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Abstract. The calibration of predictive distributions has been widely
studied in deep learning, but the same cannot be said about the more
specific epistemic uncertainty as produced by Deep Ensembles, Bayesian
Deep Networks, or Evidential Deep Networks. Although measurable, this
form of uncertainty is difficult to calibrate on an objective basis as it de-
pends on the prior for which a variety of choices exist. Nevertheless,
epistemic uncertainty must in all cases satisfy two formal requirements:
firstly, it must decrease when the training dataset gets larger and, sec-
ondly, it must increase when the model expressiveness grows. Despite
these expectations, our experimental study shows that on several ref-
erence datasets and models, measures of epistemic uncertainty violate
these requirements, sometimes presenting trends completely opposite to
those expected. These paradoxes between expectation and reality raise
the question of the true utility of epistemic uncertainty as estimated
by these models. A formal argument suggests that this disagreement is
due to a poor approximation of the posterior distribution rather than
to a flaw in the measure itself. Based on this observation, we propose a
regularization function for deep ensembles, called conflictual loss in line
with the above requirements. We emphasize its strengths by showing ex-
perimentally that it fulfills both requirements of epistemic uncertainty,
without sacrificing either the performance nor the calibration of the deep
ensembles.

Keywords: Epistemic Uncertainty - Calibration - Bayesian Deep Learn-
ing - Deep Ensembles - Evidential Deep Networks.

1 Introduction

All neural networks, from small discriminative classifiers to large generative mod-
els, can be seen as probabilistic models that estimate some distribution. This
distribution captures the uncertainty of the predicted variable, induced both
by latent factors that are inherent in the process that has generated the data,
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and by the model bias, which reflects the lack of expressiveness of the model to
represent the true distribution. The uncertainty related to latent factors is some-
times referred to as aleatoric or data uncertainty in contrast to the completely
different epistemic or model uncertainty that is meant to measure estimator
variance / overfitting, i.e., the uncertainty about the output distribution itself,
due to the limited size of the training dataset. While every probabilistic model
de facto takes into account aleatoric uncertainty, epistemic uncertainty becomes
measurable only by models whose output distribution is a random variable. This
includes Bayesian Neural Networks (BNN) that apply (approximate) Bayesian
inference on network weights [17,9,22,6], Deep Ensembles (DE) that sample the
prior distribution [14], Prior Networks [18], Evidential Deep Learning (EDL)
[28] and derived methods that directly learn parameters of a second-order distri-
bution. All of these models produce not only the posterior predictive distribution
for a given input, but also a measure of epistemic uncertainty that quantifies
the part of uncertainty that can be further reduced by observing more data in
the vicinity of the input. Since this measure is usually computed as the mu-
tual information between the model output and the parameters (conditioned on
the input and the training dataset), we will stick to this choice in the sequel,
even if the choice of a better epistemic uncertainty metric remains an arguable
subject, as discussed in [32]. Regardless of the choice of metric, epistemic uncer-
tainty appears as a relevant criterion for deciding to label a new example in the
context of active learning [4,7], to tackle the exploration-exploitation dilemma
in reinforcement learning [29], or to detect OOD examples [15], although some
approaches advocate an even finer decomposition to either detect OODs, dis-
tinguishing between epistemic and distributional uncertainty [18], or to account
for procedural variability [10], i.e., uncertainty coming from the randomness of
the optimization procedure. Accurately quantifying epistemic uncertainty is thus
crucial from both theoretical and application perspectives.

Whereas there is a large body of work on the calibration of predictive un-
certainty as produced by deep neural networks, including Bayesian ones [13,24],
to our knowledge, there is no work dealing specifically with the calibration of
epistemic uncertainty. In this paper, we address the question of how to evaluate
the quality of epistemic uncertainty produced by deep networks. One difficulty
that may explain the lack of research in this field is that the amount of epistemic
uncertainty depends on the prior distribution over parameters for which certain
freedom of choice exists [5], whether it is an informative or an objective prior
like Jeffreys prior [11]. Consequently, the definition of a quantitative score to
measure the quality of epistemic uncertainty appears as a questionable objective,
and thus we do not consider it. Instead, we adopt a qualitative standpoint by
stating two properties that every measure of epistemic uncertainty should ideally
fulfill: the first property that we call hereafter data-related principle, states that
the amount of epistemic uncertainty decreases as the model observes more data.
The second property, referred to as model-related principle, states that epistemic
uncertainty must increase with model complexity, i.e., the number of weights,
as a consequence of the curse of dimensionality.
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While we can check these requirements are de facto true for a simple prob-
abilistic model like Bayesian linear regression, it is not obvious that this still
holds for Bayesian deep networks or their alternatives, since the parameters of
these more complex non-convex models converge somewhat randomly to one of
the many local optima. With this in mind, we conducted an experimental study
of epistemic uncertainty as produced by Deep Ensembles [14], MC-Dropout [0]
and Evidential Deep Learning [28]. The results are surprising: we observe that
in all data regimes and for all tested methods, the average measures of mutual
information computed on the test set, completely contradict the model-related
principle: the larger the model, the smaller the epistemic uncertainty when pre-
cisely the opposite is expected. The data-related principle seems globally but
not perfectly respected, with some blatant counter-examples. The same para-
doxes are consistently observed, even when calibration techniques are used like
label smoothing [30] and confidence penalty [26]. This disagreement between ex-
pectation and reality thus raises the question of the true utility of epistemic
uncertainty as estimated by these models.

A necessary condition to solve these inconsistencies is to ensure that epis-
temic uncertainty is maximal in the absence of data, a property that can only
result from an appropriate choice of prior, or equivalently, of the regularizer in
the loss function. Based on this observation, we designed an elementary regu-
larization function for ensembles of deep classifiers, called conflictual loss for
reasons that will become obvious later on. We emphasize the strengths of the
resulting Conflictual Deep Ensembles by showing experimentally that it restores
both properties of epistemic uncertainty, without sacrificing either the perfor-
mance or the calibration of the deep ensembles. To summarize, our contributions
are the following:

— A method for assessing the quality of epistemic uncertainty of a model based
on two principles.

— The empirical demonstration, using this method, that common models and
calibration techniques do not satisfy (and even sometimes contradict) these
quality criteria.

— A theoretical argument that suggests that these inconsistencies are due to
the poor posterior approximation and not to the metric itself.

— A new regularizer for deep ensembles, called the conflictual loss function,
designed to ensure the data-related principle of epistemic uncertainty.

— Experimental results showing that this technique restores both quality crite-
ria of epistemic uncertainty without degrading the other performance scores
(accuracy, calibration, OOD detection).

The rest of the paper is structured as follows: Section 2 presents some previous
works in the field of uncertainty, calibration, and prior. Section 3 formalizes the
two fundamental properties of epistemic uncertainty and gives some theoretical
insights about them. Section 4 describes the conflictual loss for deep ensembles.
Section 5 presents experimental results and section 6 concludes.
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2 Related Work

The calibration of a model reflects how its predictive distributions are consistent
with its errors on a test dataset. In [23], the authors discussed existing calibra-
tion metrics such as the Ezpected Calibration Error (ECE) [25] and introduced
new measures like Static Calibration Error (SCE) to better take multiclass prob-
lems into account. Post-hoc calibration techniques are also popular: histogram
binning [34], isotonic regression [35] and temperature scaling [8] to name the
most common. The latter performs generally well on in-domain data but falls
short when the data undergoes a distributional shift or are out-of-distribution
(OOD) [24]. Few works have studied calibration of posterior predictive [24,33].

When it comes to priors and regularization in deep learning, there is a consid-
erable literature that can be classified into two main categories: parameter-based
(regularizers L1, 1.2, etc.) and output-based (such as label smoothing [30], con-
fidence penalty [20]). The latter techniques are introduced primarily to avoid
peaky outputs, which are a sign of overfitting [20]. Priors have given rise to
numerous works in general, with some specific to Bayesian deep learning (see
survey [] on this subject). To the best of our knowledge, there is no work focus-
ing on calibrating epistemic uncertainty based on priors and without using an
additional model to compute uncertainties.

To avoid the multiple evaluations of BNNs at inference time, some authors
also propose to estimate the epistemic uncertainty more directly: the model pre-
dicts its uncertainty about the prediction. More precisely, the model produces a
second-order distribution, that is a distribution over class distributions. Such “all
in one” approaches (Evidential Deep Learning [28], Prior Networks [18], Informa-
tion Aware Dirichlet [31], to name a few) require some specific training schemes.
Indeed, [1] shows that training in a classical way such models by minimizing a
second-order loss, does not entail well-calibrated uncertainty estimates.

The task of OOD detection is important in many applications. OOD sam-
ples are fundamentally different from the samples used during training [27,28].
In theory, these examples should yield a high epistemic uncertainty. The task
of OOD detection is challenging as shown in [24]: most of the methods tested
on different benchmarks resulted in high-confidence predictions on OOD sam-
ples. As shown in [24,21], DE and MC-Dropout are competitive benchmarks
across different tasks including OOD detection. Additionally, some approaches
to detect OOD data involve training the model with both in-domain and OOD
samples [19,16,18]. However, they have some limitations such as relying on the
choice of the OOD dataset and that epistemic uncertainty is shifted into aleatoric
uncertainty as discussed in [12].

3 Principles of Epistemic Uncertainty

In this section, we introduce two principles that characterize an idealized measure
of epistemic uncertainty. For each of them, we give a formal definition, we justify
why it is a desirable feature and we give a first analysis on its practical validity.
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In what follows, we consider a family of probabilistic models that estimate
the distribution of some measurable output Y € ) given some input vector
x € X, thanks to a parametric function fg parameterized by a vector 8 € {2y of
parameters, i.e., p(y |z, 8) = fg(x). As Bayesian inference requires the definition
of a prior p(@), the notation M for a formal model refers hereafter to the pair
M = (fo,p(0)). Given such a model M conditioned on some training sample
D € (X x Y)*, we consider a metric function Up @ X — R* that maps to
an input «, the measure of epistemic uncertainty conveyed by joint distribution
p(y,0 |z, D). We assume that this metric grows with epistemic uncertainty and
is non-negative. This is the case of common metrics like mutual information

where H (-|-) denotes conditional entropy. In case of regression (i.e., Y € R),
another option is difference of variances

Up m(x) =V |2,D) - V(Y |O,z,D) ,

where V(Y | x, D) refers to the variance of the output when it follows the poste-
rior predictive p(Y |x, D) and V(Y |©,x, D) refers to the average of variances
of individual models p(Y |0, x), i.e.,

V(Y|@,w,D):/V(Y|0,az)p(0|D)d0.

3.1 Data-related Principle of Epistemic Uncertainty

The first principle simply states that epistemic uncertainty reduces as more
training samples become available.

Definition 1 (First principle). An epistemic uncertainty metric Up am TS
(ideally) a non-increasing function of training sample D, i.e.,

VM, Vz,VDy,VDa, D1 C Dy = Up, p(T) > Up, pm(T).

The reason why this property is desirable is illustrated by the next thought
experiment in the context of active learning: suppose that a model M has been
trained on samples D; so far. Now comes a new unlabelled sample x. Since
epistemic uncertainty is the ideal criterion for measuring the information that
could be gained by labeling a new sample, the measure Up (x) is compared
to some decision threshold ¢ in order to decide whether the sample is worth
being labeled by an expert. Assuming that this is not the case, sample x is
discarded. Later on, the train set has been enriched with more samples D.
If it is possible that Up p, pm(®) > Up, A((), then it is also possible that
Up, up, m(T) > o so that this time the system would have asked for the labeling
of x. This behavior would go against what we expect, i.e., a model trained on
more data has necessarily learned more information. The first principle bans
such a scenario.
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Next, we analyze the extent to which mutual information satisfies this prin-
ciple. Although examples can be found such that the observation of a specific
sample increases mutual information rather than reducing it, we can ask whether
the first principle is satisfied when averaging over all possible observations, i.e.,
in expectation. At first glance, we would be tempted to answer in the negative,
as there exist random variables X, Y and Z such that I (X;Y) < I(X;Y|Z2).
For making the answer positive, we need the assumption that samples are iid.

Theorem 1. The mutual information metric satisfies the first principle in ex-
pectation with respect to new random iid samples Do, i.e.,

VM, Ve, VD1, Up, pm(x) > E[Up, ip, ()] -

Proof. For the sake of clarity and without loss of generality, we assume D5 is
made of one single sample (z’,Y”’). Also for conciseness, we denote k the triplet
(Dy,x,2") as these terms have no incidence on the proof below. Then considering
a “test” input @ for which we want to estimate the epistemic uncertainty conveyed
by its output Y, we consider the difference

AI:U;JI,M('T) _E[Uzi)lubz,m(w)]
=I1(Y;0|z,D,)—I1(Y;O|z,D,Y' ')
=I1(Y;0|Dy,z,2')—I(Y;O|Y' Dy,z,2') as V,0 1L X' | X
=H({Y|rk)-H((Y|O,k)—H(Y|Y' k)+H(Y|O0,Y k)
=H(Y|r)—HY|Y' k)= (H(Y|O,k)—H(Y|O,Y k)
=I(Y;Y'|k)-I(Y;Y'|O,k).

But Y and Y’ are iid samples, i.e., they are independent given @ and &, and
thus I(Y;Y'|©,k) = 0. Hence, AT = I(Y; Y'| k) > 0, and the proof is now
complete.

O

3.2 Model-related Principle of Epistemic Uncertainty

The second principle essentially expresses overfitting: given two models trained
with the same set of samples, if one has more expressive power than the other,
then it should have a larger measure of epistemic uncertainty since the choice of
model candidates is wider, i.e., its posterior distribution is more spread out.

While this principle seems intuitive, the formalization of the underlying no-
tion of expressive power requires the use of complex theories of statistical learn-
ing (e.g., VC dimension), which we avoid since it is unnecessary. Indeed, we can
only consider models that are, by construction, ordered in increasing order of
complexity, as defined below.
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Definition 2 (Submodel). We say model M, = (fg. ,pa(6a)) is a submodel
of model My = (fgb7pb(0b)), denote by My <, My, if 8, is a subset of param-
eters @y, so that 8, = (0,,0y) and there exists a constant vector 08, € (g, such
that

Vo, € Q&ﬂ féla = f(bemgg/) and pa(aa) = pb(ga | Oy = 91())’) :

Moreover, when priors are chosen in such a way that individual parameters
are independent, freezing 6, has no impact on the prior of ,, so that the
condition on priors simplifies to pe(0,) = ps(6,). Since the submodel relation is
reflexive, transitive, and antisymmetric, it defines a partial ordering on the set
of parameterized models, that can be used to state the second principle.

Definition 3 (Second principle). An epistemic uncertainty metric Up
should be a non-decreasing function over the set of parameterized models, i.e.,

VD, Ve,V M1,V My, My <y My = L{E’Ml(w) < Z/[%’M2(:B)

To see why this principle is desirable, consider the following example in the
field of explainability. Given two black-box models M; and My with compa-
rable performance, let’s assume that Uy, ,,, is larger on average than Up ,4,
when estimated on a test set. A larger value of epistemic uncertainty for a given
input & means more diverse and thus inconsistent stochastic functions p(y |8, x)
as @ follows the posterior distribution. Therefore, model My provides on av-
erage more similar and consistent functions than M;. Explaining the output
p(y | @, D) of a model amounts to summarize in an understandable format these
stochastic functions p(y |0, x) taken as a whole. Model My is thus preferred
since the explanation of its output is shorter on average. But if the second prin-
ciple is broken, it is possible that M is formally a submodel of M. If so, M,
is by construction a restriction of Moy, providing systematically shorter expla-
nations, a contradiction. In summary, without the second principle, measures of
epistemic uncertainty could make inconsistent Occam’s razor principle and all
related concepts (sparsity, minimum description length, etc).

Focusing again on the mutual information metric, we see that the second prin-
ciple is also verified in expectation, as it is always true that I (Y ; ©1|D,x) <
I1(Y; ©1,0,|D,x). Indeed, the left term of this inequality can be understood as
a weighted average of mutual information I (Y ;011609,D, a:) of every submodel
09. However, the weight of submodel 69 is given by the posterior p(6; | D). The
interpretation of this inequality in expectation is therefore difficult and of little
interest in the context of model selection since, in practice, we want to compare
a model with a given submodel, not with the whole distribution of submodels.

To illustrate, consider a Bayesian linear regression model with known ho-
moskedastic variance and isotropic normal prior, i.e.,

Y =Y Oiti(a) + £ with e ~ N(0,0%) and ©; ~ N'(0,07).
i€l

where the regressor functions 1; are chosen in a large collection indexed by Z.
After making some wvariable selection, we can force to zero some coeflicients 6;,
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only keeping regressors of the index in Z' C Z. As priors on coefficients are
independent, the definition of the resulting submodel Mz is obtained just by
replacing Z by Z’ in the above definition. Now given such a submodel Mz:, we
would like to ensure the measure of epistemic uncertainty is smaller for Mz
than for Mz. For the sake of simplicity, suppose that regressor functions are
decorrelated, i.e., E[w(X) w(X)T] = Id. It can be shown that the epistemic
uncertainty of submodel Mz as estimated by the difference of variances, is

v _ _ 1z’
Up m,, (x) =V |z,D)-V(Y|O,z,D) 062 o2
As this value increases with the number |Z’| of parameters and decreases with
the number |D| of examples, the first and second principles are always satisfied.

This result naturally raises the question of whether it can be generalized to
models like deep neural networks. As there are no simple analytical answers for
such complex models, we present an experimental study in section 5 to assess the
extent to which the two principles are satisfied by various classification models.
This includes the method of Conflictual Deep Ensembles, which we introduce in
the next section.

4 Conflictual Deep Ensembles

As we shall see in Sect. 5, several classifiers present abnormally low levels of
epistemic uncertainty in the low-data regime. This “hole” is contrary to the first
principle which states that epistemic uncertainty should be maximal in the ab-
sence of training data. Why does this happen? By rewriting mutual information
I(Y;O|x,D)as

I<Y;@|w>:/pww)DKL(p(yw,m) | p(y |z, D)) de,

we can interpret it as a weighted average of divergence between predictions
p(y 16, x) of individual models and prediction p(y |z, D) of the averaged model.
Therefore, the hole reflects the absence of diversity between output distributions
p(y|6,x) in the low-data regime. But in this regime, this lack of variability is
mostly a consequence of the choice of the prior or, equivalently, of the regulariza-
tion term in the loss function. This explains why the hole is particularly visible
in experiments using label smoothing, since this regularization technique drives
output distributions closer to the same uniform distribution.

This observation also suggests that designing a prior that favors diversity or,
in other words, discordance between output distributions, could fill the hole of
epistemic uncertainty. Such an objective can be achieved simply by construct-
ing a so-called conflictual deep ensemble, where each classifier in the ensemble
slightly favors a class of its own. In the absence of data, these slight tendencies
are enough to create discordance in the output distributions and therefore a high
level of mutual information.
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In practice, a conflictual deep ensemble of order k is implemented as an
ensemble of k x C' deep classifiers such that every class ¢ € {1,...,C} is mapped
to k models {0f}1<i<x. Denoting by P(y|0,x) the probability of class y as
predicted for input @ by model 8, we define the conflictual loss for class ¢ as

(1) L(0)=— Y (logP(y|0,@)+Alog P(c|0,x)),
(z,y)€D

where the first term is the log-likelihood and the second term is the bias that
slightly favors class c. This bias term can be interpreted as if for each observed
example (x,y) in the train set, we add X faked examples of selected class c. In
practice A has been empirically fixed to 0.05, meaning there is one faked example
for 20 real examples. We then train every model of the ensemble independently,
using for model 67 the loss function L..

The Conflictual Loss both resembles and differs from Label Smoothing: like
LS, the conflictual term log P(c| @, x) is not an independent regularization term,
but factorized into the sum of the log-likelihoods. However, unlike LS which en-
courages classifiers to be more concordant by promoting the uniform distribution,
the Conflictual Loss encourages classifiers to be contradictory.

Existing works [2,3] have sought to address the diversity of the models in
the ensemble. Their focus was on an “anti-regularization” of the model’s weights
resulting in weights with high magnitudes without sacrificing the model’s per-
formance. Although, by construction, Conflictual loss aims at creating diversity
in the ensemble outputs, we expect each model in the ensemble to adjust its
weights accordingly.

5 Empirical Analysis

We conducted several experiments to assess to what extent both principles of
epistemic uncertainty discussed in Sect. 3 are verified. We compared Conflictual
Deep Ensemble to MC-Dropout [6], Deep Ensemble [141] and EDL [28]. In ad-
dition, we tested Label Smoothing (LS) [30] in combination with MC-Dropout.
Moreover, we evaluated Confidence Penalty regularization combined with MC-
Dropout and reported the results in Appendix 1.C due to the space limit. *

For the varying number of samples used to train the models, we considered,
after a 20% validation-train split identical for all models, fractions of the entire
training set that grow exponentially from 0.005 to 1. To evaluate the data-
related principle, we made sure that by increasing the training set, new examples
are added to the previous training set rather than randomly selecting a new
independent subset from the entire training set. Additionally, for a fixed ratio,
we emphasize that the models are trained on the same samples.

We used Multilayer Perceptron (MLP) models with two hidden layers for a
straightforward control of its size: since layers are dense, they are invariant under
the permutation of neurons. As a consequence the submodel relation defined in

4 Code available at: https://github.com/fellajimed/Conflictual-Loss
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Sect. 3 is simplified: given two networks M; and My of L dense layers whose
: : (1] (L] (1] (L]
sizes are respectively (ny-,...,n; ") and (ns-,...,n5 "),

M <y My <= Vi n[li] < ’rl[Qﬂ

We thus consider for every method a chain of submodels whose sizes of the hidden
layers grow exponentially, starting from (128,64) neurons up to (2048,1024).
Epistemic uncertainty is estimated using 20 forward passes at inference time for
MC-Dropout and 10 MLPs in the case of Deep Ensemble. We set the order k = 1
for the Conflictual DE so that it also contains C = 10 MLPs. Each hidden layer
is followed by a Dropout layer (p = 0.3) and a ReLU activation function.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig.1: Heatmaps of epistemic uncertainty (mutual information) on MNIST,
SVHN, and CIFAR10 datasets; for MC-Dropout, label smoothing combined with
MC-Dropout (MC-Dropout LS), EDL, Deep Ensembles (DE), and Conflictual
DE. For each heatmap, the x-axis gives the sizes of the hidden layers and the
y-axis gives the number of training samples. Both have logarithmic scales. Color
scales are different. Epistemic uncertainty should decrease along the y-axis (data-
related principal) and increase along the x-axis (model-related principal).

These models are tested on three datasets: MNIST, SVHN and CIFARI0.
For the former, we apply the MLPs to the raw images, whereas for the latter,
image embeddings are computed using a pre-trained ResNet34 model and used
as inputs for the MLPs. In all the heatmaps, we represent the sizes of the hidden
layers on the x-axis, while the y-axis corresponds to the length of the training
set. Empirically, we set the value of A in Eq. 1 to 0.05. The hyperparameters of
label smoothing, confidence penalty, and EDL are taken from their respective
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papers [30,18,26] and are set to 0.1 (for the first two) and 0.01 for EDL. We refer
the reader to Appendix 1.A for more details.

MC-Dropout MC-Dropout LS EDL DE  Conflictual DE

MNIST 0.067 0.040 0.087  0.014 0.245
E.U. SVHN 0.348 0.099 0.152  0.079 0.427
CIFARI0O  0.258 0.068 0.149  0.102 0.507
MNIST  93.30% 93.90% 91.46% 93.52%  93.86%
Acc.t  SVHN  68.10% 68.58% 63.46% 69.00%  69.32%
CIFARIO  60.71% 60.56% 60.93% 61.62%  61.84%
. MNIST 0.101 0.216 0.164  0.102 0.094
Brier | SVHN 0.457 0.498 0.491  0.470 0.419
CIFARI0  0.576 0.572 0.540  0.589 0.528
MNIST  0.0056 0.0661 0.0335  0.0076 0.0120
SCE| SVHN 0.0289 0.0485 0.0276  0.0345 0.0158
CIFARIO  0.0377 0.0435 0.0235  0.0444 0.0194
MNIST  82.72% 58.70% 81.85% 88.33%  86.18%
OOD 1 SVHN  78.59% 85.09% 60.39% 77.20%  78.22%
CIFARIO  68.81% 63.22% 70.20% 69.09%  74.20%
MNIST  92.54% 73.78% 87.83% 93.44%  93.16%
Mis. t+  SVHN  80.11% 64.24% 78.00% 82.63%  78.21%
CIFARI0  73.51% 58.13% 72.36% 7T4.79%  74.09%

Table 1: Average value per heatmap for different metrics: E.U. (Epistemic un-
certainty, Fig 1), Acc. (accuracy, Fig 4), Brier score (Fig 5), SCE (Fig 3), OOD
detection (Fig 2) and Mis. (misclassification, Fig 7). Warning: if the values of
accuracy seem low, it is because they are average values computed over the en-
tire accuracy heatmap, including very small datasets and models.

Figure 1 represents by heatmaps the average of mutual information estimated
on the test set as a function of data and model sizes, while table 2 summarizes
these heatmaps, indicating the frequencies with which methods comply with
the two principles. As aforementioned, the mutual information validates the two
principals in expectation. Therefore, we report the average of the test set as a
Monte Carlo estimate of this expectation. We see that all methods but Con-
flictual DE are in complete contradiction with the model-related principle: the
larger the model, the smaller the epistemic uncertainty when precisely the op-
posite is expected. The data-related principle seems better respected, but not
perfectly, especially on CIFAR10. In line with comments of Sect. 4, MC-Dropout
LS is the method that most often breaks the first principle, even if none of
these methods achieves a perfect score. Although the exact cause of these phe-
nomena remains unknown, the partial violation of the first principle allows us
to circumscribe the origin of the problem. According to property 1, we know
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MC-Dropout MC-Dropout LS EDL  DE Conflictual DE

MNIST 100% 78.33% 91.67% 100% 100%
1°¢ principle SVHN 91.67% 55% 88.33% 88.33%  96.67%
CIFARIO  76.67% 38.33% 91.67% 41.67%  98.33%
MNIST 0% 0% 5.77% 0% 96.15%
27 principle  SVHN 0% 0% 15.38% 17.30%  98.08%
CIFARIO  11.54% 0% 5.77% 15.38% 100%

Table 2: Aggregation of the heatmaps in Fig. 1 showing to which degree the
two principles are satisfied. The percentages for the first (resp. second) principle
represent the frequencies with which jumping to the next larger dataset (resp.
to the next smaller model) results in a decrease of mutual information.

mutual information necessarily satisfies the data-related property in expectation
when estimated on the exact posterior distribution. Since the violation of this
principle is not related to the metric, the only possible cause is a poor quality
of the posterior approximation, due to procedural variability, i.e., convergence
randomness during stochastic gradient descent.

In comparison, Conflictual DE obtains almost perfect scores for both prin-
ciples, proving the conflictual loss’s regularizing effect. While the method was
specifically designed to satisfy the first principle, compliance with the second
principle was not expected at such level. It seems that the expressive power of
networks serves as an amplifier for the discord sown between classifiers by the
conflictual loss.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig. 2: Heatmaps of AUROC for OOD detection based on epistemic uncertainty.
Same representation as Fig. 1 but with the same color scale per dataset.
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As shown in Appendix 1.B and summarized in Tab. 1, the calibrated epis-
temic uncertainty resulting from Conflictual DE does not come at the expense
of the performance of the model. In fact, Conflictual DE yields comparable or
even superior performance compared to DE, as it performs the best overall on
CIFARI10 in terms of accuracy (Fig. 4) and has comparable results to the best
method on MNIST. When taking into account the accuracy of the output prob-
abilities with the Brier score, Conflictual DE appears to be the best model on
both datasets.

We also checked the quality of epistemic uncertainty to discriminate be-
tween OOD and in-distribution (ID) examples, since epistemic uncertainty is
expected to be higher for OOD samples than for the ID samples. We use Fash-
ionMNIST, SVHN, and CIFAR10 as OOD datasets for the models trained on
MNIST, CIFAR10, and SVHN respectively. As shown in Fig. 2, Conflictual DE
yields high AUROC overall on CIFAR10 and in the low-data regime on MNIST.
MC-Dropout LS performs the worst on MNIST and CIFAR10 at the task of
OOD detection as it sometimes results in lower epistemic uncertainty in OOD
samples than ID samples. To some extent, we notice the same results in the
task of misclassification detection which consists in distinguishing between the
correctly classified samples and the misclassified samples based on epistemic
uncertainty (see Appendix 1.B: Fig. 7).

Finally, we take a look at the calibration of the models with different methods.
As shown in Fig. 3, the SCE with Conflictual DE is the most consistent and the
lowest, yielding calibrated models even with small training sets.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig. 3: Heatmaps of the SCE. Same representation as Fig. 2. Lower is better.

As the number of hyperparameters to be set should be kept to a minimum, we
wondered whether the hyperparameter A introduced by Conflictual DE could re-
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place advantageously that of weight-decay. Therefore we carried out experiments
without weight-decay to study its effect on performance (Appendix 1.D). While
some methods see their performance deteriorate, the results with Conflictual DE
are more or less the same. This robustness suggests that Conflictual DE can be
used without weight-decay, resulting in a zero balance for the number of hyper-
parameters. To conclude this section, we provide a qualitative and comparative
summary of methods on Tab. 3.

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

15 principle v X v X v

274 principle X X X X v

Accuracy ++ +4 + 44 4+
Brier score mixed mixed + mixed ++
Calibration mixed - + mixed ++
00D + mixed mixed  ++ ++
Misclassification + - + ++ 4+

Table 3: A comparative summary of the performance of the tested methods.
Heatmaps of accuracy, Brier score, and misclassification can be found in Fig. 4,
Fig. 5 and Fig. 7, respectively (see Appendix).

6 Conclusion

We have shown in this paper that, contrary to expectations, epistemic uncer-
tainty as produced by state-of-the-art models, does not decrease steadily as the
training data increases or as the model complexity decreases. We then introduced
conflictual deep ensembles and showed that they restore not only the first but
both principles of epistemic uncertainty, without compromising performance.

Still, this work raises several questions and many perspectives of research:
The exact reasons why epistemic uncertainty paradoxically collapses when net-
work complexity grows, have yet to be found. While conflictual deep ensembles
have been specially designed to satisfy the first principle, it is surprising how
well this technique solves the second principle as well. Why is this so? Although
the conflictual loss naturally suits deep ensembles, nothing is preventing it from
being applied to BNNs, provided that the samples of the prior can be efficiently
partitioned into class-specific subsets. The validity of such an approach remains
to be demonstrated. The question remains whether the observed phenomena
generalize to models more complex than MLPs or to other problems like regres-
sion. We hope that these and other perspectives will entail further studies on
this subject.
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Appendix 1.A Implementation details

Datasets. As detailed in the paper, the presented models were trained on MNIST
and CIFAR10. A 20% validation-train split is first applied and then subsets were
taken from the train sets (a total size of 48000 for MNIST, 58606 for SVHN,
and 40000 for CIFAR10) for training. We made sure that the subsets used were
balanced. CIFAR10 is encoded using a pre-trained ResNet34 model which is
equivalent to the training of a ResNet34 model where the feature blocks are
fixed and only the classification part is learned.

Data transformations. We apply a standard normalization (mean of 0 and stan-
dard deviation of 1) to the datasets. The same transformation is applied then
to the test samples (whether there are ID or OOD samples). Only the training
samples are used to train the models and no data augmentation is applied.

Training. The models were trained for 500 epochs on MNIST, 600 epochs on
SVHN and 700 on CIFAR10. We used the SGD optimizer with weight decay,
parameterized with (learning rate, momentum): (0.01, 0.95) for MNIST, (0.02,
0.95) for SVHN, and (0.04, 0.9) for CIFAR10. Each ensemble was trained on a
single GPU and the best model (based on the validation loss) was tracked during
training and used for early stopping and the learning rate scheduler.

Duration. The experiments took a total of 311, 186, and 70 GPU hours on
MNIST, SVHN, and CIFARI10 respectively. The training was done on a cluster
with several GPUs. See Tab. 4 for more details. The difference is mainly due to
how CIFARI10 experiments are implemented: we first compute the embeddings
of dimension 512 (once) using a pre-trained ResNet34 which are stored on disk.

MC-Dropout MC-Dropout LS  EDL DE Conflictual DE

MNIST 21.75 20.19 41.35 111 116.73
SVHN 12.36 13.37 14 68.33 76.40
CIFAR10 6.83 6.64 7.01  23.85 26

Table 4: Training duration for each method and each dataset in GPU hours.

NOTE: the MNIST experiments took longer than the experiments of SVHN
and CIFAR10 due to 2 main reasons:

— We don’t take into account the time needed to compute and save the em-
beddings for CIFAR10 and which is done only once.

— Most importantly, the format of the files for the CIFAR10’ embeddings was
optimized and thus it is faster. We further apply the same optimization to the
MNIST dataset (by using an identity "embedding") and MNIST experiments
should run faster with the new changes. This format was applied to SVHN
which explains the performance gains. Refer to the code for more details.
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The execution time for MNIST, after changes, should be less than the training
time of SVHN.

Implementation. All experiments were implemented with PyTorch. Code avail-
able at: https://github.com/fellajimed/Conflictual-Loss

Appendix 1.B Additional results

We report additional metrics for the experiments of Sec 5 and we use the same
representation: for each heatmap, the hidden layers on the x-axis and the number
of samples used for training on the y-axis. They both have logarithmic scales.
Results are on the same datasets and methods.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig. 4: Heatmaps of the accuracy. Color scales are the same per dataset.


https://github.com/fellajimed/Conflictual-Loss

20 M. Fellaji et al.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig. 5: Heatmaps of the Brier score. Color scales are the same per dataset.

MNIST

SVHN

CIFAR10

MC-Dropout MC-Dropout LS EDL DE Conflictual DE

Fig. 6: Heatmaps of total uncertainty. Color scales are different for each heatmap.
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Fig. 7: Heatmaps of AUROC based on epistemic uncertainty for misclassification
detection. Color scales are the same per dataset.
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Appendix 1.C Results for Confidence Penalty

In this section, we report the results of Sect. 5 in the case of MC-Dropout with
confidence penalty (MC-Dropout CP). We notice that, for both MNIST and
CIFARI10, the results are comparable to those on MC-Dropout trained only
with cross-entropy loss. The color scales are set per heatmap.

MNIST

SVHN

CIFAR10

E.U. Accuracy Brier score SCE Misclassification OO0D

E.U. Accuracy Brier score SCE Misclassification OOD

MNIST 0.065  93.34% 0.099 0.0052 92.50% 82.62%
CIFAR10 0.241 60.71% 0.569 0.0354 73.28% 69.29%

Table 5: Aggregation of the results with MC-Dropout CP. Same metrics as in
Table 1.




On the Calibration of Epistemic Uncertainty 23

Appendix 1.D Models without weight decay

We also tested the same setup presented in Sect. 5 but without weight decay.
We use the same representation as in Sect. 5 and Appendix 1.B. We notice that
Conflictual DE stays consistent in all metrics: accuracy, calibration, Brier score,
OOD detection, and misclassification detection. In addition, and most impor-
tantly, the 2 principles are verified whereas, for example, both are uncorrobo-
rated in the case of DE trained on CIFAR10. Furthermore, the model-related
principle is not verified in any other method.
Overall, the results with weight decay are relatively better.

MC-Dropout EDL DE  Conflictual DE

BU MNIST 0.068 0.086  0.014 0.245
o CIFARIO  0.299 0.137  0.156 0.544
Ace. 1 MNIST  93.31%  91.45% 93.52%  93.86%
: CIFARIO  60.34%  60.89% 61.61%  61.82%
Brier MNIST 0.101 0.164  0.102 0.094
score | CIFARI0O  0.589 0.539  0.598 0.532
SCE | MNIST  0.0057  0.0329 0.0076 0.0119
CIFARIO  0.0418 0.0187 0.0474 0.0207

Mis. 1 MNIST  92.55%  87.86% 93.43%  93.09%
: CIFARIO  73.75%  72.98% 74.84%  74.13%
00D 1 MNIST  82.85%  81.85% 88.19%  86.50%

CIFAR10  67.49% 69.00% 67.68% 73.06%

Table 6: Average value per heatmap for different metrics without weight decay.
Same metrics as in Table 1.
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MNIST

CIFAR10

MC-Dropout EDL DE Conflictual DE

Fig. 8: Heatmaps of Accuracy. Color scales are the same per dataset.

MNIST

CIFAR10

MC-Dropout EDL DE Conflictual DE

Fig.9: Heatmaps of epistemic uncertainty (mutual information). Color scales are
different for each heatmap.
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CIFAR10

MNIST

CIFAR10
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MC-Dropout EDL DE Conflictual DE

Fig. 10: Heatmaps of Brier score Color scales are the same per dataset.

MC-Dropout EDL DE Conflictual DE

Fig. 11: Heatmaps of SCE. Color scales are the same per dataset.
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MNIST

CIFAR10

MC-Dropout EDL DE Conflictual DE

Fig. 12: Heatmaps of AUROC based on epistemic uncertainty for OOD detection.
Color scales are the same per dataset.

MNIST

CIFAR10

MC-Dropout EDL Conflictual DE

Fig. 13: Heatmaps of AUROC based on epistemic uncertainty for misclassifica-
tion detection. Color scales are the same per dataset.
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