R" is said to be globally
fized-time attractive if any solution ®(t, xo) of (1) reaches
M in some finite time moment t = T(x9) < Tmax,
Tmax € Ry and remains there for all t > T(xq), where
T:R™ — R U{0}. The origin is said to be nearly fized-
time stable if it is globally Lyapunov stable and any neigh-
borhood of the origin is fized-time attractive.

The interest in finite/fixed-time stability is due to exis-
tence of many control applications with time constraints,
where a high precision is needed in the presence of signif-
icant perturbations (e.g., rejection of non-Lipschitz dis-
turbances). An extension of Theorem 1 for finite/fixed-
time stability analysis is proposed in [18]. Another type
of fast convergence (faster than exponential), is hyper-
exponential stability (see, e.g., [2], [8], [13], [15]).

Definition 3 The system (1) is said to be hyperexpo-
nentially stable at the origin if for any r > 0 there exist
B € Koo and t' > 0 such that || ®(t, z0)|| < B(||xol|)e™",
Vit>t', for any xo € D.

In other words, the hyperexponential stability as-
sumes increasing of convergence rates as ®(¢, o) — 0.
In order to provide quantitative index to charac-
terize hyperexponential convergence rates, the rated
hyperexponential stability is presented in [20]. For
a = (ag,ar, -+ ,a,)" € R and 7 € N let us intro-
duce the function of nested exponentials p, o : R = R
by the following recursive formula

Po,a(Z) 0%,

=
pia(z) = ai (P 1) i=T,7.

(2)

Definition 4 The origin of the system (1) is said to
be hyperexponentially stable of degree r € N if A5 € Koo
and Ja € RT‘l such that

1@ (t, o) || < B(llzol)err=® 3)

holds for allt > 0 andxg € D. If D = R" then the origin
of the system (1) is said to be globally hyperexponentially
stable of degree r.

Notice that for the case r = 0, the expression (3) cor-
responds to exponential stability definition (and for any
r > 0, (3) implies an exponential convergence). All finite-
time and fixed-time stable systems are also hyperexpo-
nentially stable due to finite/fixed-time stability being



obtained through an ”infinite eigenvalue assignment” for
the system at the origin.

Hyperexponential stability (stabilization) is often the
subject of research in the analysis of systems with de-
lays (see, e.g., [16], [20]). Also, the problems of hyperex-
ponential stability analysis and control via time-varying
feedback are considered in [8], [22], [23]. In this paper,
the hyperexponential stability is investigated with the
use of both, explicit and implicit, Lyapunov function
methods, and a time-invariant nonlinear hyperexponen-
tial control is proposed for linear systems.

Definition 4 implies hyperexponential convergence both
in the vicinity and outside the origin. By analogy with
nearly fixed-time (fast convergence outside the origin)
and finite-time stability (fast convergence in the vicinity
of the origin), one can give definitions of the stability of
systems with rated hyperexponential convergence:

Definition 5 The system (1) is said to be

o hyperexponentially stable of degree r € N at infinity, if
it is globally asymptotically stable, and (3) is satisfied for
all zg € R™ : ||xgl| > 1;

o hyperexponentially stable of degree r € N at origin, if it
is globally asymptotically stable, and (3) is satisfied for
all zg € R™ : ||zl < 1.

An example of hyperexponential control at origin for lin-
ear systems is presented in [24, Theorem 5|. Note that
Definition 3 does not provide an estimate of convergence
rates outside the origin’s vicinity (it assumes only in-
creasing of convergence rates as ®(t,z9) — 0). In this
sence, Definition 3 can be considered as an example of
unrated hyperexponential stability at origin. Also note
that for D # R™ Definition 4 is always satisfied in the
case of hyperexponential stability of degree r at origin.
Indeed, since any globally asymptotically stable system
converges to the unit ball in a finite time, then there ex-
ist such 8 defined on D as in Definition 4.

4 Hyperexponential stability analysis using
Lyapunov function method

The Lyapunov function method [9] is the main tool for
stability analysis of nonlinear systems. The following
theorem presents a sufficient condition for hyperexpo-
nential stability.

Theorem 2 Let {D;}°, :D=D1 >Dy>...D0D; D
...0{0} is a sequence of open sets. Suppose there exist
positive definite functions V; : D; \ Diy1 — R, i € N
differentiable on D; \ D11, for which OD; is a level set
OD; = {z € R" : Vi(x) = v,v; € Ry} IfJa,C € Ry

and k;, k; € Ry : max; k; < C such that

min; k;

Ve e D; \ Di+1,
Ve e Di\ Diy1, (4)
VY (S 3DH_1,

Eillz)|* < Vi(z) < kil
Vz( ) < _CZVZ(CC)
Vigi(z) < Vi(),

where c;y1 > ¢; € Ry for anyi € N and ¢; — +00 as
i — 400, then the origin of system (1) is hyperexponen-
tially stable. If D = R™, then the system (1) admits this
property globally.

Proof. Let xg € Dj, j € N. The proof is straightforward
due to the condition (4) implies that for any j < i € N
the set D; is strictly positively invariant and the solution
®(t, zp) reaches the nested set D, 1 in a finite time with
corresponding exponential rates:

@ (t, ao)|| < /LB = St -t) \/To)—f .

< {f B llwollem %=1 < Claglle= 4
=i

where t; is the time when the trajectory entered in D;;
the condition ¢; — +00 as i — +o0 implies increasing of
the rates as solution reaches the nested set and D; — {0}
as i — oo (i.e., the origin is attractive). [ |

4.1 ILF-based finite-time control under sampled-time
realization

Similarly to Theorem 2, other approaches for hyperexpo-
nential stability analysis can be used, based on piecewise
continuous Lyapunov functions. The following applica-
tion shows that sampled-time realization of ILF-based
finite-time control from [18] provides hyperexponential
stability.

Example 1 Consider the system
& = Ax + Bu, (5)

where x € R” is a state, u € R is a control input, A=

EEEL :
e | € RPXM B = -(-)- € R™*1. Introduce

the ILF function Q(V,z) = mTD(V HWpPD(V—Yz -1,
AL QL0
where D()\) = [ 0 A2 0 } for some A € Ry, ¢; =

0_0 0 A
1+ (n—0p,t=1n,p € (0,1]] and 0 < P € R™*"
Denote H = diag{q;}_;. According to [18, Theorem 6]

the control

u(V(z), ) = VI ""(@) KDV~ (2))x (6)

stabilizes the system (5) in a finite time, where
vV : R*\ {0} — R; such that Q(V(z),z) = 0,



V(O) = 07 K = YX_17 and X = P_l c R’ﬂxn7
Y € RY™ gatisfy for some a € R4 the system

AX+XAT+BY +YTBT +aX <0,
XH+HX >0, X>0.

Denote an arbitrary sequence of time instances {t;};-%
such that 0=tg <t; <te < ..., lim; 1o t; =+00. In [18,
Corollary 8] it is shown that sampled-time realization
of the control (6) (i.e. u = u(V;, x) on each time interval
[ti,ti+1), where V; €Ry such that Q(V;, z(¢;))=0) pro-
vides asymptotic stabilization of the closed loop system
independent of the length of the sampling interval. To
show that sampled-time realization actually ensures hy-
perexponential stability of the closed loop system, define
the set of nested ellipsoids D; := {z € R™: x! P < 1},
where P, = D(V;"')PD(V;™!) and the corresponding

set of quadratic functions Vi(z) = T Piz. For any
i € Non D;\ D1 by [18, Corollary 7, Corollary

8] we have Vi =227 Py(Az + Bu(Vi,x)) < —aV; "V

and V(z(t)) < V(z(t;) < V(x(0)), Yt € (t;tiy1],
where V(z) is such that Q(V(x),z) = 0. Moreover

Vi(z(t;)) = 1, then we obtain V() < e~@Vi "(t=t),
Taking into account that

Vi 2 Amin(P) min{V; 72, v, 27207 D0 )2
> Amin (P) min{ Vg2, Vg 2720y )12,
N (P iV, > 1
vy < V (P)|lzol| if Vo
(/\maX(P)||x0||2)1/(2+2(n71)m ifVp <1
for V € Ry such that Q(Vp, o) = 0, we obtain

1 —0.5aV, H(t—t;)
|2 (t, o) | < e

xmax {(y/Amax (P)20]))+ =% (4 Aumax (P) 0 ) #0277}

for t € [t;,t;+1) that by Definition 3 implies hyperexpo-
nential stability since V; — 0 as ¢ — co.

The same outcomes can be obtained for [18], [19], [25],
where finite/fixed-time controls are proposed for linear
controllable MIMO systems of the form (5).

Proposition 1 Let {t;}32, be a strictly increasing se-
quence of arbitrary time instants, 0 = tg < t1 < ty < ...
such thatlim; o t; = +00. Let for (5) all conditions pro-
posed in [18] (orin [19], [25]) for ILF-based finite/fized-
time control uw(V,x) design be satisfied. Then sampled-
time realization u(t) = w(V;, x(t)) fort € [t;, tiy1), where
V; € Ry such that Q(V;,x(t;)) = 0 provides hyperexpo-
nential stability of the closed loop system.

Proof. The proof follows exactly the same arguments as
given in Example 1 and ILF properties. |

4.2 Explicit Lyapunov function method

Since the hyperexponential stability needs increasing of
exponential rates as ®(¢t,z¢) — 0, then the following

result can be obtained:

Theorem 3 Let §: Ry — Ry be positive nondecreas-
ing function such that B(s) — oo as s — 00. Suppose
there exists a positive definite C* function V : R® —
R defined on an open neighborhood of the origin D C
R™, such that 01(]|z|]) < V(xz) < Os(||x|) for all z €
D with some 01,05 € K, and the condition V(:L') <
—B(V-Y(2))V(x) is true for the system (1) with z €
D\ {0}. Then the origin of system (1) is hyperexponen-
tially stable. If D = R™, then the system (1) admits this
property globally.

Proof. Since the function § is positive and nondecreasing
we have that V(z) < —CoV(z), Cy = B(V (o)~ ") for
all z € D\ {0}, i.e., the system (1) is exponentially
stable. Let z(t) be a trajectory of the closed-loop system
(1). Then, due to B(s) — oo as s — 0o, there exists a
sequence of time instances {ti}j:"g: 0=ty <t <ta <
oy limy 4 oo t; = 400 such that

BV 0 <AV () < <8V ) <
an

V((I)(t, LL’())) §701V(@(t, l‘o)), CZ :6(‘/(1'(151))71), Vi 2 ti,
that implies hyperexponential stability since 81 (||z||) <
V(z) < 65(]|z|]) and C; — +o0ast; — oo. [ |

4.8 ILF method

Let us introduce the functions o;, i« = 1, r by the follow-
ing recursive formula

(7)

for a; € Ry and {s€Ry:0;(s)>0, i=1,7}. Obviously
0;(1)=ay—i4+1. Note that o;(s) >0 for s < 1 and o;(s) —
+00 as s — 0.

Definition 6 [20] The function q : RL — R, (o,s) —
q(o, s) is said to be of the class TK  iff 1) q is continuous
on R%; 2) for any s € Ry there exists 0 € Ry such
that q(o,s) = 0; 3) for any fixzed s € Ry the function
q(+, s) is strictly decreasing on Ry; 4) for any fized o €
Ry the function q(o,-) is strictly increasing on Ry; 5)
lim, o+ 0 = 0, limy_o+ s = 0, limg_y 0 = +00,
(o,s)€D (0,5)€T (o,8)€r

where ' = {(0,s) € R : (0, s) = 0}.

The next theorem presents the ILF method for rated
hyperexponential stability.

Theorem 4 Let there exist two functions Q1 and Q2
satisfying the conditions C1)-C4) of Theorem 1 forV €
(0,1], and V' > 1, correspondingly. Let

C5) Q1(1,z) = Q2(1,z) for allx € R™\ {0};

C6) there exist oy = (a1, 11, ,0p1) ! € R:ﬁ'l, reN



and corresponding functions o;1, i = 1,7, such that the
inequality
2l (@) < aoV Ty g (V) 24552,

holds for all V € (0,1] and x € R™\ {0} satzsfymg the
equation Q1(V (x),z) = 0;
C7) there exist as = (a2, 1o, ,pa) | € RQH and
corresponding functions o2, i = 1,r such that the in-
equality

BQZ(V£)f( ) < aO2VH1 1042 (V) 6Q2(Vx)7
holds for allV > 1 and x € R™\ {0} satzsfymg the equa-

tion Q2(V (z),x) = 0;
C8) there exist ¢1 € TK o, ¢ € Ry such that

a(V,[lz]]) < Qi(V.z), aqi(cs,s) 20,
holds for all x € R™ \ {0} and V : R™\ {0} — Ry
satisfying the equation Q1(V(x),z) =0 for V <1 and
Q2(V(x),x) =0 forV>1,
then the origin of the system (1) is globally hyperexpo-
nentially stable with degree r.

Proof. Let two functions V7 and V5 be defined by the
equations @1 (V1,2) = 0 and Q2(V2,z) = 0. Consider
the sets ¥; = {& € R” : Vi(z) > 1}, ¥ = {x €
R™ : Vo(x) > 1} and prove that 31 = 5. Suppose the
contrary, i.e. 3z € R™ such that z € ¥; and z ¢ X,.
On the one hand, @Q1(V7,2) = 0 implies V; > 1 and
Q1(1,2) > Q1(V1,2) = 0 due to condition C4). On the
other hand, Q2(V2, z) = 0 implies V2 < 1 and Q2(1,2) <
Q2(V2,z) = 0. The contradiction follows from C5). In
the same way one can show that z € 39 implies z € ¥;.
Thus, 31 = ¥5. Therefore, due to C5) and C4) the func-
tion V : R™ — R defined by the equality

Vi(z) for Vi(z) <1
V(z) =14 Vo(x) for Vo(x)>1

1 for Vi(z)=Va(x) =1

is positive definite, continuous in R™ and continuously
differentiable for x ¢ {0}uU{x €R"™ : V(z)=1}. Note that
the conditions C'1)-C4) guarantee existence, uniqueness
and radial unboundedness of the function V' (see Re-
mark 1). The function V' is Lipschitz continuous outside
the origin and has the Clarke’s gradient [3] VoV (z) =
EVVi(2)+ (1 =&V Va(z) for € R", where £ =1 for
0<Vi(z) <1, £€=0 for Va(z) >1, £ € [0,1] for Vi (z) =
Va(z) = 1 and VV; is the gradient of the function V;,
1 = 1,2. Hence, due to conditions C6) and C7), by means
of Implicit Function Theorem [4] the inequality

—aoV(®(t, 20))[T;= 001 (V (R (¢, 20))
for V(®(t,z0)) < 1,

WV (@(t0) _ |00V (@(t 20D TT10% (viatiany )
ot - for V(®(t,z0)) > 1,
—min{oor [[[_; i1, o2 [T}, o}
for V(®(t,xp)) =1

(8)

holds for almost all ¢ such that ®(¢, x¢) # 0.

The following sections I and IT of the proof show that
the scalar system (8), representing the Lyapunov func-
tion dynamics, converges hyperexponentially near zero
and away from zero, respectively. Finally, section ITI
demonstrates that the system (1) converges hyperexpo-
nentially if the Lyapunov function has this property un-
der condition C8).

I. Let a€ R:_H and consider the scalar differential equa-
tion

. : t
y(t) = —aoy(?) HUi (yz;o)) , y(0)=yoeRy. (9)
i=1
The solution of (9) is y(t) = yoe P, Indeed, due to

_ y
pro(t) =In ﬁ),

pi-ta(t) = (Lpia®) +1),
0/)1(,3(; (t) — aiepiil’a(t) apifalia(t)
Opi_1.a(t
= (pi,alt) + ;) Pigi= @

BPOé(;(t) = ay,

we have
—pra(®) O Opr_1.0

dyoe = = —y(t) P (t) (t)01< (t)) p alt (t)

=Y
_ ) 9pr—2.a(t)
a0 (52)or (22) 255
- = — r y(t)
T ().
(10)
Thus, the system (9) is globally hyperexponentially sta-

ble with degree r and convergence rate «. Returning
o0 (10) we have

Oyt r 1
S0 = —agy(t) Ty o (42)

= —aoy) [I}_y os (e7P=®) <0 vt >0,

i.e., y(t) is strictly decreasing function of ¢ and y(t) <yo.
Taking into account that [];_,o; ( (t)> [T, oi (y(t))
for yo < 1, then by the comparison lemma we have that

the system in the form ay(f) < —ap1y(t) [Tiey o (y(1))
for yo < 1 converges hyperexponentlally with degree r
and convergence rate a;.

II. Let a9 € Ry, @ = 1 for i = 1,r and de-
fine the corresponding functions &; according to (7)
(ie., d1(s) = —lns + 1, 04(s) = In(oj—1(s)) + 1
for i = 2,7). Let us consider the scalar equation

§(t) = ~Goy() [Ty 7 (55 ) ¥(0) = wo € Ry.. Since
fy_l [Ti-, 5;1 (%) dy = In (5r (%)) + C, C = const



one can show In ((h (%)) = —apt + In (5T (y%) or
y(t)= exp<—1 +exp<- - 4exp (—1+el+

Taking into account e¢ *M(€0)—1 < pel=€® for Vb > 1
acRy :bel=¢" > 1, for yo > 1 we have

y(t) :exp<—1+exp<~ - +exp (—1+e’”e_a°t6" (Tlo))»

= exp(_1+exp(' --4exp (_1—5—6_1”7&“ n(ear—1(35))

< expl—l4exp|---Fexp—1+ F,r—1 (ﬁ)eiﬂlv@(t))..)
-+exp E—1+ In (e&r_g (%))e_pl‘&(t))..)
exp(—l+exp(---+0,—2 (yi) e"’zﬁ(tb )
- < exp(fl+o*1 (y ) e Pr-t.alt)
exp(flJrln(eyo)e Pr— 1v"<t)) < yoe Pra®

expl-1+exp|--

I/\ IN

(11)
for t < Ty, where T} = a 'In (ar m ) and y(T1) <
1. Taking into account that o12(s) > min{1, a,2}51(s),
092(s) > min{l, o(,_1)2 + min{1, a5 } }52(s) and so on,
then by the comparison lemma for the system in the
form 8%—(;) < —agoy(t) [Tie 0i2 <ﬁ), Yo > 1, we have
that y(t) < yoe ") for some ag € Ry, and for t < T,
where T} = a'ln (UT (37)) y(Th) < 1.

III. Combining I and IT we have that the system (8)
is hyperexponentially stable with degree r» and conver-
gence rates &; = min{ay, @} for some ag € Ry, ie.,
V(t) < V(zo)e Pra® . Finally, according to [20] the con-
ditions C3), C8) imply that there exists 0, 62 € Ko such
that c||z]] < 01(]|z|]) < V(x) < 05(]|z]]). Thus, we have
1@, z0)|| < ¢ Oa(]|zol[Je™Pma0). u

Note that due to the condition C8) the function V is
radially unbounded and it can be continuously extended
to the origin by V(0) = 0.

Define o¢(s) = s~!. The condition C8) in Theorem 4
may be relaxed as it is shown in the following corollary.

Corollary 1 Let there exist two functions Q1 and Q2
that satisfy the conditions C1)-C4) of Theorem 1, the
conditions C5)-C7) of Theorem 4 withr € N and

C9) for some ki,ka,n € Ry and N > ¢ < r, r > 2 the
inequalities

kil < o7 (V@)
ko|lz(|" < o3 (V7 H(2)) ,
hold for x € R™\ {0} and V (x) satisfying the equation

Q1(V(z),z) =0 for V(z) <1 and Q2(V(x),z) = 0 for
Viz) > 1,

then the origin of the system (1) 18 globally hyperexpo-
nentially stable with degree r — i.

Proof. Without loss of generality, let a;1 = a0 = 1,
i = 1,7 and @« = a3 = ag. The conditions C1)-C7)
guarantee Lyapunov stability of the system. Since V
is positive definite and continuous function then 305 €
Koo such that V(z) < 0(||z||). Moreover, according to
the proof of Theorem 4 the conditions C'1)-C7) pro-
vide V(®(t,z0)) < V(zg)e P that, taking into ac-
count (2), implies

! < eproia®), (13)

V(®(t,xz0)) | —
o (V)

The subsequent proof sections I-III analyze three pos-
sible cases: V(z) <1 < V(xo), V(z) < V(xo) <1, and
1 < V(x) < V(xg) respectively, demonstrating for each
case that (12), (13) guarantee the hyperexponential con-
vergence of the state vector with degree r — i.

I.Let V(z) <1<V(xg) (note that in this case V (xq)—1 >
InV(xzg) > 0). Let in (12) ¢ = 1. The inequality (12)
implies

k" 171n1V(:c) S Ve ‘jﬁﬁ)\/(m)
Vo) V(o) (14)
W (V(zo) V@) F*

(V(zo)—1)—InV(z)+1 <

Then, for teR:V(®(¢, x0)) <1, (12), (13) and (14) imply

1
n
|<1><txo>||<( V(zo) )
ol < Snpsteym)

< (M) < (Fallaol) e

Let us consider the case i > 21in (12). The inequality (12)
implies

7%p7‘—1,a(t)

V (zo)
ko flz]|" < n(o,_ 1(V(m)))+1 < In(o;— 1(V(w§))+V(wo)

< V(zo) < V(o)
= In(o;—1(V(x)))+In(V(z0))+1 — In(V(zp)oi—1(V(x)))+1"
15

Note that V(xz)o1(V(z)) = V 2o)(—InV(z) + 1) 2)
—1nV(x)+an(xo)—|—lzol< ) and

Vi(zo)o2(V(z)) = V(zo) (In (o1 (V(2))) +1)
>In (o1 (V(2)))+V (zo) >In (V ( 0)or (V(z)))+1

(o (883)) + 1= (3

Then by mathematical induction we have

N

V(zo)oi 1 (V(z)) > 011 G’(g)) . (16)



Fort € R: V(®(t,20)) <

@ (t,20)|| < V(zo) )
I 0l < (g gy

1

~ (oitmy) = ()’

)

< (92(Hﬂcoll)) o~ wpr—ialt)

k1

1, (12), (13), (15), (16) imply

1
n

S

II. Let V(z) < V(z0) < 1. Taking into account that o; is
strictly decreasing function, the inequality (12) implies

k=" < o

1 -1 ( V()
V(@) <o (F2). a7
On the other hand we have

kil < 07N (V(2) < o7

— K2

H(V(@o)) < 07" (B2([loll))
(18)

071 (02()) € Koo Then (12), (13), (17) and (18) provide
et zo)ll < (Koi (YLD 0 (6a(wo))

(klaz (02(||$0||))) 20 o~ 3y Pr—ivalt)

III1. Consider the case V(zg) > V(z) > 1. According
o (11) one can obtain

“(vizm) < (v 0 09

for t € Ry V(®(t,z9)) > 1. Then (12) im-
plies ||®(t,z0)|| < k3o (m) e—Pr—ia(®)  for
te Ry : V(P(t,z0)) > 1.

Thus, generalizing the considered cases I-III, the system
is globally hyperexponentially stable with degree r—:. B

5 Hyperexponential control

Consider the system (5). Let us introduce the ILF func-
tions

Qi(V, x):af(,gfm(VS*zj) (032 (V32 P

, (20)
xD; (03_23 (V3 23)) rx—1, j7=12,

where VeRi,reN (1f7" = 1 then we define a,« 1(s)

1), Dy(\) = diag{\ }Ly, g; = 1+ (n.— ), Da())
diag{)\pi}?il, pi=1+(@—1)for Ne Ry and0 < P €
R™*" Denote Hy = diag{q;}}_,, Ho = diag{p;}_,. The
following theorem is on rated hyperexponential control
design for the linear system (5).

Theorem 5 Let the system of matrix inequalities

AX+XAT+BY+YTBT4+~;@X +XH;+H; X) <0,
XH; + H;X >0, X>0, j=1,2
- (21)
be feasible for some v; € Ry, j =1,2, and X € R"*",
Y € RYX™, Let

KD (V(x)) x for TPz <1,
u(V(a),z) = ) .
KDy(o ' (V™ =)z for z"Px>1,
_ (22)
where ; =1, i=1,7; K =YX !, X = P! ¢ R*X",

Y € RY™"™ and V() is such that Q1(V(z),x) = 0 for
2T Px<1;V(z) is such that Q2(V (z),z)=0 for 27 Pz >
1. Then the closed-loop system (5), (22) is hyperexponen-
tially stable with degree 1.

Proof. The following section I of the proof demonstrates
that the ILF function (20) satisfies conditions C1)-C7),
respectively, i.e., that the implicitly defined Lyapunov
function converges hyperexponentially with degree r.
Section IT shows, based on Corollary 1, that the state
vector of the system (5), (22) converges hyperexponen-
tially with degree 1.

I. The function Q;(V, ), j = 1,2 satisfies the conditions
C1)-C4) of Theorem 1 for V € (0,e=Pr—2(¢"" =1 with
j=1,r>2andV >err—2 "D yithj=1,r>2 (Ve
(0,e) withj=1,r=1,and V > e ! with j =2, r = 1).
Indeed, it is continuously differentiable for all V € Ry
and Yz € R™ (i.e., the condition CI1) hold). Note that
O’?_2j (V3_2j) ,i = 0, r is positive and strictly decreasing
for V € (O,e‘P’"*Z(eﬂ_l)) with j =1, r>2,and V >
ePr—2(¢7 1) with j = 1, r > 2 (V € (0,€) with j = 1,
r=1,and V > e~ ! with j = 2, r = 1). Then, taking into
account limy _,o+ o (V) =400, limy_, 1o 0; * (V-1 =
0T, o; (1) =1, the chain of inequalities

03(31—2j)(V372j))\mm( )HIHQ
Xmm{ 2n(3-2)) (17327 2(3*2J‘)<V(3—2j))}
< Q1(V,2) +1 < a2 (V32) Al P) 122
Xmax{ 2n(3-27) 7527, 2(3—%)(1/(372]'))}

implies that for any € R™ \ {0} there exist V=~ € Ry
and VT € Ry: Q;(V—,z) < 0 < Q;(V*,z). Moreover,
if Q;(V,z) = 0 then the same chain of inequalities gives

*2(3 2])(V3 2j

/\max(P)maX{ 2n(3— 21)(V3 ‘QJ)b 2(3723")(‘/3_2]‘)}
0—2(3—2.7)(‘/372;

<[l=x[f?

= Amin (P) min{o7"C=2) (va=27) o262 (va—2i)]

implying that C2), C3) hold.



Note that according to (7) we have

Ao ()
0s

= —s 'asaz-

r—1
047HU I—S_IHUi_l
i=1
for r > 2. Taking this into account, for r € N we get
0Q; (V,z) 2(3-2j) (y/3-2 3-2 o1 (V32
o =—voo (Ve (V)T o (V)

xz' D (o2~ (V32))[2P+0, (V® %) (PH;+H; P)]
xDj (o7 (V3~%))a.

Then, the system (21) and P := X! imply H;P +
PH; >0and %% < Oforall V € R, and z € R™\ {0},
and the condition C/) of Theorem 1 also holds.

Now let us check that the condition C6) holds for all
V € (0,1] and z € R™ \ {0}. Taking into account (21)
with P:= X!, K = Y P, we have

090 — 252 (V)aT D (o, (V) PDa(or (V) (Az+Bu)
=021 (V)o, (V)zTDi (o, (V)
x(PA+ATP+PBK+K" BT P)D; (o, (V))z
< —mor_i (V)or (V)2 Dy (o, (V)
x(2P 4+ PHy + H1P)D1 (0. (V)) x
< VIl o0 (V) W

i.e., C6) holds and V (®(t, zo)) converges hyperexponen-
tially with degree r for t € R : V(®(¢t,x0)) < 1.

The condition C7) also hold for all V' > 1 and z €
R™\ {0} due to

3Q28(2/T) =207

L (Ve Do o (V) PD2 o (V)

x (Az + Bu)
0.2 (V)or (V1) a™Da (o7t (V7))
X(PA+A"P+PBK+K"B"P)Dy (0, (V)=
—320 2 (V) o (V) 2T D2 (001 (V)
x(2P + PHy 4+ HoP)D» (0, (V7)) 2
72V I, o (Vﬁl) 6Q(29(\Y’Z)'

IN

IN

Also note, that due to a; =1, i=1,7 we have Q1(1,z) =
Q2(1,2) = 27 Pz — 1, i.e., the condition C5) is satisfied.

II. From (5) for V<1, j = 1 we have

1 1
\/>\min(P)0 I(V)O'T(V) \/>\mm(P)o'7 I(V)
i.e., 09) from Corollary 1 is satisfied for V' < 1. Analo-
gously, taking into account (5), (19), for V> 1, j = 2

]l <

o (V7)o (V)

- {)\min(P)

< o1 (V7)o (V1 (@0))

- V/ Amin (P

(/\max(P)Hw\/H )“5"07.71(\/—1)
Amin (P)

(Amx(P)Honj/)O'?"’"aH(v
Amin(ID)

()\max(P)Hﬂcol\2)0'25n+0'5

V/Amin (P)

IN

,1(;170)) e*Pl,a(t)

IN

e*Pl,a(t) .

IN

Thus, the solution converges hyperexponentially with
degree 1. [ ]

Note that due to o,.(V)=1on theset {z e R": 2T Pz =1},
the control function u=u(V, z) is continuous in Ry xR".

In comparison with the paper [22], the proposed con-
trol (22) is time-invariant, which brings a number of
advantages in the application and further development
of the results. Let us make some additional remarks and
extensions about presented control scheme:

e Theorem 5 can be easily extended to linear MIMO
systems using block decomposition like in [19].

e The function V is continuous, positive definite and
radial unbounded on R™ \ {0}. In addition, since
lim,_,o V = 07T the function V can be continuously pro-
longed to the origin by setting V' (0) = 0.

e In order to calculate the function V(z) implicitly de-
fined by (20) the bisection method may be utilized (see,

e.g., [17]):

Algorithm (the case 7Pz < 1)
INITIALIZATION: Vo =1; a = Viym; b=1;
STEP :

1f 02_,(b) 2 D1(0,(b) PD1 (0, (b)) 7;>1 then
a=1b; b=2b;
elseif 02 ,(a)z! Di(o,(a ))PDl(oT( ) x;<1 then
b=ua; a= aX{Q, mm};
else
.
1f 02 4(c)xID1 (@ (c))PD;(0,(c)) ;<1 then
b=c;
else a = max{ Vi, c};
endif;
endif; Vi =b;

If STEP is applied recurrently many times to the same
vector x; then it allows to localize the unique positive
root of the equation o2_, (V) 2T Dy (0.(V)) PD1 (0. (V )2 —
1 = 0. Similar algorithm can be applied for the case
T Pr > 1.

Example 2 Consider the system (5) for n = 3. Let
us choose the same P, K as in Example 1 that sat-
isfy (21) with X = P71, Y = KX. The results of sim-
ulation for » = 1 are shown in Fig. 1, Fig. 2, which



0 5 10 t

Fig. 1. Simulation plot of ||z|| for the hyperexponential (red
line) and finite-time (blue line) control with zq = [1 0 0]T)

-5 T T
0 5 10 t

Fig. 2. Simulation plot of hyperexponential (red line) and
finite-time (blue line) control signal

demonstrate plots of the state norm ||z|| and control
inputs for the hyperexponential control (22) (red line)
and finite-time control (6) with ¢ = 0.5 (blue line).
Fig. 3 demonstrates plots of ||z| for the hyperexpo-
nential and finite-time controls with measurement noise
v(t) = 0.01(rnd(n)+sin(wt)), where rnd(n) denotes uni-
formly distributed in the interval [0, 1]™ random num-
bers, w = [11,12,13]. Fig. 4 shows plots of the state
norm ||z| in the presence of delay 7 = 0.05 in the control
channel. Tt is easy to see that the control (22) has bet-
ter robustness properties than the finite-time control (6)
and it is free of numerical chattering (see Fig. 2). The
root mean square errors for the final time interval [6, 15]
are 0.048 (0.003) for the hyperexponential control and
0.067 (0.04) for the finite-time control for the noised (de-
layed) case illustrating less sensitivity to measurement
noise and input delays. A detailed study of the presented
control algorithms on robustness analysis with respect
to disturbances, uncertainties, delays and extension of
these results on a wider class of systems goes beyond the
scope of the paper providing the subjects for a future
research.

In order to further accelerate convergence outside the
vicinity of the origin one can combine a nearly fixed-time
control with hyperexponential one.

Define Q(V,z) = 27D (V=') PD (V') z — 1, where
D()\) = diag{\P} |, p; =1+ (i—1)v,v € Ry, A € Ry
and 0 < P € R"*". Denote H = diag{p;}};.

0 5 10 t

Fig. 3. Simulation plot of ||z|| for the hyperexponential (red
line) and finite-time (blue line) control with measurement
noise and xo = [1 0 0]
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Fig. 4. Simulation plot of ||z|| for the hyperexponential (red
line) and finite-time (blue line) control in the presence of

delay 7 = 0.05 in the control channel for zo = [0.5 0 0]

Corollary 2 Let the system of matriz inequalities (21)
and XH + HX > 0 be feasible for some v € Ry and
X eR™™ Y eRYX™, Let

w(V(2),2) = { Kll?rfar EV({)E)% forziPJ: <1, (23)
VKDV~ (z))z forz' Pz >1,

where K=Y X!, X=P 1 cR™", YcR>" and V :
R™\ {0} =Ry such that Q1(V (z),2)=0 for 2T Pz <1,
and Qo2(V (z),2) =0 for T Px > 1. Then the set {x €
R” : TPz < 1} is fized-time attractive and the closed-
loop system (5), (23) is globally hyperezponentially stable
with degree 1.

Proof. The proof follows exactly the same arguments as
one of Theorem 5 and [18, Theorem 9]. ]

Using the same arguments as in Proposition 1 it is easy
to show that under sampled-time realization the ILF-
based control (22) preserves hyperexponential stability:

Corollary 3 Let {t;}2, be a strictly increasing sequence
of arbitrary time instants, 0 = tg < t; < ta < ... such
that lim;_, o t; = +o00. Let for (5) all conditions of The-
orem 5 (Corollary 2) be satisfied. Then sampled-time
realization u(t) = w(V;,z(t)) for t € [t;,tit1), where
Vi € Ry such that Q1(Vy, 2(t;)) = 0 for ¥ Pz < 1, and



Q2(Vi,x(t;)) = 0 for 2T Pz > 1, provides hyperezponen-
tial stability of the closed-loop system.

Therefore, the hyperexponentially stabilizing controls
preserve their convergence rates under sampled-and-
hold discretization, which is not the case for the
finite/fixed-time stabilizers.

6 CONCLUSIONS

In the paper sufficient Lyapunov characterizations of
hyperexponential stability are presented for the sys-
tem (1) using explicit and implicit Lyapunov func-
tion approaches. Firstly, it is shown that ILF-based
finite/fixed-time control methods provide hyperexpo-
nential stability under sampled-time realization. Next,
the hyperexponential control (22) was proposed for the
linear system (5). The preliminary numeric experiments
indicate that this control is less sensitive with respect to
noises than its finite-time analog. In addition, according
to simulations the hyperexponential control demon-
strates better performance in the presence of delays
being free of numerical chattering, and shows negligi-
ble differences in convergence rates. Tuning of control
parameters is presented in the form of linear matrix
inequalities. The performance of the proposed control is
illustrated through simulations. The presented results
open a lot of topics for future research. For example, de-
velopment of ILF-based hyperexponential controls and
observers for nonlinear and MIMO systems, or robust-
ness analysis for the presented controls with respect to
disturbances, uncertainties, delays, etc.
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