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Sharp error bounds for edge-element discretisations of the
high-frequency Maxwell equations

T. Chaumont-Frelet* J. Galkowskil E. A. Spence?

August 7, 2024

Abstract

We prove sharp wavenumber-explicit error bounds for first- or second-type-Nédélec-
element (a.k.a. edge-element) conforming discretisations, of arbitrary (fixed) order, of
the variable-coefficient time-harmonic Maxwell equations posed in a bounded domain
with perfect electric conductor (PEC) boundary conditions. The PDE coefficients
are allowed to be piecewise regular and complex-valued; this set-up therefore includes
scattering from a PEC obstacle and/or variable real-valued coefficients, with the
radiation condition approximated by a perfectly matched layer (PML).

In the analysis of the h-version of the finite-element method, with fixed polynomial
degree p, applied to the time-harmonic Maxwell equations, the asymptotic regime
is when the meshwidth, h, is small enough (in a wavenumber-dependent way) that
the Galerkin solution is quasioptimal independently of the wavenumber, while the
preasymptotic regime is the complement of the asymptotic regime.

The results of this paper are the first preasymptotic error bounds for the time-
harmonic Maxwell equations using first-type Nédélec elements or higher-than-lowest-
order second-type Nédélec elements. Furthermore, they are the first wavenumber-
explicit results, even in the asymptotic regime, for Maxwell scattering problems with a
non-empty scatterer.

1 Introduction

1.1 Statement of the main result

We consider the time-harmonic Maxwell equations
E~2curl (utcurl B) — ¢E = f, (1.1)

with wavenumber &, posed in a bounded domain Q C R3 with outward-pointing unit normal
vector n and diameter L, where E € Hp(curl, ) (i.e.,, E € H(curl,) with E x n =0 on
0R), the data f € (H(curl,))*, and the coefficients p and € (the relative permeability
and relative permittivity, respectively) satisfy Re u, Ree > ¢ > 0 (in the sense of quadratic
forms) in €. We are interested in this problem when kL > 1, i.e., the high-frequency
regime.
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This setting includes the radial-perfectly-matched-layer approximation to the scattering
problem where the scattering is caused by variable p and e and/or a perfect-electric-
conductor obstacle; see §A.

We study approximations to the solution of (1.1) using the h-version of the finite-
element method (h-FEM), where accuracy is increased by decreasing the meshwidth h
while keeping the polynomial degree p constant, and the (conforming) approximation space
consists of the first type of Nédélec finite elements [52], whose definition is recapped in §10.2
below !; note that we choose the convention that p = 1 corresponds to lowest-order Nédélec
elements. Since the second type of Nédélec finite elements [53], [51, §8.2], [20, §15.5.1]
contains the first type, and our results depend only on best-approximation properties of
the space, our results also hold for second-type Nédélec finite elements.

We work in norms where each derivative is scaled by k~!; in particular,

2 — 2 2
1B (curt ) 7= k2 lewrl Bl 2oy + 1 Bl 72 - (1.2)

Definition 1.1 (C* with respect to a partition). For £ € N, Q is C* with respect to the
partition {Qj}?zl if

(i) Q = U}y, where Q;NQ; =0 if i # j,

(i) Ty ; is CF for all (i,7), where 0Q; = uf:jll“l-,j is the decomposition of 0§); into its
connected components, and

(i) for all i, i,7,9, if ;N Fi/J/ # 0, then ;= Fi/J/.

This definition implies that if Q is C* with respect to a partition, then 9Q is C* (since
00 =T, ; for some i, j).

Assumption 1.2 (Regularity assumptions on Q, ¢, and p). For some m € N, Q is C™+!
with respect to the partition {Q;}7_; and € € C™1(Q;) and p € C™(Qy) forallj =1,...,n.

Theorem 1.3 (The main result). Suppose that Assumption 1.2 holds for an integer m > 1.
Let K C (0,00) be the set of k such that, given f € (Ho(curl,Q))*, there exists a unique
solution E to (1.1); let Cy then be the L?(2) — L?(Q)) norm of the solution operator
f = E (recall that Cs) > CEL).

Let Hp, C Ho(curl, Q) be the space of first- or second-type Nédélec finite-elements of
degree p > 0 on a (curved) mesh satisfying Assumption 10.1 below, with mazimal element
size h.

If p < m then, given ko > 0, there exist C1,Co > 0 such that, for all k € K with k > kg,

if
(kh)# Coy < O (13)
then the Galerkin solution E} exists, is unique, and satisfies
||E - EhHHk(curLQ) < CZ (1 + (kh’)pCSOI) v?éi%}h ”E - EhHHk(CuI‘l,Q) . (14)

Furthermore, given Coge > 0 there exists Cs > 0 such that if the data f is k-oscillatory
with constant Coge and regularity index m (in the sense of Definition 2.7 below), then

IE = Enlg,q

curl Q) <c-(1 P .
< C3(1+ (kh)PCsor ) (kh)P; (1.5)
||E||Hk(curl,ﬂ) < )

i.e., the relative Hy(curl, Q) error can be made controllably small by making (kh)*Cy
sufficiently small.

'Recall that Nédélec elements are often called edge elements because at the lowest order basis functions
and degrees of freedom are associated with the edges of the mesh; at higher order the geometrical
identification of basis functions and degrees of freedom is more complicated.



We make two remarks:

e The abstract version of Theorem 1.3 — Theorem 2.9 below — is proved assuming only a
Garding inequality and elliptic-regularity-type assumptions (see Assumptions 2.1 and
2.3 below). Theorem 1.3 is then proved by showing that these regularity assumptions
are satisfied using the classic regularity results of Weber [63] (see Lemma 11.2 below).

e Theorem 2.9 can also be applied to differential r-forms in any dimension. In this
case, the operator e !curl (u~tcurl) is replaced by D = *d * d, where * denotes the
Hodge * operator (with respect to the relevant metric); the kernel of D then consists
of closed r-forms. (Recall that finite-element spaces in this setting are discussed in

[15].)

1.2 The context and novelty of the main result

The asymptotic and preasymptotic regimes. We first discuss the analysis of the
h-FEM applied to the Helmholtz equation (k~2A+1)u = f. The concepts of the asymptotic
and preasymptotic regimes were first introduced by Ihlenburg and Babuska in [36, 37]. In
the asymptotic regime, which is now known to be when h = h(k) satisfies (kh)PCy < 1, the
sequence of Galerkin solutions are quasioptimal, with quasioptimality constant independent
of k. The preasymptotic regime is then when (kh)PCyo > 1. In this regime, one expects
that if (kh)?PCy is sufficiently small then, for data oscillating at frequency < k, the relative
error of the Galerkin solution is controllably small. Note that, since Cy, grows with kL,
hk = o(1) in the asymptotic regime, and this is the well-known pollution effect [3].

State of the art in the asymptotic regime for the Helmholtz h-FEM. The natural
error bounds in the asymptotic regime were proved for Helmholtz problems satisfying
only a Garding inequality and an elliptic-regularity shift in [12] following earlier work
by [45, 46, 21] for constant-coefficient Helmholtz problems. In fact, this earlier work
showed that the hp-FEM does not suffer from the pollution effect when hk/p < Cy for
C; sufficiently small, p > Cylog(kL) for Cy sufficiently large, and Cy,; < C3(kL)N for
some Cs, N > 0; this result is now known for variable-coefficient Helmholtz problems by
[38, 27, 28, 5].

The error bounds in the asymptotic regime rely on the fact that, since the Helmholtz
adjoint solution operator is compact as a map from L? to H', the L? norm of the error
is smaller than the H! norm by the Aubin—Nitsche lemma (see, e.g., [16, Theorem 19.1]).
Indeed, Galerkin orthogonality (P(u—wuy,),vs) = 0 for all finite-element functions v, implies
that, with II; the orthogonal projection onto the finite-element space,

u — up||72 = <P71P(u —up),u — up),
— (Pl ), (P (- un)),
= (P(u—up), (I = ) (P*) " (u = up)),
< Cllu = upllgp (T =) (P*) 7| oy o Nl — w2

Schatz [60] used this duality argument in conjunction with a Garding inequality to bound
the Helmholtz FEM error; see also [59] for a more modern perspective. (The Maxwell
analogue of this result is Lemma 6.1 below.) The results [45, 46, 21, 12, 38, 27, 28, 5]
discussed above then obtained quasi-optimality (with constant independent of k) when
(kh)PCy is sufficiently small by bounding ||(I — II)(P*) Y| p2 g1 -



State of the art in the preasymptotic regime for the Helmholtz h-FEM. The
natural bounds in the preasymptotic regime (i.e., the Helmholtz analogues of (1.4) and
(1.5) above) were proved in [29] for Helmholtz problems satisfying only a Garding inequality
and an elliptic-regularity shift, following earlier work by [65, 66, 19, 4, 56, 10]. Central
to this earlier work was the elliptic projection argument [23, 24], which used that the
Helmholtz operator is coercive if a sufficiently large multiple of the identity is added. The
key insight in [29] is that, in fact, this coercivity can be achieved by adding a smoothing
operator, defined in terms of eigenfunctions of the real part of the Helmholtz operator (a
Maxwell analogue of this is Lemma 7.10 below).

We highlight that the arguments of [29] immediately obtain a splitting analogous to
that used to bound ||(I — Ip,)(P*) Y| z2— g in [45, 46, 21, 12, 38, 27, 28, 5]. Indeed, since

(P*+ S)(P) ' =T+ S(P"7 !,

then
(P) = (P*+8) + (P +5)7's(P) 1. (1.6)

If S is smoothing operator such that P+.S is coercive (with coercivity constant independent
of k) and P satisfies the natural assumptions for elliptic regularity, then (P* + S)~! has
the regularity shift associated with (P*)~!, but its norm is bounded independent of k.
Furthermore, (P* 4 S)~1S(P*)~! is smoothing, with norm bounded by the norm of (P*)~!.

Duality-argument analysis of the Maxwell h-FEM using Nédélec finite elements.
Compared to the analysis of the Helmholtz h-FEM, the analysis of the Maxwell h-FEM is
complicated by the large kernel of the curl operator. The kernel of curl does not consist
of smooth functions; thus neither the solution operator nor its adjoint are compact. The
duality arguments described above for Helmholtz therefore cannot immediately be applied.

If div(CE) = 0 for some ¢ with Re¢ > ¢ > 0 (in the sense of quadratic forms), then
FE lies in a subspace transverse to the kernel of curl and the solution operator increases
regularity by the regularity results of Weber [62]; see Theorem 9.1 and Lemma 11.2 below.
This is related to the fact that, whereas the embedding Hg(curl,Q) — L2(Q) is not
compact, the embedding Hy(curl, Q) N H(div, {, Q) < L*(£2) is compact [64, 62, 57] [40,
§8.4], where H(div,(, Q) := {v € L?(Q) : V- (Cv) € L*(Q)}.

One strategy for proving bounds on the Galerkin error for Maxwell — first introduced
by Monk [49] — is to

(i) bound the e-divergence free part of the error using the duality arguments from [60]
(discussed above), and

(ii) bound the part of the error that is not e-divergence free using arguments originating
from [30] (discussed below).

This argument is essentially equivalent to Lemma 6.1 below. Notable uses of this type of
argument include in [31], in the analysis of Maxwell domain decomposition methods, and
in [6], in the analysis of the h-FEM with Nédélec elements applied to the Maxwell PML
problem.

Regarding Point (ii) above: by Galerkin orthogonality, the error is discretely e-divergence
free, in the sense that (e(E — Ep),vn)r2() = 0 for all v, € Kercurl N'H,, (see (2.21)
below). Therefore, the part of the error that is not e-divergence free can be controlled by
understanding how much a function that is discretely e-divergence free is not pointwise
e-divergence free. These arguments crucially rely on the existence of an interpolation
operator that leaves the finite-element space invariant and maps functions in Ker curl



to functions in Kercurl (see §10.3 and Lemma 11.5 below). The initial versions of this
argument in [30, 49] used standard interpolation operators, at the cost of demanding
extra regularity of the Maxwell solution (see [30, Remark 3.1]). Later refinements of this
argument [31, 50] then used quasi-interpolation operators with lower — and, ultimately,
minimal — regularity assumptions; see [1, §4.1], [2, 61, 15, 14], [20, Chapter 23].

Current state of the art for wavenumber-explicit bounds on the Maxwell h-FEM
using Nédélec finite elements.

e For real p and €, the natural asymptotic error bounds are proved by the combination
of [9, Theorem 4.6, Lemma 5.2] and [13, Theorem 2].

e The papers [47, 48] show that the hp-FEM applied to (1.1) with constant p and €
and analytic boundary does not suffer from the pollution effect if p > C log(kL)
for any C; > 0, hk/p < Cy for sufficiently small Cy > 0, and Csy < C3(kL)"N for
some C3, N > 0. The results in [48] for impedance boundary conditions contain the
result that, when p is constant, the Galerkin solution is quasioptimal (with constant
independent of k) when (kh)PCy is sufficiently small; see [48, Proof of Lemma 9.5];
the results in [47] for when the radiation condition is realised exactly on 0f2 are more
restrictive; see [47, Remark 4.19]. These arguments essentially use a result equivalent
to Lemma 6.1 below, and then prove approximation results about the adjoint solution
operator to bound the second quantity in (6.1) (following the ideas introduced in the
Helmbholtz context in [45, 46, 21, 5]).

Analogous results for a regularised formulation of (1.1) — where the space is embedded
in H! if the boundary is smooth enough — were obtained in [55] (with the h-version
of this method studied in a k-explicit way in [54]).

e Very recently, the natural preasymptotic error bounds were proved in [43, Theorem
4.2] when p = 1 for (1.1) with constant x and € and an impedance boundary condition
on 0f), and when the h-FEM is implemented using Nédélec elements of the second
type. Recall that the second-type elements have better approximation properties in
the L? norm than the first type (see, e.g., [51, §8.2]), with this fact crucially used
in [43, Equation A.2]. The analogous error bounds for continuous interior-penalty
methods were proved in [43, Theorem 5.2]. These results do not use the duality
arguments described above; instead the crucial ingredient is a bound on the norm of
the Galerkin solution in terms of the data; see [43, Theorem 4.1] and the discussion
in [43, Remark 4.2].

The results of [43] built on earlier work studying the same set up and proving the
analogous result for other h-version FEMs, including interior-penalty discontinuous
Galerkin methods [25, Theorem 6.1], a different continuous interior penalty method
using second-type Nédélec elements [42, Theorem 4.6], and hybridizable discontinuous
Galerkin methods [22, Theorem 4.7], [41, Remark 5.1].

Summary of the ideas behind the proof of Theorem 1.3. Theorem 1.3 is proved
by

(i) bounding the e-divergence free part of the error using the ideas from the Helmholtz
preasymptotic error analysis in [29], and

(ii) bounding the part of the error that is not e-divergence free using the arguments
originating from [30].



That is, compared to the classic duality argument introduced in [49, 50] (and discussed
above) we replace the Schatz argument by the arguments in [29] and do everything in a
k-explicit way.

Regarding Point (i): we highlight that even applying the basic elliptic-projection
argument (which [29] generalises) to Nédélec-element discretisations of the time-harmonic
Maxwell equations has proven difficult up to now, as described in [43, Remark 4.2(d)].
We use a projection Iy that maps into Ker curl, with then II; := I — IIy. A priori, there
are many different choices for IT,. However, the requirement that ell; is L? orthogonal to
Kercurl (i.e., is € divergence free) uniquely specifies Ily; see Lemma 3.1 (d). This lemma
also shows that Il is uniquely determined by its other key properties (see Lemma 3.1 (b)
and (c)).

Regarding Point (ii): these arguments are performed in a k-explicit way for (1.1) with
p and e real-valued in [9, §3.3]; one slight difference between the arguments in [9] and those
in the present paper is that [9] works in the L? inner product weighted with €, but this is
not possible here since € is complex.

Finally, we highlight that the duality arguments in the present paper have the splitting
(1.6) built in, so that only the adjoint solution operator applied to functions with high
regularity appears; see (8.3) and (8.4) (and recall that the operator S is smoothing).

1.3 Outline

§2 states the main result (i.e., Theorem 1.3) in abstract form (see Theorem 2.9 below).
Using the material in §3-§7, §8 proves Theorem 2.9. §9 recalls the regularity results of
Weber [63]. §10 recalls the definition and properties of Nédélec finite elements. §11 proves
Theorem 1.3. §A shows that the Maxwell PML problem falls into the class of Maxwell
problems described in §1.1. §B recaps scaling arguments used to prove interpolation results
for Nédélec elements on curved meshes.

2 The main result in abstract form

We now work in an abstract framework to highlight the underlying structure of the problem
(independent of any Maxwell-specific notation).
2.1 Abstract framework and assumptions

Assumption 2.1. H and V are Hilbert spaces with H C V, H dense in V, and norms
-l and (|-, P :H — H* is bounded and such that P =D — &, where £ : V — V* is
bounded and there exists Cz > 0 such that

Re (Ev, )., > CEllvll},  for allv e V.
Finally Ker D* = Ker D, and there exist C1,Cy > 0 such that
Re (Dv,v),. ., > Cillvl[3, = Callvlly,  for all v € H.

We use later that if P satisfies Assumption 2.1, then so does P*.
Let [l-]l, :== vCa|[-[l,, and
2 2
HUHH :=Re <DU, U>7.[*><H + 02”|U|||V;
to see that this is indeed the square of a norm, note that the right-hand side can be written

as (Re Av, v)yxxy = %((A + A*)v, v)q+xn for A equal to D plus Cy multiplied by the
appropriate Riesz map V — V* in the inner product corresponding to [|-||,-



These definitions imply that
2 2
Re <D’U,’U>,H*XH =||v[|z, = llv[ly, forallveH (2.1)
(so that (u,v)y = ((ReD)u, v)g=xn + (u,v)y by the polarization identity) and

Re (Ev,v),,. ., > Ce HUH% for all v € V (2.2)

with Cg := C%(Cs) ™. Furthermore, by (2.1),
Re (Pv,v),. o > [0l5, — A+ €l yoyp) [0l for all v € H. (2.3)
Lemma 2.2. KerD is closed in V.

Proof. Let {uy} € KerD with u,, — w in V. We need to show that u € KerD. By (2.1),
lunlle = ||unlly- Since u, is bounded in V, u,, is bounded in H. Since H is a Hilbert
space, there exists w € H such that u, — w as n — oco. We now show that w € KerD.
Let R : H — H* be the Riesz map such that (a,b)yxy+ = (a, Rb)y for all a,b € H. Since
u, € Ker D for all n and u, — w as n — oo, for all v € H,

0 = (Dup, V)3 xrt = (Un, D)3y x>
= (up, RD*v)y — (W, RD*v)3 = (w, D*0)gysp» = (Dw, v) 3+ x -

Therefore Dw = 0, i.e., w € Ker D.
Since KerD* = KerD, (ReD)u, = (ReD)w = 0 and thus, since (u,v)y =
<(Re D)U’v 1)>'H*><'H + (U, U)V7

(un,v)y = (up,v)y and (w,v)y = (w,v)y forallveH.
Therefore, on the one hand, since u, — w as n — 0o,
(unvv)v = (unvv)H - (w,U)H = (U), U)V as n — oo0.

On the other hand (uy,v)y — (u,v)y since u,, — w in V. Therefore (w,v)y = (u,v)y for
all v € H; thus u = w € Ker D. O

By Lemma 2.2, the V-orthogonal projection onto Ker D is well-defined; denote this HE))
and let ITY := I —I1Y.
Let ¢ : V — V* be the Riesz map such that

(Ltu, v)p=xy = (u,v)y for all u,v € V. (2.4)

We highlight that we write the identification of V and V* explicitly using ¢ because later
we consider subspaces of V and V* and need to write the identification of these in terms of
the identification ¢; see §7.1 and Part (ii) of Lemma 7.1 below.

We now define two non-orthogonal projections Iy, II; : V — V. The action of :~1€ :
VY -V with ¥V = Ker D @ (Ker D) can be written as

Iy tomy myetemyy (&% &n (25)
my-tomy myetemy) el gn ) '

The inequality (2.2) implies, in particular, that £% is invertible as a map from Ker D to
KerD.



Let Iy, II; : V — V be defined by
Iy := (Y)Y, and  T0; := I —TI,. (2.6)

By the matrix form of £ above,

I, — <é (500)01501> and I, — (8 _(500}1501) @7

We emphasise that these projections depend on P, although we do not indicate this
in the notation for brevity. Our arguments below use both Ily and II; and the analogous
projections with P replaced by P* (note that, since Ker D = Ker D*, replacing P by P*
amounts to replacing £ by £%).

By (2.1),

[ov|ly, = [[Tov]|, for all v € H, (2.8)

so that, in particular, Iy : H — H and II; := I — Il : H — H are both bounded.

Assumption 2.3 (Abstract regularity assumptions). Let Z2° =V, Z! =H, and 27 c 277!
forj=1,...,m+1, with V dense in (Z7)* for j > 1. Given P satisfying Assumption 2.1,
there exists C' > 0 such that the following is true.
(i) Forj=1,...,m+1,
e 2,z < €. (2.9)

(i) With D equal D or D* or ReD, for j=2,....m+1,

w2 < C’< [Tyl + sup |(DITyu, IT;v) for allu € H, (2.10)

H*XHD
UGH,||L1)H(ZJ‘72)*=1

with Iyu € Z7 if the right-hand side is finite.
(iii) With E equal 1=*& or . ™1E* or 1.7 Re&, forj=1,...,m+1,

|Ell iz <C. (2.11)

(iv) With E equal 172 or 1.7YE*, for j=1,...,m+1,
a5, < C(|MYER w1, + [Wully,)  for atiue V. (2.12)

Given the partition {2;}7_; from Assumption 1.2, let

HIL() = {v € L2(Q) : for all multi-indices o with |a| < j, 8%(v]o,) € LQ(Qi)},
| (2.13)
and equip Hiw (Q2) with the norm

o1 o= 2 3 [ 1619)° vl

laf<j i=1

2

(2.14)

Lemma 2.4 (Application to Maxwell). Let V = L*(Q) and let H = Hy(curl,Q) (i.e.,
functions in H(curl, Q) with zero tangential trace). Given matriz-valued functions p and €
with

Rep ' >¢>0 and Ree>c>0 (2.15)



in Q (in the sense of quadratic forms), let
D=k 2curlp teurl  and € :=e (2.16)
Let
||UH12/ = HU|’%2(Q) and Hv”i = kiZH(Re/i)flpcurlvui?(ﬂ) + HU”%Q(Q) :

(a) Assumption 2.1 holds with KerD = Kercurl, ||P|ly—n+ independent of k, and
(2.2) satisfied with Cg = c.

(b) Assumption 2.3 holds, for both P and P*, if Q.¢, and p satisfy Assumption 1.2
and, with {Q;}"_, as in Assumption 1.2, 27 = Z7 defined by

71 = Hy(curl, Q) N {v € L2(Q) : v e HIL Q) and curly € Hgv;l(g)} (2.17)

(observe that Z' = Hy(curl,Q)) and equipped with the norm

2

2 2 2 —1 _
H’UHZIJC = HUHHk(curl,Q) + HUHH;)V_V,IIC(Q) + Hk CUIAIUHHIJ);’lk(Q) : (218)

Lemma 2.4 is proved in §11.1 below.
Remark 2.5 (The regularity assumptions on €, y, and 9Q). In §11.1.2 below, we see that

e (2.9) (2.10), and (2.12) hold when p and € are piecewise C™ and the connected
components of 9€);, j =1,...,n, are all ™l and

e (2.11) holds when e is piecewise C"™!.
The combination of these requirements is then Assumption 1.2.

Remark 2.6 (II; projects to functions that are e-divergence free). By (3.4) below,
Hg(Lflg)Hl =0, so that, in the Mazwell setting of Lemma 2.4, ell; is L? orthogonal to
Ker D = Kercurl. Since VH&(Q) C Kercurl, II; projects, in particular, to functions that
are e-divergence free.

Having defined the spaces Z7, we now define the notion of k-oscillatory data used in
Theorem 1.3.

Definition 2.7. f is k-oscillatory with constant Coge > 0 and regularity index m if one of
the two following conditions holds.
(i) f € 2™ and
HfHZ]T“ < Cose HfH(Hk(curl,Q)*) : (2.19)

(ii) f € Z™ 1 with div f = 0 and (2.19) holds with m + 1 replaced by m — 1.

2.2 The Galerkin method

Let Hp C H be closed, and let 11, : H — Hj, be the orthogonal projection. Given u € H,
we seek an approximation of u, uy, satisfying

<P(u - uh)’vh>7{*x7-[ =0 forall vy, € H,,. (2.20)
Observe that, since P =D — &, the Galerkin orthogonality (2.20) implies that

<E(u — uh)’vh>v*xv =0 for all v, € H N KerD. (2.21)



2.3 The quantity 74, (P)
Let

dev(P) =

11
sup { [ITTown |l

: wp, € Hp, satisfies <5wh,vh>
w3

vexy = 0 forall vy € Hy, ﬁKerD}.

(2.22)

We write v4y (P), since we consider below both 4y (P) and gy (P*) (and we highlight again
that IIy depends on P).

Note that if v, € Hj, N KerD in the definition of 74, (P) (2.22) is changed to v €
H N Ker D, then vq,(P) = 0. Indeed, if w satisfies (1 '&w, v)y = 0 for all v € Ker D, then
17 1E&w =TV 2 for some z € H (since H = (Ker D) @ (KerD)1); ie. w = (¢~1&)7Y 2 for
some z € H. Then, by (3.3) below, IIpw = 0.

Comparing (2.21) and (2.22), we see that, since the Galerkin error u — up, & Hp, u—up,
is not contained in the set of wy considered in (2.22). Nevertheless, controlling 4y (P)
gives us a way to control Ilp(u — uy), with Lemma 5.4 below showing that, for a certain
projection I}, IIoIL; (u — uy,) is controlled by vay(P), and then Lemma 5.1 controlling
o (u — up).

Remark 2.8 (v4,(P) is the divergence conformity factor). In the Mazwell setting of
Lemma 2.4, the wy, considered in (2.22) are discretely e-divergence free. By Remark 2.6, if
Mywy = wy, (i.e., Mowy, = 0) then wy, is e-divergence free. The quantity ~yqy(P) is therefore
the familiar divergence conformity factor, measuring how much a finite-element function
that is discretely e-divergence-free is not pointwise e-divergence-free, with this mismatch
central to the analysis of the Mazwell FEM using Nédélec elements, as discussed in §1.2
(see also [2, Lemma 5.2], [34, Lemma 4.5], [51, Lemma 7.6] [9, Lemma 5.2]).

2.4 The main abstract theorem

Theorem 2.9 (The main result in abstract form). Suppose that Assumption 2.1 holds for
P and that, for some m € ZT and spaces Z7,j =1,...,m + 1, Assumption 2.3 holds for
both P and P*. Suppose that, given f € H*, the solution to the equation Pu = f exists
and 18 unique.

Then there exist Cq,Cs, and C3 > 0 such that if

S 027
(2.23)

2
max {’de(P)a’de(P*>} <Ci and <HI_Hh”Zm+1~>H) (1 + H(P*)_ll'lﬂ v*—w)

then uy, defined by (2.20) exists, is unique, and satisfies

|u —uplls < Cs (1 T = Thl| a1+ [|(PF) 71T

peoy) ) I = ThJully . (224)

In addition, given Cys. > 0, there exists Cy > 0 such that if ||t f]| zm+1 < Cosell f]l3¢+
and (2.23) holds, then

Jn =l < (14 10 = Wl (0 (P

Tl ST TS A/

N N N N _ (2.25)

Furthermore, if II§ f = II; f for some Il : V — V satisfying Ilplly = 1y (i.e., IIy maps
into Ker D) and N

| T gm-1_y zmir < C, (2.26)

then the assumption ||t f||zmi1 < Coscl|flli= can be relazed to ||t=Lf||zm—1 < Cosc|| £l

10



Theorem 2.9 is proved in §8 below. We make three remarks:

(i) By the order of quantifiers in Theorem 2.9, the constants Cy, Csy, Cs, and Cy in the
theorem depend on the quantities || P|ly—w=, [|E]lv—v+, C%, C1, and Cy in Assumption 2.1
and the quantity C' in Assumption 2.3.

(ii) The additional projection IIfj in the last part of the theorem caters for the fact that,
in the Maxwell setting, the kernel of the curl does not only consist of gradients when {2 is
not simply connected, but the condition that div f = div(eE) = 0 (i.e., f is orthogonal to
gradients) is nevertheless enough for F to gain regularity with respect to f (see Theorem
9.1 below).

(iii) The relative-error bound (2.25) follows from the preasymptotic error bound (2.24)
and the following regularity result (proved in §4 below).

Lemma 2.10 (k-oscillatory data implies k-oscillatory solution). Suppose that Assumption
2.3 holds for some m € ZT and spaces 27,5 =1,...,m+ 1. Given Cos. > 0 there exists
C' > 0 such that the following is true. If Pu= f with f € V* satisfying

[ ] 2 < Cosc I Fllag s then Jlull gmin < O [lully, - (2.27)

Furthermore, if 1I§ f = f[gf for some My: V>V satisfying oI = o and (2.26), then
the assumption ||t f|| zmi1 < Cosc||fllix can be relazed to ||t f|| zm—1 < C| f||3+-

3 Properties of II; and II;
By its definition (2.6), IIp : V — Ker D. Since Ker D = Ker D*,
D = DI, = II7D = I} DII;. (3.1)

Lemma 3.1 (Properties and equivalent definitions of Ily). The following are equivalent
(a) O := (EOYTY (L7LE); d.e., g is given by (2.7).
(b) Iy : V — Ker D is a projection satisfying

IIHET, = 0. (3.2)

(¢c) Uy : V — Ker D is a projection satisfying
Mo(: 1)~y = 0. (3.3)

(d) Iy : V — Ker D is a projection satisfying
I (. ~1E)II, = 0. (3.4)

We highlight that the property (3.2) is essential in the duality arguments below (since
it means that the matrix representation of P as a map (IIyH,II1H) — (IIGH*, IITH*) is
lower triangular; see (4.2) below). The property (3.3) is essential for vq,(P) to — 0 as
Hp, — H (as explained in the text after (2.22)). Finally, recall from Remark 2.6 that (3.4)
implies, in the Maxwell setting, that ell; is L? orthogonal to Ker D = Ker curl and thus
Iy projects, in particular, to functions that are e-divergence free.

Proof of Lemma 3.1. (a) immediately implies (c) since II¥TIY = 0. To see that (a) implies
(d), observe that

_ 600 501 0 — 500 —1501 0 0
12 151—11 = (510 511) <0 ( 1)— ) = <0 _510<500)71501 +511>a (3'5)

11



so that (d) holds. To see that (a) implies (b), we first claim that

L= (6 ?) (3.6)

as a map from V = (INV,IIYV) to V* = ((IIY)*V*, (IIY)*V*). Indeed, since 1T} and
ITY are are V-orthogonal projections, they are self-adjoint in (-, -)y. Therefore, since also
Yy = o,
<Lu7 v)V*XV = (u7 U)V = (nga Hg)jv)v + (H}}u? H})U)V
= (IIYu, TIY )y sy 4 (I 0, TV 0) ey,

which implies (3.6). The combination of (3.5) and (3.6) implies that
0 ¢ 0\ (0 0
501 500 ) T 0 . 0 _510(800)71501 +€11
(0 0

0 L(—E0(g0)-1g01 | 511)> = &Il

I €1,

i.e., (b) holds.
For (b) implies (a): since I3 = Iy and I : V — Ker D, the matrix representation of
Iy as a map from V = (IYV, IIYV) to itself is

My = <é ‘3) (3.7)

for some A. Then, by a similar calculation to that in (3.5),

, 0 o(—E%A+ e
e = <o A*(L(—EOOA + 50)1))

so that A = (£90)~1g0t,
Similarly, for (d) implies (a): if IIp is given by (3.7), then

_ <00 01
Hg(blg)m:(o EVA4E )

0 0
so that, again, A = (£90)~1£01,
For (c) implies (a): Ho(:71€) I} = 0 implies that Mot *€)~! = Ho(:~1€) Y, so
that Tlp = (¢~ 1&) THIY (1 718); e,
Iy = BIIY(:71€)  for some B:V — V. (3.8)

We'll show that B = (£°°)~! to complete the proof. Since g, I} : V — Ker D, (3.8)
implies that B : Ker D — Ker D. Furthermore, by (2.7),

1Y = TIoILy. (3.9)
The combination of (3.8) and (3.9) implies that
Y = BIY (« &)Y = BEY

(by the definition of £% in (2.5)); i.e., on Ker D, BEY is the identity. Therefore, B = (£°0)~1
as an operator Ker D — Ker D and the proof is complete. ]
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Lemma 3.2 (Il and II; preserve regularity). If Assumption 2.3 holds then there exists
C > 0 such that for j =0,...,m+1,

Mollzizs <C (3.10)
and
e G 2y 2 = 1Mot ™ [ 2y 20y <€ (3.11)
with analogous bounds holding for 11y since Iy = I — I1;.

Proof. By the definitions of IIy (2.6), £% (2.5), and £°!, to prove (3.10) it is sufficient to
prove that ‘ ‘
(Y (o))~ (MY (oY) : Y 27 — 11y 27, (3.12)

By (2.9) and (2.11) (with E = /1),
Gy 2 < €
Therefore, to prove (3.10) it is sufficient to prove that

(I~ e)tmy) <C. (3.13)

1
HH(‘)"ZJ'—>H(‘)’ZJ

However, (3.13) follows from (2.12) with E = ;1€ and the fact that (IIY(:71&)ITY) ! -
YV — TI¥V is bounded by (2.2).
For (3.11), by (3.6) and the definition of Iy,

I 0
1, = _ .
L ot (Ll(gol)*((goo)*) 1 0)
Now, by (2.4), t* = ¢ and (IT})* = 11} ~!. Therefore,
SHEM) (€)= Y eIy (T (temy) T

(compare to (3.12)). Thus (3.11) follows in a similar way to (3.10), now using (2.12) with
E=.t&x O

4 Matrix representation of P, regularity shift of (P*)'II;,
and proof of Lemma 2.10

Since IIpll; =0, for all f € H* and v € H,

<f7 U>'H* <H = <H8f7 HO/U>H*><’H + <Hif) Hlv>'H*><'H'
Thus, given A : H — H*, for all u,v € H,

<Au, v> = <H3A(H0u + IMu), Hgv>

HExH HTA(HOU+H1U),H1U>H*XH.

H*xH + <
Therefore, given A : H — H*, its matrix representation as a map (IlgH,I[1H) —
(T, T ) s

Ao Aot

113 ALL, HSAHl) ( >
=: 4.1
( A An (4.1)

IIF AT, IT%AIL
With this notation, by (3.1) and (3.2),

0 0 Eo O ) (—500 0 )
D= . E= dthus P = (42
<0 Dll) <510 & anc v &0 D1 —&n (42)

We now show that Part (iv) of Assumption 2.3 (i.e., (2.12)) implies the following result.
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Lemma 4.1. If Assumption 2.3 holds then there exists C' > 0 such that, for j =0,...,m+1,
[Toul| z; < C min { Hb_lgooﬂouﬂzj , Hb_lg&)nouuzj b} forallueV. (4.3)

Proof. We first prove the bound in (4.3) involving &y. By (2.7), [I¥Tly = IIy. Therefore,
by (2.12) with E = +71€,

IToul 5 = [Ty Hou|| 4,
< ([ ey Moul |, -+ || Tou] )
= (| e eTou] 4, + [Toull,)- (4.4)
Now, by (2.7), I}t =!I =TI+ 1. By this and the definition &y := I[;EM, (4.1),
1Y L o gu = 1Y e M I ETgu = Y (0 1E) Hou,
By the last displayed equation, (4.4), and (2.9),
1Mol 25 < € (||« Eolloul| 2, + [ oul],, ). (4.5)

To remove the second term on the right-hand side of (4.5) and obtain the bound in (4.3)
involving &y, we use (2.2) to obtain that

Ce HHOUH% < ‘<800HOU’HOU>V*><V‘ < HLilgo()H()uHV HHOUHV; (4.6)

the result then follows by combining (4.5) and (4.6). The bound in (4.3) involving &,
follows in an analogous way, now using (2.12) with E = ;~1£*. O

Lemma 4.2 (Regularity of (P*)~!I%:). If (P*)~! exists and Assumption 2.3 holds, then
there exists C > 0 such that

1) e 2ya 2 < O+ [|(P) L

v*—w) forj=2,.... m+1.

Proof. Let g € 29772 C V and let u = (P*)"!Ij1g € H so that P*u = [Ij1g € H*. Now, by
(3.1) and (2.4), forv e H C V,

g + Eu,v)

(DT, Hlv>7—[*xy| = ‘<D*u7U>H*><H‘ = V*XV‘

< ‘<g’LH1U>V><V* + ‘<“’g”>wv*

< (HQHZJ'—Q HLHI/f_lH(Zjﬂ)*_,(gjﬂ)* + HgL_lu(zjﬁ)*_)(gjfz)* HUHZJ'—Q) HWH(ZJ'—2)* .

Therefore, by (3.11) and (2.11),
\<D*H1u, H10>H*XH} < C( g/l zi—= + ”Uszfz) HWH(zj—z)* )
so that, by (2.10) with D = D*,
Iz < C(IMuly + lgllz-e + lullzi2 ) < C'(lglzims + lullz-e ). (@7)
Now, from the matrix form of P (4.2),
Epollou + EpIlliu =0 in TIGH".
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By (4.3), the definition & := (II;EMp)* = M;E*M; (4.1), (3.11), and (2.11) with E = . ~1&*,
forj=2,....m+1,

Toul| z; < Cfle™ TG | 2, = Clle TG €| 2 < €[
Combining this with (4.7) we obtain that
lullzs < O (llgllzi-2 + lullzs-2 )- (4.8)
When j = 2, (4.8) implies that

lullz2 < (1 + (P91

pe ) gl
the result then follows by combining this with (4.8). O
We now also prove Lemma 2.10, since its proof is similar to that of Lemma 4.2.

Proof of Lemma 2.10. From the matrix form of P (4.2), —&pllou = II;f. By (4.3), (3.11),
and the bound on f in (2.27),

Mol zmer < Clle TGS || ginis < Clle™ F[| s < CClse [ £l

Pu, v)y~
= CCysc SUp —’< ) XH‘
veH [[v]l3
< CCoscC" ||ully - (4.9)

We now argue as in the proof of Lemma 4.2 — but now with P* replaced by P and (2.10)
applied with D = D — to obtain that (4.7) holds for j =2,...,m+1and g = = f (recall
that in Lemma 4.2 we started with g € Z/72 C V, and here we started with f € H*).
When j = 2, this bound implies that

Il e < Ol lly + lully ) < ([0 g + Ml ) < C llully, — (410)

where in the last inequality we have argued as in (4.9). The combination of (4.9) and
(4.10) implies that ||ul|z2 < C||lu|l%. The result then follows from iterating the argument
involving (4.7) for increasing j, up tom +1.

For the second assertion, now —&yllpu = II§ f. By (4.3) and the assumption (2.26),

Iyl zonsr < O T f| s <l ]| s (4.11)
Therefore, since I u gains two derivatives over f via (4.7),
ol zmss < W00t s+ Wyl g < € (e s + Nl s ).

Repeatedly applying (4.7) and using (4.11) (similar to in the first part of the proof) then
gives that

el zmss < C (Al g + Nl )

the result then follows in an analogous way to (4.9). O
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5 Bounding |[IIo(u — up)||y using yav(P)

To prove the bound (2.24) in Theorem 2.9, it is sufficient to prove this bound under the
assumption of existence. Indeed, by the assumed uniqueness of the solution to Pu = f, the
bound (2.24) under the assumption of existence implies uniqueness of uy, and uniqueness
implies existence for the finite-dimensional Galerkin linear system. From now on, therefore,
we assume that u, exists.

The main result of this section is the following.

Lemma 5.1. Given P satisfying Assumption 2.1, define 11y by (2.6), vav(P) by (2.22).
Given u € H, assume that the solution up € Hy, of (2.20) exists. Then

10w = un) s < € (I = Ma)uullyy +vav(P) u = wnly )- (5.1)
To prove Lemma 5.1, we introduce the sesquilinear form
b (u,v) == (Du, v)ggs s + (Ce) " HEU, vy sy (5.2)
Lemma 5.2. b" is continuous and coercive on H.

Proof. Continuity is immediate. For coercivity, by (2.2) and (2.1),
Reb* (v,v) = Re(Dv,v) + (Cg) ™" Re(€u, v)y=xy. = [v]l3, = [[o[5 + [lo]3 = [[v]13,
O

Corollary 5.3 (Definition and boundedness of HZ) Given u € ‘H, define H;u € Hy as
the solution of
bt (H:u, vh) =b" (u, vh) for all vy, € Hp;
i.e.,
b (I =15 )u,v) =0 for all vy, € Hy, (5.3)
Then H;L' : H — Hp, is well-defined, bounded, satisfies H;Lrwh = wy, for all wy, € Hp, and

satisfies
HI—H;HH_)H <O =1yl - (5.4)

Proof. The fact that H; is well defined and bounded follows from Lemma 5.2 combined
with the Lax—Milgram lemma [39], [44, Lemma 2.32], and the bound (5.4) then follows
from Céa’s lemma [8], [16, Theorem 13.1]. The fact that II; w), = wy, for all wy, € H,,
follows from the facts that (i) H;{ is well-defined, and (ii) if wy, € Hp, then H;Lrwh = wy, 1s
a solution of (5.3). O

By the definitions of bT (5.2) and II;} (5.3),

(E(I — 11 )u, vp) 0 for all v, € Hy N KerD. (5.5)

VExy T

In the terminology of Remark 2.8, a consequence of (5.5) is that if u is discretely e-divergence
free, then so is H;u.

Lemma 5.4. Given P satisfying Assumption 2.1, define Iy by (2.6), vyav(P) by (2.22),
and H; by (5.3). If w satisfies

<5w, vh>v*xv =0 forallv, € Hp N KerD,
then
HHOHZva < Cav(P) ||wHH
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Proof. By (5.5),
<€H;w,vh>v*xv =0 for all v, € H N KerD.

Therefore, by the definition of g4, (2.22) and Corollary 5.3,
Mol wl]y, < vav(P) [T wl|,, < Crav(P) lwlly, -
O
Proof of Lemma 5.1. Since H,J;uh = uy, (by Corollary 5.3), IIp : V — V is bounded, and
I —1I;} satisfies (5.4),
o (u — up) |}, = (Ho(u — up), Ho((f — I )u + II) (u — Uh)>>v

< 1T (u = un)ly (1T = T )ully + [ToTf (= wn)], ).
By (2.21) and Lemma 5.4,

| ToIL (u — up) |y, < Cyav(P) [l — unllyy

and the result then follows since |[IIo(u — up)|ly; = [[Tlo(u — us)||y, by (2.8). O

6 Asymptotic quasi-optimality

As mentioned in §1.2, the following result, Lemma 6.1, is morally equivalent to the classic
duality argument introduced in [49, 50]. The main abstract result of this paper (in the
form of Lemma 8.3 below) provides a stronger result than Lemma 6.1, but the proof of
Lemma 8.3 uses Lemma 6.1 applied to an auxiliary operator, P#; see Lemma 7.18 below.

Lemma 6.1 (Asymptotic quasi-optimality). If P satisfies Assumption 2.1 and (P*)~!
exists, then there exist C,Co, C3 > 0 such that if

Yav(P) < Cy  and  ||(I —10,)(P*) I}

ez < Co, (6.1)

then uy, exists, is unique, and satisfies
[ = unllyy < Caf|(1 = Tp)ully, -
Lemma 6.1 combined with Lemma 4.2 with m = 1 gives the following corollary.

Corollary 6.2 (Asymptotic quasi-optimality under low regularity). If P satisfies Assump-
tions 2.1 and 2.3, the latter with m = 1, and (P*)~! exists, then there exist C1,Co,C3 > 0
such that if

1(P) <O and |1 =Tyl gy (14 [|(P7) ')

then uy, exists, is unique, and satisfies
lu —unlly < CslI(1 = Tn)ully, -
Lemma 6.1 is an immediate consequence of the following two results.

Lemma 6.3 (Quasi-optimality of the Galerkin solution, modulo ||II1(u — up)||3). Suppose
that P satisfies Assumption 2.1. Given u € H, assume that the solution up € Hp, of (2.20)
exists. Then there exists C1,Coy > 0 such that

(1= C1vae(P)) [[u — unlly, < 02( (T =TI ) + [Ty (1 — uh)HV) for allv € H. (6.2)
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Lemma 6.4. Suppose that P satisfies Assumption 2.1. Given u € H, assume that the
solution up, € Hp, of (2.20) exists. Then there exists C > 0 such that

T (1 = un)lly < [[(7 = T00) (P*) T I [ve sl — un g
The proof of Lemma 6.4 is short, and so we give it first.

Proof of Lemma 6.4. By the definition of ¢ (2.4), the definition of (P*)~! : H* — H,
Galerkin orthogonality (2.20), and boundedness of P : H — H*,

I (= wn) [ = (T — up), 0L (= wp))y, e,
= <u — g, I 0Ty (u — uh)>va*,
= (P(u—up), (P*) T I edly(u = un))ygpe gy
= (P(u—up), (I =) (P*) " TIITy (u = un) g gy
< Clu—unllyy ||(T =) (P*) ]|y T (1 — ) [y

and the result follows. O

Proof of Lemma 6.3. By the triangle inequality, (2.8), and (5.1),

et = wwnllyg < [Tl = n) -+ 1T (= )y,
< C (1 = MaYullyg +vav(P) lu = unllyy ) + T (w = wn) g
ie.,
(1= Cra(P)) [l = unllyg < C"II(T = TnJullyg + Tha (1 = un) |- (6.3)

We claim that it is now sufficient to prove that, for all € > 0,

ITTx (e — un) gy < € llu— upllyy+Ce™ ( I(2 = Tp )l 41T (= wn ) [y + [ To (= ) [l )
(6.4)
Indeed, inputting (6.4) into (6.3) and using again (5.1), we find (6.2).
We now prove (6.4). By the Garding inequality (2.3),

T2 (= up) |3, < Re (P (u = up), I (w = wn)) ey + (1 [Elyype) [T (u = up) 5 -

Now, since Ily : H — Ker D and Ker D = Ker D*, for all v € H, o
Re <PH1’U,H1’U>H*XH
= (Pv, V)3 — (PHov, V) e — (Pv, Iov)pee s + (PHov, Hov)ae
= (P, v + (Eov, v) ey + (Ev, Mgv) ey + (ETTgu, Tlgv)ys « .
Therefore, by the boundedness of £ : V — V* and the inequality
2ab < ea® + e %,  for a,b,e >0, (6.6)

Re (PTv,Iv),,, ., < Re(Pv,v) + e H|TTgu|3 + € [Jvlf3, -

H*XH
Applying this last inequality with v = u—uy, combining with (6.5), and then using Galerkin
orthogonality (2.20), we find that

1Ty (u — up) |13, < Re (P(u —up), (I —10p,)u)
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O (= o — wn) I3 + = = anlf + T e — an) ).
Therefore, by (6.6) and the boundedness of P : H — H*,

2 2
T (u = un) I3, < € llu— unlly

+ C (71 = TaYully, + ™ Mo (u — wn) [ + T (u = wn) 3 ). (6.7)

By (2.8), this last inequality implies (6.4) and the proof is complete. O

7 Definition of the operator P and associated results

7.1 Identification of II;V with II;V* and (II;V)*

Since II;V is the kernel of the bounded operator IIy : V — V, IV is closed in V, and thus
II,V is a Hilbert space. We define
(u,v)my = (Ilyu, o)y for u,v € IHV. (7.1)

We now define the maps identifying II;V with II;V* and (II;V)* and then prove that
these maps are bijective (see Corollary 7.4 below). In particular, the rest of §7 crucially
uses the fact that the identification of II;V with II7V*, denoted by 7, is invertible.

Identification of II;V with II7V*. Let n: I}V — IIJV* be the identification of IT;V
with II7V* defined by

(nu, v)mrysxmy = (u,v)myy  for u,v € IhHV. (7.2)

Lemma 7.1 (Properties of ).
(1) n: LY — II7V* is injective.
(ii) n = 1151y, and this formula extends n to a map V — V*.

Proof. (i) Suppose nu = 0 for some u € II; V. Then, by (7.2), (u,v)m,y =0 for all v € II; V,
so that u = 0.
(ii) By (7.2), (7.1), and the definition of the Riesz map ¢ : V — V* (2.4), for u,v € I, V,
(nu, )<y = (I, Hiv)y = <LH1u,H1v>V*XV = <H’{LH1U,U>V*XV

= (I} dlu, v) (7.3)

Vs I,V
(where in the last step we treat II;V and II{V* as subsets of V and V*, respectively).

Therefore (7.3) shows that n = II7II; as a map I}V — II;V*. Since n = IIjnll, the
formula n = IIj:ll; extends n to a map V — V*. O

Identification of II;V with (II;V)*. Let n7: I}V — (II;V)* be defined by
(M, v) vy xmy = (W, v)my  for u,v € Y (7.4)

(compare to (7.2)). By the Riesz representation theorem, 7 is bijjective II;V — (II; V)*.
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Identification of IIJV* with (II;V)*. Let p : II}V* — (II;V)* be defined by: given
¢ € II;V* (so that ¢ = IIj¢),

(P9, v) vy xmy = (H1d, v)y=xy  forall v € T V. (7.5)
Lemma 7.2. p: IIJV* — (IL1V)* is injective.

Proof. If p¢ = 0, where ¢ = IIj¢, then, by definition, (II{¢, v)p«xy = 0 for all v € I} V.
Since IIpII; = 0, this last equality holds in fact for all v € V, so that ¢ =IIj¢ =0 as an
element of V*, and hence also as an element of II7V*. O

Lemma 7.3. pn =1 as maps I}V — (II1V)*.

Corollary 7.4. n: IV — II;V*, 7 : ILY — (IL1V)*, and p : II;V* — (II1V)* are all
bijective.

Proof of Corollary 7.4. The bijectivity of 77: II;V — (II;V)* is a consequence of the Riesz
representation theorem (as noted above). Since p and 7 are both injective and 7 is bijective,
Lemma 7.3 implies that p and n are bijective. O

Proof of Lemma 7.3. By the definition of p (7.5), Part (ii) of Lemma 7.1, the definition of
L (2.4), (7.1), and (7.4), for all u,v € IV,

(P, v) (my vy <y = (T dlu, v)yey = (liu, Thv)pscy
= (Myu, Iv)y

= (U,U)HW = <ﬁu7v>(H1V)*><H1V'

1 1

Having proved that n~" exists, we now prove that n~" and n are both self adjoint.

Lemma 7.5 (n and n~! are both self-adjoint). With n : II;V — I}V* defined by (7.2),

(8, V)1zve iy = (6, M) mwxaiys  for all ¢ € IV and v € I V.

Proof. Let u :=n"1¢ € II;V (which exists by Corollary 7.4). Then, by two applications of
(7.2),

(6, V) vexmy = (MU, V)< y = (W, V) v = (W, M) VxIvs
and the result follows. O
7.2 Definition of P# and (P#)~!
Recalling the matrix form of P (4.2), we define P : IITH — II{H* by
P :=Re (D11 — &n). (7.6)
By definition, if v € II;H then (Pv,v)y+xy = Re(Pv,v)y=xp. Therefore, by (2.3),

(P,0) g gy = 0I5 — (L [Elvmsy=) 0]}, for all v € T H. (7.7)
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Theorem 7.6 (Friedrichs extension theorem). Suppose that V' is a Hilbert space and
H is dense in V. Suppose that Q : H x H — C is a sesquilinear form such that (i)
Q(u,v) = Q(v,u) for all u,v € H, (ii) there exists C > 0 such that

Q(v,v) > -C ||v||%/ forallv e H,

and (iit) H is complete under the norm
loll = y/@(w,0) + (1 +C) ol
Then there exists a densely-defined, self-adjoint operator Q : V. — V* such that
Q(u,v) = (Qu,v)y+xy  for all u € Dom(Q) and v € V,
where the domain of Q, Dom(Q), is defined by

Dom(Q) := {u € H :|Qu,v)| <Cyllv|ly, forallve V}.

References for the proof. See, e.g., [58, Theorem VIII.15, Page 278], [33, Theorem 12.24,
Page 360] (with [26] the original paper). O

Corollary 7.7. P defined by (7.6) extends to a densely-defined, self-adjoint operator
IV — I} V* with

<PU’U>H’{H*XH1H = (Pu, U>H’1‘V*XH’{V for all w € Dom(P) C IILlH and v € ILV. (7.8)

Furthermore n~'P is a densely-defined, self-adjoint operator II\V — 11V, with its spectrum
bounded below by —||E]|ly—y=.

Proof. We apply Theorem 7.6 with H = II1H, V = II;V, and Q(u,v) = (Pu, V)1 xH-
We also identify (IIiH)* and II{H* (so that P : ILHH — (ILH)*, i.e., P:V — V*); this
identification is analogous to the identification between (II;V)* and II7V* described in §7.1.
However, we do not introduce any notation for it since this identification is only used inside
this proof and inside the proof of Lemma 7.10 (when using the the Lax—Milgram lemma).
The proof of Lemma 7.11 uses the Lax—Milgram lemma with the analogous identification
of IIFH* and (IIgH)*.

We now check the assumptions of Theorem 7.6. Since H is dense in V, and II; : V — V
is bounded, H = II;H is dense in V' = II;V. By its definition (7.6), P : IILH — II{H* is
self adjoint; i.e., Assumption (i) of Theorem 7.6 is satisifed. The Garding inequality (7.7)
then implies that Assumptions (ii) and (iii) of Theorem 7.6 are satisfied with C' = Ck.

We denote the extension Q given by Theorem 7.6 also by P, so that we extend P to a
densely-defined, self-adjoint operator II;V — II7V*.

By (7.2), the self-adjointness of P : I}V — IIJV*, and (7.2) again, for all u €
Dom(n~'P),

1 -1 .
(n™"Pu,v)y ), = <Pu’v>njv*xnlv = <u’PU>H1vXH1‘V* = (u, 17 Po)y )
thus =P : II;V — I}V is a densely-defined self-adjoint operator. Finally, by (7.7), for all
v € Dom(n~1P) C I}V,
(17 P0,0) .y 2 ol = (L4 1€ voye) [0l = —[Ellvo- o]

For all € > 0, n7'P + ||€]ly—y+ + € : Dom(n~'P) — IV is then invertible by a variant of
the Lax—Milgram lemma for densely-defined operators; see, e.g., [33, Theorem 12.18] or
the proof of [58, Theorem VIII.15]. Thus the spectrum of n~ 1P (i.e., the set of A such that
7P — X : Dom(n~'P) — I}V is not invertible) is bounded below by —||& ||y~ O
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We now use the functional calculus for n~ 1P : II;V — II;V to define

S:=(n 'P), (7.9)

where ¢ € O, (R;[0,00)) is such that

z+Y3x)>1 for x> —||E|lyoys. (7.10)
We recap the following results about the functional calculus.

Theorem 7.8 (Functional-calculus results). Let £ be a densely-defined, self-adjoint operator
on a Hilbert space V', and let o(L) denote its spectrum.

(1) If p € L*°(R;R) then (L) : V — V is self-adjoint, in the sense that (Y (L)u,v)y =
(u,(L)v)y for all u,v € V.

(1) If ¥ € L=(R; C) then [[(L)[lv—v < supreq (e [W(A)]-
(i13) If p € L=°(R;R) is such that ¢ > ¢ >0 on o(L), then

(W(L)v,v),, > ¢ [ol|?,  for allv e V.
References for the proof. See, e.g., [58, §VIIIL.3, Page 259]. O

Lemma 7.9 (Properties of S inherited from the functional calculus). If S := 1 (n~1P)
then

(a) S: 1LY — ILV.

(b) nS = S*n, where S* : II;V* — II; V.

(c) Given m € Z7T, there exists C > 0 such that

T (P (™ P |y, < €
Proof. Since v is real valued, by Part (i) of Theorem 7.8, S : II;V — TI;V satisfies
(Su,v)my = (u, Sv)m,y for all u,v € I} V.

Therefore, by the definition of n (7.2),

(nSu, V)3 vexiy v = (MU, SU)Irve a1, v,

so that Part (b) of the theorem follows.
Finally, since 1) has compact support, the function ¢ — ™ (t) is bounded for all m > 0;
Part (c) of the theorem then follows by Part (ii) of Theorem 7.8. O

Lemma 7.10. With S defined by (7.9), D11 — E11 + nS? :ILHH — IITH* is continuous,

Re ( (D11 — &1 +1S5?)v,v) >C H”H”ZH for allv e IhH, (7.11)

H*XH
and thus D11 — 11 +nS? : ThH — T{H* is invertible.

Proof. Since S? : IhvH C IV — I,V and n : I,V — IM;V* C IITH* are continuous,
nS? : ILhH — ITH* is continuous. Since Dj; and &pp are continuous IITyH — IITH* by
assumption, the continuity result follows.

For the coercivity, by the definition of S (7.9),

Re <(D11 - 511 + 7752)”7 ’U>,H* XH = <(7D + 77¢Q(U_173))U7 U>7—[* XH"
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By (7.8) and the fact that 5! is the identification map II}V* — IV,

<77v,v> = <Pv,v> = (7771771), v)

Dexy = for all v € Dom(P) C I} V.

H*xXH 1ER%

Therefore, by the inequality (7.10) and Part (iii) of Theorem 7.8, for all v € Dom(P),
Re ((D11 — & + 7752)”?“>H*x7—[ =((n'P+ 7/’2(77_177))%“)1—11\; > lolf3- (7.12)

Since Dom(P) is dense in II;V (since P is densely-defined by Corollary 7.7), (7.12) holds
for all v € II1 H.

We now use the Garding inequality (7.7) to replace the ¥V norm on the right-hand side
of (7.12) by a H norm and obtain (7.11). Since ¥ > 0, S > 0. Using this, along with
(7.7) and (7.12), we find that, for all e > 0 and v € II1H,

Re (D11 — €11 +15°)0,0),, o
> ERe<(D11 — 511)1),1)>H*XH +(1—¢)Re <(D11 — &1+ USQ)U,U>H*XH

> e (ol — (L I€Ivow) ol ) + (1 =) ol

so that, choosing 0 < & < (2 + ||€|ly—y+) ™!, we see that Dy — &1 + nS? is coercive
T H — T

Invertibility of D1y — &1 + 7]52 : IIH — II7H* then follows from the Lax—Milgram
lemma (where, as in the application of Theorem 7.6 we identify (II;H)* and II3H*). O

Let
=00 0 > 2
p# = = P+ IIinS°1L;. 7.13
<510 D1y — En +nS? 1 (7.13)
With this definition, we record for later that (7.11) is equivalent to
Re <P#H11),H1’U>H*><H >C HHlvH%{ for all v € H. (7.14)

Lemma 7.11. (P#)~' . H* — H is well defined with ||(P#)™ |y n < C.

Proof. By the matrix form of P# (7.13) and the fact that Dy; — &1 4+ nS? : IHH — ITH*
is invertible, the result follows if &y : IIgH — IIGH* is invertible. We claim that &y :
IIyH — IIH™ satisfies

Re (Eoov, 1)>,H*XH > Ce ”’UH% for all v € TIyH, (7.15)

from which the result follows by the Lax—Milgram lemma (where we identify IIjH* and
(o H)").

By (in this order) the definition &g := II;EI (4.1), the inclusion IIgH C V (by (2.8)),
the boundedness of £ : V — V*, the coercivity of £ (2.2), and (2.8), for all v € H,

Re <500HOU, HOU>7—£*xH = Re <5H0v, HOU>H*xH = Re <5HOU, H0U>V*><V
> Cg |[Tov|[3, = Ce [|Tloo|f3,

i.e., (7.15) holds and the proof is complete. O

Lemma 7.12. P# : H — H* satisfies a Gérding inequality; i.e., there exists C1,Cy > 0
such that
Re <P#’U,’U>H*X,H >Ch Hv||3{ — Oy HvHi for allv e H. (7.16)
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Proof. We first claim that it is sufficient to prove that there exist C7, C, > 0 such that, for
all v e H,

Re (P*v, U>H*XH > (] HHlvHi - ”H()UH% for all v € H. (7.17)

Indeed, by (2.8) and (6.6),
2 _
loll3 < (IMally, + [Moully, )™ < (14 €) [Mrulz, + (147" [Hoully

for all € > 0, so that, if (7.17) holds, then
Re (PF0,0),0. 0, > CLL+ ) ol = [C1(L+e7) (A + )7 + 3 | Mo}

and (7.16) follows since IIp : V — V is bounded.
We therefore now prove (7.17). By the coercivity of P# on II;#H (7.14), the boundedness
of P# : H — H*, and (2.8),
Re(P#0,v)3+xp = Re (P¥ILiv, Iv),. , + Re (P*Igu,Iv), . .
+ Re <P#H17j, HOU>’H*><7-[, + Re <P#Hov, HOU>7—[,*
> Cs |Myolf3, — Ca [Tov|l, ITawlly, — Cs [Tov],,
— Gy [Tl — Ca [Tovlly MLyl — Cs Mool

XH’

and (7.17) follows from the inequality (6.6). O

7.3 S =1(n 'P) increases regularity

The main result of this subsection is the following.

Lemma 7.13 (S increases regularity). Suppose that Assumption 2.3 holds for some m € Z+
and spaces 27,5 =1,...,m+ 1. Then there exists C > 0 such that

||SHH1V—>H12]§C fOT’jZO,...,’ITL—l.
To prove Lemma 7.13, we first combine the regularity assumptions (2.10) and (2.11).

Lemma 7.14. Suppose that Assumption 2.3 holds for some m € Zt and spaces 27, j =
1,...,m+ 1. Then there exists C' > 0 such that for j =2,...,m+1,

il z; < C( | u|| zj-2 + HHm_lPHluHZ].,Q) for all w € H.

To prove Lemma 7.14 we use the following result.

Lemma 7.15. Suppose that Assumptions 2.1 and 2.3 hold, the latter for some m € Z*
and spaces 27,5 =1,...,m + 1. Suppose that ¢ € IITH* and, given j > 2, there exists
Cy < 00 such that
sup (&, V)3 xat| = Co
vGHl’H,HwH(Z]’,g)*zl

Then n_l(b e ILvn 2372 and ||77_1¢||Zj72 = C¢.
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Proof. Since |lv[ly = [[ev]ly« (by (2.4)) and [[ev][y+ > [[ev]|(zi-2)« (since ZI=2 C V and thus
V*C (2772)%).

sSup ‘<¢7U>H*XH‘ < C¢
Ve, [|v][y=1

Since H is dense in V, the last inequality implies that ¢ € V*, and thus
<¢, U>7-l* xXH = <¢),’U>V* XV forallve H C V. (718)

Since ¢ = I}, ¢ € IIZV*, and thus ¢ € T}V (since n~! : IXV* — IV by Corollary
7.4). Furthermore, by (7.18),

sup (9, v)y=xv| = sup (6, )2 x| = C. (7.19)
VeIl A, [lww]]  zj—2yx =1 VeI A, ||| zj—2)=1

By (in this order) the facts that ¢ € IIJV* and v € II;V, Lemma 7.5, the fact that
n = %01y, and the fact that it =n~! (since =1 : II}V* — V),

[, )y xv| = [{, 0) v <y | = |07, nodm vy
= |<7771¢7 LU>H1V><H’1‘V* < Hnil(bHZj—z HLU”(Z]'72)* . (7.20)

Since H is dense in V (by Assumption 2.1) and V is dense in (Z7=2)* (by Assumption 2.3),
H is dense in (Z772)*. The result then follows from combining this density with (7.19)
and (7.20). O

Proof of Lemma 7.14. In preparation for applying (2.10) with D = Re D, observe that, by
(4.2),

(ReDIyu,v),,. . = (II{(Re Diy)hu,v), ., = (I (P + Re &11) Myu, v) (7.21)

H*xXH

Therefore, by (7.21) and Lemma 7.15,

sup KRe DIl u, ’U>H*

><H|
velli H,||lwl] zj-2)-=1

= sup KHT (73 + Regn)ﬂlu,v>
vEHl’H,HwH(Zj_g)*:l

= H77_1H>f ('P + Re gll)Hlquj%'

H*X'H’

Therefore, by (2.10) with D = ReD,
Tl 25 < c( Ty 552 + || 'TI (P + Reen)nluuzj,z). (7.22)
Now

|7~ 11} Re 511H1UHZJ'_2 < ||7771HTLHZJ-_2_>ZJ—2 [ Reglngj—2_>gj—2 [huf z—
S C Hn_lHTLHZJ?2_>ZJ%2 HHIUHZJ'—Q (7'23)
by (2.11) with E = Re&. By Part (ii) of Lemma 7.1, n~! : II{V* — T,V is given by
n~! = II;. I} (since the inverse of the inclusion map is the projection map and vice

versa). Therefore, by (3.10) and (3.11),

(et PR [ U ] P o
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and combining this with (7.23) we obtain that
|7~ ReEnllyul| ;o < C Ml 252 . (7.24)

Now n~! =T;n~! = ;n 1T} (either by the formula for =1 above, or just the fact that
n~l: I3V* — 111 V), so that

n I PIL = My P, = Tin POy (7.25)
the result then follows from combining (7.25) with (7.22) and (7.24). O
The final result we need to prove Lemma 7.13 is the following.
Lemma 7.16. S:V — H.

Proof. By its definition (7.9), S := ¢(n~!P) : ILV — I;V. Therefore, by the Garding
inequality (7.7), it is sufficient to prove that

[(PY(n ' P)o, (" P)o),. o | < Cllvlly  for all v € IV (7.26)
By (7.8) and the fact that 5! is the identification II}V* — IV,

(P P, (" PI),.. o = (PY(n ' P)o,p(n ' P)v). .y,
= (7 '"PY(n P, (n~ P)v),,.
The bound (7.26) then follows from Lemma 7.9. O

Proof of Lemma 7.13. We apply Lemma 7.14 with u = 1(n~!P)IIyv for arbitrary v € V;
observe that this is allowed since u € H by Lemma 7.16. Since I1;9(n~1P) = ¢(n~1P)
(since 1) (n~1P) is defined using the functional calculus on II;V), this application of Lemma
7.14 implies that

HHW(”_IP)HleﬁzJ < C( HHW(n_IP)Hluvﬁza‘ﬂ + HH177—17D¢(77—173)H1HVﬁZjQ )
(7.27)

We now apply Lemma 7.14 with u = (p~'P)™(n~'P)I v for arbitrary v € V. The proof
that this v € H is very similar to the proof of Lemma 7.16, using Lemma 7.9 — the key
points are that (i) any compactly supported function of 7P is bounded I1;V — IV,
and (ii) the H norm essentially just adds another power of 7~ !P.

Lemma 7.14 and the fact that II;n~'P = n~ 1P (since n~ P : [}V — I1;V) therefore
imply that

[T (= P) ™ (7 Py, 25
= C( L2 (= P)™ (0™ PYIha |y, 552 + [T (0™ P)™ o (™ P, 552 )

(7.28)
The combination of (7.27) and (7.28) implies that
[(m—1)/2] .
[y P, g < Co D I PYH(PIL [,
§=0
and the result then follows from Lemma 7.9. O
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7.4 Regularity of (P#)~'II;

Lemma 7.17. Suppose that Assumptions 2.1 and 2.3 hold, the latter for some m € Z+
and spaces 29,5 =1,...,m+ 1. Then

H(P#)_lﬂé'[LHZj,Q_)Zj <C forj=2,....m+1.

Proof. The proof is similar to the proof of Lemma 4.2, but it is simpler since it turns out
that now Ilou = 0. Given f € Z/72 let u = (P#)7'I{1f so that P#u = IIjuf. By the
definition of P# (7.13), Eyllou = 0; i.e., IEEMgu = 0 by (4.1), and thus Hou = 0 by (2.2).
Therefore, for f € 2972 by (3.1), the definition of P# (7.13), and the fact that 7 = ITj.II;
(by Part (ii) of Lemma 7.1),

|(PIu, IT1v)

‘< uf 4+ Eu— InS?Hyu, Hl”>vxv*
[(THI e + Eu— MnSPIhu), ldlv)y, o,

HXH*

IN

e 2oy g Wl zim2 + (67 E | 2y 2o Nl 552
+ HL_IHTLHZJ'*2—>ZJ'*2 HH152H1HV—>2J‘*2 ||H1u|lv}
HLHN_lH(ijz)*_)(zij* HLUH(ZJ'—2)* .

Thus, by (3.11), (2.11), and Lemma 7.13,

|(PIu, IT1v)

el SC(Ifllzsz + Tl zims + Ml ) ol z5-2)-

for j =2,...,m+ 1. Inputting this last inequality into (2.10) with D = D and recalling
that v = IIyu, we see that

lull s = Myl 5 < (1Ml + 1l 7 + ullzis ) < C(1fllzims + lullzis )
(7.29)

for j =2,...,m+ 1. Now ||(P#)~'||y«_y < C by Lemma 7.11 and the fact that H C V
and V* C H*. Therefore, by (7.29) with j = 2, ||u|| z2 < C| f||,+; the result then follows
by combining this with (7.29). O

7.5 Quasi-optimality of Hh#

Our final task in §7 is to prove quasi-optimality of the projection H# : H — Hy, defined by

(P*uy, (I — T w) 0 for all vy, € Hy; (7.30)

H*xH

ie.,

((P*)*(I =TT} Yw, vp,) 0 for all v, € Hp. (7.31)

H xH

Lemma 7.18 (Quasi-optimality of H#) If P satisfies Assumptions 2.1 and 2.3, the latter
with m = 1, then there exist C1,Co > 0 such that if

Yav(P*) < Cy  then ||(I - H#)'I}HH < Co||(1 - Hh)vHH for allv e H. (7.32)

Proof. The idea is to apply Corollary 6.2 with P replaced by (P#)* (so that P* is replaced
by P#). We now need to check that the assumptions of Corollary 6.2 are satisfied with
this replacement.
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We first claim that
(P#)* = D* — £* 4+ IIinS™L. (7.33)
Indeed, by the definition of P# (7.13), (7.33) holds if II;1S?Il; is self-adjoint, and this
holds by Part (b) of Lemma 7.9 and the fact that 7 is self-adjoint (by Lemma 7.5).

Now, since P# satisfies the Garding inequality (7.16), (P#)* satisfies Assumption 2.1
with D set to D* + [137.S?I1; (which has the same kernel as D) and & set to £*. Because
of the regularity property of S in Lemma 7.13, if P satisfies Assumption 2.3 with m = 1,
then so does (P#)*; i.e., the assumptions of Corollary 6.2 are satisfied with P replaced by
(P#)*.

The result then follows if we can show that (i) vy ((P7)*) = ~qv(P*), and (ii)
|(P#)~'I%|ly—y < C. Point (ii) is satisfied by Lemma 7.11 since H C V C H*. To
show Point (i), observe that the projections IIy and II; are now defined with & replaced by
&*, and the analogue of (5.5) is now

<5*(I — Hﬁ)w,v@ =0 forall v, € H;, NKerD

(this follows from (7.31) since (P#)*v;, = —&*vy, for v, € KerD by (7.33)). By (2.22),
Yav ((P#)*) = vav(P*) and the proof is complete. O

8 Proof of Theorem 2.9 (the main abstract theorem)

As noted below the statement of Theorem 2.9 the relative-error bound (2.25) follows from
the error bound (2.24) and the regularity result of Lemma 2.10.
We now use a duality argument involving P# to prove the error bound (2.24).

8.1 Reducing bounding the Galerkin error to bounding ||STI;(u — up)||y

The following lemma is an improved version of Lemma 6.3 (due to the presence of S on
the right-hand side).

Lemma 8.1 (Galerkin quasi-optimality, modulo a norm of the error involving S). Suppose
that P satisfies Assumption 2.1. Given u € H, assume that the solution uj, € Hy of (2.20)
exists. Then there exists Cq,Cy > 0 such that

(1= Crvav(P)) llu — up|ly < Cz( |(4 = IIp )|, + [[SH(u — “h)”v) for allv € H.

Proof. The arguments at the start of Lemma 6.3 show that it is sufficient to prove the
bound

70 (= )
< e llu— unlly + Ce™ (I = ey + 18T (= )y + [Tt = wn) ) (8:1)

(note that (8.1) is identical to (6.4) apart from the S multiplying IT;(u — up) on the
right-hand side).
By coercivity of P# = P + II;S%I1; on II1H (7.14),

ITL; (u — uh)H% < Re (PIIi (u — up), Iy (v — up)) + || ST (u — uh)H% (8.2)
(compare to (6.5)). The arguments after (6.5) then show that
I (1 = wp) 3, < € llu— unll3,
-1 2 -1 2 2
+ C (7 I = Tull3, + & Mo — wn) | + ST (u — wy)3 )

(compare to (6.7)); this implies (8.1) and the proof is complete. O
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8.2 Duality argument using P# to bound |[[STI;(u — u)]|y

Lemma 8.2. Suppose that P satisfies Assumption 2.1. Given u € H, assume that the
solution up € Hp of (2.20) ewists. Suppose further that the projection H# (7.30) is
well-defined. Then there exists C1,Cy > 0 such that

(1 - ClH(I - Hh)(P#>_lH>{nSH1HV_yHH([ - H#)(P*)_lninsnluy_ﬁq) ”SHl(u - uh)HV

< Co||(I - IT,)(P*) ‘7SI, I —Tp)ully .-

I
Combining Lemmas 8.1 and 8.2 immediately gives the following result.

Lemma 8.3 (The main abstract result without using regularity of (P*)~! or (P#)~1).
Suppose that P satisfies Assumption 2.1. Given u € ‘H, assume that the solution up € Hp,
of (2.20) exists. Suppose further that the projection H# (7.30) is well-defined. Then there
exists Cp,Co,Cs, Cy > 0 such that

(1 — Cl')/dv(P)) X

(1 Callr = TP T30y = TP 0T g ) = il

< Oy (1 - |-y s | ([ - P T ST,y

oyl - m)(ﬁ)*nﬁsmﬂv%) 17— Thyuly,.

That is, if
Yau(P) and ||(I = T0,)(P#) ST, ||(7 = T (PY) M I STL |, (8.3)
are both sufficiently small, then
| — upll5, < C(l + H(I — Hh)(p*)—lﬂinsr[luv_m) (I —TIp)ull, - (8.4)

Proof of Lemma 8.2. By the definition of 1 (7.2), the definition of (P*)~! : H* — H, Part
(b) of Lemma 7.9, Galerkin orthogonality (2.20), the definition of P# (7.13), and Galerkin
orthogonality for P# (7.30),

IISTL; (u — up, ||V = <5’H1 u— up), NS (u uh)>va*,
=(u-— uh,H*S*nSﬂl( uh)>V><V*’
<P u—up), (P*) TS, (u — uh)>H*xH’
= (P(u—up), (I = TG (P*) " IS (u — up))
= (P#(I —T)u, (I — TIF ) (P*) "' IS0 (u — up) e, gy
— (TN S* T (u = wp), (I = TG ) (P*) " T nS°Th (u — wh)) gy g0
< CI(T = Tp)ully, ||(1 = T (P*) " STy, 1STI (1 = ui)
+ (IS (u — wy), (1 — I ) (P*) "' 0 S (u — up))|. (8.5)

H*XH’

We now use a duality argument involving P# to bound the final term. By (7.30), for
¢V and w e H,
(I, (I =T w),. gy = (P¥(P#) 7T, (1 = T Jw),,.
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= <P#(I — Hh)(P#)_IHTQZ)a (I - H#)w>?{*><7-[’

so that
[(ITig, (I — T} w)| < C||(1 — T0,) (P#) 1136 ||, || (7 — T )w|,- (8.6)

We apply (8.6) with ¢ = nS?II; (u — up) € V* and w = (P*) " InS%; (u — up) € H and
combine it with (8.5) to obtain

ST (1 — un) I3
< C||(I = y)ully, ||(I — 1) (P*) TSI |
+ O||(I — 10,)(P*) ' n S,

VE K H‘S’Hl(U - uh)”v

|STL (u — up) |3 || (I — 1) (P*) "ML 7 ST

HV—VH‘ HV—>H’

and the result follows. O

8.3 Proof of the error bound (2.24)

We now use Lemma 8.3 to prove the error bound (2.24) under the condition that the
quantities in (2.23) are sufficiently small.

By Lemma 7.18 the projection H# is well-defined and satisfies (7.32) if gy (P*) is
sufficiently small. Therefore, the instances of (I — H#) in Lemma 8.3 can be replaced (up
to constants) by (I —IIj).

The result (2.24) then follows if we can show that

| (P#)~ T ST, <C

HV%ZWH

and
H(P*)flﬂﬂfﬁsﬂluv—@mﬂ <C(+ H(P*)ilﬂﬂ V*—>V)‘

By the regularity property of .S in Lemma 7.13, it is sufficient to prove that
| (P#)~IinIT, <C (8.7)

HZm*1—>Zm+1 -

and

1P | s e < OO+ [[(P) 7Ty )- (88)
By Part (b) of Lemma 7.1, (P#)7'IIinll; = (P#)"'{Il; and (P*)"'inll; =
(P*)~I{:01;. The bounds in (8.7) and (8.8) then follow from Lemmas 7.17 and 4.2,
respectively, combined with (3.10) (with Iy replaced by IIy).

9 Recap of the regularity result of Weber [63]

The following result is [63, Theorem 2.2], where we observe that this result — originally
proved for real-valued coefficients — immediately generalises to complex-valued coefficients.
Recall the definitions of the piecewise spaces Hyw(2) (2.13) and the associated norm

|- ”Héw,k(ﬂ) (2.14).

Theorem 9.1 (Regularity result for curl and div). Suppose that ¢ is a complex matriz-
valued function on Q satisfying Re¢ > ¢ > 0 (in the sense of quadratic forms). Suppose
further that, for some integer k > 1, Q is C**1 with respect to the partition {Q;}1, (in
the sense of Definition 1.1) and ( € C*(Q;) for allj=1,...,n

Then there exists C' > 0 such that, for all0 < ¢ < k — 1, if either u x n = 0 or
(Cu) -n =0 on O then

el s oy < Ol pagey + I~ owrlull e o + K7 divCl| e o) (OD)

30



Proof. The result for ( real-valued and symmetric positive-definite and with norms not
weighted with & is [63, Theorem 2.2]. Repeating the proof but now weighting each derivative
by k~! gives the bound (9.1).

We now outline why the result holds for complex-valued ¢ with Re{ > ¢ > 0. The
proof of [63, Theorem 2.2] begins by localising and mapping the boundary to a half-plane
(using [63, Lemma 3.1]) — this is unaffected by the change in assumptions on {. The parts
of the proof that depend on ( then involve

1. difference-quotient arguments, and

2. the decomposition of an arbitrary L? vector field F into F; + Fy, where [y} = V f
and div((Fy) = 0, and either f € H}(Q) and (F» € H(div;Q) or f € H(Q) and
CFy € H(div; ) with ((F2) -n =0 on 99 [63, Lemmas 3.4 and 3.5].

The arguments in Point 1 go through verbatim (noting that ¢ is still invertible). The
results in Point 2 are quoted from [62, Lemmas 3.8 and 3.9], where they are proved using
projections in the L?(2) inner product weighted with (. When ( is complex valued, the
results in Point 2 can be proved via the following. For the first result (when f € H} (1)),
given F, let f € H}(Q) be the solution of the variational problem

(CVf,Vw) L) = (CF,Vw) g forallwe HY(Q). (9.2)

When Re( > ¢ > 0, the solution of (9.2) is unique by the Lax-Milgram lemma. Let
Fy := F —Vf, so that (9.2) is the statement that div((F>) = 0. For the second result
(when f € H'(Q)), given F, let f € H'(Q) be the solution of the variational problem

(CVF. VW) 1) = (CE. VW) o) for all w € HY(Q). (9.3)

When Re¢ > ¢ > 0, the solution of (9.3) (a Laplace Neumann problem) is unique up to
constants, so that Fy := F — V£ is uniquely defined. Now (9.3) for w € HZ(Q) is the
statement that div(¢F») = 0 and (9.3) for w € H'(Q) implies that n - ((F) = 0 by, e.g.,
[51, Equation 3.33]. O

10 Definition and properties of Nédélec finite elements

10.1 Curved tetrahedral mesh

We consider a partition of € into a conforming mesh 7}, of (curved) tetrahedral elements
K as in, e.g., [47, Assumption 3.1l. For K € T, we denote by Fi : K — K the mapping
between the reference tetrahedra K and the element K. We further assume that the mesh
Th is conforming with the partition {€2;}" ; of Q from Assumption 1.2. This means that
for each K € Ty, there is a unique i € {1,...,n} such that K C ;.

10.2 Nédélec finite element space

Fix a polynomial degree p > 1. Then, following [52] (see also, e.g., [20, Chapter 15]), we
introduce the Nédélec polynomial space

~ ~

Ny(K) = Pya(K) + & x Py (K),

~

where Ps(K) consists of functions such that each component is a polynomial of degree
< s defined over K. (Note that in [20, Chapter 15] the lowest-order elements correspond
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to p = 0, whereas here they correspond to p = 1.) The associated approximation space
is obtained by mapping the Nédélec polynomial space to the mesh cells through a Piola
mapping (see (B.2) below), leading to

Hy, = {vh € Hy(curl, Q) : (D(ﬁ}}l))T (vnlK 09}}1) € NP(I?) for all K € 77L},

where D(Z ') is the Jacobian matrix of Z '

Assumption 10.1 (Curved finite-element mesh). The maps Fx satisfy
o h K o] _ B
j0° Fill iy < OL () and D) e <O (10)

for 1 <|a] <p+1, where hg is the diameter of K.

Note that the bound (10.1) with || = 1 corresponds to the mesh elements K € Tj,
being shape regular (as in, e.g., [47, Equation 3.3]).
10.3 High-order interpolation

Theorem 10.2 (Interpolation results in Hj). Given Q (with diameter L) and Hy, there
exists an interpolation operator Jy, : Z* — Hy, (with Z7 defined by (2.17)) and a constant
C such that for all £ € {1,...,p}, for all K € Ty, and for allv € ZtH

h
v — Tl < C ( K) ZLJ <|u]H;(K + hxcleurl ul g g ) (10.2)

and

[curl (v — Tpv)[|L2(x) < C < > ZLJ]curlu]Hg (10.3)

Theorem 10.2 is proved using Assumption 10.1 and standard scaling arguments for
curved elements in Appendix B.
Observe that (10.3) implies that

if curlv =0 then curl(Jyv)=0. (10.4)

Corollary 10.3 (Best approximation result in Hy). Given Q, p € N, and kg > 0, there
exists C' > 0 such that the following is true. With 11 the orthogonal projection H — Hp,
for all £ € {1,...,p} and for allv € Z*1,

1T = 000y eurt ) < CER o] o1 (10.5)

Proof. By summing (10.2) and (10.3) over K € Tj, recalling the assumption that 7y, is
conforming with the partition {€2;}} ; of © from Assumption 1.2, and using that hx < h,

r n Z
h ; _
lv— jhUHLQ(Q) < C(L> Z Z r’ (‘U|Hj(Qi) + (khi)|k lcurlU‘Hj(Qi))

=1 j=0
and
h r n l .
Ik~ eurl (v — Jyv) | 20y < c( ) > Y Llewrlul o,
i=1 j=1
The result then follows by using the definitions of the norms || - || 7, (cur1,0) (1-2), || [ ¢ Q)
pw,

(2.14), and || - HZ,‘;“ (2.18). O
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11 Proof of Theorem 1.3

To show that Theorem 1.3 follows from the abstract result Theorem 2.9, we need to
1. prove Lemma 2.4 (i.e., show that Maxwell fits into the abstract framework),
2. show that the assumptions of the second part of Lemma 2.10 hold when div f = 0,

3. bound v4y(P) and gy (P*) and show that the condition on these in (2.23) is weaker
(when kL > 1) than the condition (2.23) involving (P*)~! (since only the latter
appears in (1.3)), and

4. show that, given m € N and p < m, there exists C' > 0 such that

I = Thll sty et ) < CORRP. (11.1)

Indeed, Theorem 1.3 follows from Theorem 2.9 using these points, as well as the fact
that the L? — L? norm of the adjoint solution operator equals the L? — L? norm of the
solution operator (so that ||(P*)™!|ly+-y = Csol)-

Points 1, 2, and 3 are proved in §11.1, §11.2, and §11.3, respectively. Regarding Point
3: we show in Lemma 11.4 below that max{vy4y(P),vav(P*)} < Ckh(1 + kh), i.e., for the
first inequality in (2.23) to hold, kh must be sufficiently small. This condition is indeed
weaker when kL >> 1 than the condition “(kh)?PCj, is sufficiently small” arising from the
second inequality in (2.23), since Cyo) > CkL (recall that this can be proved by considering
data that is a cut-off function multiplied by a plane wave; see, e.g., [11, §1.4.1]).

Point 4 follows from (10.5); indeed, given m € N and p < m, the bound (10.5) with
{ = p implies that there exists C' > 0 such that

1T = TI0)0 ] 1 et 2y < CORRI? 0] gpor < CERYY o] e

so that (11.1) follows.

11.1 Proof of Lemma 2.4
11.1.1 Proof of Part (a).

Since Hy(curl; Q) D C5°(2) (by, e.g., [51, Equation 3.42]) and C5°(£) is dense in L?(12),
‘H is dense in V.

Lemma 11.1. If D := k2curlp'curl then, in Ho(curl,Q), KerD = KerD* =
Ker (curl).

Proof. With H = Hy(curl, ), by, e.g., [51, Theorem 3.31],

(Du, v)ggsxp = (U, D*0)qpe oy = k2 (/flcurl u, curlv)LQ(Q)

for all u,v € Hy(curl, Q). Therefore, if Du = 0, then
0=Fk2 (,u,_lcurlu, curl u) 29

and thus curlu = 0 by (2.15). Identical arguments show that if D*v = 0, then curlv = 0.
Clearly if curlu = 0 then u € Ker D N Ker D*, and the result follows. O

The rest of Part (i) of Lemma 2.4 follows immediately from the definitions.
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11.1.2 Proof of Part (b).

Proof that Parts (ii) and (iii) of Assumption 2.3 hold. By, e.g., [32, Theorem
1.4.1.1, page 21], the bound (2.11) (i.e., Part (iii) of Assumption 2.3) holds if € is piecewise
C™! with respect to the partition {€2;}7 ;. We now use Theorem 9.1 to prove that the
bound (2.10) (i.e., Part (ii) of Assumption 2.3) holds when  is C™*! with respect to the

partition {2;}"7_; (in the sense of Definition 1.1) and p,e € C™(Q;) for all j =1,...,n
(recall from Remark 2.5 that the combination of these regularity requirements is then
Assumption 1.2).

Lemma 11.2. Suppose that 2 is C™ VL with respect to the partition {Q;}, (in the sense
of Definition 1.1). Suppose that (1, (o are complex, matriz-valued functions on Q satisfying
Re(; > ¢ >0, j = 1,2, (in the sense of quadratic forms) and (1,¢ € C™(;) for all
j=1...,n.

Then there exists C' > 0 such that the following is true for 7 =2,...,m+ 1. Given
f € Z772 (defined by (2.17)), if v € Ho(curl, Q) is such that

k~2curl (Geurlv) = f € 2772 and  div(Gu) =0  in Q, (11.2)

then
ol < € (ol + 1052 ). (11.3)

Proof. First observe that it is sufficient to prove the bound
ol zs < C (vl ze + 6~ eurlv]|  + 11711 25-2 )- (11.4)

Indeed, the weak form of the PDE (11.2) and the fact that Re(; > ¢ > 0 imply that

_ 2 —
it eurt o3 0y < 7 1l ol

the term involving curlv on the right-hand side of (11.4) can therefore be removed (since
J > 2), with (11.3) the result.

Let w := k= !¢ curl v so that k~'curlw = f. Observe that div(¢(; w) = 0 and div f = 0.
With divy the surface divergence on 0X, by, e.g., [51, Equation 3.52], on 012,

n - curlv = divy(v X n).

Since v € Hy(curl,Q), v x n = 0 on 99, and thus n - ({ 'w) = 0 on 9.

The regularity assumptions on €2, (;, and (2 imply that we can apply Theorem 9.1 with
k =m and (¢ equal one of (i, (2, or their inverses. Therefore, Theorem 9.1 applied with
U= w, (z(fl, k=myand =7 —2,7=2,...,m+1 (so that £ <k — 1 as required by
Theorem 9.1), implies that

0l -1y < O Nl + (|6 eurlwl| o2 o) ) < O( [k eurlol| o + 171 2 )-
(11.5)
Similarly, Theorem 9.1 applied withu = f, { = I,and k = m,and ¢ = j—3 (j = 3,...,m+1,
so that ¢ < k — 1) implies that

Since k~!curlv = ¢, 'w and ¢ is piecewise C™,

Hk*lcurl’l)HHgv_V}k(Q) — HCl_leHév_vylk(ﬂ) S CH’wHHlJ)V—V}k(Q) fOI'j = 2,...,m—|— 1 (117)
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by, e.g., [32, Theorem 1.4.1.1, page 21].
The combination of (11.5), (11.6), and (11.7) imply that

Hk—lcurlvHH}vav}k(Q) < C( Hk_lcurlUHL2+||f”L2(Q)+HCur1fHHgv‘vf‘k(Q)) for j =3,...,m+1.

(11.8)

Theorem 9.1 applied with u =v, ( =(, k =m,and { =35—-2,j=2,....,m+1 (so
that again ¢ < k — 1 as required by Theorem 9.1), implies that

ol -1 0 < c( o]l 2 + “k’lcurlv|]Hg;?k(Q)). (11.9)

The combination of (11.8) and (11.9) implies that the bound (11.4) holds for j = 3, ..., m+1.
The bound (11.4) when j = 2 then follows from combining (11.5) and (11.8), both with
j = 2, and the proof is complete. ]

To prove that Part (ii) of Assumption 2.3 holds, we seek to apply Lemma 11.2 with
v=TIhu, (G = p ! and (o = € = e. Since C*(D) is dense in H*(D) for all s € R and
D C R3 open (see, e.g., [44, Page 77]), L?(Q2) is dense in (Hpw(2))* for j > 1, so the
assumption that V is dense in (27)* = (Z7)* for j > 1 is satisfied. The bound (2.10)
then follows from (11.3) if ITju is in Hp(curl, Q) and satisfies div(ellyu) = 0. Recall from
(2.8) that IIp : X — H, and thus also II; : H — H. Thus, u € Hop(curl,?) implies that
ITyu € Hy(curl, ). For the zero-divergence condition, observe that, since gradients are
always inside the kernel of curl,

<grad o, H’{U>L2(Q) = <H1(grad ?), v>L2(Q) =0 forall ¢ € HY(Q) and v € L*(Q).

Thus, divIT{v = 0 for all v € L?(Q2) (by, e.g., [51, Equation 3.33]). By (3.2), div(ellju) =
—div(&Ilu) = — div(II; €L ) so that div(ell;u) = 0 as required.

Proof that Part (i) of Assumption 2.3 holds. By, e.g., [51, Theorem 3.41], the
kernel of the curl operator in Hy(curl, ) equals (VHZ(Q)) & Kn(f2), where

Ky(Q) := {u € Hy(curl, ) : curlu =0 and divu =0 in Q}

Let H%H&(Q) and HE{N(Q) be the V-orthogonal projections onto VH}(Q) and Ky (),
respectively, so that

Vv _ 17V v
Y =105 o) + 1 0y (11.10)
The definition of Kx(2) implies that elements of K (£2) are solutions of the equation
curlcurlu — grad(divu) =0  in €.

By [18, §4.5], this PDE is strongly elliptic in the sense of [18, Definition 3.2.2], and the
PDE plus the boundary condition u x n = 0 on 0f) are then elliptic in the sense of [18,
Definition 2.2.31]; see [18, Theorem 3.2.6]. Since 92 € C™*! (by Assumption 1.2), the
elliptic-regularity result [18, Theorem 3.4.5] implies that K (Q2) C H™T1(Q). Since every
u € Kn(Q) has curlu = 0 by definition, Kx (1) is therefore contained in Zm+! = zm+!
defined by (2.17). Thus H})(N ©) smooths to the maximal extent possible given the spaces

{ZI T:‘Bl, and, in particular, preserves regularity, as required.

Given f € L?(Q), HgHé(Q)f = V¢, where ¢ € H}(Q) is the unique solution of the
variational problem
(Vé, V)20 = (f, Vo) r2()  for all v € Hy(). (11.11)
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Observe that this is the weak form of the PDE A¢ = div f.
We now apply Theorem 9.1 with u = V¢, ( = I, and k = m (note that this is allowed
because € is C™*! with respect to the partition) so that, for £ =0,...,m — 1,

196l et 0y < C(IVBllag@y + %7 div Fl e o) )- (11.12)

By (11.11) with v = ¢, [Vl r2() < C||fll12(q),- Therefore, by (11.12) applied with
{+1=j—1 (sothat £=0,...,k— 1 corresponds to j = 2,...,m+ 1) and the definition
of | 1. (@) (219)

HH%H&(Q)JCHZi, = ||v¢Hzi = ||V¢”H;V—Vlk(g) < CHf“Hi;}k(Q) < CHf”zi

for 5 = 2,...,m + 1. The splitting (11.10) therefore implies that (2.9) holds for j =
2,...,m+ 1. Since Z! = H, and I} : H — H is bounded by (2.8), (2.9) holds for
j=1,...,m+ 1 and thus Part (i) of Assumption 2.3 holds, as required.

Proof that Part (iv) of Assumption 2.3 holds. We first show that the bound (2.12)
follows if we can show that there exists C' > 0 such that, for j =1,...,m+ 1,

10 3 ytl] 2 < € (I 0y BT gyl 2 + 1T gyl y,)  for all we V. (11.13)
Indeed, since H}’{N (@ 1 smoothing (as shown in the proof of Part (i) above), for all u € V,

113 EHVHl Q)“Hza < [MGENGul 5 + C(HH ayully + HHVHl )qu>'

VHYQ)
Therefore, by (11.10), (11.13), and the fact that H%N(Q) is smoothing, for all u € V,
18 ul| 55 < TG gy el 25 + My @l

< O( [y Emul 5, + [0y gyl + 118 3 gyl )

and the result (2.12) follows since HHV u||p + HHVH1 )u||p = ||H2]/UHV (since Ker D =
(VHL(Q)) ® Kn(Q) in V).

We now prove (11.13) with E = :71€ = ¢; the proof for E = 171£* = ¢* is anal-
ogous. By definition, there exists ¢ € HJ() such that IIY u = V¢. Then

VH(Q)
v (oY

VHL(Q) @ )u:Vw where

vH}

(Vw, Vo) = (eVo, Vv) for all v € H(9);

L2(Q) L2(Q)

i.e., Aw = div(eV¢). When j = 1, since Z! = H = Ho(curl, ),
HHVH1 )“Hzl = HV(ZSHH = HV‘Z)HH = HHVH1 )“Hv

and thus (11.13) immediately holds when j = 1. To prove (11.13) for j =2,...,m+ 1, we
apply the regularity result of Theorem 9.1 with u = V¢, ( = ¢, and k = m (so that the
regularity assumptions on {€2; };L:l and e are satisfied by Assumption 1.2). By the definition
of 27 (2.17) and the regularity result (9.1) with / 4+ 1 = j — 1 (so that £ = 0,...,k —1
corresponds to j = 2,...,m + 1), there exists C > 0 such that, for j =2,...,m+ 1,

196l 25 = 165 = V8l -1 @) < C(IIVll ey + K7 Aw] o2 )
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< C(IV8lza@) + IVl i1 g )
< C(IV8ll 2 + IVl ) = C (1961, + IVl );

i.e., (11.13) holds for j =2,...,m + 1 and the proof is complete.

11.2 The assumptions of the second part of Lemma 2.10

Lemma 11.3. Suppose that 2 is C™ ! with respect to the partition {Qj}?:1 (in the sense
of Definition 1.1) and €, € C™(82;) for all j =1,...,n.

If div f = 0 then there exists Iy such that (i) IS f = ﬁ(’gf, (ii) MoIly = I, and (iii)
the bound (2.26) holds.

Proof. Let B

Iy := H}’(N(Q)HO, (11.14)
where (as above) H}}(N(Q) is the V-orthogonal projection onto K n(€2). Then Point (ii) holds
since Il maps into the kernel. Furthermore, IIjf = ﬁ(’g f if and only if, for all v € H,

(f, TMov)pesn = (i Tlowhpescr; e (f (1 =Ty () T00) 00

On the kernel, I — H}}(N(Q) projects to grad H}(€2), so (f, Vp)r2) =0 for all p € H (),
i.e., div f =0, so that Point (i) holds.
For (iii), we first observe that, by (11.14), the fact that (H%N(Q))* = LH}/(N(Q)fl, and

(3.11),
M s = [ 0y et < T L2 (11.35)

The proof above of Part (i) of Assumption 2.3 showed that H}}(N(Q) smooths to the maximal

extent possible given the spaces {Z7 ;”;61; in particular, ||H})(N @ | zm-1_zm+1 < C, and

this combined with (11.15) gives the result (2.26). O
11.3 Proof that vq,(P),vav(P*) < Ckh(1 + kh)

Lemma 11.4 (Bound on vqy(P), Yav(P*)). Let P =D — & with D and & defined by (2.16)
with p and € satisfying (2.15). Suppose that Q) is C? with respect to the partition {Qj}?zl
(in the sense of Definition 1.1) and e, € C1(Q;) for all j =1,...,n. Then

max {’7dv(P)v'7dV(P*)} < Ckh(l + kh)

Lemma 11.4 is a consequence of (i) the following abstract bound on ~4, and (ii)
properties of the interpolation operator Jj recapped in §10.3.

Lemma 11.5. Suppose there exists J : Hy, — Hp such that (i) Jwy = wy, for all wy, € Hy,
(i) J : 1Ly Hp — Hp,, and (i) Jowy € Hp N Ker D for all wy, € Hy,. Then there exists
C > 0 such that, if

wy, € Hy, satisfies <gwh’vh>v*xv =0 for all vy € HpNKerD (11.16)
then

Mowally < C (I = J)Mywplly, -
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The following result then holds immediately from the definition of yq(P) (2.22).
Corollary 11.6. Under the assumptions of Lemma 11.5, there exists C > 0 such that

(= Dl
HwhHH

’de(P) < Csup{

wy, € Hy, satisfies <Swh,vh>

vesy =0 for all vy, € Hy, ﬁKerD}.

Proof of Lemma 11.4 using Corollary 11.6. We apply Corollary 11.6 with J = J,. The
assumptions (i) and (iii) on J in Lemma 11.5 are satisfied by the properties of 7, recapped
in Theorem 10.2 and (10.4).

To show that J : II1H, — Hp (i.e., the assumption (ii) in Lemma 11.5), we apply
the regularity result of Theorem 9.1 with kK = 1 and ¢ = 0. As in the proof of Lemma
2.4, for the operator P, div(ellywy) = 0. Similarly, for the operator P*, div(e*Ilywy) = 0.
Therefore, in both cases, by Theorem 9.1 (with ¢ equal either € or €*) and (2.15),

Iwnll (@) < C( Tywp || 2 + [[E eurl (leh)HLQ(Q)>

= C( ||H1whHL2(Q) + Hk;*lcurl whHLQ(Q))7 (1117)

since curl (ITpwy,) = 0 and thus curl (IT;wy,) = curl wy,. Therefore, given wy, € Hy, [Tiwy, €
Ho(curl, Q) N HL, (), and thus JILwy, is well-defined by Theorem 10.2.

By (10.2) with r = 1, the definition of H}(K), and the fact that curl (Ilywy,) = curlwp,
given kg > 0 there exists C' > 0 such that, for all k£ > ko,

(I = Tn)wa|| 22 (k) < Ck:hK(HHWhHH;(K) + thHk_lcurlwhﬂH;(K))
By a standard inverse inequality (see, e.g., [20, §12.1]),
Hk:*lcurlwhHHé(K) < C(1+ (khi) ™) 5~ eurlwp| 2 ),
so that
(I = Tn) M wh |l L2 k) < Cth(HHIWhHH;(K) + (khi + 1)\\k_10ur1whHL2(K))-

Summing over K € Ty, recalling that 7, is conforming with the partition {€;}" ; of Q
from Assumption 1.2, using that hx < h, and using the definition of || - || ;1 () (2.14)
pw,

gives
H(I — jh)lehHL2(Q) < Ckh(H]:[lwhHH;w’k(Q) + (kh + 1) ||k*1(3url whHHéw,k(Q)> .
Therefore, by (11.17) and the boundedness of II; : L?(Q) — L?(9),

(I = Tn) w2 () < Ck?h( [wnl g2y + (kb +1) Hkilcurlwhum(m)v
and the result follows. O
Proof of Lemma 11.5. We prove that, for wy as in (11.16),

Cp2 ||H0whH$, < ‘<8H0wh, (I — J)leh> (11.18)

V*XV"

and the result then follows from the boundedness of € : V — V*.
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Since J is well defined on both H; and II;H,, it is well defined on IIyH},. Now, by
assumption (I — J)wy, = 0; therefore (I — J)Howp, = —(I — J)II;wy, and

Mywy, = (I — J)ywy, + Jgwy, = —(1 — J)Iwy, + JHowy,. (11.19)
By (2.2) with v = Ilpwy, and (11.19), to prove (11.18) it is sufficient to prove that
(EMowp, JTgwp )y, ., = 0. (11.20)

If v, € Ker D then vy, = Ilyvy, and, by (3.2),

<gwh’vh>v*><v = <gwh’Hovh>V*><V = <H65wh’ Uh>v*xv = <H35H0wh’vh>v*xv

= (EMowh, v )yperyy (11.21)
Since JIlpwy, € Ker D, (11.20) immediately follows from (11.16) and (11.21), and the proof
is complete. ]

A The Maxwell radial PML problem

This section recaps the definition of the Maxwell radial PML problem from [17], [51,
§13.5.3.2, Page 378] (using slightly different notation) and shows that the coeffcients p and
€ in this case satisfy (2.15) (see Lemma A.1 below).

The scattering problem. Let Q_ C R3 be such that its open complement Q, :=
R3 \ Q_ is connected. Let n be the outward-pointing unit normal vector to Q_. Let
€scats Mscat De real-valued symmetric positive definite matrix functions on €24 such that
supp(€scat — 1), supp(scat — I) C BRp..,, for some Rgct > 0. The scattering problem is
then: given f € L2, (R3), find Eyeat € Hioc(curl, Q) with Egeay x n = 0 on 9Q_ such that

comp
k™2curl (gl curl Byeat) — €scat Bseat = f in Q4 (A1)

and Fgc, satisfies the Silver-Miiller radiation condition (see, e.g., [51, Equation 1.29]).

PML definition. Let Ry, > Rpmi,— > Rscat and let  C R? be a bounded Lipschitz
open set with Bg,, C Qi C Beg,, for some C > 0 (i.e., {4, has characteristic length scale
Ryp). Let Q := Qi NQ4. For 0 < 0 < /2, let the PML scaling function fy € C1([0, 00); R)
be defined by fp(r) := f(r) tanf for some f satisfying

{f(r) = 0} = {f’(r) = 0} = {7“ < RPML,—}> f'(r) >0, f(r)=ronr> Rpur+;
(A.2)
i.e., the scaling “turns on” at r = Rpyr,—, and is linear when r > Rpwmp, . Note that Ry,
can be < Rpmr, 4, i.e., truncation can occur before linear scaling is reached. Given fy(r),
let

a(r) :=1+ifs(r) and B(r) :=1+ife(r)/r,

and let
= Mscat . %n BRPML’_7 and €= €scat . %n BRPML7_7 (AS)
HDH* in (BRPML,,)C HDH* in (BRPML,,)C
where, in spherical polar coordinates (7, ¢, ¢),
B(r)2a(r)™t 0 0 singpcos¢g cospcosg —sing
D= 0 a(r) 0 and H= [ singpsing cospsing cos¢
0 0 «ar) cos —sin 0

(A.4)
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(observe that fiscat = €scat = I when r = Rpy,— and thus g and € are continuous at
r = Rpymp,— ).

The perfectly-matched-layer approximation to Fgc,y is then the solution of (A.1) in
with coefficients (A.3).

We highlight that, in other papers on PMLs, the scaled variable, which in our case is
r +ifg(r), is often written as r(1 +io(r)) with o(r) = og for r sufficiently large; see, e.g.,
(35, 84], [7, §2]. Therefore, to convert from our notation, set o(r) = fy(r)/r and o9 = tané.

Lemma A.1. Given €scat, fiscat @S above and a scaling function f(r) satisfying (A.2), let
€, p be defined by (A.3). Given e > 0, the following is true.
(i) There exists C > 0 such that, for alle <0 <7/2 —¢, z € Q, and £, € C?,

max {| (1 (@)&. )3, | ()& )3} <l

(i) If, additionally, f(r)/r is nondecreasing, then there exists ¢ > 0 such that, for all
e<O<Tm/2—¢,x€Q, and £,¢ € CY,

min{(Re(ufl(az))&ﬁ)z ) (Re(e(x))£7§)2} > c€]l3-

Sketch proof. Part (i) follows in a straightforward way from the definitions of 1 and e. The
proof of Part (ii) is very similar to the proof of the analogous Helmholtz result in [28,
Lemma 2.3]. O

We highlight that the assumption in Part (ii) of Lemma A.1 that f(r)/r is nondecreasing
is standard in the literature; e.g., in the alternative notation described above it is that & is
non-decreasing — see [7, §2].

B Proof of Theorem 10.2

Recall that D.Z is the Jacobian matrix of .#k. By the first bound in (10.1) with |a] =1
and the fact that d = 3, there exists C' > 0 such that, for all K € Tp,

1 .
5@( <det(D.Zk) < Ch}, inK. (B.1)

For v € L?(K), we introduce the curl- and divergence-conforming Piola transformations:

Fi(v) = (DQK)T(U o FK), (B.2)
Fit(v) := det(D.Fk ) (DFk) " (vo Fr); (B.3)

see, e.g., [51, §3.9], [20, §9.2.1]. Recall that
curl (Z§(v)) = Fi(curlv) (B.4)

for all v € C1(K) by, e.g., [20, Corollary 9.9].
In analogue with the definition of the space Z7 (2.17), let

ZI(Tp) == {u € Hy(curl, Q) : ulg € H7Y(K) and (curlu)|x € ijl(K)}.
We denote by I ° 19 the _canonical Nédélec and Raviart-Thomas interpolants of degree
p on the reference element K (see, e.g., [51, §5.4-5.5], [20, Chapter 16]). We then consider
the interpolation operators If : Z2(7y,) — Vj, and I : H;W(’ﬁl) — V}, by setting
Ik = (Fg) oIt o Ty (B.5)
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and R
I,CHK = (5‘}%)71 old of%}%

(see, e.g., [20, Proposition 9.3]). By standard commuting properties,
(curl o If) | = (I o curl) | (B.6)

see, e.g., [20, Lemma 16.8].
We prove below that Theorem 10.2 holds with [J;, = I;. The following two lemmas are
key ingredients in this proof.

Lemma B.1 (Norm bounds on Piola transformations). With Z5(v) and Fg(v) defined
by (B.2) and (B.3), respectively, there exists C > 0 such that, for £ € {1,...,p}, for all
K €Ty, and for all v € HY(K),

41 !
3/2) orc hi ;
j=1
and
3/2) ~d , (hx +2 ¢ )
W F0)] oy < CL (L> S Lol (B.3)
3=0
Lemma B.2 (Derivative of co-factor matrix). There exists C > 0 such that, for all K € Ty,
|0%(det(DFk)(DFK) ™) || ooy < CL (L> (B.9)

for1 <|a| <p.

Proof of Theorem 10.2 using Lemmas B.1 and B.2. Let u := %} (u), so that, by (B.5),
F(u— Thu) =1 — I°4.

We now claim that

—1713/2~ To~s
lu— Il g2y < Chith3a - Il 2y

indeed, the hi/? comes from the Jacobian in the change of variable with (B.1), and the
hy' comes from the factor (D.%;") via (10.1). On the reference element, the proof of [34,
Theorem 3.14] implies that there exists C' > 0 such that, for £ € {1,...,p},

@ = Foall o ) < C ([l oy + el l ez ) -

so that
lu— Tyull o) < Chit B3 (|a\HZ® + |Curlﬁ|Hg(f()) : (B.10)
By (B.7),
¢ /L
hid b3l ey < C (’f) > L] i x0)- (B.11)
j=1

We now let w := curlu and @ := curl@, so that @ = Z&(w) by (B.4). By (B.8), (B.1),
and (B.9) with o] =1,

—1,3/2 ~ —1,.3/2) ~
hthK/ ]curlu]He(f() = hthK/ ]w\m(f{)
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~ hi +2 £ '
< CL*hj (L> Z;Lﬂ|w|Hj(K) ChK< > ZLJ|Curlu\H] (B.12)
]:
The bound (10.2) then follows from the combination of (B.10), (B.11), and (B.12).
To prove (10.3), first observe that, by (B.6),
Jeur] (u — I50)ll 2y = 1w — Tl ey (B.13)

By the definition of .#9 (B.3), the lower bound in (B.1), and the first bound in (10.1) with
’a‘ =1,
lw = Il g2y < B2 N@ — T2 o ) (B.14)

Since T4 is continuous over H'! (K ) and preserves polynomials of degree p — 1, the Bramble-
Hilbert lemma (see, e.g., [16, Theorem 28.1], [20, §11.3]) implies that there exists C > 0
such that, for ¢ € {1,...,p},

H@—Id{EHLQ(f{) §C|@\H4(f<); (B.15)
the result (10.3) then follows from the combination of (B.13), (B.14), (B.15), and (B.8). O

It therefore remains to prove Lemmas B.1 and B.2.

Proof of Lemma B.2. We first observe that
det(D.Zx ) (DF)

is just the cofactor matrix of D.%. Since this is a 3 x 3 matrix, its entries are sum of
products of pairs of elements of D.% k. As a result, we just need to estimate terms of the
form Oy, F},0n.%}., which easily follows by the product rule:

OO T 0T = > ( p )aﬁam 989, 7L,

p<a
leading to
10°(det DFw(DF) ") oo i) < C D 107 (DF ) |0 (DFx);
BLa
the result then follows from the first bound in (10.1). O

We now need to describe how partial derivatives of functions are modified under the
elements mappings.

Lemma B.3 (Sobolev norms of composed functions). Given m > 1 there exists C > 0
such that if K € T, and u € HY(K) then

W2 \wo Frcl oy < ( ) ZLJ\uyHJ(K (B.16)
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Proof. In this proof we denote the jth component of Zx (j =1,2,3) by 3“}( We claim
that, for any multi-index o > 0,

=) W(0°u) 0 T, (B.17)
BLla
where each W3 is of the form
Ng 18]
vy =Y [[o77 f”ﬂ (B.18)
(=1 j=1

for some integer Ng, multi-indices 'y with Z"B‘ |7f| = |a, and ,u? € {1,2,3}.
Once (B.17) is established, the result follows, since

h o]
< Bl =
el < 02 (7))

by (i) the first bound in (10.1) and (ii) using (B.1) to take into account the change of
variable in the L?(K) integrals.
We prove (B.17) by induction. When |a] =1,

3
Om(uwo Fr) =Y (OmFi) ((Opu) o F)

r=1

for all m € {1,2,3}, and so (B.17) holds. Suppose that (B.17) holds for all a with
la| = M > 1. By (B.17), (B.18), and the chain and product rules,

6m(8a(uoﬂ}<)>
Ng 18| ] 3
=S [Son(Tlot2i )@ o 7 s TT70 S 0u i 0070 7)
B<a = 7j=1 r=1
= Y Uy (07u)o Tk, (B.19)
BLatem

with Wy of the form (B.18) except now Z‘f:ll |’y§\ = |a| 4+ 1. That is, (B.17) holds for all
a with |a| < M + 1 and the proof is complete. O

Proof of Lemma B.1. The bound (B.7) follows from the definition of .#}, (B.2), the product
rule, the first bound in (10.1), and (B.16). The bound (B.8) follows in a similar way from
the definition of Z& (B.3), the product rule, (B.9), and (B.16). O
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