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Abstract

In this paper, we analyze a large class of general nonlinear state-space models on a state-space X, defined
by the recursion ¢rxt1 = F(¢k, a(¢dr, Ur+1)), k € N, where F, « are some functions and {Uk1 }ren is a sequence
of i.i.d. random variables. More precisely, we extend conditions under which this class of Markov chains is
irreducible, aperiodic and satisfies important continuity properties, relaxing two key assumptions from prior
works. First, the state-space X is supposed to be a smooth manifold instead of an open subset of a Euclidean
space. Second, we only suppose that F' is locally Lipschitz continuous.

We demonstrate the significance of our results through their application to Markov chains underlying opti-
mization algorithms. These schemes belong to the class of evolution strategies with covariance matrix adaptation
and step-size adaptation.

Keywords: Markov chains, irreducibility, aperiodicity, T-chain, deterministic control model, CMA-ES.

1 Introduction

Consider a nonlinear state-space model defined by the recursion:

i1 = G(dk, Ekt1), (1.1)

where the sequence {&x11}ren consists of independent and identically distributed (i.i.d.) random variables, G :
X x W — X is a continuous function, and X, W are two measurable spaces. Nonlinear state-space models (I0) form
a class of Markov chains that have been first popularized in stochastic control theory [27, 23, 4, 25]. This has
spurred extensive analysis and has a well-established historical context. In particular, for nonlinear autoregressive
models, i.e., where G can be written as G(z,u) = G(z) 4 u, ergodicity has been widely investigated [8, &, B4, PR, [3].
Moreover, connections have been established between the stability of (Z0) and the one of some Ordinary Differential
Equation (ODE) [[9]. The idea of analyzing () from the perspective of control theory, where u is regarded
as a control parameter, was initially proposed in [31] within the context of diffusion processes. This approach
was subsequently employed with success in [20] and [21]. It has been then applied in [25, 26] when G is infinity
differentiable and X, W are open sets of Euclidean spaces, to establish the irreducibility, aperiodicity and topological
properties of the Markov kernel associated to ().

Besides stochastic control models, () also encompasses many algorithms in optimization and Markov chain
Monte Carlo algorithms. The variable ¢y, corresponds to the state of an algorithm at iteration k and Uy represents
the random components used to update this state. However, for certain classes of algorithms, especially those arising
from zeroth-order optimization, the function G may not be continuous. Nevertheless, it can be written using the
Markov chain model introduced in [i0] as

br+1 = F(r, a(@r, Uk11)), (1.2)

for some continuous function F' : X x W — X and a potentially discontinuous function « : X x U — W for some
measurable space U and {Uy1 }ren a sequence of i.i.d. random variables valued in U. Extensions of the connection



between the p-irreducibility and the stability of the associated deterministic control model [28, Chapter 7] to Markov
chains following (21) have been established in [i0].

A particularly relevant algorithm of the form (I=2) in Evolution Strategies (ES) is ES with Covariance Matrix
Adaptation (CMA-ES) [iR, 7] often regarded as the state-of-the-art algorithm for numerical derivative-free opti-
mization of difficult problems with tremendous applications in many domains (e.g., in biology [d, BO], medicine [29],
machine learning [, 15])®. Yet, while we have ample empirical evidences of its linear convergence on wide classes on
functions, a convergence proof together with a convergence rate is still an open question. In order to extend linear
convergence results from step-size adaptive ES [, B2] to CMA-ES, a first step is to show the irreducibility and
topological properties of the kernel associated to the underlying Markov chain. However, previous works [25, [1]
cannot be applied since (i) the state space X of this chain is a smooth manifold whereas previous analysis supposed
that they were open subsets of a Euclidean space (ii) the function F' is supposed to be continuously differentiable
in existing results while certain step-size updates on which CMA-ES relies are only locally Lipschitz. The purpose
of the present paper is to resolve these two limitations and pave the way to a complete convergence analysis of
CMA-ES.

In this context, the objective of this paper is to extend these results [I0] to the case where the sets X and W are
smooth manifolds and where F' is locally Lipschitz instead of continuously differentiable.

The paper is organized as follows. In Section B, we provide a precise definition of the class of nonlinear state-
space models under investigation. In Sections 211 and P12, we illustrate and motivate our analysis through two
ES algorithms—one employing covariance matrix adaptation and the other utilizing step-size adaptation. Next, in
Section 13, we outline the assumptions necessary for establishing our main results and deriving the irreducibility
and aperiodicity of our model. Our main results are presented in Section Z2 and are subsequently applied in
Section B to the two algorithms introduced in Sections T and EZT2. Finally, proofs are gathered in Section M.
Note that some of the proofs and useful definitions are given in the appendix.

2 Main results

2.1 The model and assumptions

Let X, W be two (smooth, connected) manifolds (see Definition BE) of dimensions n and p respectively, endowed
with their Borel o-fields denoted by B(X) and B(W) respectively. We let distx and disty be two distance functions
on X and W which induce the topology of X and W respectively. As a consequence of [22, Proposition 13.2, Theorem
13.29], such distance functions always exist.

We consider in this paper Markov chains taking values in X and associated with the general recursion

brt1 = F(dk, a(¢r, Ug+1)) (2.1)

where F': X x W — X and a : X x U = W are measurable functions, and {Ugy1 }ren is a sequence of i.i.d. random
variables valued in a measurable space (U,U), chosen independently of the initial state ¢o. Throughout the paper,
we denote by P the Markov kernel associated to (E). As emphasized in the introduction, this class of models is a
natural extension of nonlinear state-space models defined on manifolds. To illustrate the interest of such processes,
we provide the following examples.

2.1.1 An instructive example: CMA-ES

We introduce here a simplified version of the numerical optimization algorithm called evolution strategy with
covariance matrix adaptation (CMA-ES) [IR, 7], which, for an objective function f : R? — R, aims to solve:

find 2™ € Argmin f(z) . (P)
zER

To this end, it approximates the optimum z* of the objective function f by a multivariate normal distribution
N (my, Cy,) for a mean my, € R? and a covariance matrix Cj, € Sjir . that are updated iteratively. More precisely,
for each k € N, given my, € R¢ and C}, € Sj‘ﬁ 1, the algorithm can be described as follows. First, a population of
A > 2 offspring is sampled using

Upi1s--- Uppy ~N(0,1;) iid. and independently of (my, Cy), (2.2)

1 As of September 2023, the two main Python implementations of the CMA-ES algorithm ewa and cimaes have more than 5 millions
and 45 millions downloads respectively.


https://www.pepy.tech/projects/cma
https://www.pepy.tech/projects/cmaes

so that, conditionally to (my,Cy), the offspring satisfy my + \/CkU,i_H ~ N(my,Cy), for i = 1,...,X. Next, we
rank the offspring so that we define a permutation sx; € &y of {1,..., A} satisfying

f (moe+ VOUZR D) <o < (i VETEED). (23)

Then, given the p € {1,...,A} best offspring, the mean is moved towards the best solutions with the following
update

Mjop1 = mk+\/CkaZ Ui (2.4)

and the covariance matrix update reads

Crs1 = (1= ¢)C + /Cy (Z ( ;gﬂz‘)) (U;i?(i)>T> VCy. (2.5)

It increases the likelihood to sample in the directions where good solutions were found. In the above equations,
the weights wy > -++ > w, > 0 satisfy > %, w; = 1, and we call ¢ € (0,1) the learning rate for the covariance
matrix. In ES; the function values are not used explicitly to update the state variables. It influences the update only
through the ranking of candidate solutions via the permutation siyi. Consequently, the algorithms are invariant
with respect to strictly increasing transformations of the objective function (that preserve the ranking). In this
context, a natural class of functions to analyze the convergence of ES are scaling-invariant functions [, 33]. A
function f is said to be scaling-invariant w.r.t. * if, for every x,y € R and p > 0, we have

fla+a™) < fly+a7) & flpr +27) < flpy + 7). (2.6)

Convergence of step-size adaptive ES on scaling-invariant functions with smooth level sets was established —for
specific assumptions on the step-size update— in previous work [32].  Assuming that the objective function f
satisfies (20), we define then the following quantities

myg — " Ch

Zk = m y Ek = R(Ck) (2.7)

where R = det(-)Y/4: 8¢, — R;. We assume w.l.o.g. that 2* = 0. Then the sequence {(zx, Zk)}ren defines a
time-homogeneous Markov chain which obeys to the model (El), see Proposition CT, with X = R? x R™1({1}),
U =R, W = R~ and

F: XxW—=X

2+ VESE  wiv; K(X,v1,...,0,) (2.8)
(2, Z), (v1,. .., 0)) = <R1/2 (K(E,v1,-1..7vu))’ R(K(E,vl,...,v#))>

where
"
K(3,v1,...,v,) =(1—¢)X + s> <Zwiviv;> VE,
i=1
and with
a: XxU—->W (2.9)
((2,2), (15, un)) = (Us(i2, B un) - -+ Us sz, Byurin) '
where given ui.\ = (u,...,uy) € (RHA, 2z € R? and X € SiJr, we denote by s(-; 2z, X, u1.)) a permutation that
sorts the f(z + \/gul), i =1,..., A To ensure uniqueness of this permutation, we impose a tie-break, e.g., if i < j

are such that f(z + vVZu;) = f(z + vVZuy), then s(+; 2, 3, u1.) 71 (i) < s(:;2,2,u1.0)71(j). Note that X is not an
open subset of a Euclidean space (but it is a smooth manifold by the preimage theorem, see e.g. [I4d, Chapter 1,
Section 4]), hence the results in [I0] do not apply. We show in Section B that our results apply and we prove that
{(2k, Xk) ren defines a p-irreducible aperiodic T-chain and that all compact subsets of X are small.

If we establish moreover that the chain {(zx, Xx)}ren is positive recurrent, then we obtain that CMA-ES behaves
linearly, as stated below.



Theorem 2.1. Consider a scaling-invariant function with respect to x* and the Markov chain {(zr, i) tren defined
in (220) ensuing from CMA-ES minimizing f. Suppose that {(zk,Xk)}ren s a @-irreducible aperiodic positive
recurrent chain with invariant probability measure 7. If the function (z,X) + log ||z|| is w-integrable on R* x 8¢,

then almost surely we have

||mk |

hm = log =—-CR eR. (2.10)

When moreover CR > 0, we say that CMA-ES converges linearly to x*.

Proof. Assume that z* = 0. Since CMA-ES is invariant by translation [G], (220) would generalize to any value of
x*. Since {(zk, Xk ) }ren is supposed to be p-irreducible, aperiodic and positive recurrent, by [26, Theorem 17.0.1],
we know that for all w-integrable function g, we have that

T-1

Th_rgo% Zg(zk,Ek) = /g(z, Y)dn(z, X). (2.11)

However, we have

1 IImTH
—log
T |m

Z (log [Im+1]| — log [[mu]|)
k:
1 I=
=z Z (log [|zk+1]| — log [|z& ) + (2.12)

T—
—T Z log det ( (1-0)2g + \/7 <Z w; ( sz‘j»ll(i)) (Uiﬁﬂﬂ)T) m) ' (2.13)

::Ek+1

But, by assumption, (z,3) + log ||z|| is m-integrable. Moreover, det(X) = 1, hence

det (f}kﬂ) = det ((1 — o)l + cZwZ ( ifll(i)) (U,ji*ll(i)>T> .

Moreover,
-\
i) i i 2
1—c<det ((1—cId+CZwl< ;:frll( ) (U’:iﬁl(l)) ) <1_0+Ci:rﬁlﬁ>f#”Ulz+1”
which defines an integrable quantity, since the vectors U} 4+ keN i=1,..., A, are standard Gaussian vectors of

R?. Applying (Z10) to (Z12) and (ZI3), we find the stated result with

CR = —?ldE(z S)~m [det <(1 —o)ly+ Czwz (US(Z Eth )) (Uf(i;%&UlM))T)] . (2.14)

=1

O

The previous theorem illustrates how the p-irreducibility and aperiodicity of {(zx, Xx)}ren is instrumental to
obtain linear convergence of CMA-ES.2

2The variant of CMA-ES presented here differs significantly from the default CMA-ES (used in applications) where both step-size
adaptation and covariance matrix adaptation are used. In addition, the covariance matrix update presents an additional mechanism
(rank-one update). The combination of all the mechanisms is important to obtain fast convergence in many situations. This variant
with however a learning rate on the mean update has been analyzed in previous theoretical works [B], and it has been proven to be a
discretized version of a natural gradient update on the manifold of probability distributions [2].



2.1.2 A nonsmooth example: a step-size adaptive ES

We present here an other simplification of CMA-ES where instead of adapting a full covariance matrix, a scaling
factor called step-size is adapted such that the covariance matrix reads o;1,. In this step-size adaptive algorithm,
the optimum z* € R? of the problem () is approximated by a multivariate normal distribution N (my, 021,), where
the mean m; € R? and the step-size o, > 0 are updated as follows. For k € N, given a mean m; € R? and a
step-size o > 0, we sample Uli+17 .. .,U,;\+17 rank them by defining the permutation siy; € &, and update the
mean my1 according to (222), (233), (24), respectively, where we replace Cy, by 021,. The step-size update obeys

7 JrSk+1(8)
‘Zi:l wUp 4

1 \/ Meft

Opt1 =0 X exp | — 2.15
. 4 BTN, 12| (219)
where we define peg = le wf and fix d, > 0 (usually d, =~ 1). Moreover, as in Section I, we assume [ to be
scaling-invariant, see (28). W.l.o.g. we suppose that f is scaling-invariant w.r.t. 2* = 0. Then, by defining
2p = w’ (2.16)
Ok

we get that the sequence {zj}ren is a time-homogeneous Markov chain which obeys to the model (E0) (see [32,
Proposition 4]) with X = R?, U = R>XA W = RXK,

F: XxW—=X

W L[ es|| 22 wivi| (2.17)
(2, (v1,...,vn)) = (2 + 200 wivg) X exp (dg (EU\/(O,LM 1))

and
a: XxU—=-W

2.18
(Z7 (u17"'au>\)) — (us(l;z,ld,ul:A)a-~-aus(/\;z,1d,u1:>\)) ( )

where we define the permutation s(-; z, I, u1.)) as in Section EZI0. Here, F' is not continuously differentiable, and
we cannot use the results of [10] to analyze this chain. However the stability of an alternative strategy where (213)
is replaced by a smooth update of the step-size has already been analyzed [32].

2.1.3 Assumptions

We consider the following assumptions on the functions F’ and « to establish ergodicity of the Markov kernel defined
via (E71):

H1. For any x € X, the distribution u, of the random variable o(xz,Uy) admits a density, denoted by p,, with
respect to a o-finite measure Cyw, such that:

(i) The function (z,w) — p;(w) is lower semicontinuous, i.e., for any (T,w) € X x W, we have liminf p,(w) >
pz(w) when (z,w) — (T, ).

(ii) For A C B(W), ¢w(A) =0 if and only if A is negligeable, i.e., Leb(o(ANU)) =0 for any chart (p,U) of W,
where Leb stands for the Lebesgue measure.

The condition HI is a generalization of [0, A4], where W C RP was instead an open subset of an Euclidean
space and (w a Lebesgue measure. Besides, in that context, HI(i) has already been considered in [I0]. If W is
equipped with a smooth Riemannian metric which makes W a Riemannian manifold, a o-finite measure satisfying
Hm(ii) would be the Lebesgue-Riemann volume measure [4, Chapter XII and Proposition XII.1.6].

We assume moreover the following on the map F': X x W — X.

H2. F: X xW — X is locally Lipschitz, see Definition [BZ3, on X x W with respect to the distance distx @ distwy,
defined by disty @ distw((z,w), (z’,w")) = distx(x, 2") + distw(w, w’) for every ((z,w), (', w’)) € (X x W)2.

This assumption encompasses the continuous differentiability assumption made in [i0], in the case where X and
W are open subsets of some Euclidean spaces. Indeed, any continuously differentiable function is in particular
locally Lipschitz. For example, the update (2I7), introduced in Section BI72, satisfies the assumption HD.



Figure 1: Left: Illustration of a globally attracting state z*, for any neighborhood U of z* and any starting state
¢p, there exists a k-steps path from ¢y to U.

Right: Illustration of a steadily attracting state z*, for any neighborhood U of z* and any starting state ¢g, there
exist T' > 0 and k-steps paths from ¢y to U for every k > T

For our last assumption regarding the functions F' and «, we need to introduce further notations and notions

introduced in [26, 00]. The extended transition map S¥: W* — X can be defined inductively via
SE N (wir1) = F(SE(win), wer1), SY =, (2.19)
for k € N, x € X and wip1 = (wi,...,wry1) € WEFL The value S¥(wy.;) corresponds to the k™ iterate of

the chain ¢y defined via (E10), conditionally to ¢9 = = and a(¢p:,Usr1) = wy for t = 0,...,k — 1. Remark that,
by composition, if F' is continuous(ly locally Lipschitz), then so is (z,w1.x) + S¥(w1.x). Similarly, we define the
extended probability density p¥ via

P (wih1) = 2 (Wik)Psy (wn) (Wh1), - Pa(wn) = pr(wi). (220)

The function p¥ is then the density of the random variable (a(¢g,U),. .., a(¢r_1,Ux)), with ¢g = =, w.r.t. the
product measure (&F. If (z,w) = py(w) is Ls.c., then (x,wy.1) = pf(wy.) is Ls.c. as well. In this case, the control

sets
OF = {wy., € WF | pF(w1.) > 0} (2.21)

are nonempty open subsets of WX. The control set OF corresponds to the set of paths wy.;, starting at  which have
positive density p*(wy.z).

Moreover, for x € X, A a measurable subset of X, and k > 0, we say that wy., € WF is a k-steps path from z
to A if wy., € (’)’; and S’Jf(wlzk) € A, implying that A is then reachable by P from z. A point z* € X is said to
be a globally attracting state if for any y € X and any neighborhood U of z*, there exist £ > 0 and a k-steps path
between y and U (the original definition of a globally attracting state is actually given in (E3) and we show in
Proposition B the equivalence with this latter statement). It is said to be steadily attracting if for any y € X and
any neighborhood U of x*, there exists T' > 0 such that for every k > T', we can find a k-steps path between y and
U. Note that any steadily attracting state is in particular globally attracting. These two notions are illustrated in
Figure M. Assuming HI and HB, as emphasized in Theorem ETH, we show that the kernel P defined via (E0) is
p-irreducible exhibiting the existence of a globally attracting state (it is in fact an equivalence). On a related note,
we deduce in Theorem BT that the existence of a steadily attracting state is equivalent to the ¢-irreducibility and
aperiodicity of P.



We introduce now the notation df for the Clarke’s generalized Jacobian of a locally Lipschitz function f: X —
Y between two manifolds X and Y. These Jacobians have been defined in [I1], and we recall the definition in
the Euclidean case in Definition Bf. For the sake of completeness, we define here and give basic properties in
Appendix B of the Clarke’s Jacobian for functions defined on manifolds.

Proposition and Definition 2.2 (Clarke’s generalized Jacobian on manifolds). Let X and Y be two manifolds and
f: X =Y be locally Lipschitz at 2o € X. Let (¢,U) be a local chart of X around z¢ and (¢, V') be a local chart of
Y around f(g). Define g =1 o fo ™. Then g: o(U) — (V) is locally Lipschitz at ¢(x¢), and we can define

0f(x0) = {Dy™" (g o p(x0)) o ho Dp(x0) | h € dg(p(0))} (2.22)

where D denotes the usual differential operator, and 0 the Clarke differential operator. This definition does not
depend on the choice of the charts (p,U) and (¢, V).

Proof. See Appendix B. O

In the case of a differentiable function f, the definition of Clarke’s generalized Jacobian corresponds to the
definition of the Jacobian, i.e., f(x) = {Df(x)}. The notion of Clarke’s generalized Jacobian is used to formulate
the controllability condition for an element x € X:

there exists wy., € (97’; such that 655 (w1.x) is of maximal rank. (Cz)

Note that here, 9.S¥(wy.;,) is of maximal rank, is understood as any element of S¥ (w.;) is of rank n, the dimension
of X. In Corollary B3, we show that P is a T-chain assuming that condition ([CJ) holds for every state € X. In
comparison to HB below, we do not assume that states = for which (CJ) holds are globally attracting. However, we
show that if (C24) holds for z* a globally attracting state, then it holds for every state in X, see Proposition ES.

H3. The controllability condition (1) is satisfied for a globally attracting state x*.
Alternatively, if we want to prove aperidocity on top of p-irreducibility, we assume instead the following.
H4. The controllability condition (T) is satisfied for a steadily attracting state x*.

Remark that H@ implies HB. Assumptions HB-HH also appear in [10] but with the additional condition that the
functions S¥ are continuously differentiable for z € X and k > 0, condition that we relax here. Globally and steadily
attracting states are characterized by Proposition B and Proposition B(ii) respectively below. In Section B, we

give one example of a smooth model on manifolds, and one example of a nonsmooth model on a Euclidean space,
for which we show that HH@ holds.

2.2 Main results

Before stating our main results, we introduce concepts that are needed for their statements. Given P a Markov
kernel on (X, B(X)), we define P! = P and for k > 1, z € X and A € B(X), P*™!(z,A) = [ P(y,A)P*(z,dy). We
say that P is ¢-irreducible when there exists a nontrivial measure ¢ on B(X) such that for any A € B(X) with
©(A) > 0, we have Zk>1 Pk(z,A) > 0 for every z € X. Let b be a probability distribution on N, and let K} be the
transition kernel defined by Kpy(z,A) = > ;- b(k)P*(z,A). A substochastic transition kernel T with K, > T such
that « — T'(z, A) is lower semicontinuous for every A € B(X) is called a continuous component of K. If P admits a
distribution b such that there exists a continuous component T' of K} with T'(-,X) > 0, then P is called a T-chain.

A set C' € B(X) is called petite if there exist a probability distribution b on N and a nontrivial measure v}, on
B(X) such that Kp(z,A) > vp(A) for every x € X and A € B(X). If moreover b = §, the Dirac distribution at some
a € N, then C' is called a-small.

If P is p-irreducible, then the family (D;);—1, .4 € B(X)? is called a d-cycle when

{ P(z,D;y1)=1forx € D;andi=0,...,d —1mod d (2.23)

©((U1<icaD;)?) = 0 for any irreducibility measure .

By [26, Theorem 5.4.4 and Proposition 5.2.4], if P is ¢-irreducible, then there exist d > 1 and a d-cycle. The period
of P is the largest integer d for which there exists a d-cycle. If the period of P is equal to 1, then P is said to be
aperiodic.

If P is p-irreducible, then P is said to be recurrent when for every A € B(X) such that ¢(A) > 0 and for every
x € A, we have Zzozl Pk(z, A) = +00. We say that P is positive when it admits an invariant probability measure.



In practice, in order to show that P is positive recurrent, it is sufficent to establish a Foster-Lyapunov condition,
see e.g., 26, Theorem 15.0.1], i.e., the existence of a function V': X — [1,+0o0] finite at least at one point of X, of a
petite set C and of constants b < co and p € (0,1), such that, for any x € X, we have

/V(y)P(x,dy) < pV(z) + b1{z € C}. (2.24)

We have now all the tools to state our main contribution.

Theorem 2.3. Assume HO-HB and HB. Then, the Markov kernel P defined via (2) is a p-irreducible T-chain,
and any compact set is petite. If moreover HJ holds, then, the Markov kernel P is aperiodic, and any compact
set is small. In addition, if P is positive recurrent, then {¢y}ren is ergodic, i.e., P admits a unique stationary
distribution w and for m-almost every x € X,

. E_ _
Jim (15, P — vy =0. (2.25)

In addition to the assumptions of Theorem B=3, if we suppose that P is Harris recurrent, then a Law of Large
Numbers holds, see [26, Theorem 17.0.1]. For any m-integrable function g, a Markov chain {¢y }ren associated to
the kernel P satisifies

T—1

Tli_r)réo% > g(er) = /gd7r. (2.26)
k=0

In particular, a Foster-Lyapunov condition (E24) implies Harris recurrence.

The proof of Theorem I3 is postponed to Section B=2. It relies on intermediary results that to a great extent
are generalizations of results in [I0]. In particular, Propositions B, B2 and B characterize globally attracting
states, reachable states and steadily attracting states respectively. Propositions 27, B8, B0 and B—I1 provide
consequences of the assumption of controllability (CJ). Lemma B is a generalization of [25, Lemma 3.0], which
turns out to be useful to prove that the controllability condition ([CJ) implies that the Markov kernel P is a T-chain,
as stated in Proposition 12 and Corollary B13. Proposition BI2 characterizes the support of the irreducibility
measures of P, while Theorems B18 to BI8 end the proof of Theorem 3.

In contrast to [0], we assume here F' to be locally Lipschitz instead of continuously differentiable. This changes
the assumption of controllability ([CJ]), which consists here of a maximal rank condition for every element in the
Clarke’s generalized Jacobian of the extended transition map at some point, instead of a maximal rank condition
of the Jacobian. Furthermore, we assume the sets X and W to be manifolds instead of open subsets of Euclidean
spaces. Hence, while in [i0] the Jacobian matrix of the extended transition map can be identified to a rectangular
matrix, here, the Clarke’s generalized Jacobian consists in a set of linear applications between tangent spaces.

3 Applications
3.1 CMA-ES

We consider in this section the process {(zx, )} ren defined in Section 2. It defines a time-homogeneous
Markov chain when the objective function f: R? — R is scaling-invariant, see (28). As observed in Section P11,
the Markov chain {(zx, X) }ren obeys (), with F' and o defined by (E) and (279) respectively.

Besides, we assume in this section that f has Lebesgue-negligible level sets, i.e., Leb(£;) = 0, with

L, ={zeR| f(x)=1t} forteR. (3.1)

Stability of Markov chains defined in the context of ES with step-size adaptation has been proven [, 2], yielding to
linear convergence. We complement these results applying now Theorem P23 to show the stability of {(zx, X) }ren-
First, observe that the assumption HER is automatically satisfied, since I is continuously differentiable. As for HII,
we use the following result.

Proposition 3.1. Suppose that f has Lebesque-negligible level sets. Define for any 0 = (2,%) € X and v =
(v1,...,0,) €W,

pg(v):o\i!u)!]l{f(z—k\/ivl) <-~-<f(z+\/§vﬂ)}



A—p

< (1-Qfwn)" ) w) (3:2)
with Qg(u) = [1{f(z + VEE) < f(z + VEu)}y4(€)dE¢ and where v? is the density of the d-dimensional standard
normal distribution w.r.t. Lebesque. Then, py defines a density (w.r.t. Lebesque in R ) of the random variable
04(6‘, Ul)

If f has Lebesgue-negligible level sets and is continuous, it follows that HI holds.
The proof of Proposition Bl mimics the one of [0, Proposition 5.2], but is given for completeness in Appendix .
Then, it remains to prove HA and in particular to find a steadily attracting state 6* = (z*,3*) for which there

exist k > 0 and v}, € Ok such that dSj. (v],) is of maximal rank. This is achieved in the following proposition
proven in Section E=3.

Proposition 3.2. Suppose that f is continuous, scaling-invariant with Lebesgue-negligible level sets. Then,
(i) the state 0* = (0, 14) is steadily attracting ;

(i) there exists k > 0 and v}, € (’)75* such that DSE. (v},): WF — T (vr, )X is surjective, hence is full rank,
where
Tgp, v )X = R x ker (D det(Iy)),

where det is the determinant map on the set of symmetric matrices S, and ker denotes the kernel of a linear
application.

Then, by applying Theorem 223, the ¢-irreducibility and aperiodicity of the chain {6 }xen follow.

Theorem 3.3. Suppose that f is continuous, scaling-invariant with Lebesgue-negligible level sets. Then the Markov
chain {0y }ren defines a time-homogeneous p-irreducible aperiodic T-chain, for which any compact subset of X is
small.

3.2 The step-size adaptive ES with nonsmooth update

Here, we consider the process {zy}ren defined in Section ET2. As for CMA-ES, if f is supposed to be scaling-
invariant, then this sequence defines a time-homogeneous Markov chain. In Section 172, we have established
that this chain follows the model (2). Like CMA-ES, the following proposition gives a sufficient condition for
assumption HI to hold. The proof goes as for Proposition B, which can be found in Appendix Q.

Proposition 3.4. Suppose that f has Lebesgue-negligible level sets. Define for all z € X and v = (v1,...,v,) € W

Al A—
p=(v) = ml {(fz+w) < <flz4u)}(1- Qf(“u)) Pyt (v) . - (va) (3:3)
with QL (u) = [1{f(z + &) < f(z +u)}y4(&)dE and where v? is the density of the d-dimensionnal standard normal
distribution w.r.t. Lebesque. Then, p, defines a density (w.r.t. Lebesque in R ) of the random variable a((z, K), Uy).
Moreover, if f is (a monotone transformation of) a continuous function, then (z,v) — p,(v) is Ls.c.

As for CMA-ES, assumption H2 holds since F', given in (2I3), is the composition of a continuously differentiable
function with the Lipschitz function « — ||z||. Regarding HH, the next proposition states the existence of a steadily
attracting state. The proof follows the same lines as [10, Proposition 5.3], but is given for completeness.

Proposition 3.5. Suppose that f is continuous, scaling-invariant with Lebesgue-negligible level sets. Then, 0 is a
steadily attracting state.

Proof. For zg € R4, we set vy = —[20,...,20] € R¥, and v, = [0,...,0] € R¥%. Note that, by Proposition B3,
since f has Lebesgue-negligible level sets, v, € OF . Moreover, we have Sfo (v1.x) = 0 for every k > 1, where Sfo
is defined in (2). We conclude the proof by using Corollary B3 . O

To complete the verification of HH, we show in the next proposition that there exists v, € (’)75 such that S} is
differentiable in vy and DS (v1) is of maximal rank.

Proposition 3.6. Suppose that [ is continuous, scaling-invariant with Lebesgue-negligible level sets. Then, S s
differentiable in vi = (0,...,0) € O} and DS§(v1) is of mazimal rank.



Proof. Note that, by Proposition B4, v; belongs to (973‘ Moreover, for h = (h1,...,h,) € W, we have by definition
of F and of S}, see (ZI7) and (2-T9) respectively, that

1 Trett || Dby wihyl| o
St h) = F(0,h) = —(1- i .
L(or + h) = F(0, h) exp(da( ) *

A simple Taylor expansion shows that

| s8or+m) = S3(01) = exp () x Sty wih
lim

=0 3.4
h—0 ||hH ’ ( )

ending the proof. O
Using Theorem 223, we deduce the @-irreducibility and aperiodicity of the chain {zj }ren.

Theorem 3.7. Suppose that f is continuous, scaling-invariant with Lebesgue-negligible level sets. Then, the Markov
chain {z; }ren defines a time-homogeneous p-irreducible aperiodic T-chain, for which compact subsets of X are small.

Note that in [82], it has been proven that the chain {zy}ren is @-irreducible, aperiodic and positive recurrent,
on the condition that the step-size obeys to a smooth update instead of (2ZI3). However, a smooth step-size update
was required only to prove the p-irreducibility and aperiodicity of the chain, since the derivation of these two results
rely in [32] on results in [10]. Now that we have proven that the chain {zj}ren is ¢-irreducible and aperiodic even
when the step-size update is nonsmooth, we can prove that it is positive recurrent following the proofs of [32].

4 Proofs

4.1 Preliminary results
4.1.1 Accessibility, attracting and attainable states

In this section, we generalize characterizations of globally and steadily attracting states developed in [i0]. In
contrast to this reference, we relax assumptions on the sets X, U and W. Indeed, [i0] supposed that these sets were
open subsets of Euclidean spaces. Here, we only suppose that they are smooth connected manifolds, as formalized
in Section EZ. The proofs in this section are almost identical to those of [10], but are given for completeness in
Appendix Q.

For the rest of the paper, let us define Ag_ (z) == {z} and

Ak (z) = {SE(wi) | wi € OF} for k> 1. (4.1)

The set A’_j () is the set of states that can be reached by ¢ conditionally to ¢g = x. We also define the set of
states that can be reached by {¢x tren (in finite time) conditionally to ¢g = x as

Ay(z) = A% (a). (4.2)

keN

Then, we say that the control model associated to (E) is forward accessible if for every x € X, A;(x) has a
nonempty interior in X. Moreover, with these notations, a point z* € X is a globally attracting state, if for every
y € X we have
e () U 45 w). (4.3)
T>1k>T
As shown in the next proposition, this definition is equivalent to the statement we used in Section BT to introduce

a globally attracting state that for any y € X and any neighborhood U of x*, there exists k > 0 and a k-steps path
between y and U.

Proposition 4.1 (Characterization of globally attracting states). Suppose Hl. A point x* € X is globally attracting
if and only if one of the following equivalent conditions holds.

(i) For anyy € X, z* € A (y).

10



(i) For any y € X and any open subset U of X containing x*, there exist k > 0 and a k-steps path from y to U.
(iii) For any y € X, there exists a sequence {yg x>0 with yr € A’i(y), from which we can extract a subsequence
converging to x*.

A point x € X is said to be reachable by P [26, Section 6.1.2] if for any measurable neighborhood U of z in X,
we have

VyeX, > PHy,U)>0. (4.4)
k>1

The equivalence between globally attracting states and reachable states relies on the following proposition.

Proposition 4.2 (Characterization of reachable states). Consider the Markov kernel P defined via Equation (2),
and suppose HO and that F is continuous. Then for any open subset U of X, any x € X and k > 0, the following
statements are equivalent.

(i) There exists a k-steps path from x to U.
(ii) P*(z,U) > 0.

As an immediate consequence of Propositions B and B2, we get the following equivalence between states that
are globally attracting by the control model associated to (2) and states that are reachable by P.

Corollary 4.3. Consider the Markov kernel P defined via (B), and suppose HO and that F is continuous. Then
x € X is globally attracting if and only if it is reachable by P.

Recall that a state * € X is steadily attracting [10] if for all y € X and all open neighborhood U of z* in X,
there exists T' > 0 such that for all £ > T there exists a k-steps path from y to U.

We now state two technical results related to steadily attracting states, which will be instrumental in the proofs
of our main results. The first one is the equivalent of [0, Proposition 3.3].

Proposition 4.4. Suppose HO. The following statements hold.
(i) If x* € X is steadily attracting, then it is globally attracting.

(i) A state x* € X is steadily attracting if and only if for every y € X we can find a sequence {yx}r~o with

yr € Ak (y), which converges to z*.

(iii) Assume F is continuous. If there exists a steadily attracting state, then every globally attracting state is
steadily attracting.

Note however that the statement of [0, Proposition 3.3 (ii)] is slightly different as the element y; belongs to

AP (y) while in (ii) above y; belongs to A% (y). It is easy to see that both statements are equivalent.
In addition, we give the following corollary of Proposition B4 when F' is assumed continuous.

Corollary 4.5. S@ose HO and that F' is continuous. Then, for any x € X and k € N we have the inclusion
{S*(wik) | wik € O} C Ak (z). Consequently the following statements are equivalent.

(i) The point x* is steadily attracting.

(ii) For every x € X we can find a sequence {yi}r>o satisfying yr € {S¥(wi.k) | w1 € OF} for any k > 1, and
which converges to x*.

(i) For every x € X, for every neighborhood U of x*, there exists T' > 0 such that for any k > T we can find
wy., € Ok satisfying S*(wy.;,) € U.

The next result turn out to be useful later in order to prove the aperiodicity of the Markov kernel P, given that
it is p-irreducible. To this end, we need to introduce the notion of attainability, as considered in [26]. We say that

a state z* € X is attainable if
Vye X, z"eAi(y). (4.5)

Proposition 4.6. Consider the Markov kernel P defined via (2), and suppose HO. Let x* € X be attainable, and
set

E:={aeN"|3T e N,Vk > T,2* € A% (z*)}. (4.6)
Then, the following statements hold.
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(i) E is nonempty and for every a,b € E, the greatest common divider of a and b satisfies gcd(a,b) € E.
(i) If gcd(FE) = max{c € N | ¢ divides a,Ya € E} =1, then o* is steadily attracting.
(i) If P is p-irreducible, then there exists a d-cycle (as defined in (E223)) with d = ged(E).

4.1.2 Controllability condition

In this section, we generalize results of [[0], more precisely [0, Propositions 3.5, 3.6 and 3.7], on the consequences
of condition (C]). The main challenge here is to deal with the condition that F' is supposed to be locally Lipschitz
only.

First, we generalize [I0, Proposition 3.5] and prove that if the controllability condition (1) is satisfied for some
z* a globally attracting state, then is satisfied for every y € X.

Proposition 4.7. Suppose HOl and HB. Let * € X be a globally attracting state. If (Cd) holds, then for every
y € X, (CJ) holds.

Proof. By (T), there exist & > 0 and w},,, € OF. such that dSE. (w?,,) is of rank n, the dimension of X. See that,
by Proposition B0, we can assume that w},, € OF.. Moreover, the function S* : (z,w1.;) — S¥(w1.) is locally
Lipschitz (since F' is locally Lipschitz), hence according to Proposition B, lim, - 5% (2, wy.1) C 0S*(z*, w1.x)
and since dS* (2, w1.;) = 0,5% (2, w1.) x DS¥ (w1.1), we obtain lim, .« 0S¥ (w},,) C OSE. (w},,,). Since rank is lower
semicontinuous, we deduce that there exists an open neighborhood U of x* such that for any z € U, 9S*(w?, i) is of
rank n. Moreover, z — p’z‘“(wi i) is lower semicontinuous, so, up to taking U smaller, we can suppose that for any
z €U, pi(wy,) >0, ie., wi, € Ok

Let y € X. Since z* is a globally attracting state, then by Proposition B, there exist to > 0 and ui., & to-steps
path from y to z € U, i.e., ury, € O} and x = S (uy.4,) € U. Since O} is open and S,° is continuously locally
Lipschitz, by Corollary B3 we can assume w.l.o.g. that SZO is differentiable at .4, .

Since x € U, then 8S§(wit0) is of maximal rank, using the chain rule, see Proposition BZ, we deduce that,
for T'=to + k and u¢y41:49+k = Wi, we have that 8Sg(u1:T) is of maximal rank. O

The next proposition states that if we find a point *, k > 0 and w},, € OF. which satisfy the forementionned
controllability condition (Td), that is, dSk. (w},,) is of maximal rank, then, using Proposition B9, we can find
ul, € OF. as closed as we want from w},; such that S¥. is differentiable in u},, and DS¥. (u} ) is of maximal rank.
In other words, our controllability condition (C2d) implies a full rank condition as used in [iT].

Proposition 4.8. Suppose HO and HB. Let x* € X and suppose that (T) holds. Then, condition (Rad) stated
below holds.

Proof. By (Czd) and by Proposition B, there exist k > 0 and w},, € OF. such that dS¥. (w},) is of maximal
rank. By Proposition B9 below, for any neighborhood W C W of w?,, there exists u},, € W, such that S¥. is
differentiable in u?,,, with rank DS, (u},,) = n. However OF. is open, so we can take W = OF, and complete the
proof. 0

Proposition 4.9. Suppose that f: X =Y is locally Lipschitz at xo € X, and that Of(xo) is of mazimal rank, i.e.,
any h € 0f(xo) is of mazximal rank. Then, there exists a neighborhood U of xg such that for any y € U, 0f(y) is
of mazimal rank. Moreover, for every neighborhood V- C U of xq, there exists yo € V such that f is differentiable
at yo and Df(yo) is of maximal rank.

Proof. Let A = {h € L(Ty,X,Tf(z,)Y) | h is not of maximal rank}. Since the application rank is Ls.c., then A is
a closed set. By Proposition B, Jf(zg) is compact, and disjoint from A since it is assumed to be of maximal
rank. Thus dist(9f(zo), A) > 0, where dist is a metric induced by a norm on the finitely dimensioned affine space
L(Tpo X, Tt(2)Y). Moreover, there exists h* € df(xo) such that for every h € 0f(xo) we have

dist(h, A) > dist(h*, A) = dist(9f(zg), A) > 0.

By [0, Proposition 2.6.2(c)], there exists a neighborhood U of z( such that for all y € U, dist(0f(y),A) >
dist(h*, A)/2 > 0, thus df(y) is of maximal rank. The second part follows from Rademacher’s theorem, see
Corollary B3. O
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From now on, we can assume a full rank condition, i.e.,
there exists wy.; € OI; such that DSﬁ(wlzk) exists and is of maximal rank, (Rz)

instead of the controllability condition (ICJ]). We can then use Proposition B8 to extend our results. The next
proposition states that if we can find a globally attracting state «* satisfying the maximal rank condition (Rzd),
then we can find an attainable state. It generalizes [10, Proposition 3.6].

Proposition 4.10. Suppose HOl and HB. Let * € X and suppose that there exist k > 0 and w7, € OF, such that
(RA) is satisfied with w},,.

(i) There exists U a neighborhood of x* such that for any x € U, there exists wi., € OF for which S¥(w1.;) =
S:{cc* (wikk)

(i) If z* is globally attracting, then S¥.(w3}.,) is attainable, see (EH).

Proof. (i) Let (U, ¢) be a local chart of X around z*, (V,6) a local chart of X around S¥. (w},,), and (W, 1)) a local
chart of W* around wj,,, such that the following differentiable function is well-defined

gr, 20 x (W) CR" xR -V CR"
C(mow) = (21, ), (W1 wEp)) = SE(w) =60 5271(1) o g (w).

We recall that the positive integers n and p are the dimensions of X and W, respectively. By composition, observe

that D, 5% (p(x*), ¢ (wh,,)) is surjective. Hence, we can find coordinates i1, ..., 4, of R such that
det D, §* | -+ | Dus, 5] (pla™), vlwis) = n.
Note that, up to a permutation of indices in the chart ¢, we can assume w.l.o.g. that iq,...,7, equal respectively
kp—n+1,...,kp. To ease the presentation, we use the following abuse of notation (wf,..., w;p) = 1(w}.;,). Then,
by the implicit function theorem, see Theorem B3, there exist neighborhoods M of (p(z*), w7, ..., wg,_,) and N
of (Wp—pp1s- -+ Whp)s and a C! function g: M — N such that, for every (z1,..., T, wi,. .., Wkp—n) € M, we have
5’@17”_7%) (Wiy ooy Whpen, (X1, - oy T, Wy o, Whp—p)) = S’Zz(z*)(wi‘, W)

This proves (i).
(ii) Suppose that z* is globally attracting. Let U C X be a neighborhood of z* satisfying (i), and let y € X.
Then, by Proposition BT(ii), there exist k1 > 0 and wy.;, € (’)’yCl such that Sfjl (w1:k,) € U. Since U satisfies (i),

there exists wg, +1:6,+k € ngl(wl . with 551+k(w1:k1+k) = Sk (w3 ,). O
Y ik

)

We discuss in the next proposition the forward accessibility of the control model (211). We recall that it is said
to be forward accessible if for every x € X, the subset A4 (z) C X defined in (E2) of states that can be reached in
finite time starting from x, has a nonempty interior. The next proposition generalizes [0, Proposition 3.7].

Proposition 4.11. Suppose HO and HB. If for every x € X, (Rd) holds, then the control model associated to (271)
1s forward accessible.

Furthermore, if F is smooth (infinitely differentiable), the control model is forward accessible if and only if for
every x € X, (Rd) holds.

Proof. We apply the Local Submersion Theorem [i4, Chapter 1.4]. Since S¥ is a submersion at wy ., there exist
local charts (W, 1) of W* around wy.x and (V,¢) of X around S¥(wy.x) such that

©oSFop(ur,. .. upp) = (u1,...,un) forall (up,...,ug,) € Y(W).

Therefore, since ¢ is a continuous bijection (by definition of a local chart), then there exists a neighborhood U of
Sk (wy.1) such that S¥(W) = U. Moreover, OF. is an open subset of W*, so we can assume W C OF. Therefore,
U C A% (z), which hence has a nonempty interior.

Suppose now that F' is smooth and that the control model is forward accessible. Then, for every z € X,
int(A;(z)) # 0. Since Ay(z) = UpsoAX (), we deduce that there exists k € N such that int(A% (z)) # 0. Since
int(AY (z)) = int({z}) = 0, we find that necessarily & > 0. By Sard’s theorem [I4, Appendix 1], we have that the set
N = {w € OF | rank DS¥(w) < n} is of measure zero, that is, for all charts (¢, U) of X, we have Leb o(NNU) = 0,
hence int(N) = (). We deduce that there exists wy., € OF\ N, i.e., such that rank DS¥ (wy.1) = n. O
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4.2 Proofs of the main results: verifiable conditions for irreducibility and aperiodic-
ity
4.2.1 T-chain and irreducibility
Here, we generalize the main results of [10] on @-irreducibility of Markov kernels P defined via (1), as well as the
T-chain property.
First, we slightly generalize [25, Lemma 3.0] to our context, that is, for a locally Lipschitz function between
manifolds instead of a smooth function between open subsets of Euclidean spaces.

Lemma 4.1. Let X; be a n-dimensional manifold, W1 a m-dimensional manifold, W1 a n-dimensional manifold,
equipped with their respective Borelian o-fields and with a measure {x (resp. C» CW), which satisfies that for any
A € B(Xy) (resp. of B(Wy), B(W1)), (x(A) =0 (resp. Gy(A4) =0, ¢y(A) =0) if and only if o(ANU) is Lebesgue-
negligible for every chart (o, U).
Let G: (z,w,w) € X; % Wi x Wy — 2z € X; be a locally Lipschitz map differentiable in (xq,wq, o) such that
rank Dy G(x0, Wo, Wo) = n. Then,
(i) There exists an open subset X x W x W C X3 x Wy x Wy containing (xo, Wy, Wo) such that for any x € X, the
measure defined by

v(z,): ACXy »—)/~ / 1a{G(z,w,w)}d(y (w)d (W) (4.7)
A
is equivalent to the measure Cx on an open subset R, of Xi.

(ii) There exist ¢ > 0, Uy, an open subset of Xy containing xo, V;Z’O’@O an open subset of W, containing
G(wo, Wo,wo) such that for every x € X and every measurable subset A of X1, we have v(z, A) > cly, (x) X
Cx, (AN VDostoy,

Proof. First we prove the lemma when X, \7V1,W1 are open subsets respectively of R™, R™, R", and (x, (, { are
assumed to be the Lebesgue measures on R™, R™, R™ respectively.
Define the function

G*: (z,w, W) € X1 x Wy x Wy — (z, @, G(z, w,)) € R*TmHn

Then, since Dy G (xo, Wo, W) is of rank n, then DG*(x, wo, Wo) exists and is a full-rank squared matrix. Therefore,
the inverse function theorem —as stated in Theorem B3~ applies and we find a neighborhood X x W x W of
(20, Wo, Wo), a neighborhood R of (g, Wo, 20) (Where zg :== G(xq, Wo, o)), and a locally Lipschitz function H*: R —
X x W x W such that

H*(G*(z,w,0)) = (x,w,w) for every (z,w, %) € X x W x W.
Thus, there exists a locally Lipschitz function H: R — W such that
H(z,w, Gz, w, %)) = for every (z,d,w) € X x W x W.

Then, by the chain rule, see [, Theorem 2.6.6], for every (z,w, %) € X x W x W at which G admits a partial
derivative w.r.t. w, we have that

D.H(x,w,G(z,9,0)) = [DpG(z,w,w)] " (4.8)

which is thus invertible. Moreover, by [, Proposition 2.6.2(c)], D, H is continuous at points on which it is defined
(which is dense by Rademacher’s theorem [12, Theorem 3.2]). Therefore, there exists hy > 0 such that in each of
these points, by (E8) we have

|det DZH| = ho. (49)

Then, applying [I6, Theorem 3] and Fubini’s theorem, we get

vz, A) = /A ( / L (2,15, 2) |det D. H]| dw) d, (4.10)

so that
p(z,z) = / 1g(z,w, z) |det D, H| dw (4.11)
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defines a density w.r.t. Lebesgue for v(z,-). The rest of proof goes as in [25, Lemma 3.0], that we recall here for
completeness.
Fix z € X and let R, be the open subset of R defined by

Rm:{zexl|E|711€\7V,(x,1b,z)€72}.

Then, note that p(z,z) is positive if and only if 2 € R, and zero otherwise. This proves (i). For (ii), observe

that, since R is a neighborhood of (zg, wo, 2o), then it contains a nonempty open subset Xq X Wqg X Zo containing
(20, W0, 20). We get then that p(x,z) > ho x Leb(Wy) for every (z,z) € Xo x Zg. Then,

v(x, A) > hoLeb(Wq)1{z € Xo} x Leb(A N Z)

which proves (ii).

Now suppose that Xl,Wl,\fVl are manifolds. . o

Let (¢, X2) be a local chart of X; around xg, (1, Wa) be a local chart of W; around wy, (1, W2) be a local chart
of Wy around 1y, and (n,X3) be a local chart of X; around zy = G(xq, Wo, Wo).

Then, define the locally Lipschitz map

G (x,d,) € p(Xa) X Y(Wa) x $(Wa) = 2 =10 Gy~ (2),9~ (@), () € R".

Thus, (i) and (ii) hold with G'°¢, and
Vot )= [ (e oo Gl ), @), 6 (@) didi
Wqo J Wy

is equivalent to the Lebesgue measure, for all # € X, and Xox W x W, being a neighborhood of (¢(z), 1 (1), ¥ (1 )).
But, by assumption on the measures (x, ¢y and (g, v(z,) is locally equivalent to p~* o v'o¢(p(z),-) for all local
chart (p, A) of Xy, thus is locally equivalent to n~! o Leb,, where Leb,, is the Lebesgue measure of R™. Thus, v(z,-)
is equivalent to {x. This proves (i).
Now apply (ii) to G'¢, and find ¢ > 0, U,, an open of ¢(Xy) containing (), Vw“zo*ﬁ"’ an open of X3 containing
1(20), such that
Vo(z, A) > cly, , () x Leb, (AN Vorto) - for every x € p(X),A C R".

But, by assumption on (x, we find L}, L7 > 0 such that

v(z, A) 2 L] x v (p(x), (A N Xs))
- Ll (p(0) % Leby A 1 X) 1 V)
= Ll X C]l Uy, ( ) X Lg X Cx(A M 1’,71(‘/;2’0”@0))
for all x € X and A C Xy, which proves (ii). 0

We can now state the following result.
Proposition 4.12. Consider the Markov kernel P defined via (E0), and suppose HO-HB. Let x € X.

(i) If (RJ) holds for some k > 0 and wy.x, € OF, then there exist ¢ > 0, and open subsets U, and V"r* of X
containing x and S¥(wy.1,) respectively, such that

P*(y,A) = c(x (A)  for every y € U, and A € B(X), (4.12)
for some nontrivial measure (x on V*v:*. That is, U, is a k-small set.

(i) If furthermore F is smooth (infinitely differentiable), and if there exist k > 0, ¢ > 0 and (¢, V) a local chart
of X such that
P*(x, A) > cLebo o(ANV)  for every A € B(X), (4.13)

then (Rd) holds.
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Proof. Condition (RZ]) implies that rank D.S¥(wy.,) = n for some k > 0 and w1, € OF. Since (Z,w1.1,) — p(w1.1)
is 1.s.c., and p¥(wy.) > 0, then there exist py > 0 and a neighborhood X; x Wy of (x,wy.;) such that pk(wy.1.) > po
for every € Xy and every wy.;, € W;. Then, for every y € X;, we have

Pry, A) = / . ]lA(55(wlzk))plgj(wlzk)dC\%k(wlzk) > po/ ﬂA(Sf(wlzk))dC\%k(wlzk)- (4.14)
ok W,
Since S* is a submersion at wy.y, by the Local Submersion theorem, there exists a local chart (V,) of W* around
wi.; and a local chart (U, ¢) of X around S¥(wy.1), such that for every (w1, ..., wx,) € ¥(V), we have
wo Sk o wy,. .. W) = (W1, ..., 105). (4.15)

Note that, up to taking V' and W; smaller, we can assume V = Wy, and that ¢(W;) = Wi x Wy is a rectangle
of R* with Wy = {(w1,...,w,) € R" | I(Wpi1,-..,Wkp) € R (01,...,0x) € P(W1)} C R™ and likewise
W, C R*P~", Hence, the function

G: XxW; xW; =X

4.16
(@ (@11 Bn), (Bg1s s Tap)) 0 SE 0 6=, .., i) (4.16)

satisfies, by (B13), that rank Dy, ... w,)G (2, w1, ..., wkp) = n. Then, by Lemma B0 and HM(ii), there exist ¢ > 0,
U, an open subset of X containing x, (i, V***) a local chart of X around S¥(w.;) such that, for every y € X, we
have

/W La(Sy (1)) (1) > Lo, (y)Cx (AN V), (4.17)

with {x = Lebop(-NV,*1*) is a measure which satisfies the assumption required in Lemma B0 on V*1+*. Combining
(212) and (ET2) gives P*(y, A) > cpolx (A N V,21k) for every y € U, N Xy, proving (i).

Suppose now that F' is smooth, then (Z,w;.;) — S%(wy.;) is smooth for all k > 0. Take k > 0, ¢ > 0 and (¢, V)
a local chart such that (-13) holds. Let N = {S¥(w1.) € X | w1, € OF, rank DSF(w1.;) < n}. By Sard’s theorem,
we know that Leb o o(N N'V) = 0, implying that P*(z,V \ N) > cLebo ¢(V \ N) = cLebo ¢(V) > 0. Hence there
exists wi.p € OF such that S¥(wy.) € V\ N, i.e., rank DS¥(wy.1) = n. O

Following [i0, Corollary 4.1], we now deduce sufficient conditions for the Markov kernel P to define a T-chain.

Corollary 4.13. Consider the Markov kernel P defined via (2), and suppose HO and HB. Suppose that for any
z € X, (CJ) holds. Then X can be written as the union of open small sets and thus P is a T-chain.

Proof. First, using Proposition B8, for all z € X, (R3) holds, i.e., there exist £ > 0 and uy.;, € OF such that S¥ is
differentiable in u.; and rank DS¥(uy.;) = n.

Proposition B12 implies that for every x € X, there exists an open neighborhood U, of x in X which is a k-small
set. Denoting a the Dirac distribution in k, we find that U, is v,-petite, hence, by [26, Proposition 6.2.3], K,
possesses a continuous component T which is nontrivial on U, and in particular at z. Thus, by [26, Proposition
6.2.4], P is a T-chain. O

We now characterize the support of the maximal irreducibility measure of P. We recall that, by [26, Proposition
4.2.2], any p-irreducible Markov kernel P admits a maximal irreducibility measure 1, that is, P is y-irreducible
and for every irreducibility measure ¢ of P, we have that supp ¢ C supp ©. The proof mimics the one of |10,
Proposition 4.2], and is given for completeness in Appendix O.

Proposition 4.14. Suppose that P is a -irreducible Markov kernel, defined via (E), with v a mazximal irre-
ducibility measure, that HO holds and that F' is continuous. Then

supp ¢ = {a* € X | 2" is globally attracting}. (4.18)

Furthermore, if x* € X is globally attracting, then

supp ¢ = Aq(z*). (4.19)

We now state our core results, from which we deduce Theorem PZ3. Assuming the controllability condition is
satisfied at every x, there is equivalence between the irreducibility of P and the existence of a globally attracting
state.
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Theorem 4.15. Consider the Markov kernel P defined via (Ed), and suppose HO and HB. Suppose (CJ) is
satisfied for every x € X. Then P is @-irreducible if and only if a globally attracting state exists.

Proof. By Proposition B8, we know that (RJ) holds for any « € X. If P is y-irreducible, then by Proposition B-14),
any point of the support of the nontrivial measure ¢ is globally attracting, hence there exists a globally attracting
state. Conversely, if * € X is globally attracting, then, by Corollary B=3, x* is reachable by P, and by Corollary B3,
P is a T-chain. As a result, by [26, Proposition 6.2.1], P is ¢-irreducible. O

We deduce from this theorem our first practical result in order to prove the irreducibility, the T-chain property
of a Markov kernel following the model investigated. If assumptions HO and HB are satisfied for a Markov
kernel defined via (21), the theorem below implies that one needs to find a globally attracting state * where the
controllability condition (CJ) is satisfied to obtain the ¢-irreducible and T-chain property of the Markov kernel.

Theorem 4.16 (Practical condition for ¢-irreducibility and T-chain property). Consider the Markov kernel P
defined via (E), and suppose HO-HB. Then P is a p-irreducible T-chain, and thus every compact set of X is
petite.

Proof. By Proposition B2, for any x € X, (CJ) holds. Then, by Corollary BE13, P is a T-chain and by Theorem B3,
P is g-irreducible, and by [26, Theorem 6.2.5] all compact sets of X are petite. O

This latter theorem constitutes the first part of our main result stated in Theorem =3 while the second part
relates to the aperiodicity of the kernel which is developed in the next section.

4.2.2 Aperiodicity

In this section, we provide conditions for P to be aperiodic. We start with the following characterization which is
the counterpart to Theorem BT3 for a kernel to be ¢-irreducible aperiodic.

Theorem 4.17. Consider the Markov kernel P defined via (), and suppose HO and HB. If for every x € X,
(CA) holds, then P is a @-irreducible aperiodic Markov kernel if and only if there exists a steadily attracting state.

Proof. First suppose that P is ¢-irreducible and aperiodic. By Theorem B3, there exists a globally attracting
state * € X. Besides, by Proposition B0, there exists an attainable state y*, to which we apply Proposition B8
(iii), so that there exists a d-cycle. However, P is aperiodic, so d = 1. Thus, by Proposition B8 (ii), y* is steadily
attracting.

Conversely, suppose that there exists a steadily attracting state z*. By Proposition B2 (i), z* is globally
attracting, so that by Theorem BI3, P is y-irreducible. It remains to prove that it is aperiodic. By Proposition B8,
(RB23) holds for some k > 0 and w},, € OF.. Therefore, we apply Proposition B0, hence y* = Sk (w},) is
attainable. Let U be a neighborhood of z* which satisfies Proposition B0 (i). Since z* is steadily attracting,
there exists T' > 0, such that for every ¢ > T, there exists uy.; € (9;* such that z := Sé* (u1.4) € U. As U satisfies
Proposition B (i), then there exists wq., € OF such that S¥(wy.,) = Sk (w},,) = y*. All in all, we have that for
every t > T, there exists wy.x1¢ € (’)th such that y* = Sfft(wl:k+t), hence y* € A’frt(y*). By Proposition &4
(iii), there exists a 1-cycle, i.e., P is aperiodic. O

We now state our main practical condition to ensure that P is aperiodic.

Theorem 4.18 (Practical condition for @-irreducibility and aperiodicity). Consider the Markov kernel P defined
via (23), and suppose HO-HB and HE. Then P is a p-irreducible aperiodic T-chain, and every compact set of X
is small.

Proof. By Proposition B, (CJ) holds for any z € X. Thus, by Theorems BEIH and B4, we have that P is a
p-irreducible aperiodic T-chain for which compact sets of X are petite. Note that, by [26, Theorem 5.5.7], any
petite set is small. O

4.3 Proofs for the application to CMA-ES

Proof of Proposition B3 (i). By Corollary B, it is sufficient to find, for any 6y = (20, Xo) € X, a sequence {vg }r>1
such that vy, € (’)750 for every k > 1, and limg_, o Sgo (v1:) = (0,I4). Since f has Lebesgue negligible level sets, we
have, by Proposition &1, that for every (z,X) € X, and for every u € R%, the element v = (u,...,u) of W = R
belongs to (’)(1272).
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Then, set v} = --- = o} = —251/220 so that vy = (v{,...,v[') € Oy and z; = 0. Note that S'(v1) = 6; =
(0,3), for some ¥, € Sﬁlr+. Next, consider (eq,...,eq) an orthogonal basis of eigenvectors of the positive definite
matrix X, with Xje; = \;(21)e;, where A;(+) denotes the function that maps a symmetric matrix to its é-th largest
eigenvalue (counted with multiplicity).

Let then x > 0 and define vi = .-+ = v} = —E;l/zfieg and 0y = (20,%5) = 5011(1}2). Then let vi =
- = vf = —22_1/222 and 03 = (z3,%3) = 552(03). Then, we have zo = key and z3 = 0. Besides, Xy =

r3 ' % ((1—¢)21 4 ck’eze] ) with ro = det((1 — ¢)2 + ck’ese] )'/? depends continuously on the choice of £ > 0.
Moreover, we have 1 — ¢ < 79 < 1 — ¢ + ¢ck2. Then,

1333 =3, 4+ ¢(1 — ) 2k? X (rg + 1 — ¢)egey = K3 (4.20)

for some r3 > 0. However, the eigenvalue of the matrix K3 associated to the eigenvector e; equals A\ (X;) for any
value of k, while the eigenvalue of K3 associated to the eigenvector e; depends continuously on x > 0 and tends
to +00 when k£ — oo and to A2(X1) < A;(X1) when £ — 0. Hence, there exists a value of £ > 0 such that the
eigenvalues of K3 associated respectively to the eigenvectors e; and e, are equal. Setting k to this value, we get
then that Al (23) = )\2(23)

Repeating eventually these steps (d—1) times, we find vy, ..., v149(q—1) € W such that, denoting 0y = (zx, X) =

Sgo(vl:k), Z142d—1) = 0, and A\ (Ziio@—1)) = -+ = Aa(Bi42a—1)), With v € Oék_l for each k > 0. However,
det(Xy) = 1 for every k € N, thus Xy 5q—1) = Iq.
For the next steps k > 2d, we choose vy, = 0 € Oék_l, so that, by induction, we obtain 6, = (0,1;). By

Corollary B3, we find that (0, 1;) is a steadily attracting state. O

Proof of Proposition 32 (ii). Let k > 0 and vy, € (’)750, with 8y = (20, 20) = (0, ;). We find here values for k& > 0
and vy, ...,v € W such that the map

,DSéCO,Id) (Ulzk) : T(vl:k)Wk — Tsk

(0,19 (V1:k)

X

is full-rank, i.e., is surjective. We remind that W = (R%)#, hence T(vlzk)Wk = Wk = R1xF_ Moreover, we have
X =R? x det"*({1}), therefore, by [22, Proposition 5.38]

Tsk

(011d)(v1:k

X =R? x ker Ddet (Zy),

where 0, = (2, 31) = Sp (v14) for each t =0,... k.
We define then inductively the covariance matrix before normalization as

o
Kiy1=01-0K 4+ VK, Zwi (viH) (v§+1)—r v Ky
i=1

with Ko = Xy = I, so that, by induction, we have for every t =0,...,k , 3y = Let us introduce (small)

K
Jot(K) 77
perturbations h; = (hi,...,ht') € W for t = 1,...,k, and let us denote the perturbed process as

0? = (va 2?) = Sft)o (Ul:t + hl:t)-

Define K}' € 8¢, similarly. Set ko = d(d 4 1)/2 the dimension of 8%, and set k = ko(ko — 1) + 1. Then, set

V1. .., Uk, as follows. Define 4y, ..., 4y, nonzero vectors of R%, such that (197, ..., ¥k, ) forms a basis of S7.
Fort =1,..., kg, using Proposition B, we set v; = (K;ll/th, - ,K;ll/th) € Oét—l’ sothat K; = (1—¢) K1+
cyh] . Fix then k} € R, and let €; > 0 be an arbitrary small positive quantity. Set h} = --- = h}' = %n%le;ll/Qibt

and then
KZ‘ =(1- C)Kf—l + 01/%@/1;— + 51”%01/%1/): +e14;(e1),

where A} (g1) € S? tends to 0 when £; — 0. Then, we get by induction,

ko
K,?O = Kj, + €1 Z mtl(l — c)ko_tcwtw; + 51A;1€D (e1).

t=1
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Likewise, A}CO (e1) defines a symmetric matrix which then tends to 0 when &; tends to 0. Repeat these steps ko — 1

times with e,...,6x,-1 > 0 instead of &1 > 0 and x7,. .., nf‘)*l € R instead of k] € R. All in all, we have finally,

since k = ko(ko — 1) + 1,

ko—1 ko
Kl =K+ Y |es D k(1 —cpfothomD=shotkotey, T 4o A7 (e,)
s=1 t=1
Again, for each s =1,...,ko — 1, Aj_,(es) defines a symmetric matrix which tends to 0 when e, tends to 0. Now,
consider (S1,...,Sk,—1) a basis of ker Ddet(X_1). For s =1,... ko—1, we set now the real values x5, t =1,..., kg

such that we have

ko
Z Hf(l _ c)k—l—sko+k0—tcws¢: — Ss-
t=1

This is possible since (Y117 , ... 7wk01/),;r0) is a basis of S¢. Then,

ko—1
K\ =Kp1+ Z etSi + e Af_y (&1).
t=1
Yet, since Sy € ker D det(Xy_1), we have then
whoo_ KI?—l _ Ky + Zfi;l e:St + Al (e¢)
k=17 h \1/d — 1/d
det(Kp_,) det (Kk,l + Zfi;l €4S; + EtAfC_l(Et)>
ko—1
=31+ Z €15y + e B'(ey),
t=1
where we set r = det(Kj_1)~'/¢, and the symmetric matrices B*(s;) tend to 0 when &, — 0, for ¢t = 1,...,kg — 1.
Lastly, set v, =0 € (’);k_il, and let h), = --- = b} = E,;_lffko, for some arbitrary small vector &, € R%. Then,

Ek = Ek,1 and

Z}ZL = Zk + (1 - C)_1/25k0 + l(€17 e 7616071) + ||(€17 e ;€k0717£k0)||h<517 e 7514:07175]90)7

where [: RFo—1 — R9 is linear and h(ey,. .., ex,—1,&k,) tends to O when ||(e1,...,ex,—1,&k )| — 0. Furthermore,
ko—1
E'Z = Ek +7r Z 5tSt + EtBt(gt) + Cgkogl;l;.
t=1
Finally,
(1 — C)_1/2€k + 1(817 o€k ,1)
80,1 (vt + Mk = S, 1, (v1:8) = < r Z[)’“E’l €¢5} O
=1 (4.21)
||(€17 s aek‘o—lvfk‘o)n
tends to 0 when ||(e1,...,€k,—1,&k ) || = 0. Therefore,
1-— c)’1/2§;€ + (e, o ELg—1)
DS, b= o1 e O 4.22
(0,1) (V1) P1:k < PRI, (4.22)

defines a surjective map from W* to R? x ker D det(X;). Indeed, if Hs, € ker Ddet(X}) and h, € RY, then there
exist €1,...,6,—1 € R such that r Zfi;l £:5; = Hx, and then there exists £, € R? such that DSECO,Id)(vhk)hltk =
(h.; Hs). 0
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A Background on manifolds

We call throughout the paper a manifold a smooth manifold. We recall below the definition of a manifold, and we
refer to [d] for more details.

Definition A.1 (Manifolds). A topological space X is said to be a topological manifold of dimension n if it is a
second countable Hausdorff space that is locally Euclidean of dimension n.

Note that X is said to be a Hausdorff space if for every pair of distinct points z,y € X, there exist neighborhoods
U of x and V of y that are disjoint. Moreover, X is said to be second countable if there exists a countable basis,
that is, a countable collection B of open subsets of X such that any open subset of X can be written as the union
of sets in B.

Finally, X is locally Euclidean when for every z € X, there exists a neighborhood U of x, an open set V' of
R™ and a homeormophism (i.e., a continuous bijection with a continuous reciprocal function) ¢: U — V. We call
(¢,U) a chart around z.

Besides, a manifold X is said to be smooth if it is topological, locally Euclidean, and if every charts (¢,U) and
(1, V) around any point & € X are such that ¢ o ~! is continuously differentiable.

21



Given X a (n-dimensional) manifold, and € X, we denote by T, X the tangent space of X in x. We refer to [4,
Chapter XI] or to [1d, Chapter 1, Section 2] for a formal definition of tangent spaces.

We introduce the measurability on a smooth manifold via the following definition. We refer to [d, Chapter XII]
for further details.

Definition A.2. A subset A C X is said to be measurable if for all € X, there exists a chart around = denoted
(p,U) such that ¢(ANU) is measurable (in R™).

B Clarke’s generalized derivative of locally Lipschitz functions on man-
ifolds

Clarke’s generalized Jacobian is defined for locally Lipschitz functions g: R™ — R™ [i]. We define here the Clarke’s
derivative for locally Lipschitz functions f: X — Y where X and Y are smooth manifolds. First, let us define formally
what a locally Lipschitz function between manifolds is.

Definition B.3. Let X and Y be two manifolds, equipped with their distance functions dx and dy respectively, and
f: X =Y a function.
(i) f is said to be Lipschitz if there exists L > 0 such that for all z,y € X we have dy(f(z), f(y)) < L x dx(z,y).

(ii) f is said to be locally Lipschitz at « € X if there exists a neighborhood U of z in X such that the restriction
of f to U is Lipschitz.

As stated below, a function is locally Lipschitz if and only if it is locally Lipschitz in the charts.

Proposition B.4. If f: X = Y is locally Lipschitz at x € X, then for all local charts (¢,U) of X around x and
(1, V) of Y around f(x), the function ¢ o f o @~ is locally Lipschitz at p(x).

Proof. See that both ¢! and v are C! hence are locally Lipschitz at all points of their domains. By composition
we find that ¢ o f o o1 is locally Lipschitz at o(z). O

Rademacher’s theorem [I2, Theorem 3.2], states that a locally Lipschitz function is almost everywhere differen-
tiable. This is easily extended to locally Lipschitz functions on manifolds.

Corollary B.5 (Rademacher’s theorem). Let (x be a measure on X, which is locally equivalent to the Lebesgue
measure, that is, for any measurable subset A of X, then (x(A) = 0 if and only if for every charts (p,U) of X,
Lebo o(ANU) = 0. Then, any function f: X — Y locally Lipschitz at every x € X, is differentiable (x-almost
everywhere.

Proof. Consider local charts (¢, U) of X around = and (¢, V) of Y around f(x). Let us prove that for (x-almost

every point y of U, f is differentiable at y. See that by Proposition B4, g := 1 o f o ¢~ ! is locally Lipschitz on

©(U). Thus, by [[2, Theorem 3.2], we have that g is differentiable Leb-almost everywhere on ¢(U). Thus, since ¢

and ¢! are C!, and since the measures (x and Leb o ¢ are equivalent on U, then f =1~ 0 g o ¢ is differentiable

(x-almost everywhere. O
We give now the definition of Clarke’s Jacobian for locally Lipschitz functions on Euclidean spaces.

Definition B.6 (Clarke’s generalized Jacobian). Let f: R™ — R™ be locally Lipschitizian at zy € R™. Define
Of (xp) = conv {t&m Df(xt) | 2t — x0, f is differentiable in all xt} (B.1)

where Df(z;) € R™*™ is the Jacobian matrix of f at x; (when defined) and conv denotes the convex hull.
We generalize now this definition to locally Lipschitz functions on manifolds.

Proposition and Definition B.7 (Clarke’s generalized Jacobian on manifolds). Let X and Y be two manifolds. Let
f: X =Y be locally Lipschitzian at z¢ € X. Let (¢, U) be a local chart of X around zy and (¢, V') be a local chart
of Y around f(zg). Define g = o f ot Then g: p(U) — 9(V) is locally Lipschitz at ¢(z), and we can define

9f(x0) = {DY~' (g o p(x0)) o h o Dp(wo) | h € Dg(p(wo))} - (B.2)
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Proof. The maps ¢ and ¢~ are by definition continuously differentiable, hence are locally Lipschitz. Therefore, by

composition, g is locally Lipschitz. Furthermore, note that the expression (2222) does not depend on the choice of
the charts. Indeed, let (¢1,U) and (p2,U) be two charts of X at x¢ and (¢)1, V) and (12, V) be two charts of Y at
f(xg), such that g1 = ¢ ofo(pl_l and go = ¢2ofocp2_1 are well defined. Then, note that go = 15 owl_l ogi1op] 0@2_1.
Apply then the chain rule [, Corollary of Theorem 2.6.6] to go and get

0g2(p2(o))
= {Dy2(f(20))D¥1 (g1 (1(20))) © h o D1 (w0) Doy ' (p2(20)) | h € Dgr(p1(xo))} -

Therefore,

{Dy; (g1 0 01(20)) 0 ho Doy (o) | h € D (1 (x0)) }
= {Dv; (g2 0 pa(w0)) © h o Do (o) | h € Dga(p2(x0))} -

O
We also state the next result, which would be useful to prove Proposition B—9.
Proposition B.8. If f: X = Y is locally Lipschitzian at xo € X, then 0f(xo) is nonempty, compact and convez.
Proof. This follows from [i, Proposition 2.6.2(a)] and Proposition and Definition E=2. O

We now transpose the uppercontinuity of Clarke’s Jacobians to the context of locally Lispchitz functions between
manifolds.

Proposition B.9. Let f: X = Y be locally Lipschitz at xg. Then, lim,_,,, 0f(x) C Of(xo).
Proof. Let (¢,U) and (1, V) be two local charts respectively of X and Y at ¢ and f(zg), such that f = o fop™!
is well defined. Then, by Proposition and Definition B7, we have, for any x € U

8f(w) = {Dv!(fop(@)) o ho Dip(x) | h € Df((x)}

By applying [, Proposition 2.6.2] to f, we find that limg sz, 8f(go(m)) C 8f(x0), which ends the proof. O

The next proposition is actually a very important requirement for our analysis. It states that if we can find a
point for which the generalized differential of a locally Lipshcitz function in this point is of maximal rank, then we
can find a point closed to it in which the function is differentiable and the derivative is full rank.

Proposition B.10. Suppose that f: X =Y is locally Lipschitzian at xo € X, and that df(xo) is of mazimal rank,
i.e., all h € Of(xo) is of maximal rank. Then, there exists a neighborhood U of xg such that for all y € U, 0f(y)
is of maximal rank. Moreover, for all neighborhood V- C U of xq, there exists yo € V' such that f is differentiable
at yo and Df(yo) is of mazimal rank.

Proof. Let A = {h € L(T;:,X,Tt(z,)Y) | h is not of maximal rank}. Since the application rank is Ls.c., then A is a
closed set. By Proposition B8, df(x¢) is compact, and disjoint from A since it is assumed to be of maximal rank.
Thus d(0f(z0), A) > 0, where d is a metric induced by some norm on the affine space L(T;,X,T(z,)Y) of finite
dimension. Moreover, there exits h* € df(xg) such that for all h € df (z¢) we have

By [, Proposition 2.6.2(c)], there exists a neighborhood U of xq such that for ally € U, d(0f(y), A) = d(h*, A)/2 >
0, thus df(y) is of maximal rank. The second part follows from Corollary B3. O

Next, we state a chain rule for the generalized Jacobian on manifolds.

Proposition B.11 (Chain rule). Let X, Y and Z be three manifolds. If f: X — Y s locally Lipschitz at xo € X,
and if g: Y — Z is differentiable at f(xq), then we have

9(g o f)(xo) = {Dg(f(xo))h | h € f(x0)}-
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Proof. Let (p,U), (1,V) and (v, W) be local charts respectively of X, Y and Z around o, f(xo) and g o f(zo).
Define f = 1o fop~t: o(U) — (v) and g = vogotp=t: (V) — v(W). Then, by Proposition and Definition B2,
we obtain

dgo f)(wo) = {Dv~ (g f(x0)) o H o Dp(o) | H € (g0 f)(p(o)) } -

Now we apply the chain rule from [0, Corollary of Theorem 2.6.6]. Since g is differentiable at f (p(z0)) and fis
locally Lipschitz at ¢(z¢), we have then

050 ) (p(w0)) = {Da(F(p(wo))) o H | H € 9f (p(w0)) }

Then,
3g o f)(w0) = {Dv""(g 0 f(x0)) 0 D3 f(sp(x0))) o H o Dip(wo) | H € 8f (p(x0)) }
= {Dg(#(@0)) o DY (f(x0)) 0 H o Dp(wo) | H € 0 (p(w0)) }
={Dy(f(x0)) o H | H € 0f(x0)},
the last line being obtained by applying Proposition and Definition B to f. O

Lastly, the next two theorems are extensions of the inverse function theorem and of the implicit function theorem
to our context.

Theorem B.12 (Inverse function theorem). Let X and Y be two manifolds of dimension n. Let f: X =Y be locally
Lipschitzian at o € X. Suppose that Of (xo) is of mazimal rank, i.e., for all h € df(xg), we have rankh = n.
Then, there exist a neighborhood of xo in X, a neighborhood V' of f(x¢) in Y and a Lipschitzian function g: V — U
such that

(i) g(f(w)) =u for allueU ;

(ii) f(g(v)) =wv forallveV.

Proof. Let (p,U) be a local chart of X around x¢ and (3, V) a local chart of Y around f(xg). Define then
f =10 fop . Since df(xo) is of maximal rank, by the chain rule, using Proposition and Definition 273, then
df(p(wo)) is of maximal rank. Then, up to taking U and V smaller, by the Inverse function theorem applied to f

as stated in [, Theorem 7.1.1], then there exists a Lipschitz function g: ¢(V)) — ¢(U) such that g(f(@)) = @ for
@ € p(U) and f(§(0)) = v for © € (V). Define then g = o=t ogot: U — V to get

g(f(w) =9 ogou(f(u) =9 og(flp(w)) = ¢ " op(u) =u
for all w € U, and ~
Flg)) = fop togoy(v) =¢~ o f(g((v)) =4~  op(v) = v
for allv e V. O

Theorem B.13 (Implicit function theorem). Let X, Y and Z be manifolds of dimensions respectively m, k and
k. Let f: X xY — Z be locally Lipschitzian at (xo,y0) € X X Y. Moreover, assume that the partial generalized
differential 0y f(xo,yo) s of mazimal rank. Then there exists a neighborhood U of o and a Lipschitz function
g: U =Y such that g(xo) = yo, and for all x € U,

f(z,9(x)) = f(x0,y0)- (B.3)

Proof. Define F(z,y) = (x, f(x,y)) a function XxY — Xx Z, which is locally Lipschitz at (z¢, yo). Define n = m+k
and note that the dimesions of X x Y and X x Z both equal n. Besides, since 9, f (o, yo) is of maximal rank, we find
that OF (xo,yo) is of maximal rank. Thus we can apply the inverse function theorem to F' and find neighborhoods
U, V, and W respectively of zg in X, yo in Y and f(zo,yo) in Z, as well as a Lipschitz function G: U xW — U x V
such that for all (z,2) € U x W we have
F(G(z,2)) = (z,2).
Note that then G(z,z) = (z,G(z,z)) for some G(x,z) € V, so that f(x,G(x,2)) = z. Therefore, define g(z) =
G(SC, f(x()vyo)) to get
f(:r,g(x)) = f(l'()?y())'
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C Additional proofs

Proposition C.1. Consider an objective function f: R® — R which is scaling-invariant w.r.t. x* = 0. Then, the
sequence {zx, X tren defined by (B20) is a time-homogeneous Markov chain which follows (BA), with functions F
and « defined by (28) and (E9) respectively.

Proof. Let i =1,...,A. Then, we have

f (zk + @Uli+1) =f (R(Ck)_1/2 X [mk + \/CT/CU12+1]) :

Since f is scaling-invariant, this implies that the permutation sy satisfies almost surely that
I (a4 VEOET D) << (e VRO,

Let k > 1, and observe that
-
Kip1 =3+ VX sz [Uiiﬁl( } [Uzif‘ﬁl( } VEr = R(Zx) ' g1 = R(Cr) ™ Crya-

Since R = det/?(-) is (positively) homogeneous R(Kj41) = R(C)) ' R(Cj11). Furthermore, we have that
2kt = (R(Cry1)) % X mipg

*R(Ck)l/zR(Ck+1)71/2R(Ck)71/2 X

n
my + Ck Zw,U;’;—T( )]
1=1

:R(Kk+1)_1/2 X

S
my + V2 g mekf:f 1 .
Moreover,

Sii1 = R(Cry1) *Cri1 = R(Kpy1) ' Kiya

All in all, we have
(21, Bir1) = F (21, Z0) s o (20 Z) 5 (U - URya))) s
ending the proof. O

Proof of Proposition @32 and Proposition 4. Let § = (2,£) € X, and UY,...,U* ~ N(0,I;) iid., and U =
(UL,...,U"). Then W = (0, U) satisfies a.s.

_ N P NI sV e
W g@:kn{f(w sU )< <f<z+ sU )}X(U U")

where G is the set of permutations of {1,...,A}.
Hence, by symmetry,

= M' > { (z+\/§U"(1))<-~-<f(z+\/§U"(“))}

[ ASISN

T 1 {5 (o4 VEUT ) < 1 (s 4 VEUT®) ) (070,07

k=p+1

Let n: W — R, be a smooth map with compact support. We obtain

BV = i 3 [ 1 (o4 V) <o < £ (2 VBtag) }

ﬁ 1 {f (z + \/iua(u)) <f (z + \/iuooc))}

k=p+1
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X 1 (Ua(1), . ,ua(u)) () .yt (uy)duy .. dusy,.

However, observe that, for each k =+ 1,..., A, we have
/IL {f (Z + \/EUU(M)) < f (Z + \/Eug(k)) } ’yd(ua(k))dua(k) =1- Qg (UU(H)) .
We deduce then the desired result. Note that Proposition B2 is obtained by taking 3 = I;. O

Proof of Proposition 1. First observe that (B33) is equivalent to (iii). Indeed, if (iii) holds, then for every y € X
there exists a sequence {y }ren with yi € Ai (y), and with a subsequence converging to z*. In that case, for every
T > 1, and for every neighborhood N of x*, there exist infinitely many indices k > T such that y;, € N. Thus,
every neighborhood N of z* intersects N1 Ugs1 A% (y), which proves that (B23) holds. Conversely, assume that

(B3) holds. Then, for every 7' > 1, there exists k > T such that 2* € A% (y). Then, consider yj, € AX (y) such that
distx (z*, yx) < 1/k. This proves (iii).

Now, suppose (iii) and let us prove (i). Let y € X. By (iii), we know that there exists a sequence {yx}r>o such
that y, € A% (y) and with a subsequence which converge to z*. However, A% (y) C A (y), therefore {yi}r>o is a
sequence with values in A, (y) admitting «* as an accumulation point, which proves (i).

Next, assume that (i) holds, and let us prove that this implies (ii). Let y € X. By (i), z* € Ay(y). In
other words, for any open U of X containing z*, we have U N A, (y) # (. Let U be such an open subset. Since
A4 (y) = UrenAE (y), then there exists k € N such that A% (y) intersects U. If k > 1, this proves (ii). Else, if k = 0,
we do the same reasonning with z = S; (wy) for some w; € (’)11/, which proves (ii).

Last, let us prove that (ii) implies (iii). Suppose (ii), let y € X, and let {k;};>1 be an increasing sequence of
N5 which satisfies that, for every ¢ > 1, there exists a k;-steps path from y to B(x*,1/t). Hence, let {yx}r>o0
be a sequence such that y, € A% (y) for every k > 0, and with yy, € B(z*,1/t). Then, the subsequence {yx, }+>0
converges to x*, proving (iii). O

Proof of Proposition -3. Let U be an open subset of X, x € X and k > 0. First let us assume that P*(x,U) > 0.
However, note that we have

PH(a,U) = / 1{S* (wr4) € UYph (wr )l (w1) .. dGw (),
Ok

x

which implies that there exists wi., € (9}; such that Sﬁ(wlzk) € U, hence wy.; is a k-steps path from z to U.
Conversely, assume that there exists wy. a k-steps path from z to U, i.e., that S’; (w1.x) € U. Since F is continuous,
then S¥ is continuous as well. Therefore there exists an open subset V' of W* such that for all v1., € V, S¥(v1.4).
Then we obtain

Pr(z,U) > / 1{S* (wy.1) € U}pk(wip)dlw(wr) . . . déw(wy) > 0,
oknv

since OF NV is open by intersection, and p¥ is Ls.c. O

Proof of Proposition 4. The statement (i) is a consequence of Proposition B0 (ii).

For (ii), let y € X, and for every integer s > 1, consider the open subset U; = B(z*,1/s) of X. Then, there
exists a nondecreasing sequence {T}s>1, such that for every k > T, there exists a k-steps path wfk € (9’; from
y to Us. For k € N, define y, = Sg(w’f:k), and observe that y, € Af(y). Moreover, we have y, € U, for
every k € {Ts,...,Tsy1 — 1}. Then, the sequence {yi}ren converges to x*. Conversely, suppose that for every

y € X, there exists a sequence {yj}ren converging to z* with y, € A% (y). Hence, for every k > 0 there exists
zr € A% (y) N B(yx,1/k). By definition of A% (y), there exists then wf,, € OF such that z = Sy (w}.,). Besides,
since yx tends to x*, then zj tends to x* as well. Let U be a neighborhood of z*, so that there exists T' € N with
2z € U when k > T. Then, for k > T, w’ka is a k-steps path from y to U. Thus z* is steadily attracting, proving
(ii).

For (iii), suppose that there exist x* a steadily attracting state and y* a globally attracting state. Let us
prove that y* is steadily attracting. Let U be a neighborhood of y* in X, and let z € X. Since y* is globally
attracting, there exist £k > 0 and a k-steps path wi., € (9’;* from z* to U, i.e. such that Sﬁ* (w1.x) € U. Since F
is continuous, then Sf* is continuous, and thus there exists a neighborhood V' of z* such that for every = € V', we
have S¥(wy.x) € V. Moreover, x + p¥(wy.;) is lower semicontinuous, so up to taking V' a smaller neighborhood of
x*, we can assume that wy.; € OF. Last, x* is steadily attracting, so there exists T' > 0 such that for every t > T,
there exists a t-steps path vy from z to V, i.e., St(vi¢) € V. Allin all, for every t > T, there exists a (¢ + k)-steps
path [v1.4, w1.k] from z to U, ending the proof. O
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Proof of Corollary E=4. The inclusion {S¥(w1.1,) | wi.x € OF} C A% (y) follows directly from the definition of A% (y)
and the continuity of F. Let z* € X and assume that (i) z* is steadily attracting. Then, by definition, for every
x € X and every neighborhood U of x*, there exists T' > 0 such that for every k > T there is a k-steps path from z
to U, hence (iii) holds.

Next, assume that (iii) for every x € X and every neighborhood U of z*, there exists T' > 0 such that for
every k > T we can find wy.;, € OF with Sf(wl;k) € U. Then, as in the previous proof, for every integer s > 1,
consider the open subset Us = B(z*,1/s) of X. Therefore there exists a nondecreasing sequence {Ts}s>1, such
that for every k > T,, there exists wy, € OF with S¥(wy.x) € Us. So we find a sequence {yj}ren such that
yr € {S¥(wyi.p) | wik € OFY) for k € N, and with y, € U, for k € {T,,...,Tsy1 — 1}, which proves (ii).

Last, observe that the implication ‘(ii) implies (i)’ follows directly from Proposition B (ii) and the inclusion
{S;Ipv(wlzk) | W1k S O’;} - Ai(y) D

Proof of Proposition f-g. First, we prove (i). Observe that E is nonempty. Indeed, z* is attainable, so there exist
a € N* and wy., € O with * = 5% (w1.,), and so z* = ng(wlza, ..., W1.q). Consider now a and b two elements
of E and let us prove that d := ged(a,b) € E. By definition, there exist T,,T, > 0, such that for every k > T,,
z* € A% (z*), and for every k > T, z* € A%(z*). Let T € N be larger than a/d, so that for every k > 0, the
Euclidean division of (T' 4 k)d by a provides us ¢, and r two integers such that (T' 4+ k)d = g,a + r. Besides, by
Bézout’s theorem, we find that r = ¢,b for some ¢, € N, hence (T + k)d = qua + gpb. However, by definition of T,
and Ty, we have z* € A$“+T"')a(ac*) and z* € A(f”JrT”)b(x*). All in all, z* € AiT+k)d+T“a+Tbb7 proving (i) since d
divides a and b.

To prove (ii), observe that if ged(E) = 1, then, by (i), we have 1 € E. Then, there exists T' € N such that for
all k > T, 2* € A¥(z*). Let y € X. Since x* is attainable, there exists ¢t € N such that z* € A’(y), so that for all
k>T+t, o* € A¥(y). Thus, 2* is steadily attracting.

For (iii), define d = ged(E), and let D; = U5 A" ! (%) for i € {0,...,d — 1}. First observe that the D; are
disjoint sets. Indeed, Ai (z*) intersects Ai_ (z*) for some integers i, j, then there exists y in their intersection. As z*

is attainable, there exists k > 0 such that z* € A% (y), hence z* € Al(k“)(a:*) and z* € Al(k“)(z*) for all » > 0.
This implies that d divides both k+4 and k+ j hence d divides i — j. This shows that the sets D;, i € {0,...,d—1},
are disjoint. Moreover, by construction, we have P(y, D‘*t!) =1 for all i € Z/dZ. Finally, observe that the union
of the D;, i € {0,...,d — 1}, is equal to A, (z*). Since P is p-irreducible, and P*(z*, A, (z*)) = 1 for all k € N,
then the support of ¢ is included in A4 (x*). All in all, we have that {D;}o<ica—1 is a d-cycle. O

Proof of Proposition f-14. First we prove (BIR). Let z* € supp v, and let U be a neighborhood of z*. Then,
¢(U) > 0, which implies that for every y € X, 37, P%(y,U) > 0. This is true for every neighborhood U of z*,
hence, by Proposition B2 and Proposition B, x* is globally attracting.

Conversely, let z* € X be a globally attracting state. Then, by Proposition £2 and Proposition B, for every
neighborhood U of z* and for every y € X, there exists k > 0 such that P*(y,U) > 0, hence ¢)(U) > 0. This implies
that * € supp . All in all, we obtain (EIR).

Now, let us prove (B19). Consider z* € X a globally attracting state, and let y* € supp ¢. By (EOR), y* is then
a globally attracting state. Therefore, by Proposition B, y* € A, (z*).

Conversely, let y* € A4 (z*) and let us prove that y* is globally attracting. Let U be a neighborhood of y*, so
that U intersects Ay (z*). This implies that there exist k > 1 and wy.;, € OF. such that S¥. (wy.x) € U. Since F
is continuous, then S¥(w;.;) € U for every = in a neighborhood V of z*. Besides, z + p¥(w.;) is Ls.c., so, up
to taking V smaller, we can assume that wy.,, € OF for every x € V. Furthermore, z* is globally attracting, so,
for every z € X, there exist t € N and vy,; € O! such that S!(vy.;) € V, hence such that [vi.4,wy.,] € OFF and
SR (v1.4,w1.1), proving that y* is globally attracting. This ends the proof, using (EIS). O
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