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APPLICATION OF THE HOMOGENIZATION METHOD TO
COMPOSITE MATERIALS WITH PERIODIC STRUCTURE

J.F. Bourgat*, H. Lanchon**

ABSTRACT

A boundary value problem in an heterogenous médium is very difficuit, and even impossible, to
soive if the number of heterogeneities is very large. The homogenization consists to replace the
heterogeneous médium by an "équivalent" homogeneous one. in the particular case of a periodicai
distribution of heterogeneities, results on the mathematical aspects of the homogenization have
been obtained recently. An application to the probiem of torsion for a cylindrical fiber-reinforced
bar is presented here. The homogenized solutions are compared with the real solutions for an

increasing number of fibers.

RÉSUMÉ

Dans les milieux physiques hétérogènes les problèmes aux limites sont difficiles à résoudre numé¬
riquement, parfois impossibles, si le nombre des hétérogénéités est très grand. L'homogénéisation
consiste à remplacer le milieu hétérogène par un milieu homogène "équivalent". Dans le cas parti¬
culier de distributions périodiques d'hétérogénéités, des résultats sur les aspects mathématiques de
l'homogénéisation ont été obtenus récemment. Nous présentons ici une application au problème
|de la torsion d'une barre cylindrique renforcée par des fibres. Les solutions obtenues par la mé¬
thode d'homogénéisation sont comparées aux solutions réelles pour des nombres de fibres croissants.
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INTRODUCTION.

We are here concerned with a method of homogenization. The origin of this word

is related to the question of replacement of the heterogeneous médium by an

"équivalent" homogeneous one, either to obtain global properties or to déterminé
some behaviours of real médium impossible to reach directly.

If we have to solve a boundary value problem, homogenization means replacement
of the corresponding differentia'l operator with variable coefficients by an

"équivalent" one with constant coefficients. The constant coefficients can then
be considered as a new kind of "effective modulus" because they are corresponding
to the same formulation of the same boundary value problem.

In the particular case of a periodical distribution of heterogeneities, recent

results on the mathematical aspects of the homogenization have been given by
I. BABUSKA LU, A. BENSOUSSAN-J. L. LIONS-G. PAPANICOLAOU [2 ] , [3 ] , [4 ] , [5 ] ,

E. GIORGI-S. SPAGNOLO [6], and L. TARTAR [13].

The method has been applied by G. DUVAUT [7], [8] to composite plates and also
to three dimensional elasticity.

Using some asymptotic approach, with the help of physical interprétation,
E. SANCHEZ PALENCIA [12] has obtained the same homogenized coefficients.

In this paper we recall the mathematical model and the construction of the homo¬

genized coefficients, we apply the method to the torsion of a cylindrical fiber-
reinforced bar and we présent numerical results comparing the homogenized solu¬
tions to the real solutions. Some elements about the mathematical and the numeri¬

cal techniques are added.

1. - DEFINITION OF A PERIODIC HETEROGENEOUS MEDIUM.

Let consider an heterogeneous médium made of a regular distribution of several

components. We can idealize this médium, admitting a kind of space periodicity,
in this way : if C(x) is a variable coefficient characterizing the (mechanical,

thermical, electromagnetical...) comportment of the material, and if fi is the
N . ....

bounded domain of R (N = 1,2,...3) occupied by ît, the space periodicity is

defined by :

(0 C(x+ke) = C(x)
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Vk, N-integer and V x e fi such that x+ke e fi ,

with

e = (e
j , . . . ,e^), being the period in the x^ direction ,

ke = (k]£],...kN£N) .

Then we can, for instance, introduce

x. e.

(2) e = max e. , y. = — and p. = — , 1 < i < N,
î ;i e i e

in such a way that :

C(x) = C(ey) = a(y)

and

a(y+kp) = a(y) .

a, defined on the rectangular parallelepiped

P = [0,P]] x x [0,pN] c RN
is said P-periodic. P is the image of the représentative cell of the médium.

Exarrple : for a composite material with 2 components we shall have

a (y) =

C on p (image of the reinforced part of the cell)

on p^ (image of the matrix part of the cell)

The constants C and C being respectively the values of the considered coeffi-
r m b r J

cient for the reinforcement and the matrix- (See Fig. 1).

It is important to point out that the basic cell of the médium is not necessarily

simple. In the case of an hexagonal array, the représentative cell has the shape
shown in Fig. 2.
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Fig. 1 : A cell structure.

p2

^<2i P
m

Frg■ 2 : Cell structure with hexagonal reinforcement.
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2. - BOUNDARY VALUE PROBLEM.

Suppose now that we formulate a boundary value problem for a periodic heteroge-
rieous médium. We have a partial differential équation with variable coefficients

and, some boundary (eventually initial) conditions. Even if we can prove "exis¬
tence and uniqueness of the solution, we are generally unable to obtain it by
numerical method as soon as e is "small" because the rapid variations of the
coefficients. We are then looking for an approached solution and that is the

topic of the présent theory.

To be clearer, let us choose, as example, a simple mathematical model obtained

by the formulation of several physical situations.After having given a quick

description of this model, we shall explicite a mechanical corresponding problem.

We shall use the convention of summation on the repeated index.

2.1. Mathematical model :

Let us consider the differential operator

(3) Ae = - 98x.
î

(y:\ 3
a.- ; (tt)ij e SXjj

where a., are P-periodic bounded coefficients such that
1J ~

(4) 36 > o ; a., (y) £.£ >6 | K12 , V Ç e RN and V y e P,

and are not necessarily symmetrical in i and j.

Suppose now that we have to solve the following Dirichlet problem :

Problem ( IP e) : Find u such that
e

A^u = f in fl
e

(5)

u = 0 on 311
e

N . . 2
where Çl is an open bounded domain in R and f is a given function in L (Œ)

We know by the général theory of partial differential équations thâ't, "fehanks to

the property of coercivity, there exists, u^ , unique solution of (5).
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If E is small by comparison with the size of Œ, it is impossible to compute u£
So it is natural to wonder if u£ tends toward a limit u when £ tends toward 0
and then if u can be considered as a good approximation of as soon as e is

sufficiently small.

2.2. Torsion of fiber-reinforced bars :

If we formulate the standard problem of torsion for a cylindrical fiber-reinforced

bar, it is known that :

The stress tensor is such that

Fig. 3

Fiber-reinforced
bar.

y(x) 3x
39 1
3xiJ "

(6)

a.. = 0 except
ij

30
'13 " 3x„ 3 °31 and

23
30

3x, a32'

0, called "stress function" being defined
on the cross section Q of the bar and

verifying the following boundary value

problem :

2a on Sî

on 3 fi

Where : y is the shear modulus, (y,. on the fibers, y on the matrix)
t m

a the torsion angle imposed at the terminal section.

We shall supppose here that the distribution of fibers is in such a way that the

period E is the same in the two directions ox^ox^.

Then, with the same change of coordinates as above :

x.
1

yi = T

We have

y(x) = a(y) =
yf on Pf
u on P

m m
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This problem is actually a(p ) one with :

6. .

a.. = -^4r (5.., kronecker's index),
i3 a(y) ij'

f = 2a , constant t

3 = * . . = — (if, as it is realistic >y )
sup a (y) f m

yep

Remark 1 : What does mean here the fact to make £ tend toward 0 ?

It implies that we consider a sequence of cylinders of same shape, same components,

with an increasing number of fibers but a constant degree of reinforcement, that

is to say : if is the total volume of fibers and V that of the cylinder,

Vf
— = constant.

This condition is very logic on a physical point of view and very comfortable for

the mathematics, because it ensures the fixity of Pc and P when £ is dicreasing.f m 6

Remark 2 : A lot of other problems are entering in the ( p ) scope, for example,
the diffusion équation in steady cases.

3. - THE HOMOGENIZATION METHOD.

3.1. Theorem : With the hypothesis mentioned in section 2.1. àbout and f,if

u£ is the unique solution of

A^u = f in fi
e

u =0 on
£

Then

u u weakly in (fl) ,
£ J o

where u is the unique solution of

/ ^ s ï & u = f in P
( P ) /

I u = 0 on 311

( ^ )
£
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and A the différentiel operator defined by

92
~ch
i J

(8) A = -
9"

^i j 9x.9x.

j being here constant coefficients defined by the way mentioned in the following
section.

For the proof of this theorem see BENSOUSSAN-LIONS-PAPANICOLAOU [4], [5] and TARTAR

[131.

3.2. Construction of A .

Let us remind the définition of the Sobolev space h'(fi).

H1 (fi) = e L2(fi) , e L2 (fi) i= 1 , . . . ,N} ,Sx.
1

where

L2 (fi) = {cf>| Ul^dx < »} .

Jfi

We introduce the space W defined by

(9) W = {c(>|ct> e H1 (fi) , (j) is P-periodic, i.e. takes equal values on

opposite sides of P) ,

i 2

and the "reduced" operator Ap defined by
a a 9 r r \ \A = - "5— (a. . (y) -tt-*-) .

P 9Yi ij

The bilinear form associated to A is :
P

(10) a (M) =
/ \ 9cJ) 9^ j

a. • (y) -Ç-2- dy .
ij 9y. 9y.

P J 'i

We define the functions y1 e W by

(11) ap(x1,^) = a (y^ij;) V 4> e W , X1 e W.

The équation (11) defined y1 UP to an additive constant. Then q^^ is obtained by

(12) qij ■ WpT ap("JTj' '
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where V(p) is the volume of the parallelepiped P.

Remark 3 : It is clear, right now, that the can be interpreted like some

"homogenized" or "effective" coefficients for the considered (mechanical, ther-

mical, electrical,...) problem. These constant coefficients are in fact indepen-
dent of the shape of Q and of the boundary conditions, they are essentially dé¬

pendent of :

. The représentative cell of the heterogeneous médium.
. The differential operator.

Remark 4 : In fact, u is the first term of an asymptotic expansion :

(13 ) u£^x) = u(x)-e lX1(~) |^~ + w(x)]+ 0(e2) ,
i

whose the first part of the first order term can be computed without too much

difficulties. One can found the following resuit in BENSOUSSAN-LIONS-PAPANICOLAOU
[4]

||u -u+e[x^(—) j H+0 strongly in (fi) .

i

Remark 5 : It is instructive to have a look on what are y. and q.. in the aboveAi
mentioned problem of torsion :

. Xj i-s solution of the following transmission problem :

AXj = 0 in Pf
Ax, = 0 in P

m

and, if means "jump of the quantity (j) " accross the surface 3Pf and n is
the unitary normal on 3P^ oriented toward the interior of P^, we have

[)(l-l3Pf ~ °
3xr i n rn ,■+ ■* %

— — = — cos(n,y )L y 3n J L hJ^r) 13P L MJ3Pf

. By virtue of (11) and (12), the "homogenized coefficients" are

given by :

Rj -?yyryi) •
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If we calculate the first part of q.. we obtain
ij

V V-V
I ( ^ - _L _JL * _L £
V ap yj ,yi y, V y V^ J f m

and we notice that it represents exactly the law of mixtures.

3.3. Advantages of the homogenization :

They are almost obvious

a) While the solution u£ of ( p ) is generally impossible to compute as soon as
£ is small, u can be obtained by solving simple problems independent of £ :

The X1 are solutions of elliptic équations on the very simple domain P.
The q.j are obtained by intégration on the same domain P.
Lastly, u is given by a Dirichlet problem on fi but now with constant coeffi¬
cients .

b) The q^j have to be computed only once for a whole family of problems corres-
ponding to the same differential operator.

4. - NUMERICAL RESULTS.

4.1. Description of the worked out computings :

We suppose that we are looking for the stresses in a cylindrical fibers reinfor-
ced bar B, subjected to a torque, the data for this problem being chosen as fol-

lowing :

. fi, square cross section of B with sides of unit length.
. Fibers of glass (y^=4.106 psi) or Boron (y^=2,5.107 psi), with

square cross section such that

Il i
V 9

. matrix epoxy : y^= 2,2.10 psi

The représentative cell is the unit cell shown on Fig. 4,

We have computed :

. The real solution 0 for £ = -x- , £ = r and £
£ 2 4
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y2

A

Figurée 4 ; Représentative cell.

. The solution 0 of the. associated ( P) problem .

. The corrected solutions :

(14) ë£(x) = 0(x) - e{Xi(f) + W(x)}
i

with W = 0 here because of the symmetries of the basic cell P.

The following given curves are the respective sections of the surfaces 6g. (x) 5

0(x) and 0£(x) by a diagonal plan (or a "parallel to the sides" one) perpendicu-
lar to the domain (see Fig. 5).

4.2. Some comments about the following results :

4.2.1. For_the_"glass-e£oxX"_comgosite :

a) The homogenized coefficient obtained is y = 2,68.105 psi while the law of
mixture would have given y = 2,46.105 psi.

b) For e = , which is not small, the différence between 0£ and 0 is relatively
big (see Fig. 6 and 9), particularly in the neighbourhood of the fibers. However,
the corrected term 0£ is already much better if we remember that, in fact, the
stress tensor is given by the components of grad 0£

c) When e is becoming smaller (cf. Figures 7, 8, 10, 11) the results are better

and better, specially for the slopes of 0£ and 0£ . We can see that the theorem
of Section 3.1 is numerically verified although e is not very small.



12



13

4.2.2. For_the_"Boron-E£OXY"_çom£0site :
5 • — 5

a) The homogenized coefficient is y = 2,75.10 in place of y = 2,47.10 by the
law of mixtures.

b) We cannot présent the curves for £ = y because the tops reached by the solution
1

0£ on the fibers are too much high, but, for £ = (see Figures 12, 14) which is
not so small, the solutions 0 and 0 give already very good approaches of 0 and

1 £ . £
still better of grad 0 . For £ = -5- , 0_ is very difficult to reach directly but£ o £

the homogenized results seem to be satisfying.

Remark 6 : The scale of the curves in ordinate is not significant because, in

fact, 0^ , 0 and 0£ are proportional to a ; we have here chosen eu =5 to obtain
curves of sufficient size.

Remark 7 : To be able to compare our results to the expérimental ones given in
■ vfthe book [9] p. 68, we made again the same Computing for = 0.7 and we obtained

y = 0.965 x 106 for the Glass-Epoxy in place of y = 0.65 x 106
by the mixture law and y = 0.95 x ]o6 in [9l.

Remark 8 : The "parallel sections" (cf. Figures 9,10,11,14 and 15) allow to deter-
30

mine directly cr^ = - -g^— which is nothing else in each point, as the slope of
the curves obtained. Because of the symmetries of the domain chosen, it is possi-

30
ble to deduct of that, = -g^— at the symmetric points with respect to the
diagonales of fi.

Remark 9 : The corrected solution obtained by formula (14) is not sufficient to

approach the picks (see fig. 12 for example). For a better approximation of the

picks see J.L. LIONS [11 ].
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Figure 6 : e = j . COMPOSITE "GLASS-EPOXY". (diagonal section)

yf = 4.1°6 \ v
> y = 2,68.105 for -L = I

, = 2,2.10= f V
m
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Figure 8 : e = . "GLASS EPOXY" (diagonal section)
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Figure 9 : e = j . "GLASS-EPOXY". (parallel section)
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lo2 -

loO

On!

0o6

0 □ 4-

0n2

OoO
OnO InO

Figure 10 : e = j . "GLASS-EPOXY" (parallel section)
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In4

1d2

IdO

0d8

0 □ 6

0 D <4- -

0d2

0 □ 0

Figure 12 : s = Composite "Boron Epoxy". (diagonal sections)

7
y = 2,5.10

y = 2,2.10"
m

5 Vf 1
y = 2,75.10J for — = j



 



Figure 1 4 : e = -jr . "Boron-Epoxy" . (parallel section)
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5. - SOME ELEMENTS ABOUT THE MATHEMATICAL TECHNIQUES USED TO OBTAIN THE PREVIOUS

RESULTS :

The hypothesis and notations are those of sections 2.1 and 3.1.

5.1. Multiple scales method (see BENSOUSSAN-LIONS-PAPANICOLAOU [2], [4], [5] )

The solution u has no reasons to be periodic itself because fi is bounded and
9fi is not necessarily coinciding with the boundary of some basic cells. However,

u£ is obviously depending of the period of distribution of the heterogeneities ;
for these reasons we are going to look for a solution of the form :

(15) = wD(x>y) + £Wj(x,y) + e2W2(x,y) +....
x .

where y_^ = and (x,y)e Q, x P.

If we set generally : (j)(x,y) = cf> (x) , we have

dcf) dcf> 1 3cf)
tc— = — and then
dx. dx. £ dy.

î î ^ î

A£u = f
e

can be written

(16) (e"2A + e 'a + A3) (W + ew + £2W2 ...) = f

with

(,7) A. ="4
(18) L--J- [a.. -A-]- a.. ^2 dy. ij dx. ij dx.dy.

i J J i J3

d2
(19) A = - a. . —3 11 dx.dx.

1 J

By identification in (16) for the différent orders of £ , we obtain successively

(20) £~2 : A.W = 0
I o

(21) c~1 : A W + A_W = 0
II 2 o

(22) £° : A W + A W + A„W = f.
12 2 1 3 o
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In (20) x plays the rôle of a parameter, consequently for ail x, WQ is a cons¬
tant, i.e.

(23) W (x,y) = u(x) .

Using (23), (21) reduces to

A TT ^ ( ( A AA, W, = -— (a. . (y))11 3y. ij
î J

3x.
J

If we introduce X"* by (11), i.e.

we obtain

(24) Wj(x,y) = - X^(y) (x) + Wj(x) .
j

We have now to solve (22). Using the Fredholm's alternative, (22) has a solution
if f

(25) (f-A2W1-A3WQ)dy = 0

Using (18), (19), (24), in (25) we obtain

(26) a^j(y)dy - a &-
p ik 9xk

(y)dy
s23 U

3x. 3x.
i 3

= f

The coefficient of
3 u

)x.3x.
t J

in (26) equals

ap(xJ-yj.-y1) >

and since X1 i-s periodic we have

ap(x3-yj»x1-yi) = o

So we obtain (12).
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5.2. Energy method. (See L. TARTAR [131)

We consider the variational formulation of the problem (P ) :

a2(u£,v) = (f,v) = (f,v) VveH^(fi) ,

9u_ 9v
where a (u ,v) = a. . (^-) ^ -5— dx ,

n 11 £ dx. dX.fi J 1

0
and we introduce by

9u
r£ ,x. £k = aij (£} 9^7

J

1 £ ,2
by virtue of (4) , is bounded in H (fi) and is bounded in L (fi), so we have

u u weakly in h' (fi)
£ o

^i ^i weakly i'^(fi)*
We can prove by a non trivial way that

».
_ 9u

i ^ij 9x.
3

and that u is the solution of

(jtu,v) = (f,v) VveH^(fi)
where

9u 9v
(jtu.v) = q. .

ij n9x. 9x.fi J 1

dx .

Remark 10 : In order to fix the ideas we have considered the problem in H (fi)
. 1 1 0

but the results are the same in a space V such as H^Cfi) CVCH (fi).

Remark 11 : The "multiple scales" method is practical t>ecause naturally cons-

tructive. It allows in particular to obtain the first order corrector, but this
method needs regularity of the coefficients. On the other hand, the "energy
method" needs only bounded coefficients but does not introduce naturally the
correctors. So we can judge the very complemenfary character of those two

mathematical techniques.
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6. - ELEMENTS ABOUT NUMERICAL TECHNIQUES :

For solving the boundary value problems introduced in this paper, we use the
finite element method.

The domains P and fi are divided into triangles and the spaces h'(fi) and (P)
are approached by :

Vh = (v|veC°(fi), or v eC°(P) polynomials of degree 1 on each triangle}

The functions 0 and 0£ are approached in the space

V , = {v eVjv = 0 on 3fi}oh h1

and the function i-n the space

= (cf> e | tp "P-periodic',' cj)=0 at the four corners of P}

The triangulation of P, to compute x^ > and the triangulation of fi to compute
0 are such as the discontinuities of the coefficients a.. coincide with sides

of triangles.

Generally a few hundred triangles are sufficient to compute x^ because the geo-
metry of P is very simple while, to compute 0^ several thousands are necessary
in order to approximate the numerous discontinuities of a„ .

For 0 which is solution of an operator with constant coefficients, a few number
90

of triangles is sufficient but for 7^- , which appears in the first corrective
term, we need about a thousand of triangles.

For the elastic torsion example mentioned above, we took

288 triangles for Computing x^
1152 triangles for Computing 0
4608 triangles for Computing 0^ (see fig. 16) .

The linear Systems obtained after approximation of the boundary value problems
are solved by the overrelaxation method with optimal parameter.

The Computing times obtained with an IBM 370-168 are

1.5 s. to compute the coefficients of the homogenized operator,
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4s. to compute

30s. to compute

In order to compute the first corrective term we approximate
99
9x.

of defined on each node by

where

99
9x. (M)

1

N
v(M) T e v(M)E» Mî v (M) L îJ

M is a node of the triangulation,

v(M) is the set of triangles whose H is a vertex,

^v(M) ^"S t"'rie num^er triangles of v(M) ,

99
9x.

i'

by a function

is the value of the derivative of 9 on the triangle T

We can use this formula because 0 is very regular as a solution of a problem
with constant coefficients and constant second member.

CONCLUSIONS.

It follows from the previous results that the method of homogenization is an

effective method for solving problems in periodic heterogeneous médium as soon

as the number of heterogeneities is large. Furthermore it can be extended to

numerous directions :

Newnann problem : for instance

A£u + a (—)u = f on fi
e o £ £

9u
= 0 on 9fi

(see Figure 17)

9v
. A£

Variational inequalities : that is to say, when the solution has to be found in
a convex subset of a vectorial space for instance.

K = {(j) | cj) e (fi) , (j) < 0 in fi}

It is interesting to note, on the Figure 18, that the free boundary (unknown of
the problem) between
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= {xlx e £2 , u (x) = 0} and
e 1 e

= {x|xefi , u^ ( x) < 0} ,

is given with a good précision by the homogenized solution u.

Operators of higher orders (cf. G. DUVAUT [7])
Evolution problems

Systems of partial differential équations : for instance in elasticity
(cf. G. DUVAUT C8]) or electromagnetism.

Operators with coefficients depending more generally on e :

a., (x,—);a..(x , — , —) .
ij '£y' ijv ' e £U

Several physical examples are corresponding to theses cases (cf. A. BENSOUSSAN-

LIONS-PAPANICOLAOU [4]).

Porous média

Mechanics of fluid suspensions.



Fig. 16 : Triangulation of fi. 4608 triangles.
e = -5- . The fibers are hachured.

o



Figure 17 : Neumann problem. (diagonal section)
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