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Abstract

In this paper, we consider a stochastic nonlinear formulation of classical coastal waves models under
location uncertainty (LU). In the formal setting investigated here, stochastic versions of the Serre-Green-
Nagdi, Boussinesq and classical shallow water wave models are obtained through an asymptotic expansion,
which is similar to the one operated in the deterministic setting. However, modified advection terms emerge,
together with advection noise terms. These terms are well-known features arising from the LU formalism,

based on momentum conservation principle.
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1 Introduction

The ocean surface waves constitute an essential component of ocean dynamics, as they are directly related
to a strong energy exchange with the underlying current. However, the mean current and the waves follow
different dynamics, operating at different times and spatial scales. Moreover, they are based on significantly
different physical assumptions: surface waves rely on potential — or irrotational — flow, whereas the turbulent
dynamics of the current is expressed through a non-zero vorticity. As a result, the wave-current coupling is very
complex to model numerically. For this purpose, designing simplified stochastic models of surface waves would
be advantageous to account for both dynamics. This can be achieved by adding as a specific noise term in the

stochastic representation of ocean circulation [, 2].

To derive such stochastic wave models, ways to adapt the classical deterministic derivation to the stochastic
setting have been widely investigated. It was shown for example that deep-ocean stochastic long waves can
arise from a linearised stochastic shallow water system [3] or from a stochastic Hamiltonian formulation [4].
Water waves travelling from deep water areas to shallower regions — where the water depth is much less than
their wavelength — undergo significant alterations. Swift variations in height, velocity, and direction lead to
substantial modifications of the free water surface profiles. Initially resembling almost perfect sine waves, these
profiles evolve into an asymmetric shape. Mathematically, coastal waves are described by different dynamical
models corresponding to various approximations of the irrotational Euler equations — which are averaged along

the water column ultimately.

More specifically, we use the location uncertainty principle developed in [5], which is based on the addition
of a noise term on the Lagrangian formulation of the displacement. In fact, this approach is a critical aspect
in ocean stochastic modelling and has been widely discussed: an SDE based stochastic generalisation of the
deterministic Lagrangian expression of the flow was proposed in [6, 7] for instance, from which the authors
derive an Eulerian expression. Such idea also exists in turbulence modelling: for example McWilliam and
Berloff proposed stochastic parametrization built upon Langevin models of turbulence in [3], devised in the

wake of Kraichnan’s seminal work [9].

In this paper, we aim to derive a location uncertainty interpretation of nonlinear coastal waves models, based
on the modelling principle introduced in [5]. These models are naturally accompanied by some nonlinear
variabilities associated with numerical or modelling uncertainties. More fundamentally, this stochastic formalism
provides a way to incorporate the effect of the non-resolved vertical turbulent component. In this work, we
focus on the family of models associated with the Serre-Green-Naghdi equations [10, 11], which allow capturing
the non-hydrostatic phenomena related to vertical acceleration. In particular, we aim to assess the behavior of
the associated numerical simulations. Our main findings are that the LU interpretations of the Saint-Venant,
Boussinesq and Serre-Green-Naghdi wave models allow to break the symmetry of the wave and introduce
variability compared to their deterministic counterparts. Nevertheless, they do enjoy the same conservation
principles with slight conditions on the noise structure. Hence, the LU setting would allow to explore the
influence of a “conservative randomness” on the classical wave model dynamics. Plus, we provide some graphical

observations of this influence using numerical simulations.

The article is organised as follows: after a brief summary on the location uncertainty principle (LU), we derive
a stochastic representation of the Serre-Green-Nagdhi shallow water waves model following the same physical
approximations used in the deterministic setting [12]. Then, we show how simpler models can be obtained from
further approximations, and discuss the conservation of usual quantities such as mass, momentum and energy.

The last section describes and assesses some numerical results associated with different models.



2 Stochastic flow and transport

Let 2 C R? (with d = 2 or 3) denote a bounded spatial domain. The LU principle relies on a stochastic

formulation of the Lagrangian trajectory (X;) of the form
dXi(z) = v(X¢(x),t)dt + (01dBy)(x), Xo(x)=2z€ 2. (2.1)

This stochastic differential equation (SDE) decomposes the flow in terms of a smooth- in-time velocity compo-
nent v that is both spatially and temporally correlated, and a fast unresolved flow component odB; (called noise
term in the following). This latter component must be understood in the It6 sense, and is uncorrelated in time
yet correlated in space. Importantly, since the Ito integral is of null expectation (as a martingale), the relation
(2.1) decomposes the flow unequivocally as a large-scale displacement component and a null mean fluctuation,

the mean displacement corresponding to the large-scale component expectation.

Let us now provide a precise definition of this random fluctuation component. The noise term takes values
in the Hilbert space H := (L%(2))? and is defined from the Wiener process (also called cylindrical Brownian
motion) [13] on a stochastic basis (£2, %, (%¢)icjo,1], P). By definition, this stochastic basis is composed of a
probability space (2,P) with filtration (#;):e[0,77 — i-e. a non decreasing family of sigma algebras evolving in

time. The noise term involves independent Wiener process components (Bg)i:Lm,d defined on an orthogonal

= Blen(@), (2.2)

neN

basis (e, )nen of H as

where (3!);en is a sequence of independent one dimensional standard Brownian motions. The spatial structure
of the unresolved flow component is modelled by the correlation operator, o;, defined as an integral operator

on H. Let a matrix kernel & = (5;5); j=1,....« that is bounded in space and time, then define

o1 f(z) = /@ s(x,y.0)f(y)dy, feH ze2 (2.3)

Here, we have assumed that this operator is deterministic. However, it is important to note that, if required,
it could be defined as a random operator. An example of such a random correlation operator can be found in
[141] where it is defined from the dynamic mode decomposition technique (DMD) [15] and a Girsanov transform.
Girsanov transform enables in particular to introduce a drift term associated to a non-centred noise, through
a change of probability measure. This procedure has proven particularly useful for noise calibration in data
assimilation [16]. The composition of o;[e] and its adjoint operator o [e] defines a compact self-adjoint positive
operator, of which eigenfunctions and eigenvalues are denoted &,,(-,t) and A, () respectively. These eigenvalues

fulfil 7
of H. As such, the noise can be equivalently defined on this basis as the following spectral expression,

An(t) < 400 and decrease toward zero at infinity, and the eigenfunctions form an orthonormal basis

ovdBy(z) = Y A/2(1)E, (1) dBY- (2.4)
neN

Consequently, the noise component is a H-valued Gaussian process of null mean and with bounded variance
~ that is Ey[[) o5 dB,] = 0, > 0 and E. [ [ o5 dB,||%] < +00,¥t > 0 — under the probability measure P.
Moreover, the auto-covariance at point @ € & of the unresolved flow component at each instant ¢ € [0,7] is

given by the matrix kernel of the composite operator oo™*, and denoted by a(x,t), namely

a(x,t) :z/@&(w,y,t)& (y,z,t)dy = Z)\ (z,t). (2.5)

neN

The process fo x, s) ds corresponds to the quadratic variation of fo osdBg(x) [17].

The stochastic integral defining the noise could have been defined in terms of a Stratonovich integral instead



of an Itd integral [17]. For a deterministic correlation operator, a boils down to the local variance of the noise,
due to the Ito isometry [13]. Hence, we referred to a as the variance tensor, although for a random correlation
operator this denomination is misleading since it is a random process. Physically, the symmetric non-negative
tensor a represents the friction coefficients of the unresolved fluid motions, and is physically homogeneous to a

viscosity with unit m?/s.

Consider an extensive random tracer © (e.g. temperature, salinity or buoyancy) transported by the stochastic
flow, fulfilling the following conservation property along the trajectories: ©(X¢ist,t+0t) = O(X,t) with dt an
infinitesimal time variation. Thus, the evolution law of © is given by the following stochastic partial differential
equation (SPDE),

D0 = d,0 + (v* dt + 0dB,) -V © — %v - (@VO)dt =0, (2.6)

where D, is introduced as a stochastic transport operator and d;0(x) := O(x,t + §t) — O(x,t) stands for
the forward time-increment of © at a fixed point € 2. This operator I, was derived in [5] using the
generalized Ito formula (also called Ito-Wentzell formula in the literature) [18] and plays the role of a transport
operator in a stochastic setting. Remarkably, it encompasses physically meaningful terms [17, 19]: the two first
terms correspond to the classical terms of the material derivative, while the third term describes the tracer
advection by the unresolved flow component. As shown in [17, 19], the resulting (non Gaussian) multiplicative
noise odB; -V O continuously backscatters random energy to the system through the quadratic variation
1/2(VO)-(aVO) of the random tracer. The last term in (2.6) represents the tracer diffusion due to the mixing
of the unresolved scales. The energy loss by the diffusion term is exactly balanced with the energy brought by
the noise. This pathwise balance (i.e for any realisation) leads to tracer energy conservation and highlights the

parallel between the classical material derivative and the stochastic transport operator. This will be precised

below.
Under specific noise and/or variance tensor definitions, the resulting diffusion [20, 5] can be connected to the
additional eddy viscosity term introduced in many large-scale circulation models [21, 22]. As an additional

feature of interest, this evolution law introduces an effective advection velocity v* in (2.6) defined for an

incompressible noise term as
1
v =v— §V-a. (2.7)

This statistical eddy-induced velocity drift captures the action of inhomogeneity of the random field on the
transported tracer and the possible divergence of the unresolved flow component. It is shown in [17] that the
turbophoresis term, vy, = 12V - a, can be interpreted as a generalization of the Stokes drift associated to surface
wave current and that it plays a key role in the triggering of secondary circulations such as the Langmuir
circulation [23, 24]. Consequently, this velocity is termed It5-Stokes drift (ISD) in [17]. Notice that, in the
modified advection (2.7), the ISD cancels out for homogeneous random fields (since then the variance tensor is

constant over space).

Many useful properties of the stochastic transport operator I; have been explored by [19, 25]. In particular, if
a random tracer is transported by the incompressible stochastic flow under suitable boundary conditions, then

the pathwise p-th moment (p > 1) of the tracer is materially and integrally invariant, namely

o (Ser) =0, a( [ teraz) -0 (2.5)

It is worth noting that the transport equation (2.6) can be written in terms of Stratonovich integral [17], as

The Stratonovich integral has the advantage of fulfilling a “standard” chain rule, so that the notation D, for

the transport operator similar to the material derivative. Ito calculus introduces second order terms — such as



the diffusion term — which becomes implicit in the Stratonovich integral. Because of this, Stratonovich noise
is not anymore a martingale and is not of null expectation. Moreover, it is possible to move safely from one

integral to the other under some regularity assumptions. In the following we will use the Stratonovich notation.

3 Non linear Shallow Water equations under location uncertainty

In this section, we derive a stochastic representation of ocean waves in the near-shore zone, focusing on the
derivation of models going from the Shallow water model to the Serre-Green-Nagdi model. Our stochastic
derivation is similar to the scaling procedure described in [26]. Our derivation starts from the general 3D Euler

equations in the LU setting, which read
1 1
dyv + (v — 3 V. a)-Vudt + (oodB,; - V)v = —=V(Pdt 4+ dh7) — gzdt, (3.1)
p

1
V-(v—iv- a) =0, (3.2)
denoting v = (w,w) the three-dimensional velocity decomposed in terms of horizontal, w, and vertical, w,
components. The pressure is denoted P, while p and g stand for the density and the gravitational vector

directed along the vertical direction, respectively.

Shallow water conditions are characterised by a water depth h being much smaller than the wave length scale
L ~ 1/|k| , where k denotes the wave number. This condition is often expressed through the quantity 8 =
khy < 1, which informs about the predominance of dispersion. In linear theory, the amplitude A of the wave is
small and tends to zero when the characteristic scale tends to infinity. Another quantity is usually introduced
to measure the non-linear effects: e = A/hg. Shoaling processes start for 8 < 1 (i.e. when wavelength and depth
have the same order) and ends when the waves break at e > 1 (an illustration is provided in figure 1, which
was borrowed from [27]). Thus, shoaling requires asymptotic models with short wavelength and high wave
amplitude. These adimensional numbers are used to build approximated solutions of the shallow water waves
system, ranging from weakly nonlinear Boussinesq models (small amplitude regime, 32 << 1 and € = O(?)) to
the nonlinear Serre-Green-Naghdi system (large amplitude regime). As it will be shown in section 3.1, within

the modeling under uncertainty setting the Serre-Green-Naghdi model reads

—x 1 —_—
Dy/'n = ~h(Ve - (@~ Tew,)dt + TV, - 7odBY), (3.3a)
- 1 h
D, @ + Vndt — 5652%(?@@)) = 0(8*,¢pY), (3.3b)
with )
dG(z,t) = D (V- @) — €V, - ((@ — 5 Tet)dt + YT'2o0dB])V, - a. (3.4)

The notation D/ f stands for the Stratonovich transport operator with respect to vertically averaged stochastic
flow components,
D, f=df +eViuf -u dt+ YV, f-codBY, (3.5)

with the depth averaged horizontal velocity

h(x,t)
u(x,t) = %/Ou(z)dz (3.6)

The last left-hand side term of (3.3b) can be understood as a pressure term associated to the vertical velocity
component acceleration corrected by compressibility effects. This term is quite intuitively a function of the
average horizontal velocity divergence. Overall, the system constitutes a stochastic version of the Serre-Green-

Naghdi equations [28, 29]: compared to the original deterministic model, it includes an additional transport noise



(a) BREAKING WAVES FEEL BOTTOM DEEP WATER (b)
WAVES AND STEEPEN WAVES NOT AFFECTED BY BOTTOM
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< > <&
i — » <

Contours Orthogonals

Figure 1: Tllustration of shoaling processes, borrowed from [27]. As the waves approach the coasts, both the
typical wavelength and the water depth decrease, the former much faster than the latter. Hence, 8 decreases
and € increases as the waves approach the coast. Thus, shoaling processes are characterised by moderately large
values of the parameters € and g — that is, away enough from the coast to avoid breaking waves, yet near enough
for the bottom topography to influence the wave dynamics.

term and the contribution of the It6-Stokes drift induced by the inhomogeneity of the small-scale fluctuations.

A graphical illustration of the bottom topography, water depth and surface deformation is provided on figure 2.

n

Topography

Figure 2: Illustration of the bottom topography n;,, water depth h and surface deformation 7.

3.1 Deriving the stochastic Serre-Green-Naghdi system

In this section, we derive a stochastic representation of the Serre-Green-Naghdi model.

3.1.1 Evolution equations

Scaling relations First, we proceed to the following adimentionalisation to define the asymptoptic models.
Consider x = L%, z = hgz, v = e Cyv with Cy = /ghg the characteristic long wave velocity. Also, time is
scaled as T' ~ L/Cj. The notation e stands for adimensioned variables. We will further assume the following

incompressible assumption for the noise and the ISD,
V-o00dB;=0and V- v, =0. (3.7

These assumptions on the noise lead to the global energy conservation — expressed as the sum of the potential

and kinetic energies — of the shallow water system [30], as well as the energy conservation of transported scalar



[19, 31]. The incompressibility condition on the flow boils down to the classical divergence-free condition
V-v=0. (3.8)

This incompressibility condition leads to the scaling w = ¢SCyw for the vertical velocity. In addition, we scale
the noise term and the variance tensor a by T'/2 and Y, respectively. The incompressibility condition on the

noise term writes

odB" = Y/ LodB", (3.9)

with a similar scaling on the horizontal noise displacement. This provides a scaling on the vertical noise

component as
oodB; = Y'*¢fL ood B}. (3.10)

The variance tensor has the dimension of a viscosity in m?/s. For a deterministic correlation tensor, o, it is

related to the variance of the flow fluctuation, v’ = (w/,w’)" through
a=E@'v'")r, (3.11)

where 7 is a decorrelation time. Now denote a”", a”* and a** the horizontal (2D) matrix variance tensor,
the horizontal-vertical cross vector, and the vertical variance, respectively. Thus, we get the following scaling

relations,

a™ = YOyl a" (3.12a)
a" = YBCyLa""* (3.12b)
a® = Y2 B2CyL a**. (3.12¢)

Note that these relations could have been inferred directly from the noise scalings and relation
adt = E(edB(cdB;)"). (3.13)
Additionally, the ISD component scales as
12 V- a = (us,ws) = Ye*Co (Vg - a"" + 9:a"*, BV 5 - a"* + BOza™), (3.14)

where V,; refers to the gradient with respect to the horizontal coordinates. As in the classical setting, we will

assume that the large-scale component of the flow is irrotational and thus
Oyt = 00 and dz@ = B2V gz -, (3.15)
while the adimensional continuity equation is
Vit = —0;w. (3.16)
In the long wave assumption, the pressure is scaled by the static pressure as follows
P ~ pghg and thus P = pghqP. (3.17)
The same scaling is assumed for the turbulent pressure, with the additional noise variance scaling Y'/2,
dhg = T2 pghodhs. (3.18)

For simplicity, from now on we will drop the tilde accentuation for the adimensional variables in the following.



Incompressibility condition Integrating over the z axis, the incompressibility condition (3.2) gives

h(x,t) 1 1
/0 V- (u— §Te ug)dz = — <w(h(m)) — §T€ws (h(ac))) (3.19)

Using Leibniz formula and introducing the depth averaged horizontal effective velocity u*,

h(x,t)
T (w,t) = 7/ w* (2)dz, (3.20)
h 0
we have
h(z,t)
v, - / w'dz — w(h) - Vigh = W - (@ h) — w*(h) - Vigh = —w*(h). (3.21)
0

In the same way, we have for the noise term

V. + (hodB}') =V, - (hadB/ (h)) = —odBj(h). (3.22)

Adimensionned momentum equations Gathering the previous scaled relations, we obtain the following

equations for the horizontal and vertical velocity,
1 1
e+ V- ((u— S Teus)u)dt + 0. ((w — S Tew,)u)dt + Y2 V. (0odB] u) + Y'2e%9, (o0d B} u)
= —V, Pdt—""?8,dh;, (3.23)
and
1 1 ;
eﬁzdtw—I—eQBQ((u—ﬁTeus)-VHw)—l—eZBQ((w—§Tews)8Zw)dt+6252T1/2(aodBf-VHw)—i—eZBZTl/z(a'odBtzazw)
= —(0,P+1)dt — T'?0,dh;. (3.24)
The vertical momentum equation can be written in a more compact form, that is
ef’Dyw = —9,dP — 1dt, (3.25)

where P represents the total pressure, sum of the finite variation and martingale pressures. In this formula, 1

stands for the rescaled gravity term.

3.1.2 Boundary conditions

Bottom boundary conditions For the boundary conditions we will assume that w(x, z,t) = codB] = 0

Hz

on the bottom z = 0. Due to this last condition we have also a** = ¢** = 0 on the bottom. The constraint of

the vertical ISD from (3.14) implies that d,a**(x,0,¢) = 0 on the bottom. As a consequence,
V-a(z,0,t) = T2 (VH -a™(x,0,t) + 0.a™*(x,0,1), 0).
The divergence-free constraint of the ISD leads to following condition on the bottom,
Vi + Vg - a®?(x,0,t) = 0. (3.26)

We will also consider that the noise and the ISD have the same characteristics as the large scale velocity near

the bottom: due to the large-scale component being irrotational, the following hold in the vicinity of the bottom

9, 00dB; =0, 00dB}, (?>V,00dB; =0, 00dB] at z = ¢z, (3.27)



and
02Vs = OylUs, B2V, ws = O,u, at z = 0z. (3.28)

Free surface boundary conditions At the free surface z = h(x,t), we denote by n the surface elevation
variation and consider the scaling
z=h(z,t) = ho(1 + en(z, 1)),

which leads to )
Z= h—h(m,t) = (1+ en(z, ). (3.29)
0
The evolution of the dimensional surface elevation is given by

(w — wg)dt + oodB; = Dyn, (3.30)

where an effective vertical velocity driving the dynamics of n appears on the left-hand side. This velocity is
composed of the vertical components of the velocity, the ISD, and an additive noise variable linked with rapid
vertical oscillations. As usual in long wave approximations, we assume that the whole pressure is constant at

the interface, and for sake of simplicity we consider that this constant is null, that is
dP;(z, h(x,t),t) = 0. (3.31)
The adimensional form of the free surface evolution (dropping the tilde accentuation) reads,
(w(h) — %Tews(h))dt +7T"2 godB;(h) = din + €Viyn - (u(h) — %Teus(h)) dt+Y"?eV,n-ocodBY(h). (3.32)
Considering the averaged continuity equations (3.21) we obtain
den + e Viun - (u — %Teﬁs) dt + e Vyn - 00dBY = — h(V, - (W — %Teﬁs)dt + YV, - ocodB), (3.33)
which can be written more compactly as
D/n= (V- (@- %Teﬂs)dt + T2V, - godBy). (3.34)

Notice that we have introduced an operator ﬁf , that involves only depth average velocity components. More-
over, remark that for homogeneous noise (i.e. with no statistical dependence on space location), the variance
tensor is constant over space and the ISD cancels out. In such a case, the surface elevation dynamics simplifies

in the more intuitive form,

din + e Vgn - wdt + T'/e Vun - oodBf = — h(VH cudt + 12w, - UodBf). (3.35)
Additionally, in the general case, the integrated ISD can be written in terms of horizontal quantities,

h(z,t)
W= ([ Ve @ () = Vi - (ha") - 0" (1) Gk o+ " ()
0
=V - (ha") — a""(h)Vyh + (ood B} (h),codBj (h))

— W, - (ha@") — a"" (h)Vyh — %hVH @ (h). (3.36)



3.1.3 The wave model

Depth averaged horizontal momentum equation By taking the average of the horizontal momentum
equation, and using Leibniz rules in time and space for stochastic processes (see appendix A), the continuity

relation and the elevation evolution together with the velocity boundary conditions, we obtain

1 . — _
ehd,i + €h (a — 5 Tets) - V.)@dt + Y'2eh (god By - V,)u

h(z,t) 1 ) 1 X h
—he?V,- / ((u—QTeus)udH—T /Q(UOdBtH'u,)—(ﬁ—iTeﬁs)ﬂdt—l—T /2(aodBfu)>dz =— / V., dPdz.
0 0

(3.37)
Now we express below the depth-averaged pressure term involved in the right-hand side of this equation.
Dynamic pressure contribution Decomposing dP = pdt + dh7, we obtain from Leibniz formula
h(x,t) 7 .
/ Vi (dP)dz = V;(hdP) — dP(h) Vi h = V,, (hdP). (3.38)
0
Moreover, remind that dP is given by integrating the vertical momentum equation (3.25), i.e
—~0,dP = dt + ¢f*Dyw. (3.39)
Thus, integrating (3.38) vertically from depth z up to the surface, one has
h
—p(z, z,t)dt — dh{ (x, 2,t) = (z — h)dt — 652/ Dyw(z, 2’ t)d2’, (3.40)
which implies
- 1 h s rh
—h(pdt+dhy) = f§h2dt7 B> / < / th(x,z',t)dz’>dz. (3.41)
0 z

In the previous relation, the second right-hand side term can be simplified through integration by part as follows

h h h z h z h h
—662/ (/ thdz’)dz: —6ﬁ2/ 20, (/ thdz'—/ thdz’)dz—&— [2(/ thdz’—/ thdz')}
0 \Jz 0 0 0 0 0 0
h
= —652/ zDywdz. (3.42)
0

Then, the horizontal momentum equation reads
1 y — 1, h
dyw +e((m — 5T6ﬁ5> -V, )udt + Y2e(ood By - Vi, )bu + Vndt + EEB VH/ zDywdz
0

h h
-V, /O {(u _ %Teus)u (- %Teﬁs)ﬂ dz — XY, /0 [(UodBfu) ~ (6odBFa)|dz. (3.43)
So far, no approximation has been introduced in the derivation of this equation. In order to compute the
different terms of this averaged equation and build simplified systems, we introduce now some asymptotic
approximations. In particular, the integral terms on the right-hand side of (3.43) involve both w and its vertical
average value w. This means the system is not closed since one cannot deduce u from wu solely. Therefore, one
needs to investigate reliable approximations of these integral terms, as well as of the vertical acceleration term
on the left-hand side of (3.43).
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Expansion of the velocities at the bottom Since the velocity potential is harmonic and irrotational,

expanding the velocity component through a Taylor expansion at z = 0 gives

1 1
w(@, 2,t) = w(@,0,t) + du(®,0,t)z + 0% u(@,0,4)2* + 02 u(®,0,4)2" + 6 (5"2")

1 1
= u(x,0,t) + B Vyw(x,0,t) z + = 0. Vyw(x,0,t)2% + = B0 Vyw(x,0,t)2> + 0(5*2*)
—_——— 2 6
=0
1 1 . )
=u(x,0,t) — §B2VHVH cu(x,0,t)2% — 6,8‘3 ApVaw(zx,0,t) 2% + 0(8*2*). (3.44)
—_———

=0

Notice that, due to both harmonicity and irrotationality conditions, the expansion involves only even orders

terms. Hence, since z at most of the order of hgy, we obtain

w(@, 2, t) = u(@,0,t) — %BQVHVH cu(w,0,6)22 + 6(8Y). (3.45)

Averaging this equation, the bottom horizontal velocity u®(z,t) = u(x,0,t) is expressed as
ub(x,t) = u(x,t) + éﬂzhszVH cub(x,t) + O(BY). (3.46)
Using the following expansion for u” in (3.46),
u’ =a(z,t) +ex’ - V1, (3.47)

we obtain

1 1
u(x, z,t) =u(x,t) + 6h262 VuVy - u(x,t) — 562 ViV sz, t) 2% 4+ 0B, eBY). (3.48)
Remark that this expansion brings an additional error term of order &'(e84).

For the ISD, proceeding in the exact same way, and assuming it is irrotational at the bottom, we obtain as well

1 1
’U,S(SC7 Z7t) = us(sc,(),t) + 8zus(ma Oat)z + 583211‘8('7}7 O,t)2’2 + 6833’“’8(‘7}’ 07 t)zg + ﬁ(/@4z4)

= wsf@,0,8) — 5BV Vi ws(,0,1)27 + (5, (3.49)

where we used irrotationality at the bottom and incompressibility of the ISD. Averaging along depth, and

replacing in the above expression the bottom ISD, we get

us(x, 2,t) = Uy (z, ) + O(B%, €8%). (3.50)

Furthermore, for the vertical velocity component w we have

1 1
w(zx,y,t) = d,w(x,0,t)z + 5332w(m,07t)22 + 682310(33, 0,1)2° + 0(B*2%),

1 1
= =Vu-u(@,0,t)z = 825 Agw(@,0,1) 2% + 7= Au Yy - u(@,0,1)2° + 0(8'2Y),
— 6
=0

1
=—Vy - u(z,0,t)z + ﬂngHVH cu(x,0,t)23 + 0(812Y). (3.51)
Making use of the expression of the bottom velocity, we get

w(ze,y,t) = =V - u(x, t)z + O0(8?). (3.52)
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Similarly, for the vertical component of the ISD, one has
1 1
ws(x,y,t) = O,ws(x,0,t)z + §8§2w3(:1:,0,t)z2 + 682311)5(3:, 0,1)2° + 0(B*2%),
1
= -V, - us(x,0,t)z + ﬁQEAHVH cuy(x,0,1)2 + 0(842), (3.53)

then
we(x,y,t) = =V -y (z, 1)z + O(?). (3.54)

For the noise term, following the same procedure, the horizontal component is expressed as
. 1 . 1 .
oodB! (x,z,t) = codBI (x,t)+ 652h2VHVH -codB! (z,t) — 552VHVH -oodB (x,1)22 + 0(5*, ¢*). (3.55)

and the vertical one as
oodB;(xz,y,t) = —V, - cod B/ (z,t)z + 0(3?). (3.56)

From these formulae, we can approximate the variance tensor components a, a* and a?*:

adt = E(edB} ® 6dB}') = E(6dB} ® adB]") + 0(5?,¢6%)
=a" + 0(5°,¢6%), (3.57a)

a"*dt = E(6dB} 0dB;}) = —fE(cdB} V, -adB]") z + 0(5?,¢%)

= —%zv,, ca’ + 0B ep?), (3.57b)

a**dt = E(edB} 0dB}) = E(V,; - 0dB]' V, - 0odB}") 2> + 0(5*, ¢8%)
=22a'v + 0(pY), (3.57¢)

With the above approximations, we observe that all the quadratic integrals scale as

/Oh [(u - %Teus)u —(u— ;TGus)u] dz ~ O(8",e8Y), (3.58)

/Oh [(UodBfU) - (aodBfu)} dz ~ O(B*, 8% (3.50)

Besides, the ISD (3.36) reads now

Us =

(W - (h@") — a"™ (h) Vyh — %hVH -a""(h))

(NNl

(@) + 08, ), (3.60)
ws =V -a"* + 0,a**

= —z(%VH cV, -a@’ —2atv) + 0(8%, ). (3.61)
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Using the approximation of the vertical velocity (3.52), the vertical acceleration relation (3.25) reads

1 1
Diw=—=z (dtVH U+ 6((ﬂ — §T€ﬁs> ) VH>VH -udt — 6(VH : (ﬁ_ iﬂreﬁs)vf‘f 'H)dt—i_

eY'/*(godBY - V)V, - & — €Y'/*(V, - 50d BV, -u)) + 0% ef%). (3.62)

Eventually, we find the evolution equations for the surface elevation and the depth averaged velocity,

—H 1 -
D;n=—h(Vy - (@~ 5 Tet,)dt + TV, - codB}), (3.63a)

— 3 —
det + €((u — %Teﬂs) -V )udt + Y 2e(ood By - V) + Vyndt — %652% (%(dG)) =0(B* eB*) (3.63b)

_ 1 1
dG(z,t) = (dtVH cu+e((u— 5Ieﬂs) Vi) Vi - udt — €(V, - (u — 5Teﬂs)v,, -a)dt

(3.64)
+ €Y'2(ood B} - V)V, - wdt — €X'*(V, - 0od Bf' V, -u)),
which can be more compactly written as
_ — 1 Ty e _
dG(z,t) = D} (Vs - @) — €V, - ((@ — 5 Tem)dt + 1 "godB})V, - a. (3.65)

This last expression can readily be understood as the acceleration of the average horizontal velocity divergence
corrected by compressibility effects. This system constitutes a stochastic version of the Serre-Green-Naghdi
equations [28, 29]. Compared to the original deterministic model, additional noise terms are involved. Those
terms correspond to small scale advection and are accompanied with a corresponding ISD correction term in

the large scale advection.

Let us now exhibit some simplified models that arise by neglecting higher order terms.

3.2 Shallow water waves approximated models

In this section we present two stochastic representations of classical approximations of the Serre-Green-Naghdi
equations, namely the Shallow Water and the Boussinesq wave models. In addition, we briefly mention a
stochastic version of the Kordeveg-De Vries equation. Through the section, we will make use of the Stokes

number (also called Ursel number), defined as S = €/32.

Shallow water (or Saint-Venant) long waves approximation For long waves regimes such as tidal
waves, we have § < ¢ = A/h < 1, which corresponds to a Stokes number S > 1. Neglecting in system (3.63)

the terms of order higher than e gives

— 1 -
D;n=—h(Vy-(@— 5 Teto)dt + T2V, - 0odB}), (3.66a)
1 -
dyw + e((m — §Teﬂs) -V )udt + Te(codBf - V, )@ + Vndt = 0. (3.66b)
This system corresponds to a stochastic version of the 2D Shallow water model [30]. We note that the noise

term is kept assuming Y is of order 1 or higher. The diffusion term is in balance with the energy brought by the
noise and must be kept to ensure energy conservation. For lower noise amplitude, the system boils down to the
classical deterministic system. Notice that this system results from neglecting the vertical acceleration, which

corresponds to the usual hydrostatic assumption. However, differently from the deterministic (linear) shallow
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water system, this corresponding linear stochastic system admits dispersive waves as solutions due to the noise

term [3].

Boussinesq approximation Assuming that S~ 1 and 8 < 1, we retain only the terms of order ¢ and 42 in

the system (3.63). Thus, we obtain a stochastic interpretation of Boussinesq wave equation. This system reads
1 -
Di'n = —h(Vy - (@~ 5 Tews)dt + T2V, - godB}), (3.67a)

1 B — 2
dyw + €((u — §T€ﬁs) - Vy)udt + T 2e(godBE -V, )u + V,ndt — 662(%VHVH -dym) = 0(B*, eBY) (3.67h)

Remark that an additional dispersive term appears compared to the previous system. From the LU Boussinesq
system, one can also derive a stochastic version of the Kordeveg-De Vries (KdV) equation, as developed in
appendix C.

3.3 Discussion on conserved quantities

In this section, we discuss the conservation of the following quantities: mass, momentum and (mechanical)
energy. We consider a bounded horizontal domain Sy and assume that the noise term o'odBtH is zero on the

boundary 0Sg. In particular, o-odBf is periodic.

Mass: We regard mass conservation first. Notice that the total mass m fulfils m = |, Si foh p dz dSg, where
Sy is the horizontal domain — which can be 1D or 2D depending on the considered problem — and h = (1 + €n).
Assuming that p = pg is constant, we get m = poh(|SH| + efSH 17 dSy). Hence, dym o dt(fSH 7 dSH>.

Moreover, in the three models studied in this paper, the evolution equation of the surface elevation 7 remains

unchanged and reads
den + e (@ - Vi)ndt + Y'2e (0odB} - Vi, )n = —h(Vy, - @*dt + TV, - ¢od B}), (3.68)
that is to say, in conservative form,
dyn + Y, - (@ R)dt + T2V, - (6odBIh) = 0. (3.69)

Thus, integrating over the horizontal domain Sy and using the divergence theorem, equation (3.69) yields
dt(/ ndSH) +/ (ﬁ*h dt + T1/2aodth) -dng, =0 (3.70)

Therefore, under suitable boundary conditions — which are periodic with a 1D domain Sy in our study — the

horizontal integral of the surface elevation f sy 1 dSpy is conserved, and consequently so is the total mass.

Momentum: To investigate momentum conservation, we define the total momentum p = |, Sir foh pudzdSy =

po [ s, hu dSy. Then, we derive its evolution equation: starting from the LU Serre-Green-Naghdi model, we
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get
d(h@) =hd@ + wd,h = hds@ + emd;n
= —e(h@* - V) adt — T e(hood B} - Vi, )@ — hV,ndt + eﬂ2VH(h;(d§))
- eﬂ(VH (@ h)dt + T2V - (Wh))
=— eV, - (ha@T@*)dt — eX'°V, - (hz ® oodB!) — %VH;LQ dt + €52V, (%S(d@)). (3.71)
—_—

=V (77+ 522 )

Similarly as for the mass, for i € {x,y} in 2D, and for ¢ =  in 1D, equation (3.71) yields

1 T en? efh®
ds (/ I dSH> + e/ (hﬂﬂ dt+ 7T /thaodBf) .dng,, +/ ((n + - dG)d(nSH)Z— =0,
Su aSn aSu 2
(3.72)
using the gradient and the divergence theorems. Remind that dG is defined as
dG(z,t) = D} (Vi - @) — €V, - (@"dt + T o0d B} )V, - @. (3.73)
Again, under suitable boundary conditions — i.e periodic in our work — it is immediate that
S Yoy — i en’
¢ (huu dt + Y2 hw;o0d B, ) cdng, + | (n+ )t d(ng, )i = 0. (3.74)
OSH OSH
Consequently, one has
_ 662 31~
dt( h; dsH) = [ h3dCd(ng, )i (3.75)
Su 3 Josu

The water height h being periodic by assumption, it is enough to show that dG is periodic. In the LU Saint-
Venant model, the RHS of equation (3.75) is completely neglected, which is equivalent to assuming dG = 0. In

such case, momentum conservation is immediate. In the LU Boussinesq model, dG is approximated as
dG = dy(V, - w) =: dGp.

Since w is periodic, Vi, -w also is, as long as the 1st order space derivatives of w are well defined. Then d;(Vy; -@)
is periodic as well — as long as this term is well-defined — which proves momentum conservation. Regarding the

LU Serre-Green-Naghdi model, we use the “full” equation (3.73) on dG, namely
dG = dGsen : = Dy (Vy - @) — €V, + (@*dt + Y?00d B} )V, - @
= dGp + e (@ - V,)(Vy - @) dt + T2e (0od BY - V,,)(V, - @)

— €V« (@'dt + Y/2o0d B )V, - @.

By similar arguments, the new terms on the RHS are periodic since the 2nd order space derivatives of u are,

as long as they are well-defined. Hence, dG ggy is periodic as well, that is momentum is conserved.

Energy: For shallow water models — in particular, the LU Saint-Venant model — the total energy Egy is
defined as follows (using dimensioned velocities w and water height h),

h h
1
ESW:/ / §P0||U||2dZdSH+/ /POQZdZdSh
Sy JO Su J0

=20 [ hlaasy + 22 / WS, (3.76)

H Su
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where the two terms on the RHS respectively correspond to the kinetic and potential energies. Scaling w and

, 33]

h as before, we find the equation on the following rescaled energy equation [
€ 12 1 9 e 1 9
Esw = 5 hlw|[*dSH + 5 h*dSy = 5(hUaU)L2(SH,R2) + §Hh||L2(sH,R) = Ec+ Ep, (3.77)
SH SH

denoting E. and E, the scaled total kinetic and potential energies. We also denote e, = %hHﬂHQ and e, = h%.

Now, we derive the evolution equation of this energy in the LU Saint-Venant model, using Einstein’s notation

on 1,
62 62
dtec :5ﬁ . dt(hﬂ) -+ *hﬁ . dtﬁ
-_< Zul (hua; 0, (ht;(codBlY);) — ghmaih dt)
jEJ jedJ
3 T /2
— % Z hﬁlﬂjajildt — < 7(0'OdBf)Jajﬂl — ghﬁl&h dt)
jeJ jeJ
63 63 1 —
== 5V (h@?w*)dt — 5T /2%, - (ha?(oodB}');) — ehar;0;h dt),
and

dse, = h - dih = —ehd;(h@})dt — €X' 2hd;(h(ood BY)),

where J = {z} is the problem is 1D and J = {z, y} if it is 2D. Thus, the quantity e = e, + e,, fulfils

3 3
Ve =— G—VH - (hl[w|%a*)dt — %TWVH - (h|@|2oodBY) — €V, - (h2w)dt (3.78)

’I‘ .
+ e—hv,, (h,) dt — €Y1V, - (hood BF).

Integrating over the domain Sy, using the divergence theorem and periodic boundary conditions, we get by

integration by parts the evolution equation of the total Saint-Venant energy Egy,
€T 2 Cnlfe i 2
dEgy = {— ST Vil dt + 510 0dB] - Uy }dSH (3.79)
SH

T P —
:/ (29, -, dt = STRY, - 5od BY | dSy.
Sy 8 2

Consequently, for the LU Saint-Venant model — that is assuming dG = 0 — energy conservation is enforced
by choosing the noise term oodB; such that Vy - codB} = Vj; - us; = 0. We denote this assumption (DF-
BHNISD), standing for “divergence free barotropic horizontal noise and It5-Stokes drift”. However, in 1D
problems, this condition does not make much physical sense since it is equivalent to considering a constant hor-
izontal noise over space. For this reason, energy conservation is not ensured in our numerical simulations, since
they were performed with more general noises which do not fulfil this assumption. Nevertheless, we anticipate
that performing 2D test simulations of this stochastic Saint-Venant equation with non trivial divergence free

noise would lead to numerical energy conservation results.

For the LU Serre-Green-Naghdi model, the energy is rather defined as [32, 34]

e € B
Eson = & (M8, )2 (s, 22) + Hh||L2(SH g T —— W’V W, Vi - W) 125, R)- (3.80)
Using the same notations e. and e, as before, and defining e, = %h3(VH -w)? and e = e, + ep + €py, one has
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similarly

ﬁthth(V H)Q—l—?h?’(VH-ﬁ)dt(VH-ﬁ)}dSH, (3.81)

362
thSGN:/ [ 3 h3 (W, - w)dG +
SH

using that V- 0odBj = V, - us; = 0. Now, computing the first term in the integrand yields

3,82 o 6362 462 L
3 (Y, - )dG:—ThB(VH-ﬁ)dt(VH- ) — W3 (V- @) (w dt + Y/ *codBY) - V,(V, - )
e*p? —
+ Th?’(VH @)V, - (@ dt + TogodBY), (3.82)
that is
6362 o 6352 6462 L
-3 h3(V, - @)dG + Th3(VH ) dy (V- ) = — Th?’(ﬁ*dt +Y'"00dBy) - V,(V,; -w)?  (3.83)
462 L
3 B3 (Vy - @)V, - (@ dt + Y'ood BfY).
In addition, the second term in the integrand is
€ 5 2 772 ¢! o U2y T H
R2dh(V, - W)% = (Vi - @)V, - (hw*dt + Y'”hood BY) (3.84)
452 ) €4B2 )
= h3(Vy u)2V - (@*dt + T *o0dBY) — ——(V,, - @w)*(@*dt + Y'oodBf) - V,,h°.
Consequently,
64ﬁ2 L
diBsay = — / [hs(ﬁ*dt+ T'2godBY) -V, (V, -a)ﬂdsH
SH
e*p? —
+ /S [h3(VH )2V, - (@t dE+ T /QUodBf)]dsH
e1p? —
t—% / [(VH -w)?(w*dt + Y/ *godBY") - VHh?’] dSy
S
e*p? ' P
== /S v, - [h3(VH @) (@ dt + T /2aodBf)]dsH -0, (3.85)

using the divergence theorem and the periodic boundary conditions again. Notice that no assumptions where
made in addition to the one for the Saint-Venant model, that is (DF-BHNISD). As before, this assumption
leads to a space constant noise in the 1D case, therefore it is anticipated that the energy is not conserved in our
simulations. Moreover, the previous calculations show that (DF-BHNISD) is not enough to enforce energy
conservation in the LU Boussinesq model for both the energies Fgy and Egsgn, which is coherent with the

deterministic Boussinesq model.

4 Numerical simulations

In this section, we present some numerical simulations we made to test the three models derived. The Julia
code that we produced is based on the work of Vincent Duchéne and Pierre Navarro, who proposed a variety
of wave models implementations in the deterministic setting — see the documentation in the following link:
http://waterwavesmodels.github.io/WaterWaves1D.jl/dev/ [35]. These models are essentially based on pseudo-
spectral resolution methods, which justifies the use of periodic boundary conditions. We adapted their numerical

framework to the stochastic case, introducing implementations of the noise terms and the ISDs for this purpose.

Regarding the purely stochastic aspects, we consider noises with wave spatial structure. This is justified by the

shape of solutions found in [3]: considering a constant noise a first, the authors showed that the system admits
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progressive wave solutions. Then, they extend the analysis to systems where the noise is itself a progressive

wave. In the end, the 1D noise we consider is the following,
o(x)dW,; = Acos(kz)dB} + Asin(kx)df?, (4.1)

where A denotes the amplitude of the noise and dj3},d3? denote Brownian motions. Using a Box-Muller

argument, this shape is equivalent to
o(x)dW; = Acos(kx + ¢1)dps, (4.2)

where ¢, is a uniformly distributed random phase on (—m, ), such that for all t # s, ¢, and ¢, are independent.
Additionally, df; is a Brownian motion. In our simulations, the noise wave number is set to k = 27/100 ,
and the noise amplitude may take the following values: A = 0.001, A = 0.005 or A = 0.01. Notice that the
dimensioned noise scales like Aev/ghg as a consequence. The value of wave number k is chosen to be at least
one order of magnitude smaller than the typical wave number of the deterministic wave. This is because our
simulations showed that noise terms with too small space scale oscillations lead to numerical instability, and
enables us to further discuss the presence of an additive noise term in the water elevation dynamics. The
values of amplitude where chosen to be much smaller than the typical height of the wave. Numerically, we have
observed that A = 0.001 yields slight perturbations of the deterministic waves — that is typical realisations of
each LU model is similar to its deterministic counterpart — while A = 0.01 induces a more “noisy” dynamics
— that is typical realisations are essentially noise driven. In addition, we chose A = 0.005 as an enlightening

intermediate case.

Our tests are based on computing the evolution of the deformation surface n, with a “heap of water” type initial
condition. Namely, the initial surface deformation is set to be 7(z,t = 0) = exp(—2*), while the initial velocity
is set to u(x,t = 0) = 0. All of our tests were performed on a numerical 1D tank [—L, L] with L = 50, which
is discretised with N = 2! spatial points. The timestep is chosen to be dt = 0.005s, and we assume periodic
boundary conditions. To enforce these conditions on the noise terms as well, we multiply them the function
Sa(x) = exp (%(1 - ﬁ)), with @ = 10, in order to make them vanish on the boundary. The initial

condition on 7 and the profile of s, are given on figure 3.

1.00 + ﬂ li Initial surface elevation‘ 1.00 + /,/777— 7777\\
= \ f \\
S -

c 075 ‘ 9 075 |
o o \
= ‘ g |
> o
@ o050 £ 050 ¢f ‘
[9] =
o | g ‘
€ o5t € o025t
S 0
? |
0.00 | L 0.00 | —sa
-40 -20 0 20 40 -40 -20 0 20 40
Horizontal domain (x) Horizontal domain (x)

Figure 3: Initial surface deformation (left) and boundary conditions enforcement function s, (right, o = 10).
Moreover, we propose two sets of parameters for testing our models

e 5 =0.01 and e = 0.1 (), so that the scaling conditions associated with the Shallow Water model hold
(and in particular, they hold for the Boussinesq model as well). Therefore, the three models should give

qualitatively similar results.

e 5 =0.1and e = 0.1 (), so that the scaling conditions of the Shallow Water and the Boussinesq models
do not hold. Thus, these models should give qualitatively distinct — yet not dramatically different — results.
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Additionally, we will compare our stochastic models to the deterministic one dimensional Water Waves model.

Furthermore, two options are available for simulating our models, depending on whether we consider a “true”
Stratonovitch noise or if we rewrite it in Ito form. In the former case, we may adopt a stochastic Euler-Heun
approach as developed in [36], where the computation of the stochastic diffusion becomes implicit. In the latter
case however, one needs to give an analytical expression for the stochastic diffusion. Even though one can
compute them in the LU Saint-Venant and the LU Boussinesq systems, this correction term becomes extremely
complex in the LU Serre-Green-Naghdi model due to the term dG. Therefore, we rather adopted the first

approach using the stochastic Euler-Heun method.

Moreover, for numerical stability reasons, we used a stochastic version of the order 4 Runge-Kutta algorithm
(RK4), rather than the (simpler) Euler-Maruyama algorithm. For instance, the (deterministic) Saint-Venant
equations are known to be dramatically more stable when solved with the order 4 Runge-Kutta rather than the
Euler method. In summary, the solving algorithm we used is essentially the following: we treat the bounded
variation term as in the classical RK4 method, and the martingale term as in the stochastic Euler-Heun method.

Such approach has been studied in more details in [37, 38, 39].

Furthermore, since water elevation equations on 7 are the same in the three models we study — regarding for

example equation (3.68) — one may notice the presence of the term
T'2hV, - (6odBY) = T2V, - (6odBY) + €X'V, - (cod BY).

This shows the existence of an additive noise term Y2V, - (WB?) in the water elevation dynamics. Its effect
is illustrated by Figure 4: due to this term, the surface elevation is not flat “away from the wave”, which is a
strong difference compared to the deterministic setting. To facilitate the comparison between our models and
their deterministic counterparts, we chose to disregard this additive noise term in our simulations. This can be

interpreted as a filtering of the lower wave numbers — i.e. large scale dynamics.

Surface deformation at t= 5.000 Surface deformation att= 5.000
—— Saint-Venant —— Saint-Venant
0.9 r ——— LU Saint-Venant 0.9 r ——— LU Saint-Venant

[y [y
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Figure 4: Realisations of the LU Saint-Venant model, with additive noise (left) and without (right). We only
plot the solution over the domain [—20,20], at ¢ = 5s. Parameter set: () — Wave number: k = 27/100 —
Amplitude: 0.001.

4.1 Qualitative analysis on the effect of the noise

In this subsection, we give some qualitative insights about the effect of the noise on the dynamics of the system.
For this purpose, we compare each deterministic solution to a solution of the associated LU interpretation,

disregarding the effect of the additive noise term previously mentioned.
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4.1.1 Parameters (%)

Considering the parameters (£2;), we compared the deterministic Saint-Venant, Boussinesq and Serre-Green-
Naghdi models (blue curves) to realisations of their associated LU models (orange curves), using the 1D Water
Waves as a reference (green curves). The noise we chose has the shape of a stationary wave, with wave number

k =27n/10 . Figure 5 show realisations of these models at ¢t = 5s, for different noise amplitudes.

Surface deformation at t= 5.000 Surface deformation at t=5.000 Surface deformation att=5.000
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Figure 5: Comparison between the surface deformation of the deterministic Saint-Venant (1st row), Boussinesq
(2nd row) and Serre-Green-Naghdi (3rd row) models and realisations of their LU interpretations. Parameter
set: (1) — Wave number: k = 27/100 — Amplitude, from left to right: 0.001, 0.005 and 0.01.

We observe that deterministic solutions are close to the Water Waves solution. This is expected regarding
the scaling of § = 0.01 <« 1. Moreover, the LU systems seem to converge to their respectively associated
deterministic solution for a vanishing noise, thus giving consistency to the LU interpretation of the wave
equations. In both cases, the noise tends to break the spatial symmetry of the wave. This stems from the
shape of the noise, which is a sum of a symmetric function — A cos(kx)d3} — and an antisymmetric function —
Asin(kz)d3?.

4.1.2 Parameters (%)

The symmetry breaking mentioned in the previous subsection is also observed in 6, where we use parameters
(P5). However, in this case, the parameter 8 = 0.1 does not match the validity conditions of the Saint-Venant
equations since 8 ~ e. Therefore, the Water Waves solution is expected to differ from the Saint-Venant ones,
in both deterministic and LU forms. This is observed in figure 6, indeed. In addition, the LU Boussinesq and
LU Serre-Green-Naghdi appear to give an interesting variability to their deterministic versions. However, the
LU Serre-Green-Naghdi model yields numerical instabilities when choosing larger values of 8 — e.g. g = 1.
This is due to a periodicity default caused by the symmetry breaking of the wave, which does not exist in the
deterministic setting. To tackle this issue, we think of investigating numerical models in conservative form —
that is computing the water elevation/momentum variables (n, hw) rather than the water elevation/momentum

variables (n,u). For similar reasons, our implementation does not enjoy conservation of physical quantities
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discussed earlier. Although it is relatively simple to translate our LU Saint-Venant algorithm into conservative
form — which then conserves mass, momentum and energy up to machine accuracy — our LU Boussinesq and
LU Serre-Green-Naghdi algorithms are more challenging to adapt due to the presence of the term dG. We
expect such numerical method to be more stable than the currently used one, and to allow investigating how

multi-scale location uncertainty affects the waves dynamics. This is subject to further work.
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Figure 6: Comparison between the surface deformation of the deterministic Saint-Venant (1st row), Boussinesq
(2nd row) and Serre-Green-Naghdi (3rd row) models and their LU interpretations. Parameter set: (£7;) — Wave
number: k = 27/100 — Amplitude, from left to right: 0.001, 0.005 and 0.01. The bottom right figure illustrates
that the LU Serre-Green-Naghdi model is unstable for large enough noise amplitudes.

4.2 Numerical estimation of the noise-induced spreading

In this section, we analyse the first and second order statistics of each LU wave model in the setting described
above, at time t = 5s. Again, we will study these models in the sets of parameters (47 ) for the LU Saint-Venant
model, and (Z?3) for the LU Boussinesq and Serre-Green-Naghdi models. The LU models statistics we analyse

are computed with 130 realisations of each stochastic model.

A spreading arises from LU Saint-Venant model, which appears to grow linearly with the amplitude of the
noise — see Fig 7 . Also, is concentrated in the “upstream” of the wave, which is expected since it would be
physically irrelevant for the wave to affect a region where it has not passed. In addition, the means and the
standard deviations appear to be space symmetric — up to statistical error — which suggests the distribution is
also space symmetric. Moreover, there exists a significant spreading at the peak of the wave for strong enough

noise amplitudes.

Regarding the LU Boussinesq and Serre-Green-Naghdi models, the same remarks on the peak spreading and
the symmetry of the means and standard deviations apply — see Fig 8. Again, the spreading is concentrated
in the “upstream” of the wave, specifically at its peaks and troughs. In particular, the maximum height value
of the LU models varies depending on the stochastic realisation. Such observation gives lines of approach for

building stochastic models by selecting the noise ¢ to data, using for instance calibration or data assimilation
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Figure 7: First and second order statistics of the LU Saint-Venant model at t = 5s, compared to the associated
deterministic model and the water waves one. In addition, an evaluation of the spreading — defined here as 3
times the empirical standard deviation — is given for different values of noise amplitude (orange area). We only
plot the solution over the domain [—20,20]. Parameter set: (£71) — Wave number: k& = 27/100 — Amplitude,
from left to right: 0.001, 0.005 and 0.01.
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Figure 8: First and second order statistics of the LU Boussinesq (1st row) and LU Serre-Green-Naghdi (2nd
row) models at ¢t = 5s, compared to the associated deterministic models and the water waves one. In addition,
an evaluation of the spreading — defined here as 3 times the empirical standard deviation — is given for different
values of noise amplitude (orange area). We only plot the solution over the domain [—20,20]. Parameter set:
(P5) — Wave number: k = 27/100 — Amplitude, from left to right: 0.001, 0.005 and 0.01.

techniques.

Although the Serre-Green-Naghdi and the Boussinesq models give similar results for the parameters (%), we
expect that much more differences would be observed between the two models with 5 = 1 and € = 0.1. As
mentioned before, wave models written in conservative form should be more stable and allow to perform such

tests in this configuration.

5 Conclusion and discussion

In this work, we investigated the stochastic representation of several shallow water coastal wave models within
the LU framework. These stochastic models maintain the same conservation properties formally and thus exhibit
physical consistency with their deterministic counterparts. We demonstrated numerically that they induce a
pathwise symmetry breaking, accompanied by a restoration of this symmetry in law, which is a property that
should be expected in representing turbulent effects. For low noise amplitudes, the studied models have shown
to converge toward the deterministic solutions. For large amplitudes, we need to transition to a numerical

scheme in conservation form. This will be the subject of a future study.
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A Appendix 1: Leibniz formula

We give in the following the expression of the Leibniz integral rule for a stochastic process. We want to evaluate

b(x,t)
/ J(, 2 t)dz,

a(z,t)

the derivative of an integral of the form

with respect to the space, x, and time, t, and where a(z, z,t), b(z,2,t) and f(z,z,t) are continuous C?-

semimartingale. For the space variable, no time derivative is at play and the usual formula stands:

g [v) b(x,t)

3—/ f(z,z,t)dz = Oxf(x,2,8)dz + 0,0 f(x,b(x,t),t) — Ora f(x,a(x, t),t).
T Ja(z,t) a(x,t)

Differentiation with respect to time, involves now a stochastic integration. Understanding the stochastic integral

in the Stratonovich setting, we have,

b(z,t) b(z,t)
dt/ flx, z,t)dz = / di f(x, z,t)dz + ded f (2, b(x, t),t) — dsa f(z, b(x,t),1).

(z,t) a(z,t)

The key argument of proof consists in defining the functions F(z,y,t) = f;’l f(z,z,t)dz and G(z,a,b,t) =

fb(w,t)

f(z, z,t)dz, then link them with a functional relation, that is
a(x,t)

b(x,t) a(z,t)
G(z,a,b,t) :/ f(x,z,t)dzf/ f(z,z,t)dz
0 0

= F(Q:,b(z,t),t) - F(z,a(x,t), t).

Now we introduce the following chain rule for Stratonovich calculus,

Theorem A.1 (Generalized 1t5’s formula — Stratonovich form). Let 6(x,t),x € 2 be a continuous C*-process
and a continuous C?-semimartingale, let X, be a continuous semimartingale with values in 2. Then, the

following formula is satisfied :

00
8(Ei

Upon applying this on G(z,a,b,t), we obtain

diG = d¢ F(x,b(x,t),t) + Op F(x,b(x,t),t)did — At F(z, a(x,t),t) — O F(z,b(x,t),t)dra
b(z,t)
= dtf(xa 2, t)dZ + dtbf(xa b(l‘, t)a t) - dtaf f(mv b(l‘, t)7 t)7

a(z,t)
To interpret the stochastic integral in the Ito setting, we would need to adapt the previous chain rule as follows,

Theorem A.2 (Generalized Ito’s formula — 1t6 form). Let 0(z,t),x € 2 be a continuous C?-process and a
continuous C-semimartingale, let X, be a continuous semimartingale with values in 2. Then, 0(Xy,t) is a
continuous semimartingale satisfying

1 0%

06 , o
= RN 1 - 7 ]
A0(X 1, 1) = dy0(X 0, 1) + 5= (X1, )X + 2 FeidE, (Xt,t)d<X X >t +d<

00
axi

(X,).X7) . (A2
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Applying it to the process G(z,a, b, t), we obtain

b(x,t)
d;,G = di f(z, 2, t)dz + dib f(2, (2, t),t) — dra fx,b(z, ), t)+
a(z,t)

d(f(x,b(z,t),t),b)dt — d{f(z,a(x,t),t), a)dt+
%d(b, b) 0% F(2,b(z,t),t) — %d<a,a>tang(x,a(x,t),t)dt. (A.3)

This latter includes several additional quadratic variation terms, and is more cumbersome to use in formal

developments. However, this expression is necessary to access to the mathematical expectation.

B Appendix 2: Quadratic covariation

In stochastic calculus, the quadratic covariation (or cross-variance) of two processes X and Y is defined as

Pn

(X,¥)e = lim 3 (X} = X2 (¥ = ¥), (B.1)

where 0 = {5 <t} <--- <t; =11is a partition of the interval [0,t]. The previous limit, if it exists, is defined
in the sense of convergence in probability.
Let X and Y two continuous semimartingales, defined as X; = Xog + A; + My, Y; = Yo + By + Ny, M, N being
martingales and A, B finite variation processes. In this context, their quadratic covariation (B.1) exists, and is
given by

(X,Y): = (M,N);. (B.2)
In particular, the quadratic variation of a standard Brownian motion B (as a martingale) is (B); := (B, B); =

by definition.

Quadratic covariations play an important role in stochastic calculus, as they arise in It6’s lemma, which can
be interpreted as a stochastic chain rule. In particular, these terms are involved in the Ito integration by parts
formula,

d(XY) =XdY +Yde X +d(X,Y)y, (B.3)

and in It0’s isometry, expressing the covariance of two Ito integrals: let f and g two predictable processes such
that [ f2d(M, M), and [, g>d(N, N) are finite, then

/ fdn) / ng / fgd(M,N), (B.4)

C Appendix 3: LU Kordeveg - De Vries equation

To derive the LU interpretation of the Kordeveg - De Vries equation (KdV), we will adapt a standard procedure
to the stochastic case [10]. For simplification purpose, we will assume homogeneity in the transverse direction
and consider in the following a 1D version of the Boussinesq model. Assuming that the bottom is flat, the 1D

Boussinesq model reads
1 .
Df'n = —h(9,(u— 5 Tetis)dt + T'/20,00dBY), (C.1a)

[ 2
dyu+ e(u — %Teﬂs)&cﬂdt + Y'*e00d BY 0,1 + 8,ndt — e3> (%aizdm) =03, epY) (C.1b)

24



The solutions we consider for the above Boussinesq system are assumed to be waves, and we apply the following
change of variable: £ = © —t + ¢, where ¢, = f(B;) is a random phase that does not depends on z. The
wave shape is also assumed to change on a large temporal scale 7 = et. The depth averaged horizontal velocity
u(&, 7, ) and the surface elevation n(&, 7, ) are assumed to be smooth functions. The noise ood By (£, 7) is
assumed to be homogeneous, and thus is associated to a constant variance tensor and a zero ISD. In this new

formalism the surface elevation equation reads
—endt + €d-ndt + dpnf'(B)dBy + eudendt + Y2 o dB9¢n + h(Oeudt + T'/20: 50 dBY) = 0. (C.2)

After converting this equation in Ito form, terms of finite variations (ie “d¢” terms) and martingale terms (i.e.
“dB,” terms) can be rigorously separated by the Biechteller-Delacherie theorem. For the martingale terms we
have

d,n f'(By)dB; = —Y'20¢ (had BY), (C.3)

and for the finite variation terms

1
—0¢n + €0:m + euden — §T62aﬂa&n + hdgu = 0. (C.4)

Moreover,for the velocity equation we have

— deudt + edrudt + dpuf'(By)dB; + eudeudt + T2e oo ABY deu

L o nha2 L oo h? 4 _pa (C.5)
- §Te a""Ogeudt + Ogn dt — Eeﬁ (38&(—3§u + edru)) dt = O(B*, e8%).
Then, the martingale terms yield
douf'(By)dB; = —T"*e 0o dBfdecu (C.6)
and for the finite variation terms
0 0 19) 1T2H5' 0 ! 2h383 D2 =0 C.7
—0cu + €0-u + eu cu—5Te'a et + 577+Ee[3 (g( Cecth — €0c,u) = 0. (C.7)
Expanding u and 7 in terms of the small parameter € as ¢ = qg + €q1 + - - -, and identifying the equations term
by term of corresponding order, we get for the zero order terms,
Ocno = Ocup and hence 179 = up.
At order e, for a noise of magnitude up to T ~ &(1), we obtain the system
L3
— Ogur + Oro + m00eno + O + 3 0geeno = 0,
— O¢m + Orno + 21000 + Ogur = 0,
from which one gets immediately the classical KdV equation with random phase
3 1,4
Ormo + 577035170 + 635557]0 =0. (C.8)

This equation has the structure of a Burger equation with an additional dispersive term. A modified KdV
equation is obtained by considering a stronger noise of amplitude T ~ 1/e. In that case the second order

terms must be kept in the Taylor development of terms at € order. Eventually, one obtains the dissipative KdV
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equation (with random phase)
3 1, 1.,
Or1o + 577085770 50 Deeno + 63555770 =0. (C.9)

The random phase of both KdV equation is determined by (C.3) and (C.6). From the latter, we notice
immediately that f(B) and e must share the same order for the solution not to be trivial. At order e from
(C.6), one has

Opno f'(Br)dBy = —Y'29¢nood BY™.

A simple way to choose f is to impose f(B;) = —kY'2ek? B, and ¢ = k°, where k? is associated to the waves
form

o = hoei(lm—wt—eTl/zkk”B,,). (C.10)
This solution corresponds to stochastic linear waves solutions as derived in [4]. Note that the derivations above

have been done using the strong hypothesis of v and 7 being smooth functions of time — more precisely of finite

variation. Looking now for more general stochastic solutions, one considers the following variables

which are not differentiable with respect to 7 (i.e. they are semi-martingale stochastic processes). Making the
same assumptions and deriving the equations in Stratonovich form in the same way as previously, we obtain
two coupled SPDE’s,

—0endt + ed.n + euden dt + Y'e oo dB;0¢n + h(deudt + T1/28§ oo dBY) =0, (C.12)

and

— Ogudt + edru + eudgu dt + Y'e oo dBY 0su
+ Ogndt — E€52(§8§g(—asu + €d,yu)) dt = O(B*, eB*).

At zeroth order the system reads
O¢no = Ogup, hence 19 = up together with J: oo dB?’w =0.
At order €, one has

1 . 1
— Ogurdt + drmg + no0enodt + T 6o dBY" Ocno + Ogmrdt + gagggnodt =0,

— Ogmdt +drno + T go dB?’Zagno + 2100enodt + Oguidy + Tl/Qag oo dBi’“J =0.

Assuming that the noise terms o-odB% " does not depend on space, yet making no assumption on o'odB(t)’w7

one obtains a stochastic KdV equation with transport noise,
3 1/2 0,z 1 3
d.no + 577085770& + T /2 oodB;" 0:no + gasggnodt =0. (C.14)

Relaxing the spatially constant noise assumption on O'OdB% ¥ would add an additive stochastic forcing %Tl/ *0¢o0
dB% ¥, In such a case, we would get a stochastic KAV equation forced by an additive white noise of the form

studied in [11], and for which existence and unicity of solution have been shown in the Sobolev space H!(R).

Without this additive forcing term, we face a simpler system that boils down to the deterministic one. As a
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matter of fact, proceeding to the change of variable suggested by Wadati [12], one has
9 t
X=¢— grl/z/ oodBY7, (C.15)
0

with o being constant over time and space. Now reparametrising n(€, 7) as (X, t), we obtain the unperturbed
KdV equation

3 1
dem + S100x70dt + 0% xxpdt = 0, (C.16)

using the chain rules d¢n = dxn'0: X = dxn' and d,;n = dxn'ds X + d¢n’. Such an equation admits a solitary

travelling wave solution given by

no(X,t) = AsechZ(\/ij(X -1+ %A)t). (C.17)

Note that considering a solution with a random phase would lead to the presence of a new additive noise term

Opno €f'(Bt)dB;. Plus, the noise oodBY"" may not be constant in space anymore.
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