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Abstract

We analyze a stochastic process resulting from the normalization of states in the zeroth-order optimization
method CMA-ES. On a specific class of minimization problems where the objective function is scaling-invariant,
this process defines a time-homogeneous Markov chain whose convergence at a geometric rate can imply the
linear convergence of CMA-ES. However, the analysis of the intricate updates for this process constitute a great
mathematical challenge. We establish that this Markov chain is an irreducible and aperiodic T-chain. These
contributions represent a first major step for the convergence analysis towards a stationary distribution. We rely
for this analysis on conditions for the irreducibility of nonsmooth state-space models on manifolds. To obtain
our results, we extend these conditions to address the irreducibility in different hyperparameter settings that
define different Markov chains, and to include nonsmooth state spaces.
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1 Introduction

The convergence of stochastic processes is at the core of many algorithms in various domains. Well-known examples
include Markov chain Monte-Carlo (MCMC) algorithms [11] like the Metropolis-Hastings algorithm [33, 28] that
aim to sample a target distribution 7 by generating a Markov chain with stationary probability measure 7. Fast
convergence of the Markov chain towards m is one important property for the underlying algorithms. It can
be described qualitatively as the geometric ergodicity of the Markov chain, i.e., convergence at a geometric rate
towards 7, a question that has been widely studied [17, 38]. We focus here on an application of stochastic processes
to the domain of numerical stochastic optimization which is closely connected to MCMC. We analyze indeed
a Markov chain underlying the so-called covariance matrix adaptation evolution strategy (CMA-ES) [26, 23], a
widely used stochastic derivative-free optimization algorithm [39, 14, 9, 16, 2, 32, 41, 1]' that can tackle difficult
optimization problems which are notably nonconvex, multimodal and ill-conditioned. The algorithm minimizes a
function f : R™ — R by sampling Gaussian vectors whose mean and covariance matrix are adapted iteratively.
The adaptation of the parameters of the Gaussian distribution has been carefully designed, combining several
independent principles [25, 26, 24, 37]. Ample empirical evidence shows that the algorithm converges geometrically
fast [26, 24, 22, 20]—in optimization referred to as linear convergence—towards the optimum on large classes
of functions and the covariance matrix learns the inverse Hessian [21] up to a scalar factor on strictly convex
quadratic problems. Yet, establishing a convergence proof of CMA-ES that reflects its working principle (i.e.,
without modifying the algorithm to enforce convergence) is still an open and difficult theoretical question.

In this context, we extend a methodology that was already successful to analyze stepsize adaptive algorithms [5,

, 10, 8, 42] to prove the convergence of CMA-ES by exploiting its mechanisms and reflecting its working principle,
including the learning of second-order information. The methodology is based on the definition of a normalized
Markov chain that models the algorithm when minimizing a scaling-invariant function, a function class that includes
non quasi-convex functions [43]. As we will explain, if this Markov chain is stable—in the sense that it converges to
a stationary distribution geometrically fast and satisfies a Law of Large Numbers—then the linear convergence of
the algorithm follows. With more work, the learning of the inverse Hessian on strictly convex-quadratic functions
should follow as well. In order to obtain such stability properties, the irreducibility of the process (the definitions
will be recalled in the paper) is a necessary condition. On top of establishing the irreducibility of this Markov chain,
we prove that it is an aperiodic T-chain, paving the way to a convergence analysis by means of a geometric drift
condition.

Because of the intricacy of the algorithm, the irreducibility cannot be easily established by simply investigating
the transition kernel of the Markov chain. Instead, we rely on recent results connecting the irreducibility of a
Markov chain defined on a smooth manifold to the stability of an underlying control model. More precisely, we
view the Markov chain as a nonlinear state-space model

Gr+1 = F(¢r, (b, Up11)) (1.1)

where {Uii1}ten is an independent and identically distributed (i.i.d.) process valued in a measured space U,
F: X xV — X is a locally Lipschitz update function between smooth manifolds X,V and a: X x U — V is a
measurable, possibly discontinuous function. When F' is nonsmooth, we call (1.1) a nonsmooth state-space model.
The connections that we rely on between the irreducibility, aperiodicity and T-chain property of the Markov chain
and an underlying deterministic control model have been recently established [19], relaxing the assumptions in
previous work [12] that the state space of the chain is an open subset of an Euclidean space and F' is continuously
differentiable. This latter work was already a generalization of the case where a(¢t, Ury1) = Ust1 and F is smooth,
i.e., infinitely differentiable [34].

While part of the methodology we follow relies on the results presented in [19], we introduce here two other
generic and central techniques for the analysis.

Like in many practically used algorithms (in contrast to toy algorithms), different update mechanisms can be
turned on and off in CMA-ES by some specific hyperparameter settings (like learning rates) resulting in different
algorithm variants with varying number of state variables. Our aim is to analyze all algorithm variants without
repeating the similar mathematical analysis for each of them. Hence, in order to have a single proof, we introduce
the notions of projected and redundant Markov chains. Specifically, we consider a Markov chain {(¢¢, &)} ren valued
in the manifold X x Y with

(Br41,&11) = F((¢1, &), (¢, &), Ueta)) (1.2)
where {¢;}ren obeys (1.1), and F: X x Y xV = X x Y and @: X x Y x U — X x Y satisfy the same assumptions as

1 As of March 2024, two Python implementations of CMA-ES received together more than 60 millions downloads.



F and «, respectively. We suppose then that

lIx o F ((¢,€),a((¢,€),u)) = F(¢, () (1.3)
for every (¢,&,u) € X x Y x U, where IIx: X x Y — X is the canonical projection of X x Y on X. The Markov chain
{(bt, &) }een is said to be redundant, whereas {¢; }+en is said to be projected. We derive similar tools as in [19] to

analyze the projected Markov chain {¢;}1en by investigating the redundant control model (1.2).

Contributions Overall the contributions of this paper are twofold.

On the one hand, we provide two generic tools to analyze the irreducibility, aperiodicity and topological prop-
erties of complex nonsmooth state-space models. First, we extend the methodology to investigate Markov chains
following (1.1) with locally Lipschitz updates on smooth manifolds in order to be able to deduce irreducibility,
aperiodicity and T-chain property from a redundant chain to a projected chain. Second, we show how to transfer
the analysis of nonsmooth state-space models following (1.1) from smooth manifolds to nonsmooth manifolds, as
long as they can be continuously transformed into smooth manifolds.

On the other hand, using the developed tools, we establish the irreducibility, aperiodicity, and T-chain property
of a Markov chain defined by the normalization of states of CMA-ES when minimizing a scaling-invariant function.
Our results include most of the relevant hyperparameter settings, some of them described by separate Markov
chains. The proven properties constitute an essential step for a proof of linear convergence of CMA-ES.

Organization In Section 2, we present the update equations behind CMA-ES and define a class of normalized
Markov chains associated to the algorithm when minimizing scaling-invariant functions. In Section 3, we state our
first main result that these Markov chains are irreducible, aperiodic T-chains. In Section 4, we state and prove
results on the irreducibility, aperiodicity and topological properties of nonlinear state-space models. In Section 5,
we apply the results exposed in Section 4 to the normalized Markov chain defined earlier ant prove the main result
of Section 3. For the sake of readability, some proofs are delayed and presented in Appendix A and Appendix B.

Notations Throughout this paper, we use the following notations: N, N* R, R, R, for the sets of nonnegative
integers, positive integers, real numbers, nonnegative real numbers, and positive real numbers, respectively. Unless
stated otherwise, for n € N* and any vector x € R", ||z|| denotes the Euclidean norm of z. The set of real
symmetric matrices of size d x d is denoted S?, and its subsets of positive semi-definite matrices and of positive
definite matrices are denoted Si and Si 4, respectively. Given a positive integer n, &,, represents the set of
permutations of {1,...,n}, and its cardinality is denoted n!. The differential application of a function F' at a point
x is denoted DF(z), and the Clarke derivative of F' at = is denoted OF(x). We use the notations Argmin f and
Argmax f for the sets of global minima and global maxima of f, respectively. When unique global minimum and
maximum exist, we denote them as argmin f and argmax f, respectively. For any sequence {vj}ren+ and any
k € N*, we set v1.x = (v1,...,vk). For a topological space X, we denote B(X) the Borel o-field of X, which makes X
a measured space. If p is a measure on B(X) and v is a measure on B(Y), we denote p ® v the product measure of
p and v, which is a measure on B(X x Y). Likewise, for k& € N*, we denote u®* the measure product of y by itself
k times, as a measure on B(X¥).

2 Definition of Markov chains arising from a normalization of CMA-
ES

We present in this section the CMA-ES algorithm and define normalized Markov chains—candidates to be stable—
associated to the algorithm. We explain the connection between the stability of these Markov chains and the
convergence of the algorithm, motivating thus why the irreducibility, aperiodicity and topological properties of the
Markov chains that we study in the paper are an important part for obtaining a convergence proof of CMA-ES.

2.1 Presentation of CMA-ES

The covariance matrix adaptation evolution strategy (CMA-ES) is an iterative algorithm which aims to approximate
a problem solution
z* € Argmin f(z) (P)
z€RC



where d € N* is the dimension of the problem, and f: R¢ — R is the objective function. A vector z* € R?,
solution to (P), is called a global minimum of f. The CMA-ES attempts to approach z* by successively sampling,
for iterations ¢t € N, new candidate solutions from a multivariate normal probability distribution N (my,o?C;).
The vector m; € R? is the current mean of the distribution and we specifically desire that f(m;) converges to the
essential infimum of f. The positive real number o; > 0 is the current stepsize, and the symmetric positive definite
matrix C; € Sff . is referred to as the current covariance matrix. For our analysis, we generalize the assumption
that the distribution of the candidate solutions is multivariate normal.

The parameters of the sampling distribution are updated using two cumulation paths p7, p§ € R?, which imple-
ment a weighted moving average of the steps followed by the mean.

More precisely, the algorithm works as follows. At iteration ¢t € N, given m; € R?% o, > 0, C; € Si 4, and
p?,pf € R% we generate independent identically distributed (i.i.d.) samples UtlJr17 ceey UtA+1 following a sampling
distribution 1/5 in R? and independently of (my, ot, Ct, p?,p$). Usually, the distribution Vg is the standard normal
distribution in R?. However, throughout the paper we will refer to CMA-ES as the algorithm presented in this
section with a general and abstract sampling distribution V{j. We compute then A candidate solutions

zi i =my+ o /Gy fori=1,... ), (2.1)

and rank them with respect to their f-values. Formally, we define a permutation s;4; € &) satisfying
f (Ifrll(l)) << f (xfrll(A)) ) (2.2)

When f (x,@rl) =f (ZC{_H), we impose for uniqueness St_+11 (1) < 8;_11 (j) if i < j. We say that we have neutral
selection when, instead of (2.2), the permutation s;;1 is independent of the samples U/, for all ¢ € N. This is
the case, for example, when the permutation is fixed for all ¢, or when f(z! +1) is independent of its argument or
independent of U}, ;.
The mean is moved towards the best solutions, and is updated by applying the function F" defined as
F™:(mv) €RIxRY = m+cpv , (2.3)

Cm,

given a fixed learning rate ¢,,, > 0 (by default ¢,, = 1). Precisely, the mean obeys
M1 = cl?n (mt, o/ C Z metSj_Jil(z ) me + cmot\/ Z me:_;_+11 , (24)

where wi" > -+ > w;" > 0 are weights such that Y w™ =1, and v/C; is the symmetric positive definite square
root of C;.
We introduce the function to update the paths p¢, p§ € RY. Given a decay factor ¢ € (0, 1], FP is defined as

FP: (p,v) € R x R? = (1 —c)p+ /c(2 — ¢) ptegrv (2.5)

where pior = 1/||wp||?, with w,, = (wi", ... ,wl’f)—r. The closer the decay factor c is to zero, the more the updated
path depends on the previous path due to the term (1 — ¢)p. Conversely, when ¢ = 1, the updated path is collinear
to and only depends on v. We set two decay factors, ¢y, c. € (0,1], and use (2.5) to update two cumulation paths,
one for updating the stepsize and the other for the rank-one update of the covariance matrix (see below). We

update
Pl =1 —co)pf +Veo(2—¢o) MeﬂzmetSﬁl(l = <pt vzmetSﬁl(l ) ) (2.6)
and

Piy1 = P 4V ce(2 — o) ppei v/ C Zmeffll =F} <pt, vC Zmeffll(l ) . (2.7)

The second argument in the RHS of (2.7) is the same as in (2.4) disregarding stepsize 0. Eq. (2.6) additionally drops
V/C;. Consequently, when p§ and U/, are standard Gaussian, then, under neutral selection, pf,; is a standard
Gaussian vector too and, in particular, the length of pf,; does not depend on its direction. The path pf,; from
(2.7) maintains under neutral selection the covariance matrix C; when p§ has covariance matrix C;. The path is
commensurable with updating C; and its expected length can strongly depend on its direction.



The stepsize is updated using the path pf, ;. Considering an abstract measurable function I': R? — R, that
we call stepsize change, the update reads

Oty+1 = 0 X T (p?-i—l) . (28)
A standard stepsize change used in CMA-ES is the cumulative stepsize adaptation (CSA) where I' equals

Tisa(p) = exp (2—2 <EHZ;![1|]| - 1>) ; (2.9)

where E||vg || .= E||¢| for a random variable ¢ distributed under v&. When v is the standard normal distribution,
(2.9) increases the stepsize when ||p7 | is larger than to be expected under neutral selection (assuming that p§ ~ vg)
and decreases the stepsize when ||p7 || is smaller. When consecutive steps are taken in a similar direction, the expected
path is long while the same progress could be made in fewer iterations with larger steps. When consecutive steps
are negatively correlated, the expected path is short and a smaller stepsize is advisable. A smooth alternative to
(2.9) implementing the same idea is [4]

P2aa(p) = exp (2o (PP (2.10)
2d,, E||V5H2

These two stepsize changes rely on the choice of damping parameter d, > 0, which is chosen &~ 1 4 2/ pes/d in the
first case and ~ 1 + 2pe/d in the second case. Empirically, I'tg, and I'4g, show similar performance when used
with CMA-ES [158]. While the function I'lg, is the default stepsize change, previous theoretical works on ES also
have investigated T'3g, [4, 12].

Last, we introduce the update function for the covariance matrix, which depends on the choice of learning rates
c1,¢, = 0 such that ¢; + ¢, € [0,1]:

FC 84 xRIx S84 — 8¢,

e1ci - (2.11)
(C,p,M) = (1—ci—c,)C+cpp' +c,M

and the covariance matrix is updated via

i . 1T
Cir = (1 =1 = e)Co+ apfalpfia] T +en/CoY_wi [U75 Y] [ @] VL

=1
® ) 1T
S <ct,ps+1,¢c—tzws vz ] o) ﬁ) e
=1

where we define weights w{ > --- > wy, > 0 such that Si w§ = 1. Moreover, we assume throughout the paper that
0 < ¢1 + ¢, < 1. This assumption will be essential in the proofs of Lemma 5.6, Corollary 5.1 and Proposition 5.7.
The setting ¢, 4+ ¢, = 1 is however used in practice when p is large and we believe that with further work our results
could be proven for this case as well.

The term cipp ! is called the rank-one update, whereas the term cuM is the rank-mu update since in (2.12) we
replace M by a matrix of rank min(u, d) almost surely which satisfies a maximum likelihood condition for the best
samples of the last iteration [22, Proposition 7]. In practice, also negative weights are used for the rank-mu update
of the covariance matrix [30, 27]. However, since the updated covariance matrix must be positive definite, the norm
of the vectors corresponding to negative weights must be controlled. We do not consider negative weights in the
present paper.

2.2 Assumptions

Our analysis of CMA-ES relies on analyzing the stability of normalized Markov chains underlying the algorithm. The
construction of these Markov chains assumes that the objective function is scaling-invariant. A function f: R4 — R
is said to be scaling-invariant with respect to x* € R? when for all 2,y € R? and p > 0:

flx+2") < fly+2*) & flpr+2%) < flpy +27) . (2.13)

The class of scaling-invariant functions has been of interest for the convergence analysis of different variants of
ES [8, 42], and is related to the class of positively homogeneous functions [13]. We make an additional technical
assumption on the level sets of the objective function to avoid ties in (2.2), which will be useful to define lower
semi-continuous density functions in Lemma 5.2. Overall, we will use the following assumptions:



F1. The objective function f: R* — R is a strictly increasing transformation of a continuous function with Lebesgue
negligible level sets.

F2. The objective function f: R? = R is scaling-invariant with respect to a point z* € R,

Instead of assuming F1, we can suppose without loss of generality that the function f is continuous with
Lebesgue negligible level sets since CMA-ES is invariant to increasing transformations of the objective function [6].
Assumption F2 is central in this analysis since it is required to define an equivalent, normalized Markov chain via
(2.14) below.

In order to go beyond scaling-invariant functions, it might be possible to adopt another approach, considering for
instance recent works on the convergence of evolution strategies that prove a drift condition on the state variables
of the algorithm and hence the convergence on composites of strongly convex functions with strictly increasing
functions (for however so far the (1+1)-ES selection scheme only) [3, 30].

Furthermore, the sampling distribution Vg should satisfy the following assumption that allows in particular to
characterize a density for the ranked candidate solutions, see Lemma 5.2.

N1. The probability distribution v admits a continuous density pf;(-) with respect to the Lebesgue measure on R?
which is positive everywhere on R®.

This assumption is satisfied by a multivariate standard normal distribution as used in CMA-ES. We have
moreover the following assumptions on the stepsize change T'.

T'1. The stepsize change T': R? — R, is a locally Lipschitz map and is differentiable at every nonzero vector of
R,

I'2. Given c. the cumulation parameter for the path in (2.6), the function I' satisfies liminf T'(p) > (1 —¢.)~t for
llpll to +oo.

I'3. The function I' satisfies I'(0) < 1.

Assumption I'l is required to apply the results stated in Section 4.1 and in particular to ensure that the analyzed
process satisfies the condition H2 in Section 4.1 to obtain the irreducibility and aperiodicity of the Markov chain
defined in (2.14). Assumptions I'2 and I'3 are used in Propositions 5.5 and 5.7, respectively.

Assumptions I'l-T'3 are satisfied by both stepsize changes, 1"(1jS A and I‘QCS A, as stated in the following lemma.

Lemma 2.1. Assume that ¢, € (0,1]. Then, the stepsize change functions I'tg, and T'%q,, defined by (2.9) and
(2.10) respectively, satisfy the assumptions I'1-T'3.

Proof. The proof is simple and left to the reader. O

2.3 Proving the stability of a normalized Markov chain leads to linear convergence

Before stating our main results, we define a normalized Markov chain underlying the CMA-ES algorithm. Let
(Q,F,P) be a probability space. An event is an element W € F, and the probability of W is P[W]. A random
variable U valued in a measured space (U,U) is defined as a measurable function U: Q — U, and for A € U, we
identify P[U € A] to P{w € | U(w) € A}]. A transition kernel on a topological state space X equipped with its
Borelian o-field B(X) is an application P: X x B(X) — R, such that, for every z € X, A € B(X) — P(x,A) is a
probability measure, and for every A € B(X), z € X — P(z,A) is a measurable map. Then, a (time-homogeneous)
Markov chain with transition kernel P on (X, B(X)) and initial probability distribution v on B(X) is a sequence of
random variables ® = {¢; }1en valued in X, satisfying for every t € N

P[(d)oa"'ad)t)EAOX"'xAt|¢ONV]

= / 1 {(.Io, R ,Cthl) €Agx---X Atfl} P(Itfl,At)P(It,Q, dItfl) Ce P(.Io,dxl)V(ddfo)
Xt+1

where for every probability measure v on B(X), we have equipped ({2, F) with a probability measure P[-|¢g ~ v].
We define the ¢-step transition kernel by P'(z,A) = P[¢; € Algo ~ 65| for every t > 0 and A € B(X).

The sequence {(my, p7, p§, o1, Ct) }en introduced in Section 2.1 defines a time-homogeneous Markov chain on the
state space R3 xR ><Sff_+. This is immediate from the observation that the definition of (m¢41,p7, 1, pf 1, 0t41, Cis1)
depends only on the previous state (my, p¢, p§, oy, C¢) and the independent random input U} S TI U{\+1- However,



when the mean converges to the optimum of the function, the stepsize o, the covariance matrix C; and the path
p$ converge to 0. Therefore, this Markov chain is not Harris recurrent (it does not revisit every neighborhood of
any state infinitely many times). Yet, as illustrated later in (2.18) and Proposition 2.3, our methodology to prove
linear convergence [8] relies on a Law of Large Numbers which motivates to have a positive Harris recurrent Markov
chain (with a stationary probability distribution) and, more generally, a chain stable enough to apply an ergodic
theorem [35, Theorems 13.0.1] and satisfy a Law of Large Numbers [35, Theorem 17.0.1]. Therefore, we define
a normalized process, candidate to have a stationary distribution, underlying the CMA-ES algorithm. Consider
R: S_‘i 4+ — Ry a normalization function which is

R1. (positively) homogeneous with degree 1, i.e., for every A € 8¢, and p > 0, R(pA) = pR(A),
R2. locally Lipschitz continuous,
R3. differentiable on a nonempty open subset of SLF.

Assumption R1 is required to define a normalized Markov chain, see (2.14) below, as proven in Proposition 2.2.
Assumption R2 is used to prove irreducibility and aperiodicity of the normalized chain, notably for the verification
of condition H2 introduced in Section 4.1. Later, Proposition 5.7 uses R3 to prove a maximal rank condition.

We give examples of normalization functions that satisfy these assumptions.

Proposition 2.1. The d-th root of the determinant, det(-)'/?, and the i-th largest eigenvalue, N(-), for i €
{1,...,d} counted with multiplicity, are functions defined on SELF that satisfy R1-R3.

Proof. The proof of the property R1 is immediate from the linearity of the determinant as a function of the columns
of the matrix and the definition of an eigenvalue. For the properties R2 and R3, we know that the determinant of a
matrix is a polynomial function of the coefficients of the matrix [29, Section 0.3], hence it is infinitely differentiable
and in particular is locally Lipschitz [13, Proposition and Corollary 2.2.1]. For the eigenvalues, A;(:) is locally
Lipschitz on Si +» as a consequence of Weyl’s theorem [29, Corollary 4.3.15]. Besides, A;(+) is infinitely differentiable
on a neighborhood of any symmetric matrix with eigenvalues that have simple multiplicity [40, Theorem 5.3]. O

Given the CMA-ES Markov chain {(my, pJ, p$, or, C¢) hren defined in Section 2.1 and a normalization function
R, we define the normalized chain ® = {(zt,pt, qt, Xt,7¢) }+>1 as follows.? For all t > 1, we set

_ _my—z” — O — Py _ _GC _ _R(Cy)
= Rk Pt =D¢, @t = I 3= G "t = RC (2.14)

We prove below that when the objective function is scaling-invariant, the normalized chain defined by (2.14) is a
time-homogeneous Markov chain that can be defined independently of the original Markov chain {(ms, pJ, p$, o1, Ct) Hen.
We establish first that on scaling-invariant functions, the permutation sorting the candidate solutions m+o/C;U;} 1
also sorts the vectors z; + \/E_tUti+17 fori=1,...,\

Lemma 2.2. Let t > 1 and suppose that the objective function f satisfies F2. Let s;11 € Sy be a (random)
permutation that sorts the indices i = 1,..., X\ with respect to the f-values of m; + oy \/C_tUg+1. Then, syy+1 also
sorts the indices i = 1,..., X with respect to the f-values of z* + z + \/E_tUtiJrl. Moreover, we can ensure the
uniqueness of siy1 by imposing a tie-break (cf. Section 2.1).

Proof. Let ¢t =1,...,A. By definition of z; and 3;, we obtain
f (ZE* + 2¢ + EtUti_H) = f (.I* + R(Ct)71/20't_1 X |m¢ — z* + o/ CtUZ+1:|) .

We conclude by using the definition of a scaling-invariant function (2.13). O

From the previous lemma, we deduce in Proposition 2.2 below that the normalized chain defined in (2.14) is a
time-homogeneous Markov chain that can be defined independently of the original Markov chain. Indeed, given R
satisfying R1, denote with a slight abuse of notation (since we use the same notation as for (2.14) with however

2The definition of g¢ in (2.14) suggests transforming p§ in (2.7) like Ci/zc;l{ng to avoid the time index t —1 in (2.14). Then, pf, |

would become equal to C;/th"Jrl. We can prove unbiasedness for p? [22] and affine invariance with p© and ¢, =1 [6].



a different time index) the time-homogeneous Markov chain ® = {¢:}i>0 = {(21, D1, @1, e, 1) }e>0 defined via
do €Y =R x R71({1}) x R4 (where R71({1}) = {Z € 8¢, : R(X) = 1}) and the following recursion

2t + Cm /2 W, Utsjjll - Ll CRVA SA A Uffll)
Vi D) T D(pe)
Pi+1 = 1 — Co pt + v Ccr - CU /LCHWT Ut:il = FCP; (ptv TUtSthll)

qey1 = FP (ry 0\ B W Utsfll
N1 T
i1 = Tt+1 cl’c”(zt,qﬂrl, V> Zw [ tSJtr+11(z } [Utsfil(ﬁ} ,/Zt>

Zt41
(2.15)

N7 T
Tt+1 _ R ° FCl cu<2t’ Qt+17 1/ Zw |: :_;_+11(1 j| |:Utsjji1(7z):| \/E)

with U = {Uy41}ten an ii.d. process independent of ¢g with Uy = (UL,...,U}) ~ (v%)®*, and s;41 the (almost
surely unique) permutation that sorts the f(z 4+ 3 U}, ), i =1,...,A. Moreover, U;{}{' denotes the collection of

vectors (Uffll(l), ey Uffll(’\)). Remark that in (2.15), the update of the covariance matrix X;1; writes
Bt
B = ——at
R(3¢41)

where 2t+1 is the covariance matrix to which we apply the rank-one and rank-mu updates, i.e.,
. 1T
Sun = 15 (B VB3 o o] v

7T
(1 —C1 — C#)zt =+ Cth+1 qt+1 —|— C#\/ Zw |: tsj»+11 Z):| [U:iﬁl(l)] A/ zt s (216)

where ngcu is defined via (2.11). Similarly 7., can be expressed using 3, as

T = R(Zi41)
The update of ¢; in (2.15) defines a function Fg such that

Gr41 = Fol(or, ULT) - (2.17)

We prove in the next proposition that if f is scaling-invariant, the normalized chain defined in (2.14) can be defined
independently of the original CMA-ES chain via the recursion (2.17) provided it is initialized properly. While the
normalized process (2.14) imposes ¢ > 1, the next proposition defines this process via the recursion (2.15) and thus
allows to start with any time index.

Proposition 2.2. Suppose that the objective function f satisfies F2 and that the normalization function R satisfies
R1. Let {(ms,p?,ps, Ci,01)}een be the chain associated to CMA-ES defined in Section 2.1 and ® = {¢t}t>1 =
{(2t,pt, a1, B¢, 7¢) }1>1 be the normalized process defined via (2.14) for t > 1. Then ® is a time-homogeneous
Markov chain valued in the state space Y = (R)3 x R71({1}) x R,y that satisfies

41 = my . P C, R(C)
"\ o /RC) Y /R(Cy) R(C1) R(Co)

and for t = 1 we have
bri1 = Fo(o, USLT)

where Fg is the function in (2.17) defined via the equations (2.15), s;y1 € &y is a permutation that sorts® the
f@*+2+VEU), i=1,...,) and U = {Upy1}4>1 is the i.i.d. process used to define {(my¢,p7,ps, Ci,01) ben,
thus independent of ¢1.

3We always sort increasing and, as explained in Section 2.1, in case of a tie between the f-values of the candidate solutions of indices
i and j with 4 < j, we impose st;ll (%) < s;rll (j) to ensure the uniqueness of the permutation s¢41.



Proof. By Lemma 2.2, it is sufficient to show that (2.15) holds for every ¢ > 1 in order to prove that ® is a time-
homogeneous Markov chain. Let ¢ > 1, and consider the matrix X, defined in (2.16). Since F, gﬁcu is homogeneous
with respect to its first variable, positively homogeneous of degree 2 with respect to the second variable, using (2.14)
and the definition of Cy4q in (2.12) we find

i1 = R(C)'Chys -

By the property R1 applied to the previous equation we obtain R(St+1) = R(Cy)"*R(C441) = 7421. Furthermore,
the following holds

Zta1 :R(CtJrl)il/QO';rll X (mt+1 — .I*)
_rtJrll/2R(Ct)*1/20[1F(pf+1)*1 X lmt — " + cpmo/C ZmetSfjll(l ]

(Ztv \/ WT UtSJtrJil)
VTiril (pes1)

2 + cm\/_z wir U @

—1/2 _
:Tt+1/ L(pet1) ' x

where I is defined via (2.3). Moreover,
2111 = R(Cey1) 'Cira

.
(1—c1—cu)Cr + c1(pfy1)(Pisr) —i—cHZw (w/ Utjr+11( )(,/ Utfﬁf( )

= R(C41) "

| S|

_ 1
—Tt+1><

(1—c1—cu)Ze + c1(ge1)(get1) T C#Z’LU (\/ Utsﬁl(l ) (\/ Utsjr+11 Z)) ]

= r;_lchl cu (Etuqt-‘rlu \/ Zw [ :_;_+11 l)} [Uts.ril(l)} 1/2t>

Finally,
g1 = R(Ce)” 1/2p§+1
= R(Ct)71/2(1 - Cc)pg + \% ﬂeffcc(2 - CC)R(Ct)il/QCz/Q Z mU:—;-+11(Z)
i=1
1/2 (1 —ce)ge + \/ prefice(2 — ¢0) 21/22 ’"Ufjjll( - F Vs> WTUtS:il ,
i=1
where F? is defined via (2.5). O

Now that we formally prove that the normalized chain defined in (2.14) is a time-homogeneous Markov chain
when the algorithm optimizes a scaling-invariant function, we recapitulate how its stability is connected to the
linear convergence of CMA-ES on scaling-invariant functions. For 7" € N, using the definition of the normalized
Markov chain in (2.14) and the definition of the stepsize change (2.8) we obtain

T

I
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1 -z 1
1 lme =]
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If the Law of Large Numbers applies to the RHS of (2.18), we obtain a limit of the LHS when T' goes to infinity.

If this limit is proven to be strictly negative, we have shown linear convergence of the underlying optimization
algorithm. In order to apply limit theorems [35, Theorem 17.0.1] and obtain a Law of Large Numbers, we require
the chain ® to be geometrically ergodic. Key assumptions for ergodicity are irreducibility and aperiodicity of
the Markov chain whose notions will be formally introduced in Section 3. We thus connected the stability of
the normalized chain to the convergence of the underlying optimization algorithm. More formally the following
proposition holds.

Proposition 2.3. Consider the CMA-ES algorithm defined in Section 2.1 optimizing a function f satisfying F2.
Assume that the process ®, obeying (2.15) with state space Y = (R?)3 x R™1({1}) x Ry ¢ (where R~'({1}) = {Z €
Si 4 R(X) =1}), is an irreducible, aperiodic and positive Harris-recurrent Markov chain with (unique) invariant
probability measure w. Assume moreover that the functions

(2,9,4,3,7) € Y = log | z]|, log I'(p), log (2.19)
are w-integrable. Then the CMA-ES algorithm behaves globally asymptotically linearly almost surely:

1 —x* —x* 1
lim —logM = lim E [log M} = / (logf‘(p) + 510gr> dr . (2.20)

T—oo T |lmo — x*||  t—oo [lme — x|
Proof. The almost sure limit of the LHS in (2.20) follows directly from (2.18), LLN for ergodic chains [35, Theorem
17.0.1]. The limit of the expectation in (2.20) follows from the ergodic theorem [35, Theorem 14.0.1], since

[meq1 — 2|

1
log —————— = log ||z¢41]| — log ||z¢|| + log '(pt+1) + 5 logres1 -
[me — x| 2

O

The previous proposition illustrates that proving irreducibility and aperiodicity of the chain ® is a stepping
stone to establish linear convergence of CMA-ES. Proving these properties will occupy Section 5. Later, we intend
to prove the geometric ergodicity by means of Foster-Lyapunov drift conditions [35, Theorem 15.0.1] that depend
on small sets (as given in Theorem 3.1). Characterizing small sets is facilitated by the topological T-chain property
as formalized in the next section.

3 Main Results I: Irreducibility, aperiodicity, and T-chain property of
normalized Markov chains underlying the CMA-ES algorithm

We present in this section one of the two main results of this paper stating the irreducibility, aperiodicity and T-chain
property of the normalized chains underlying the CMA-ES algorithm defined in (2.14). We start by introducing the
definitions of irreducibility, aperiodicity and T-kernel. Let P be a transition kernel on a state space (X, B(X)). We
say that P is irreducible when there exists a nontrivial nonnegative measure ¢ on B(X) such that, for every z € X
and every A € B(X) with p(A) > 0, there exists a positive integer k satisfying P*(z,A) > 0. When a measure ¢
satisfies this definition, we say that P is ¢-irreducible.

When P is irreducible, the period of P is the largest integer k£ > 1 such that there exist disjoint sets D1,...,Dy €
B(X) with

©((Dy U---UDg)¢) = 0 for every irreducibility measure ¢ of P (3.1)
P(z;,Dij41)=1for z; € D, and i =0,...,k — 1 (mod k). ’
An irreducible transition kernel P always admits a period k > 1 [35, Theorem 5.4.4], and when k =1, P is said to

be aperiodic.

For any positive integer m, a set C € B(X) is called m-small when there exists a nontrivial measure v,, on B(X)
such that P™(z,A) > v, (A) for every z € C and every A € B(X).

Given a probability distribution b on N, we define the transition kernel K, on (X,B(X)) as
Ky(z,A) = Zk>0 b(k)Pk(xv A).

A substochastic kernel on (X, B(X)) is a function T': X x B(X) — R such that T'(-, A) is measurable for every A €
B(X) and T'(z, -) is a finite measure on B(X) with T'(z,X) < 1 for every z € X. We say that the substochastic kernel
T is a continuous component of the transition kernel K; when T'(-, A) is lower semicontinuous on X, T'(z,X) > 0
and Kp(z,A) > T(x,A) for every z € X and A € B(X). A transition kernel P on (X,B(X)) is called a T-kernel
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when there exist a probability measure b on N and a substochastic kernel 7" which is a continuous component of the
transition kernel K;. Moreover, we say that a Markov chain is irreducible, respectively aperiodic, a T-chain, when
its transition kernel is irreducible, respectively aperiodic, a T-kernel. We can now state our first main contribution
presented in the next theorem and its corollary. They constitute a first milestone towards a linear convergence
proof of CMA-ES. The complete proof of the following theorem is presented in Section 5 (cf. Theorem 5.1).

Theorem 3.1. Suppose that the objective function f, the normalization function R, the stepsize change I' and the
sampling distribution V{f satisfy F1-F2, R1-R3, I'l-I'3 and N1, respectively.

Let ® = {(21, 0, qts X, 71) }e>1 e the normalized Markov chain underlying CMA-ES defined via (2.14) and P
its transition kernel. Assume that 0 < c; +c, < 1. Then,

(1) if ce,co € (0,1), ¢y >0 and 1 —c. # (1 — ¢5)\/1 — 1 — ¢, then P is an irreducible aperiodic T-kernel, such
that compact sets of R? x R? x R? x R71({1}) x Ry are small;

(it) if cc € (0,1), co =1 and ¢, > 0, then the process {(z¢, qt, B¢, r¢) }e>1 is an irreducible aperiodic T-chain, such
that compact sets of R4 x R x R71({1}) x Ry are small;

(i1i) if ¢ € (0,1) and ¢, = 1, then the process {(z1,pr, X¢) hi>1 is an irreducible aperiodic T-chain, such that
compact sets of R4 x RY x R=1({1}) are small;

(v) if cc = ¢, = 1, then the process {(z¢, X¢) }1>1 is an irreducible aperiodic T-chain, such that compact sets of

R x R=1({1}) are small.

This result covers the entire range of eligible hyperparameter settings for CMA-ES except when ¢; + ¢, = 1,
orc,=0and ¢, <1,0orl—c.=(1—-c¢y)y/1—c1—c, > 0. Most importantly, when cumulation is used in the
rank-one update, we need for our proof the rank-mu update. Without cumulation however (¢, = 1), the rank-one
update is already sufficient to prove irreducibility and aperiodicity.

We finally formulate a particular case of Theorem 3.1. Using Proposition 2.1, Lemma 2.1 and Theorem 3.1, we
find that Markov chains obtained with some standard stepsize change of CMA-ES and normalized by its minimum
eigenvalue (possibly expressed in a different coordinate system which would be more fitted to the objective function
f) or det(-)*/? are irreducible, aperiodic T-chains.

Corollary 3.1. Let H € S¢ . Consider the process ® defined via (2.14) with a normalization function R = det(-)'/4
or R = Apmin(HY? x - x HY?)/A\pin(H) and with the CSA stepsize change T' = T'hg, or T' = T'%g,, see (2.9) or
(2.10), respectively. Assume as in Theorem 5.1 that [ satisfies F1-F2 and the sampling distribution satisfies N1,
then under the same conditions on the hyperparameters as in Theorem 3.1, ® is an irreducible aperiodic T-chain.

4 Main results II: Extension of the analysis of nonlinear state-space
models

We present in this section our methodological extensions of tools to analyze the irreducibility, aperiodicity and
T-chain property of Markov chains. After reminding the basics in Section 4.1, we present two extensions.

First, some of the learning rate settings from Theorem 3.1(i), (ii), (iii) and (iv) give rise to a so-called redundant
Markov chain, where one state variable can be dropped to define another Markov chain. We thus introduce
redundant and projected Markov chains in Section 4.2 and explain how irreducibility, aperiodicity and T-chain
property of the projected chain can be deduced from an analysis of the redundant chain. The main result of this
section is Theorem 4.2.

The second methodological extension is motivated by the Markov chain (2.15) which is valued in a possibly
nonsmooth manifold since the normalization R(-) may be not continuously differentiable, for instance when R(-) =
Amin(-). To analyze such a chain, we apply a homeomorphic transformation, thereby defining a Markov chain valued
in a smooth manifold, and explain how irreducibility, aperiodicity and the T-chain property of the original Markov
chain can be deduced from an analysis of the transformed Markov chain.

These results are applied in Section 5 for the proof of Theorem 3.1.
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4.1 Deterministic control model and sufficient conditions for irreducibility and ape-
riodicity

We introduce in this section different definitions and theorems our analysis is based on the original article [19] to

which we refer for more details. Let X and V be two smooth connected manifolds,* equipped with their Borel

o-fields, denoted B(X) and B(V), respectively. We later denote the dimension of X by n. The tangent space of X

at a point x € X is denoted T, X, and we denote distx and disty the distance functions on X and V, respectively,

which induce their respective topology. Consider a transition kernel P on (X, B(X)) associated to the Markov chain
following the update equation

br+1 = F(r, bt, Ury1)) (4.1)

where F': X x V — X and a: X x U — V are measurable functions, and {U;11 }en is an i.i.d. process independent
of ¢g and valued in a measurable space (U,U), where U is a o-field of U.> We consider additionally the following
assumptions on the model.

H1. For any x € X, the distribution u, of the random variable a(x,Uy) admits a density p, with respect to a o-finite
measure (v on V, such that

(i) the function (z,v) — pz(v) is lower semicontinuous;

(ii) for A € B(V), (v(A) =0 if and only if A is negligible, i.e., Leb(p(ANV)) =0 for every local chart (¢, V) of
V.

H2. The function F : X x V — X is locally Lipschitz (with respect to the metrics distx @ disty and distx ).

Below, Proposition 5.3 provides the Markov chain (5.3) that follows the control model (4.1) and satisfies H1
and H2 under mild assumptions on the objective function f and the stepsize change I'.

We define inductively the extended transition map S¥: V¥ — X associated to (4.1) for any k € N, z € X and
vk = (v1,...,v,) € V¥ as follows

SV =z (4.2
SE(vig) = F (S5 (v1p—1),vk)  for k> 1. 2)

From this definition, we obtain that if F' is locally Lipschitz (respectively differentiable), then (z,v1.x) — S¥(v1.1)
is locally Lipschitz (respectively differentiable). Likewise, we define the extended probability density p&: VF — Ry

N { o) =t
Py (V1) == pz(U1

Nt (4.3)

pE(vig) = pF (v 1) ¥ psz—l(vlzkil)(vk) for k > 2.

Given the Markov chain {¢;};en defined via (4.1), the function p¥ is a density associated to the random variable
(a(gpo,Un), ..., a(Pk—1,Ux)), when ¢ = z. For € X and k € N*, we define the control sets of (4.1) by

OF = {vi, € V¥ | pE(v1k) > 0} . (4.4)
Assumption H1(i) implies that these sets are open subsets of V¥. We define moreover
0 = {v1.00 € VN | Vk > 1,014 € OF} . (4.5)

We say that =* € X is a steadily attracting state, when for every x € X and every neighborhood U of z*, there
exists T' > 0 such that for every k > T, there exists vy., € (9’; such that S’g’j(vl;k) € U. When F is continuous, v1.x
can be taken in O_’; [19, Corollary 4.5], i.e., z* € X is steadily attracting if and only if for every neighborhood U of
x*, there exists T' > 0 such that for every k > T, there exists vi.; € O_’; such that Sf(vl;k) € U. In particular, if
for every x € X, there exists v1.oo € O such that S¥(v1.;) tends to x*, then z* is a steadily attracting state [19,
Corollary 4.5].
We formulate now the following controllability condition of a steadily attracting state.

H3. There exzist a steadily attracting state * € X, an integer k > 0, and a path v}, € OF., such that dSk. (v}, is
of mazimal rank.

4In the rest of the paper, manifolds will be considered as connected.
5Since we do not assume U to be a topological space, we consider a general o-field U instead of its Borel o-field.
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For a locally Lipschitz function G: V¥ — X, 9G(v) is the Clarke’s derivative of G at a point v € V¥ which is a set
of linear applications between T, V¥ and T ()X [19, Appendix B]. If G is differentiable at v, then G (v) = {DG(v)},
where DG(v) denotes the usual differential application of G in v. We then say that 0G(v) is of maximal rank when
its elements are of maximal rank, that is, of rank n (the dimension of X). When G is differentiable at v and DG (v)
is of maximal rank, then 0G(v) = {DG(v)} is of maximal rank. We base our analysis on the following statement.

Theorem 4.1 (Sufficient conditions for irreducibility and aperiodicity [19, Theorem 2.3]). Consider the Markov
kernel P defined via (4.1) such that H1-H3 are satisfied. Then P is an irreducible, aperiodic T-kernel, and every
compact set of X is small.

This theorem summarises the methodology we follow to analyze a normalized Markov chain underlying CMA-ES:
we prove that the chain satisfies (4.1) as well as conditions H1-H3° under appropriate conditions on the learning

rates, as well as on the functions f, I' and R, and on the sampling distribution V{j.

4.2 Irreducibility and aperiodicity of a projected Markov chain

The CMA-ES algorithm maintains two paths p§ and py that do not parametrize the probability distribution for
sampling candidate solutions but are used for (accelerating) the update of the covariance matrix and the stepsize,
respectively. Yet, when no cumulation for the stepsize path is used, i.e., ¢, = 1, or no cumulation for the rank-
one update path is used, i.e., ¢, = 1, the CMA-ES algorithm typically still works properly while it is sometimes
slower [18]. In these cases, the normalized Markov chain underlying CMA-ES can be described with fewer variables:
p¢ and p¢ boil down to random vectors that depend on the previous step only through the ranking permutation of
candidate solutions. In order to analyze those algorithm variants without repeating proofs with small variations,
we introduce here a method that allows to derive properties for a projected Markov chain from a redundant Markov
chain with a specific parameter setting. We define a redundant Markov chain as a Markov chain {(¢¢, &) }ten valued
in a topological product space X x Y such that the process {¢:}+en also is a Markov chain, valued in X. In that
case, we say that {¢;}ien is a projected Markov chain of {(¢¢, &) }een-

Prior to that, we formalize the simplification of the normalized Markov chain of CMA-ES when at least one
cumulation parameter is set to 1. The proof is a direct consequence of Proposition 2.2 and thus omitted.

Corollary 4.1. Suppose that the objective function f and that the normalization function R satisfy F2 and R1,
respectively. Let {(mq,p7,pS, Ct,0¢) hen be the Markov chain associated to CMA-ES defined in Section 2.1 and
O = {Pt}i=1 = { (2,01, @1, e, 7¢) }e>1 e the normalized process defined in (2.14).

(i) If ¢, = 1, then the process {(zi, qi, X¢,7¢) }i>1 defines a (time-homogeneous) Markov chain.
(i) If cc =1, then the process {(zt,pt, Xt) hren defines a (time-homogeneous) Markov chain.
(iii) If co = c. =1, then the process {(z+, Xt) hen defines a (time-homogeneous) Markov chain.

Corollary 4.1 motivates the introduction of the notion of a projected chain of a Markov chain ®, and to provide
conditions for irreducibility and aperiodicity as in Theorem 4.1. ~

Define ® = {(¢¢, xt) }ten a so-called redundant Markov chain on (X x Y,B(X x Y)), with transition kernel P,
such that

(bt41, Xe+1) = F (e, xt, &, X, Urs1)) (4.6)

where F: X xY xV — X xY and @: X x Y x U — V are measurable maps, X,Y,V are (smooth, connected)
manifolds, (U,U) is a measurable space and {U4+1}en is an ii.d. process valued in U, independent of (¢o, xo)-
Assume H1-H2, and denote gémy)’ ﬁ](cny) and @@w the extended transition map, the extended probability density
and the control sets associated to the control model (4.6), for every (z,y) € Xx Y and k € N, respectively. Besides,
we suppose redundancy of the chain by assuming that the function & does not depend on the variable ¥y, i.e., there

exists a function « such that
a(d, x,u) = a(d,u) for every ¢ € X;x € Y,u € U. (4.7)

Furthermore, we suppose that ® = {¢; }+cn is a Markov chain on X with transition kernel denoted P, following the
next deterministic control model

Gr+1 = F(¢r, (b, Upt1)), (4.8)

6Condition H4 introduced in Section 4.2 is required instead of H3 when ¢, =1 or ¢, = 1.
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with {U11 }ten being the i.i.d. process introduced to define the redundant chain via (4.6). Then, we say that ® is
a projected chain of ®. As above, we denote Sk pF and OF the extended transition map, the extended probability
density and the control sets associated to the control model (4.8), for every x € X and k € N, respectively. The
next proposition connects the assumptions required for the two deterministic control models (4.6) and (4.8) that
are useful to show that ® and ® are irreducible aperiodic T-chains.

Proposition 4.1. Consider the control models associated to the redundant chain (4.6) and its associated projected
chain (4.8). Then,

(i) if H1 (resp. H2) is satisfied for the redundant chain (4.6), then it is satisfied for its projected chain (4.8);

(i) the closures of the control sets Of; of the projected chain (4.8) equal the closures of the control sets @@7)() of
the redundant chain (4.6), that is,

(9?7 = (’N)@X) for every ¢ € X, x € Y, k > 1; (4.9)
ii) the extended transition maps S¥ and S¥, ., defined in (4.2), of the control models of the projected chain (4.8),
¢ (¢,x)
and the redundant chain (4.6), respectively, satisfy

Sg =1IIx o S’&’X) for every p € X, x € Y, k > 1, (4.10)
where IIx: X xY — X is the canonical projection of X x Y on X.

Proof. First, we prove (i). Suppose that the redundant Markov chain following (4.6) satisfies H1, i.e., for all
(¢, x) € XxY, the random variable &(¢, x, U1) admits a density p4,,) with respect to a o-finite measure (v satisfying
HI1, such that (¢, x,v) = D(g,y)(v) is lower semicontinuous. Let ¢ € X. By (4.7) we have a(¢, Ur) = a(¢,x, Ur) for
every x € Y. Let xo € Y. Then the random variable &(¢, xo,U1) admits a density p4 ,) with respect to a measure
Gv on V satisfying H1(ii), and (¢,v) = P(g,y,)(v) is lower semicontinuous. Hence, a(¢,U;) also admits a density
with respect to (v denoted pg, such that py(v) = P(g o) (v) for every v € V. By uniqueness of the density up to a
null set, we obtain that, for ¢ € X and xy € Y

Py(V) = P(o)(v) for (y-almost every v € V. (4.11)

Since (¢,v) = P(p,x0)(v) is lower semicontinuous, we obtain that (¢,v) = pg(v) = Pg,y,)(v) is lower semicontinu-
ousand thus the projected chain satisfies H1. For assumption H2, if Fis locally Lipschitz, then, since by definition
we have F(¢,v) = IIx o F(¢,x,v) for ¢ € X, x € Y and v € V, by composition F is locally Lipschitz (Y being
nonempty). 5

For (ii), from (4.11) and by definition of the control sets in (4.4), for every (¢, x) € X x Y, O(’; and O@ o only
differ by a (y-negligible set. Besides, both are open sets and (v is ,by H1(ii), a Borel measure, so (9_(’; = @& 9 (as
a direct consequence of Carathéodory’s criterion of Borel measures [15, Theorem 1.9]). }

In order to prove (iii), we proceed by induction. Indeed, S = ¢ = Ix(¢,x) = Ix o S?ab,x)' Let £ > 0 and
assume S§ = Iy o 5'@7)(). Let vig1 € VAL we find S5 (vigg1) = F(S5(vir), vera) = Tlx o F(SE(01:k), X Vks1)
where xi = Ily o g@,x)(”l:k) € Y. By induction hypothesis we find that IIx o F(Sg(vl;k),Xk,vk+1) = IIx o
€(§F¢7X)(Ul:k)7vk+l) = IIx o S'é“;fi)(vl;kﬂ) and thus S’g“(vl,kﬂ) = IIx o S’?J;)(Ul;k+l). Hence Szﬂ = IIx o
Stono- =

X

We deduce the following result, which characterizes the controllability condition for the projected Markov chain.

Proposition 4.2. Assume that F is continuous.” If x* = (¢*,x*) € X x Y is a steadily attracting state of the
redundant chain (4.6), then ¢* is a steadily attracting state of the projected chain (4.8).

Suppose moreover that there exists k > 1 and v}, € @’;* such that Sf* is differentiable at vy, and for every
h? € Ty, X, there exists KX € Ty, Y, where (¢r, xx) = SE. (v}.,.) and with (h?,hX) € rge DSE. (v},,.). Then v}, € Ok,
and Dng* (vi,) exists and is of mazimal rank.

7 Alternatively, we can assume without loss of generality that for every ¢ € X, the density functions D(s,x) are identical for x € Y.
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Proof. Since F' is continuous, we can use the definition of a steadily attracting set via taking the elements for the
k-step paths within the closure of the control sets (see Section 4.1) instead of the control sets. According to the
previous proposition (9?7 = @@) ) for every ¢ € X, x € Y,k > 1 and we can thus easily prove that ¢* is steadily

attracting for (4.8) when (¢*, x*) is steadily attracting for (4.6). Moreover, by Proposition 4.1(iii), we have that

Sz* =1IIx o S@* )" Then, by the chain rule [13, Corollary 2.6.6], we have

DS;* (’Urzk) = IDHX(SVFQB*,X*)(UTIC)) o ,Dgégqb*,x*)(vrzk)
:HT k)XODS€€¢*7X*)(UI:k).

sk 0,

Therefore every h? € TS(;;* (v;k)x belongs to the range of DS éﬁ (v}.,) (we use here that by assumption there exists

hX € THYS(¢* 5*)(Uf-k))’ making it a surjective linear map, hence of maximal rank. O

As a consequence, we derive sufficient conditions for irreducibility and aperiodicity of the kernel P of the
projected Markov chain ®. We replace the controllability condition H3 by the following.

H4. There exist a steadily attracting x*, an integer k > 0 and a path vi, € @’;* such that Sk, is differentiable at
v, and for every h? € TyX, there exists hX € T, Y with (h®, hX) € rge DSE. (vt,,), where (¢,x) = SE.(v},).

Theorem 4.2 (Sufficient conditions for irreducibility and aperiodicity of a projected Markov chain). Consider the
control model of the redundant chain (4.6) and assume it satisfies conditions H1-H2 and H4. Then the kernel P
of the projected chain defined via (4.8) is an irreducible aperiodic T-kernel, and every compact set of X is small.

Proof. Denote x* = (¢*, x*). Since z* is steadily attracting for (4.6) and since F' is continuous by H2, then by

Proposition 4.2 ¢* is steadily attracting for (4.8). Besides, by Proposition 4.1(ii), we have v}, € Ok, = @f; By

Proposition 4.2 again, we find that DS¥, (v}.,) exists and is of maximal rank. We complete the proof by applying
Theorem 4.1. O

Theorem 4.2 is used later to analyze the normalized chain defined in (2.14) when ¢, = 0 or ¢, = 0. Even though
Theorem 4.1 could be applied directly to the projected chain, this generalization allows to find a steadily attracting
state and prove a controllability condition on the same chain for all settings without repeating the same proof.

4.3 Homeomorphic transformation of an irreducible aperiodic T-chain

The state space of the chain ® defined via (2.14) is not a smooth manifold if the normalization function R is not
continuously differentiable on ¢ . In order to include nonsmooth functions R in our analysis (for instance if R(-)
is the minimal eigenvalue of a positive definite matrix), we apply Theorem 4.1 (or Theorem 4.2 when we do not
have cumulation) to a Markov chain O, defined as a homeomorphic transformation of ®, such that the state space
of © is a smooth manifold. This is achieved in Sections 5.1 to 5.4. Now, we explain why it is sufficient to prove
that the transformed chain © is an irreducible, aperiodic T-chain to have the same properties on ®.

Theorem 4.3. Let £: Y — X be a homeomorphism between the topological spaces Y and X, equipped with their
respective Borel o-fields. Let ® = {¢:}ren be a (time-homogeneous) Markov chain with state space Y, and define

© = {&(¢e)}ien. Then,
(i) © is a (time-homogeneous) Markov chain with state space X;
(i) if © is irreducible (resp. aperiodic, a T-chain), then ® is irreducible (resp. aperiodic, a T-chain).

Proof. First, we prove (i). Denote P the Markov kernel of ®. If the distribution of £(¢g) is ¢, for x € X, then ¢ is
distributed under d¢-1(,). For A € B(X) and x € X, we have then

PlE(d1) € Al &(¢o) =a] =P [d1 € EH(A) | g0 =& ()] = P (x), 671 (A))

Moreover, P(§71(-),£71(-)) defines a Markov kernel for ©. Indeed, since ¢ is a homeomorphism, £~ is continuous
and thus measurable. In particular the k-step transition kernel of © equals P¥(¢71(-),£71(-)) (where P* is the
k-step transition kernel of ®). Thus © is a time-homogeneous Markov chain.

Now we prove (ii). Suppose that © is irreducible, i.e., the kernel P(§~1(-),£71(-)) admits a nontrivial nonnegative
measure 9 on B(X) such that for z € X and A € B(X) with 9(A) > 0, there exists k > 0 with P¥(¢71(z),£71(A)) > 0.
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Then, for every B € B(Y) such that ¥(£(B)) > 0 and for every y € Y, there exists k > 0 with P¥(x,B) > 0, i.e.,
® is ¥ o &-irreducible. Likewise, for every irreducibility measure ¢ of ®, then ¢ o £~ ! is a irreducibility measure
of ©. In particular, every irreducibility measure ¥ of © can be defined as ¢ o ¢! for some irreducibility measure
@ of ®. Moreover, denote k > 1 the period of ©, i.e., k is the largest integer such that there exists disjoint sets
D1,...,Dy € B(Y) with

o((D1 U---UDg)?) =0 for any irreducibility measure ¢ of ®
P& (y:), &1 (Dig1)) =1 fory; € Dyjand i =0,...,k—1 mod k.

Therefore k is the largest integer such that there exists disjoint sets Cq,...,Cy € B(X) with

e(EHCLU---UCL)) =0 for any irreducibility measure ¢ of ®
P(z;,Ciy1)=1forz; € CGandi=0,...,k—1 mod k.

Hence, the period of ® equals & the period of ©. In particular, if © is aperiodic, then ® is aperiodic.

Suppose now that © is a T-chain and let T': XxB(X) — R be a substochastic kernel such that K, (¢71(-),£71(-)) >
T for some probability distribution b on N, T'(-, X) > 0 and x +— T'(z, A) is lower semicontinuousfor A € B(X). Then,
if we define T"(y,B) = T'(&(y),&(B)) for y € Y and B € B(Y), we obtain that 7" is a substochastic kernel such that
Ky > T’ for some probability distribution b on N, T7(-,Y) > 0 and that y — T'(y,B) is lower semicontinuousfor
every B € B(Y). Therefore, @ is a T-chain. O

5 Proof of Theorem 3.1

The objective of this section is to prove Theorem 3.1. To do so, we investigate nonlinear state-space models
associated to the recursion (2.15) using the theoretical tools presented in Section 4.

Since the normalization function R is not assumed to be smooth, we consider a transformed Markov chain—for
which we can apply Theorem 4.3—valued in a smooth manifold and which can be transformed via a homeomor-
phism into the normalized Markov chain (2.15). In Section 5.1, we introduce the control model associated to this
transformed process and verify the conditions H1, H2 reminded in Section 4.1.

Then, a last condition, H3 or H4,® is proven in two steps: Section 5.2 proves the existence of a steadily attracting
state (defined in Section 4.1) and Section 5.3 shows that a required controllability condition is satisfied. We conclude
the proof in Section 5.4, where the Markov chains associated to the different learning rate settings are analyzed,
based on Theorem 4.2.

5.1 Definition of normalized chains underlying CMA-ES following (4.1) and satisfying
HI-H2

In order to apply Theorem 4.1 to the normalized CMA-ES Markov chain defined via (2.14), we require the state
space Y = R3¢ x R71({1}) x Ry, to be a smooth connected manifold. As mentioned in the previous section, this is
not necessarily true unless we assume that the normalization R is continuously differentiable. Hence, we introduce a
homeomorphic transformation of the normalized chain which lives on a smooth manifold. Consider p: Si LRy
a map satisfying
pl. the function p is (positively) homogeneous and p(I;) =1,
p2. the function p is smooth (C*°) on S%., .

We keep this smooth normalization function abstract for the moment and will take it equal to p(-) = det(-)'/¢
for proving Theorem 3.1. Define now

& Y= X

_ 5.1
(2,0,¢.2,7) = (2,p,4,p(8)'Z,r) (5.1)

where X = R? x R? x R? x p~1({1}) x Ry. Then, as stated in the next proposition, X defines a smooth connected
manifold.

Proposition 5.1. Suppose that the map p: Si+ — Ry, satisfies pl-p2. Then, the set X = R? x R? x R? x
p~{1}) x Ry is a smooth connected manifold of dimension 3d + d(d + 1)/2.

8H3 for case (i) and H4 for cases (ii), (iii), (iv) of Theorem 3.1.
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Proof. First note that the set M := R3% x SjirJr x R, is an open subset of the Euclidean space R3¢ x S¢ x R, hence
is a smooth submanifold of dimension 3d + d(d 4+ 1)/2 4+ 1. Moreover, N := R is a smooth manifold of dimension 1.
Define then the map
o: M—N
(20,4, 2,7) = p(3).
Then, by p2, g is smooth. Moreover, it is a submersion at every point of M. Indeed, let (z,p, ¢, 2,r) € M, and let
€ (—1,1). Then,
0 (20,0, ,7) + (0,0,0,3,0)) = p((1 + £)%) = p() + £p()

by pl. Therefore, by Taylor expansion and since the derivative Dg(z,p, g, X, r) is linear, we have
Dé(z7p’ q7 2’ T)(O’ 07 O’ Iiz? O) = Hp(z)’

for every k € R, with p(X) > 0. Hence, Dg(z,p,q, 2, 7): R3? x S x R — R is surjective and thus g is a submersion.
Therefore, by the submersion level set theorem [31, Corollary 5.14], X = g7 1({1}) is a smooth manifold of dimension
3d+d(d+1)/2+1—1=3d+dd+1)/2.

Let us prove now that X is connected. Since R3? x R, | is connected, it is sufficient to prove that the manifold
p~t({1}) is connected, and thus sufficient to prove that p~!({1}) is path-connected [31, Proposition 1.11]. Let
20,21 € p'({1}). Since 8¢, is connected, there exists a continuous path ~: [0,1] — S¢. with v(0) = %
and v(1) = £;. Define then the path 4: [0,1] — p~({1}) by 4(t) = v(t)/p((t)) for t € [0,1]. Since v and p
are continuous, then 4 is continuous. Besides, 4(0) = Xo/p(3o) = X and (1) = 31/p(X1) = 31, ending the
proof. O

Moreover, the map £ defined in (5.1) is a homeomorphism as stated below.

Proposition 5.2. Suppose that R and p are both continuous and satisfy R1 and pl. Then, the map & defined in
(5.1) between the sets Y and X is a homeomorphism and

€l XY

(Z,p,q,f),r) — (Z,p,q,R(fl)_lfJ,r) . (52)

=

Proof. We can easily verify that the expression of the reciprocal function of & is (5.2). Then ¢! (resp. &) is
continuous since R (resp. p) is continuous and takes value in R ;. (]

We formalize in the next lemma the update equations for {0;}reny = {£(¢¢) Hen-

Lemma 5.1. Suppose that the normalization function R satisfies R1 and let ® = {¢1}ien be the Markov chain
defined via (2.15). Let p be a normalization function satisfying pl and let & be the homeomorphism defined in (5.1).
Then the Markov chain © = {0;}ren = {&(dt) bren satisfies

L FLGOVRE) TS, U
t+1 \/7_“rt+1F(Pt+1)

_ St4+1
pey1 = FE (pr, w,, U )')

Grp1 = F2(r; g\ R(E) 8w LU
FS e (REO S g REDVE S, we [0 O [or O] VR (53)

N N N = i O =
POFC(i,CM (R(Zt)*lthHhR(Zt)fl VEL R we {U:rlrl(l)] [Utsrlrl ° ] iV Et)

- - - = s 7 St 7 T =
ri1=RoFS,, (R(zt)—lzt,qt+1,R(§:t)—1,/zt S e [Utrll( >} [Utﬁf( >} 2t>

Y1 =

where {Up11 hen 18 an i.i.d. process independent of 0y = (zo0, po, qo, 30, r0) = &(do) distributed in the measured space

U= RHN with Uy ~ V{j, and s¢y1 1S a permutation of Sy that sorts the f-values of x* + z; + \/R(ﬁ]t)*lﬁtUtﬁrl,
fori=1,..., .

Proof. Since for ¢t € N, according to (5.2), we have that X; = R(f]t)_lflt, the update equations for pii1, Grr1 ,7t+1
and z;41 in (5.3) are deduced directly from Proposition 2.2 where we replace 3; by R(3;)~!3,;. Moreover, we have,
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by Proposition 2.2 and using the definition of ;41 in (2.16)
Y1 i y R(Zi41)

P ) B o(Ee)
FS ey (Bt VIS ot [0 [U10) )
o B, (Sean VIS wr [V O] [ui 0] v
The proof ends by replacing ; by R(3%;)~1%,. O

Using Theorem 4.3, we can transfer the irreducibility, aperiodicity and the T-chain property from the Markov
chain © to the original normalized chain ® we are interested in. Our objective from now on is to prove that the
Markov chain © is an irreducible aperiodic T-chain. Our strategy for that is to apply Theorem 4.1 and verify that
the required assumptions are satisfied. We first prove that © follows a deterministic control model of the form (4.1),
described in Section 4.1.

Consider the smooth manifold X = R? x R% x R? x p=1({1}) x R4 (see Proposition 5.1) that defines the state
space of the Markov chain © and let V := R%*. We define

ag: XxU -V

(20,0, Zy7), (. ut)) = [ 2 e semETE) V] 54)
R(Z) A

where given g: A — R a function and v € A* we have used the notation sy for a permutation that sorts increasingly

the g(v*), i = 1,...,\. Consider the (2T, p*,q", ﬁ]+,r+) the update of § = (z,p,q, 3, 7) given the random input
equals v = ag(0,u) that is

+ Rt cmw;v

VrFL (pt)

Pt = (1 —co)p+ Vo (2 — o) e R(E)V/?E 1/2W7—7|;’U (5.6)

gt =7r" 1/21—ch+mw v (5.7)

st (1_01—0#)R(2)_1ﬁ3+01q( T +cu Dt 1wvl

= —— (5.8)
p (1= = ) RE)TIS + erg (0F)T + 6 Sl wivio] )
rF=R ((1 —c1 —c)RE) I+ agt(¢h) +e iuﬁvw?) . (5.9)
=1

This update defines a function Fg: X x V — X such that

A .
(T pt ¢, 2 rt) = Fo((z,p,¢.3,7), 00 (0,u))

that can be expressed as
Fo((z:p,q, 27 r), (’Ulv cvt)) = (FZ(vau q, R(f})_lf], r;v), Fp(p, R(E)_IEQ v), Fy(q,730),
. . . T
Py (g, R(2) ' 8,150), Fo (¢, RE) ' S,130)) (5.10)

for (z,p,q, 3, r) € X and (v!,...,v*) € V, and where F,, F,, F,, Fx, and F, are defined as follows

F.(2,p,¢,%,750) = Fr(q, Z,m30) /2T 0 Fy(p, B;0) ' F2 (2, w,,0) (5.11)
Fy(p, Z50) = FL (p, 27 ?wy0) (5.12)
Fylq,riv) = F2 (r2q, wy0) (5.13)
Fccc (E,Fq(q,’f‘;’l}), H —1 W; ’UZ’UT)
Falq, 3, r:0) = — e 51
FC? Cp (vaq(QaT;v); 7 1’LU VU T)
F.(¢,%,75v) = ROFSC (E,Fq(q,E,r;v),waviUi—r), (5.15)
i1
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Then, as stated in the next proposition, © follows the model described in Section 4.1 with the functions Fg and
ae defined above.

Proposition 5.3. Suppose that the normalization functions R satisfies R1 and p satisfies pl. Then, the Markov
chain © = {(z+,pt, qt, Xt,14) }ren defined by (5.3) satisfies

9t+1 = F(—) (9,5, a@(Gt, Ut+1)) (516)
where Fg is defined in (5.10) and ag in (5.4).
Proof. Straightforward by Lemma 5.1. O

Before to prove that the control model (5.16) associated to the Markov chain © satisfies the assumptions H1
and H2, we characterize in the next lemma the density of the random variable ag (6, U) for § € X and U ~ (v&)®*

assuming that the objective function is the composite of a strictly increasing function with a function with negligible

level sets and the distribution v¢ is admits a density positive everywhere with respect to the Lebesgue measure.

The latter assumption could be relaxed with more work, but for the purposes of this paper we only consider positive
densities.

Lemma 5.2. Suppose that the objective function f satisfies F1 and that the probability distribution Vg satisfies
N1. Define, for any 6 = (z,p,q,3,r) € R x R? x R x SjirJr xRyt and v = (v1,...,v,) € R¥*,

p=3(v) = 7= )ﬂ{f*(er\/_vl) <z VEU) N = QL () P () b () (5.17)

with £ = X/R(X) where R is the normalization function used in (5.4), Q = [1{fi(z + VEE) < fulz +
VEW)WE(AE) for u € RY, and f, = f(- +x*). Then, p, s defines a density (wzth respect to Lebesgue in R ) of
the random variable ™% ag(0,U), where U ~ (VE)EX such that the density of ae(0,U) equals

1
vdet X

Besides, when R is continuous, the function ((z,p,q, ﬁ],r),v) € R34 x Sff_+ x Ryy x R¥ P.s/RE) (v) is lower

v det 72, 5 (Z7V20)= p.x(Z7V%0) . (5.18)

semicontinuous and thus the density function (5.18) is lower semicontinuous as well.

Proof. Let U', ..., U™ be independent random vectors identically distributed under the probability distribution 1/5,
and denote U = (U',...,U™). Let 6 = (2,p,q, 3, r) € RT x RY x R? x 8¢, x Ry 4. Since the objective function f
satisfies F'1, then the random vector V = »-1/2

V=3 1{n (z+VEUT) << (4 VEUTO) | x (07D, ue))

oeSy

ae(0,U) satisfies almost surely

where G is the set of permutations of {1,...,A}. Hence, by symmetry,

e P! {f* (z+\/§U"(1>) << Sy (z+\/§U"(“))}

LTSN
A

< T 1{f* (z+\/§U"(“)) <f (z+\/§U”(k))} x (U"(l),...,U"(“)).

k=p+1

Let n: R% — R, be a smooth map with compact support. We have

En(V)] = o N' Z/ I+ z—l—\/_ua(l) ...<f*(z+\/§ug(u))}

lASISN
A

X H ]l{f* (z+ \/Eua(u)) < f+ (Z+ \/Eua(k))}

k=p+1

X 7 (ua(l), . ,ua(u)) p’,ij(ul) .. .p‘g](uA)dul ... duy.
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However, observe that, for each k =u+1,..., A, we have

/]l {f* (z + \/Eug(u)) < fu (z + \/Eug(k))}pg(ug(k))dua(k) =1- QQ‘E (o)) -

We deduce the desired result. Since the composition of lower semicontinuous functions is lower semicontinuous and
since f is continuous, when R is continuous, the function ((z,p,q,%,7),v) = p, 2/R(2)(v) is lower semicontinuous.
O

Furthermore, under assumptions detailed in Section 2.2, we verify that H1 and H2 hold.

Proposition 5.4. Suppose that the objective function f satisfies F1-F2, that the normalization function R satisfies
R1-R2, and that the stepsize change T is such that T'l hold. Suppose moreover that p satisfies pl-p2. Consider the
Markov chain © = {(z4,pt,qe, Xt,7¢) e defined by (5.3). Define the functions Fo and ae via (5.10) and (5.4)
respectively. Then, © follows (5.16), and H1-H2 hold.

Proof. By Lemma 5.2, we find that H1 holds , with ¢y being the Lebesgue measure on V = R% . Furthermore,
using R2, p2 and I'l, we deduce, by composition, that H2 is satisfied. O

5.2 Finding steadily attracting states

In this section and in Section 5.3, we prove that the control model (5.16) satisfies condition H3.? This is required
to apply Theorem 4.1'° and find that the Markov chain © obeying to (5.3) is an irreducible aperiodic T-chain. In
this section, we focus on the existence of steadily attracting states. This is formalized in the next proposition.

Proposition 5.5. Suppose that the objective function f satisfies F1-F2, that the stepsize change satisfies T'1-I'2,
that the normalization functions R and p satisfy R1-R2 and pl-p2 respectively, and that the sampling distribution
v is such that N1 holds.

Then (0,0,0,14,1 —c1 —c,) is a steadily attracting state for the control model (5.16) with the functions Fg and
ag given by (5.10) and (5.4), respectively.

Proof. Let 6y € X. By Lemma 5.3, we find v; such that 5’910 (v1) = (0,p1, q1, 3, r1). If g1 # 0, by Lemma 5.5, we set
V2, v3 such that Sgo (v1:3) = (0, ps, 0, 3, r3). Using Lemma 5.6 we reach via a 4(d—1) steps a state 8 = (0,-,0,I4, ).
Using Lemma 5.7, we complete the path v in case g1 = 0 or v1, ve, v3 otherwise into v1.0c = (v1,02,...) € (93? such
that limy_, o Sgo(vltk) = (0,0,0,14,1 — ¢1 — ¢,,). This implies [19, Corollary 4.5] that (0,0,0,I5,1 —c1 —¢,) is a
steadily attractive state. O

The proof of Proposition 5.5 relies on Lemmas 5.3 and 5.5 to 5.7 below. First, we state the next proposition,
which is useful to provide candidates for the paths between an initial state and the steadily attracting state given
by Proposition 5.5.

Proposition 5.6. In the context of Proposition 5.5, let 6y = (zo,po,qo,flo,ro) e X, letk > 1 and vi, =
(v1,...,vx) € V¥ be such that for i = 1,....k, we have v; = [v},...,v}'] € R¥ with v} = ... = o' € RL
Then, v € (950.

Proof. We prove here that v1 = [01,...,71] € (9910. By Lemma 5.2, it is sufficient to prove that there exists a

sequence {wy, = [wl,... wk] € R¥}, cy which converges to v such that p20720(251/2wn) > 0 for all n € N, where

o = R(Z0) '3 and Dzo,3, 1S the density defined via (5.17). Moreover, by N1 and by definition of p,, x,, it is
sufficient to prove that for every n € N, f(z0 +w}) < .-+ < f(2z0 +w). Furthermore, by F1, for every n € N, there
exists 2L, ..., 2" € B(z0 + 1, 1/n) such that f(z}) <--- < f(z/). We take w!, = 2} — 2o fori =1,...,u and n € N.

Then w,, converges to v; and belongs to Oéo, so that vy € Oéo. Similarly, vy € Ogl (1) for all x; and using the
%0

continuity of v — S (v) in v1, we deduce that vy € O—go = {(x1, z2)|pg, (x1) % Ps} (ay)(22) >0}, Similarly we
- 0

obtain that vi.; € (950. O

The following lemma is the first step to build a path between an arbitrary initial state 8y € X to the steadily

attracting state 6* = (0,0,0,14,1 —c¢1 —¢,) given in Proposition 5.5. More precisely, it shows that from 6y € X, we
can reach via a one-step path a state #; such that z; = 0.

90r condition H4 if we assume no cumulation on the stepsize or the covariance matrix.
100r Theorem 4.2.
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Lemma 5.3. In the context of Proposition 5.5, let 8y = (20, po, qo, 30, rg) € X. Then there exists 01 = (0,p1,q1, I r1) €
X and vy € (9910 such that 5910 (v1) = 61. Moreover, we can choose v1 as a function of zy such that v1 goes to 0 when
zo tends to 0.

Proof. Let vy = —c;;! % [20,...,20] € (R)*. It belongs to (9—910 by Proposition 5.6. Set 6; = (zl,pl,ql,fll,rl) =

m
Séo (v1). Then, 21 = F.(20, po, qo, SO/R(EO),TO;vl) = T1_1/2F(p1)71 X (20 — em X ctw! [20,...,20]) = 0, see (5.5).
We have used in particular that Y w!™ = 1. O
We make the following observation when the mean zg is in 0: by performing one step via v1 = (uq,...,uy) for

any u; in R?, we can find a zero mean again in two steps by choosing a path vy.o appropriately.

Lemma 5.4. In the context of Proposition 5.5, let 8 = (0, po, qo, 0,70) € X. Then, given vy = (u1,...,u1) € O—éo
for some u; € R%, and by defining 0, = (zl,pl,ql,ﬁll,rl) = 5910(01) and vy = —Tl_l/zf(pl)’lvl, we have that
V12 = [v1,v2] € OF and 0y = (22,p2, 2, X2, 12) = Sj, (v1:2) satisfies z2 = 0.

Proof. By Proposition 5.6, we have v; € Oéo and v1.9 = [v1,v9] € (930. Moreover, we have

29 = rgl/zl"(pg)fl X (rfl/zl"(pl)fl x (0+ epuy) — cmr;1/2l"(p1)*1ul) =0

ending the proof. O

Next, from any initial state 8y € X with zg = 0, we reach via a two-steps path a state 8, € X with zo = 0 and
g2 = 0.

Lemma 5.5. In the context of Proposition 5.5, let 6y = (0, po, qo, ﬁ]o, r0) € X such that qo # 0. Then, there exist
62 = (0, p2, 0, 22,7"2) € X and vi.9 € Ogo such that 5’920 (v1.2) = 2. Moreover, we can choose v1.2 such that vi.o — 0
when qo tends to 0.

Proof. Let u; € R? and set vy = (ug,...,u1). It belongs to (9—50 by Proposition 5.6. Then, define
01 = (21,p1.91,21,71) = Fo (60, a0 (60, v1)) = S, (v1) -

Then, define vy = —7“1_1/2F(p1)71v1 € (9—51, and
0> = (22,2, @2, B2, 72) = Fo (61, a0 (01,v2)) = S, (v1:2) -

Then, by Lemma 5.4, v1.5 = (v1,v2) € (9—30 and zo0 = 0. Moreover,

@ =(1- cc)2r61/2r;1/2q0 +(1- cc)rfl/zx/cc@ — Ce) fhoft U1

= (1) Vo2 = e petrun
= [ = (g a0 + (1= o = T(o1) ™) X Vel = copen x

Let k € R, and choose u; = kqg. Since v — 5’920 (v) is continuous, then both r; and g2 depend continuously on k.
Moreover, we have

G = r1_1/2 X {(1 - CC)Q’I”O_l/2 + (1 —Ce — F(pl)fl) X V(2 — cc),ucfm} X qo -

—1
But, as r; > 0, and as ['(p;)~! =T ((1 — Co)po + \/cg(2 - CU)MCHR(20)5251/2qO) is less that 1 — ¢, when

Kk — Fo0o by I'2, then by the intermediate value theorem (since T is continuous by I'l), there exists k € R such
that g2 = 0. With the above choice of u1 = kqo, v1 = (u1,...,u1) and vy = —r;I/ZI‘(pl)_lvl € (9911, we see that
v1.2 — 0 when ¢g tends to 0. O

From an initial state 8y with zg = go = 0, we reach via a 4(d — 1)-steps path a state Os(a—1) with z4q_1) =
qa(d—1) = 0, and 24(01,1) = I;. This is achieved by applying (d — 1) times the following lemma successively to the
k-th largest (counted with multiplicity) eigenvalue of ﬁ]o, for k = 2,...,d. For the sake of conciseness, the proof of
Lemma 5.6 is delayed to Appendix A.
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Lemma 5.6. In the context of Proposition 5.5, let 6y = (0, po, 0, f]o, r0). Consider an orthonormal basis B of R?
composed of eigenvectors of Xg such that the matriz 3o writes in the basis B as

[20]s = diag (A1, ..., Ad),

with A = Xo =+ = Xg—1 = A\ = -+ = Ag for some 2 < k < d. Then, there exists v > 0, such that the matriz 24
defined by R
[24]6 =79 X dlag ()‘17 ceey )‘k—lu )\k—la )\k+l7 ey )\d) 9 (519)

is such that for some py € R and r4 >0, and vy.4 € (930, we have Sgo (v1:.4) = 04 = (0, p4, 0, 24, T4).

Finally, as stated in the next lemma, from an initial state 8y € X such that zyp = g9 = 0 and 3 = 14, we can
reach any neighborhood of the state 6* = (0,0,0,I4,1 —c1 — c,).

Lemma 5.7. In the context of Proposition 5.5, let 8y = (0,p0,0,14,70) € X. Then there exists v1.00 € (’)—gg’ such
that lim S(’;O(vl;t) =(0,0,0,I4,1 —c1 — ¢,) when t — oo.

Proof. Define v1.0, by vy = 0 € R4¥# for all t > 1. By Proposition 5.6, we have v1.o0 € 0—§§- Denote

0111 = (2641, Pes 15 Qes 1y Bii1,Ter1) = Folfr, ae (0, vii1)).

Since, 6y = (0,po,0,14,79) and v; = 0, by induction, we have S =1 201 =0, g1 = 0 rgq = R(1—e1 —
cu)la) =1—c1—cy and pry1 = (1 —cp)pe. Since 0 < 1—c, < 1, then (2, pr, gi, 24, 7¢) tends to (0,0,0,15,1—c1—cp)
when ¢t — oo, ending the proof. O
Lastly, as a consequence of Proposition 5.5, we prove that given any normalized covariance matrix 3 e Si 4

Ak

such that p(X) = 1, we can find a value for the path p* € RY for the variable r* > 0, such that the state

6* = (0,p*,0, f]*,r*) € X with normalized mean and normalized path for the rank-one update equal to zero is
steadily attracting. In Section 5.3, we use these steadily attracting states to prove the controllability condition
stated in Proposition 5.7.

Corollary 5.1. Consider the context of Proposition 5.5. Let 3 e th be such that p(f]*) = 1. Then, there exist
p* € R? and v* > 0 such that 6* = (0,p*, 0, ﬁ]*,r*) € X is a steadily attracting state.

Proof. By Proposition 5.5, we know that 6y = (0,0,0,I4,1 —¢; —¢,) is a steadily attracting state. Hence, in order
to prove that a state 6* € X is steadily attracting, it is sufficient, as explained below, to prove

(i) that there exist k € N and vy, € Of such that S} (vi.x) = 6",

Indeed, assume we have proven (i) and let V' be a neighborhood of 6* and let § € X. Then, by continuity
of wik — S§ (wi:) around vy, there exists vf, € Of such that S§ (vi,) € V. Since z — pk(v},,) is lower
semicontinuousand = — S¥(v},) is continuous, then there exists a neighborhood U of 6 such that for every
z €U, pk(vy,) >0, ie., v}, € OF and S¥(v},) € V. Moreover, since 6 is steadily attracting, then there exists
T > 0 such that for every t > T, there exists wi.; € Of such that Sh(wi.;) € U, hence [wi.,v},] € (’)?‘k and
SE* ([wy.e,v%,]) € V and hence 0* is a steadily attracting state.

Let 3" € 8¢, Dbe such that p(f]*) = 1. We proceed now as in Lemma 5.6 to prove (i) for a state 8* that is
equal to (0, p*,0, ﬁ)*, r*) for p* and r* constructed below. For i = 1,...,d, let A; be the i-th largest eigenvalue of
>N (counted with multiplicity), and (eq,...,eq) an orthonormal basis of eigenvectors of 3" such that ﬁl*ei = \ie;.

Then, let x and &’ be real numbers, and by Proposition 5.6, define vy.4 € (9—30 by
—-1/2 _ —-1/2 _
v1 = Kler, ..., e1] € R vy = —r] / D(p1) tvr, vs = K'[e1,...,e1], va = —7rg / I'(p3) tvs,

where 0; = (z¢,pt, G, ﬁ]t,rt) = 5’50 (v1.) for t = 1,2,3,4. Then, as in the proof of Lemma 5.6, there exist values
of k and £’ in R such that z4 = ¢4 = 0 and such that there exists ps > 0 with X4 satisfying 34e; = pg(1 — ¢ —
Cu)_4(d_l))\1€1 and yep = pa(l—c1 —cp)tey for k=2,....d.

Then, by repeating these steps with eq, ..., eq instead of e; and Ag, ..., A\g instead of A\;, then there exist v1.4q9 €
O—gg and Pad > 0 such that 044 = (Z4d;p4d7 q4d, 24(1, ’r’4d) = Sgg('Ul:Ald) satisfies z4q = qaqg = 0 and S4d6k = p4d/\k€k
for k =1,...,d. Hence 344 = p4df]*. But since p(fl*) =1 and p(f34d) =1, then psyq =1, ie. S = " such
that we have proven (i) for 8* = (0, p4q, 0, ﬁ)*, r44) and in turn that 6* = (0, p4g, 0, ZA]*, r44) 18 a steadily attracting
state. O

22



5.3 Controllability condition

In the previous section, we prove that the control model (5.16) admits steadily attracting states. In the current
section, we prove that a controllability condition, as required to satisfy the assumptions H3 or H4, is satisfied at a
steadily attracting state. By combining Corollary 5.1 and the following Proposition 5.7, we prove H3 or H4. For
a finite-dimensional vectorial space E equipped with a norm || - || and an element h € E, we use the notation o(h),
respectively O(h), to be understood as o(||h||), respectively O(||h||). Besides, it does not depend on the chosen
norm, since all norms on a finite-dimensional space induce the same topology.

Proposition 5.7. Suppose that the objective function f: R? — R, the normalization functions R and p, the stepsize

change T': RY — R, and the sampling distribution v satisfy F1-F2, R1-R3, pl-p2, T'1-T'3 and N1, respectively.
Consider the control model (5.16) with the functions Fo and ag defined by (5.10) and (5.4) respectively.
Then, there exist a steadily attracting state 6y € X, T > 0 and vi.7 € OOTO such that Sgo is differentiable at vi.7,

and, by denoting (27, pr, ¢, ST,TT) = S(,TD (v1.1), we have

(a) ifcc#1,co #1,1—cc# (1 —co)y/1—c1—cu and ¢, > 0, then DSQTO(ULT) is of mazimal rank;

if cc = 1 and ¢, , then, for every (z,p, S X X Ts p~ , there exist q € and r € suc
b) if 1 and # 1, then, f 3 R? x R4 TET {1 h ) R? and R h
that (z,p,q,%,r) € rge DSgU(vl:T);

(c) ifcc #1, ¢, =1 and ¢, > 0, then, for every (z,q,%,r) € RY x R4 x TiTpfl({l}) x R, there exists p € R? such
that (z,p,q,%,r) € rge DS} (vi.1);

(d) if cc = co =1, then, for every (2,%) € R* x Ty, p~'({1}), there exist (p,q) € R* x R? and r € R, such that
(2,p,4,%,7) € rge DS (vi.7).

Before proving Proposition 5.7, we state the two following lemmas, which characterize the derivatives of the
normalization function p and of the transition map S(}O, respectively.

Lemma 5.8. Consider a positively homogeneous function R: Si+ — Ry4. Let A € Si+ and v > 0 and suppose
that R is differentiable at A. Then, R is differentiable at YA and DR(yA) = DR(A).

Proof. By Taylor expansion, we have, when H € S¢ tends to 0, that

R(YA+H) =7 x R(A +~ 'H) = yR(A) + yDR(A)y 'H + o(H)
= R(yA) + DR(A)H + o(H)

and thus, by Taylor expansion, R is differentiable at YA and DR(yA) = DR(A). O

Lemma 5.9. Suppose T'l, R1, R2 and p2. Let 0y = (zo,po,qo,flo,ro) € X and v, € (’)—;0. Then, if (a) zg =
g = 0 and vy = 0, or if (b)) pr = F,(po, R(Z0) ' Z0;v1) # 0, and if moreover R is differentiable in 3, =
Fg(qo,R(flo)_lf]O,ro;vl) (see (5.14) for the definition of Fs;), then v € V — 5’910 (v) is differentiable at vy.

4)
Proof. Suppose (a). Then, for hy = (hi,...,h}) € V, using the update equations (5.5), (5.6), (5.7), (5.8), (5.9) we
have, when h; — 0,

R((1—c1—c,) R(Z0) "' Soto(||ha[]) "/ *(0+cmw, h1)
T((1=co)po+y/co(2—co)prert R(S0) /254 *w ] ha)
~ ~—1/2
(1 - CU)pO + Ca(2 - CU)NCHR(EO)UQEO / Wr—rrzhl
01+ 1) — 0+ Va2~ it
(1—c1 —cu)R(Z0) 120 + o(]|h1])

p((1 —c1 —cp)R(X0) 120 + o[ ha]))
R((1 = c1 — cu)R(20) ™ 20 + o1 ]))

However, by I'l, the stepsize change I' is locally Lispchitz, hence

Pw ) h) = T((1 = eo)po) + Ol [)) = T(1 — e )po) +o(1) -

N - -1
F((l - Ccr)pO + Ca(2 - CU)UCH'R(20)1/220
Moreover, by p2, p is differentiable at (1 — ¢y — cH)R(flo)_lf]O. Hence by Taylor expansion

p((1 =1 — ) R(30) 'S0 + of|lm ) = p((1 = e1 = c,)R(30) ™" S0) + o[l -
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Likewise, by assumption, R is differentiable at (1 — ¢; — cH)R(fJQ)_lﬁlo. Thus,
R((1 = e1 = ¢u)R(20) ™" o + o[ ) = R((1 = e1 = ¢u) R(0) " o) + ol | b)) -
Therefore,

R((1 =1 — ¢)R(Z0) ™' 2o) ™ 1/2F((1 — o )P0) T emWon I
) 1 e @ = c)pien R(E0) /25 W by
Sgy (1 + 1) = Spy(v1) + VCe(2 = o) oW, b + o([[hal])
0
0

which proves by Taylor expansion that 5’910 is differentiable at v; = 0.

Now, suppose (b). By I'l, T is differentiable at p1, by p2, p is differentiable on SfihL, and by assumption, R is
differentiable at 3= A1 /p(A;) where A; = (1 —¢; — cﬂ)R(ﬁlo)_lﬁDO +aq (ql) + e YK wivi(vi) T Since R is
positively homogeneous, it is also differentiable in any multiple by a scalar of 21, so in A;. Thus, by composition
5’910 is differentiable at vy. O

We prove now Proposition 5.7. The first step of the proof consists in the following lemma which applies to all
cases (a)-(d) in Proposition 5.7. It provides a path vi.p € (’)T (where 6 is the steadily attracting state found in

Section 5.2) such that the range of DSQTO covers all elements in the tangent space relative to the covariance matrix
variable. The proof of Lemma 5.10 is delayed to Appendix B.

Lemma 5.10. Suppose that the objective function f: R? — R, the normalization functions R and p, the stepsize
change T': R? — R, | and the sampling distribution 1/5 satisfy F1-F2, R1-R3, pl-p2, T'1-I'3 and N1, respectively.
Consider the control model (5.16) with the functions Fo and ag defined by (5.10) and (5.4) respectively.

Then, there exist a steadily attracting state 6y € X, T € N, vy.p € OQTO, and W a subspace of VT, such that:

(i) Sgo is differentiable at vy.1;

(ii)[}{orhev(e)rgé hghT Tﬁ:Tp’l({l}), there exists hy,h, € RY, h, € R, and hy.7 € W such that DSQTO (vi.r)hir =
zytpy My 3 My 7’

(iii) zr = qr =0 and pr # 0;
where 0y = (z¢, Dt Gt 3, ) = S(’;O(vl;t) fort=1,...,T.
The next lemma is the second step of the proof of Proposition 5.7. It deduces from Lemma 5.10 a path in which

the transition map is differentiable and is of interest to apply Theorem 4.1 or Theorem 4.2. It applies to all cases
(a)-(d). We delay once more the proof of Lemma 5.11 to Appendix B.

Lemma 5.11. Suppose that the objective function f: R* — R, the normalization functions R and p, the stepsize
change T': R — R, | and the sampling distribution 1/5 satisfy F1-F2, R1-R3, pl-p2, T'1-I'3 and N1, respectively.
Consider the control model (5.16) with the functions Fo and ag defined by (5.10) and (5.4) respectively.

Then, there exist 8y € X a steadily attracting state, and p € Rio, such that, for every j € N, there exist T € N

and v1.7 € OQTU, with S(,TD being differentiable at vi.7, and

Sg, (vi.r + hir) =S4, (vir) + Cj x L(hyr) + o(ha.r) (5.20)

for every hy.p € W, where Wr, is a well-chosen subspace of VT, L: Wy - R x R x R4 x RY 4s a surjective
linear map, s = d(d+1)/2, and C; is a matriz of the form:

* * 0o 0 L?
* * L4 *
LE L, 0 0 0
0 0 0O 0 O

24



with (LT, ..., LZ ) being a basis of ker Dp(Sr) (with O; = (2¢, D, G, B4, 7¢) = Sg, (V1) fort =0,...,T), L. € Ry,
and
~ A —1/2 ~ ~—1/2
(1- CU)BC§+1R(ET)1/22T (1- Cd)lc§+3R(2T)l/22T
(1—c)?(1—ec — C#)73/2d§+11d (1—c)t(l—ec — cu)71/2d§+31d

where f, == (1—co—(1—c1—c,) Y2 ((1—co )*p)) "1/co (2 — o)ttt and df = (1—c1—c,,) /2 [1—cc—T((1=co)*p)~?]
Vee(2 = co)perr. The symbol x in (5.21) represents the elements of the matriz C; that we do not give explicitly
(their values do not change the rank of C;).

LP = , (5.22)

Next, in order to deduce the case (a) in Proposition 5.7 from Lemma 5.11, we first show in the next lemma that
the matrix L% defined via (5.22) is invertible when the integer j is sufficiently large.

Lemma 5.12. In the context of Lemma 5.11, there exists j € N such that, if cc # 1, ¢o # 1, 1 —c. # (1 —
¢o)\/1—c1 — ¢y, then the matriz L defined via (5.22) is invertible.

Proof. We have, since ¢, # 1, ¢, # 1:

[(1 )RS 128Y 0

x LE1
0 (1—co) (1 —c1 — cu)l/zld J

_ (1 — CU)QC§+11(1 C§+3Id
(1—ce)?(M =1 — )M 1o df g1y

Therefore, it is sufficient to find some j € N such that the RHS in the above equation is invertible, i.e., such that
the matrix
A — [(1 —Co)[l—co—(1—c1 — c#)fl/zg}il] l—co—(1—c1— 0“1)1/2Fj_-i}3]
J (I—co)? (=1 —cu) ™t 1 —ce —T5 ] 1—c.—Tj 4

where T, = T'((1 — ¢, )*p) for k = j + 2, j + 4, is full rank. Moreover, when j — oo, by continuity of I' (by T'1), we
have that I'; 11 and T'j13 tend to I'(0). Hence,

_ 2 _ _ _ _ —1/2 —1 _ _ _ _ —-1/2 —1
lim detAj:‘a o) (1—co — (1 —c1 —c,)7V2T(0)™Y) 1—c, — (1 —c1 —c,)1/2T(0)

j—roo (1—c)*(l—c1—cu) "1 —c.—T(0)7) 1—c.—T(0)71
2
(1 (1 _p\—1/2 -1 P -1 (1-co) 1
=1-co—(1—=c1—c,) /"TO0) ) x(1—c.—T(0) ") x (1=c)?(l—ci—c)~t 1]
a b . . [a b 1 1
where e d denotes the determinant of the matrix c d) However, I'(0)~' > 1 (by I'3) and (1 —c1 —¢,) " > 1.
Hence, there exists j € N, such that, if 1 —c. # (1 — ¢5)y/T —c1 — ¢, then det L7 # 0. O

We can now end the proof of Proposition 5.7. Depending on the case (a)-(d), the end of the proof goes differently.
We present here the proofs of cases (b) and (d), and we delay those of (a) and (d) to Appendix B.3.

Proof of Proposition 5.7(d). Suppose that ¢. = ¢, = 1. Apply Lemma 5.11, we have then that the matrix Lé”q

defined via (5.22) is the zero matrix. Then, there exist a steadily attracting state 6y € X, T > 0 and vy.p € O—éro
such that we have that rge DSJ (vi.7) D R? x {0} x {0} x Tﬁ:Tp’l({l}) x {0} and thus by taking p = ¢ = 0 and
r = 0, we have, for every (z, ﬁ)) € R4 x TiTpfl({l}), (z,p, 4, ﬁ],r) € rge DSQTO (v1.7). O

Proof of Proposition 5.7(b). Sum)se that ¢. = 1 and ¢, # 1. By Lemm

a 5.11, there exist a steadily attracting
state 8p € X, T'> 0 and vi.7 € OQTO such that the matrix Lf’q defined via (5.2

2) satisfies:

Pq _
L™ =

—1/2 —1/2
(1—co)Pemy? (1- CU)C§+2ET ! , (5.23)

0
with rank £,."/% = d, and & #0, 5 #0. Thus, rge L = R x {0} and rge DSy (v1.r) D R? x R* x {0} x
TﬁTp_lA({l}) x {0}, and thus by taking ¢ = 0 and r = 0, we have, for every (z,p, %) € R? x R% x Ty, p ' ({1}),
(vaaquaT) € rge DSg;(”l:T)- |
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5.4 Proof of Theorem 3.1

In Sections 5.1 to 5.3, we have proven all required conditions to apply Theorem 4.1 or Theorem 4.2 to the Markov
chain © defined in (0.3). The conclusion is summarized in the next theorem.

Theorem 5.1. Suppose the objective function f: RY — R, the normalization functions R and p, the stepsize change
I': R — Ry, and the sampling distribution v satisfy F1-F2, R1-R3, pl-p2, T'1-T'3 and N1, respectively.

Let © = {(z, pt, a1, ﬁ]t,rt)}t>1 be the normalized Markov chain associated to CMA-ES defined via (5.3) and P
its transition kernel. Then,

(1) if cc,co € (0,1) are such that 1 —c. # (1 — co)y/1 —c1 — ¢, and if ¢, > 0, then P is an irreducible aperiodic
T-kernel, such that compact sets of X = R? x R? x R% x p~1({1}) x R4 are small;

(i) if cc € (0,1), ¢co = 1 and ¢, > 0, then the normalized chain {(z;, qi, 3¢, 7¢) }i>1 is a time-homogeneous Markov
chain with an irreducible aperiodic T-kernel, such that compact sets of Xo = R? x RY x p~1({1}) x R4y are
small;

(iii) if co € (0,1) and c. = 1, then the normalized chain {(z,ps, 3¢)}+>1 is a time-homogeneous Markov chain
with an irreducible aperiodic T-kernel, such that compact sets of X3 = R? x R? x p~1({1}) are small;

(v) if cc = co = 1, then the normalized chain {(z, 3¢) Ye>1 is a time-homogeneous Markov chain with an irreducible
aperiodic T-kernel, such that compact sets of X4 = R x p~1({1}) are small.

Proof. By Proposition 5.3, the Markov chain © follows the control model (5.16), and by Proposition 5.4, H1 and
H2 hold.
Suppose first that c.,co # 1 and 1 — ¢, # (1 — ¢,)y/1 —c1 — ¢,. By Proposition 5.7, there exist a steadily

attracting state 0* € X, T' > 1 vy.p € OQT* such that ’DSgl (v1.7) exists and is of maximal rank. Hence H3 holds,
and we deduce then (i) by applying Theorem 4.1.

Now suppose that c. # 1 and ¢, = 1, resp. Co # 1 and ¢, = 1, and ¢. = ¢o = 1. Then, by Corollary 4.1,
01 = {(zt,qt,Zt,rt)}t>1, resp. OF = {(zt,pt, ) >1, and O7 = {(z¢,3¢)}e>1, defines a time- homogeneous
Markov chain. Moreover, since 0* is a steadily attracting state for 6 then, by Proposition 5.7, resp. ©F, ©7 and
O, follows a control model which satisfies H4. Thus, by Theorem 4.2, we obtain (ii), (iii) and (iv). O

Our main result Theorem 3.1, stated in Section 2, is a consequence of Theorem 5.1 and of Theorem 4.3. Indeed,
consider p = det(-)"/?. Tt is a normahzatlon function that satisfies pl-p2. By Proposition 5.2, the associated Markov
chain © following (5.3) with this normalization function is a transformation of the chain ® defined via (2.14) by
the homeomorphism & defined in (5.1).

By Theorem 5.1, © is an irreducible aperiodic T-chain. By Theorem 4.3, so is ®. Therefore [35, Theorem 6.2.5],
compact sets are small sets.

6 Conclusion and perspectives

This paper expands a methodology to analyze irreducibility and other stability properties of complex Markov chains
when they are expressed as nonsmooth state-space models. We apply the methodology in the context of optimization
to the CMA-ES [22]. We prove irreducibility, aperiodicity and topological properties of a stochastic process obtained
by normalizing the Markov chain that represents the state of CMA-ES when optimizing scaling-invariant functions.
This is an important milestone to prove the linear convergence of CMA-ES.

Our stability analysis encompasses more general processes than the one underlying CMA-ES by considering an
abstract stepsize change function. Compared to previous work [12], we relax the assumption on the stepsize change
from C! to locally Lipschitz. This now allows to analyze the default stepsize change of CMA-ES. We also consider
an abstract sampling distribution vy which includes multivariate normal distributions as used in CMA-ES.

We summarize the assumptions to prove stability of CMA-ES:

e The objective function is scaling-invariant. This is inherent to our methodology because we define a time-
homogeneous Markov chain based upon the normalization of the state variables of CMA-ES.

e The objective function has Lebesgue negligible level sets. This is needed to obtain a lower semicontinuous den-
sity for the distribution of the ranked candidate solutions. This is a main assumption to deduce irreducibility
from the analysis of an underlying control model.
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e The normalization function R(-) is positively homogeneous and continuously Lipschitz, but R(-) may be
nonsmooth. This includes natural normalizations, e.g., by the determinant (which is smooth) or an eigenvalue
(which is nonsmooth). Positive homogeneity is needed for building the normalized Markov chain and thus
(too) inherent to the Markov chain methodology. Lipschitz continuity yields a locally Lipschitz function F'
for the nonsmooth model (4.1) and allows to connect irreducibility to the analysis of an underlying control
model [19].

e The hyperparameter setting assumptions cover all practically relevant algorithm variants (with/without cu-
mulation, with rank-one and rank-mu updates) except when ¢; + ¢, = 1, or when ¢, < 1 and either ¢, =0
or 1 —c. = (1—-cy)y/1—c1—cu. Without cumulation (¢, = 1), the rank-one update is sufficient to prove
irreducibility and aperiodicity. However, we need the rank-mu update for our proof when cumulation is used
(cc < 1). None of the above cases is important in practice.

Limitations and perspectives We believe that some of the above assumptions can be relaxed with further
work, specifically, and based on empirical observations, the assumptions that

e the hyperparameters have to be chosen suitably (in particular 0 < ¢, < 1),
e the objective function f has Lebesgue negligible level sets, and

e the sampling distribution is positive and continuous on the entire search space (which is not the case for a
distribution on the unit sphere).

In order to conclude—with the approach pursued in this paper—the linear convergence of CMA-ES and its
learning of the inverse Hessian, it still remains to be proven that the normalized Markov chain converges geomet-
rically fast to a stationary distribution and satisfies a Law of Large Numbers. This proof could be achieved by
finding a potential function for which a geometric drift condition holds [35].

A Proofs in Section 5.2

A.1 Proof of Lemma 5.6
Proof of Lemma 5.6. Let ey, be the k-th vector of the basis B. Let k be positive and ' be real. Consider the
sequence {6 }1—0.1,2,3.4 defined by

O = (2641, Pes1s Gra1, Big1, T41) = Fo (04, 00 (01, vi41))

with vy = [Kex)i=1,... p, V2 = —rfl/QF(pl)_lvl, vg = [K'eg)i=1,...u, and vq = —7‘51/21"(]93)_11)3. By Proposition 5.6,

we have vy.4 € (930 and by Lemma 5.4 we obtain z4 = 29 = 0. Moreover,

G2 =K X Vee(2— cc)ueﬁrflm [1 —Ce — I‘(pl)_l] ek.

Let n € R, and set &' = 7 x (m/cc(Q — cc)uegrflﬂ [1 —Ce — l"(pl)_l}) =ngo. Then, similarly to the proof of
Lemma 5.5, we have, since vz = 7[ga, . . ., ga):

a1 =732 x (1= e0)ry % + (1= cc = Dlpg) ™) V/eel = copertn) x as (A1)

where

 o—1/2
ps = (1= cpa + 1/ ea (2 — e e R(Z2)S, P wlvg

A . —1/2
— (1= co)pe + \/er (2 — co e RS, g,

and thus 1

P(ps)"' =T ((1 —co)p2 + \/00(2 - CU)NeHR(22)7722_1/2q2)
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We apply the intermediate value theorem to the function

—1
- A —1/2
Cinrr [1 —c.—T ((1 —co)p2 + \/00(2 — Co ) Her R(X2)n 2, qz) ] X \/€e(2 = cc) e

which is such that g4 = 7"3_1/2 X ((1 - cc)2r2_1/2 + C(n)) X ¢g. Since I' is continuous by R2 and such that when

-1
7 goes to oo, |1 —c.—T <(1 — ¢y )p2 + \/cg(2 — cg),uch(ZAlg)nﬁl;ﬂqQ) ] is strictly positive by I'2, we find

that ¢ is continuous and ((n) tends to +o0o when 7 to +00, and to —oco when 7 to —co. Hence we find 7, € R
(which depends continuously on ) such that when 7 = 7,, we have

qas = 0.
For the covariance matrix 31, we have

(1 —c1—cu)Xo +ciee(2 - cc)ueffkﬂekeg + cum%ke;—

2 - I
! p((1 =1 — )0 + crce(2 — co)periere) + curere])

where X = R(f)o)flflo. Let p1 = p((1—c1—cp)Bo+cice(2 — cc)ueffKQekekT—i—cMerkekT) and w1 (k) = c1¢e(2 — co) ot 2+
c,k? such that

3 = pl_l [(1 —c1 — )Xo+ crce(2 - cotefiklere) + cukazekeﬂ
=p;! [(1—c1—cu)Zo+ wl(li)eke,ﬂ .
The map w; is continuous, with wq(0) = 0 and w; (k) — oo when k — oo. Similarly, setting
p2=p (R(21)7121 + (c16e(2 = co)pterrs® (1 — cc = T(p1)™") + cur®T(p1) ~2) 61&2)
we get
o =0y [RE) (1 — - 6)"%
+ (R(f)l)_l(l —c1 —cp)wi(k) +crce(2 — Ce) ot K2 (1 —Ce — l"(pl)_l) + CMH2F(]91)_2) ekeg]
=yt {R(ﬁ)l)fl(l —c1 —c,)? o+ wg(n)ekeﬂ ;

with wy continuous since R and I" are continuous by R2 and T'l, w2(0) = 0 and wa (k) — oo when k — oc.
Likewise, for the next two steps, we find ps > 0, wy continuous such that ws(0) = 0, and wy(k) — oo when
Kk — 00, and

3, =p;t [R(f:l)_lR(fJg)_lR(gg)_l(l —c1— ) B0 +wa(k)erey | -
Then, by the intermediate value theorem, there exists x > 0 such that
wi(k) = R(Z0) T R(Z1) TTR(Z2) TTR(Z3) M1 — e — ) M1 — M) >0 .
Therefore,
[24]s = pr ' R(Z0) 'R(Z1) T R(Z2) T R(E3) ML — 1 — ) diag( M, -y Mm 1y Moty Mt 1s o5 Aa)

Setting v = p; 'R(Z0) " R(Z1) " R(Z2) ' R(Z3) " (1 — ¢1 — ¢,)*, we have proven that we can reach 6, with the
matrix 334 defined in (5.19). O

B Proofs in Section 5.3

B.1 Proof of Lemma 5.10

Proof of Lemma 5.10. By R3, there exists Cq € th, such that R is differentiable on a neighborhood of Cy. Since R
is positively homogeneous by R1, then by Lemma 5.8 R is also differentiable on a neighborhood of 3o = p(Co)~LCo.
Then, by Corollary 5.1, there exists 8y = (20, po, 90, 20,70) With zo = go = 0 which is a steadily attracting state.
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Let T € N, vi.r € (’)—HTD and hy.r € V. We denote for t € {1,...,T}:

N ~ h
9t = (Ztuptuqta Et,’f't) = Séo(vl:t) and 9? = (qupguqfu Etur?) = Sgo(vl:t + hl:t) .

We have that, if v1.p = 0, then since g = 0, ¢¢ = 0 for t = 1,...,T anq using (5.8) we find 3, = 3. Since
v »—)Sgo (v) is continuous, and since R is differentiable in a neighborhood of 3, then there exists My > 0 such that,
if [|v1.7]|? < My, then R is differentiable at 3,. Hence we impose that ||v||2 < My /T for all t € {1,...,T}.

Define, for t = 0,...,T, by =79 X --- x 1, X R(Z) ™" and b = ¢! x ...r} x R(ﬁ)?)*l, and let B, = b3, and
likewise Bl = b,’}ﬁ)? Therefore by positive homogeneity of p, p(B;) = p(b;2;) = bip(;) = by since p(;) = 1.
Similarly p(B}) = b and thus

> ¢ a5 - B (B.1)
= an = . .

" p(By) " p(BY)

Moreover, define §; = /7_1q: and @' = /71 ql as well as ©;41 = /Fvip1  and hip1 = V7 hiy1 where

Fr =19 X - X7y and 7 = vl x --- xrl'. Hence, by applying (5.7):

Gt+1 = \/—Tt 2(1 = co)gr + V/ce2 = co) e V/Tew v
(1—--c) \/Tt 19t + \/Cc ,Mcf-fW Opp1 = (1 —ce)de + vVee(2 — Cc)ucffW;ﬁtJrl

and likewise ~
@t = (1= co)d + Veel2 — co) prerw,, ((ff/ft)l/%tﬂ + ht+1) . (B.2)

Denote A;4q such that Et_l,_l = Ati1/p(Atyq1) in (5.8). (Alternatively the matrix 2t+1 in (2.16) equals A¢iq).
Then by positive homogeneity of R, R(3:11) = R(Aty1)/p(Aty1) such that

A1 _ A _ it (B.3)
R(A11)  p(Ar1)R(Bi1)  R(Zi41)
Then, using the previous equation and (5.8):
Biy1 = b1 =70 X - X Tep1 X R(Zep1) 81 = fopi R(Se1) 1 8 (B.4)
=P R(A1) T A (B.5)
n
= Fry1 X Tig X ((1 —c1— ) R(Ze) T 8 + crgri1a/) 0 + cp Z wf“éﬂ(“éﬂﬁ) (B.6)
> i1
A A H . .
=1-c - c‘u)ftR(Zt)*lzt + clftthrlq;_l +cy Z wfftvz+l(vg+l)T (B.7)
i=1
H . .
= (1 =1 = ¢u)Be + e1de1diy + ¢ Y widg (540)" - (B.8)
i=1
Likewise,
M . . . .
Bl = (1 —c1 — u)BE + 11 (@) T + it wa(vtzﬂ +hyr) (Vg + i) T (B.9)

=1

Let s = d(d + 1)/2 be the dimension of the set of symmetric matrices S as a real vector space. Let 11 € R? be a

nonzero vector and define then s, . .., 15 nonzero vectors of R?, such that (1] ,...,9s/ ) forms a basis of S<.

Scaling down the length of ¢, does not change that we have a basis of S¢ and thus we impose that ||¢%|| < &, where

¢ is a positive constant that we precise in the next paragraph. Set T'= 2s(s — 1) + 4 and set v1.7 as below.
For t € {0,...,5— 1}, we set

V41 = 7:2_tl/2[1/)t+17 s thi] € R¥ and vayppp = —(1 — CC)":2_;L/12 (et ] € R (B.10)
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such that
U241 = [Yig1, -+, ig1] and Ooq0 = —(1 — co) [Yrq1, -+ - Yega)- (B.11)
Moreover, we choose £ > 0 small enough so that |lvg||* < My /T for all k =1,...,2s. By definition of My earlier
in the proof, we have that R is differentiable in 3, for t = 0,...,T. If moreover p, # 0 for t = 1,...,T, then by
Lemma 5.9, v — SeTo (v) is differentiable in v1.7. Besides, by Proposition 5.6, we have v1.25 € (955.
Observe now that there exists ¢; € R? such that [|¢1]| < & and p;1,pe are nonzero. Indeed, p; = (1 —

¢ )po + Vo (2 — c,,)ueich(f]O)1/220_1/2 S wmvi and using By = TOR(ﬁo)_lflo we find p1 = (1 — ¢,)po +

Ca(2 - Ca)ﬂcﬁr(l)/2Bal/2 ﬁ;l wsz(;lﬂ‘/)l = (1 - Ca)pO + 00(2 - CU)NCHB81/21/)1 and

o
S &o—1/2 m, i
pe=1—=co)p1 + Vo (2 — cg)uegR(El)1/2El sz vy (B.12)
i=1

=(1—co)’po+ (1 —co)\/co(2 - cg)ueHBglﬂdJl (B.13)

~Veo2 = copeny P BT w1 — eo)iy P (B.14)

= (1= co)?po + [(1 = co)By /% = (1 = co) BT V*1V/eo (2= o ptets - (B.15)

Since vy = —(1 — cc)Ffl/2 [1,...,11] with ¥; # 0, given that according to (B.8), By = ayBo + agt1] + azqiq ,

for ay, as, 3 some nonnegative constants and ag + a3 > 0 since ¢1 + ¢, > 0, and 91,¢1 # 0 (see below), we have

(1- CU)B81/2 #(1- cC)B;1/2. Moreover, up to scaling s, .. ., 1, sufficiently smaller than v, we can ensure that
pt # 0 for ¢t € {3,...,2s}. Then, by Lemma 5.9, and by composition since S;:l(vl;t+1) = S’ét (o1 )(Ut+1) we find
0, (V1:t

by induction that Sg(f is differentiable at v1.2,. Then, by induction, since Gi+1 = (1 —c.)G +1/Ce(2 — o) oW, Ve 41

with 52t+1 = [1/)t+1, e 7/¢)t+1] and ’L~)2t+2 = —(1 — Cc)[l/}tJrl, ceey ’(/)t+1], we find that, for every te {0, ey S — 1}, we
have:
Q2141 = V€e(2 — co)prerthi1 and gop42 = 0. (B.16)
Fort =0,...,8 — 1, let k} € R be arbitrary (we fix the value of x; later in the proof). We set, given an arbitrary
real number 1 € R, for t =0,...,s — 1:
hovyr = [(7) 72 = 752 4 (73) 72 kien] X [rga, - ] € R

which implies B
harer = [1— (75, /720) /2 + Kie1] X (e, - - Prga] (B.17)
and

harpa = —(1 = co)[(Fhy 1) /2 = @1/12 + (7 1) T PRter] X (g, i) € R

so that, by induction, starting from (B.2) we have:

@y = (1= co)@y + V/ce(2 = co)pew,, (75, /o) *Bars1 + horyr) (B.18)
—(1—¢)x0 (B.19)
Vel ey, (/720 + (1= (@ /7a)? + wben ) ) Wi, ] (B.20)
=2 — ¢o) et (1 + m}al) Piiq (B.21)

and

§3t+2 =(1- CC)(jgt-i-l +v/ee(2 - Cc)ﬂeffwrl((fgtﬂ/772t+1)1/2772t+2 + B2t+2)
= (1 = co)vVee(2 — co)ptes (14 Kyer) Yuga

~h ~h
T. T.
T 2t+1 2t+1
— (1= co)v/ee(2 = coppeawo, [ 1/ 255 + 11—/ 22 4mter | | [Wrras - 0eta]
T2t+1 T2t+1

=0
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Note that, for i =1,..., u:

(7502 5 (s + Bhen) = (/P22 4 (1= (7 /720) /2 + iben) ) e = (1 + mfer) g -

Then, using (B.9), we obtain for ¢ € {0,...,s — 1}, when &1 — 0O:

Bl = (1—c1 —cu)B + crce(2 — co)pten (L + Ke1) o1t (B.22)
m
. 2
+Cuzwi (1""{#51) @/Jt-q-l%/};.l (B.23)
i=1
=(1—c1 —cu)Bhy + [e106(2 — co)ptet + ) X (1 + 261e1) Y19y + 0(e1) (B.24)
From (B.8), we have that
M . .
Bory1 = (1= 1 — ¢u)Bos + c1Garp1op 1 + 0 Yy widhyy (G50) "
i=1
m
=(l-c— CM)B2t + 0100(2 - Cc)Meﬂwtﬁ-lwt—;l +cu Z wf¢t+1¢:+1
i=1
= (1 —c1 — cu)Bat + [c166(2 — o) et + ) Vra1¥/s 4
that we use in (B.24) to obtain
B}, =Bo1 + (1 —c1 —¢u) (BY, — Bar) + [c166(2 — co)ptess + ] X 2 Kie10e410/  + 0(e1)
=Cp
=Bay1 + (1 —c1 — ¢u) (B, — Bay) + corferhryihyy + o(er) - (B.25)

Moreover, for i = 1,..., u:

(f§t+1)1/2 X (U§t+2 + h§t+2) =—(1-c) ((f§t+l/f2t+1)l/2 + (1 - (f§t+l/f2t+1)1/2 + 5%51>) Y41

=—(1—cc) (14 rier) Y -

Thus, we obtain, by (B.9) and (B.25):

nw
B§t+2 =(1-ca- Cu)Bgt-i-l +Cu szc(l —co)’(1+ 5%51)2¢t+1¢;—1
i=1
=(1—c1—cu)Bopp1 + (1 —c1 —¢,)? (Bh, — Boy) + (1 — 1 — cu)evsiertherity)
+eu(l = co) (1 + ryer)*Prr1vfyy + o(er)
= (1 —C1 — C#)B2t+1 =+ C#(l — CC)21/)t+11/);;1 + (1 — C1 — C#)2 (B}2Lt — B2t)
+ dpriye19ep1, + o(e1)

with
dpy=(1—c1—cp)ep +2c,(1—co)? =2(1 — c1 — ¢) (c16e(2 — co)ptet + ) + 2¢,(1 — c.)?

Yet, by (B.8) since by (B.16) ga¢+2 = 0 and by (B.11) 9%, 5 = —(1 — ¢c)thri1:

Botio = (1 —c1 — ¢u)Bars1 + cu(l — o)1ty

Therefore,
B}, o — Borgo = (1 — 1 — ) (B, — Boy) + dyrfertbeath)yy + o(e1) -

Then, by induction, we get,

Bl =By, +¢; Z(l —c1— )P T dyki_ b + (1 — 1 — ¢,)** (Bl = Bo) +o(e1)

t=1
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with B} — Bg = 0 by definition. By induction on k € {1,...,s — 2}, we set for t € {0,...,s — 1}:

—1/2 d
V2t 2ks 1 = TgtJr/QkS[ith, co ] €R
and
= _—(1— ~—1/2 Rd#

Vatt2ks+2 = —( CC)T2t+2ks+1[1/}t+17 o] € .
We also set, given arbitrary real numbers e; € R and for some x} € R for t € {0,...,s — 1}:

~h —1/2  ~—1/2 ~h -1 d

haotvors+1 = [(Toyraks) /2 - Tortons T (Pttoks) Pg5er]) X [Yests- - Yrg1] € R
and
— ~h -1/2 _ z—1/2 1/2 d
hottorsya = —(1 — Cc)[(T2t+2ks+1) / —Totlokst1 T (T2t+2ks+1) / Kie1] X [Yeg1, .., Yep1] € R

Then, similarly to above, we obtain ga(141)s = 0 and

Bt 1)s = Bogrpnys + ek »_(1—c1 = ¢)> dorf 1)) + (1= e1 — ) (B, — Bags) + olex) -
t=1

Thus, by induction, we get qgs(sfl) =0 and

s—1 s
Bgs(s—l) = B25(5*1) + ng(l - a - CH)QS(S_l)_%S Z(l - C = Cu)%_ztdb’ifﬁlwtwt—r + 0(51:5—1)
k=1 t=1

Note moreover that we can assume again that p; # 0, up to choosing again the vy, k > 2, sufficiently smaller than

Y1

By Lemmas 5.3 and 5.5, for any vgss_1)41 € 0;23(37 there exists vog(s—1)42:25(s—1)44 € (992 R such that
225(s—1)44 = Q2s(s—1)+4 = O. Moreover, when vo,(s—1)41 — 0, then we have that 29,,_1)41 and qgs(s 1)+1 tend
to 0 and thus we can impose that vog(s_1)42:25(s—1)+4 — 0 as well. In particular, we can choose va,(5_1)41 small
enough such that p; # 0 for t =2s(s — 1) +1,...,2s(s — 1) + 4. Hence, by Lemma 5.9, ng(sfl)ﬂ is differentiable
at vas(s—1)44 (we have that R is differentiable at 3, for all ¢ = 1,...,T by imposing vy.p small enough, see the
beginning of the proof).

Consider then (Sy,...,S,_1) a basis of ker Dp(Bag(s—1)44). For k =1,...,5—1, we can choose then the kF ER,
t=20,...,s— 1 so that we have

S

(1= — )72k N (1 — ) — ¢,) 2 dyif_ gyt =Sy (B.26)
t=1

This is possible since (11 , ..., 1)) is a basis of S¢, and by the intermediate value theorem applied to the LHS
of (B.26), for k=1,...,s. Set T =2s(s — 1) + 4. Then, we have, when €1.,_1 — 0,
s—1

B}% =Br+ Z{:‘ksk + 0(61:571) . (B.Q?)
k=1

Therefore, since Sy € ker Dp(Br) for k =1,...,s, we have

s—1
P (BT +) xSk + 0(81;5—1)> = p(Br) + Z Ek Dp(Br)Si +o(e1:s-1) = p(Br) + o(e1:5-1)
= —

and using (B.1) and (B.27)

R B s—1 S . B s—1 S
2;‘ = Tt Ek:jlsk kT O(El' 1) = Tt E:Bkzl ROk + 0(51:571)
p(BT+Zk:1 Eksk—FO(El;sfl)) p( T>
s—1
=37+ Y exp(Br) ' Sk +o(e1:s1)-
k=1
However, (S1,...,S,_1) is a basis of ker Dp(Br), and by Lemma 5.8, ker Dp(Br) = ker Dp(2r) = pfl({l}).

Thus we have shown that for every hs; € TiTp’1 ({1}) for which we can find e, such that hy = Zk:l ERp (BT)71 Sk,
there exist h.,h, € R?, h, € R and hi.r € (R¥%)T such that DSeTo(vlzT)hl:T = [hz, hp, 0, b, hy] which is the
statement (ii) of the lemma. The statements (i) and (iii) have been proven earlier in the proof. O
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B.2 Proof of Lemma 5.11

Proof of Lemma 5.11. Let 6y € X be a steadily attracting state satisfying Lemma 5.10. Then, there exists Tp > 0
and vi.ro € Of such that conditions (i), (ii), (iii) of Lemma 5.10 are satisfied. Let T > Tp, vi.y € Of and
hi.r € V. We denote for every t € {1,...,T}

~ ~ h
et = (Ztapta qt, Et,Tt) = Sgo(vl:t) and 9? = (Zfapilu q;lu Et 77{1) = S(SO (Ul:t + hl:t)-

Let s = d(d + 1)/2 be the dimension of S?. Then, ker Dp(2q,) = Ts,. p~1({1}) is a vector space of dimension

s—1. Let (S1,...,Ss—1) be a basis of keer(ﬁ]To). Then for k = 1,...,s — 1, by condition (ii) in Lemma 5.10,
there exists 5sz0 € V™o such that DS’QT: (Ul:To)ff;To = [hz, hp, 0, Sk, by (for some hy, hy, hy). If hip, = Ekff:To e Vv
for €, € R, we have by Taylor expansion and linearity of the differential:

ETO = ZA:TO + xSk + O(Ek) .

Set then hy.p, = EZ: akngO, so that, by linearity of the differential:

s—1

. h .

ETO = ETO + E ELSE + 0(81:5_1) . (B.28)
k=1

Moreover, by conditions (ii) and (iii) in Lemma 5.10, we get
zry =qr, =0 and p:=pp, #0 , (B.29)
and by Taylor expansion since S(,T(? (v + h1,) = S(,T(? (v1.1) + Zz;i akDS’eT: (Ul:To)ff;To +o(e1:5-1)
zé}«o =0+ 0O(e1.5-1) and qgﬂo =0+4o(e1.s—1) and p:}}o =p+0(e1.5-1) - (B.30)

Let je Nandset T =Ty +j+ 5 and
VT +1:To+5+5 = 0 (B.31)

Then vry+1:175+5+5 = 0 € 05105 by Proposition 5.6. Since z7, = gr, = 0, then we obtain by applying the update
equations (5.5) and (5.7), that zz,.7 = ¢r,.7 = 0. By condition (i) in Lemma 5.10, S’GT: is differentiable at v1.7,.
Moreover, for t = Ty, ..., T —1, we have z; = ¢ = 0 and v;41 = 0, hence by Lemma 5.9 (case a) Selt is differentiable
at v;41. By chain rule, SeTO is differentiable at vq.7.

We set hq, 1.1, 45 = 0, then since 07, ; = 53, (vr,11:1,45) by applying (5.5), (5.6) and (5.7) with v = 0 and
T

]

using (B.30), we have

zéﬁoﬂ» =0+ O(e1.5-1) and qéﬁoﬂ =0+ o0(e1.5-1) and p’}oﬂ» =(1—co)p+0(e1:5-1) . (B.32)
Moreover, set
hT0+j+1 = (Hl,...,Hl) € R for some H; e R
hojre = —(1—c1 — ¢u) 2T (pry141) by i
hT0+j+3 = (Hg, ceey H3) € R for some Hj € R¢
hotjra = —(1—c1 = ¢u) 2T (pry1jes) by yjes
th+j+5 = (1{57 ey H5) € R for some Hs € R4

Note that pr,x = (1 —co)¥p for k=1,...,5 +5 by (5.6), and by Taylor expansion:
p}%oJrqul = (1 - CG’)j+1p + 0(61:5717 Hl) .

Yet, T is locally Lipschitz by I'l, thus F(p?pﬁjﬂ) =T((1 = ¢s)?™tp) + O(e1.5—1, H1). Moreover, since by R1, we
have 77, 1% = R((1 — ¢1 — ¢, ) R(E1y4%) 'Sy 4%) = 1 — ¢1 — ¢, and since R is locally Lipschitz by R2, we have

ik = R((1=c1 — ) R(B1y40) " Brpar + Olhriny4r)) =1 — 1 — ¢ + O(hvmy+k)
=1—0¢c — Cp + 0(61;571) + O(hToJrl:k) . (B.33)
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When Hy, Hz, Hs,21.4_1 — 0, since
0%y 4j1 = Spy (0+h1y4541)
by applying (5.5) we find
z%)ﬂ- + e Hy

h
RTo+i+1 —
o+j+ Th 1—‘( h )
To+j+11 \PTy+5+1

Hyrjpr = em(1 =1 — ) VPT((1 = o) p) " Hy + O(er:5-1) + o(Hn)

and thus using (B.32) and (B.33):

S0,
Zh ‘ _ Z§l~0+j+1 - Cm(l —C1 — C,u)il/2r(pTo+j+1)71Hl
To+j+2 h F( h )
\ "To+j+2t PTo+j+2
=O0(e1.5-1) +0(Hy) .
Likewise,

2y jya = O(€1.5-1) + o(Hy, Hs),
so that, in the end, since R is locally Lipschitz by R2 and T is locally Lipschitz by I'l, then
2 =2 s = O(eris—1) + o(Hy, Hs) + cmrp T (pr) " Hs+o(Hs).
Furthermore using (B.34) and (B.32),

q%)"‘j"‘l: (1 o CC)(T%0+j)71/2q%0+j + 00(2 - Cc)Meﬂ(O + Hl)

=V 00(2 - Cc)Meﬂ'Hl + 0(51:5—1)

and
Fyrjaz= (1= )Py pg0) ™21y
Vo2 = co)pter (0 — (1 —c1 — ¢,) "Y2T((1 — ¢p )" p) 1 Hy)
== (1 - Cc)(l —C1 —Cy + 0(51:571; Hl))_l/2 Cc(2 - Cc),UJcHHl + 0(51:571)
Vo2 = co)per(1 — c1 — ¢,) V2 0((1 = ¢ )7 ip) L H,
= (1 —C — Cu)_l/z [1 — Cc — F((l - Co)j+1p)_1} V 00(2 - Cc)ﬂeff Hl + 0(51:5—17 Hl) .
=dy,
Likewise,
(J%0+j+3 = (TTo+j+2)_1/2(1 - Cc)(J%)Jerrz + vV e(2 = co) et Hs
=(1—c1—cu) 21— co)db  Hy + \/ce(2 = co) et Hs + 0(e 151, H1)
and

QC}ZI"0+_j+4 = (TT0+J‘+3)_1/2(1 - Cc)qg“o-i-j-i-s —Vee(2 = co)per(l —c1 — Cu)_1/2r((1 - Co)j+3)_1H3
=(1—-c — c#)_l(l - cc)2d§+1H1 +(1-c - c#)_l/z(l — o)V ee(2 — co) ot H3
—Vee(2 = coptert (1 — 1 — ¢,) V2T (1 — ¢)? ) " Hy + o(er.5-1, H1, H3)

= (1 —C1 — C#)_l(l — CC)2d§+1H1 + d§+3H3 + O(El:sfl,Hl,Hg) y

where d} == (1 —c; —c,) V2 [1 = cc = T((1 — ¢o)*p) 1] \/ce(2 — cc)ptesr for k= j+ 1,5+ 3. Then,

qéﬁ = qg“0+j+5: (7‘:}}0_‘_]»_‘_4)71/2(1 - Cc)qg"o—i-j-i-él +vee(2 = Cc)ﬂefst
=(1-c — c#)_3/2(1 - Cc)3d§+1H1
=+ (1 —C1 — CH)_1/2(1 — Cc)d;;JrgHg, + O(Hg,) + 0(81;5_1, Hq, Hg) .
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For t = 0,...,T, we denote ; = R(3;)"'%; and X = R(f)f)_lf]f For t = Tp,...,T — 1, given the choice of
VT +1:Tp+j+5 = 0 in (B.31), we have then ¥y = (1 —¢1 —¢,)2:/p((1 — ¢1 — ¢,)X;) and by R1

21&—1—1 o (1 —C1 — CH)Et
R(f}t_H) R((1—c1 —cu)Xy)

Et_;,_l: = Et .

Thus, ¥; = 3 for t = Tp,...,T. Moreover, we have for k =0,...,7:

h ) .
(I-c— CH)ETO—HC + Clq%o+k+1(qgo+k+1)—r +cu Z?:l wz'cth0+k+1(hzTo+k+1)T

= , ,
p((1—c1 — CM)ETO-Hc + CIQ%0+k+1(Q%O+k+1)T +cu Z?:l wz'ctho+k+1(tho+k+1)T)

h

D2 NTNEES
Since p is C* by p2, hence locally Lipschitz, and ¢, o1 (@5 1ni1)” = 0+ O(hrmy+xl1?) = o(hrzy1x), we have
then:

(1 — €1~ C#)2%0+k z%oJrk
p((l—c — c#)Z%OJrk) P(z%(ﬁk)

where we have used pl to simplify the above equation. Therefore, we obtain by induction and using (B.28) that

~ h ~ h
Xtk = +o(higy+k) = +o(hr1y+k) = By 1k + 0(hrmy k)

s—1

~h N

Yk =21, T kask +o(e1.s—1, H1, H3, Hs)
k=1

and thus, using 37,1, = X7, and since R is locally Lipschitz by R2:

. h . .
o= Xtk Sy + Sl xSk +o(er.s—1, Hi, Hz, Hs)
+k T ~ - < s—1
’ R(Z;ﬁk) R(Xr, + > p—1 €kSk + o(e1:5-1, H1, H3, Hs))
by
— ATO +O(€1;s_1)+O(H1,H3,H5) :ET+O(€1;s_1)+O(H1,H3,H5) . (B35)
R(ETU)
——
=Sir,

It follows that:

p%)Jerrl = (1 - CO’)p}%[)Jrj + 00(2 - CU)NeH(E}IL’OJrj)_lﬂ X (0 + Hl)
= (1 - CU)j+1p + 00(2 - CU)Neﬂz;l/zHl + 0(51:5—1) + O(Hl)

and
Prorjve = (1= Co)Phyi i
Co(2 = o) et (B4 ja1) T2 5 (0= (1= e1 = ¢u) /2T ((1 = ¢ )/ 'p) ™ Hy)
= (1_CU)J+1p+(1_CU)\/mE;1/2H1
—Veo(2 = cope(l — 1 — ¢,) 72T ((1 - Cg)j+1p)712;1/2H1
+ O(El:s—l) + O(Hl,H37 H5)
=(1—c,) ' p+ cg?ﬂg;qul 4 O(e1:s-1) + o Hy, Hy, H5) .
Likewise,

pg“0+j+3 =(1- Ca)plil"0+j+2 +Veo (2 - CU)/LCH(EQ“O+J‘+2)71/2 x (0+ H3)

= (1) p+ (1 - o) =77 H
+ V 00(2 - CU)UCH'2;1/2H3 + 0(51:571) + 0(H17 HS; H5)
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and
Plytjpa = (1 — Co)Phytjss
00(2 o Cg)'uCH(zTo-i-J—i-B) /2 X (O - (1 —C1 — Cu)71/2F((1 — Cg)j+3p)71H3)
=(1- CU)J p+(1— CU)2CP+12;1/2H1 F(1- CU)\/WZ;QHS
\/m(l —Cc — CM) 1/21“((1 _ Ca)jJer)*lE;l/QHg

+ O(e1:s-1) + o(Hy, Hs, Hs)
=1 —co)™p+(1—-cy)? B V2 4 e P YV2Hy 4 O(e1:5-1) +o(Hy, H3, Hs)
where ¢} = (1 — ¢y — (1 — 1 — ¢,) V20 ((1 — ¢,)*p)) 1 \/co (2 — o) piet for k = j + 1,5 + 3. Finally,
Phors = (1= co)plhy gy + Veo (2 = co)piesr (B 1 544) "% x (0+ Hs)
= (1~ ca>ﬂ+5p+ (1= c)°c) 2P
+ (1= o)y 5 S5 2 Hy + Oler.5-1) + o(Hy, Hz) + O(Hs) .
By R2, we have

~ h ~ h
=R ((1 —c1 —c)R(Ep_) '8 + o(Hy, Hs, H5))

“h 1 ~h
=(1—c1—cu)R(E7r_1) 'R(EXp_,) + o(Hy, Hs, Hs)
=1-c¢ —cy+o(Hy, Hy, Hs) = rp + o(Hy, H3, Hs)

where we have used R1 to simplify the first line into the second line in the above equation. All in all, when
H17 H3a H5751:sfl — Oa

0(51:571)
0(51:571)
of = 07 + 0 +o(e1:5—1, H1, H3, Hs)
:;11 €Sy
0
(1—c1—cu) Y20 (pr)~ CmH5
(1—cy) x [(1 — )2 S0P H 4 Hg] +O(Hs)
+ (1—CC)(1—61 —C#) 1/2 X [(1—06) (1—01—6#) dj+1H1+dJ+3 } O(H5)

0

We identify the Taylor expansion of S(,TO (vi.r +hir) in (5.20), with L, = (1 —c¢; —¢,)"Y?T(pr) ‘e and Ly = Sy,
fork=1,...,s—1and

T
Wr = Span(ﬁ:ﬂ)v NS TO) X {O}J (_(1 e — cu)_1}21"((1 _ CU)j+1p)> R

1 T
: <—(1 — =) VAr((1 - Ca)j+3p)>

and L: Wy — R*~! x (R?)? maps a vector hy.p € Wz, to a vector (e1.s_1, Hy, Hz, Hs) € R*™! x (R%)? such that

R x R

s—1
H
_ koop 1
hizs—1 = ;;1: Er€imy Pstjistjn = <_(1 — 1 — )71 - Cg)j+1p)Hl>

Hs
hstjto:stjts = <_(1 e — Cu)_lml—‘((l _ Cg)j'Hp)Hg,) sheyjta = Hs .
Since the scalars €1, ...,e5_1 € R and the vectors Hy, Hs, H5 € R? above can be chosen arbitrary and independently
of each other, the linear application L: Wy — R*~! x (R%)3 is surjective. O

36



B.3 Proof of Proposition 5.7

Proof of Proposition 5.7(a) and (c). Suppose that either ¢, # 1, ¢, # 1 and 1 —¢. # (1 —¢)/1 — ¢1 — ¢, or that
¢e # 1, ¢o = 1. Assume moreover that ¢, > 0. Apply then Lemmas 5.11 and 5.12 to get that there exist T' € N and

V1.7 € O—g;) with
(a) in the case ¢o # 1, rge DSE (vi.r) D R? x R x RY x T, p~ 1 ({1}) x {0};
(c) in the case ¢, = 1, rge DSF (vi.r) D R x {0} x R? x T, p~({1}) x {0}.

In both cases, consider arbitrary h., hy, hy € R?, Hsy € Ts,p t({1}), with hp = 0 if ¢, = 1, so that there exists
hi.7 € VT satisfying DSQTO (vir)hir = (hs, hyp, hg, Hs, 0)". By Taylor expansion, we have then

zr + h,
pr + hyp
Sg. (v + hir) = | qr +hg | +o(hir)
37+ Hs
T

Since R is positive and positively homogeneous, it is not constant around S Besides, R is differentiable at S
and thus there exists w € R? such that DR(X7)(ww') # 0. Consider the nonconstant smooth function

Gy: s € R Fx(qy, R(ﬁ)t)flﬁ]t, Ty slw, ... w])

see (5.14). Since R is locally Lipschitz on Si 4, then R is locally Lipschitz on the submanifold rge G, which
is nontrivial since G, is nonconstant. Then, by Rademacher’s theorem [19, Corollary B.5], R is differentiable at
Gu(s) for almost every s € R. Moreover, we know that 37 = G, (0) and that DR(Z7)(ww’) # 0. Thus, by
upper semicontinuity of Clarke’s Jacobian [19, Proposition B.9], there exists a sufficiently small s > 0 such that
DR(Gy(s))(ww') # 0.

Then, we can find ¢ = sw € R? a nonzero vector small enough so that, if vry1 = [¢,...,¢€] € (991T, then R is
differentiable at 371, and DR(Z7;1)(ee”) # 0. Moreover, up to taking s > 0 smaller, we can assume that T
is differentiable at pry1 # 0 by I'l. Hence by composition and by Lemma 5.9, S’;‘FOH is differentiable at vi.741.
Indeed, by chain rule [13, Corollary 2.6.6], we have

DSy (viir1)hiir = DF(Sg, (viir), vr41) (DSg, (vier) (hair), hrsa)

Let hry1 = [h, ..., h] € R¥% for some arbitrary h € R?. Then,

Soa (Vg1 + hiirgr)

F.(2r + haypr + hp, R(S7r + Hs) "1 (87 + Hy), rrs [e + hy .. e+ h))
Fy(pr + hyp, R(E7 + Hs) ' (Br + Hs);[e+ h, ..., e+ h])
= Fq((]T+hq,TT;IE+h,...,€+h]) +0(h1:T+1)

Fs(qr + hg, R(Er + He) 7 (Sr + H), rrs[e + b, .. e+ 1))
FT(QT + hq, R(ZT + Hz)il(ET =+ Hz), rT; [E + h, Lo, €+ h])

see (5.11)-(5.15). Moreover, we have

F.(210 + hey pr 4 hy, R(ET + Hy) " (B + Hy), rrs[e + h, ... e+ h))
zr +h, +cm(h+e€
= - ( ) +o(h1.741)
TT+1F(pT+1) + O(h, hpv hqv HE)

= F. (27, pr, R(E7) 1), rrs e, - .. €]) + r;i/le(pT-i-l)_lhz + O(h, hp, hq, Hs) + o(h1.741)

Fy(pr + hy, R(E7 + Hs) " Y(E7 + Hy)[e + ... e + h))

=(1—co)(pr + hp) +Vco (2 — co et R(Er + Hz)2(Br + Hy) "2 (e + h) 4 o(hyr41)
= Fy(pr, RET) N (E1);[6,- .., €)) + (1 = ¢o)hy + O(h, Hg) + o(hiry1)
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Fy(gr + hg,rr;[e+ h,...,e+ h])
=172 (1 = eo)(ar + hg) + V/ee(2 — copren(e + h) + o(hrir41)
= Fy(qrrrife, - €)) + (1= co)rp 2 hy + /co(2 — co)pretth + o(h1ri1) = qran + hi + o(hiri1)

where hf = (1 — cc)r;1/2hq +V/ee(2 = co)presth,
Fo(gr + hg, R(E7r +Hs) (21 + Hs),rrs[e + by ... e + b))
=R ((1 —c1 — ¢u)R(Er + Hy) 7 (Sr + Hg) + cilgrsr + hfllar1 + b1 + cule + h][e + h]T)
+o(hi.741)
= R(Z7r41) + DR(E141)[(1 — 1 — ¢,)R(E7 + Hs) " 'Hy]
+ DR(Sr)[ealgren ()T + hiad )| + DR(E 1) euleh™ +he ™)) + o(hrr4a)
= Fo(qr, RE7)Y(Er), rri 6, ... €)) + (1 — 1 — ¢,)R(Z7) ' DR(Z741)Hs
+aDR(Er)lar (b)) + hiari] + uDR(Sr41)[eh’ + he ']+ o(hiri1)
= Fo(qr, RE7)YEr), rr3 6, - €]) + DR(Zr1)HE 4 o(hirsy)
where
HL=(1—c1—¢,)R(Er) 'Hs +¢; [QT+1(h;_)T + h;q;H] +culeh” + he']
and
Sri1 = (1-ec1 - Cu)R(ﬁ:T)fl(iT) =+ C1QT+1‘1:I+1 + C#EET
Let (z,y) € R? X R. Since ¢, > 0 and DR(Z741)(e€T) # 0 (since as seen above DR(Z741)(eeT) # 0 and Bpyq is
proportional to 3741, see Lemma 5.8), there exists h = le, where

I=(y—aDREr)graz’ +zq0,,] — (1 -1 — ¢u)R(E1)PR(Sr41)Hs)/(2c,DR(S141) (e 1))
and hy = (1 — cc)_lr;ﬂ(x — \/ce(2 = ce)perle) such that hf =z and
DR(2T+1)I:I§ = (1 —Cc1 — CH)DR(2T+1)R(2T)71H2 =+ ClDR(2T+1)[qT+1JJT =+ :Cq;rl] + QZCH[EET] =y

Therefore, the linear map (hg, k) — (h{, DR(Z741)HS) valued in R? x R is surjective. Besides,

~h
h . . 3
B4 = Folar + hg, RSt +Hy) ™' (87 + Hy).rps e+ hoek b)) = =38
P(Eri1)
where
~ h - N
S =3+ (11— —c)R(Er) 'Hs + ¢ [‘JTJrl(h;r)T + h;q;H]
+cu [EhT + hET] + O(hl;T+1) = STJrl + I:IE + 0(h1:T+1) .
Therefore, by using the Taylor expansion p(f)i}ﬂ)*l = p(Br11)"! = Dp(Zr41)HE + o(h1.741) since p is positive
and continuously differentiable by p2, we get
Fs(gr + he, R(E7r + Hs) (27 + Hy),rrs[e + hy ... e + h))
= Fs(qr, R(Er) " (Zr),rrife, - ) + p(Er1)  Hy = (Dp(Br)Hy) S + o(hiria) -
All in all, by Taylor expansion,

T;i/fr(pT-i-l)_lhz + O(hv hpv hqv HE)
(1 —¢o)hp +O(h,Hyx)

DS;C)H(ULTH)M:TH: ) ) hy ) o ,
p(Er1) ' Hy, — (Pp(Xr41)Hg) X1
DR(Xr41)HE

which proves that every element in R? x R4 x R x TiTHp’l({l}) x R is reached by the linear map DS‘;‘FOH(ULTH)

when ¢, # 1 so ’DS(,T0 L (v1.041) is surjective, hence of maximal rank, which proves the statement (a) (with 7'+ 1
instead of T'). When ¢, = 1, the statement (c) follows as well as there exists p = 0 € R? such that for every
(2,,2,7) R xR x T, p~1({1}) x R, (2,p, ¢, X,7) belongs to the range of 'DSg;)+1(U1;T+1). O

Y741
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