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APPLICATION OF THE HOMOGENIZATION METHOD TO
COMPOSITE MATERIALS WITH PERIODIC STRUCTURE

J.F. Bourgat*, H. Lanchon**

ABSTRACT

A boundary value problem in an heterogenous medium is very difficult, and even impossible, to
solve if the number of heterogeneities is very large. The homogenization consists to replace the
heterogeneous medium by an “equivalent” homogeneous one. In the particular case of a periodical
distribution of heterogeneities, results on the mathematical aspects of the homogenization have
been obtained recently. An application to the problem of torsion for a cylindrical fiber-reinforced
bar is presented here. The homogenized solutions are compared with the real solutions for an
increasing number of fibers. '

RESUME

Dans les milieux physiques hétérogenes les problémes aux limites sont difficiles a résoudre numé-
riquement, parfois impossibles, si le nombre des hétérogénéités est tres grand. L’homogénéisation
consiste & remplacer le milieu hétérogéne par un milieu homogeéne "équivalent”. Dans le cas parti-
culier de distributions périodiques d'hétérogénéités, des résultats sur les aspects mathématiques de
I'homaogénéisation ont été obtenus récemment. Nous présentons ici une application au probléeme

de fa torsion d'une barre cylindrique renforcée par des fibres. Les solutions obtenues par la mé-
thode d’homogénéisation sont comparées aux solutions réelles pour des nombres de fibres croissants.

* |RIA-LABORIA, Laboratoire de Recherche en Informatique et Automatique, B.P. 105 - 78150 Le Chesnay (France)
** LEMTA, Laboratoire d’Energétique et de Mécanigue Théorique et Appliquée, B.P. 850 - 54011 Nancy (France)



INTRODUCTION.

We are here concerued with a method of homogenization. The origin of this word
is related to the question of replacement of the heterogeneous medium by an
"equivalent" homogeneous one, either to obtain global properties or to determine

some behaviours of real medium impossible to reach directly.

If we have to solve a boundary value problem, homogenization means replacement

of the corresponding differential operator with variable coefficients by an
"equivalent" one with constant coefficients. The constant coefficients can then
be considered as a new kind of "effective modulus" because they are corresponding

to the same formulation of the same boundary value problem.

In the particular case of a periodical distribution of heterogeneities, recent
results on the mathematical aspects of the homogenization have been given by
I. BABUSKA [1], A. BENSOUSSAN-J.L. LIONS-G. PAPANICOLAOU [21,[31,[41,[51,

E. GIORGI-S. SPAGNOLO (6], and L. TARTAR [13].

The method has been applied by G. DUVAUT [7], [8] to composite plates and also

to three dimensional elasticity.

Using some asymptotic approach, with the help of physical interpretation,

E. SANCHEZ PALENCIA [12] has obtained the same homogenized coefficients.

In this paper we recall the mathematical model and the construction of the homo-
genized coefficients, we apply the method to the torsion of a cylindrical fiber-
reinforced bar and we present numerical results comparing the homogenized solu-
tions to the real solutions. Some elements about the mathematical and the numeri-

cal techniques are added.

1. - DEFINITION OF A PERIODIC HETEROGENEOUS MEDIUM.

Let consider an heterogeneous medium made of a regular distribution of several
components. We can idealize this medium, admitting a kind of space periodicity,
in this way : if C(x) is a variable coefficient characterizing the (mechanical,
thermical, electromagnetical...) comportment of the material, and if Q is the
bounded domain of RN (N =1,2,...3) occupied by it, the space periodicity is

defined by

QP C(x+ke) = C(x)



Yk, N-integer and Vxe Q such that x+ke ¢ Q ,
with

e 3E0) s €; being the period in the X: direction ,

N

ke = (klel,...k ).

NEN

Then we can, for instance, introduce

X. €,
i i .
= = — = — < <
(2) € = max €, > Yy - and P; = 1<i=<N,
in such a way that
C(x) = Cley) = a(y)

and
a(y+kp) = a(y) .

a, defined on the rectangular parallelepiped

is said P-periodic. P is the image of the representative cell of the medium.

Example : for a composite material with 2 components we shall have

Cr on p_ (image of the reinforced part of the cell)

a(y) =

Cm on p_ (image of the matrix part of the cell)

The constants Cr and Cm being respectively the values of the considered coeffi-

cient for the reinforcement and the matrix. {(See Fig. 1).

It is important to point out that the basic cell of the medium is not necessarily
simple. In the case of an hexagonal array, the representative cell has the shape

shown in Fig. 2.
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Fig. 1 : A cell structure.
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Fig. 2 : Cell structure with hexagonal reinforcement.



2. - BOUNDARY VALUE PROBLEM.

Suppose now that we formulate a boundary value problem for a periodic heteroge-
neous medium. We have a partial differential equation with variable coefficients
and, some boundary (eventually initial) conditions. Even if we can prove "exis=-
tence and uniqueness of the solution, we are generally unable to obtain it by
numerical method as soon as € is '"small" because the rapid variations of the
coefficients. We are then looking for an approached solution and that is the

topic of the present theory.

To be clearer, let us choose, as example, a simple mathematical model obtained
by the formulation of several physical situations.After having given a quick
description of this model, we shall explicite a mechanical corresponding problem.

We shall use the convention of summation on the repeated index.

2.1. Mathematical model

Let us consider the differential operator

) 9 x )
(3) AT = - 51 [aij =) a_x;]

1

where aij are P-periodic bounded coefficients such that

() 3> 05 a0 55 28 E]°, vEe R and vy,

and are not necessarily symmetrical in i and j.

Suppose now that we have to solve the following Dirichlet problem :

Problem (¥e) : Find ug such that :

>
™
c
i
P—h

in £
(5)
u_ = 0 on 30

where Q 1s an open bounded domain in RN and £ 18 a given function in LZ(Q).

We know by the general theory of partial differential equations th&t, “fhanks to

the property of coercivity, there‘exisvts{u€ , unique solution of (5).



If € is small by comparison with the size of {, it is impossible to compute u.
So it is natural to wonder if ug tends toward a limit u when € tends toward 0
and then if u can be considered as a good approximation of u_ as soon as € is

sufficiently small.

2.2. Torsion of fiber-reinforced bars

If we formulate the standard problem of torsion for a cylindrical fiber-reinforced
bar, it is known that

The stress tensor is such that

*3
i 0.. = 0 except
o o o © ij
o o @ © Fig. 3 39
o lo (6) 013 = BT = 031 and
: Fiber-reinforced 2
| bar.
l o o8
i 23 Bx1 32
I
!
J_ 8, called "stress function" being defined
! on the cross section {2 of the bar and '
| .
0,""“ - ————5’X2 verifying the following boundary value
/
/ problem :
X
1 R ] 96 - 20 on ©
axi w(x) BXi
(7)
6 =0 on 9f
Where : U 1is the shear modulus, (uf on the fibers, Mo oon the matrix)

o the torsion angle imposed at the terminal section.

We shall supppose here that the distribution of fibers is in such a way that the
period € is the same in the two directions 0X, ,0%,.

Then, with the same change of coordinates as above

X,

= ——];

Ii €

We have
U. on P
f f
u(x) = a(y) =

L on P



This problem is actually a(f e) one with :

A S, . 's i
alJ Yen) ( {0 kronecker's index),

f = 2a , constant ,

1

| . . ..
. D 1 >
B sip a(y) i (if, as it is realistic Mg um)
YEP
Remark 1 : What does mean here the fact to make € tend toward O ?

It implies that we consider a sequence of cylinders of same shape, same components,
with an increasing number of fibers but a constant degree of reinforcement, that

is to say : if Vf is the total volume of fibers and V that of the cylinder,

Ve
T = constant.
This condition is very logic on a physical point of view and very comfortable for

the mathematics, because it ensures the fixity of P_ and P when € 1is dicreasing.

f

Remark 2 : A lot of other problems are entering in the ( PE) scope, for example,

the diffusion equation in steady cases.

3. - THE HOMOGENIZATION METHOD.

3.1. Theorem : With the hypothesis mentioned in section 2.1. about aij and £,1f
ug 18 the unique solution of
Au_ = fin @
(P,)
u =0 on 9N
£
Then

. 1
u. > u weakly in HO(Q),
where u is the unique solution of

Au = f in D
0 on 9%

(#)

u



and A the differential operator defined by

2
)
(8) A= - 44 3 3;;3;; ,

qy 5 being here constant coefficients defined by the way mentioned in the following

section.

For the proof of this theorem see BENSOUSSAN-LIONS-PAPANICOLAOU [41],

L131],

3.2. Construction of #& .

Let us remind the definition of the Sobolev space H](Q).

()

(ol € L2 g%ﬂ e L2(Q) i=1,...,N},
i
where

L2(9)

{¢] f 16| %ax < =} .
Q

We introduce the space W defined by

[5] and TARTAR

(9) W= {¢|¢<€H1(Q), ¢ 1is P-periodic, i.e. takes equal values on

opposite sides of P} ,

and the "reduced'" operator Ap defined by

- - 3¢

i ]

The bilinear form associated to Ap is :

(10) ap(¢,W) = J a

3¢ 3y
.. (y) dy
. ij Byj Byi

We define the functions Xle W by

an 2 OC) = a () Ve, xiew.

The equation (11) defined Xl up to an additive constant. Then qij is obtained by

| i_ i_
(12) q.. = vV(P) ap(X ij X yl) ’




where V(p) is the volume of the parallelepiped P,

Remark 3 : It is clear, right now, that the qij can be interpreted like some
"homogenized" or "effective'" coefficients for the considered (mechanical, ther-
mical, electrical,...) problem. These constant coefficients are in fact indepen-
dent of the shape of ) and of the boundary conditions, they are essentially de-
pendent of

. The representative cell of the heterogeneous medium.

The differential operator.
Remark 4 : In fact, u is the first term of an asymptotic expansion :
(13 ) () = uG-e &) B+ w50 1x 0(e?)
€ 3 Bxi ’
whose the first part of the first order term can be computed without too much
difficulties. One can found the following result in BENSOUSSAN-LIONS-PAPANICOLAOU

[4]

]ly+0 strongly in HI(Q).

i, x, du
u_~u+€ =
Fagmure DX @ 5
i
Remark 5 : 1t is instructive to have a look on what are X3 and qij in the above
mentioned problem of torsion :

e is the solution of the following transmission problem :

AX] =0 in Pf
AXI =0 in Pm

and, if [¢]8P means "jump of the quantity ¢ " accross the surface 3P; and n is

the unitary normal on 3P_ oriented toward the interior of P, we have

f
[y, ] =0
1 an
[1 3"1] [1] 3
— = = | - cos(n,y
U on u 1
BPf BPf

By virtue of (11) and (12), the "homogenized coefficients" are

given by

1 1
qu = V ap(Yj9yi) V ap(Xj ,Yi)



If we calculate the first part of qij we obtain

and we notice that it represents exactly the law of mixtures.

3.3. Advantages of the homogenization :

They are almost obvious

a) While the solution ug of ( PE) is generally impossible to compute as soon as

€ is small, u can be obtained by solving simple problems independent of ¢

The Xl are solutions of elliptic equations on the very simple domain P.
The qij are obtained by integration on the same domain P.
Lastly, u is given by a Dirichlet problem on { but now with constant coeffi-

cients.

b) The qij have to be computed only once for a whole family of problems corres-—

ponding to the same differential operator.

4. — NUMERTCAL RESULTS.

4.1. Description of the worked out computings

We suppose that we are looking for the stresses in a cylindrical fibers reinfor-
ced bar B, subjected to a torque, the data for this problem being chosen as fol-
lowing :

Q, square cross section of B with sides of unit length.

. Fibers of glass (uf=4.106 psi) or Boron (uf=2,5.107 psi), with

square cross section such that

Ve 1
v 9

. matrix epoxy : U= 2,2.10° psi .
The representative cell is the unit cell shown on Fig. 4.
We have computed

The real solution 68 for e = , £ = and ¢ =



2/3 ""7/

/3 ===

Figure 4 : Representative cell.

The solution 6 of the associated ( ) problem .

The corrected solutions
= B X, ou ~
(14) 5,00 = 000 - el @ 5 + U]
with W= 0 here because of the symmetries of the basic cell P.
The following given curves are the respective sections of the surfaces es(x) R
8(x) and ée(x) by a diagonal plan (or a "parallel to the sides" one) perpendicu-

lar to the domain § (see Fig. 5).

4.2. Some comments about the following results

4.2.1. For the "glass—epoxy' composite

a) The homogenized coefficient obtained is u = 2,68.10° psi while the law of
mixture would have given U = 2,46.10° psi.

b) For € = , which is not small, the difference between 68 and 6 is relatively

1
2
big (see Fig. 6 and 9), particularly in the neighbourhood of the fibers. However,
the corrected term ég is already much better if we remember that, in fact, the

stress tensor is given by the components of grad 68

c) When € is becoming smaller (cf. Figures 7, 8, 10, 11) the results are better
and better, specially for the slopes of 98 and 68 . We can see that the theorem

of Section 3.1 is numerically verified although € is not very small.
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a) The homogenized coefficient is U = 2,75.105 in place of W = 2,47.10° by the

law of mixtures.

b) We cannot present the curves for € = %-because the tops reached by the solution
GE on the fibers are too much high: but, for e = %—(see Figures 12, 14) which is
not so small, the solutions 6 and 98 give already very good approaches of 68 and
still better of grad 98. For € =1 , 0_ is very difficult to reach directly but

8 €
the homogenized results seem to be satisfying.

Remark 6 : The scale of the curves in ordinate is not significant because, in
fact, 6€ , 6 and 68 are proportional to o ; we have here chosen uum=5 to obtain

curves of sufficient size.

Remark 7 : To be able to compare our results to the experimental ones given in
v
the book [[9] p. 68, we made again the same computing for 7% = 0.7 and we obtained

U = 0.965x10° for the Glass-Epoxy in place of ¥ = 0.65 x 10°
by the mixture law and u = 0.95%10% in [9].

Remark 8 : The ''parallel sections" (cf. Figures 9,10,11,14 and 15) allow to deter-
38

mine directly O30 = = 5% which is nothing else in each point, as the slope of
1

the curves obtained. Because of the symmetries of the domain chosen, it is possi-
a6 . . .
ble to deduct of that, 031 = 5. at the symmetric points with respect to the

9x;)
diagonales of .

Remark 9 : The corrected solution obtained by formula (14) is not sufficient to

approach the picks (see fig. 12 for example). For a better approximation of the

picks see J.L. LIONS [11 7.
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5. - SOME ELEMENTS ABOUT THE MATHEMATICAL TECHNIQUES USED TO OBTAIN THE PREVIOUS
RESULTS :

The hypothesis and notations are those of sections 2.1 and 3.1,

5.1. Multiple scales method (see BENSOUSSAN-LIONS-PAPANICOLAOU [21], [41, {51)

The solution u. has no reasons to be periodic itself because {! is bounded and
ol is not necessarily coinciding with the boundary of some basic cells. However,
ug is obviously depeunding of the period of distribution of the heterogeneities ;
for these reasons we are going to look for a solution of the form :

2
(15) u (%) = Wo(x,y) +EW (%,y) + EW,(x,y) +....
X.
where y. = 7%- and (x,y)e @ x P.

1

If we set génerally : d(x,y) = ¢7x), we have

af = 9 + 1 99— and then
0X . 0X. € 9y,
i i i
Agu = f
£
can be written
(16) (e"ZA v e AL F ALY (W 4 eW + ey ) = f
1 2 3 o 1 2 "
with
3 3
(17) A =-+— la.. =]
1 Byi i] Syj
2
3 3 3
(18) A, = - =— la,., =—I1- a..
2 Byi ij ij ij Bxiayj
(]9) A = - _..__8_2._
3 213 Bx.ox.
1]

By identification in (16) for the different orders of € , we obtain successively :
(20) e " AW =0
(21) e AW +AW =0

(22) e AW, + AW, + AW = £,
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In (20) x plays the role of a parameter, consequently for all x, Wo is a cons-

tant, i.e.
(23) W o(x,y) = u(x)

Using (23), (21) reduces to

I du
AW, = 3y (a;;(9) %

If we introduce XJ by (11), i.e.

3
A =- 5;; (aij(y)) N

we obtain
o = Jyy v o
(24) W (x,y) = - x () axj (x) + W, (x)

We have now to solve (22). Using the Fredholm's alternative, (22) has a solution

iff
(25) Jp(f—Azwl—A3wo)dy =0 .

Using (18), (19), (24), in (25) we obtain

h 2
_ _ 9X 9 u -
(26) [ Jp aij(y)dy Jp 3k 3y, (y)dy] ggzggg f.

2

. . 3 u .
The coefficient of 5;;@;3- in (26) equals

] i
a —-y.,- .
p XT3y )
and since Xl is periodic we have
i_ i.y20.
a (X 7y X yy) = 0

So we obtain (12).
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5.2. Energy method. (See L. TARTAR [131J)

We consider the variational formulation of the problem (f 8)

a(uv) = (£,9) = (£, YveH (D),

ou ov

£ N __&
where a (HE’V) = J a (E) ox. Bxi dx

o i
. )
and we introduce Ei by

ou
£

- X __&
gi - aij (E) ij

) .2
by virtue of (4) , u. is bounded in HI(Q) and E? is bounded in L7(f), so we have

. 1
u. > u weakly in HO(Q)

g‘i > g, weakly in L2 (9.

We can prove by a non trivial way that

and that u is the solution of
(Au,v) = (£,v) Vveﬂl(ﬂ)

where

q J ou dv dx
ij paxj axi

&

(Au,v)

. . . . 1
Remark 10 : In order to fix the ideas we have considered the problem in HO(Q)

but the results are the same in a space V such as Hé(Q)‘ZV<ZH1(Q).

Remark 11 : The "multiple scales' method is practical because naturally cons-—
tructive. It allows in particular to obtain the first order corrector, but this
method needs regularity of the coefficients. On the other hand, the "energy
method" needs only bounded coefficients but does not introduce naturally the
correctors. So we can judge the very complementary character of those two

mathematical techniques.
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6. — ELEMENTS ABOUT NUMERICAL TECHNIQUES :

For solving the boundary value problems introduced in this paper, we use the

finite element method.

The domains P and { are divided into triangles and the spaces HI(Q) and HI(P)

are approached by

Vh = {v|v eCO(Q), or veC°(P) polynomials of degree 1 on each triangle}

The functions 6 and 68 are approached in the space

V. ={vev |V =0 on 30}

oh h

and the function X; in the space

wh = {¢ ¢ Vh! ¢ "P-periodic! ¢=0 at the four corners of P}

The triangulation of P, to compute Xi , and the triangulation of { to compute
0 are such as the discontinuities of the coefficients aij coincide with sides

of triangles.

Generally a few hundred triangles are sufficient to compute Xi because the geo-
metry of P is very simple while, to compute 68 several thousands are necessary

in order to approximate the numerous discontinuities of aij'

For 6 which is solution of an operator with constant coefficients, a few number
. . . 90 . . . .
of triangles is sufficient but for TR which appears in the first corrective

i
term, we need about a thousand of triangles.

For the elastic torsion example mentioned above, we took
288 triangles for computing X3
1152 triangles for computing 0O

4608 triangles for computing Sg (see fig. 16) .,

The linear systems obtained after approximation of the boundary value problems
are solved by the overrelaxation method with optimal parameter,

The computing times obtained with an IBM 370-168 are

1.5 s. to compute the coefficients of the homogenized operator,
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4 s. to compute 0,

30 s. to compute 68'

. . . L) .
In order to compute the first corrective term we approximate T by a function

of V_ defined on each node by

f
00 1 06
5;;‘(M) =3 :E: [g;f]'r

viM) T ev(M) i

where

M is a node of the triangulation,

v(M) is the set of triangles whose M is a vertex,

NV(M) is the number of triangles of v(M),
90 . . . .
5% | 18 the value Qf the derivative of 8 on the triangle T .

1°T

We can use this formula because 6 is very regular as a solution of a problem

with constant coefficients and constant second member.

CONCLUSIONS.

It follows from the previous results that the method of homogenization is an
effective method for solving problems in periodic heterogeneous medium as soon
as the number of heterogeneities is large. Furthermore it can be extended to

numerous directions

Neumann problem : for instance

AEu + a (E)u =f on
£ o€’ e
(see Figure 17)
Bue
0 =0 on of)
AE

Vartational inequalities : that is to say, when the solution has to be found in

a convex subset of a vectorial space for instance.
| ‘ .
K={¢I¢EHO(Q) , $<0 in Q}

It is interesting to note, on the Figure 18, that the free boundary (unknown of

the préblem) between
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Qg = {x|xeQ u_(x) = 0} and
Q; = {xix el us(x) <0},

is given with a good precision by the homogenized solution u.

Operators of higher orders (cf. G. DUVAUT [7])

Evolution problems

Systems of partial differential equations : for instance in elasticity
(cf. G. DUVAUT [8]) or electromagnetism.

Operators with coefficients depending more generally on € :

X X
al_] (X’E)’aij(x ’ —E:_ ’ ;ﬁ)-

Several physical examples are corresponding to theses cases (cf. A. BENSOUSSAN-

LIONS-PAPANICOLAOU [41).

Porous media

Mechanics of fluid suspensions.



Fig. 16 : Triangulation of . 4608 triangles.

€ = =— . The fibers are hachured.




1.6

1ot

1.2

1.0

0.8

0ob

VPYA

_
u
- u
-
-
=
|
N
| g
J S
o’ -
/’/
.
= ) R I |

Figure 17 :

Neumann problem. (diagonal section)
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u_ <0
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