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Abstract.

Objective: In medical imaging, it is often crucial to accurately assess and correct
movement during image-guided therapy. Deformable image registration (DIR) consists
in estimating the required spatial transformation to align a moving image with a
fixed one. However, it is acknowledged that for DIR methods, boundary conditions
applied to the solution are critical in preventing mis-registration. This poses an issue
particularly when areas of interest are located near the image border. Despite the
extensive research on registration techniques, relatively few have addressed the issue
of boundary conditions in the context of medical DIR. Our aim is a step towards
customizing boundary conditions to suit the diverse registration tasks at hand.

Approach: We analyze the behavior of two typical global boundary conditions:
homogeneous Dirichlet and homogeneous Neumann. We propose a generic,
locally adaptive, Robin-type condition enabling to balance between Dirichlet and
Neumann boundary conditions, depending on incoming/outgoing flow fields on the
image boundaries. The proposed framework is entirely automatized through the
determination of a reduced set of hyperparameters optimized via energy minimization.

Main results: The proposed approach was tested on a mono-modal CT thorax
registration task and an abdominal CT-to-MRI registration task. For the first task,
we observed a relative improvement in terms of target registration error of up to 12%
(mean 4%), compared to homogeneous Dirichlet and homogeneous Neumann. For the
second task, the automatic framework provides results close to the best achievable.

Significance: This study underscores the importance of tailoring the registration
problem at the image boundaries. In this research, we introduce a novel method to
adapt the boundary conditions on a voxel-by-voxel basis, yielding optimized results
in two distinct tasks: mono-modal CT thorax registration and abdominal CT-to-MRI

i Corresponding Author.



Adaptive Local BC' to improve DIR 2

registration. The proposed framework enables optimized boundary conditions in image
registration without prior assumptions regarding the images or the motion.

Keywords: Deformable Image Registration, Variational methods, Boundary conditions



Adaptive Local BC' to improve DIR 3

1. Introduction

In medical imaging, numerous scans may be necessary on a daily basis to fully
understand a patient’s condition and/or plan treatment. This is particularly true
for dose calculation, for instance in the case of radiotherapy (Grégoire et al. 2020),
electroporation ablation (Gallinato et al. 2019) or thermotherapy (Kok et al. 2020).
As the images may not be captured simultaneously, or occasionally within the same
modality, it becomes essential to align image features before drawing conclusions (Zachiu
et al. 2015) (Chetty & Rosu-Bubulac 2019) (Yuen et al. 2020). Any motion event
(such as breathing or peristalsis), or adjustment in the scanner’s position relative to the
patient, complicate the task for the expert in accurately interpreting and comparing the
images.

Deformable Image Registration (DIR) is an image processing task that consists
in estimating the motion to align a moving image with a fixed image, taking into
account the content of both images and sometimes prior knowledge of the motion and/or
the tissue’s physical properties. It has been an active area of research in the field of
image processing since the 1960s, owing to its extensive range of applications. A brief
overview of existing DIR methods is provided in Appendix A. DIR can be expressed as a
variational problem, offering a framework to formulate versatile DIR problems adaptable
to various applications. The spatial transformation T between a moving image .J and
a fix image I ((I,J) € Q x Q, Q being the image domain:  C R3> — R for the three
dimensional case) is estimated by minimizing the following energy functional:

£(T) = /Q (D (T) + aS(T)) dx (1)

where T : Q — Q, D is a data fidelity term which drives the motion so that relevant
features are aligned between I and the registered image K = T(J), S is a regularization
term which is crucial to achieve well-posedness (Staring et al. 2007) (Larrey-Ruiz
et al. 2007) (Vishnevskiy et al. 2017) and « is a parameter allowing to balance between
data fidelity and regularization.

In some scenarios, only a partial field of view is available, either due to inherent
limitations of the imaging sensor or the acquisition process itself, when multiple scans
need to be conducted within a limited timeframe. Consequently, an additional challenge
arises for DIR methods, wherein the imposition of appropriate boundary conditions
is crucial for preventing mis-registration from propagating towards the image center.
This becomes particularly problematic when regions of interest lie near the image
boundary. Several attempts restrict the registered area using segmentation masks either
automatically extracted, provided by an extra module or, in some cases, by experts
(Richard & Cohen 2003) (Zhang et al. 2004). Doing so allows shearing between the zone
of interest and the background as well as limits the impact of the constraint applied on
the boundary, since information is still available beyond. However, most of the time,
the boundary conditions are implicitely imposed either with the homogeneous Dirichlet
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boundary condition (HD)-the motion is null at the border (T(x) = 0, Vx € €2, 6Q
being the image boundary)— or the homogeneous Neumann boundary condition (HN)
~the motion is constant along the normal border direction (VT -n = 0, n(x) being
the vector normal to the image boundary at location x € 6€2)— which is more adequate
when objects are close to the edges (Braumann & Kuska 2005).

An important feature, when solving the minimization problem for DIR, lies in the
fact that the constraints on the motion on the boundary have to be complementing for
the volume operator § so that the minimization problem is well-posed. With standard
regularization terms, this condition holds for Dirichlet and Neumann conditions, but it
is not the case for all regularizations, and the choice of the boundary condition is tightly
linked to the operator S of Eq. (1).

Our contribution encompasses the following four key aspects:

(i) We first highlight the importance of tailoring boundary conditions, particularly in
scenarios with partial fields of view where relevant information resides near the
image border.

(ii)) We introduce a generic framework for voxel-wise adaptive boundary conditions in
the form of a Robin-type local boundary condition tending towards a HD condition
in the absence of incoming or outgoing flow fields, while relaxing the constraint
under other circumstances.

(iii) We introduce a method for detecting and incorporating incoming or outgoing flow
fields within the boundary conditions, thereby accommodating the image-specific
characteristics.

(iv) We demonstrate that the proposed framework is capable of complete automation
through the optimization of a reduced set of hyperparameters via DIR energy
minimization.

2. Method

2.1. Generic DIR problem formulation

In the present study, we focus on the standard Tikhonov regularization:

S(T) = |VT|?, (2)

and the minimization of £ as expressed in Eq. (1) is performed thanks to the Euler-
Lagrange equations, for which the following Fourier-Robin condition (see Eq. (3c))
is known to be complementing. More precisely, we focus on the following evolution
problem on T = [T,, T,, T,] solved coordinate by coordinate, that is for s € {z,y, 2},
T, satisfies:
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oD
0T — aAT, = — 5T (T),in Q (Minimization of &) (3a)
T,(t=0,2) = T"(z), € (Initial conditions) (3b)
A (VT -n)+B,T, =C,, on 0N (Boundary conditions) (3c)

where T is a prior vector field (in this study, T was identically equal to zero),
A, B, C are vectors — A and B having positive components A, By — defined in the
subsequent section. In Eq. (3c), n refers to the normal vector to the boundary of
the image, or more precisely, to the boundary of the field of view of interest. In fluid
mechanics, Dirichlet boundary conditions are interpreted as an imposed velocity field
on the image boundary, whereas Neumann boundary conditions imply the imposition of
the shear tensor along the normal direction (Abbott & Basco 1989). The Fourier-Robin
boundary condition offers a way to balance between these two configurations.

2.2. Proposed adaptive local boundary condition

We proposed to drive the choice of the above vectors A,B and C by the following
considerations:

(i) A balance between Dirichlet and Neumann conditions is achievable on a voxel-by-
voxel basis.

(ii) The source term C can enforce values for both incoming and outgoing flow fields
in the image boundary.

Let g represent a voxelwise incoming/outgoing field map in the image boundary,
we propose to choose A, B, C, as follows:

As = /B(gs)a Bs =1- Asa Cs = 78s (4)

where 7 is a weighting factor for the source term and §: R — [0, 1] is the 1-parameter
sigmoidal function between 0 and 1 defined by:

] 1—tanh(a—|A]) if [\[<a
VA eR, BA) = { 1 otherwise ®)

a being the second hyperparameter that tunes the transition between Neumann (5 = 1)
and Dirichet (8 = 0) conditions. Therefore, our proposed adaptive Robin condition
(hereafter referred to as “Adaptive Robin”) relies solely on the determination of two
hyperparameters: a and +.

2.8. Estimation of incoming/outgoing flow fields on the image boundaries

At this point, we need to compute an estimation of the incoming and outgoing flow fields
at the image boundary (i.e. g), in order to implement the adaptive boundary conditions
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described in Eq. (3) and (4). We recall that this mapping enables the reduction of the
comprehensive parameterization of the proposed voxelwise boundary conditions to the
determination of two hyperparameters: a and ~.

In this study, the proposed adaptive framework described in Eq. (4) uses an
estimation of incoming/outgoing flow fields represented as a motion inverse consistency
map computed on the image boundary. The motion inverse consistency relies on the
hypothesis that DIR is a symmetric task, that is, switching the fix and the moving
images will not impact the solution:

Tmoving—>fiac = (Tfix%moving)_l (6)

However, in practice, the images order may change the outcome due to asymmetry
either in the problem formulation or in the numerical methods. The inverse consistency
map g is a vector-valued map which was computed as follows:

T + Tznv(T) + Tinv + T(Tznv) o
2 b
where T = T,,0ping— fiz a0d Tiny = T fizsmoving. The calculation of g with Eq. (7) was

g(T, Tiny) = n 99 (7)

restricted to voxels located on the image boundary 6.

The determination of g involved the computation of forward and backward motion
estimates (i.e. T and T,). This process being computationally expensive, g is
only estimated once per resolution step and over a small number of iterations. Given
the unknown nature of the correct boundary condition at this stage, a HN boundary
condition (representing the least restrictive global boundary condition) was employed.

2.4. Implemented DIR algorithm

To assess the effectiveness of the suggested adaptive boundary condition, we solved the
problem outlined in Eq. (3) employing the parameter selection specified in Eq. (4).
The overall framework is summarised in pseudo-code in Appendix C. The solution was
obtained using the following multi-modal data fidelity term introduced in (Denis de
Senneville et al. 2016):

D'(T) = exp(=C(I, T(J))), (8)
where

o1, 1(7)) = e VL VIl dx
| TSIV T() 2 dx

(9)

The data fidelity term D’/ relies on the image gradient, enhancing the
method’s resilience to contrast reversals. Specifically, it facilitates alignment of both
parallel and anti-parallel edges by considering only the absolute values of gradients.
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In the aforementioned equation, I' represents a three-dimensional patch centered
around the voxel under consideration. Patch-based computation increases robustness
against substantial structural alterations, encompassing transient objects among other
variations.

This variational algorithm thus incorporates two hyper-parameters: (i) the patch
size (small values lead to good performances but a patch size of one voxel induces
instabilities in the numerical scheme ; in the following experiments, we use a patch-
size of 5 x 5 x 5), (ii) the regularisation factor « (it balances between the data fidelity
term and the regularization in Eq.(1) ; a below 0.1 leads to an unstable numerical
scheme, above that value, the algorithm is fairly robust to changes in « ; we use a value
of 0.4 going forward). A complete parameter study was done in (Denis de Senneville
et al. 2016) and we used those results to guide our choice of parameters.

The framework proposed for adapting the boundaries voxel-wise during the
registration process is shown in Figure 1. The general variational formulation for
DIR in Eq. (1) being valid only for small movements, a multi-resolution scheme is
used. The registration begins at lower resolutions to capture global movements and
uses the estimated motion as a starting point for subsequent resolution levels (Brox
et al. 2009). Initial experiments indicated that an in-plane dimension of 16 x 16 voxels at
lowest resolution level was sufficient for capturing preliminary information about larger
movements. The computation of incoming/outgoing flow fields on the image boundaries
(i.e. g) underwent updates throughout the registration process, at the beginning of each
resolution step, to ensure voxel-wise adaptation of boundary conditions. In the following
experiments, the time step dt was set to 1, the number of iterations for the calculation
of g via Eq. (7) was 10, the number of iterations for the minimization of £(T) via Eq.
(3) was 1000.

To properly apply the boundary conditions, the system of equations (Eq. (3a)
and (3b) was solved in inner voxels (which corresponds to © \ 9f2), the one voxel
wide perimeter (which corresponds to d€2) being computed separately according to the
boundary conditions (Eq. (3c), see Appendix B).

2.5. Hyperparameter optimization

The two hyperparameters for the proposed adaptive Robin boundary conditions (i.e., 7y
and a) were determined through a grid search process aimed at optimizing the minimized
energy £(T) as expressed in Eq. (1). The grid search spanned values of v € [0, 1] with
a step size of 0.1, and a € {0,0.1, 1,10, 100}.

2.6. Experimental setup

2.6.1. Mono-modal CT thorax registration: The first dataset employed for evaluating
our methodology is the DIR-Lab 4DCT dataset (Castillo et al. 2009a). This dataset
comprises Computed Tomography (CT) scans of lung tissue from patients undergoing
treatment for esophageal cancer, thereby constituting a mono-modal registration task.
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Figure 1: Generic multi-resolution framework for DIR incorporating proposed voxel-wise

—

adaptive boundary conditions. An illustrative input image dimension of 256 x 256 x 256
is displayed as a typical example. The associated pseudo-code is detailed in Appendix
C. The minimization of the energy £(T) was conducted on down-sampled versions
of the images, progressively refining until reaching the original image dimension (blue
blocks). The computation of incoming/outgoing flow fields on the image boundaries
(i.e. g) underwent updates throughout the registration process, at the beginning of
each resolution step (yellow blocks). The system of equations (Eq. (3a) and (3b)) was
solved in inner voxels (which corresponds to 2\ 0€2), the one voxel wide perimeter (which
corresponds to 0f)) being computed separately according to the boundary conditions
(Eq. (3c), see Appendix B3).

From this database, we selected 10 pairs of CT scans: one acquired during inhalation
and the other during exhalation. This dataset presents several challenges stemming from
respiratory motion. Significantly larger displacements are evident near the diaphragm
in comparison to other regions of the scan, alongside discontinuities at the interface
between the lungs and the rib cage. To address this, we designate the scan acquired at
extreme inhalation as the fixed image and the scan obtained at extreme exhalation as
the moving image.

Each scan includes 300 manually placed landmarks within the lung regions,
annotated by domain experts. These landmarks correspond to anatomical features such
as blood vessels and bronchial bifurcations (for further details, please refer to (Castillo
et al. 2009a)). This kind of groundtruth facilitate the computation of an error map
across sparse voxels throughout the lungs, enabling localized assessment of the influence
of boundary conditions on the estimation of the motion field.

2.6.2. Multi-modal CT to MRI abdomen registration: The efficacy of the proposed
adaptive boundary condition was also assessed in the first task of the Learn2Reg
challenge in 2021. This task involved intra-patient CT to MRI multi-modal abdominal
registration. The dataset comprised a total of 122 CT and MRI scans, with only
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16 of them being paired. Each scan was associated with up to four segmentation
masks delineating the liver, both kidneys, and the spleen. As not all paired scans
had complete ground-truth segmentation available, seven pairs were selected for the
experiment, ensuring inclusion of masks for all specified organs. The fixed and moving
images corresponded to MRI and CT scans, respectively.

2.7. Pre-processing:
All images used in this study were pre-processed beforehand by normalizing the

intensities to a range between 0 and 1 and cropping the padding when necessary.

2.7.1. Assessment of the motion estimation process The registration outcomes derived
from employing HD, HN, and the suggested adaptive Robin boundary condition (Eq.
(3c)) are assessed as follows.

Mono-modal CT thoraz registration: First, the target registration error (TRE) was
computed using the provided 300 gold-standard landmarks in the following manner:

TRE = ||T_I>+ (T:r(T_I))aTy(T—})?TZ(T—I))) _ﬁ||2 (10)
where 77 is the coordinate of the landmark on the fix image, 77 is the coordinate of the

landmark on the moving image and T, T, T, are the displacements in each direction,
solution to Eq. (3).

Following this, for each patient, the TRE computed for the 300 landmarks was
interpolated using tri-linear interpolation onto a regular grid aligned with the image
domain. Subsequently, a mean projection in the front-back direction of the resultant
error map was computed to generate a 2D Mean Intensity Projection (MIP) error map.

Multi-modal CT to MRI abdomen registration: In this experiment, we made use of the
provided segmentation masks by computing the average of the Dice coefficients obtained
for the four masks available:
: 2(AU B)

Dice(A, B) A 1B (11)
where A represents the ground-truth segmentation mask on the fixed image, and B
represents the ground-truth segmentation mask on the moving image transformed with
the estimated motion field. A Dice value approaching 1 indicates a strong overlap
between the masks.

2.8. Implementation and Hardware

Our experimental setup comprised a 24-core AMD Zen2 EPYC 7402 CPU paired with
an Nvidia A100 GPU with 16 GB of memory. We coded our implementation utilizing
Python along with the Cupy library (Okuta et al. 2017) for GPU optimization.
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Homogeneous Dirichlet (HD) Homogeneous Neumann (HN) Adaptive Robin
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175
150
125
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Figure 2: Example of mono-modal CT thorax registration results (case 8). Mean
intensity projection of error maps are reported using HN (a), HD (b) and the proposed

adaptive Robin conditions (c) (colorbar in millimeters).

3. Results

3.1. Mono-modal C'T thoraz registration

As depicted in Table 1, the proposed adaptive local boundary condition exhibited
enhanced average TRE in contrast to HD and HN conditions (=~ 4% relative TRE
decrease). Particularly notable are the differences in case 7, wherein the adaptive
boundary condition yields a 12 % relative TRE enhancement.

Figure 2 provides MIP of error maps obtained using HN, HD, and the proposed
adaptive Robin conditions in case 8. The selection of boundary conditions resulted
in variations of up to 8 mm. As anticipated, differences are primarily observable at
the image boundary, particularly near the diaphragm where substantial upward motion
occurs. Notably, some of these differences extend towards the image center, within the
lungs, consequently influencing the TRE at landmarks (see Fig. 2).

A typical example of a hyperparameter optimization of the proposed adaptive local
boundary condition is presented in Figure 3. The DIR energy £(T) (Fig. 3a), as
defined in Eq. (1), effectively aligns with the TRE metric used for image registration
assessment (Fig. 3b). Please note that the DIR energy calculation was restricted to the
300 landmark locations for consistency with the computation of the TRE as defined in
Equation (10). For cases 4 to 9, optimal identified hyperparameters consisted in a non-
homogeneous Dirichlet boundary conditions (¢ = 100) using incoming/outgoing motion
estimates as a source term (v around 0.6). This tailored parameterization underscores
the necessity for substantially greater movement near the diaphragm compared to other
image edges. Consequently, a non-homogeneous Dirichlet boundary condition enabling
incoming/outgoing flow near the diaphragm was deemed appropriate.

Across the entire dataset, automatic hyperparameterization based on the DIR
energy led to TRE that closely approached best achievable values (see extreme right
two columns in Table 1).
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Table 1: Mean TRE (mm) obtained for each case of the DIR-Lab data set (mono-
modal CT thorax registration) and for each tested boundary conditions, with mean and
standard deviation (SD). Best scores are highlighted with bold characters.

Case Homogeneous Homogeneous Adaptive Robin
Neumann Dirichlet

Automatized Best achievable

1 1.05 1.06 1.05 1.05
2 1.02 1.02 1.02 1.01
3 1.20 1.23 1.20 1.20
4 1.43 1.42 1.42 1.42
5 1.57 1.56 1.51 1.51
6 1.49 1.53 1.42 1.41
7 1.67 1.68 1.47 1.47
8 4.56 4.61 4.39 3.83
9 1.26 1.26 1.24 1.24
10 1.71 1.73 1.71 1.71

Mean + SD  1.70 £ 1.04 1.71 £ 1.05 1.64 £ 0.99 1.59 £ 0.82

DIR energy against y and a o TRE [mm] against y and a 20

0.12 0.2

0.4

ylau.]
ylau.]

0.06 0.6

0.8

0.00 10
1 10
a.u

(b)

Figure 3: Typical example of hyperparameter optimization (i.e. ~ and a) for the
proposed adaptive Robin boundary conditions (mono-modal CT thorax registration,
case 7). (a): grid search optimizing the minimized DIR energy £(T) as expressed in
Eq. (1) (minimum energy yields near optimal hyperparameters); (b): TRE metric
calculated using Eq. (10) for image registration assessment (minimum TRE yields
optimal registration outcomes).
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Table 2: Dice coefficients (averaged over 4 labels) obtained for each case of the
Learn2Reg 2021 data set (multi-modal CT to MRI abdomen registration) and for each
tested boundary conditions, with mean and standard deviation (SD). Best scores are
highlighted with bold characters.

Case Homogeneous Homogeneous Adaptive Robin
Neumann Dirichlet

Automatized Best achievable

1 0.846 0.793 0.847 0.847
2 0.695 0.608 0.695 0.695
3 0.855 0.818 0.856 0.856
4 0.866 0.760 0.852 0.866
) 0.722 0.556 0.722 0.756
6 0.810 0.529 0.810 0.810
7 0.849 0.829 0.849 0.849

Mean £+ std 0.806 £ 0.069 0.699 £+ 0.130 0.804 £ 0.068 0.811 £ 0.063

3.2. Multi-modal CT to MRI abdomen registration.:

Table 2 presents a summary of Dice scores achieved using the HD, HN, and the proposed
adaptive local boundary condition across all patients in the dataset.

The HD boundary condition fails to effectively register the top section of the liver,
as evidenced by the proximity of the red mask to its initial (unregistered) position
(see Fig. 4c). These boundary inaccuracies propagate significantly towards the image
center, particularly impacting the top left of the liver. This observation holds true
for all patients within the dataset, consistently resulting in inferior outcomes with
the Dirichlet boundary. Conversely, both the HN and adaptive Robin conditions yield
similarly improved results.

A typical example of hyperparameter optimization for the proposed adaptive local
boundary condition is illustrated in Fig. 5 (case 4). The DIR energy (Fig. 5a), as
defined in Eq. (1), closely corresponds to the gold standard Dice values (Fig. 5b).
While the non-homogeneous Dirichlet boundary condition yielded satisfactory results
with an average Dice score around 0.80 (against 0.87 for best achievable), the optimized
parameterization identified during grid search converges the adaptive local boundary
condition towards a HN boundary condition (v = 0 and @ = 0). The results reported in
Table 2 thus demonstrate that HN boundary conditions are indeed the best fit for this
dataset. This customized parameterization emphasizes the necessity for significantly
greater movement across all image edges.
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Fix image (I) Moving image (J)

(a) (b)

Homogeneous Dirichlet (HD) Homogeneous Neumann (HN) Adaptive Robin

(c) (d) ()

Figure 4: Example of multi-modal CT to MRI abdomen registration (case 4) showing
the fix (a), moving (b) and registered images with HD (c), HN (d) and adaptive Robin
(e). The segmentation contours are overlaid on all images to highlight the degree of
alignment before and after registration (green: fix masks, red: registered masks). The
labels include the liver, the spleen and both kidneys.

4. Discussion

To properly formulate a DIR problem applied to images acquired at distinct instants, two
strategies are typically employed for handling motion in the image boundaries: either the
velocity (Dirichlet) or the shear tensor along the normal (Neumann) are nullified. These
global boundary conditions offer the advantage of being implementable using the discrete
sine transform and the discrete cosine transform, respectively, leading to a significant
reduction in computation time for CPU implementations. Our research underscores
the importance of tailoring the DIR algorithm specifically at image boundaries. A
generalized approach guided by a reduced set of hyperparameters is proposed to address
this concern. Additionnally, a straightforward and flexible numerical framework is
introduced for adjusting boundary conditions during the registration process.
Presented results indicate that the suggested framework is capable of complete
automation via DIR energy minimization. In both the mono-modal CT thorax
registration and multi-modal CT to MRI abdomen registration tasks, the proposed
adaptive boundary condition consistently produces superior or equivalent results when
compared to the commonly employed global boundary conditions, namely HD or HN.



Adaptive Local BC' to improve DIR 14

DIR energy against y and a

Dice coefficient [a.u.] against y and a

0.20 0.0

ylau.]
yla.u.]

0.10 1.0

0 0.1 1 10 100
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Figure 5: Typical example of hyperparameter optimization (i.e. - and a) for the
proposed adaptive Robin boundary conditions (multi-modal CT to MRI abdomen
registration/case 4). (a): grid search optimizing the minimized energy £(T) as expressed
in Eq. (1) (minimum energy yields optimal hyperparameters); (b): Dice metric
calculated using Eq. (11) for image registration assessment (maximum Dice yields
optimal registration outcomes).

The proposed framework customized the boundary conditions based on case-specific
motion characteristics: on the one hand, within the mono-modal CT thorax dataset,
significant motion is primarily concentrated near the diaphragm, with minimal motion
elsewhere, hence a non-homogeneous Dirichlet boundary condition ; on the other hand,
in the multi-modal CT to MRI abdomen dataset, minor movements are distributed
throughout the image, reflecting its reduced coverage of the abdominal region, hence a
HN boundary condition. The adaptive boundary condition still enables the transition
to global boundary conditions when necessary, as evidenced in the multi-modal CT
to MRI abdomen registration experiments. While hyperparameters a and v could be
optimized individually for each spatial direction, this would have resulted in increased
computation times for hyperparameter tuning. In the current study, identical values of
hyperparameters a and « were used across all three spatial dimensions, yet still yielding
satisfactory results.

It must be noted that Deep Learning (DL) algorithms are highly valuable tools
for DIR. Among its numerous advantages, DL has proven efficient in obtaining data
fidelity terms by automatically learning relevant features from images. This can enhance
registration accuracy in particularly challenging cases where traditional metrics struggle.
The regularization term can also be effectively implemented using DL. Additionally,
once trained, DL models can perform image registration rapidly, significantly reducing
computational time compared to iterative optimization techniques (Fu et al. 2020).
However, we emphasize that the present study does not aim to directly compete with
such DL algorithms. Instead, our work focuses on addressing the specific aspect of
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boundary conditions, which is relevant to both DL and non-DL algorithms. In this
study, we formulate a generic variational DIR algorithm (similar to loss functions used
in DL-based DIR approaches) to quantify the enhancements resulting from the proposed
local boundary conditions. While highly efficient, DL approaches lack interpretability.
Therefore, we decided to illustrate the proposed framework using deterministic data
fidelity, regularization, and numerical schemes.

It was observed that the HD, HN, and non-homogeneous Dirichlet boundary
conditions yielded the best results in the experiments. Conversely, the non-homogeneous
Neumann conditions never produced optimal results. One possibility is that the source
term C is not well-suited for non-homogeneous Neumann conditions. However, since
both HN and non-homogeneous Dirichlet conditions produced the best results, it appears
that our choice of C is generally satisfactory. Another potential explanation for the
suboptimal performance of non-homogeneous Neumann boundary conditions could be
the absence of applied shear stress within the field of view between the fixed and moving
images in both tested datasets. In minimally invasive interventional procedures, such as
radiofrequency (Zhang et al. 2016) or irreversible electroporation procedures (Gallinato
et al. 2019), needles are introduced, generating local displacement due to shear stress in
the normal direction. It can be anticipated that non-homogeneous Neumann boundary
conditions may be more appropriate in such scenarios. Future studies on percutaneous
ablations will further confirm or refute this assertion.

It is important to underline that the datasets evaluated in this study primarily
focus on assessing respiratory motion. To our knowledge, there is currently no database
specifically designed for evaluating registration in slow physiological motions such as
peristalsis. Nevertheless, we anticipate that our method will effectively generalize
to accommodate these types of movements as well. Moreover, it must be noticed
that the datasets used in this study do not account for scenarios where parts of
the organs are not fully covered within the image field of view. In cases where the
field of view vary within the same dataset, we anticipate that our method will need
individualized hyperparameter optimization to accurately capture motion. However,
situations where the field of view differs significantly between the fixed and moving
images may require careful investigation (Sadowsky et al. 2007) (Greve & Fischl 2009),
as our DIR formulation assumes that most information present in one image is also
visible in the other.

In this paper, we estimated incoming and outgoing flow fields utilizing the motion
inverse consistency metric. Our underlying hypothesis is that discrepancies between
the forward and backward motion estimates are interpreted as material flow exiting or
entering the field of view. The utilization of motion inverse consistency was driven by
its practical advantage of relying solely on motion estimates. This characteristic makes
this metric compatible with both mono- and multi-modal registration tasks, as it does
not rely on image intensity. Furthermore, it does not require any additional information
such as landmarks or image segmentations. Nevertheless, this method may result in
erroneous estimation of incoming/outgoing flow fields in several scenarios. For instance,
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when there is limited or no tissue contrast present at the image boundary, false negative
flows may be identified, as the registration process is predominantly influenced by the
regularization term. Moreover, false positive flows may be detected in the presence of
transient objects due to fluctuations in the data fidelity term. For these reasons, the
motion inverse consistency metric may not be suitable in image regions involving needle
insertions, as encountered in percutaneous minimally invasive interventional procedures.
Application specific solution may be investigated thanks to the highly modular aspect
of the proposed framework expressed in Eq. (4).

In the current study, we conducted an exhaustive search for hyperparameter
determination to thoroughly document the behaviour of the registration algorithm
with respect to the boundary conditions. However, the grid search strategy on our
experimental setup using our implementation proved to be time-consuming. The
computation time for hyperparameter determination is inherently influenced by the
processing time required for image registration. For example, it took approximately 4
minutes to register a 192 x 149 x 142 image using our experimental setup. Consequently,
the entire grid search process took about four hours, rendering it impractical for clinical
use. However, our results indicate that various strategies can be employed in practice to
significantly reduce the computation time required for hyperparameter determination.
First, under similar image acquisition conditions, hyperparameter optimization may be
performed only once, as it will result in similar parameter settings. For instance, in the
mono-modal CT thorax (DIR lab) dataset, significant motion is primarily concentrated
near the diaphragm, with minimal motion elsewhere. Hence, the parameterization of
the proposed boundary condition mainly corresponds to a non-homogeneous Dirichlet
condition with v = 0.6. In the multi-modal CT to MRI abdomen dataset, minor
movements are distributed throughout the image, reflecting its reduced coverage of the
abdominal region, which mainly favors the homogeneous Neumann boundary condition.
For better results, the optimisation can be refined for each image pair. The processing
time for hyperparameter determination can be reduced by restricting the search area.
For example, in the multi-modal CT to MRI abdomen (Learn2Reg) dataset, v can be
set to zero, allowing the optimization to focus on the parameter a, which defines the
trade-off between Dirichlet and Neumann conditions. Notably, multi-step and multi-
resolution search strategies may also be advantageous by providing coarse estimates
of hyperparameters, which can then be locally refined. For example, considering
that the inhomogeneous Neumann conditions could be discarded for the two datasets
involved in this study (consistent with the absence of imposed external inhomogeneous
displacement, such as percutaneous insertion), the following three extremities of the
hyperparameter grid can be initially considered: NH (a=0, v=0), DH (a=100, v=0),
and inhomogeneous Dirichlet (a=100, y=1). Subsequently, the two best pairs can be
refined using a bisection method. After three levels of successive subdivisions, the
complete optimization process requires the calculation of six DIR, which could be
accomplished in 24 minutes on our test platform. It is also noteworthy that performing
the optimization on 2-fold downsampled images further reduces the computation time
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by a factor of 4 without degrading the optimum hyperparameter calculation, thereby
reducing the computation time for case-specific hyperparameter tuning to 6 minutes
on our test platform. We anticipate that the hyperparameter tuning procedure can
also be accelerated using a deep learning approach, utilizing the DIR functional as
the loss function for unsupervised learning. This will be addressed in a forthcoming
study. Ultimately, the computation time for hyperparameters can be significantly
reduced by decreasing the processing time required for DIR. For example, learning-based
approaches can conveniently circumvent the requirement to repeat the entire intensive
DIR optimization scheme for each new image pair (Fu et al. 2020).

5. Conclusion

A DIR toolbox is essential in the field of medical imaging due to the growing need to align
images of the same scene acquired across time and/or modalities. This study emphasizes
the significance of customizing the DIR algorithm at image boundaries. A generalized
formulation for this issue is presented, along with a direct and adaptable framework
for tailoring boundary conditions throughout the registration process. Its adaptability
stems from its capacity to shift between homogeneous Neumann, homogeneous Dirichlet,
homogeneous Robin, and their non-homogeneous counterparts, conditioned by a reduced
number of hyper-parameters. Additionally, we demonstrated the feasibility of fully
automatizing such boundary conditions.

The suggested local adaptive Robin boundary condition yields results closely
approaching the best achievable outcomes for both examined mono-modal CT thorax
registration and multi-modal CT to MRI abdomen registration tasks.

The impact of boundary conditions on more complex motion regularization term
and different DIR formulations will need to be addressed in future works. Moreover,
future studies will challenge the proposed method for other non-rigid multi-sensor
registration scenarios (i.e. CT to CBCT, MRI to CBCT, MRI to echography, etc). A
crucial and forthcoming perspective will involve investigating the impact of dose delivery,
particularly in procedures such as radiotherapy (Grégoire et al. 2020), thermotherapy
(Zhang et al. 2016) and irreversible electroporation (Gallinato et al. 2019).
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Appendix
A. Brief overview of DIR methods

Deformable image registration is an image processing task that consists in estimating
the motion to align a moving image with a fixed image, taking into account the content
of both images and sometimes prior knowledge of the motion and/or the tissue’s physical
properties. It has been an active area of research in the field of image processing since
the 1960s, owing to its extensive range of applications. In pursuit of this goal, a variety
of methods are available including the followings.

In parametric motion estimation, the motion field is parameterized using either
generic, simpler motions such as translation, rotation, scaling, or more comprehensive
parameterizations like B-splines (Klein et al. 2007) (Vandemeulebroucke et al. 2011)
(Vishnevskiy et al. 2017).

In variational methods, the problem is formulated as a functional optimization.
The energy functional to be minimized consists of a data fidelity term, which drives the
registered image closer to the fixed image, and a regularization term, which addresses
the ill-posed nature of the problem and potentially enhances the anatomical plausibility
of the solution (Castillo et al. 2009b) (Muenzing et al. 2010) (Denis de Senneville
et al. 2016).

Machine learning, increasingly used in image processing, can also assist in solving
registration problems in several ways. Such approach has proven efficient in obtaining
task-specific data fidelity terms by automatically learning relevant features from images
and solving the energy functional more efficiently (Cao et al. 2018) (Fan et al. 2019)
(Balakrishnan et al. 2019) (Fechter & Baltas 2020) (Fu et al. 2020).

B. Numerical implementation of the boundary conditions

B1. Homogeneous Dirichlet

For homogeneous Dirichlet, we simply set the value 0 in the one voxel wide image
perimeter (which corresponds to 0€2).

B2. Homogeneous Neumann

To apply a homogeneous Neumann condition, VT, - n for s € {x,y, 2z} was computed
using the following second-order approximation with a spatial step size ds:

—3T% 441! — 1?2

VT! n=-— B1
s 1 2ds (Bl)
On the other side of the boundary, one have:
TV=2 47Nt 4 31V
vTY .n= ¢ . Ol (B2)

2ds
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where the superscript gives the number of voxels along the direction considered.
Substituting into VIT?" - n = 0 and solving for T? and T2 respectively, we obtain:

. (53)

T]V,__4T§V—]--—Tfj—2
s 3

These conditions were imposed in the one voxel wide image perimeter (which

(B4)

corresponds to 0€2).

B3. Adaptive Robin boundary condition

The adaptive Robin boundary condition takes the form:

A8 ) (VTs-m) + (1 - 5(g,))Ts = g, (B5)

where n is the normal to the boundary 0€2, § : R — [0, 1] is computed using Eq. (5),
and -y is one of the two hyper-parameters for the adaptive Robin boundary condition.

Making the same approximation as in Appendix B2, substituting in Eq. (B5) and
solving for T? and for TV with ds = 1:

o BT T?) 4 290
: B+ 2

(B6)

e BYATY TN (g
’ BN +2
These conditions were imposed in the one voxel wide image perimeter (which
corresponds to 0f2).

(B7)

C. Pseudo-code

Algorithm 1 corresponds to the primary framework for registration for typical 256 x
256 x 256 images, encompassing the calculation of the voxelwise incoming/outgoing
boundary flow designed to guide boundary conditions, the initialization of the motion
field for the forthcoming estimation process at the current resolution, the registration
algorithm, and the multi-resolution scheme (see Fig. 1).

Algorithm 2 computes the incoming/outgoing flow field g via Eq. (7). It
corresponds to the yellow blocks delineated in Figure 1. Note that ¢ is a local variable
determing the iteration number (max=10).

Algorithm 3 estimates the motion field between fixed and moving images through
the implemented DIR algorithm, which incorporates the suggested local Robin boundary
conditions, via Eq. (3). It corresponds to the blue blocks delineated in Figure 1. Note
that 7 is a local variable determing the iteration number (max=1000).
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Algorithm 1: Primary framework for registration

Input : (7, J, T"") = (fix image, moving image, initial condition)
Output: T = motion field
T «+ Resample T™" to (16 x 16 x 16)

for res € {(16 x 16 x 16), (32 x 32 x 32), ..., (256 x 256 x 256)} do
I" < Resample I to res

J" + Resample J to res

T < Resample T to res

g, T < Algorithm 2(I’, J', T)
T «+ Algorithm 3(I’, J', T, g)
end

Algorithm 2: Calculation of incoming/outgoing flow field in the boundary

Input : (/,J,T) = (fix image, moving image, motion field)
Output: g = Voxelwise in/out flow field in the boundary
T = motion field
D < data fidelity term calculated from I, J and T using Eq. (8)
T, < T
Jeur < J transformed with T
10
while ¢ < 10 do
Update T boundaries according to homogeneous Neumann boundary
conditions (Appendix B2)
T« L(I, Jewr, D, T)
1 1+1
end
10
while ¢ < 10 do
Update T;,, boundaries according to homogeneous Neumann boundary
conditions (Appendix B2)
Ty < ,C(Jcmn, I, D, va)
11+ 1
end
g < incoming/outgoing field map calculated from T and T}, using Eq. (7)
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Algorithm 3: Calculation of the motion field estimate

Input : (I, J,T,g) = (fix image, moving image, motion field,
incoming/outgoing flow)

Output: T = motion field

1+ 0

while 7 < 1000 do

D <+ data fidelity term calculated from I, J and T using Eq. (8)

Update T boundaries according to g (Appendix B3)

Jewr < J transformed with T

T + £(I, o, D, T)

Update T boundaries according to g (Appendix B3)

11+ 1

end
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