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Abstract

We construct an interpolatory high-order cubature rule to compute integrals of smooth
functions over self-affine sets with respect to an invariant measure. The main difficulty is
the computation of the cubature weights, which we characterize algebraically, by exploiting
a self-similarity property of the integral. We propose an h-version and a p-version of the
cubature, present an error analysis and conduct numerical experiments.

1 Introduction

A significant portion of research in modern numerical analysis is dedicated to numerical approxi-
mation of solutions to the problems posed on rough domains or of irregular functions, see [AST06;
Ban07; Cap10; RV13; DR22; DRT22; Cef+21; BB21; RS24] and references therein. In particular,
a series of recent articles [CHM17; CH18; Cha+21; BGH22; Cae+24] deals with approximation of
wave scattering by fractal screens, a problem that has applications in antenna engineering. The
underlying numerical method, suggested in [Cae+24], relies on approximating integrals on fractal
screens. Very few works have so far addressed the question of constructing cubature on fractal
sets, which is a goal of the present work.

It seems that one of the first works treating cubature on fractal sets is due to G. Man-
tica [Man96], who constructs a Gaussian quadrature for 1D fractals. The chaos-game cubatures,
based on Monte-Carlo method, were suggested in [FMV98]. In [GHM23], the authors design
and analyze a barycentric rule for integration of regular functions on fractals, and propose a
clever method in [GHM24] to compute singular integrals of BEM. Up to our knowledge, existing
methods are either uni-dimensional, or of low order.

Our approach is inspired by the work of Strichartz [Str99], who suggests an elegant method
to evaluate integrals of polynomials on fractals using self-similarity (see Appendix A). Adapting
this idea to our setting yields a cubature method of arbitrary high order for integrating functions
on self-similar sets in Rn.

This article is organized as follows. In Section 2 we introduce the notions related to the
geometry and measure of self-similar sets, as well as polynomial spaces. Section 3 and Section 4
describe the new method to construct cubature on self-affine sets. In Section 5 we propose two
versions of the cubature: an h-version and a p-version, and discuss the related error estimates.
Finally, Section 6 contains numerical experiments.

2 Problem setting

2.1 Geometry, measure and integration

2.1.1 Self-affine sets

The exposition below follows [Fal14, Ch. 9]. We will denote by | · |2 the Euclidean norm on Rn.
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Definition 2.1. An Iterated Function System (IFS) on Rn is a finite family of contractive maps
S = {Sℓ : Rn → Rn : ℓ = 1, 2, . . . , L}, with L ≥ 2. Namely, for ℓ ∈ L := {1, 2, . . . , L}, there exists
0 ≤ ρℓ < 1 such that the maps Sℓ satisfy the estimation |Sℓ(x) − Sℓ(y)|2 ≤ ρℓ |x − y|2, for all
x, y ∈ Rn. The fixed point of a contractive mapping Sℓ is denoted by cℓ.

Definition 2.2. Let K denote the set of all nonempty compact sets of Rn. For an IFS S =
{Sℓ : ℓ ∈ L}, we define the Hutchinson operator by

H : K → K such that H (E) := S1(E) ∪ · · · ∪ SL(E).

The above definition is justified by the following result from [Fal14, Thm. 9.1].

Theorem 2.3. For an IFS S = {Sℓ : ℓ ∈ L}, there exists a unique nonempty compact set Γ ∈ K,
which is a fixed point of H , meaning that Γ = H (Γ). This set is called an attractor of the IFS
S .

An important class of IFS are the affine IFS, for which all the maps Sℓ are affine:

Sℓ : x 7−→ Aℓx+ bℓ and cℓ = (I −Aℓ)
−1bℓ. (2.1)

Then the contraction ρℓ is equal to the spectral norm of the matrix Aℓ. A classic subclass of
affine IFS are the similar IFS where the maps Sℓ are contractive similarities, meaning that the
maps Sℓ satisfy |Sℓ(x)− Sℓ(y)|2 = ρℓ |x− y|2, for all x, y ∈ Rn which is equivalent to saying that

Aℓ = ρℓ Tℓ, where Tℓ is an orthogonal matrix. (2.2)

In what follows, we will refer to an attractor of an IFS in Rn as a fractal set. For the particular
case when the IFS is affine (resp. similar), the corresponding attractor will be referred to as
a self-affine set (resp. self-similar set). From the above definition, we have immediately the
following result, which will be of importance later.

Lemma 2.4. The pre-image of Γ by the maps Sℓ, ℓ ∈ L, satisfies S−1
ℓ (Γ) ∩ Γ = Γ.

Proof. Since H (Γ) = Γ, we have, with S−1
ℓ (Γ) denoting the pre-image of Γ,

S−1
ℓ (Γ) = S−1

ℓ (H (Γ)) = S−1
ℓ (S1(Γ)) ∪ · · · ∪ S−1

ℓ (SL−1(Γ)) ⊃ S−1
ℓ (Sℓ(Γ)).

The desired result follows from Γ ⊂ S−1
ℓ (Sℓ(Γ)).

In general, fractal sets are non-Lipschitz, but can be approximated by sets of a simpler
structure, called pre-fractals or pre-attractors. A sequence of pre-fractals can be constructed
as H p(F ), with F being an arbitrary compact set. In a well-chosen topology, see the proof of
Theorem 2.3 in [Fal14, Thm. 9.1], H p(F ) → Γ as p → +∞.

Example 2.5. On Fig. 1, we have plot classic examples of self-affine sets. The IFS corresponding to
the Fat Sierpiński triangle, see [BMS04; Jor06], is composed of the three maps x → ρx+ (1− ρ)cℓ
where ρ = (

√
5− 1)/2 and the cℓ are the vertices of an equilateral triangle. The one for the Koch

snowflake is composed of seven contractive similitudes, see [GHM23, Fig. 3], and the IFS for the
Barnsley fern is composed of four maps where the coefficients are given by [Bar93, Tb. 3.8.3].

Lemma 2.6. For an IFS S = {Sℓ : Rn → Rn : ℓ ∈ L}, there exists a nonempty compact set
K ∈ K such that Sℓ(K) ⊂ K, for all ℓ ∈ L.

Proof. We define K = B(z, r) as a closed ball of radius r > 0 centered at z ∈ Rn. Let us
show that H (K) ⊂ K for r > 0 sufficiently large. Since the maps Sℓ are ρℓ-Lipschitz, we have
Sℓ(K) ⊂ B(Sℓ(z), ρℓr). In order to have H (K) ⊂ K, it suffices that r ≥ |z − Sℓ(z)|2 + ρℓr,
for all ℓ ∈ L. Therefore, for any r ≥ maxℓ∈L|z − Sℓ(z)|2/(1 − ρℓ), the nonempty compact set
K = B(0, r) satisfies the lemma.
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Figure 1: Examples of self-affine sets.

Remark 2.7. From the proof of Lemma 2.6, we see that we can take any ball with a large
enough radius as pre-fractal of level 0 to get a decreasing sequence of pre-fractals. Naturally, to
approximate the smallest ball, we can minimize the function

z ∈ Rn 7−→ max
ℓ∈L

|z − Sℓ(z)|2
1− ρℓ

. (2.3)

2.1.2 Invariant measure

The exposition on invariant measure of an IFS is taken from [Hut81]. Given a compact subset
K ⊂ Rn, equipped with the usual Euclidean topology, one can define an outer measure on
K as a map ν : 2K → [0, +∞] such that ν(∅) = 0 (the null empty set condition) and, for
any A,B0, B1, . . . ⊂ K, A ⊂

⋃
i∈NBi implies ν(A) ≤

∑
i∈N ν(Bi) (the countably subadditive

condition). We say that a set A ⊂ K is ν-measurable, if ν(E) = ν(E ∩ A) + ν(E \ A) for all
E ⊂ K (the Carathéodory’s criterion). The family of measurable sets forms a σ-algebra. When
restricted to ν-measurable sets, the outer measure ν produces a measure. In the sequel, for a
reason that will appear in Theorem 2.8, we shall restrict ourselves to Borel regular measures: an
outer measure ν is Borel regular if, and only if, all Borel sets are measurable, and, for all A ⊂ K
there exists a Borel set B, s.t. A ⊂ B and ν(A) = ν(B). The support of the measure ν is defined
by supp ν := K \

⋃
{V open | ν(V ) = 0}. Let us further introduce

M1
K := {ν | ν is Borel regular and ν(K) = 1}.

Given g : K → K, measurable, the push-forward measure ν ◦ g−1 ∈ M1
K is defined by

∀A ⊂ K, ν ◦ g−1(A) := ν(g−1(A)), with g−1(A) := {x ∈ K | g(x) ∈ A}. (2.4)

Let us now construct an invariant measure associated to an affine IFS S given by the maps
{Sℓ : ℓ ∈ L}. First, let K satisfy the assumption of Lemma 2.6 (i.e. H (K) ⊂ K).

Given µ = (µ0, . . . , µL−1) ∈ (0, 1)L such that |µ|1 :=
∑

ℓ∈L µℓ = 1, let us define the map
M : M1

K → M1
K via the following identity1:

M : ν 7−→
∑
ℓ∈L

µℓ ν ◦ S−1
ℓ . (2.5)

A measure satisfying ν = M ν is called invariant with respect to (S ,µ).

Theorem 2.8. Let S = {Sℓ : ℓ ∈ L} and µ, M be as in Eq. (2.5). Then there exists a unique
invariant measure µ ∈ M1

Γ on Γ, the attractor of S , such that µ = M µ. Furthermore, the
support of the measure µ is Γ (which implies that for any measurable A, µ(A) = µ(A ∩ Γ)).

1The interested reader can verify that M maps M1
K into itself because |µ|1 = 1.
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Proof. This proof is due to [Hut81]; here we fill in some arguments omitted in the above reference.
We equip M1

K with the Monge-Kantorovich distance d(µ, ν):

∀(µ, ν) ∈ M1
K , d(µ, ν) = sup

{∫
K
f(x) dµ−

∫
K
f(x) dν

∣∣∣∣ f : K → R, Lip(f) ≤ 1

}
.

Then (M1
K , d) is a complete metric space, see the discussion after [Bog07, Thm. 8.10.43, Vol. II];

in the latter reference, the author restricts his attention to the Radon measures, however, since K
is complete and separable, measures in M1

K are Radon measures, see [Bog07, Thm. 7.1.7, Vol. II].
The operator M is a contractive map on this metric space, see the proof of [Hut81, Thm. 4.4(1)].
Existence and uniqueness of µ follows by the fixed point theorem. The property suppµ = Γ is
proven in [Hut81, Thm. 4.4(4)].

Remark 2.9 (Hausdorff measure and application to the wave scattering by fractal screens). Given
an IFS, one can construct infinitely many invariant measures, parametrized by µ. Nonetheless, in
some cases, this measure coincides with the (normalized) d-dimensional Hausdorff measure Hd(Γ)
(see [Bog07, 3.10(iii)]). Assume that the IFS S = {Sℓ : ℓ ∈ L} satisfy the Open Set Condition
(OSC). More precisely, there exists a nonempty bounded open set U such that H (U) ⊂ U and
Si(U) ∩ Sj(U) = ∅ for i ̸= j ∈ L. Moreover, let the IFS be a similar IFS, cf. Eq. (2.2). In this
case one can show that the Hausdorff dimension d of the S is a unique solution d to

∑
ℓ∈L ρ

d
ℓ = 1,

see [Fal14, Thm. 9.3]. Choosing µℓ = ρdℓ yields the invariant measure µ(E) = Hd(E ∩ Γ)/Hd(Γ),
see [Hut81, Thm. 5.3(1)(iii)].

This example is of importance for applications in the computational scattering theory. Recently,
Hausdorff measure based boundary element methods (BEM) were developed for scattering by fractal
screens, see [Cae+24]. A non-exhaustive list of self-similar sets satisfying the OSC includes
Sierpinski gasket, Koch snowflake and Cantor sets. Let us remark that one of favorable properties
of the Hausdorff measure compared is its invariance with respect to orthogonal transformations.
This can be used for efficient computation of singular integrals arising in the Hausdorff BEM,
cf. [GHM23].

Remark 2.10. The above construction of the invariant measure remains valid and yields the
same measure if the compact K is replaced by Γ.

2.1.3 Integrals with respect to invariant measures and a Ruelle operator

Let us fix the sets K as in Lemma 2.6, µ ∈ (0, 1)L, with |µ|1 = 1 and µ the associated invariant
measure as defined in Theorem 2.8.

As discussed in the introduction, the goal of this work is to approximate numerically
∫
Γ f dµ,

with f being sufficiently regular and defined in the vicinity of Γ (e.g. in C 0(K,C)). This will be
done by using a certain self-similarity property of the integral, which is introduced in the present
section. The proof of this property is in turn based on the following change-of-variables formula,
see [Bog07, Thm. 3.6.1.]: ∫

Γ
f(x) d(µ ◦ g−1) =

∫
g−1(Γ)

f ◦ g(x) dµ, (2.6)

In the above, g : Γ → Γ is measurable, and the measurable function f is such that f ◦ g ∈ L1(Γ);
the push-forward measure µ ◦ g−1 is defined in Eq. (2.4).

Motivation By analogy with the Hutchinson operator H acting on sets, recall Definition 2.2,
and the Hutchinson-like operator M acting on measures, see Eq. (2.5), one can introduce a
so-called Ruelle operator [FL99] acting on complex-valued functions defined in Rn, for instance
in C (Rn), by:

F : f ∈ C (Rn) 7−→
∑
ℓ∈L

µℓ f ◦ Sℓ ∈ C (Rn). (2.7)
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The reader will note that, with respect to the operator H , see Definition 2.2, compact sets are
replaced by functions and the union is replaced by the weighted addition.

Proposition 2.11. Given an IFS S = {Sℓ : ℓ ∈ L}, its attractor Γ, and an invariant measure µ
associated to S , for f ∈ C (Γ), we have∫

Γ
f dµ =

∑
ℓ∈L

µℓ

∫
Γ
f ◦ Sℓ dµ =

∫
Γ

F [f ] dµ,

with F defined in Eq. (2.7).

Proof. Given f ∈ C (Γ), we compute, by definition of M in (2.5) and M µ = µ,∫
Γ
f dµ =

∫
Γ
f d(M µ) =

∑
ℓ∈L

µℓ

∫
Γ
f d
(
µ ◦ S−1

ℓ

)
. (2.8)

From the change of variable formula Eq. (2.6) and supp(µ) = Γ, we get∫
Γ
f d
(
µ ◦ S−1

ℓ

)
=

∫
S−1
ℓ (Γ)

f ◦ Sℓ dµ =

∫
S−1
ℓ (Γ)∩Γ

f ◦ Sℓ dµ =

∫
Γ
f ◦ Sℓ dµ,

where the latter identity follows from Lemma 2.4. We conclude with Eq. (2.8).

Ruelle operator on spaces of polynomials for affine IFS We shall be particularly interested
in the action of F on polynomials. From now on, we will limit the discussion to affine IFS. We
denote by P the space of polynomials of n variables and, for any k ∈ N, by Pk the subspace
of polynomials of total degree less or equal to k. If case of ambiguity, we add the number of
variables n as a superscript to Pn and Pn

k . The space of polynomials can be decomposed into a
direct sum of homogeneous polynomials of degree k: for any multi-index α ∈ Nn, we define the
monomial xα := xα1

1 · · ·xαn
n ∈ P of total degree |α|1 = α1 + · · ·+ αn and

Hk := span
{
xα
∣∣ |α|1 = k

}
, so that Pk =

⊕
k′≤k

Hk′ and P =
⊕
k∈N

Hk (2.9)

Seen as a subspace of C (Rn), P is kept invariant by F and the action of F does not increase the
total degree, in other words, for all p ∈ Pk, we have F p ∈ Pk. This means that F has an upper
triangular structure with respect to the decomposition (2.9) of P: there exists a family of linear
operators F k,k′ ∈ L(Hk,Hk′), with k′ ≤ k such that

F p =
∑
k′≤k

F k,k′ p, for all p ∈ Hk. (2.10)

In Section 3, we shall need some information about the eigenvalues of F restricted to the space
of polynomials P, which we denote by F P. Let us denote by σ(F P) the set of eigenvalues of
F P (namely, values λ ∈ C, s.t. there exists p ∈ P, p ≠ 0, for which F P p = λp). Due to the
upper-triangular like structure of F P, it holds that

σ(F P) =
⋃
k∈N

σ
(
F k,k

)
. (2.11)

For k = 0, one easily sees that, as µ1 + · · ·+ µL = 1,

F 0,0 = Id, (the identity operator in P0), (2.12)

which means that 1 is an eigenvalue of F P. Furthermore, one can localize the eigenvalues of the
operators F k,k, for k ̸= 0, as made precise in the following lemma.
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Lemma 2.12. For any k ≥ 1, σ(F k,k) ⊂ D(0, rk) (the closed disk of center 0 and radius rk),
where

rk :=
∑
ℓ∈L

µℓ ρ
k
ℓ ≤ ρkmax < 1, ρmax = max

ℓ∈L
ρℓ.

As a corollary, 1 is a simple eigenvalue of the operator F P (i.e. its algebraic, and thus, geometric,
multiplicity equals to 1). Moreover, it is also the largest eigenvalue of F P.

Proof. With Sℓ(x) = Aℓx + bℓ, one sees immediately that for all p ∈ Hk, we have p ◦ Sℓ(x) =
p(Aℓx) +Rℓ(x) where Rℓ ∈ Pk−1. From this observation, we infer the following identity, valid for
all p ∈ Hk:

F k,k p(x) =
∑
ℓ∈L

µℓ p(Aℓx).

Let B = B(0, 1) be the unit closed ball of Rn and p ∈ Hk be an eigenvector of F k,k associated to
λ ∈ C. Of course ∥p∥L∞(B) ̸= 0 and there exists x∗ ∈ B such that |p(x∗)| = ∥p∥L∞(B). However,
F k,k p = λ p implies F k,k p(x∗) = λ p(x∗), thus

|λ p(x∗)| ≤
∑
ℓ∈L

µℓ |p(Aℓx∗)|

and since each matrix Aℓ is ρℓ-contractive, Aℓx∗ ∈ ρℓB, thus, by homogeneity,

|p(Aℓx∗)| ≤ max
x∈ρℓB

|p(x)| = max
y∈B

|p(ρℓy)| = ρkℓ max
y∈B

|p(y)| = ρkℓ |p(x∗)|.

We then conclude the proof since, as |µ|1 = 1,

|λ| ≤
∑
ℓ∈L

µℓρ
k
ℓ ≤ ρkmax

(∑
ℓ∈L

µℓ

)
= ρkmax.

Remark 2.13. In dimension n = 1, since all the spaces Hk are one-dimensional, the operators
F k,k are reduced to the multiplication operators. The eigenvalues σ(F P) of the operator F P are
known explicitly; they are real and positive. Indeed, from the proof of Lemma 2.12, one easily sees
that

σ(F P) =
{∑

ℓ∈L
µℓ ρ

k
ℓ , k ∈ N

}
.

The above reasoning can be extended to a higher dimensional case, when all matrices Aℓ are
diagonal, Aℓ = diag(aℓ,1, . . . , aℓ,n) with |aℓ,i| ≤ ρℓ < 1. In this case, it is readily seen that
(Sℓ(x))

α = aαℓ xα + Rα, where aαℓ = aα1
ℓ,1 · · · a

αn
ℓ,n and Rα ∈ Pk−1. Thus the operator F k,k is

diagonal in the basis {xα, s.t. |α|1 = k} of Hk and we have

σ(F P) =
⋃
k∈N

{∑
ℓ∈L

µℓ a
α
ℓ , |α|1 = k

}
.

2.2 Interpolatory cubature on self-affine sets

2.2.1 Definition and associated operators

Let us assume that Γ ⊂ K, where K is defined as in Lemma 2.6. As discussed in the introduction,
the goal of this article is to construct a cubature for an approximation of the integral of the
function f ∈ C (K) over Γ with the invariant measure µ. One of the commonly used types of
cubature formulae provides such an approximation of the form∫

Γ
f(x) dµ ≃ Q[f ] :=

∑
1≤i≤M

wi f(xi), (2.13)

6



where X := {xi :1 ≤ i ≤ M} ⊂ K is the set of cubature points and the vector w = (w1, . . . , wM ) ∈
RJ is the vector of cubature weights.

Remark 2.14. As the cubature formula depends of on both X and w, a better notation would be
QX ,w. However, we have abandoned this option in order to avoid heavy notation, the role of X
and w being implicit.

Let us remark that common cubature formulae (e.g. designed for Γ being an interval and µ
being the Lebesgue’s measure) rely on a set of points X ⊂ Γ. For self-affine sets, the condition
X ⊂ Γ can be difficult to ensure, and therefore, we do not provide any constraints on the location
of the points X , but the ones described below. For constructing Q, we shall follow the classic
paradigm for constructing a cubature formula (interpolatory cubature), where one requires that
“≃” becomes “=” in Eq. (2.13), when f belongs to a finite dimensional space P ⊂ P of polynomials.
The idea behind being that any continuous function can be approximated uniformly by a sequence
of polynomials. In the rest of the article, we assume that P0 ⊂ P.

Remark 2.15 (Choice of the space P). The usual practical choice for the space is P = Pk or
P = Qk, both choices being particularly well-suited for the error analysis. Recall that the space Qk

is defined as span{xα | |α|∞ ≤ k} with |α|∞ = max1≤i≤n αi. However, all theoretical arguments
extend to a general space P.

Given P , the usual procedure is first to consider a set X := {xi :1 ≤ i ≤ M}, where M = dimP ,
of cubature points which is P-unisolvent.

Definition 2.16. The evaluation operator associates to any continuous functions the set of its
values on X :

E : C (Rn) −→ RM , f 7−→ f := (f(x1), . . . , f(xM )).

Then, by definition the set of points X is P-unisolvent if, and only if, the map E is injective from
P into RM .

If X is P-unisolvent, EP := E |P is thus bijective from P to RM . The P-unisolvency in X is
a necessary and sufficient condition for constructing the set of Lagrange polynomials L i in P,
associated to the set X , defined by L i(xj) = δi,j , which is equivalent to L i = E−1

P (ei), where
{ei} is the canonical basis of RM . The set (L i)

M
i=1 is a basis of P and

∀p ∈ P, p(x) =
∑

1≤i≤M

p(xi) L i(x). (2.14)

Remark 2.17. Even though this is not explicit in the notation, the Lagrange polynomials L j do
depend on P and X .

Remark 2.18. The inverse of the operator EP is nothing but the interpolation operator that
associates to a vector a = (a1, . . . , aM ) the unique polynomial of P that takes the value ai at point
xi, namely

IP : RM → P such that IP(a) =
∑

1≤i≤M

ai L i . (2.15)

We shall use later the adjoint operator I∗
P : (P ; ∥.∥L2(Γ;µ)) → RM (where RM is equipped with the

euclidean inner product). The reader will easily verify that

I∗
Pf = f , fi =

∫
Γ
f L i dµ, i = 1, . . . ,M. (2.16)

Note that the cubature formula Eq. (2.13) can be rewritten in algebraic form as

∀f ∈ C (K), Q[f ] = w · E(f) (2.17)

where x · y the inner product in RM . Given P and X a P-unisolvent set, we would like to find w
in such a way that we integrate exactly all the functions in P. The (trivial) answer is provided
by the following lemma.
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Lemma 2.19. Given P ⊂ P and a P-unisolvent set X , there exists a unique choice of cubature
weights {wi : 1 ≤ i ≤ M} such that

∫
Γ p(x) dµ = Q[p], for all p ∈ P. These cubature weights are

given by

wi =

∫
Γ

L i(x) dµ, ∀1 ≤ i ≤ M. (2.18)

Lemma 2.19 is essentially of theoretical interest since exploiting it would require to compute
the integrals in Eq. (2.18). This justifies an alternative approach to define cubature weights that
we develop in the next sections.

Before proceeding into the definition of the cubature weights, we will need to introduce the
notion of S -invariance of a polynomial space. We shall see, in Section 3, that cubature weights
based on such polynomial spaces can be computed in a purely algebraic manner. On the other
hand, as we shall see in Section 4, for polynomial spaces not satisfying this condition, the natural
extension of the algebraic method will provide a set of practically useful cubature weights.

2.2.2 Definition of S -invariant spaces

Definition 2.20. A finite-dimensional subspace P of P is said to be S -invariant if and only if
P0 ⊂ P and P is stable by the operator F .

Remark 2.21. The reader will easily verify that for any S and any k, the space Pk is S -
invariant. If, for all ℓ, the matrix Aℓ has in each row and column only one non-zero element, the
space Qk is S -invariant. However, in general, the space Qk is not S -invariant, as shown in the
next example.

Example 2.22. Let n = 2, L = 2, and the matrices Ak in Eq. (2.1) are defined as follows: A0 = ρ Id
and A1 = ρ T , where

T =
√
2
2

(
1 1
1 −1

)
⇐⇒ Tx =

√
2
2 (x1 + x2, x1 − x2)

⊺.

We observe that p(x) = xk1x
k
2 ∈ Qk but p(Tx) = 1

2(x1 + x2)
k(x1 − x2)

k /∈ Qk. The space
F (Qk) is included into Pnk. This inclusion can be strict. Indeed, in the above case, for k = 1,
we have that, the polynomials pi,j(x) = xi1x

j
2, i, j ∈ {0, 1}, satisfy pi,j ◦ T ∈ Q1 if ij = 0, and

p1,1◦T = 1
2(x

2
1−x22). The above computation implies that F (Qk) = span{1, x1, x2, x1x2, x21−x22},

which is a strict subspace of P2.

3 Cubature based on S -invariant polynomial spaces

The key assumption of this section, unless stated otherwise, is that thehe space P is S -invariant..

3.1 Algebraic definition of the cubature weights

Recall that our goal is to construct a cubature rule Eq. (2.13), which would be exact for p ∈ P.
As shown in Lemma 2.19, this condition is ensured by the unique choice wi =

∫
Γ L i dµ, for

1 ≤ i ≤ M . On the other hand, by Proposition 2.11, we can relate the integrals of the Lagrange
polynomials to the integrals of their images by the Ruelle operator:

wi =

∫
Γ

L i dµ =

∫
Γ

F [L i] dµ. (3.1)

As P is S -invariant, F [L i] ∈ P , and is thus integrated exactly by the cubature rule Q. In other
words, the cubature weights satisfy the following identity:

wi =
∑

1≤j≤M

wj F [L i](xj) =
∑

1≤j≤M

∑
ℓ∈L

µℓ L i ◦Sℓ(xj)wj .
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In order to write the above in the algebraic form, let us define the M ×M matrix

Si,j :=
∑
ℓ∈L

µℓ L j ◦Sℓ(xi), for 1 ≤ i, j ≤ M. (3.2)

With this definition, the above said is summarized in the following lemma, which provides an
algebraic property of the cubature weights.

Lemma 3.1. Assume that P is S -invariant and that X is P-unisolvent, then the vector w given
by Eq. (2.18) is an eigenvector of S⊺, associated to the eigenvalue 1:

S⊺w = w. (3.3)

Obviously, Eq. (3.3) not sufficient to characterize w ∈ Ker(I − S⊺). We must complete it by
requiring that the cubature formula is exact for the constant function equal to 1, namely, using
the algebraic version Eq. (2.17) of Q,

w · 1 =
∑

1≤i≤M

wi = 1, where 1 := E(x 7→ 1). (3.4)

Thus, the problem to be solved, to compute the vector w of cubature weights writes

Find w ∈ Ker(I − S⊺) satisfying Eq. (3.4). (3.5)

By Lemma 3.1, we know that this problem admits at least one solution w given by Eq. (2.18).
However, a priori it is unclear that this solution would be unique. The answer to this question
is directly linked to the spectral structure of S⊺ and more precisely to the multiplicity of the
eigenvalue 1. Because the spectra of the matrices S⊺ and S (together with multiplicities) coincide,
we will work with the matrix S, which appears to have a convenient structure for the analysis.

3.2 Properties of the matrix S⊺ and well-posedness of Eq. (3.5)

The matrix Eq. (3.2) is strongly linked to the Ruelle operator F , which we will use to characterize
its spectrum. The first part of the following lemma will be used immediately, while the second
part will be of use later.

Lemma 3.2. For all p ∈ P, where the space P is not necessarily S -invariant, it holds that
E(F p) = S(E p). We also have EP IP E(F p) = S(E p).

Proof. From the definition of F , see Eq. (2.7) and the definition of S, see Eq. (3.2), the columns
of S are given by S·,j = E(F L j), for 1 ≤ j ≤ M . Next, with the Lagrange decomposition
Eq. (2.14) of p and by linearity of E , it holds that

E(F p) =
∑

1≤j≤M

p(xj) E(F L j) =
∑

1≤j≤M

S·,j p(xj).

The first statement is obtained using the definition of E . The second statement follows by recalling
that EP IP = IdRM and applying EP IP to the first identity.

The S -invariance of P implies in particular that FP = F |P ∈ L(P). Using the fact that EP
is invertible (recall that its inverse is the interpolation operator IP , see Remark 2.18), Lemma 3.2
implies that

FP = E−1
P S EP , (3.6)

in other words that the spectra of FP and S coincide.
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Lemma 3.3. The eigenvalue 1 is a simple eigenvalue of S (or, equivalently, FP according to
Eq. (3.6)) and all other eigenvalues are strictly less than 1 in modulus.
Moreover, the corresponding eigenspace is given by span{1}.

Proof. Given the S -invariant space P, let the smallest k be such that P ⊂ Pk. Let W be a
complement of P in Pk. Let F k ∈ L(Pk) be the restriction of F to Pk, the S -invariance property
means that, with respect to the decomposition Pk = P ⊕W , the operator F k has a triangular
block structure

F k =

(
FP→P FW→P

0 FW→W

)
.

As a consequence, we have the inclusion σ(FP→P) ⊂ σ(F k). On the other hand, remark that
σ(F k) =

⋃
0≤m≤k σ(Fm,m), cf. (2.10). The announced result about the eigenvalues is easily

deduced from Lemma 2.12 and (2.12).
It remains to show that the corresponding eigenspace is given by span{1}. This is easily seen
from (3.6): for v ∈ RM , it holds that Sv = v if and only if FP E−1

P v = E−1
P v. On the other

hand, FP 1 = 1, and EP1 = 1, and thus v satisfying Sv = v necessarily belongs to span{1}.

Remark 3.4. The proof of Lemma 3.3 provides a more precise characterization of the spectrum
FP , namely, with F k,k defined in the proof of Lemma 2.12, see Eq. (2.10):

k := min{k ∈ N | P ⊂ Pk} ⇒ σ(FP) \ {1} ⊂
⋃

1≤m≤k

σ(Fm,m)

where each σ(F k,k) is localized in a “small” ball centered at the origin (see Lemma 2.12).

As a consequence of Lemma 3.3, we have the following result.

Theorem 3.5. The problem Eq. (3.5) is well-posed and characterizes the vector w of cubature
weights.

The proof of this result relies partially on a standard linear algebra argument, which we repeat
for the convenience of the reader and which will be used later in the paper.

Lemma 3.6. Assume that A ∈ RM×M , and let λ ∈ R be a simple eigenvalue of A (i.e. its
algebraic, and thus, geometric multiplicity equals to 1). Then the corresponding left and right
eigenvectors vl and vr are not orthogonal. I.e. if vl, vr ∈ RM , vl ̸= 0, vr ̸= 0, are s.t. v⊤

l A = λv⊤
l

and Avr = λvr, then, necessarily, vl · vr ̸= 0.

Proof. We reason by contradiction. Assume that vl · vr = 0. Next, recall the decomposition of
the space RM = Ker(λ − A) ⊕⊥ Im(λ − A⊤). Since vr ∈ Ker(λ − A), and vl · vr = 0, then,
necessarily, vl ∈ Im(λ−A⊤). Therefore, there exists y ∈ RM , s.t. (λ−A⊤)y = vl. Remark that
y /∈ span{vl}, and is thus a generalized eigenvector. This contradicts the fact that λ is a simple
eigenvalue of A⊤ (equivalently, of A).

Proof of Theorem 3.5. Because the eigenvalues of S and S⊤ coincide (together with multiplicities),
by Lemma 3.3 we conclude that there exists v ̸= 0, s.t. S⊤v = v, and the corresponding eigenvalue
is simple. Using Lemma 3.3, we also have that S1 = 1. Applying Lemma 3.6 with A = S, λ = 1
shows that, necessarily, v · 1 ̸= 0.

It is easy to verify that w̃ = (v · 1)−1v is a unique solution to the problem (3.5), which is
thus well-posed. Since the exact cubature weights satisfy (3.5), necessarily, w̃ coincides with the
vector w.

In what follows, we will need a rewriting of Theorem 3.5, which will serve us in a sequel (see
Theorem 4.3).
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Corollary 3.7. Consider the following problem:

Find ω ∈ P, s.t.
∫
Γ
ω p dµ =

∫
Γ
ωF p dµ, and

∫
Γ
ω dµ = 1. (3.7)

This problem is well-posed, and the unique solution is given by ω = 1.

Proof. The result follows from the equivalence of the problem (3.7) and the problem (3.5), in the
following sense:

(A) if w ∈ RM solves (3.5), then ω = (I∗
P)

−1w satisfies (3.7);

(B) if ω ∈ P satisfies (3.7), then w = I∗
Pω solves (3.7),

where we recall that I∗
P is given by (2.16). To prove (A) and (B), we remark that

for all f, p ∈ P,

∫
Γ
f p dµ =

∑
1≤i≤M

p(xi)

∫
Γ
f L i dµ = I∗

Pf · Ep.

As a consequence, using the S -invariance of the space P, it holds that∫
Γ
ωp dµ =

∫
Γ
ωF p dµ ⇐⇒ I∗

Pω · Ep = I∗
Pω · E F p.

By Lemma 3.2, we rewrite the above as∫
Γ
ωp dµ =

∫
Γ
ωF p dµ ⇐⇒ I∗

Pω · Ep = I∗
Pω · S(Ep). (3.8)

Since E is surjective from P to RM , (3.8) leads to the following equivalence:∫
Γ
ωp dµ =

∫
Γ
ωF p dµ, ∀p ∈ P ⇐⇒ I∗

Pω · p = I∗
P ω · Sp, ∀ p ∈ RM . (3.9)

In a similar manner, ∫
Γ
ω dµ = 1 ⇐⇒ I∗

P ω · E1 = I∗
P ω · 1 = 1. (3.10)

This proves (A) and (B). Finally, we recognize in the right-hand side of equivalences (3.9), (3.10)
the problem (3.5); the desired conclusion follows from Theorem 3.5.

Remark 3.8. Remarkably, given two different sets of cubature points X and Y each of them
being P-unisolvent, the spectrum of the corresponding matrices SX and SY (which differ a priori)
is the same. Indeed, these matrices are representations of the same operator FP , cf. Eq. (3.6).

4 Cubature based on non-S -invariant polynomial spaces

One motivation for looking at the case of non-S -invariant polynomial spaces stems from a
practical difficulty of choosing cubature points that would be unisolvent in Pk, and possess
Lebesgue’s constants of mild growth, with respect to the number of points (this property is
favorable for convergence of quadratures formulae, as we will see in Section 5.2). Therefore,
instead, we will look at the tensor product spaces Qk, which has an additional favorable property:
for well-chosen unisolvent sets of points, the associated Lagrange polynomials are easy to compute
using barycentric formulae, cf. [Tre13]. It appears that the spaces Qk in general are not S -
invariant, as discussed in Section 2.2.2. Therefore, a priori, the cubature weights on the space Qk

no longer satisfy the algebraic property Eq. (3.5). This is illustrated numerically in Section 6.
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4.1 An alternative definition of the cubature weights

Let P ⊂ P with dimP < +∞ and P0 ⊂ P. According to Lemma 2.19, the cubature weights w
given by Eq. (2.18) provide a cubature formula Q[f ] which is exact in P . In the previous section,
under the assumption that P is S -invariant, we have shown that the corresponding weights can
be characterized as a unique solution to the purely algebraic problem Eq. (3.5). However, this is
no longer true if the spaces P are not S -invariant.

Our idea is to abandon the constraint imposed by the cubature formula of being exact in
P, but instead use Eq. (3.5) as a characterization of the cubature weights, in the same way as
the property (3.5) characterized exact cubature weights for S -invariant spaces, see Theorem 3.5.
More precisely, instead of the exact weights w, defined in Lemma 2.19, we will look for weights
w̃ as a solution to the following problem:

Find w̃ ∈ Ker(I − S⊺) satisfying w̃ · 1 = 1. (4.1)

Recall that the constraint w̃ · 1 = 1 in Eq. (4.1) ensures that P0 is integrated exactly. This new
cubature rule, defined by ∫

Γ
f dµ ≈ Q̃[f ] :=

∑
1≤i≤M

w̃if(xi),

is consistent with the invariance property Proposition 2.11 of the integral, in sense of

Lemma 4.1. If Q̃[f ] =
∑

1≤i≤M

w̃if(xi), the following two properties are equivalent:

(i) for all p ∈ P, Q̃[p] = Q̃[F p]; (ii) w̃ ∈ Ker(I − S⊺).

We leave the proof of this result to the reader. Following the above discussion, we single out
two important questions about the “new” cubature weights Eq. (4.1):

• the well-posedness of the problem Eq. (4.1);

• the error committed by replacing the cubature rule Q with its perturbed version Q̃ when
integrating polynomials p ∈ P.

4.2 On the well-posedness of the problem Eq. (4.1)

Unfortunately, we were able to show only a partial well-posedness result.

Theorem 4.2. The value λ = 1 is an eigenvalue of the matrix S⊺. If this eigenvalue is simple,
then w̃ · 1 ̸= 0.

Proof. The first statement follows by remarking that S1 = 1 (the result follows by the same
reasoning as in the proof of the second statement of Lemma 3.3). To prove the second statement,
let us assume that w̃ ̸= 0 is s.t. S⊤w̃ = w̃. Applying Lemma 3.6 with A = S and λ = 1 implies
that w̃ · 1 ̸= 0.

According to the proof of the above result, the condition that λ = 1 is a simple eigenvalue
ensures that (4.1) is well-posed, in particular, the constraint w̃ · 1 = 1 is satisfied. One can verify
that since S is real, w̃ satisfying (4.1) is necessarily real, too.

12



4.3 Subspaces of P integrated exactly by the inexact cubature

Since the error of the cubature is closely related to the largest polynomial space integrated exactly
by the cubature, it is natural to ask a question of characterization of spaces of polynomials in P
that are integrated exactly, i.e.

PQ :=
{
p ∈ P

∣∣∣ ∫
Γ
p dµ = Q̃[p]

}
. (4.2)

Since the integral and Q̃ are linear forms, this space has co-dimension 1 (thus dimension dimP−1)
in P independently of the vector w̃ (!). A more precise characterization of the space PQ is given
in the theorem below.

Theorem 4.3. Assume that S⊺w̃ = w̃ and w̃ ·1 = 1. Let PS be the largest S -invariant subspace
of P. Then the inexact cubature formula Q̃ integrates polynomials in the space PS exactly, in
other words, PS ⊂ PQ.

Proof. First, let us argue that we can rewrite the algebraic problem Eq. (4.1) in the variational
form resembling the statement of Corollary 3.7. Recall Eq. (4.1) satisfied by w̃ ∈ RM , rewritten
in an equivalent form, see Lemma 3.2:

w̃⊺ = w̃⊺S ⇐⇒ w̃ · E p = w̃ · EP IP E F p, ∀p ∈ P. (4.3)

Remark that in the above identity, it is the operator IP E F that appears, rather than F .
Moreover, because of non-S -invariance of P, IP E F ≠ F on P. Denoting ω̃ := (I∗

P)
−1w̃

(cf. the proof of the Corollary 3.7), we obtain the following counterpart of the identity in the right
of Eq. (4.3): ∫

Γ
ω̃ p dµ =

∫
Γ
ω̃ IP E F p dµ, ∀p ∈ P. (4.4)

Next, let us decompose the space P into two subspaces orthogonal with respect to L2(Γ)-inner-
product: P = PS ⊕⊥P⊥

S . In particular, any v ∈ P can be written as orthogonal sum v = vS +v⊥,
where vS ∈ PS and

∫
Γ v⊥ vS dµ = 0. In a similar manner we rewrite ω̃ = ω̃S + ω̃⊥. Applying

this decomposition to Eq. (4.4), and restricting the space of test functions to PS yields the new
identity for ω̃S : ∫

Γ
ω̃S p dµ =

∫
Γ
ω̃S F p dµ, ∀p ∈ PS , (4.5)

where we used the fact that IP E F p = F p for all p ∈ PS : since PS is S -invariant, E F p ∈ P
when p ∈ PS . Moreover, from w̃ · 1 = 1, and P0 ⊂ PS , we have∫

Γ
ω̃S dµ = 1. (4.6)

In (4.5), (4.6), we recognize the problem of Corollary 3.7, where P is replaced by PS . Therefore,
ω̃S = 1. since for all p ∈ PS , it holds that

Q̃[p] = w̃ · E p =

∫
Γ
ω̃pdµ =

∫
Γ
ω̃S p dµ =

∫
Γ
p dµ,

where the second equality above follows from the definition ω̃ = (I∗
P)

−1w̃, and the third is a
consequence of the orthogonality, we conclude that PS ⊂ PQ.

The above result may seem somewhat surprising: indeed, even if the matrix S⊺ admits several
eigenfunctions satisfying the assumptions of Theorem 4.3, the cubature rule based on any such
eigenfunction is exact in PS .
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Remark 4.4. The above result enables us to use the inexact cubature weights to compute the
weights exact in the space PS . For example, to integrate polynomials in the space Qk exactly,
one could have computed the inexact weights in Qnk. Such weights would have integrated the
polynomials in the space Pnk (which is S -invariant) exactly, in particular the Lagrange polynomials
for Qk, which define the exact cubature weights. However, this can be potentially computationally
expensive.

5 Error estimates

In this section we will quantify the approximation error of
∫
Γ f dµ using the cubature rule

introduced in the previous sections. Such estimates will be obtained from quite standard
arguments for cubature’s error estimates and cubature on regular sets. We suggest two versions
of approximation of

∫
Γ f dµ:

• The h-version, where, very roughly speaking, we decompose Γ into smaller subsets µ(Γj) ≤ h,
and approximate

∫
Γj

f dµ by a cubature of a fixed degree M . Convergence will be assured
by taking h → 0.

• The p-version, where we approximate directly
∫
Γ f dµ by the cubature of the degree M .

Convergence is then assured by taking M → +∞.

In both cases, the error analysis relies on the following (classic) estimate, which we recall here.
Let PQ be defined as in (4.2). Then

|e[f ]| ≤ inf
p∈PQ

∥f − p∥L∞(K)

[
1 + |w|1

]
, where e[f ] :=

∫
Γ
f dµ−Q[f ] (5.1)

which follows from the fact that, for any p ∈ PQ, e[f ] =
∫
Γ(f − p) dµ−Q[f − p].

5.1 Convergence by refining the mesh

5.1.1 Nested meshes on the IFS

To define a mesh on Γ, it is natural to decompose it into sub-fractals using the IFS contractive
maps. Let us fix the mesh size h > 0. The first, simplest decomposition, can be obtained from
the following observation. Since Γ = H (Γ) is a fixed point of the Hutchinson operator H , see
Theorem 2.3, it is also a fixed point of the p-times iterated operator H p. This gives the following
decomposition of Γ, using m = (m1, . . . ,mp) ∈ Lp:

Γ =
⋃

m∈Lp

Γm where Γm = Sm1 ◦ · · · ◦ Smp(Γ). (5.2)

The maximal refinement level p is chosen so that diamΓm < h, for all m ∈ Lp. Remark that in
the above, a priori µ(Γm ∩Γm′) ̸= 0 for m ̸= m′ ∈ Lp. The use of the mesh (5.2) for the integral
evaluation can be computationally inefficient, since the diameters of the patches Γm in the above
decomposition can vary significantly (in other words, some regions of Γ are refined too finely).
Therefore, instead we will use an approach suggested in [GHM23]. Let us introduce some useful
notation (with m ∈ Lp)∣∣∣∣∣∣

Sm := Sm1 ◦ · · · ◦ Smp , ρm := ρm1 · · · ρmp , µm := µm1 · · ·µmp .

Lp = L1 ∪ · · · ∪ Lp, for any p ∈ N∗ ∪ {∞}.
(5.3)

For p = 0, by convention, we define L0 = {∅}, Γ∅ = Γ, S∅ = Id, ρ∅ = 1, and µ∅ = 1. Given h > 0,
let us define the set of multi-indices Lh ⊂ L∞ by the following:

m ∈ Lh ⇐⇒ ρm diamΓ ≤ h, and ρ−1
ℓ ρm diamΓ > h, for some ℓ ∈ L, (5.4)
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and the corresponding decomposition of Γ via

Γ =
⋃

m∈Lh

Γm. (5.5)

We will see below that these definitions and decompositions make sense. Let us remark that
in (5.4), we used ρm diamΓ instead of diamΓm, because for self-affine sets diamΓm is not easily
computable. On the other hand, diamΓm ≤ ρm diamΓ. The first condition in (5.4) thus ensures
that diamΓm < h for all patches Γm, while the second condition is a requirement of minimality
of the set Lh, in the sense that the patches Γm cannot become too small.

The set Lh can be obtained by the following algorithm that constructs a sequence Lk
h, with

Lk
h ⊂ Lk, which is stationary after a finite number of steps. Then, Lh is defined as the stationary

point of this algorithm. The algorithm proceeds as follows. Starting from L0
h = {∅}, we deduce

Lk+1
h from Lk

h by looking at the (possibly empty) set N k
h = {m ∈ Lk

h |ρm diamΓ > h} and setting

Lk+1
h =

(
Lk
h \ N k

h

)
∪
{
(m1, . . . ,mk, ℓ) : (m1, . . . ,mk) ∈ N k

h and ℓ ∈ L
}
. (5.6)

The reader will easily verify that 1) the stationary point Lh is characterized by (5.4); 2) for all
k ≥ 0, Γ =

⋃
m∈Lk

h
Γm (by induction on k), which implies (5.5).

Remark 5.1. Setting ρmax = max
ℓ∈L

ρℓ, the algorithm stops after kmax iteration with

kmax ≤ k∗ := inf
{
k ∈ N

∣∣ ρkmax diamΓ ≤ h
}

i.e. k∗ =
⌈
log(h/diamΓ)

log ρmax

⌉
.

Remark 5.2. For similar IFS, it holds that ρminh < diamΓm ≤ h, for all m ∈ Lh.

Just like in (5.2), Γm and Γm′ in (5.5) may have non-trivial intersections. However, this
decomposition defines a ’partition’ of Γ in the sense of the following result.

Lemma 5.3. For h > 0 and f ∈ L1(Γ;µ), we have, for k ≥ 0,

(i)

∫
Γ
f(x) dµ =

∑
m∈Lk

h

µm

∫
Γ
f ◦ Sm dµ, (ii)

∑
m∈Lk

h

µm = 1 (5.7)

Proof. We proceed by induction. The result is true for k = 0 (trivial); for k = 1, we remark that
L1
h = L. Then (5.7) is direct from Proposition 2.11. Next, assuming Eq. (5.7), by definition (5.6)

of Lk+1
h , it holds that∑

m∈Lk+1
h

µm

∫
Γ
f ◦ Sm dµ =

∑
m∈Lk

h\N
k
h

µm

∫
Γ
f ◦ Sm dµ

+
∑

m∈N k
h

µm

∑
ℓ∈L

µℓ

∫
Γ
f ◦ Sm ◦ Sℓ dµ.

By Proposition 2.11,
∑
ℓ∈L

µℓ

∫
Γ
f ◦ Sm ◦ Sℓ dµ =

∫
Γ
f ◦ Sm dµ, thus

∑
m∈Lk+1

h

µm

∫
Γ
f ◦ Sm dµ =

∑
m∈Lk

h\N
k
h

µm

∫
Γ
f ◦ Sm dµ+

∑
m∈N k

h

µm

∫
Γ
f ◦ Sm dµ,

=
∑

m∈Lk
h

µm

∫
Γ
f ◦ Sm dµ,

which proves (5.7)(i). The equality (5.7)(ii) follows from taking f = 1.
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5.1.2 Mesh refinement cubature

Let K ⊃ Γ be a compact of Rn as in Lemma 2.6, and X := {xi}Mi=1 ⊂ K be a set of points that
are P-unisolvent on K. Let us assume that the weights {wi}Mi=1 are such that the cubature rule
Q is exact on Pk ⊂ P for some k ∈ N. Following Lemma 5.3, we define a cubature rule Qh:

Qh[f ] :=
∑

m∈Lh

µmQ[f ◦ Sm]. (5.8)

We define the set

Kh =
⋃

m∈Lh

Sm(K) which satisfies Γ ⊂ Kh ⊊ K (by Lemma 2.6). (5.9)

It can can be shown that Kh converges to Γ as h → 0, for the Hausdorff distance. By construction,
the h-cubature formula (5.8) uses the values of the function f in the set Kh, rather than the
whole compact K (the interest of this is discussed in Remark 5.5). Accordingly, we have the
following result.

Theorem 5.4. Let K be a convex set and satisfy Lemma 2.6. Let H > 0, k ∈ N, and let a
cubature Q be exact on Pk. For all f ∈ C k+1(KH) and h ≤ H, we have∣∣Qh[f ]−

∫
Γ
f dµ

∣∣ ≤ C hk+1
∥∥Dk+1 f

∥∥
L∞(KH)

,

where ∥Dk+1 f∥L∞(KH) = max
|β|1=k+1

∥∂βf∥L∞(KH) and the constant C is defined by

C =
(
diamK
diamΓ

)k+1
(|w|1 + 1)

∑
|β|=k+1

1
β! .

Remark 5.5. As seen from the statement of the above result, the convergence of the cubature
depends on the regularity of the integrand in the set KH . This allows to use efficiently such an
h-quadrature to integrate functions that have singularities inside a convex set K, but regular in a
small vicinity of Γ, cf. Fig. 1.

Proof of Theorem 5.4. Let f ∈ C k+1(KH). Using Lemma 5.3 and Eq. (5.8),∣∣∣∣Qh[f ]−
∫
Γ
f dµ

∣∣∣∣ =
∣∣∣∣∣∣
∑

m∈Lh

µm

[
Q[f ◦ Sm]−

∫
Γ
f ◦ Sm dµ

]∣∣∣∣∣∣ ≤ max
m∈Lh

em (5.10)

where
em =

∣∣∣∣Q[f ◦ Sm]−
∫
Γ
f ◦ Sm dµ

∣∣∣∣,
and we used (5.7)(ii). To estimate each of the terms em, we use (5.1), where we recall that the
polynomials Pk are integrated exactly:

|em| ≤ inf
p∈Pk

∥f ◦ Sm − p∥L∞(K)[1 + |w|1]. (5.11)

To estimate the right-hand side, we use the multivariate Taylor series expansion of f in the point
zm = Smz, with arbitrary z ∈ K. It holds that f = tm + rm, where

tm(y) =
∑

|α|1≤k

∂αf(zm)

α!
(y − zm)α, rm(y) =

∑
|β|1=k+1

hβ(y)(y − zm)β, (5.12)

hβ(y) =
k + 1

β!

∫ 1

0
(1− t)kDβf(zm + t(y − zm)) dt. (5.13)
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Remark that tm ∈ Pk, and thus tm ◦ Sm ∈ Pk; then (5.11) implies that

|em| ≤ ∥rm ◦ Sm∥L∞(K)[1 + |w|1]. (5.14)

From (5.12) it follows that

∥rm ◦ Sm∥L∞(K) ≤
∑

|β|1=k+1

∥hβ∥L∞(Sm(K))|Smy − Smz|k+1
2 , (5.15)

where we used the bound |(y − zm)β| ≤ |y − zm||β|12 . Using (5.13), convexity of K and the fact
that zm = Smz ∈ Kh, we conclude that

∥hβ∥L∞(Sm(K)) ≤
1

β!

∥∥∥∂βf
∥∥∥
L∞(Kh)

. (5.16)

On the other hand,

|Smy − Smz|k+1
2 ≤ ρk+1

m |y − z|k+1 ≤
(
hdiamK

diamΓ

)k+1

, (5.17)

where we use the fact that m ∈ Lh, and thus ρm diamΓ ≤ h. Combining Eqs. (5.16) and (5.17)
into Eq. (5.15), inserting the resulting bound into Eq. (5.14) and using (5.10) yields the desired
result.

5.2 Convergence by increasing the quadrature order

Alternatively, we can evaluate the cubature by computing Q[f ] directly, without splitting Γ into
sub-sets. In this case the convergence is achieved by increasing the number of cubature points M
(we will denote the corresponding cubature by QM [f ]). The goal of this section is to quantify the
speed of convergence with respect to M . Recall the estimate Eq. (5.1), where we emphasize the
dependence of all quantities on M , by using appropriate indices:∣∣eM [f ]

∣∣ ≤ inf
p∈PM

Q

∥f − p∥∞
[
1 +

∣∣wM
∣∣
1

]
. (5.18)

Unlike in the previous section, both factors in the above estimate will play an important role,
since, in general, |wM |1 can be unbounded as M → +∞. We will start our discussion with an
estimate on |wM |1. Next, we present convergence estimates for C k-functions in Theorem 5.10
and finally estimates for analytic functions in Theorem 5.11.

Many of the estimates will be made more explicit for the tensor-product cubature rule
satisfying the following assumption.

Assumption 5.6. Assume that K = Πa,b, where Πa,b = [a1, b1]× · · · × [aℓ, bℓ]. Let additionally
X = XN

1 × · · · × XN
ℓ , where XN

i are (N + 1) Chebyshev (first or second kind) quadrature nodes
on [ai, bi] [Tre13, Chapter 2 and Exercise 2.4]. The corresponding unisolvent polynomial space is
the tensor product space P = QN with M = (N + 1)n.

We denote by wN,n
C and QN,n

C (the index C stands for “Chebyshev”) the respective cubature
weights and cubature rule, computed with the method of this paper.

Remark 5.7. Remark that the cubature points depend on the choice of the compact K, i.e.
K = Πa,b.

We choose the Chebyshev points in particular because, for this case, we are able to obtain the
most optimal error estimates (this is related to the behavior of the bounds on |wM |1, which we
connect in Section 5.2.1 to the Lebesgue constants of the points XN

i , and that behave asymptotically
optimally for Chebyshev points).
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5.2.1 An estimate on |wM |1 for S -invariant spaces

In this case, the weights provided with our algebraic approach satisfy wM
i =

∫
Γ L i dµ (cf. Section

3) and Theorem 3.5. These weights may not be positive (see the experiments in Section 6.2), and
therefore, even though they sum to 1, |wM |1 can still be unbounded as M → +∞. Nonetheless,
this quantity grows very mildly, provided a suitable choice of the cubature points. This is
summarized in the following result, whose proof is left to the reader.

Lemma 5.8. The exact weights wM
j =

∫
Γ L j dµ satisfy the following bound:

|wM |1 =
∑

1≤j≤M

|wM
j | ≤ Λ1

X (Γ) := sup
x∈Γ

∑
1≤i≤M

|L i(x)|,

where Λ1
X (Γ) is the Lebesgue’s constant for X .

In particular, for cubature based on Assumption 5.6, we have the following bound.

Proposition 5.9. For the cubature as in Assumption 5.6, there exists C(n) > 0, s.t.∣∣wN,n
C

∣∣
1
≤ C(n) logn(N + 1), for all N ≥ 1.

Proof. We use the bound of Lemma 5.8. In our setting Lagrange polynomials are tensor products
of univariate Lagrange polynomials, thus

ΛΓ
X ≤ ΛK

X ≤
∏

1≤i≤n

Λ
[ai, bi]
Xi

,

where Λ
[ai, bi]
Xi

is a Lebesgue constant for interpolation in Xi on [ai, bi], cf. [Tre13, Ch. 15]. It
remains to apply to the above the exact asymptotic of Lebesgue’s constant of the Chebyshev
points, cf. [Bru97] and references therein.

5.2.2 Error analysis for C k-functions

The goal of this section is to provide error estimates for the quadrature rule QM [f ], provided
that f ∈ C k(K). Recall the error bound (5.18). To obtain convergence estimates, it remains to
quantify ∣∣eMP [f ]

∣∣ := inf
p∈PM

Q

∥f − p∥L∞(K), (5.19)

where PM
Q = PQ is defined in (4.2). The following estimate is fairly well-known.

Theorem 5.10. Let K be a convex compact set in Rn. If f ∈ C k(K), and if PN ⊂ PM
Q , for

some N ≥ 1, then there exists a constant C(K,n, k) independent of f and N , such that

∣∣eMP [f ]
∣∣ ≤ C(K,n, k)

Nk

∑
|α|1=k

∥∂αf∥L∞(K). (5.20)

Proof. Please see the multivariate version of Jackson’s theorem as stated in [Sch69, Thm. 4.10]
(see p. 168 of [Sch69] for the justification that intK is a regular set, as required by [Sch69,
Thm. 4.10]), cf. as well [BBL02, Thm. 2] for a similar result. In the first reference, the result is
formulated for QN instead of PN ; nonetheless, it is still valid for PN (with a different constant
compared to [Sch69, Thm. 4.10]), since Q⌊N/n⌋ ⊂ PN .

Combining the estimates of Theorem 5.10 and Lemma 5.8 yields the following result.
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Theorem 5.11. Let the cubature rule be like in Assumption 5.6. Assume that f ∈ C k(K). Then,
there exists C(f,K, n, k) > 0, s.t. for all N ≥ 1,∣∣∣QN,n

C [f ]−
∫
Γ
f dµ

∣∣∣ ≤ C(f,K, n, k)
(
1 +

∣∣wN,n
C

∣∣
1

)
N−k. (5.21)

In the case when PN,n
C are S -invariant for all N ≥ 0, the above estimate yields∣∣∣QN,n

C [f ]−
∫
Γ
f dµ

∣∣∣ ≤ c · C(f,K, n, k)N−k logn(N + 1), with some c > 0. (5.22)

Proof. Both results follow from the expression Eq. (5.18) combined with Theorem 5.10. The
estimate in the S -invariant case is a corollary of Proposition 5.9.

Compared to the error estimates of the tensor-product cubatures on the domains Πn
i=1[ai, bi],

we see that in the S -invariant case our estimates are worse by a factor of logn(N + 1), due to a
potential growth of cubature weights.

5.2.3 Error analysis for analytic functions

In this section, we fully restrict our attention to cubatures satisfying Assumption 5.6. We
will also work with analytic functions. This is of interest when evaluating regular integrals in
boundary element methods, e.g.

∫
Γm

∫
Γn

G(x, y) dµx dµy, where G is the fundamental solution of
the Helmholtz equation. The ideas and definitions that we present here are now standard, and
we follow the exposition in [SS11, Sec. 5.3.2.2], which we simplify and adapt to our setting. We
will work with componentwise analytic functions, as defined below.

Definition 5.12. The function f : Πa,b → C is componentwise analytic, if there exists ζ > 1,
such that, for each i, and for all yi := (y1, . . . , yi−1, yi+1, . . . , yn) with yℓ ∈ [aℓ, bℓ], the function

fyi(t) := f(y1, . . . , yi−1, t, yi+1, . . . , yn) : [ai, bi] → C,

admits an analytic extension Fyi(z) in the Bernstein ellipse

E ζ
ai,bi

=
{

ai+bi
2 + ai−bi

2
z+z−1

2 : z ∈ Bζ(0)
}
,

and is additionally continuous in the closure of this ellipse.

Next, to estimate Eq. (5.1), in particular, the expression (5.19), we will choose a particular
polynomial from PM

Q . To construct it, let us define a Chebyshev weighted L2-projection operator
of degree m in the direction i, which is helpful because we work with tensorized cubature rules. In
particular, let {Tk(t)}∞k=0, Tk(t) = cos(k arccos t), t ∈ [−1, 1], be the set of Chebyshev polynomials
of the first kind, see [Tre13, Ch. 3 and Thm. 3.1] for the relevant discussion. For each given yi as
in Definition 5.12, we set∣∣∣∣∣∣∣∣∣

Π
(m)
i : (C (K), ∥ · ∥∞) → (C (K), ∥ · ∥∞), Π

(m)
i f(y) :=

m∑
k=0

ayi,kTk(yi),

ayi,k := ck

∫ 1

−1
Tk(t)fyi

(
bi−ai

2 t+ ai+bi
2

)
(1− t2)−1/2 dt,

where c0 = 2/π and ck = 1/π for k > 0. Let us introduce the product operator

Π(m)f := Π
(m)
1 Π

(m)
2 · · ·Π(m)

n f ∈ Qm. (5.23)

We shall use this operator to prove the following approximation result.
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Proposition 5.13. Assume that f is as in Definition 5.12. Assume that QN ⊂ PM
Q , N ≥ 1.

Then there exists Cf > 0, such that

eMP = inf
p∈PM

Q

∥f − p∥L∞(K) ≤ Cf logn−1(N + 1) ζ−N/(ζ − 1).

Proof. We start by bounding eMP ≤ eN :=
∥∥f −Π(N)f

∥∥
L∞(K)

. Since f −Π(N)f = f −Π
(N)
1 f +

Π
(N)
1 f −Π

(N)
1 Π

(N)
2 · · ·Π(N)

n f , by the triangle inequality,

eN ≤
∥∥f −Π

(N)
1 f

∥∥
L∞(K)

+
∥∥Π(N)

1

∥∥∥∥f −Π
(N)
2 · · ·Π(N)

n f
∥∥
L∞(K)

.

Repeating this procedure n− 2 times, with different operators Π
(N)
k , yields the bound:

eN ≤
∥∥f −Π

(N)
1 f

∥∥
L∞(K)

+

n−1∑
k=1

( k∏
ℓ=1

∥∥∥Π(N)
ℓ

∥∥)∥∥f −Π
(N)
k+1f

∥∥
L∞(K)

.

One concludes with the help of the following bounds∥∥Π(N)
i

∥∥ ≤ C log(N + 1) and
∥∥f −Π

(N)
k+1f

∥∥
L∞(K)

≤ Cf ζ
−N/(ζ − 1),

easily deduced from existing 1D bounds in [Pow67; Mas80] and [Tre13, Thm. 8.2] respectively.

Combining Proposition 5.13 and Lemma 5.8 allows to quantify the cubature error.

Theorem 5.14. Assume that f is like in Definition 5.12 with ζ > 1. In the situation of
Assumption 5.6, there exists a constant Cf > 0, such that the following holds true. If the spaces
QN , N ≥ 1, are S -invariant, then,∣∣∣QN,n

C [f ]−
∫
Γ
f dµ

∣∣∣ ≤ Cf ζ−N

ζ − 1
log2n−1(N + 1). (5.24)

Otherwise, ∣∣∣QN,n
C [f ]−

∫
Γ
f dµ

∣∣∣ ≤ Cfζ
−⌊N/n⌋

ζ − 1

(
1 +

∣∣wN,n
C

∣∣
1

)
(5.25)

Proof. Assume that QN , N ≥ 1, are S -invariant. Then (5.24) ifollows from Eq. (5.18), Proposi-
tion 5.9 and Proposition 5.13. If QN is not S -invariant, by Theorem 4.3, the respective cubature
rule integrates the polynomials in PN exactly. Because Q⌊N/n⌋ ⊂ PN , we can again combine
Eq. (5.18) and Proposition 5.13 to get (5.25).

Remark 5.15. In the S -invariant case, compared to the multivariate integration on product
domains based on the tensor-product Gauss cubature ( cf. [SS11, Thm. 5.3.13]), our cubature error
is slightly worse, by a factor log2n−1(N + 1).

Moreover, according to the estimate (5.25), the non-S -invariant case might suffer from a
deteriorated convergence rate. We think that this estimate is non-optimal, due to the technique
of proof based on QN spaces. We believe that one could recover, under stronger assumptions on
f than the ones in Definition 5.12, the same convergence rate as for the S -invariant case by
adapting the approach of [Tre17] to PN spaces. This approach uses a more elaborate theory of
analytic functions of several variables, which is out of scope of this paper. See also the numerical
results of Section 6.3.

6 Numerical experiments

In this section we present several numerical experiments, illustrating statements of different
results in our paper, as well as performance of the new cubature rule.
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6.1 Algorithmic realization and implementation

We implemented the cubature rule following Assumption 5.6, as a Julia code, see [Moi24]. In all
experiments we used Chebyshev points of the first kind.

Finding K Finding a bounding box for an IFS is a subject of research [CC03; Mar09]. The
bounding rectangle K = Πn

i=1[ai, bi] is either explicitly known (for “classic” fractals like Cantor
dust), or can be computed as the smallest hypercube containing the fractal. To approximate the
latter, we used a minimization procedure applied to Eq. (2.3), with | · |2 replaced by | · |∞-norm.2

Computation of cubature weights To compute the cubature weights based on the algebraic
characterization Eq. (3.5), we need to evaluate the entries of the matrix S (Lagrange polynomials),
and solve the corresponding eigenvalue problem. The Lagrange polynomials were evaluated using
the barycentric interpolation formula from [Tre13, Ch. 5]. Recall solving the eigenvalue problem
in the S -invariant case amounts to finding the eigenvector of S⊺ corresponding to the largest (in
modulus) eigenvalue λ = 1, cf. Lemma 3.3. Thus we used the power iteration method, which
converges geometrically fast. We used the same method in the non-S -invariant case. Despite the
absence of theory, in all our numerical experiments, λ = 1 appeared to be the largest in modulus
and a simple eigenvalue.

Reference solution and errors Reference values for the integrals were always computed
using a highly-refined h-version of the method of order O(h15), as described in Section 5.1.1. The
depicted errors are relative errors.

Self-similar sets and measures Many of our calculations were performed on different Vicsek-
type fractals, defined on R2 using 5 contracting maps:

S0x = Rθx, Sℓx = ρx+ (1− ρ)cℓ, ℓ = 1, . . . , 4, bℓ = (±1,±1),

where ρ = 1/3, Rθ is a rotation by angle θ, see also Fig. 2. We use the self-similar measure with
µℓ =

1
5 , ℓ ∈ L. Remark that for θ ∈ {0, π2 }, the polynomial space QN is S -invariant, while this is
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(a) θ = 0
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(b) θ = 0.4
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(c) θ = π/4

Figure 2: Three Vicsek prefractals.

not the case for other values of θ ∈ (0, π2 ).
In some experiments, we worked with the 1D Cantor set, where we used the Hausdorff measure,

see Remark 2.9.
2We used the Julia package Optim.jl [MR18] for this. This is justified by Lemma 2.6; remark that a ball in

| · |∞-norm is exactly a hypercube.
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6.2 Behavior of cubature weights

In our first experiment, we compute cubature weights for two examples of fractals: Cantor set
(S1(x) = ρx and S2(x) = ρx + (1 − ρ)) and Viscek fractal with θ = 0, see Fig. 3. First, the

0.0 0.5 1.0

0.00

0.01

0.02

(a) Cantor set with ρ = 1/3, M = 255

−1.0 −0.5 0.0 0.5 1.0
−1.0

−0.5

0.0

0.5

1.0

−0.02

0.00

0.02

(b) Viscek with θ = 0.4, M = 100

Figure 3: Left figure: the values of weights (y-axis) vs the quadrature points (x-axis). The
intersection of vertical lines with y = 0 shows an approximate location of the Cantor set. Right
figure: location of cubature points in the 2D-set K used to construct a quadrature on the Viscek
fractal. Values of corresponding quadrature weights are indicated in color.

weights can be negative. Second, they seem to be larger in modulus for cubature points close to
Γ as one expects intuitively.

To illustrate that negative weights do not seem to affect the quadrature accuracy for large M ,
see (5.18), we plot |wM |1 in Fig. 4 as a function of M .
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(a) Cantor set

M
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𝓞(log2M)
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𝜃 = 0.4
𝜃 = 𝜋/4

(b) Viscek with ρ = 1/3

Figure 4: The dependence of the norm |wM |1 on M .

6.3 Convergence of the h-version and p-version

We illustrate in Fig.5 the statements of Theorem 5.4 and 5.14 by evaluating Q[f ] for

f(x) = eiκ|x−x0|2/|x− x0|2, for κ = 5 and x0 = (0.1,−2), (6.1)

which is used in wave scattering applications. Remark that the location of the singularity x0 is
chosen outside K.

As expected, cf. Theorem 5.4, since the cubature is exact in both S -invariant and S -non-
invariant cases, the results given by h-version do not differ significantly in these two cases. For
the p-version we also observe that the convergence rates for non-S -invariant case seem to be the

22



same as in the S -invariant case. This seems to confirm that our estimate (5.25) in Theorem 5.14
is not optimal (see Remark 5.15).
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(a) p-version
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(b) h-version

Figure 5: Convergence for Viscek without and with rotation and ρ = 1/3.

6.4 Integrating almost singular functions

In this section, we perform the experiments for a 2D Cantor dust (a tensor product of the Cantor
sets with ρ = 1/3), located inside K = [−1, 1]2. We work with the Hausdorff measure, cf.
Remark 2.9.

We compute integrals of the function f for κ = 5, see (6.1), with different choices of y in
x0 = (0.1, y). For y ∈ (−2, −1), x0 is located outside K and when y approaches −1 from below,
x0 approaches K, meaning that the integrand f becomes almost singular. For y = −1, x0 lies on
the boundary of K, and for y = 0, x0 is inside K.

When analyzing the error of the h-version of the cubature, we remark that for the two latter
cases, f is not continuous in K, but for H small enough, f is smooth in the domain KH ⊊ K
defined in (5.9). We expect the cubature (5.8) to converge at the maximal rate, cf. Remark 5.5.
This is confirmed by the numerical results in Fig. 6, right.

On the other hand, the convergence analysis of the p-version relies on the smoothness of
f inside K (and its analyticity properties), cf. Theorem 5.11 and 5.14. Thus, we expect the
convergence to deteriorate as x0 approaches K. This is confirmed by numerical results in Fig. 6,
left, where the worst results are observed for y ≥ −1.25.

6.5 Integrating over more exotic attractors of IFS

This section is dedicated to computation of integrals on less classic fractals. We approximate∫
Γ f dµ for f defined in (6.1), over four different self-affine sets: the fat Sierpiński triangle, the

Barnsley fern, the Koch snowflake (Example 2.5), as well as a non-symmetric Cantor dust3. The
fat Sierpiński triangle does not satisfy an open set condition. The IFS of the Barnsley fern is
not similar, and, moreover, for one of the matrices Aℓ, KerAℓ ̸= {0}. The IFS for the Koch
snowflake and the non-symmetric Cantor dust contain transformations with non-trivial rotations;
moreover, the Hausdorff dimension of the Koch snowflake is d = 2. The invariant measures for
these examples were chosen as follows: for the fat Sierpiński triangle, µℓ = 1/3, ℓ ∈ L; for the
Koch snowflake we choose µℓ = ρ2ℓ , ℓ ∈ L; for the Barnsley fern µℓ’s have been chosen according

3Aℓ = ρℓRθℓ and bℓ = (1 − ρℓ)cℓ with (ρℓ, θℓ, cℓ) = (0.25, 0.4, (−1.4,−1.1)), (0.35, 0.2, (0.8,−0.7)),
(0.3, 0.3, (1.2, 1.3)), (0.4, 0.1, (−1.3, 0.9)).
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Figure 6: Comparison of the p- and h-versions. In the right plot, we mark with the same colors
the curves corresponding to different x0 but the same value of p in the space Qp.

to the Table [Bar93, Tb. 3.8.3]; finally, for the non-symmetric Cantor dust, we again choose
µℓ = ρdℓ , ℓ ∈ L, with d solving

∑
ℓ∈L

ρdℓ = 1, cf. Remark 2.9.

The results for the h- and p- versions of the cubature for the Barnsley fern are shown in Fig. 7,
and for the rest of the fractals in Fig. 8. We see that the h-version converges quite neatly for all
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101

(a) p-version

h
10−1.0 10−0.5 100.0 100.5 101.0

10−10

10−5

100

h2

h4

h6

ℚ1

ℚ3

ℚ5

(b) h-version

Figure 7: Convergence for the Barnsley fern. Note the difference of the scales in both figures.

the fractals in question. At the same time, the p-version performs slightly worse for the Cantor
dust and the Barnsley fern. We do not know a precise reason for this (perhaps this is related to
the size of the computed bounding boxes which are quite large in this case).

A An extension of the Strichartz algorithm for polynomial inte-
gration

In this section we generalize the method of [Str99] for computing integrals of polynomials on
self-affine sets, defined by the IFS S = {Sℓ | ℓ ∈ L} via Theorem 2.3, with respect to the invariant
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ℚ1, Cantor dust
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(b) h-version

Figure 8: Convergence for the fat Sierpinski gasket, Koch snowflake and Cantor dust.

measure µ, defined via Theorem 2.8. Recall the invariance property Proposition 2.11:∫
Γ
f(x) dµ =

∑
ℓ∈L

µℓ

∫
Γ
f ◦ Sℓ(x) dµ =

∫
Γ

F [f ](x) dµ, ∀f ∈ C 0(Γ).

We want to compute the moments mα sefined as the integrals of the monomials xα. This is done
by induction on the total degre . Let k ≥ 1, assume that mβ is knwon for |β|1 < k. For |α|1 = k,
to the triangular structure of F , see (2.10), we have

mα =

∫
Γ
xα dµ =

∫
Γ

F [xα] dµ =

∫
Γ

F k,k[x
α] dµ+

∑
k′<k

∫
Γ

F k,k′ [x
α] dµ.

This can be rewritten as a linear system with unknown vector Mk = (mα)|α|=k of the form
(I − Fk)Mk = Rk where Fk is the matrix of the operator F k,k on the monomials basis (xα)|α|=k

and the right hand side Rk is known since F k,k′ [x
α] has total degree k′ < k. Lemma 2.12

implies that 1 is not an eigenvalue of Fk and therefore the matrix I − Fk is invertible, and
Uk = (I − Fk)

−1Rk.4
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