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Sur un test général de stabilité robuste basé
sur le lemme de perturbation homologique

Résumé : Dans le cadre de I’approche des problémes de synthése par réseaux algébriques, nous montrons
comment un test général de stabilité robuste non structurée peut étre obtenu gréce a l'application du
lemme de perturbation homologique, une méthode classique développée en topologie algébrique et algébre
homologique. Ce test de stabilité robuste généralise et unifie de nombreux résultats de la littérature de
la commande robuste.

Mots-clés : Commande robuste, commande H,,, incertitudes de modéle, tests de stabilité robuste
non structurée, lemme de perturbation homologique, réseaux algébriques, approche par représentations
fractionnaires



On a general robust stability test based on the homological perturbation lemma 3

Contents
(1__Introduction| 3
|2 The fractional representation approach| 5
|3 The lattice approach to analysis and synthesis problems| 9
[4 A quick look at homological algebral 11
[5  Further characterizations of internal stabilizability| 14
[6 The homological perturbation lemmal 17
|7 A general unstructured robust stability test| 18
(1 Mainresultl . . . . . . o o 18
(7.2 Study of the polesof Ps| . . . . . . . . . . o 24
[7.3  Coprime factor uncertainty| . . . . . . . . . . . . L e 26

1 Introduction

Robust control aims to control uncertain systems — subject to disturbances — by controller design.
Since Zames introduced the Hardy algebra H*°(C.) into the study of synthesis problems of uncertain
systems — defined in the frequency domain — (i.e., the sensitivity minimization problem) [39], Hoo
robust control has been actively developed, especially in the 1990s. For example, see [9] 1T}, 37, [38], 40]
and references therein. In particular, H,, control has provided a mathematical framework to study the
concepts of bounded model uncertainties and robustness, developed robust stability tests, characterized
robust controllers, etc. It is a rich mathematical interplay between control theory, complex analysis,
and operator theory. Finally, engineers in companies now widely use H,, methods, showing that robust
control has been a major success of control theory in recent years.

In the robust control literature, unstructured robust stability tests have been obtained for finite- and
infinite-dimensional systems [9) [T}, 14 [15] 37, B8, 40]. Given a stabilizing controller C' of P, these tests
characterize the stability robustness for a given model uncertainty Pa of a plant P, namely, they charac-
terize A which ensures that C' stabilizes all systems of Pa. Eight different model uncertainties Pa have
been considered in the literature (additive uncertainty, multiplicative input or output uncertainty, multi-
plicative uncertainty, inverse multiplicative input or output uncertainty, and coprime factor uncertainty).
For each of them, sharp bounds have been obtained for the maximum H.,-norm on A in terms of the
inverse of the H.,-norm of a given transfer matrix of the closed-loop system defined by P and C.

This paper presents a general unstructured robust stability test (Theorem . It is stated within the
fractional representation approach to analysis and synthesis problems, developed by Vidyasagar, Desoer,
Francis, ete. [10, B7]. Thus, it holds for linear systems that can be defined by transfer matrices with
entries in the quotient field K of an integral domain A of single-input single-output (SISO) proper and
stable systems. In particular, it can be applied to several standard classes of linear systems (e.g., con-
tinuous/discrete finite-dimensional/infinite-dimensional systems, multidimensional systems). Moreover,
it is only assumed that the plant P is internally stabilizable, i.e., that there exists a stabilizing controller
C of P. Thus, we do not (necessarily) assume that P has a doubly coprime factorization as classically
done in the literature. Recall that the existence of a doubly coprime factorization is only a sufficient
condition for internal stabilizability (see Theorem [I| and Example |1}, and is only necessary for certain
(but important) classes of systems [36], 37, 29]. Moreover, the computation of doubly coprime factoriza-
tions is usually a hard problem while, in many practical cases, an explicit stabilizing controller is known.
The set of uncertainties A considered in this paper combines the eight model uncertainties mentioned
above. As a consequence, we find again the standard unstructured robust stability tests appearing in the
literature (see Example @ Table |1} and Section . If P has a doubly coprime factorization, then the
general unstructured robust stability test reduces to the standard robust stability test for coprime factor

RR n® 9553



4 Quadrat

uncertainty [37] (see Section [7.3]). Thus, the unstructured robust stability test proposed here compactly
encapsulates — with minimal assumptions — various results from the robust control literature.

It is worth noting that this general unstructured robust stability test naturally introduces the two
projectors IIp and IIo of the closed-loop system onto P and C' respectively [I2]. Under the assumption
that P has a doubly coprime factorization, these projectors were used in [37, 12, 14, [15] to obtain the
robust stability test for coprime factor uncertainty for finite and infinite-dimensional linear systems (i.e.,
for A = RHo, and H*(C,)). They are also at the core of the loop-shaping method [38] and of the
definition of the stability margin and optimal robust radius [12), 14} [15].

To obtain this general unstructured robust stability test (Theorem , we combine two different area
of mathematics, namely, the algebraic lattice approach to analysis and synthesis problems, initiated in
|26, 28], 29] (see also [I] for an overview), and the so-called homological perturbation lemma |2}, 4} [7, [16],
17, (18], 134}, [13] developed in algebraic topology [19] and homological algebra [33].

The lattice approach provides a mathematical approach to the study of linear systems defined by
transfer matrices. Within this approach, two lattices [3] can be naturally associated with a linear system
defined by a transfer matrix P with entries in K. System properties for P can then be translated into
algebraic properties of the lattices. Using algebra, module theory, and homological algebra [33], one
can then obtain general characterizations for the existence of (weakly) coprime factorizations, of internal
stabilizability, of the set of all the stabilizing controllers of a stabilizable system (which does not necessarily
have a doubly coprime factorization), of the internal model principle, etc. [22} 26, 28] [29]. Some of these
results are recalled in this paper. Finally, the operator-theoretic approach to linear systems [14l 15l [37],
based on graphs of linear operators, can be proved to be dual to the lattice approach [27].

The study of the so-called deformation retracts in topology motivated the development of the homo-
logical perturbation lemma in algebraic topology [19] and homological algebra [33]. See [4, [7, [16] and
the references therein. The homological perturbation lemma (also called the basic perturbation lemma)
provides explicit formulas in homological algebra and algebraic topology. It can be traced back to Shih’s
doctoral thesis (supervised by H. Cartan) on the computation of the homology of fibre spaces [35]. Its
abstract modern formulation was found by Brown in [4] and is at the core of the so-called homological
perturbation theory [2, 177, [18]. For an overview, we refer the reader to Crainic’s classic notes [7]. Finally,
methods of homological algebra can be made algorithmic in certain contexts, and thus, they can be im-
plemented in computer algebra systems and used to develop effective aspects of algebraic topology (e.g.,
effective homology, reductions between two chain complexes) [34, [13]. In this context, the homological
perturbation lemma plays an important role [34] [13].

The control theory community does not pay much attention to algebraic topology. The main exception
is Jonckheere’s pioneering work on algebraic and differential topology methods for robust stability [20].

Within the lattice approach to linear systems theory, we show that the general unstructured robust
stability test (Theorem [5)) is a straightforward consequence of a basic version of the homological pertur-
bation lemma. Since this version can be easily proved by elementary algebraic arguments and its proof
does not appear in the literature, we provide proof in the Appendix. The idea of applying the homological
perturbation lemma to the two canonical split short exact sequences defining the two lattices associated
with an internally stabilizable plant P comes from the fact that stabilizable plants (and only them) de-
fine an algebraic version of deformation retracts. This remark is also at the core of the development of a
noncommutative geometric approach to robust control, initiated in [30, [32], following Connes’ ideas and
methods [6]. We note that the main interest of the lattice approach is to formulate general results and
draw deep connections with other mathematical theories. As is often the case in algebra, these results,
once precisely formulated, can be checked again by direct verification. An elementary computational
verification of Theorem [f] is given in Corollary 2} In this paper, we have chosen to present the general
method following the adage “Give a man a fish and you feed him for a day; teach a man to fish and you
feed him for a lifetime”. A preliminary version of this work appeared in the conference paper [31].

Plan. This section gives the general framework and the main notations. In Section [2] we briefly
recall the fractional representation approach. Within this approach, we recall a general necessary and
sufficient condition for internal stabilizability (Theorem7 explain its connections with left /right coprime
factorizations (Example|l]), and briefly emphasize the deep connections that exist between stabilizability,
algebra, topology, and differential geometry (paragraph after Lemma . In Section (3] the main results
of the lattice approach to analysis and synthesis problems are recalled (Theorem . In Section 4] a brief
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introduction to basic homological algebra is given in connection with the lattice approach. In Section[5] we
explain how the concepts of split short exact sequences and retracts are related to internal stabilizability
and the parametrization of all the stabilizing controllers. A simple version of the homological perturbation
lemma (Theorem [4) is given in Section [6] To keep this section short and accessible to a wide audience,
the proofs are given in the appendix. The main result of the paper is stated in Theorem [5] and proved in
the appendix. An elementary computational verification of this result is given in Corollary 2] Thus, the
main result is accessible and can be verified by any reader without special knowledge of algebra. The rest
of the section is devoted to showing how standard results on robust stability tests are applications of this
general test. Finally, in the appendix, we list the proofs of the version of the homological perturbation
lemma used in this paper and its application to the lattice approach yielding a detailed proof of the main
result of the paper using homological algebra arguments.

Notations. In the following, A denotes an integral domain (namely, a commutative ring in which
ajaz = 0 and a; # 0 yield a2 = 0) and Q(A) = {n/d | 0 # d, n € A} the field of fractions of A. The
A-module formed by all the ¢ x p matrices with entries in A is denoted by A9*P and the identity matrix
of AP*P by I,. If R € A9*P and B is an A-module (e.g., B = A or K), then we will use the notation

kerg(.R) :={\ € B9 | AR =0}, imp(.R) =B R:={\Rec B> |)e B>}
kerg(R.) := {n € BP*' | Rn =0}, img(R.)= RBP*!:={Rne BP*!|ne Br*'}.

We denote by Rje (resp., Re;) the i*® row (resp., the j*® column) of the matrix R.
Let GLy(A) ={A €A77 |3 B e A1 : AB = BA=1,} be the general linear group of A of index
q, i.e., the group of invertible matrices of A9%%. Thus, GL;(.A) is the group of the invertible elements of A,
also denoted by U(A). Using the commutativity of A, note that GL,(A) = {A € A77| det(A) € U(A)}.
If M is an A-module, then id r is the identity endomorphism of M, i.e., ida(m) = m for all m € M.
If £ and M are two A-modules, an A-linear map f : L — M, i.e., f(a1 li+azls) = a1 f(l1)+as f(l2)
for all a1, as € A and 1, ls € L, is called an A-homomorphism and Hom 4(L, M) denotes the A-module
formed by all the A-homomorphisms from £ to M. Finally, we also denote Hom 4 (M, M) by End 4(M).

2 The fractional representation approach

In this paper, we will study analysis and synthesis problems for shift-invariant linear systems within the
fractional representation approach initiated in the eighties by Desoer, Vidyasagar, etc. See [10] 7] and
the references therein. In particular, this approach has played a major role in the successful development
of the Ho, control in the nineties (see, e.g., [9, 11l 37, [40]).

The main idea at the core of the fractional representation approach is to view a stability test as a
membership problem: given an integral domain A and P an element of the field of fractions K := Q(A)
of A, then the single-input single-output (SISO) linear system defined by the transfer function P € I is
A-stable if P € A, or unstable if P € K\ A. In other words, A defines an integral domain of SISO A-stable
systems. More generally, a multi-input multi-output (MIMO) linear system defined by a transfer matrix
P e K% is A-stable if P € A?*", unstable otherwise. Different rings A can be considered for different
classes of linear systems (e.g., continuous or discrete, finite or infinite-dimensional or multidimensional
systems) and stability concepts under consideration. See [9} 10, B7] and the examples below.

Let us now give some examples of integral domains of SISO stable systems. For finite-dimensional
systems, one can consider the ring RH,, of proper and stable real rational functions, whose elements
correspond to asymptotically stable finite-dimensional linear time-invariant systems [37, [40], for infinite-
dimensional systems, the Hardy algebra H>(C,) of bounded holomorphic functions in the open right
half-plane C; := {s € C | R(s) > 0} of C, whose elements correspond to L?(Ry) — L?(R,)-stability in
the time-domain [9], or the Wiener algebra defined by

—+oo
W = {f—&—Zaie_his | fe L*Ry), (a:)iso € 1(N), 0=ho < hy < hy < } (1)
1=0

whose elements are L°(R;) — L°°(R,)-stability in the time-domain [I0, @], and the ring
Ryp={n/d|0#d, neR[z,...,2,), V(d)ND" =0}
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of structurally stable multidimensional systems — where V(d) = {z = (#1,...,2,) € C" | d(2) =0} is
the set of complex solutions of d and D" = {z = (z1,...,2,) € C" | |z]| <1, i =1,...,n} the closed unit
polydisc of C" — whose elements are [*°(Z™) — [*°(Z") stable [28] 29]. For more details and examples,
see [9] 10, 37, 28] 29, 2I] and the references therein.

Let us give a few standard definitions of the fractional representation approach.

Definition 1 ([10, 28, [37]). Let A be an integral domain of SISO stable systems, K = Q(A) its field of
fractions, P € K9P and p = q + r.

1. A left fractional representation of P is given by a pair of matrices (D, N), where D € A%,
det D # 0, and N € A9%P, satisfying P = D~! N.

2. A right fmctzonal representation of P is given by a pair of matrices (D N) where D € A™<",
det D # 0, and N € APX", satisfying P = N D1,

3. A left fractional representation P = D~!' N of P is said to be weakly left coprime if we have
K4 RN AP = A4 R, where R= (D — N) € A9*P,

4. A right fractional representation P = 157 l~)*1~ of P is said to be weakly right coprime if we have
RK™1 0 AP*1 = R A™*! where R = (NT DT)T € ApxT,

5. P has a doubly weakly coprime factorization if both a weakly left and a weakly right coprime
factorization exist for P.

6. A left fractional representation P = D=1 N of P is said to be left coprime if R= (D —N) € AI*P
has a right inverse S = (X7 YT)T, where X € A%%and Y € A"™%% ie., DX — NY = I,.

7. A right fractional representation P = N D~1 of P is said to be right coprime if R = (NT DT ¢
AP*" has a left inverse S = (=Y X)), where X € A™" and Y € A", ie., =Y N+ X D = I,.

8. P has a doubly coprime factorization if both a left and a right coprime factorization exist for P.

Remark 1. P € K9%P always has a left (resp., right) fractional representation P = D' N (resp.,
P = ]\75’1): writing the entries P;; of P as P;; = n;;/d,;, where 0 # d;;, n;; € A, fori=1,...,r and
j=1,...,q, then consider d = [];;c, <<, dij: D = dI,, and N := DP € A%" (vesp., D = dI, and
N :=PD e A7%7).

XTI

Remark 2. A left coprime factorization is a weakly left coprime factorization. Indeed, if A € K1*9 is
such that AR € AP then ARS € A'¥? and using RS = I, we get A\ € A9, Similarly, a right
coprime factorization is weakly right coprime. Finally, note that the converse (i.e., a weakly left/right
coprime factorization is a left /right coprime factorization) is usually not true. See Theorem [2[ below.

Remark 3. Suppose that P has both a left and a right coprime factorization, i.e., P = D™' N = N D1,
where DX —NY =1 ,and -Y' N+ X' D=1, Ifweset O=—-Y'X+X'Y € A7 Y =Y'+0D, and
X =X"4+ON, then we have =Y N+ X D = I, and —Y X + XY = 0, which gives the Bézout identity

. L) = ~1I, 2)
-Y X Y D 0 I

Now consider a plant P € K9%" a controller C' € K"*?, and consider the closed-loop system defined
by Figure [1} Writing the equations at the nodes, we have

=y —yp = us — Pey, I, P
€1 =U1 —Y2=uU €2 o q <61>_<U1)' (3)
ex =1us — Yy = us — Ceq, C I, €2 U2
————
:=G(P,C)

Definition 2 ([10,37]). Let P € K7*" be a plant and C' € K"*7 a controller.

Inria
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ur  + €1 1

D
Q

Y2 €2 + U2

Figure 1: Closed-loop system
1. The closed-loop system defined by Figure 1| is said to be well-posed if the matrix G(P,C) is non-
singular, i.e., det(I;, — P C) # 0 or det(l, — C P) # 0.
2. C € K"*1 internally stabilizes (or just stabilizes) P € K9*" if the closed-loop system is well-posed

and H(P, C) := G(P,C)~! € AP*P_ where

H(P, C) :< (I, - PC)™! —(I,—PC)'P )

-C(I,-PC)™' L.+C(,-—PC)'P

_( I,+P(I.—CP)'C —-P(I,—CP)"!
N —(I,-CcP)'C (I, —CP)~!

Then, P is internally stabilizable and C is a stabilizing controller of P.

3. The set of all the stabilizing controllers of P is denoted by Stab(P).

If the closed-loop system defined by Figure [1| is well-posed, then we have

-1 —1
€1 _ HC Ul , HC _ (Iq —PC) B —(Iq — PC) 7P c K:p><p7
U1 (5] C(Iq7PC) 1 7C(Iq7PC) 1P
Vs u -P(I,—CP)"*Cc P(I,—-CP)?
=1 ,Mp = Kcrxe.,
( e ) r ( us ) r ( (1, -cpylc (I, -cpyt )€

Writing

(5)

e = ( K ) (I,- PO (I, —P), n;»(f

> (Ir - CP)il (70 Ir)v (6)

we can then easily check that IIZ, = Il and 113 = IIp, ie., Ilc and IIp are two idempotents of the
noncommutative ring XP*P. Note that (5)) shows that IIo (resp., Ilp) is the projection of the closed-
loop system onto the controller y; = C'e; (resp., the system yo = Pes). Furthermore, using the node
equations , we have

u u e U
U9 U9 Y1 €2 U2
Using @, we have Il I[1p = I1p I1o = 0, which proves that Il and I1p are two orthogonal idempotents.
Note that H(P,C) € AP*P if and only if Il € AP*P if and only if IIp € AP*P. .
Lemma 1. The following statements are equivalent:

e The controller C € K" internally stabilizes P € %7,

e The closed-loop system defined by Figure is well-posed and Il is an idempotent of AP*P namely,
H% =1Il¢, i.e., Il is a stable projector.
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o The closed-loop system defined by Figure is well-posed and Il p is an idempotent of AP*P | namely,
H%, =1Ilp, i.e., lIp is a stable projector.

Finally, we have e +1p = I, and o Ilp =Ilp e =0, ie., {Ilc, I, } is a complete set of orthogonal
idempotents of the ring AP*P.

Lemma |1| was first obtained in [I2] within the operator-theoretic approach to stabilization problems
(see [14] 15] and the references therein). For A = RH,, and H*°(C.), II¢ and IIp play fundamental
role in robust stabilization (stability margin, loop-shaping). One can prove that |IIc|lee = [[IIp|leo [12]-
Finally, the optimal robust radius corresponds to the inverse of infcegsian(py [Tlolleo [14 13 [38].

The next theorem is a characterization of the internal stabilizability.

Theorem 1 (|28]). The plant P € K9%P is internally stabilizable if and only if one of the following
equivalent statements is satisfied:

1. There exists F = (UT  VT)T € AP*9 where U € A9 and V € A", such that
FPe A" (I, —P)F=I, 8)
IfdetU # 0, then C = VU™ internally stabilizes P and

U=(,-PC), V=C{,-PC)™', Tp=FU, -P).

2. There exists G = (—V U) € A™*P, where V € A™9 and U € A™*", such that

T

PGeA™ G (P" I =1, (9)
If det U #£0, then C = U-tv internally stabilizes C' and
U=(,-CP)™", V=C(I,-CP)™", Tlc=(P" 1" G.

Algebraic and geometric interpretations of Theorem [I] are given in Section [5] (see Remark [12)).

Remark 4. Note that U = (I, — PC)~! is the input sensitivity matriz, also denoted by S, in the
literature, and U= (I, — C P)~! the input sensitivity matriz, also denoted by S;. The transfer matrix
V=C(I,—PC)"'=CU=C(,—-CP)"' =V = CU does not seem to have a specific name in the
literature (despite Remark [5| below). Finally, T; = —V P is the complementary input sensitivity transfer
matriz and T, = —PV is the complementary output sensitivity transfer matriz.

Remark 5. Internal stabilizability can be expressed using only V: P is internally stabilizable if and
only if there exists V' € A™*? satisfying VP € A", U = I, + PV € A% ie, PV € A?*? and
UP=(I;,+PV)Pec AT*".

Example 1. Suppose that P has a left coprime factorization P = D™' N, where DX — NY = I,
D€ A, N ¢ A1*", X € A99 and Y € A", Then, we have X — PY = D~! and thus,
XD —-PYD = I, So, if we consider the matrices U = XD € A9% and V =Y D € A", then
F=UT VT)T € APX4 then satisfies

XN o
FP=| L |€A" (I, -PF=XD-PYD=I,

Then, 1 of Theorem|[T]shows that C = V' U~! = Y X! internally stabilizes P and we find again a standard
result of the fractional representation approach [I0, 37]. Finally, we have Ilc = (X© YT)T (D - N).

Similarly, if P has right coprime factorization P :NJ\Z 15’1, YN+ X BN:N I, then the matrix
G =(-DY DX)e AP satisfies PG = (-NY NX) € A7*P. Also, =Y N + X D = I, results
—YP+X = ﬁfl, and thus, -DYP+DX = I.,i.e., GM = I.. Then, 2 of Theorem [l| shows that

C=(DX) (DY) =X"'Y stabilizes P [10,37]. Finally, we have IIp = (NT DT)T (—}7 )Z')

Inria



On a general robust stability test based on the homological perturbation lemma 9

The existence of a left/right coprime factorization for P is thus a sufficient condition for internal
stabilizability. If P has a weakly left/right coprime factorization, then it is also a necessary condition
(see Corollary 8 of [28]). Furthermore, it was shown that every transfer matrix with entries in IC has
a weakly left /right coprime factorization if and only if A is a so-called coherent Sylvester domain (e.g.,
RH.,, H*(C4), R2) [24, 29]. Thus, over a coherent Sylvester domain A, internal stabilizability is
equivalent to the existence of a left /right coprime factorization. For a direct proof of this result for RH,
and H>°(C,.) see |37, [36]. But the question is open for some algebras used in control theory [10, 211, 37].

3 The lattice approach to analysis and synthesis problems

Within the fractional representation approach, analysis and synthesis problems can be reformulated using
the stability set-theoretic approach mentioned in Section [2] and characterized by algebraic conditions.
Using the ring structure of A — which allows to consider sums and compositions of systems [39] — as
well as the linearity property of linear systems, the fractional representation approach is naturally rooted
in module theory, i.e., roughly speaking, in linear algebra over the ring A. See [24] 25]. We recall that
the definition of an A-module is the same as that of a vector space except that the scalars belong to a
ring A, but not a field (in which every nonzero element has an inverse for the multiplication) like, e.g.,
K [33]. In [28, 29], it was shown that the theory of algebraic lattices, developed in algebraic geometry
and number theory, is a natural mathematical framework for studying linear systems defined by transfer
matrices. The algebraic lattice approach is a module theory that mimics linear algebra over the field of
fractions KC of the ring A. This section briefly explains this approach.

Furthermore, in robust control, one wants to characterize close systems for a topology or a metric
related to the robustness in stabilizability [39, 37, 14, 15, [38]. This requires that the ring A is a normed
ring [23], namely, a ring equipped with a norm || - || 4 for which the multiplication defines a continuous
function in the two arguments (e.g., A = RH, for the norms ||| or |- [; see below) or, even better, a
Banach algebra, namely, a complete norm ring [23]. Thus, a natural mathematical framework for robust
control is module theory over a Banach algebra A (more precisely, the category of finitely presented A-
modules over a coherent Banach algebra A such as, e.g., A = H>°(Cy) [24] 25]). Finally, we note that
the operator-theoretic approach using graphs [37, [14], [15] is dual to the algebraic lattice approach [27].

Let us first review some standard definitions of module theory.

Definition 3 ([33]). Let A be an integral domain, K = Q(A) its quotient fields, and P o finitely generated
A-module, namely, there exists a finite set I and g; € P for i € I such that

P:ZAgi = {ZaigﬁaiEA, iGI}.
il il

1. The rank of P is the dimension of the K-vector space generated by P, namely, K @ 4 P, where ® 4
stands for the tensor product of A-modules, namely, the dimension of the K-vector space obtained
by extending the coefficients of P from A to K, i.e., rank 4(P) = dimx (K @ 4 P).

2. The A-module P is said to be free if M has a basis or equivalently if M is isomorphic to a finite
direct copy of A, i.e., P = Al, where = stands for an isomorphism (namely, an injective and
surjective A-homomorphism) and | € N.

3. The A-module P is said to be projective if there exist an A-module @ and m € N such that
PdQ=A™, where ® denotes the direct sum of A-modules.

Remark 6. Using Definition [3] a free .A-module P is projective with Q = 0.

Let A be an integral domain of SISO stable plants, = Q(A) its field of fractions, P € K9*" a
transfer matrix of the linear system y = Pu, and p = r + ¢q. Setting L = (I, — P) € K?*?, the linear
system y = Pu can be rewritten as L (yT uT) = 0 and we can introduce the following A-module

L:=LA"={l; —Ply |l € A7, I, € A}

RR n® 9553
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formed by the A-linear combinations of the columns of L. The p columns of L form a set of generators of
L, and thus, £ is a finitely generated A-module. We have £ C K91, i.e., £ is an A-submodule of 9%,

We can also consider the descriptor form of the linear system, namely, (y7 u?)T = M¢ for all
¢ € AL where M = (PT Ig)T € KP*". Hence, we can define the following A-module

M= .AlXpM = {m1P—|—m2 ‘ mq € Alxq, me € Alxr}

formed by the A-linear combinations of the rows of M. The p rows of M form a set of generators of M,
and thus, M is a finitely generated A-module. We have M C K'*", i.e., M is an A-submodule of K'*".

The A-modules £ and M belong to a special class of A-modules called algebraic lattices or lattices in
what follows for simplicity.

Definition 4 ([3]). Let V be a finite-dimensional K-vector space. Then, an A-submodule M of V is a
lattice of V if there exist two free A-submodules Fy and Fo of V such that F, C M C Fy and

rank 4 (F1) = dimg (V).

Example 2. Let us show that £ is a lattice of K%', Writing P = D~' N, where D € 4979, det D # 0,
and N € A" (see Remark , then F; = A9 C £ C Fy = D~! A%. The first inclusion is clear. For
the second, if R= (D — N) € AP, then £ = (D! R) AP*! C D=1 A7%! since R AP*! C A9,

_ Now let us prove that M is a lattice of K'*". If we write P = N D!, where D € AT det D # 0,
N € A7 (see Remark|[l)), and R = (N7 DT)T, then Fy = A" C M C Fy = A" D=1, Tndeed, the
first inclusion is clear and M = AP R D=1 C A" D=1 gince AP R C AT,

Let us now give definitions concerning lattice homomorphisms.

Definition 5 ([3]). Let V and W be two finitely generated K-vector spaces, L a lattice of V, M a lattice
of W, and Hom (V, W) the K-vector space of the K-linear maps from V to W.

1. M: L:={f € Homc(V,W) | f(L) C M}.
2. The dual lattice of L is defined by A : L.

Remark 7. One can prove that M : £ is a lattice of the finite-dimensional K-vector space Homy (V, W)
[3]. Furthermore, it can be shown that every element of Hom 4 (£, M) corresponds to the restriction of a
unique element of M : £ to M [3].

Example 3. Let us characterize the lattice A : £ of Homy (K%, K) = K1*4 and the lattice A : M of
Homy (KX K) = Kr*1,

Considering V = K7*! and W = K, and using the isomorphism of K-vector spaces Homy (K2<!, k) =
K1*4 obtained by associating f € Homx (K%, K) with (f(e1) ... f(eq)) € K'*4, where {e;}iz1.. 4
denotes the standard basis of K%' (i.e., e; is a vector with 1 at the i*® position and 0 elsewhere), we get

A L={Ae K> |X(I, -P)A'CA}={Aec A |APec A"},
Considering V = K", W = K, and using Homc (K", K) = K™*! we have
A:M={pekK™! | AP (PT ITT)T;LQ.A} = {,ueAer | Ppe A7},
In the SISO case, A: L =A: M is the ideal of A formed by all the possible A-denominators of P.

Remark 8. Given P € K7 and considering the notations of Example |2, we can define the lattice
P = RAP*! of K7%1 and the lattice Q@ = AP R of K'*". Moreover, we have [2§]

A:P={ve™|vRe A}, A:Q={cck™ |Ree A},

As shown in [28] 29], properties of the linear system y = Pwu can be characterized by algebraic
properties of the lattices £, M, P, and Q. Let us state some of them.
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On a general robust stability test based on the homological perturbation lemma 11

Theorem 2. [28, [29] We have the following results:

1. P has a weakly left coprime factorization if and only if A : L is a free lattice of K**9, i.e., if and
only if there exists D € A% with det D # 0 such that A: L = A9 D. Then, N = DP € A9*"
and P = D™ N is a weakly left coprime factorization.

2. P has a weakly right coprime factorization if and only if A : M is a free lattice of K"™!, i.e., if and
only if there exists D € A™" with det D # 0 such that A: M = DA™Y, Then, N = PD E AT
and P=ND1isa weakly right coprime factorization.

3. P has a left coprime factorization if and only if L is a free lattice of K9*1, i.e., if and only if there
exists D € A9%9 with det D # 0 such that L= D' A9, Then, N=DP € A" gqnd P=D"'N
is a left coprime factorization.

4. P has a right coprime_factorization if and only if M is a free lattice of T, .e., if and only if
there exists a matriz D € A™*" with det D # 0 such that M = AY" D. Then, N = PD € A™*"
and P = N D™ is a right coprime factorization.

Let P = D~! N be a left coprime factorization. By 3 of Theoreml, we have £ = D~ A9%1 and thus,
A:L={Ne A7 | \D™1 A1 C A} = A4 D. Using 1 of Theorem[2) P = D~! N is then a weakly
left coprime factorization. Similarly, right coprime factorizations are weakly right coprime factorizations.

In Section [5} we will characterize stabilizability in terms of the properties of the lattices £ and M.

4 A quick look at homological algebra

Let us start with some standard definitions of homological algebra.

Definition 6 ([33]). Let P = (P;)icz be a sequence of A-modules and d = (d;);ez a sequence of A-
homomorphisms, where d; € hom4(P;, P;—1) fori € Z.

1. The sequence (P,d) is called a complex if d; od;+1 =0 for alli € Z, i.e., if imd;11 C kerd; for all
i € Z. The complex (P,d) is simply denoted by

diy2 dit1 d; di—1

(P, d) L Pi+1 ’PZ ’Pifl —_— ... (10)

A complex with only a finite of non-zero A-modules P; is simply denoted by

ds dri2 dri1 d,

0 M Pri1 Pri1 M, 0.

2. A complex (P,d) is said to exact at P; if kerd; = imd; 41, and is an exact sequence of .A-modules
if it is exact at all the P;’s, i.e., if kerd; = imd; 1 for alli € Z.

3. A short exact sequence is an exact sequence of the form

da di

P1 Po 0, (11)

0 Po
i.e., do s injective, dy is surjective, and kerd; = imds.
Let us illustrate the above concepts within the lattice approach of Section [3]

Let P € K", p=gq+r, L=, —P)eKk?>?, M= (PT IqT)T € Kpxr £ = L AP*! and
M = A" M. Also note

Syz(L) := ker gpx1(L.) = {77 =i ni)T e Aty = PTI2}7

Sya(M) = keraro (M) = {7 = (1 72) € A |55 = —y, P}
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Then, we have the following short exact sequences of A-modules

0 — Syz(£) —— AP1 L5 f 0,

0 M<M_qp <TGy M) <0,

where i (resp., j) denotes the canonical inclusion. Indeed, L. (resp., .M) is a surjective A-homomorphism
and ker gpx1(L.) = Syz(L) (resp., ker g1x» (.M) = Syz(M)).

Ifn=nl T € Syz(L), then Pny = n; € A9*!, and thus, 7 € A : M and = M 12, which
shows that Syz(L) = M (A : M). Thus, we have the following short exact sequence of A-modules

0—>A: Mo gt Ly p 0. (12)

Similarly, if v = (y1 72) € Syz(M), then 71 P = —y5 € A" which yields v; € A : L, v =
(m 72)=(Mm —mP)=mL,and shows that Syz(M) = (A: £) L. Thus, we have the following short
exact sequence of A-modules

M L

0 M Alxp A: L 0. (13)

We can now state the standard so-called splitting lemma for a short exact sequence ([11)).

Proposition 1 (Proposition 2.28 & Exercise 2.8 of [33], [19], p. 47). Let be a short exact sequence
of A-modules. The following statements are then equivalent:

1. There exists hg € Hom4(Po, P1) such that dy o hg = idp,.
2. There exist hg € Hom 4(Po, P1) and hy € Hom 4 (P, P2) such that

dg o h1 + ho o dl = id’pl. (14)

3. There exists hy € Hom 4(P1,P2) such that hy o ds = idp,.
4. There exists an isomorphism from Py @ Py to Py, i.e., P1 = Py P Po.

Then, is called a short split exact sequence and it is denoted by

d d
0Py =—= P, =—=Py — 0. (15)
1 0

In particular, we have dy o hg =idp,, d2 o hy + hgod; =idp,, and hy o dy = idp,.

Remark 9. The A-homomorphism hy of Proposition [1]is called a section of dy, di a retraction of hyg,
and Py a retract of Py. Similarly, do is a section of hy, hy a retraction of dy, and Ps a retract of Pj.
(ho, h1) is also called a homotopy of and satisfying Propositionis called a contractible complez.
Finally, (d1, hg) (resp., (h1,d2)) is called a splitting of the idempotent e; = hg o d; € End4(P;) (resp.,
ea = dy o hy € End4(P1)). For more details, see, e.g., [33].

In Section [5} we will relate Proposition [I] to the stabilizability condition.

The sequence formed by the .A-homomorphisms kg and hy in is not necessarily a complex, i.e.,
im hg is not necessarily an A-submodule of ker h;. The next corollary — which gives parametrizations
of all the right (resp., left) inverses of dy (resp., d3) — also shows that, up to a change of notation, it is
always possible to assume that the homomorphisms hg and h; also define a split short exact sequence.

Corollary 1. Using the notations of Proposition [, we have:

1. All the right inverses of dy are of the form

vV q € Hom4(Po,P2), ho(q) =ho+d2oq.
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On a general robust stability test based on the homological perturbation lemma 13

2. All the left inverse of doy are of the form

YV g € Homa(Po, P2), hi(q) =h1 —qods.

3. If hy o hg # 0, then setting q, = —hy o hg € Hom 4(Po, P2) then

hi(=qx)oho =0, hyohg(g.)=0.

4. If (@ is a split short exact sequence and hy o hg = 0, then

ho h1

0 Po P1 P 0 (16)

is also a split short exact sequence of A-modules. Then, we will say that

dso dy
Py Py Po

hi ho

0 0

s a bi-split short exact sequence of A-modules.

5. Up to a change of notation for hg or hy, @ can always assumed to be a split short exact sequence.
Then, we have the following bi-split short exact sequences

do dy
P P1 Po
hi(q) ho(q)

A qE HOmA(PO,P2), 0

0. (17)

Proof. 1. We have dy o ho(q) = idp, for all ¢ € Hom 4(Po, P2). Now suppose that h{ is a right inverse of
dy, i.e., dy o hg =idp,. Then, d; o (h{ — ho) = 0, which shows that (hj — ho)(p) € kerd; = imds for all
p € Py, and thus, using the injectivity of da, there exists a unique p’ € Ps such that (hy — ho)(p) = da(p’).
Consider the map ¢ : Py — P2 be defined by mapping p to p’. Using the A-linearity of h{, ho and da,
we get ¢ € Hom4(Py, P2). Finally, we have hyy = hg + d2 0 q.

2. We have hi(q) o dy = idp, for all ¢ € Hom 4(Py,P2). Now suppose that k) is a left inverse of da,
i.e., hj ody =idp,. Then, (h; — h}) o d2 = 0, which shows that h; — h] reduces to 0 onto imdy. Using
Po = imdy, we can consider the map ¢ : Py — Pa defined by mapping d;(p) to (hy — hf)(p) for all
p € P1. It is well-defined because if d; (p) = di(p’), then p—p’ € ker d; = im ds, and thus, p—p' = da(p”)
for some p”’ € Pa, which gives (hy —h})(p) = (h1 —h})(p). Using the A-linearity of dy, hf, and hi, we get
q € Hom 4(Py, P2). Finally, we have q(d1(p)) = (hy — h})(p) for all p € Py, which gives h} = hy —qod;.

3. If we set g, = —hiohg € Hom 4(Po, P2) then hq(—¢,)oho = 0 and hyohg(gx) = 0. Using Remark@
note that hi(—gy) = hy o (idp, —e1) = hy o ez and ho(gy) = (idp, — e2) o hg = €1 0 hg.

4. Let us assume that hy o hg = 0, i.e., imhy C ker hy. Then, hy o dy = idp, (resp., di o ho = idp,)
shows that hy is surjective (resp., hq is injective), and if p € ker hy, then ds o hy + hg o d; = idp, yields
p = ho(di(p)) € imhy, i.e., ker hy = im hg, which proves the exactness at P;. So is a short exact
sequence. Finally, the identities of Proposition (1| show that is also a split short exact sequence.

5. If we consider either h{y = hg and b} = h1(—qx) = h1 —hiohgody, or h{, = ho(q.) = ho—dzohiohg
and h{ = hy, then the short exact splits, where h{, and h} replace ho and h; respectively. Thus, up
to a change of notation, we can always assume that is a split short exact of A-modules. Finally, we
have h1(q1) © ho(go) = (h1 —q1 ody) o (ho +d20qo) = go — ¢1- Thus, hi(q1) o ho(go) = 0 if and only if
q1 = qo, which proves the exactness of the last complex by 4. O

In Section[5] we will show how Corollary[I]can be used to obtain a parametrization of all the stabilizing
controllers of an internally stabilizable plant (which does not necessarily have coprime factorizations).
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5 Further characterizations of internal stabilizability

In this section, we illustrate the concept of a split exact sequence within the lattice approach developed
in Section 3| i.e., for the short exact sequences and .
Introducing the following matrices

I
F= ( C{ ) (I,—PC)"tekP, G=(I,—CP)"'(-C I,)eK"™?,

and recalling the notations L = (I, — P) € K¥? and M = (PT IT)T € KP*", using @ and , we
have the following identities

FL=1lg, MG=1lp, LF=1, GM=1I., FL+MG=I,. (18)
We can consider the following .A-homomorphisms

F.: L=LA*1 — [px] G: M=Axr ) — KPXL

19
Ln — FLn=Ign, yM +— MG =~Ip. (19)

We can now state a theorem that connects the stabilizability characterizations given in Theorem [I]
the splitting of the short exact sequences and 7 and the concept of a projective lattice.
Theorem 3 (Thm. 3 of [28]). The following statements are equivalent:

1. The controller C' € K™ internally stabilizes the plant P € K9%".

2. The short exact sequence (@ splits, i.e., there exists F € AP*Y such that

FPe A" LF =1, (20)
or equivalently, L ® (A : M) =2 AP*L j.e.. L is a projective lattice of K<L,

3. The short exact sequence splits, i.e., there exists G € A™*P such that

PGe AP GM =1, (21)
or equivalently, M @ (A : L) = AP i.e., M is a projective lattice of K1*7.

Since we will need arguments from the proof of Theorem [3] we will detail it below.

Proof. Let us assume that 1 holds, i.e., P is internally stabilizable and C stabilizes P. Then, F' € AP*9,
G € AP and II;, I, € AP*P (see Lemma , so that the target spaces of the A-homomorphisms (|19)
are AP*! and AP*! respectively, i.e.,

0 AMMe gt 2 g
0 M= g0 L gpo .

Using (18), (L.o F.)(I)=LFl=1foralll € L, ie., L.o F. =id., which shows that is a split short
exact sequence by 1 of Proposition [I| By 4 of Proposition |1} we have £ @ (A : M) =2 AP*! and thus, £
is a projective lattice of K91 by 3 of Definition 4 which proves 2.

Using (18), (.\M o.G)(m) = mG M =m for all m € M, i.e., .M o.G = id, which shows that is
a split short exact sequence by 2 of Proposition [Il By 4 of Proposition (1, we have M @ (A : £) =2 A*P,
and thus, M is a projective lattice of C!*" by 3 of Definition [4] which proves 3.

Suppose that 2 holds. By Proposition [1} there exists o € Hom4 (£, AP*!) such that L. oo = id,.
Using Remark [7} o corresponds to a unique element of

AP L =T e KX | T (1, —P)AP' C AP} ={T € AP |TPe A"},
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Therefore, there exists F' € AP*? satisfying F'P € AP*" such that o(l) = F[ for all [ € £. Then,
L.oo=idg yields LFl=1forallle L= (I, — P)AP*! and thus, in particular for all [ € A%, which
yields LF = I,. Finally, II; = FL = (FF — F P) € AP*P, which shows that C internally stabilizes P
by Lemma [I] and proves 1.

Suppose that 3 holds. By Proposition [1} there exists x € Hom(M, A'*P) such that .M o x = id .
Using Remark [7] x corresponds to a unique element of

AP M ={T e KP | AVP(PT INTT C AP} = {T € AP | TG e AP},

Therefore, there exists G € AP*" satisfying P G € A?*P such that k(m) = m G for all m € M. Then,
Mok =idpy gives mGM = m for all m € M = AP (PT 1T and thus, in particular, for all
m € A", which yields G M = I,. Finally, Il, = M G = (PG)T G7T) € AP*P, which shows that C
internally stabilizes P by Lemma [I] and proves 1. O

If we write L = (UT  VT)T where U € A7%9 and V € A"¥9, and det U # 0, then Theorem shows
that C = VU~! € Stab(P). Similarly, if we write G = (=V  U), where V € A"™% and U € A™*", then
Theorem || shows that C' = U~V € Stab(P).

Remark 10. Theorem [3| (resp., Theorem [2|) shows that internal stabilizability (resp., the existence of
a coprime factorization) corresponds to the projectivity (resp., freeness) of the lattices £ and M. By
Remark [6] projective modules are free but the opposite is usually not true, except for the so-called
projective-free rings (e.g., RHoo, H®(C4), W, R,) |37, 26 5l 29].

Remark 11. Note PG = P (I, — C P)~'(-C I,) € A7*P, which shows that the columns of G belong
to A : M (see the characterization of A : M in Section . The A-homomorphism G. : AP*1 —s A: M
defined by G(£) = G ¢ for all € € AP*! then satisfies the identity (M.)o(G.)+(F.)o(L.) = Up.+1¢c. = I,.
(see (|18), and we have the following short split exact sequence

M. L.
00— A: M= A2 L—>0. (22)
. F.

Using G F = 0 and 4 of Corollary [1| the lower sequence formed by the A-homomorphisms F. and G. is
exact, and thus, is a bi-split short exact sequence.

Note that F' P € AP*" which shows that the rows of F belong to A : L (see the characterization
of A : £ in Section [3) and the A-homomorphism .L : AP — A : £ defined by (.L)(#) = 6 L for all
0 € AP satisfies (.G) o (M) + (.L) o (.F) = Ilp + .Ilc = .1, (see ) and we have the following split
short exact sequence

G F
0<~—M Alxp A:L<—0. (23)

M L
Using G F' = 0 and 4 of Corollary |1} the upper sequence formed by .G and .F is exact, and thus, is
a bi-split short exact sequence of A-modules.

The bi-split short exact sequences and can be proved to be dual [28].

Remark 12. Theorem |3| shows that P is internally stabilizable if and only if the lattice £ = L AP*1of
K9*1 is a retract of AP*!. Geometrically, £ can be thought of as an abstract manifold of the affine
space K9%! and £ can be embedded into the subspace AP*! if and only if P is internally stabilizable.
This embedding is obtained using a stabilizing controller C' of P and the closed-loop system defined
in Figure [Il The coordinates of AP*! are the inputs u = (ul ul)T of the closed-loop system and
L= F(L) =g AP*L. The stabilizing controller C defines a coordinate system on the abstract manifold

.....

V=C,-—PC)t € A7 and F = (UT VT)T7 then {Fie}r=1,. p defines a set of A-forms of L,
ie., Fre. € Homa(L, A) for k = 1,...,p. Then, we have | = LF1 = Y 7_, Lej Fie(l) for all | € L,
which shows that every “point” I € £ can be located in “the coordinate system” { Lok }x=1,...p of £ by the
“coordinates” F(I) = (Fie(l),..., Fpe(l))T € AP*1. Finally, suppose there is a differential calculus on A
[6, 30, 32]. Then, it can be extended from A to AP*! and finally to £ using the concept of connections
or covariant derivative (parallel transport) and the retraction of £ of AP*! |30, [32]. Similarly for M.
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Finally, a Quillen-Cuntz theorem [8] asserts that connections only exist on finitely generated projective
modules, and thus, differential geometric concepts such as connections, Christoffel symbols, curvatures,
characteristic classes, etc., exist only internally stabilizable plants [30, [32].

To finish the section, let P be an internally stabilizable plant, C' a stabilizing controller of P, and let

U= (I, - PC)_l € A9%q, U= (I, — C’P)—l € A<,
V:C(Iq—PC)—l e A4, V= (IT_CP)—lcEATXq’ (24)
F = (UT VT)T € APXq, G = (7‘7 ﬁ) e ATXP,

We can apply Corollary [1| to the split short exact sequences and . First, using Remark lﬂ we
have Hom 4 (£, A : M) = (A: M) : L, where

Qi=(A: M): L={QE A |QPc A" PQe A, PQPc A"} (25)

(see Example 3 of [29] for the explicit computations). Applying 1 of Corollary [1f to (22)) yields
U+PQ

VQeQ, FQ =F+MQ= ,

Q @ Q ( Vo )

is such that F(Q) € AP*9, F(Q) P € AP*", and L F(Q) = I, and thus, C(Q) = (V+Q) (U +PQ) ' is
a stabilizing controller of P for all @ € ().

Similarly, we have Hom (M, A : L) = (A: L) : M. We can check that (A: L) : M= (A: M): L
(see [28]). Applying 2 of Corollary |1] to yields

VQ' e, GQ)=G-QL= (—17—@’ I7+Q’P)

is such that G(Q') € A, PG(Q') € A7?, and G('Q) M = I,, and thus, C'(Q') = (U+Q' P)~* (V+Q')
is a stabilizing controller of P for all Q' € Q.

Using GF =0, LM =0, LF = I,, and GM = I,, we have G(Q') F(Q) = Q — Q’, and thus,
G(Q") F(Q) =0 if and ounly if Q" = Q and, by 5 of Corollary

YQEQ CQ=(V+QU+PQT=CQ=T+QP)(V+Q) (26)
parametrizes all the stabilizing controllers of P [29] and we have the bi-split short exact sequences

M. L.
A: M Apx1 L—0.
G(Q). F(Q).

Ve, 0

We can show that € is a finitely generated projective A-module and Q@ = GAP*P F =Y. A(Gq Fs;)
[29], i.e., we have Q = GT F for all T € AP*P. We emphasize that the parametrization of Stab(P)
assumes only that P is stabilizable, i.e., that there exists a stabilizing controller C,. Finally, if P has a
doubly coprime factorization P = D™! N = N 5_1, then using 2 and 3 of Theorem |2} we first have

0= (EArxl) . (D—l Aqxl) — {T c KCrxa | TD—l Aqxl C EArxl}
- {TEIC”‘J |3Ae A 7D :EA} = DA™ D,
which shows that € is a free A-module of rank ¢ and we can consider Q) = DAD for all A € A™¥1,

Finally, Example [1| shows that F = (DT (X7 Y7T))T and G = D (=Y X), which, by substitution into
(26)), reduces to the well-known Youla-Kucera parametrization [10} [37].
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Remark 13. Continuing the geometric interpretation of stabilizability developed in Remark the
parametrization of all the stabilizing controllers of P can be understood as the parametrization of
all the possible embeddings of £ in AP*! and

HC(Q)(F+MQ)LHC+MQLHC+<
V@ e, .
HP(Q)ZM(G—QL)ZHP—MQL:HP—(I

Let us note e(Q) = (PT IE)T Q(I, —P)e AP*? forall Q € Q. We have £(Q)? = 0. Furthermore,
using the identities Le(Q) = 0 and £(Q) M = 0, we can check again that I (Q)? = IIc(Q) € APXP,

Hp(Q)? =1p(Q) € AP*P, and I (Q) + lp(Q) = I, for all Q € Q. Therefore, {IIc(Q), IIp(Q)}gen
forms a family of complete sets of orthogonal idempotents of AP*P parametrized by the elements @ of the
finitely generated projective A-module . Finally, if P has a doubly coprime factorization P = D! N =

~ ~ ~ ~ ~ ~ T
N D!, then Q= DA™ 9D and £(Q) = ¢ (DAD) - (NT DT) A(D —N)forall A e A7xa.

6 The homological perturbation lemma

Let us introduce the concept of a perturbation of a complex. This definition will play a central role.
Definition 7. Let (P,d) be the complex defined by @) Then, a perturbation § = (8;);cz of (P,d) is
a sequence of A-homomorphisms 6; € Hom4(P;, Pi—1) for i € Z which is such that

fiqo+dite fit1+di41 fi+0; fic1+0i-1
e p P Pis

is a complex, i.e., satisfies the following conditions
VieZ, (fici+dic1)o(fi+0i)=0i—106;+0di10fi+ fi100=0.
Let us first state a useful technical lemma (proof is given in the appendix).

Lemma 2. Let us consider M and P be two A-modules, § € Homy(P, M), and h € Hom4(M,P).
Then, the following statements are equivalent

1. idp + hod € End4(P) is invertible.
2. idp + 8 o h € End 4(M) is invertible.

Furthermore, we have
(idp +hod) ™t =idp —ho(idy +doh)"t o,
(idpg +60h)~t =idpyg — 6o (idp + hod)"Loh.
Finally, if idaq + 0 o h oridp + h o § is invertible, then we have the following identity
ho(idyg+60h)~t = (idp + hod) Loh.

We can now state the so-called homological perturbation lemma in a simple case, namely, the case of
a contractible complex defined by a split short exact sequence.

Theorem 4. Let us consider the following bi-split short exact sequence of A-modules

do dq
0— M, M, Mo ——0,
hl h()
. 5 5 .
and a perturbation My 2 > M, ~ > My of the following short exact sequence
d d
0 MQ 2 Ml - MO 07
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i.e., 61 € Hom4 (M1, M) and §3 € Hom 4 (Mo, M) satisfy the following identity
(di+061)o(de+062) =dyody+010dy+ 01005 =0. (28)
If the following two conditions
1. (idpy + 61 0 hg) € End 4(My) is invertible, i.e., is an automorphism of My,
2. (idp, + 020 hy) € End4(My) is invertible, i.e., is an automorphism of M,

are satisfied, setting the following notations

Hy = hg o (idag, + 61 0 ho) ™' = (idpg, + ho 0 01) ! 0 hg € Hom 4 (Mo, M), (29)
Hy=ho (ld/\/l1 + g0 hl)_l = (1dM2 + hyo 52)_1 ohy € HOHlA(M1,M2),
then we have the following bi-split short exact sequence of A-modules
do+382 di1+01
0——— My 1 Moy ——0. (30)
H1 HO

The proof of Theorem [ is a straightforward verification given in the appendix. It does not require
difficult homological algebra machinery [33] as for the general case [4, [7, [16] 34, [I3] (which generalizes
Theorem [| to morphisms of chain complezes [33]). See Crainic’s notes [7] for a standard survey.

7 A general unstructured robust stability test

7.1 DMain result

We can now state the main result of the paper. It is a direct application of Theorem [4

Theorem 5. Let A be an integral domain of SISO stable plants and K = Q(A) its field of fractions.
Moreover, let P € K9%" be a stabilizable plant, C € K"*? q stabilizing controller of P, and set p=q+r,

U=(I,—PC)~" € A1x4, ﬁ:(ITfCP)*1 €A™,
V=C(,—PC)'e A, V=1 -CP)tC=Vec A4, (31)
F=UT v e arxq, G=(-V T)ear,

He=F(, —P)eA™?, andllp=(PT INTM e AP, Finally, let

©11 © - En =2
@:< 11 12>€Ap><p7 ::< 11 :12)€Ap><p7

©21 O 221
where ©11, 211 € AXY, O1o, E1p € AT*", Og1, 291 € A", Ogy, Zop € A", and
A=A —Ay):=U; —P)O=(011—POy O13— P0Oy),
V:<V1>::E<P>:<511P+Elg>. (32)
Vs I, Eo1 P+ Ea

Then, C internally stabilizable the plants of the form
Psi=(I;+ A1) " (P+A2) = (I;+O11 — PO2) ' (=O13 + P (I, + O))

=(P+V1)(Ir +V2) ' = (G124 (I + E11) P) (I + Bg2 + En P) ! (33)
for all matrices ©, = € AP*P satisfying the following conditions
I +1lc © € GLy(A),
I, + Ellp € GL,(A), .

det(I; + A1) = det
det(I, + V3) = det

Iq+@11 —P®21) 75 O,

(
(IT—FEQQ-I-EQlP)#O.
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()

Figure 2: Interpretation of the stability condition I, + ZIIp € GL,(.A)
Finally, the first two conditions of are equivalent to

(35)

I,+AF=1,+ AU+ AV € GL,(A), det(I, + AF) € U(A),
I, +GV =1, —VV,+UV,; € GL,(A), det(I, + GV) € U(A).

The proof of Theorem [5|is given in the appendix.

Remark 14. We emphasize that Theorem [5] does not require the existence of a doubly coprime factor-
ization for P. It only requires that P is stabilizable, i.e., P is stabilized by a controller C.

If P has a doubly coprime factorization, in Section we will show that Theorem [5| gives again the
standard robust stability test for coprime factor uncertainty.

Remark 15. The first condition of , ie., I,+I1c © € GL,(A), is equivalent to the fact that the stable
transfer matrix © € AP*? internally stabilizes the stable system IIo € AP*P (see Figure . Similarly the
second condition of (34)), i.e., [,+=1IIp € GL,(A), asserts that = € AP*P internally stabilizes IIp € AP*P.

Example 4. We illustrate Theorem [5| for SISO plants. Let p € K be a stabilizable plant, ¢ a stabilizing
controller of p, u =1/(1 —pc) € A, and v =c¢/(1 —pc) € A. Set §; = 011 — b12p and 02 = —012 + a2 p
for 011, 012, 021, 629 € A. Then, we have

10 - 011 0 1+ud —ué
I, + 1,0 = n u up o Gz ) U 01 U 02 .
0 1 v —Up 921 922 1)(51 1-— 1]52
Theorem [5| then shows that c stabilizes all the plants of the form

:p+52 _ —b012+ (1 +622)p
1+6 1+611 —6a1p

bs

for all 011, 012, 021, 022 € A such that 1 + 611 — 021 p # 0 and satisfying the following condition
I, + 11,0 € GLa(A) < det(Ia +11.©) =14 udy —vds
=1 —+ 911 u—+ 012 v — 921 (up) — 022 ('Up) S U(A)

For SISO systems, a factorization representation is both left and right. So, if 0y = &1 p + 12 and
O = &o1p + &oo for &11, E12, €o1, €22 € A, then the robust stability test for

:PJral _ 12+ (1+&n)p
1+ 0, 1+&a+8&ap

Ds

is the same as above after changing the notations £17 = s, £&10 = —012, 21 = —01, and &z9 = 647.

Remark 16. Let F;(A, P) = Ay1+A12 P (I, — Aga P)~1 Aoy be the lower linear fractional transformation
(LFT) (see, e.g., [40]), where P € K9%" and A € K(a+7)*("+9) i5 the matrix defined by

A= ( 2;1 [X;z > ;o A € KT Agp € K979, Agy € K7°7, Ay € K771
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By Lemma 9.1 of [40], if det(I;+©11) # 0, then the plant Ps = (I;+01; —P0Oy) 1 (=O12+ P (I,+04))
can be rewritten as Py = F¢(A, P), where

_ 7([(14’@11)71 O19 (Iq+@11)71
L+ O30 — O (I, + ©11) "1 O12 Ogy (I, +O11)7 !

Similarly with Ps = (212 + (I; + Z11) P) (I + Zaa + Z21 P)~! when det(I, + Za2) # 0.
If I, + ©11 or I, + =95 is a singular matrix, we need to find out if Py can be interpreted as a LFT.

The next corollary of Theorem [5| gives the relation between the projectors H‘SC and H‘SP — defined by
Ps and a stabilizing controller C of P — and the projectors Il and IIp defined by P and C (see (f)).

Corollary 2. Using the notations and assumptions of Theorem[5, we then have
o [ W=POT - RO)T P

c — -1 -1
C(I,—F50) —C(I,—PsC)" ' Fs
— ( —-P(I,—CPs)"'C P(I,—CPs)!

) = (I, + e ©) ™ T (1, + ©),
(36)

- = (I, + =) 1p (I, + =T0p) .
P (I, —C Pt C (I,—CP(s)_l) €y +2) e (I +=21Lp)

In particular, 1I%, 113, € AP*P, which shows (again) that C internally stabilizes Ps.

Proof. Let L= (I, —P)eK?, M= (PT ITT e KP*" and

U=(I,— PC)' e Kixa, U=(I,-CP) ek,

V=C(,—PC)t ek, V=(-CP)'C=Vekr,

F=UT v)" ekrx, G=(-V U)ekre

Using the identities LF =U -~ PV =1, A=LO, L+ A=L+L0O=L([,+0), F([,+AF)"! =
(I, + FA)™' F, and F L = II¢, we have
I,—PsC=1,—(I,+A) "N (P+A)VU!

=, +A) NI, +A)U - (P+2A) VU
= +A) U -PV+AU-AV)U!
=T, +A) T I+ AU =M VYU = (I, +A) I, +AFR) U

=, -PsCO) ' =UI,+AF) (I, +Ay)
. [ UG+t AR I+ A1) Ul + AF)7HP + Ay)
TRCTN VI AR (I, + A —V (I, +AF) (P + Ay)
—(g)(Iq—FAF)l(Iq—kAl —P—-Ay)
=F(I,+AF) ' (L+A)=,+FA)'FL(,+0)
=, +TcO) ' FL(I,+0)= (I, +c0) 1 (I, + O).

Similarly, using the identities GM = -V P+ U =1,, V=EM, M+V =M +EM = (I, + Z) M,
(I, -GV)"'G=G(I,+VG)™!, and M G =1Ip, we have

I, —CPs=I—-U"'V(P+Vy) (I + Vy) !
U NUI, 4+ V)=V (P+Vy) I, + V) !

U Y U-VP+UVy—VVy) I+ Vy) !
=U Y (I, =V V14UV (I, + Vy)
=U " (I, -GV) (I, + Vo) ! toria
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= (I,—CP;) ' =(I,+ Vo) (I, -GV)'U
- —~(P+V) (I, —GV)'V (P+Vy) I, —GV) ‘U
N\ L+ V) U, -GV (I, + V) (I, —GV)LTU

P+V
= L) a-ev)t (-7 D)

Ir + V2
:4M+VHI—GVYV?(I+EAML—GW*G
=, +E) MG, +VG) ' =, +E)Up ([, +EMG)™"
= (I, +2) p (I, + E1p) "

Using ©, = € AP*P and I, + Z1Ip € GL,(A), I, + IIc © € GL,(A), we finally have
M = (I, + e ©) ' g (I, + ©) € AP*P, 1% = (I, + E) lp (I, + ETIp) ! € AP*P,

which proves that C internally stabilizes Pj. O

Remark 17. The assumptions that C' € Stab(P) and O, = € AP*P were not used to prove . They
were only used to show that H‘sc, pr € AP*P. Hence, (36) holds for ©, = € KP*P or for a controller C
which does not necessarily stabilize P. Note that Corollary [2] gives an elementary proof of Theorem [5}

Example 5. Continuing Example [4] studying the SISO case, we have

HE _ 1 1 *1)52 ’U,(SQ I 1+011 912
C_1+u51—v62 —vd 14+ ué; ¢ 021 14 00

e — 1+&n &i2 I 14+uds —uo 1
P &1 1+ &9 P v 0o 1—-v0; 1—v0;+uby
Example 6. With the notations , we have the following results.

1. Inverse multiplicative output uncertainty: Considering ©12 = 0, O9; = 0, and G99 = 0, Theorem [f]
shows that C stabilizes Ps = (I, + ©11) ! P if det(I, + ©11) # 0 and the following condition is satisfied

I,+U6; 0

I, + 1o 0 =
vt < ven I,

> S GLP(A) =4 Iq +U©Oq; € GLq(A)

Writing (I, + IIc ©)~! as a product of two elementary matrices, we have

H5 — Iq O (Iq+U@11>_1 O HC Iq+®11 O
_V @11 Ir 0 IT‘ 0 I,r .

2. Additive uncertainty: Considering ©1; = 0, ©2; = 0, and O, = 0, Theorem E] shows that C
stabilizes Ps = P — O15 if the following condition is satisfied

Iq U@12

I,+1p 0 =
pTHC <o I, + VO,

> S GLp(.A) & [,+VOe GLT(.A)

Writing (I, + IIc ©)~! as a product of two elementary matrices, we have

. — Iq —U ©Oq2 Iq 0 i Iq 019
o I, 0 (L+Vvew) ™ )¢\ o 1. )
3. Inverse additive uncertainty: Considering ©1; = 0, ©15 = 0, and O35 = 0, Theorem |§| shows that
C stabilizes Ps = (I, — P©q)~ ! P if det(I, — P©2;) # 0 and the following condition is satisfied

I,-UP®y 0

I, +To0 =
ptHo ( —V POy I,

> c GLP(.A) =4 Iq —UPOy; € GLq(.A)
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Writing (I, + Il¢ ©)~! as a product of two elementary matrices, we have

5 L0\ [ U,-UPen 0 I, 0
VPOy I, 0 I, O91 I,

4. Input multiplicative uncertainty: Considering ©1; = 0, ©15 = 0, and ©2; = 0, Theorem [5| shows
that C stabilizes Ps = P (I, + O32) if the following condition is satisfied

I, -UP®Oy

I, +1c6 =
pTe (o I, —V POy

> S GLp(.A) < I, —V POy € GLT(A)

Writing (I, + IIc ©)~! as a product of two elementary matrices, we have

s I, UPOy I, 0 I, 0
H = -1 HC .
0 Ir 0 (Ln — VP@QQ) 0 I’r + @22

5. Output multiplicative uncertainty: Considering =15 = 0, =97 = 0, and Z32 = 0, Theorem |§| shows
that C stabilizes Ps = (I; + Z11) P if the following condition is satisfied

~En PV EnPU

1,
Ip+EHP< ! 0 ;
T

) € GL,(A) & I,—E1, PV € GL,(A).

Writing (I, + ZI1p) ™! as a product of two elementary matrices, we have

~\ —1 ~
w_(ftEn 0\ (-=aPV) 0 I, -E4PU
P 0 Ir P 0 Ir 0 Ir .

6. Additive uncertainty: Considering =11 = 0, Z9; = 0, and Z95 = 0, Theorem |§| shows that C
stabilizes Ps = P + =14 if the following condition is satisfied

—EpV EpU -
2 ) € GL,(A) & I, —E13V € GLy(A).

I
Ip+EHp< a . 112
T

Writing (I, + 211p) ™! as a product of two elementary matrices, we have
_ o\l .
ng _ Iq =12 Hp (Iq — =19 V) 0 Iq —=12 U .
O Ir 0 IT 0 IT

7. Inverse additive uncertainty: Considering 217 = 0, 212 = 0, and Z55 = 0, Theorem |§| shows that
C stabilizes Ps = P (I, + Z9; P)~ 1 if det(I, + Z2; P) # 0 and the following condition is satisfied
1, 0

I, +=1p = _ _
rrer (—521131/ I +E PU

> € GLy(A) & I, +Z9 PU € GL,(A).

Writing (I, + 2I1p)~! as a product of two elementary matrices, we have

1, 0
1, 0 q 1, 0
m,=( _° Ip N S :
ST 0 (Ir Y En P U) Ea PV I,
8. Inverse multiplicative input uncertainty: Considering Z1; = 0, 215 = 0, and Z5; = 0, Theorem
shows that C stabilizes Ps = P (I, + Za2) ! if det(I, + Z22) # 0 and the following condition is satisfied
I, 0

I, +=Tp = _ _
r r (EZQV I +Z50U

) € GLy(A) & I, +E5U € GL,(A).
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Writing (I, + 211 p)~ ! as a product of two elementary matrices, we have

1, 0
1, 0 q 1, 0
m, = _ Ip -1 1 .
0 I+ =99 0 (Ir+522 U) BV I,
The homological perturbation lemma can also be applied to a split exact sequence relating the lattices
P and Q defined in Remark [8| (see Lemma 5 of [2§]).
Finally, let us state a few consequences of Theorem []in the case where A be a Banach algebra, namely,

A is a K-algebra, where K = R or C, which is a Banach space as a K-vector space for a submultiplicative
norm || - ||a (i.e., [Ja1 azl|la < |la1]|4 ||az|la for all a1, as € A) satisfying [|1]|4 = 1 [23].

For example, H>*(C) and W, defined in Section [2| are two Banach algebras.

If A is a Banach algebra, then, for p € Z-o, AP*? is a Banach algebra for the norm defined by
(|1 M| gp x> = maxi<i<p Z§:1 | M;j]| 4 for all M € AP*P (or for any equivalent norm).

Let B be a Banach algebra (e.g., B = AP*P). Then, we have the following standard results [23]

o If [[1 —b|[g < 1, then b=* € B, ie., be U(B),and b= =32 (1 —b)"
o If b€ U(B), then 675 < 37, 1= bl = (1— 11 = blls) ™"

We have the following consequences of Theorem

Corollary 3. Using the notations of Theorem@ a sufficient condition for I, +1c© € GLy(A) and
I, + 21lp € GL,(A) are respectively given by

1©1larxr < el gpns  IElarxe < TP Zoy- (37)

Furthermore, we have the bounds for the norms of the idempotents Héc and H5P defined by @

& arxe < [y + e ©)HLarxs [He |l arxr [Ty + O] ar<s
-1

< (1= Mg O arxe) ™ [He|larxe [[Ip + Ol avxr,

[ prens 11y + Ellavxe [Wp |l avxe (I, + ELp) ™| apxr

IAN N

= = -1
[y + Ell arxr [Hp|larxe (1= [[E1Lp]larxe)
Note that the inequalities in Corollary [3] are usually far from being sharp.
Using and 7 we can define the left/right optimal robust radius by
< = 1 f H PXP, o ra = 1 f H PXD .
lopsad. = 306 Mo(@lLaress Topraa. := inf [Tp(@)La

They will be studied elsewhere for the different Banach algebras used in stabilization problems.

Example 7. We continue Example @ C stabilizes all the plants of the form Ps = (I, + ©11)~! P where
|U ©11]| aaxa < 1, of the form Ps = P— 015 where ||V 12| 4rx» < 1, of the form Ps = (I, — P©qg)"' P
where ||U P Og1]| gaxa < 1, of the form Ps = P (I, + Og2) where |V P Oaz| 4rx» < 1, of the form
Ps = (I; + Z11) P where ||O1; P‘7||Aq><q < 1, Ps = P + Z15 where ||O12 ‘7||ATXT < 1, of the form Ps =
P (I,+Z21 P)~! where [|Og; P(}\ Arxr < 1, and of the form Ps = P (I, +Z57) ! where |2 17| arxr < 1.

Finally, we consider A = H*°(C,). Recall that the norm of M € A"*% is defined by

IM]|oo = SllcaE(M(S)) = ess.sup,,cro(M(iw)),
sE

where @(-) denotes the mazimal singular value. It is well-known that ||[M; Ma|leo < [|Milloo |M2|lco
for all M; € A™% and My € A**t. Note that B = APXP is a Banach algebra for the above norm.
Therefore, are sufficient conditions for robust stabilizability, i.e., C stabilizes all the plants of the
form where 0]/ < |[He|lxt and |Z]jee < ||Tp||xt. We find again an important result in robust
control, first obtained in [14} [I5, B7] using doubly coprime factorizations for P and C. One can prove
that [|[He|lee = [[Hp|leo [I2]. Finally, considering the invertibility conditions for the model uncertainties
studied in Example |§| and using , we find again the standard results summarized in Table |1} These
conditions are also necessary if we consider the set of all possible ©;;’s satisfying the conditions of Table |I|
due to the small gain theorem.
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Table 1: Standard robust stability conditions.

Models of uncertainties | Conditions for C € Stab(Py)

Ps=(I,+©11)"1P 1O11lloc < [|(Zg = PCY~Y| ]
Ps =P — 012 [©12llc < [|C(Fg — PC)~H]| )
Ps=(I;—=POx)' P | [ < [|(I—PC) P|| !
Ps =P (Ir + ©22) 1©22]le < [[(In —C P)~LCP| ]
Ps= (I, +E1) P IEnllee < [|PC (1= PO

Ps =P+ E12 IE12]lec < ||(IT—CP)716||;>1

Ps =P (I, +E2; P)7! IE21flc < ||P(IT_CP)71||;31

Ps = P (I, + Sa2) |Z22]lee < [|(1r = C P)7H]|

Example 8. We continue Example [4] Suppose that A is a Banach algebra and
|| —6O11u— 60120+ 07 (up) + 69 (Up)HA < 1,
then ¢ stabilizes ps for all 611, 012, 021, 022 € A satisfying 1+ 611 — 021 p # 0. Moreover, if 4 = H>*(C,),
then c stabilizes ps for all 011, 012, 021, 022 € A satisfying 1 + 617 — 021 p # 0 and
-1

[(61r 012 021 022)[lc < H(_” —v up vp)TH

oo

7.2 Study of the poles of Fj

In this section, we shall study the poles of Ps. First, note that the classical concept of poles makes sense
for a plant P having a weakly doubly coprime factorization (extensions are possible).

Note also that the existence of a weakly doubly coprime factorization for a stabilizable plant is
equivalent to the existence of a doubly coprime factorization (see Example|l|and Corollary 8 of [2§]).
Hence, according to Theorem [2| if L5 = (I, — Ps5) AP*! and My = AP (PI' I)T are the lattices
associated with the plant Py defined by 7 then we must study the lattices A : L5 and A : Mg, and
connect them to respectively the lattices A : £ and A : M associated with P.

The bi-split short exact sequence shows that

L=(L+A) AP = (I, + Ay — P — M) AP = (I, + Ay) (I, — P5) AP*!
= (Iq +A1)£§a

where det(I, + A;) # 0, which gives £5 = L. Using 3 of Theorem [2| P5 has a left coprime factorization
if and only if so does P. We also have

A:EZ{)\EIClxq|/\£QA}={/\€K:1Xq|)\(Iq+A1)£5g.A},
A:L(;:{)\GIC“‘J|)\£5§A}={>\GIC1X‘1|)\(Iq+A1)_1£§A}
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which shows that A : Ls = (A: L) (I; + Ay). Similarly, we can prove that we have M = M; (I, + Va2),
where det(I. + V3) # 0, which gives /\/l5 2 Mand A: My = (I, + Va) (A : M). Using Theorem [2 P
has a right coprime factorization if and only if so has P. Hence, if the internally stabilizable plant P has
a (weaky) doubly coprime factorization, then so does Ps.

Let us give an explicit doubly coprime factorization for Ps. Using 4 of Theorem 2] we have A: L =
AXaD £ =D 1AL A M =D A, M= A" DL and thus

A Ls=AYU(D (I, +Ay), A: Ms= ((IT +Vy) 5) AT
which shows that Ps = D(;l Ns = K/’g ﬁgl is a (weaky) doubly coprime factorization of the stabilizable
plant Ps = (I, + A;)71 (P + Ag) = (P + V1) (I + Va) ™!, where
Ds=D (Iq + Al) =D (Iq + @11) — NGOy € Aqxq,
Ns = Ds Ps = D(P+ Ag) = N(I,. + @22) — DOy e Aqxr’
Ds= (I, +Vs)D = (I, + E05) D + oy N € A™",
Ns=PsDs=(P+Vy)D=(I,+E1,)N+Z1,D e A",

(38)

and det(Ds) = det(D) det(I, + A1) # 0 and det(Ds) = det (I, + V3) det(D) # 0. In particular, we have
Rs:=(Ds —Ns)=(D —N)(I,+0)=R(,+96)

_— N B _ N B o
Rs == ( 56 ) —(Ip“‘H) ( l~) > _<IP+—‘)R'

According to the homological perturbation lemma (see the proof of Theorem, we have the identities
(L+ A)Fs =1, and G5 (M + V) = I, where the matrices F5 and Gs are defined by (46). Considering
the first one, we have

Ig+A1 —P-A)Fs=1, & (I;+A)(Iy, —F5)F5=1,
_ -1
& (I,+A) Dy (Ds —Ns)Fs=1, & (Ds — Ns)Fs = ((I, + A1) Dy ')
& (D5 = Ns) Fs (I, + A1) Dyt =1,

Therefore, using the identity D5 D (I, + Ay) (see (38), U = XD, V=YD, F;£C A (see ([47)),
where £ = D~1 A9 ie., Fs D' € AP*4 and Fj defined in (46)), we obtain that

X X
( 6):—F5( +A) Dyt =FsD™h = ( )D(Iq+AF)_1 D™ e APXa, (39)
Ys Y
satisfies the Bézout identity Ds X5 — NsYs = I,. Finally, we can check this identity again

(Ds — Ns) ( ff

0

) =D (I, +A1) —(P+Ay) ( g ) (I,+AF)" D!
=D(I,-AF)(I,+AF)" D=1,

Similarly, using G5 (M +V) = I, and Ds = (I, +V5) D, we have Dy ' (I, + V) G5 (N} DI)* =1,
ie, D71 Gy (Na Di)" = I;. Using Gs(AP*!) C A: M = DA™ ie., (D_1 Gs)(AP*1) C A™ (see
), ie., LGs € A™*P and U= DX V=DY (see Example and , we obtain that

(475 555) =D'Gs =D (I, +VG) " ( % X) € AP

satisfies the Bézout identity 175 1\75 + )?5 55 =1,.

Fmally7 using A : L5 = A9 Ds and A : Ms = Ds A7 the poleb of Py are the zeros of det(Dy)
or det(Ds) (and the zeros of Py corresponds to the zeros of N or Nj). Using the model of uncertainty
defined by (33| ., i.e., a combination of the 7 standard uncertainty models defined in Example |§| (the
additive model appearing twice), the poles and the zeros of P can be shifted to those of Pj.
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Example 9. Let D’ € A9%7 gatisfy det(D’) # 0, N’ € A7*", and let us set

X
0= ( ; ) (D) —N')—1I, € AP*P.

Using DX — NY = I, |b yields Ns = D', Ns = N', i.e., Ps = D'~' N’. Moreover, using U = X D
and V =Y D (see Example (1)), the first condition of is then

X X
1p+nC@:1q+< v ) DI, -P) (( v ) (D’ —N’)—Ip>

X
:Iq+< v ) (D'—D —(N'—N)).
Using Sylvester’s determinant theorem, namely, det(I,, + AB) = det(I,, + B A) for all A € A™*™ and
B € A™*™, we have I, + IIc © € GL,(A) if and only if
I,+(D' —=D)X —(N'=N)Y =D'X — N'Y € GL,(A).

Hence, C stabilizes all the plants of the form Ps = D'~ ' N’, where D’ € A9%4, det(D’) # 0, and
N' € A" if and only if D'X — N'Y € GL,(A). This result is well-known [37]. Moreover, using
I, +AF =D (D'X —N'Y)D € GL,(A) and (39), the plant Ps = D’~" N has the following doubly

coprime factorization
X(; X —1
= DX-NY € AP*9,

7.3 Coprime factor uncertainty

Following Example [J] let us now show how Theorem [5] reduces to the well-known robust stability test for
coprime factor uncertainty when P has a doubly coprime factorization P = D7 IN = N D1,
Using Theorem |2} we have £ = D=1 A7} M = A" D=1 and thus, A: M = D A"™*!. With the
notations of the proof of Theorem [5| and , we get
81 € Homy (AP*Y L) = L1XP = D=1 A9xP
0y € Homy (A : M, APX1) = MpxT = APXT D71,

i.e., there exist Ap € A9, Ay € AT, V5 € A7*", and V5 € A" such that
v V& ~
A=(A, —A)=D'(Ap —Ay), V= _")=( N |D".
Vs Vs

Therefore, we have

D + AN)71 (N + AN)

Ps=(I,+A) " (P+A)=(I,+D " An)" Y (D' N+ D' Ay)
= (
1 -1 ~—1 ~ 1\ 7!
=(P+V) (I, +Vy) ' =(ND '+ VgD (IT+V5D‘ )
Z(J\Nf-i—v]g)(ﬁ-f—Vﬁ)_l.
_ Moreover, using Example we have U = X D, V =Y D, U= B)N(, V= 5}7, and C =VU ! =
U='V. Then, yields
I,+AF=1,+MU-AV=[,+D'"ApU—-D1"AxV
=D ' (I,+Ap X — AxY) D € GL,(A),
L +GV=1,-VVi+UVy=1+D(-YV5z+XVz) D?
=D(I, -YV5z+XV5s) D! € GL.(A),
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which is finally equivalent to
I, +Ap X —ANY € GLy(A), I, —Y Vg +XVpeGL(A). (40)

We find again the robust stability test for coprime factor uncertainty [37]. See also Example |§| with
the notations Ap = D' — D and Ay = N’ — N. Thus, the robust test for coprime factor uncertainty is
a direct consequence of Theorem 5

Finally, if A is a Banach algebra, then sufficient conditions for are given by

JAp X —AnY e <1, [|[=YVg+XVz[amr < 1.

In particular, if A = H*°(C, ), then we find again the following standard sufficient conditions for robust
stability for coprime factor uncertainty [37]

L L O (LN IR (C ]

o0 N o)

Appendix
We first give a proof of Lemma [2]

Proof. Let us suppose that 1 holds. We then have

(idp +hod)o(idp —ho (idp +doh)"L o)
= idp+hod—ho(idp+doh)tod—hodoho(idp+doh)"tod
idp +ho(idp — (idp + 60 h)™t —doho(idp +doh)~1)od
= idp +ho(idp — (idp + 5o h) o (idp +6oh) ') od = idp,

=0

(idp —ho(idp +6oh)"tod) o (idp + hod)
= idp+hod—ho(idp+doh)tod—ho(idp—8doh)"todohod
idp +ho(idp —(id+doh)™t —(idp +50h)"todoh)os
= id’p-FhO(id’p—(idp+50h)71O(idp+50h))05:id7>.

=0

Hence, idp + 4 o h is invertible with inverse idp — h o (idp +doh)~L o é.
Point 2 can be proved similarly by permuting § and h.
Finally, ho(idpq+d0h) = h+hodoh = (idp +hod)oh, which proves the last identity of Lemma O

We now give a proof of Theorem [4

Proof. First note that the equalities given in is a consequence of Lemma
Let us prove the following identities

(d2 + 02) o Hy + Ho o (di + d1) = idp,, (41)
Hlo(dg—i-(;g) = ida,, (42)
(dl + (51) o H() = ld_/\/l0 (43)

We start with (4I). Let E = id, — (do + 62) o Hi — Ho o (di + 61). Using (29), we have

E =idm, — (d2 + 02) 0 hy o (ida, + 620 h1) ™" — (ida, + ko0 81) " o hg o (dy + 61)
=idpg, — (dgohy 4+ g 0hy) o (idag, +d20hy)~t
— (idag; +hood1)"" o (hg odi + hg o)
= (idpm, +hoody)™!
o [(ida, + ho o 1) o (idag, + 20 hy) — (idag, + hoo 1) o (da o hy + b2 0 hy)
— (hgody + hoody)o (idpy, +d20hy)] o (idp, +20hy) "
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Let F be the term in the bracket of the previous equation. Using the identity and , we obtain

F’:ld/\/{1 +M+520h1+w—d20h1—(520h1—h00610d20h1

W—hoodlw—%O%O%Ohl—h00510520h1
= idMl—dQOhl—h(]Odl—h()O(510d2+d1052+51052))0h1:0.

:()by :Oby

Thus, we obtain £ = 0, which proves .
For , using hj o dy = idaq, (see Proposition , we have

idM2 —H1 O (dg +62) :ld/\/t2 - (1dM2 —|—h1 052)_1 Ohl [¢] (dg +(52)
= (idpq, + h1 069) ! (idag, + hiedy — hy 0 dy —hrods) = 0.

=0

Similarly for (43]), using d; o hg = idr, (see Proposition , we have

idMO - (dl +51) [©] H() :ldMo — (dl —|—51) o ho ) (ldMO —|—51 (o) h0)71
= (idp, +dretig — dy 0 hg =6roTp) (idag, + 01 0 ko)™ = 0.

=0

Using (28)), i.e., im (da + &2) C ker (dy + 1), we have the following complex

da+62 di1+01

0 Mo M,y My 0.

Let us show that it is exact. The identity (resp., (43)) implies that ds +d2 (resp., di + 1) is injective
(resp., surjective). Now, let = € ker (dy 4 d1). Using (41]), we get

z = (d2 + 62)(Hi(z)) + Ho((d1 + 01)(x)) = (d2 + 62)(Hi(z)) € im (d2 + d2),

which shows that ker (d; + 1) C im (d2 + d2), and thus, im (ds + d2) = ker (dy + 61). Therefore, the above
complex is exact and a split short exact sequence.
Finally, if hy o hg = 0, using , we then have

Hi o Hy = (idp, + hy082) " o (hy o hg) o(idp, + 1 0ho) "t =0,

——
=0
which proves that is a bi-split short exact sequence by 4 of Corollary O

Below, we give a detailed proof of Theorem [5| (although it is a straightforward application of Theo-
rem {4 and thus, could be highly shortened for algebraists).

Proof. Let L = (I, — P) € K¥*?, M = (PT INT € KP*" L = LAY, M = AP M, and
A: M= {,u ceAXY | Pue AqX1} (see Example .

Using the fact that P € K?*" is internally stabilizable, Remark shows that the short exact sequence
bi-splits, where F' and G are defined in .

Set d; = L. and dy = M., i.e., d; € Hom4(AP*1, L) is defined by dy(n) = Ln for all n € AP*1, and
dy € Hom 4 (A : M, AP*1) by da() = M p for all p € A: M.

Set hg = F. and hy = G., i.e., hg € Homy (L, AP*!) is defined by ho(\) = F X for all A € £, and
hy € Hom4 (AP, A : M) by hi(n) = Gn for all n € AP*L,

Let us now consider a perturbation of , i.e., 6y € Hom4(AP*! L) and 6 € Homy (A : M, AP*1)

defining the following complex 0 A M B2 g _DE0 0.
Let us prove that the following isomorphisms

Hom 4 (AP*Y, L) =2 L1XP = [ AP*P,
Hom 4 (A : M, AP*1) =2 Hom 4 (A : M, A)P*t 22 (A (A: M))P*E 22 pMPXL,
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The first isomorphism maps f € Hom(AP*!, £) to (f(e1), ..., f(ep)) € LY*P, where {e;}iz1,.. p is the
standard basis of AP*!. The second isomorphism maps g € Hom 4 (A : M, AP*1) to (7109, ..., mpog)T €
Hom (A : M, A)P*! where m; : AP*! — A is the canonical projection onto the i*® component for
i = 1,...,p. The third isomorphism is a consequence of the second point of Remark [7} Finally, we
prove the last isomorphism by showing that M = A : (A : M). We first prove A : M = G AP*L. If
peA:M={pe A | Pue A1}, then set ¥ = M p € AP*! and using GM = I, (see ),
we have u = G, ie, A: M C GAP*! C A : M, which proves A : M = G AP*!. Let us deduce
from the equality A : M = GAP*! that M = A: (A: M). Wehave A: (A: M) = A: GAP*! =
{Xe K" | \G € AY*P}. First, let us consider m = my P+my € M, where my € A7 and my € A"
Then, m € K" and mG = my (PG) + m2 G € AP because G € A™P and PG € AP (see (21))),
which shows that M C A : (A : M). Conversely, if A € A: (A: M), then A = (AG) M € M because
GM = I, and A\G € AP which shows that A : (A: M) C M and proves A: (A: M) = M = A*PG.
Therefore, we obtain Hom 4 (A : M, APX1) 22 MPXL = AP>XP M.

Using dy + 6; € Hom 4 (AP*Y, L) =2 L AP*P and dy + 5> € Hom 4 (A : M, APXL) =2 APXP M| there exist
two matrices ©, E € AP*P such that

Ve APt 6(n)=L0On, Yuec A Sy(u) =ZMp.

Let usset A =L0O € K9P and V =Z M € K"™*P so that d;(n) = An for all n € AP*! and do(pu) = V i1
for all u € A™1. The above complex can be rewritten as follows

(M+V). (L+A).

Apx1 c 0, (45)

0 A: M

i.e., we have (L+A)(M +V)u=0forallpe A: M ={uec A | Pue A9}, Using Remark in
particular, we have (L + A) (M + V)d = 0 for a certain 0 # d € A. Thus, using the fact that A is an
integral domain, we get (L +A) (M + V) =0, ie.,

P+V,
L+A)(M+V)=(I A —-P-A =0
(L+8) (M +V) = (I, + A 2)<IT+V2>

Using this last equation with det(I; + A1) # 0 and det(I, + Va) # 0 (see (34))), we can define the plant

Ps= (I, + A" (P +Ag) = (P + V1) (I + V2) ™! and get (33).
Now, using the identities A =LO, FL =1, V=EM, and M G =1lp (see and ), we get

YA€L, (idy, +010ho)N) = (I, + AF) A,
Ve AP (idag, +hoodr)(n) = (I, + FA)n= (I, + ¢ ©)n,
Ve APt (idp, +020h1)(n) = (I, + VG)n = (I, + Zp) 7,

VpueA: M, (idyp, + h10d) () = (I + GV) p.

From the second identity, idaq, + ho o 1 is invertible, and so is idaq, + 01 © ho by Lemma [2| if and
only if the first condition of holds. Finally, using Sylvester’s determinant theorem (see Example |§[)7
det(I;+AF) = det(I, + F A), which shows that I, + F A € GL,(A) is equivalent to I, + A F € GL,(A).

Similarly, from the above third identity, idaq, + d2 o hy is invertible, and so is idag, + h1 © 2 by
Lemma if and only if the second condition of holds. Finally, Sylvester’s determinant theorem yields
det(I, + G V) = det(I, + V G), which shows that I, + EIlp € GL,(A) if and only if I, + GV € GL,.(A).

Hence, if is satisfied, then Theorem [ shows that is a bi-split short exact sequence, where
the contractions Hy and H; defined by are given by

Ho(\) = (ho o (idagy + 61 0 ko) )Y(N) = F (I, + AF)" A

((idp, +hood1) P ohg)(N) = (I, + FA) ' FA= (I, +cO) ' F A,
Hy(n) = (o (ida, + 820 h1) 7)) = G (I, + VG) ™ =G (I, + Ellp) "'y
((idpg, +h1082) L ohy)(n) = (I, +GV) LGy,
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for all A € £ and n € AP*!. Let us note

U
Fs:=F(I,+AF) "= ( v ) (I, +AF)™,

(46)
Gs = (I, +VG) ™ G=(I,+VG) (—17 ﬁ) ‘
Then, yields the following bi-split short exact sequence of A-modules
(M+V). (L+A).
0 A: M Apx1 L 0. (47)
Gs. Fys.

Now, Hy € Hom4 (L, AP*1) shows that Ho(\) = Fs A\ — F5s Py € APX! for all A\ = \; — Py € L,
where A1 € A9*! and Ay € A", which yields F5 € AP*? and F5 P € AP*". Thus, F5 (I, —P) € AP*P,
ie., F5 L € AP*P which yields, Fs L (I, + ©) € AP*? for all © € AP*P ie., Fs (L + A) € AP*P,

Furthermore, (d; +81) 0 Hy = id, yields (L+A) Fs A = X for all A € £ and considering A € AP*! C L,
we obtain the identity (L + A) F5 = 1.

Hence, we have

(Iq—i—Al _P—AQ)F6:Iq7 (Iq—l—Al)(Iq —P(;)thzlq7
Fs(I,+ A1 —P—Ag) € APXP, Fs (I, + A1) (I, — P5) € AP%P,

(Iq _P5)F5:(Iq+A1)_1a (Iq _PS) <F5 (Iq"’Al)):qu
Fy(I,+ M) (I, — Py) € AP, (Fs (I, + D)) (I, — Py) € AP<P.
Using Theorem (3] Ps is then internally stabilizable by the controller defined by
Cs = (V (I + AF)™ (I + A) (U (L, + AF)™ (I, + A)) = UV = ¢,

which finally proves the result. O
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