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Abstract

We study an unsteady non-linear fluid-structure interaction problem where a two-dimensional viscous incompressible
Newtonian fluid and a mono-dimensionnal elastic structure, located on one part of the fluid domain boundary, interacts.
The fluid motion is modelled by the bi-dimensional incompressible Navier-Stokes equations set in an unknown domain
which depends on the structure’s displacement. We consider longitudinal as well as transversal structure displacement. We
assume that the longitudinal displacement of the structure satisfies a wave equation whereas the transversal displacement
follows a beam equation with inertia of rotation. The fluid and structure systems are coupled through a kinematic
condition which corresponds to a no-slip condition at the fluid-structure interface and the fluid exerts a force on the
elastic structure. We prove the existence and uniqueness of strong solution to the considered problem with no gap
between the initial conditions regularity and the ones obtained in positive time. To our knowledge, this is the first result
regarding existence and uniqueness of strong solutions for fluid-beam interaction problem in the unsteady case taking into
account both the transversal displacement and the longitudinal structure displacement.

Keywords. Fluid-structure interaction, Navier-Stokes system, beam equations, strong solutions.

1 Introduction

In this paper, we study a fluid-structure interaction problem involving a two-dimensional viscous incompressible
Newtonian homogeneous fluid and a moving deformable structure located on one part of the fluid domain boundary.
The model that we consider herein can be viewed as a toy model to describe blood flow in arteries [11,36]. We
suppose that the fluid is occupying a 2D container whose reference configuration is Fo = Ugez(Qo + kLey) where
0 = (0,L) x (0,1) denotes the reference periodic cell as we are looking for L-periodic in x solutions. The lower
boundary R x {0} = Ugez(To + kLey), with Ty = (0,L) x {0} is assumed to be fixed and the reference upper
boundary Ugez(Te + kLeq), with T', = (0, L) x {1} is an elastic mono-dimensional structure, that can move in the

longitudinal direction and in the transversal one. Let us denote by (z,t) + ({(z,t),n(x,t))T the displacement of the

structure at time ¢. The displacement of the structure modifies the fluid domain and hence the fluid domain is a time



dependent unknown in the system. Let us denote by I'c(yy ) = {(z + (2, 1), 1 +n(x, 1)), 2 € [0, L] + kLey, k € Z}
the deformed upper boundary. We then denote by Fe ;) 1) C R? the fluid domain at time ¢ > 0 enclosed between
Ceetyney and R x {0}. We assume that the motion of the fluid is described by the incompressible Navier-Stokes

equations in Fp := U Fewym@y X {t}, with T'> 0. Thus the fluid velocity u and the fluid pressure p satisfy in
te(0,T)

Fr
pr(Owu+ (u-V)u) —divo(u,p) =0, (1.1)

V-u=0, (1.2)
with py > 0 the fluid density, and where o denotes the stress tensor of the fluid which is defined by
U(U,p) = _pIQ + 2/.LD(U),

1
where 1 denotes the viscosity of the fluid, I5 is the identity matrix and D(u) = i(Vu—i— VuT) is deformation tensor
(AT denotes the transpose of the matrix A).
Furthermore the longitudinal structure displacement ¢ solves a wave equation in the reference structure cell (0, L),

that writes
psattC - 58£1< = ¢(U,p7 ga 7]) * €1, in (O7L) X (OaT)v (13)

whereas the transversal displacement 7 satisfies a linear beam equation with inertia of rotation

psattn - ’Yawcttn + O‘axacacxn = gi)(u,p, Ca 77) -eg, in (07 L) X (05 T)v (14)

where ps, o, 3, and v are positive real constants, and (ey, e2) is the canonical basis of R2. These beam equations can
be derived from three dimensional elasticity thanks to an asymptotic analysis and, in particular, in such analysis
the term —v0,.n, which models the inertia of rotation, appears (see [37], in the case of a plate). We emphasize
that the equations modelling the displacement of structure are written in a reference configuration whereas the
fluid equations are written in Eulerian coordinates and consequently in an unknown non cylindrical domain Fr.

The fluid and structure equations are coupled through the forcing term ¢(u,p, h) in the right hand side of (1.3)
and (1.4). It corresponds to the trace of normal component of the fluid stress tensor, multiplied by the element
length, o(u, p)ndl (where n is the unit normal vector directed outward to I'¢(y) ,(¢)) that is further transported in

the reference configuration. Precisely, ¢ reads as

¢(U7PaC7n)(xat) = —a(u,p)(x+§(a:,t), 1 —|—’I7($,t),t) : (_ 6$77($,t)€1 + (1 +8w<(x’t))62)7 on (OaL) X (O’T) (15)

We underline that the vector —0,n(z,t)e; + (1 + 0:((x,t))es is a non unitary normal vector to the elastic the

interface I'¢(4) (¢)- The fluid and the structure are also coupled by the no-slip boundary condition at the interface:
u(x +((z,1), L +n(z,t),t) = 0((z, t)er + Opm(x, t)es, (x,t) € (0,L) x (0,T). (1.6)
We complement our system with

i. L-periodicity w.r.t  for the fluid velocity and pressure and for the structure displacement;



ii. no-slip boundary condition on the bottom of the fluid container:
u(.,0,t) = 0. (1.7)

To close the problem herein, we impose initial conditions at ¢ = 0:

¢(z,0) =(o(z), =€ (0,L), (1.8)
0¢¢(,0) = G1(z), =z€(0,L), (1.9)
n(x,0) =no(z), x€(0,L), (1.10)
om(z,0) =m(z), x=€(0,L), (1.11)
u(z,y,0) =uo(z,y), in Feomo (1.12)

The initial displacement and velocities are assumed to be L-periodic in z. The purpose of this work is to show
the existence of a unique local-in-time strong solution to the system (1.1)-(1.7) completed with initial conditions
(1.8)-(1.12).

Most of the literature on the well-posedness of 2D /1D or 3D /2D fluid-structure coupled problems is done ignoring
the longitudinal displacement of the structure. Indeed, these studies tackle the fluid-structure interaction problem
consisting of the incompressible Navier-Stokes equations (1.1)-(1.2) describing the fluid behaviour and an elastic
beam, plate or shell in flexion. In the two-dimensional case either the wave equation (1.3) or the beam equation
(1.4) or the damped beam equation have been considered to describe the transversal structure displacement as the
structure is only allowed to move along the normal direction of the reference configuration. In dimension three, the
case of plate or shell in flexion have also been considered. In this respect, existence of weak solutions as long as the
structure does not touch the bottom of the fluid cavity is established in [14] in the case the transversal structure
displacement satisfies a beam equation with an additional damping term. In this case existence beyond contact
has also been derived in [13]. We also mention [25,32] in 2D and [26] in 3D for the case of a plate equation without
any additional damping or inertia of rotation terms. The case of Koiter shell is also considered in [33] and in [18§]
for generalized Newtonian flow. The uniqueness of weak solution is not an easy issue, even with small initial data
and it is still an open question. However, a weak-strong uniqueness result is established in [38] in case where the
structure satisfies a wave equation.

Several works have also been devoted to study of the existence and uniqueness of strong solutions to similar
problems but still neglecting the longitudinal displacement of the structure. In particular, existence and uniqueness
of strong solutions in two-dimension was established in the case the transversal structure displacement satisfies a
wave equation with additional damping term in [31] and without damping in [4,28]. The method used in [28] is
based on a regularization arguments and a priori estimates whereas the strategy of proof in [4] consists on showing
that the semi-group associated to the linearized problem is analytic. In both strategy the damping coming from the
fluid is crucial. Moreover when considering the beam equation (1.4) the presence of a damping or inertia rotation
term seems to be important to obtain existence and uniqueness of strong solutions in the case where the initial fluid
velocity is in H' (see [12,28,30]), in particular with no gap between the regularity in space of the initial conditions

and the one obtained for the solution [28]. Note however a recent preprint [34] requiring more regular initial data.



All these results are local-in-time except [27] where the authors proved that the solution of the fluid-damped beam
problem is global, by showing that no contact occurs between the structure and the bottom of the fluid cavity.
Without any additional term (damping or inertia of rotation), existence and uniqueness of strong solutions to the
fluid-beam interaction problem is studied in [2,3] by studying the underlying semi-group associated to the linearized
coupled problem and [34] by energy estimates for more regular initial data. In particular, it has been proven that
the associated semi-group operator is not analytic in this case, but only of Gevrey class unlike the damped beam or
wave equation case. Existence and uniqueness of strong solutions of the fluid-beam problem in the LP — L9 setting
is obtained in [19].

All the results mentioned up to now deals with the fluid-structure problem by ignoring the longitudinal dis-
placement of the structure. An existence result of strong solution considering longitudinal displacement of the
fluid-beam problem can be found in [23] in the steady state.

One of the main difficulties when the longitudinal displacement is taken into account is that the incompressibility
condition (1.2) together with the boundary conditions (1.6)-(1.7) and the L-periodicity of the fluid velocity u with

respect to first space variable x imply that the following volume preserving constraint should be satisfied

L
/0 (=01 ((z,t)0xm(x, t) + Om(x,t)(1 4+ 0.((x,t))) dx = 0. (1.13)

We emphasize that this constraint is non-linear contrary to the case where only the transversal displacement of
the structure is taken into account [28]. In the latter case, (1.13) reduces to

d L

i/ n(z,t)dx = 0. (1.14)

Thus, with null mean value initial deformation 7, (1.14) implies that fOL n(z,t)de =0, YVt > 0, which can easily be
satisfied. In our case the volume preserving constraint (1.13) couples both beam equations (1.3)-(1.4). This volume
preserving constraint fixes the pressure of the fluid p in a unique way. So the pressure of the fluid p in problem
(1.1)-(1.7) is not defined up to a constant, but is uniquely defined thanks to the constraint (1.13). Precisely we can
split the pressure into

p=po+ec (1.15)

where one imposes

/ po dxdy = 0, (1.16)
Qe

for any deformed unit cell ¢4 (1), such that -T(:(t),n(t) = UkeZ(ﬁg(t),n(t) +kLey). The average pressure, ¢t — ¢(t), is
the Lagrange multiplier associated to the contraint (1.13). To find the expression of ¢, remembering the expression
of the force applied by the fluid on the structure (1.5), we may multiply equations (1.3) and (1.4) by —d,7n and
(1 4 9.¢) respectively, then the resulting equations are integrated with respect to « on (0, L), and the resulting
identities are added. Doing so, we obtain by using the periodic boundary conditions of the structure that

1
1(=0en; 1+ 82C

L L
= - s T — T d T T d
() )||2L2(0,L)(p/O (0uc0.n=0un(1+0,0)) do+5 [ 0c0.m o

L L L
+a / Dnnat) Do A+ / Dote) D C i + / 011, 0, (o) - (—Bam, 1+ 0,) d).
0 0 0



and hence

1
||(_aw77a 1+ awC

d L L
elt) = (oo | (9€0m—0m (1 +0,Q))dr+p | (= O Ouam + O 01.C )
)||L2(0,L) dt 0 0

L L L L
48 [ 0:60undeta [ OuandCdoty [ OunduCdnt [ oupCon) - (014 0,0) da).
0 0 0 0
Thanks to the constraint (1.13), we get that

1
”(_896777 14 0.¢

L L
c(t) = — T (ps / ( — 9, Buam + Bam amg) dx + 5/ 82C Dpary dt
L2(0,L) 0 0

L L L
ta / Dnnat) Do A+ / Dote) Do C i + / O, 0, o) - (—Bamy 1+ 0,C) da). (1.17)
0 0 0

Reciprocally, given ¢ as in (1.17) we can recover
d L
gt | (- 9€0m+am+0.0))dw =0,

and thus we recover the volume preserving constraint (1.13) if it is satisfied at the initial time.

Note that this additional constraint is not required when Neumann boundary conditions on inlet and outlet
lateral boundaries are imposed. These conditions have been considered in [32] for the existence of weak solutions
(by considering the total pressure instead of the pressure to obtain energy estimates) or in [12] in the 2D case, [16]
in the 3D case both for existence of a unique strong solution for a damped beam or shell in flexion respectively.
Studying existence of strong solutions of the problem considered here by replacing the periodic boundary conditions
with more realistic Neumann boundary conditions presents additional difficulties since, in particular, one needs to
derive elliptic estimates for the Stokes problem in a domain with corners, low regularity and mixed boundary
conditions. In [12], and [16] such result are obtained for damped beam or shell in flexion (whose dynamic involves
a fourth order operator in space and an additional damping term).

The paper follows now standard steps when dealing with fluid-structure interaction problems. In Section 2, we
introduce some functional spaces and we construct a suitable change of variables which enables us to write the
considered free boundary problem into a problem set in the reference configuration that can be reformulated as
a linear problem involving variable coefficients (as the initial displacement of structure is non-zero), and whose
source terms are perturbations of the initial structure deformations. Note that, by doing so, we also linearized the
non linear volume preserving constraint (1.13) and the right hand side of the divergence constraint has no zero
mean, contrary to the case when only the transversal displacement is considered (in the present study this average
is equal to the right hand side coming from the linearization of (1.13)). Next, we state our main result. We end
this section by proving an elliptic result for a steady Stokes-like problem set in the reference configuration. In
Section 3, we tackle the linear problem and we prove existence and uniqueness of strong solutions. We first study
the linear problem with homogeneous divergence constraint and then we study the non-homogeneous case by lifting
the divergence term using the elliptic result of the steady Stokes-like problem established in the previous section.
Note that, here, in order to lift the divergence constraint one needs to both change the fluid unknowns and the
structure unknowns, contrary to the case of only transversal motions. In the last section, we introduce a mapping

for which a solution of the nonlinear coupled problem can be defined as a fixed point of this mapping. By applying



Picard fixed point Theorem, we obtain the existence of a unique fixed point. Compared to the only transversal
motion case additional terms appears. We emphasize that the main novelty is to take into account the longitudinal
displacement of the elastic beam. Moreover we do not add any damping to the equations but take into account the

inertia of rotation effect.

2 Notations, Change of Variables, and Main Result

2.1 Notations

Let us fix the notations and introduce some functional spaces. Let Q C R? be an open and connected set denoting the
reference cell that can be reproduced by periodicity in = to generate the domain O such that O = Uyez(Q+ kLey).
We denote by C3°(€2) the restriction to © of functions of C$°(O) of infinitely differentiable functions which are
L—periodic with respect to the first space variable in O. We denote by Hy (©) with s > 0 and Lf(Q) with 0 <p < o0
the closure of C£°(Q2) in the usual Sobolev space H*(§2) and the Lebesgue space LP(Q2) respectively. In a similar way,
we define H; (0, L) with s > 0, L{(0, L) with 0 < p < oo, Cy(0, L). We note that HJ(0,L) = LZ(0, L). Note that
any function of Hj(f2) can be extended by periodicity as a function of H;(O). The same notations shall be used
for the restriction or the extension. We emphasize that contrary to the usual convention, we consider that the time
variable is the last variable of a function so that we may use unified definition for the periodic functions whether
they have only one space variable or two space variables. Moreover in all what follows we will not differentiate

spaces of vector valued functions from scalar valued functions.

2.2 Construction of a Change of Variables

One of the classical difficulties in fluid-structure interaction problems is that we are dealing with a free boundary
problems. To overcome this difficulty, we introduce in this subsection a change of variables which maps the reference
configuration F into a deformed one and we state some useful properties of this change of variables.

Let us introduce a general change of variables and consider a given structure displacement d = (a,b)”, where

(a,b) € HE“(O, L) with s > 0 and such that

min 1+ b(z) > 0; 2.1
z€(0,L) ( ) ( )
the mapping S, :  — (z 4+ a(x), 1+ b(z)) is injective as a function in R (2.2)

Thanks to the periodicity of a and b, one has S, (x4 kL) = Sop(x) + kLer. Let T'y p = Urez(Sap([0, L]) + kLeq).
Let F, 5 the subset of Ri that has a rigid lower boundary R x {0} and its upper boundary is I'y ;. We are going
to built a change of variables that maps Fy onto F, ;. We consider x5 a L-periodic in # mapping, such that

Xab(z,1) = (z + a(z),1 4+ b(x)) and x44(z,0) = (x,0) for any = € [0, L]. One can define X, as follows
Xa,b = 12 + (RaaRb)v

1 1
where R is a continuous linear lifting operator from Hu@(O,L) — H;;; (), 0 > %, where H;;; (€) denotes

1
the subspace of Hg t2 (Qo) of functions that have a zero trace on I'y. With a slight abuse of notation we set



R(a,b) = (Ra, Rb). Given (a,b) € HZ (0, L) with s > 0, we have R(a,b) € H2**(Q) with
IR (@Dl o) < Ol 3,

where C' > 0 depending on 2.

Setting Qup = Xap(Q0), if Xap is injective on Fo, we have Fop = Xan(Fo) = Ukez(Qap + kLeq) (see [15]).

Consequently we have built a mapping from the reference configuration onto a given deformed one.

One can show easily the following proposition

E
Proposition 2.1 Let (a,b) € Hﬁ2+ (0,L) with s > 0. There exists a positive constant M such that, for all
0<R< M, if|(a,b) + ||(detha,b)71||Cu(§0) <R, then

HH§+5(0 L)

s

o the mapping Xap is a C'-diffeomorphism from Fo onto Fgp;
o for any m <2, the mapping f — f o Xa, realizes a linear homeomorphism from HJ"(Qqp) into H{"(0);

o for any m < 2, there exists a non-decreasing constant K, : [0,00) — (0,00) such that
1 Xty < KBS izznns 1l @ < KBS @ Yool i e

The first point can be obtained adapting results in [15] and the second and third point can be proved as in [27].
Thus we have sufficient conditions ensuring that x,. is a change of variables. This type of change of variables
will enable us to write system (1.1)-(1.12) in the reference configuration and show the existence of a unique strong

solution as long as we are able to built such an injective mapping whose jacobian remains strictly positive.

Remark 2.1 Propositon 2.1 gives sufficient conditions to obtain a Cl-diffeomorphism from Fo onto Fap =
Xab(Fo). One can build such a change of variables as long as detVxa1, > 0 on Qo and xayp is injective on

Fo-

2.3 Main Result

Before stating our main result, we introduce the notion of strong solutions to the periodic problem (1.1)-(1.11).

Definition 2.1 Let T > 0. Consider (uo, Co,C1,70,m) € Hy (Feome) x HF (0, L) x HJ(0,L) x H}(0,L) x H}(0,L)

satisfying the following compatibility conditions

up(z + Co(x), 1 +mo(x)) = (C1(x),m(x)), =€ (0,L),
ug(z,0) =0, z€(0,L), (2.3)

divug = 0, in Feomo-

Assume that the initial conditions are such that there exists a mapping X ¢, n, Satisfying detVx¢y.n, > 0 on Qo and
Xco.no 48 injective on Fo.

A strong solution to Problem (1.1)-(1.12) on (0,T) associated with the initial conditions (ug, Co,C1,70,M1) aS
above is a quadruplet (u,p,(,n) such that



e it satisfies the following regqularities

o € Lg(FT),V% € Lg(FT)Jj S LE(FT),Vp S LE(FT),

3
¢ € H2(0,T3 L3(0, 1)) 1 W(0,T; HL(0, L)) 1 L=(0,T; H2(0, L)) 1 H(0, T HA (0, 1),
n € H*(0, L; H{ (0, L)) N Wh(0, T3 HF(0, L)) N L>(0,T; H}(0, L));

o cquations (1.1)-(1.2) are satisfied a.e. in Fr;

o cquation (1.3) is satisfied a.e in (0,L) x (0,T);

e cquation (1.4) is satisfied in L*(0,T; Hﬁfl(O,L));

o equations (1.6)-(1.7) are satisfied a.e in (0,T) x (0,L);

o cquation (1.12) is satisfied a.e in Fe¢, n, and equations (1.8)-(1.11) are satisfied a.e in (0,L).

We underline that the compatibility conditions on the initial data (2.3) (the equality of the velocities at the

interface together with the incompressibility constraint) imply

L
/0 (=C1(2)9zmo(z) + m(z)(1 + 0xCo(z))) dz = 0. (2.4)

This is a non linear constraint that has to be verified by the initial conditions. Our main result now reads as

follows:

Theorem 2.1 Consider initial data (uo, o, C1,m0,m) € Hy (Feomy) X HF (0, L) x Hy (0, L) x HF(0,L) x H(0,L)
such that (2.3) is satisfied and such that there exists a mapping Xco.n, sotisfying detVxe,.n, > 0 on Qo and X om0

is injective on Fo. Then there exists a time Ty depending decreasingly on

lwollrp (Feymg) + N0l m20,L) + Il 0,L) + 0]l 3 0,2) + Il 0,2y + [I(det VXCOJIO)71||Cu(ﬁO)

such that Problem (1.1)-(1.11) admits a unique strong solution on (0,Tp).

Moreover, the solution exits as long as

i. One can build a mapping x¢., € C°([0,T7; H;“(QO)), for s > 0 and such that fort <T

X¢(t),m(t) (‘Ta 1) = (I + C(l‘, t)a 1+ U(Ia t))) and X¢(#),n(t) (Iv O) = (SC, 0)5 Vz € [03 L]7 (25)
dethC(t),n(t) >0, on ﬁo, (2.6)
Xc(t)m(t) 8 injective on Fo. (2.7)

i Nu(@)l g @) + 1CONmz0,) + 10O 11 0,2) + I 113 0,2) + 100 | 17 0,2) < 00

Remark 2.2 Note that one can not extend the solution if we have self-contact of the elastic beam or contact
with the bottom of the fluid cavity in particular if for some T* we have either 1 + n(T.) = 0 or the mapping
= (z+(x,Ty), 1 +n(x,Ty)) is not injective on R.



Remark 2.3 The constraint (1.13) is satisfied by any solution and is indeed a volume preserving constraint. Indeed
thanks to the identity (see [15])

d L L
5 / detVixe(t),neydedy = / OeXc)mn(ty Ot VX () n(e) - €2 dx = / (—0C(z, 1) 0em(x, t) + On(z, t)(1 + 82((z,t))) dz =0,

Q0 0 0
we get

/ detVxee)nedrdy = / detVixe¢y,nodzdy,
QO QO
and implying that the volume of the initial reference cell is preserved by X¢(1),n() @s it is injective, namely we have
2t = 19¢0.m0l-

We are going to prove the well-posedness of Problem (1.1)-(1.12) by following quite standard steps: write the
system in the reference configuration, study the associated non homogeneous linear problem, prove existence and
uniqueness of solution by perturbation for small time. One main difficulty comes from the coupling between both

longitudinal and transversal components of the elastic displacement that are coupled through the flow and the non

linear volume preserving constraint (1.13).

2.4 Equivalent system in a reference configuration

The first step to prove Theorem 2.1 is standard and consists in rewriting the free boundary problem (1.1)-(1.12)
in a reference configuration, here Fy (or equivalently in the reference cell Qy). We do this by using a change of
variable X¢ () n(+) which maps the Fo onto Fe (4 () by mapping the reference cell Qo onto Q¢(¢)nt) = Xc().ne) (Qo)-

To this end, we introduce the new unknowns

’U(:L‘7 Y, t) = U(Xc(t),n(t) ($7 y)a t) and q(xa Y, t) = p(X((t),n(t) (l’, y)7 t)) ($7 Y, t) € QO X (O, T)

Then the Navier-Stokes equations on the reference cell configuration g x (0,7) write as follows:

Prcm 0w+ pp (v = Bixcm) - (BeyV)) v — pdiv((Ae,, V)v) + (B V)g =0, (2.8)
div(Bf,v) =0, (2.9)
where
prcn = prdet Vxea, (2.10)
B¢y = cof Vixen, (2.11)
Ay = ! prp (2.12)

’ detVxc, o1

With these new unkowns, the structure equations on (0, L) write

M T
O — BOs :—( A, Vo + —H B VoTB,, — qB ) 61, 2.13
Ps0tC — B0z4C (A Vv + det Ve, ¢m VU D¢ —qb¢ |y:162 €1 ( )
5Ot — VOuateT] + Orpat]) = — (,LL(ACJIV)U +—2 B, VTB., - qu) . (2.14)
det vXC,n ly=1



Remark 2.4 An important remark here is that since div(Vul) = 0 (the divergence operator in this equality is the

one associated to the variables in the deformed domain Fe(y)qt)), then we have

: 1 T _
le(m BC’WVU Bc’n) = O7

where the divergence operator in the above equality is the one which is associated to the variables in the reference
configuration Fo. Note however that contrary to the case where the longitudinal displacement is neglected and the

beam moves in the tranversal direction only, this term gives a mon zero contribution in the right hand side of the

structure equations (2.13), (2.14).
Moreover, the boundary conditions satisfied by (v, {,n) are

[ ) Ul = 8tCel + 3t1’]62;

y=1
e L-periodicity w.r.t « for the velocity field v, the pressure field ¢ and structure displacement (¢, 7);

e no-slip boundary conditions on the bottom of the fluid container: v|,_, = 0.

Concerning the initial conditions we define

'Uo(xa y) = ’U(:L’, Y, 0) = UO(XCOWO (1'7 y)), (2'15)

and, in view of (2.3),
div (BT ’Uo) = O, in Q(),

Co,Mo
vo|,_, = G1e1 +Meg, (2.16)
U0|y=0 = 0,

whereas the initial conditions for the structure (1.8)-(1.11) are still valid.

For T > 0 such that there exists a mapping x¢ ., € C°([0,T]; Hﬂ”S(QO)), with s > 0 verifying

XC(t),Y/(t)(:L" 1) = (.’t + C(xv t)a 1+ 77(% t))) and X¢(t),n(t) (1’, 0) = (x7 0),V(£C, t) € [07 L] X [07 T]7
detVx¢(e),n() > 0, on Qo, ¥t € [0,T],
X¢(t)m(t) 18 injective on Fo, Vit € [0,T7,

815)((777 c LOO(O, T‘7 H1<Qo)),

the existence of a unique strong solution (u, p, (,n) to Problem (1.1)-(1.12) with initial conditions (uo, ¢o, (1, 70, 71)
satisfying (2.3) is equivalent to the existence and uniqueness of strong solution (v, q,(,n) of Problem (2.8)-(2.14)
on Qg x (0,T) together with the above boundary conditions and initial conditions (vo, (o, 1,70, 71 ) defined through
(2.15), (1.8)-(1.12) and satisfying (2.16). For the sake of simplicity the problem in the reference configuration
Qo x (0,T) is called (FS)yes problem.

Next, we apply a standard perturbation method to linearize the whole problem (F'S),.; around the initial

configuration. We note that the constraint (1.13) can be rewritten as follows:

L
/0 (= 0C(x,t)0smo(x) + Oin(x, t)(1 + 02Go(x))) dz = V (1), (2.17)
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with
L
V(t) = /O (9eC (2, )0 (n(, t) — no(x)) — On(x, 1) e (¢ (2, t) — Co(x)))dx. (2.18)

Similarly Problem (F'S),e; can be written as follows:

1

0y — v ((Agy g V)0 + 2o
Pf.Como OtV — pd1V ( Co,mMo )U+ deth(o,no

T
BCO"’]OV’U BCo,no - qBCoJZo)

= fi+ fo+divhlv,q,(,n], in Qp x (0,T),
div(Bg;mv) =g[v,(,n], in Qo x(0,T),
v(z,1,t) = ((‘9tC(x,t),8m(9c,t)), on (0,L) x (0,T), (2.19)
v(z,0,t) =0, on (0,L) x (0,T),
psO1tC = BOuaC = =Ty mo [V ] - €1 = hlv,q, ¢ mlea - er, in (0,L) x (0,7),

psattn + Oéazmcmn - 'Yatmmn = _TC07770 [Uv q] c€2 — h[vv q, Cv 7]]62 ez, In (07 L) X (Oa T)v

with
Teomolvyq) = (M(Ac Vives + $Bg Vol Beymoe2 — 4B, 62) ) (2.20)
0,70 0,70 det VXC()J]O 0,70 0,70 0,70 ly—1
filv,{,nl = pr(det Vixegme — det Vxe,n) 0w, (2.21)
falv.¢onl = =pg (v = Oixcm) - (BeyV)) v, (2.22)
Q[chaﬁ] = div((Bg;,no - Bg:n) ’U)v (223)
1

h[v, q,6, 77] = _//'[(ACOJZU - ACJ])V]U - /J'( BCOJ}OVUTBCO’UO

det vXComo
1

- WBCWWTBM) +a(Beyny — Ben). (2:24)

Consequently, we shall consider at first fi, fo,h,g as a source terms of the above linear problem with initial
data (vg, Co,¢1,10,m1) and unknowns (v, q,(,n). We underline that the right hand side of the structure equations
contains terms that are the counter part of div h in the fluid equation. Moreover, we remark that by integrating

the divergence constraint over {2y and integrating by parts, we obtain
/ gdedy = / div (BE , v) dudy
Qo Qo ’
T
N / BCO:UOU "n d’Y
Q0
L
T
- /0 By o), _, (906G, 0m) - 2 da.

Therefore, by (2.17)
/ gdxdy =V (t). (2.25)
Qo

In particular g does not have a zero mean as it is the case where the longitudinal displacement ( is neglected. As a
consequence one can not lift this divergence contraint with a velocity satisfying homogeneous boundary conditions

on the upper and lower boundaries. Moreover, the decomposition of the pressure in (1.15) yields to

q(.’E, Y, t) =Po (X((t),r/(t) (.17, y)? t) + C(t) = 4o (.’IJ, Y, t) + C(t)

11



Due to (1.16), qo shall satisfy the following constraint:

/ qo det Vix¢ p dzdy = 0. (2.26)
Qo

However, the constraint in (2.26) is not easy to deal with as it is a non linear combination of unknowns go, ¢ and

7. To this end, we split again the pressure as follows:

Q(z7y7t) = To(ﬂf,y,t) + d(t>7 (227)
with

/ rodxdy =0, (2.28)

Qo
and
1 d L L L
”nOH[ﬂ(o,L) dt 0 0 0
L L L
+ 7/ axttn aerO dx + / T[”? TO] * o dx + / h|y:1 €2 ' No dSU), (229)
0 0 0
where ng = —0;m0e1 + (1 + 0,p)e2 is a non unitary normal vector to T'¢, »,-

Thus, in view of (2.17), d(t) can be rewritten as

1

L L L
0 0 0

- ||n0H2L2(o,L)
L L
+/ T[v,79] - o dz +/ hy,_, e2 - ng d:z:), (2.30)
0 0

where V denotes the time derivative of V. We underline that from the knowledge of (ro, d), we can recover (qo, c).
In fact, we may rewrite

q=(ro+d(t)—c(t)) + ct) = qo + c(t). (2.31)
In view of (2.26), we obtain

/Q (ro + d(t) — c(t)) det Vx¢(a),ne) dody = 0.

0

It follows that
/QO 7o det Vx¢(y e drdy + (d(t) — c(t)) Q¢ ),y | = 0.

Therefore,

1

ct) = dit)+ =——
Q%) .n)| oy

ro det VX¢(o),n() dzdy. (2.32)

By substituting c(t) in (2.31), we get

1

- m o To det vX((t),n(t) dmdy (233)
) 0

qgo = To

12



2.5 Useful propositions and Elliptic Result
We first state a useful uniform coercivity property and a uniform Korn inequality.

3 _
Proposition 2.2 Let s > 0. For any (a,b) € Hu2+S(O,L) such that det Vxq.p > 0 on o, then the symmetric
matriz Aqp € H;“(QO) C Cy(Q). Moreover, there exists two non negative functions oy, g, resp. non in-

3
creasing and non decreasing with respect to R such that for any (a,b) € Hy +S(0, L) satisfying ||(a, b)HH%

+s
20,1

H(det VXa,b)_lucﬁ(ﬁo) S R
a1 (R)Iy < Aup(z,y) < az(R)Ia,  for any (x,y) € Q. (2.34)

In the same way, we have a uniform Korn like inequality: there exists a constant A(R) > 0, non increasing with

34 _
respect to R, such that, for any (a,b) € H;Jr‘ (0,L) such that xqp is injective on y and ||(a,bd) +

HHu%JrS(O,L)
H (det VXa,b)_l HCu (50) S R’

1
/ ———— | ((BapV)v + ((Bap V)0)") |? dzdy > )\(R)/ |Vv|?dzdy, Vo € Hy (Q),v),_, =0.  (2.35)
Qo detha,b ’ ’ Qo v

Proof. Since HﬂHS(QO) is an algebra, if det V., > 0 on Qo, then A, € HuHS(QO). The proof of (2.34) relies on
the fact that H;+S(QO) compactly embeded in Cy (Q0). For the Korn inequality, since x4 is injective on Qg and
det Vxa,p > 0 on Q, it is a Cl-diffeomorphism from g onto Q4 = Xa,5(Q0). Applying this change of variables,

we observe

: V2 dudy — IR R
/Q ItV xan | (BapV)v + (BapV)V)T) Pdady = 2 /Q 0 ((Aa’bV)v—i— detha,bB“”’W Ba,b) : Vo dady

Vo + (Vo)L da'dy’.
Qap
where 0(2',y') = ’U(X;ll)(l’/, y')) for any vector field v.
Hence, by applying Korn inequality in €, and there exists 5\%;, > 0 such that, Vv € H;(QO) with v, _, =0,

1 ~
— B B Ty |2 > ~12 7/ 2
/QO detVxa b [ (BapV)v + ((BapV)0)") [* dwdy > b /Qw |Vo|“dx'dy

Changing of variables we deduce that there exists A, > 0 such that, Vv € Hﬁl (Q0), I 0,
1
Tetvrey | (BasV BayV)o)") | dxdy > A Vol2dzdy.
/QO detVxa.b [ (BapV)v + ((BapV)0)") [ dwdy > b QO| v|?dxdy

3
The next step is to prove that we can choose a uniform constant for any (a,b) € H? +S(0, L) with xqp is injective

on Qo and |[|(a,b)| + ||(det VX‘%b)_lHCu(ﬁo) < R, depending only on R. By choosing A, ; as the best

3.,
Hf (0,L)
3 _
constant and defining A(R) as the infimum over the set of (a,b) € H¢ +S(O,L) with X, is injective on €y and
a,b)|| s.. + [[(det Vxap) 5., < R, it is easy to show by contradiction that A(R) is not equal to zero
g2t (0,L) ’ Cy(Q0)
; :

following the same steps as in [35]. It is clear that the mapping R — A(R) is a non increasing function.

Remark 2.5 Note that in the only transversal case this uniform Korn inequality is not needed for the study of the

ull coupled problem as, in this case, the contribution o WbV )V isappears (see [14/, and Remark 2.4).
full led bl h h b f ((BapV T q dR k
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Next to achieve the desired regularity of the fluid velocity and pressure solution to Problem (2.19), we need
3 S .
an elliptic regularity result of the following periodic steady state Stokes-like problem, for (a,b) € Htf’Jr (0, L) with
s>0

1

—udiv((Ay y V)i + ———
piv V)it e

BoaVi" Bay) + (BaoV)p = f, in Qo x (0,7), (2:36)

div(Bl,4) =g, in Qo x (0,7), (2.37)
completed with the following boundary conditions

a =), (2.38)

a‘y:O = 0’ (239)
where f € L3 (), g€ H}(Q) and ¥ = (11, 12) € Hﬂ% (0,L). From Remark 2.4, equation (2.36) writes
— pdiv((Aq s V)a) + (BapV)p = f,in Qo x (0,7T), (2.40)

1
and even if WBG,[)V@TB@J).TL is not equal to zero on the fluid-structure interface, since in this subsection
€ Xa,b
we are interested in the elliptic regularity of a Dirichlet boundary problem, we can work here with (2.40). Here we
underline that the couple (a,b) does not depend on time and that, moreover, due to (2.37) and to the boundary

conditions (2.38)-(2.39), the data should satisfy the following compatibility condition

L
/ gdzdy = / (= ¥1(2)0:b(x) + o (x)(1 + Oza(x)))da. (2.41)
Qo 0

We remark that the pressure p in (2.40) is defined up to a constant. Consequently, we impose, for instance, the

additional condition

/ pdxdy = 0,
Qo

to ensure the uniqueness of pressure. To this end, we introduce the following space

Lg,o(ﬂo) ={pe Lg(QO) : /Q pdxdy = 0}.

We underline that Problem (2.40)-(2.39) is equivalent to the stationary Stokes problem written in the domain
whose boundary is only H 5+s regular, which does not embed into C1'1 or W2 as in [9]. Thus, standard regularity
results of the stationary Stokes problem does not apply here because it requires that the boundary of the domain
to be smooth enough. Moreover a key issue is to control the different constants uniformly with respect to (a,b).
In [27] an elliptic result has been established for Problem (2.40)-(2.39) in the case a = 0 and b € HZ(0, L). In [9]
the regularity of the Stokes problem is derived for domains with W2° boundary and in [10] the regularity of the
solution of a divergence free Stokes system in non smooth domains is derived.

A key argument in all these H2 x H'! regularity results is that the matrices A, p, and B, belongs to a multiplier

space of H'(Qg), and, in our case, we moreover rely on the following lemma

Lemma 2.1 Given a function k € Hi(Qo) with 0 < s <1, a function ¢ € Hﬁl(Qo). Then there exists a positive

constant C' which depends on the domain Qg and for each 6 > 0 there exists a constant Cs > 0 such that
1kl 2 (90) < C”k”H;(Qo)||§0||H§_S(QO) < C\lkHH;(QO)(Céllsﬂlng(no) + 5HVSDIIL§(QO))-
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Proof. Let k € Hj () with 0 < s < 1 and consider a function ¢ € H{ (), we have

k < kIl = 5
Iplizn < I cay o el 0

< C”kHH;(Qo)H(ADHH;’S(QO)
< Cllkllag @0 915200 2l t0,)
where C' > 0 depends on ).
By Young’s inequality, we get
ez < Okl 0y (Call Nz + 31Vl 220 )- (2.42)

We note that Cys is a decreasing function of §.

We now state an elliptic result of the Stokes-like problem (2.40)-(2.39).

3.4 _
Proposition 2.3 Let s > 0 and suppose that (a,b) € Hﬁ2+é(O,L) such that x4 is injective on Qy. Then for any

source terms and boundary condition
. 1
(fag) eHﬁ_l(QO) XL?(QOL ¢6Hﬁ2(07[’)7
such that .
/ gdxdy = / (= ¢1(2)0,b(x) + Yo (z)(1 + Dya(x)))da, (2.43)
Q0 0

there exists a unique solution (1,p) € Hy(Q0) x L ((Q) to the Stokes-like problem (2.40)-(2.39) such that, if we

have ||(a,b) : + ||(det anvb)_lﬂcu(ﬁo) < R, then

||H;1%+S(07L
Il + 1910 < KO (1L + Wz + 60,3 ) (2.44)

where K : [0,00) — (0,00) is a non decreasing function.

Moreover, if

(F,9) € L3(Q) x H} (), v € HE (0,L),

then (4, p) € H&(QO) X Hﬁ1 (Q0) and satisfies

200y + 1912 00y < KB (11 f 2000 + 1301112 020) + 1,3 o) (2.45)
Proof. We split the proof into two steps.
Step 1. Let f e Hﬁ*l(QO),f} € L%(QO) and ¢ € Hﬁ% (0,L). Then there exists uy € Hﬁl(QO) such that

Uy, _, = v1e1 + ez and uy =0,

and satisfying

Jesllngion) < CIIL 3 (2.46)
where C' is a positive constant depending on the domain 2.
Let @ = @ — uy. Then (@, p) satisfies
fudiv((Aabe)ﬂ) + (BapV)p =7, in Qx (0,T), (2.47)
div(Bi,u) =g, in Q% (0,7), (2.48)
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with
Fim fapdiv((AapV)uy), 7= g - div (B uy), (2.49)
completed with the following boundary conditions
Ujyoy = Upyy =0 (2.50)

Since f € H(l(ﬂo), Agp € H;“(Qo), B.y € Hﬂl“(Qo), and uy, € H{(Qp) and thanks to the Sobolev injection of
H;JFS(QO) into Lg°(§20) we get that fe Hﬂ_l(Qo). Similarly since § € L§ (€) and thanks to the fact that HﬁH's (Q0)
is a multiplier space of H} (o), we have g € L (Qo).

Moreover, equation (2.43) implies

/gdmdy = 0.
Qo

Hence, there exists unique v € H;(Qo) such that dive =g,in Qo,v,_, = 0,v,_, = 0, and satisfying

HUHH;(QO) < C||§||L’§’(QO)7
where C' > 0 depends on ).
Let us take w = Ba_g v, then w € Hﬁ1 (Q0) and satisfies div (Bg)bw) =7, on o, w,_, =0, w,_, = 0. Moreover,
as Bgp is invertible in Hﬁl“ (Q0), we obtain
0]l 7 0) < K (B[22 (020)

where K is a non decreasing positive function of R.

Set U = u — w. Then U satisfies
fudiv<(Aa,bV)U) + (BapV)p=F, in Qx(0,7), (2.51)
div(BL,U) =0, in Qo x (0,7), (2.52)
with
F=7f+ udiv((Ame)w),
completed with the following boundary conditions
U, = 0, (2.53)
U, = 0. (2.54)
We underline that due to (2.52), equation (2.51) is equivalent to
— 1 div((AasV)U) + (BapV)p = F, in Qo x (0,7). (2.55)

Next, by assumption, we can apply Proposition 2.2 to A, which is consequently uniformly coercive. Moreover,
since By p is invertible in H, ﬁl“ (Q0), we find, by standard arguments (see for instance [23,25,27] for similar arguments
in the context of transversal displacement only) a weak solution (U, p) € Hﬁl(Qo) X L?(QO) to Problem (2.51)-(2.54)

depending continuously on F' and satisfying
10200 + 12122 (200) < K(R)HFHH;l(QO)'
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It follows that

[l 11 (220) + 11Dl 22 (020) < K(R) (H?HHF(QO) + H?HL;O(QO))- (2.56)

By combining the above inequality with (2.46), we get
il o) + 19122 00 < KR (1L ) + N3lz2000) + 18] aho ) (2.57)

Step 2. Let f € Lﬁ(Qo), ge Hﬁ1 () and ¢ € Hf (0, L). At this step we prove that the solution (@, p) of System
(2.40)-(2.39) belongs to H7(Qp) x (Hﬁ1 (Qo) N Lio(Qo)) and satisfies the estimate (2.45). We start by lifting the
boundary conditions but this time the lifting vector uy € Hﬁ2 () as ¢ € Hﬁ% (0, L) and satisfies

luslligon < OWlL 3 (2.59)

where C' depends only on Q. We already proved that there exists (7, p) € H (Q0) x L3 ;(Q0), where u = @ — uy,
unique solution of (2.47)-(2.50) and satisfying (2.56). Hence, to prove the estimate (2.45), it remains to bound the
second order derivatives of w and first order derivatives of p in Lﬁ2 (Q0).

Due to the regularity of (a,b), Agp € Hul“(Qo), B,y € HﬁHS(QO) which is a multiplier space of Hul(Qo).
Remembering Piola identity (see [15]) that states div(Bgp) = 0, it implies that § = § — By : Vuy and thus the
new sources terms (f,g) belong to Lg (Qo) x H;(Qo). We now differentiate equations (2.47)-(2.48) satisfied by (@, p)

with respect to x. Formally, we obtain

—div((AapV)050) + (BapV)0up = f, in Qg x (0,7), (2.59)
div(By,0,1) = 0,9 — 0. BL, : Vi, in Qo x (0,7), (2.60)

with
fo= pdiv((0:AapV)T) — (83 BapV)P) + 0, f (2.61)

We note that 0,u is L—periodic with respect to x and it vanishes on y = 1 and y = 0. Consequently, thanks
to boundary conditions and Piola identity, since ;B4 = cof(0xVxa,b), the right hand side of the divergence
constraint satisfies
/ (0.9 — @CBL) : V) dedy = diV(@IBg’bVﬂ) dzdy = 0.
Qo Qo

Therefore Step 1 implies

10sl 3 20) + 19122 02y < K(R) (112 1 + 1055 = 2By : Vil 200 )- (2.62)

Hence to bound the left hand side of the above equation, we have to bound f in H § ! (©o) and the term &,@fﬁng)b

V4 in Li(QO). By performing integration by parts, for any w € Hnl(Qo) such that w),_, = w|,_, =0, we have

/ div((0p A pV)0) - w dady = — / ((amAme)a) . Vw dzdy,
Qo

Qo
and hence

”div((amAa,bv)ﬂ) ”H[l(ﬂo) < (aﬂ:Aa,bv)ﬂ”Lg(Qo)' (2.63)
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By using Lemma 2.1 for 9,44 € HﬁS(QO) and Vu € Hlil (Q), we get, for any 6 > 0,
10 A0 sVl 3(0) < KB (Col1 ¥l 300 + 01922000 ). (264

Combining the above inequality with (2.63) and (2.57), we obtain, for any ¢ > 0,

. — r A~ 2—
1@ Aws VD2 < KR(Co (Il + Mallzeon + Wy, )+ 8190z (269

By performing again integration by parts and using Piola identity, we get that for any w € Hﬁl(QO) such that
w‘yzﬂ = w|y:1 = 0

/ (0sBap V)P - wdzdy = — 0z Bapp : Vw dxdy,
Qo Qo

and thus
”(aocBa,bv)ﬁ”H(l(Qo) < ”amBa,bﬁ”Lg(Qo)- (2.66)

Hence applying again Lemma 2.1 (for 8, B, € H; (o) and p € Hy (Q)) leads to
102 Bas Pllzz ) < KR (Csllpll 20y + 01 VEl 200 ) (2.67)
for any 0 > 0. Consequently, gathering the above estimate (2.67) with (2.57) and (2.66), we obtain, for any ¢ > 0
10: B0Vl vy < KB(Co(Wlazan + Wlazyen + Wy, ) + dIVAlan)- (268
Hence, it remains to bound 8, f in H[l(QO) and 9,7 in LF(Q). From the definition of fand g in (2.49), we have

102 | - Q0 < ”&cfHH*l ay v N0z AcpVuyllzzyy  +  [[(AapV)O0suplle(ae.  (2.69)
71(90) ~1(0)

and

||3x§||L§(QO) < ||3x§||L§(QO) +[|0: B, : VUwHLg(Qo) +||BL, 3xvuw|\L§(Qo)~ (2.70)

Repeating the same arguments we easily get

A

102 Fll 10y < 102l () + KBl 200

10:9l2(00) < 1028ll2(00) + K (B)[wg ]l 12 (0)-
Since uy € HﬁQ(QO) and satisfies (2.58), we finally obtain

102 Fll ;100 < ||‘9zf||Hu*1(Qo)+K(R)||1/JHH§(O7L)7 (2.71)

0Tz < 10edllean + KO3 (2.72)

N

Combining the above estimates (2.71) and (2.72) with (2.65) and (2.68), we deduce

171112 0y < 10 Fll 120 +K(R)”¢“H§(O,L)

+ KR Cs (I -1 0y + 191 22000) + 1 +0[V20ll L2(0) + I VBl 200 ) (2.73)
¢ (20) 8 £ 8

o)
Hf (0,L)
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and
”azg— arBZb : VEHHn_l(QO) < HaargHL?(Qo) + K( )||¢H

H2(0L

+ K(R)(Cs (11111, 220y + 13220000 + 1] + oIV a3 ). (274)

H%(O,L))
Therefore by combining (2.73) and (2.74) with (2.62), we get

1027 13 20y 19l 22 20y < Ko (R) (12000 10 13y HIll g )+E(R) (81928l 12000y +811 Vil 12002 )

H2 (0,1)

For § small enough, we obtain

1927 5 6200 H 10222 200 < B5(R) (1 ecroy Hal gy HIA 3. ) +K () (310020001l D)
i,
(2.75)

It remains to estimate ||y, ul| L2(2) and || 9yp|| L2(20)- To obtain a similar estimate on the full second gradient of

w and the full gradient of p, we differentiate the divergence equation (2.48) with respect to y. This yields

2 2
Z a.b)j20yy s = 0yg — Z (0 (aw (Ba;b)ﬂ + 9, (Ba’b)jQ)ﬂj — 20, (Ba7b)j28yﬂj — 0y (me)jlawﬂj

j=1 j=1

— 0, (Ba,b)ﬂ@yﬂj + (Ba,b)jlaxyﬂj) (276)
However, by Piola’s identity we have div(B, ) = 0 and hence we get

02 (Bap) jy + 0y (Bus) ,, = (div(BaJ,))j = 0.

It then follows
2 2

> (Bap)j20yyt; = 0,5 — Y _ (20, (B a) 1,05t = Oy (Bab) 05705 — 0z (Ba) 0y + (Ba) 0y Ts) (2.77)

Jj=1 j=1
By applying Lemma 2.1 with ¢ = 0,T or ¢ = 9,u and by noting that the estimate (2.72) remains true for partial
derivatives with respect to y, we obtain

2
z 00320075 | 2000 < 13l 0y + K(R) (10113

mion T CslIVall 2 () + 01102Vl L2 ()

+ 0110yl 30 + 192yl 220 ) (278)
Combining the above inequality with (2.56) and (2.75) implies
2
Z w)saOu i) < KsB) (1Fllcn) + 190 yi00 + 16,5, )+ KOD (310100 + 01 Oplazcon )

(2.79)
We note that j—th row (2.47) reads as follows

= 11(Aap)220yy 05 + (Bap) j20y0 = ?j + 1Oy ((Aa,bv)ﬂ)jl +p ((ayAa,bv)ﬂ)jQ
+ N(Aa,b)IZaxyﬂj - (Ba,b)jlaxﬁ- (280)
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Next, we multiply the above equation by (Bqs);2 = (Ba’b)QTj, then we sum the resulting equations over j = 1 and

j = 2. Noting that

2
Z(Ba,b)gj (Bap)jz = (det Vxas)(Aap)22,

j=1

we get
2

2
(det VXa,b) (Amb)ggayﬁ = Z( a b)ﬂf + 2,U 22 Z a,b jlayyu]?
j=1

j=1
where f7 is the right hand side of (2.80).

By performing similar arguments as before to bound f* in Li(QO), we obtain

||3yﬁHL§(QO) < K(R)(H?HLg(QO) + CéHVﬂHLg(QO) + 5||V25||L‘§(QO) + ||vaa:a||L'§’(Qo)

2

+ 10251 12(00) + Z(Ba,b)ﬂayyﬂjﬂm(ﬂo))

j=1

From (2.46), (2.57), (2.75) and (2.79), it follows that

10,0536 < Ks(R) (Ifllzi6 + 19l + 1013

Hence, for ¢ small enough, we obtain

10,720y < Ko(R) (11 Flzzion) + lallmzcon + 1015 )+ SK (R, T30
Yo

Going back to (2.80) and using (2.75), we get

Iy < Ks(B) (W sz + 1y + W3,

Hence, for ¢ small enough, we have

10yl 2206207 < (R (1F L 22c00) + 130125 000 + ol o)

and thus in view with (2.81), we get
10v0l12000) < KR (153000 + 1l o + 1013, )

Combining (2.83) and (2.82) with (2.75), we obtain

IVl ooy + IV8lczi0n) < KB (Ilzcon + 190100+ 1013, )

By gathering (2.57) with (2.84), we finally deduce

iz ) + 181l @02 00y < KR (Ifllizc0) + 1311112 0y ol L)

) + K (R) (010,712 + 01l D,z 0 )

)+ OK ()10, -

(2.81)

(2.82)

(2.83)

(2.84)

This ends the proof of the elliptic regularity result. Note that the same could be done in the case where the

whole boundary of the fluid domain is elastic by localisation strategy and quotient method. The result relies

mainly on the fact that the matrices A, 4, Bap belong to multiplier spaces of H!, on the Piola identity and on an

interpolation result similar to Lemma 2.1 (see [10,23,24] for a perturbative method and [9,25,27,39] for a similar

method as the one used here).
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3 Study of a linear system

Throughout this section, we fix a couple (a,b) € Hﬁ2 (0, L) such that x, is injective on Fo. We recall that
3 _
this implies that det Vxq,, € Hy (Q0) and hence det Vx,» € C(£). We moreover assume that ||(a, b)HHf(O,L) +
l|(det Vxap) ! c,(@y) < . We consider the following linear problem:

Pfap O — pdiv ((Aa,bv)v + detéXGJ)Ba,bvaBa,b - qBa,b)
— f4divh, in Qx(0,T),
div(B(zbv) =g, in Qg x (0,7),
v(z,1,t) = (C(x, 1), Om(,1)), on (0,L) x (0,T), (3.1)
v(x,0,t) =0, on(0,L)x (0,7);
ps04tC — BOz2C = —Taplv,q] -e1 — hy,_ ea-er + ¢, in (0,L),
P50t — YOrwtt) + 0zzaan = —Taplv,ql -2 — by _ e2-ea+m, in (0,L),

where

Top[v,q) = (W(AapV)ves + Ba Vol By pes — qBapes)

ly=1"

Kk
det Vxap
L—periodic boundary conditions w.r.t. z for the fluid velocity and the structure displacement are considered

together with the following initial conditions at ¢t = 0:

v(+,0) = vo(+), in Q, (3.2)
C('a 0) = CO(')7 on (07 L)a (33)
6tC( 70) = Cl(')v on (07 L)a (34)
n(-,0) =no(-), on(0,L), (3.5)
8”7('7 0) = 771(')7 on (07 L)7 (36)
satisfying the following compatibility conditions
div (ngb ’Uo) = 0, in Qo,
VO|yoy = (C17771)7 (3~7)

1}0|y=0 =0.

The equality of the initial velocities and the divergence free constraint implies that the initial conditions have to

satisfy .
/ (= G (@)9:b(x) + m (2)(1 + ,a(z)))da = 0. (3.8)
0
Morever we emphasize that any solution satisfies
5ua 016, 0)(t) = [ gdady, (39)
Qo
with d45(€, ) defined by
L
Oap(&, ) = / (= €0,b+ (1 + 0ya))dx. (3.10)
0
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We note that, at initial time, necessarily ¢(0) = 0 and d,,5(9:C, 91)(0) = d4.5(C1,m) = 0.

As mentioned in the previous section, the pressure of this system is uniquely defined and can be decomposed as

follows
q(z,y,t) = so(z,y,t) + k(t), (3.11)
with
/ sodzdy = 0, (3.12)
Qo
and
1 d L L L
R(t) = p 53 a0 Om)O+5 [ 0ruCObdr-a [ Ormduadety [ Oumdiads
( ) ”(76167 1 +ara)||%2(07L)( dt( ( t t ))( ) 0 0 0 tt

L L
+ / (Tuplv, so] + h)(z,1)es - (—0zb,1 + Opa) dx — / (¢,m) - (—0zb,1 4 8ya)dz). (3.13)

In order to prove existence of a unique strong solution for the linear system (3.1) we first consider the case of
a divergence free constraint (g = 0), then the case of a non homogeneous divergence constraint. Note that the
average of the right hand side g is not equal to zero preventing to lift this non homogeneous divergence with a
velocity satisfying homogeneous Dirichlet boundary conditions on I'g and on I'. and thus preventing to modify only
the fluid unknowns in the lifting process. This one of the major difference compared to the case where only the

transversal displacement is considered.

3.1 Functional spaces

Let us consider the following functional spaces respectively for the initial data, solution and source terms in which

we solve the linear problem associated to (2.19). Concerning initial data, we set
X% = {(007€03<177703771) € X§x X): wo,_, = (Clﬂh)},
where

XJ? : {vo € Hﬁl(ﬂo) o div (Bg’bvo) =0 inQg and vo),_, =0},

X): = H}(0,L) x H{(0,L) x H}(0,L) x H;(0,L).
The space XY is endowed with the product-norm:

(w0, Co, Cus 105 M) |0 = l[voll a1z 20) + €0l 2 (020) + 11l (020) + 170l 11 20) + 1 222 (520)-

For any (vo,Co,C1,7m0,m1) € X°, the compatibility condition (3.8) is satisfied. Given T > 0, the source term

(f,h,g,¢,m) of the problem under consideration belongs to the following space:

f € L(0,T: L3(R)), h € L*(0,T; H} (),

ST = (fahvgaevm): 1
(¢,m) € (L*(0,T; H¢ (0,L))%,g € L*(0,T; Hul Qo)) N H&O(O, T, (Hﬁl (),

22



where

Hy (0,7 (Hy (Q0))') = {g € H'(0, T3 (H; ())) : g(.,0) = 0}.

We underline that we enforce the vanishing condition at initial time so that (3.9) is satisfied at the initial time
since d4,5(0) = 0 because of (3.8). The space St is endowed by the product norm.

Now, we introduce the spaces in which, respectively, the fluid and structure unknowns belong:
Xy = (H"(0,T; L (0)) N L>(0, T; Hy () N L?(0, T; HF (Q))) x L*(0, T; Hy (),

Xopi= (o) ¢ € H*(0,T; LF(0,L)) nWho°(0,T; HF (0, L)) N L>*(0, T; HZ (0, L)),
’ n € H2(0, L H}(0, L)) N W (0,T; HZ(0, L)) N L*=(0, T; H}(0, L))

Again, these spaces are endowed with the obvious product-intersection norms denoted ||.||x, . and |.|x, ;-

3.2 Homogeneous divergence constraint

We first focuss on the case g = 0. This subsection is devoted to the proof of the following proposition:

Proposition 3.1 Consider (a,b) € HE(O,L) such that xap is a injective on Fo. Given 0 < T < T*, initial data
(vo, 0, C1,m0,m) € X° and a source term (f,h,0,£,m) € Sy. Then there exists a unique solution (v,q,(,n) €
Xy1 x Xs 1 to Problem (3.1)-(3.7) and for any T < Ty a non decreasing function K+ : [0,00) — [0, 00) such that

assuming ||(a, b)HH;(O,L) + || (det anyb)_chﬁ@o) < R, the solution (v,q,(,n) satisfies

10, D) llx ;.0 + 1S M) lx. o < Ky (R)([[vo, o5 C1smo,m) | xo + 11(f, by 0,6,m) [ 5), VT < T (3.14)

The proof of the above proposition is divided into three steps similar to the ones followed in [28]. In the first
step, we prove the existence of strong solution for a regularized Problem of (3.1)-(3.7) by adding a dissipative term
€0zz22¢C to the wave equation and £0,,.4¢7 to the beam equation with € > 0. Next, we derive, for the solution of
the regularized problem, estimates independent of the regularizing parameter €. These uniform estimates enable
us to pass into the limit in the final step. Since some steps are similar to [28] we emphazise at which are the
main differences. Note that we assume that (a,b) € HE(O,L) which is more than (a,b) € Hﬁ%+s(0,L) that was
sufficient for the elliptic regularity result. Requiring this extra regularity seems to be crucial to estimate pressure
boundary terms appearing in the regularity estimate. These terms comes from the fact that, contrary to the Stokes
steady state case studied at Section 2.5, we do not deal only with Dirichlet boundary conditions but with a coupled

fluid-structure system. Note that these extra terms do not appears in the case where the longitudinal displacement

is neglected (a = ¢ = 0).

3.2.1 Regularized problem
The regularized problem of Problem (3.1) reads as follows: for ¢ > 0, T' > 0 and a source term (f1, f2,h,0,¢,m) €

St, find (ve, ¢, (e, n:) € Xy X X 1 such that

Pf.abOve — pdiv <(Aa7bV)v5 BabevETBaJ)—qEBa,b) = f 4+ divh, in Qp x (0,7), (3.15)

4+
det Vxa,p
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div(Bl,v.) =0, in Qo x (0,T), (3.16)

ve(w,1,t) = (8¢ (2, 1), Ome (2, 1)), on(0,L) x (0,T), (3.17)

ve(2,0,t) =0, on(0,L)x (0,7), (3.18)

PsOitCe — BO2aCe + €0rpaatCe = —Tup[ve, ge] -e1 — hy,_ e2-e1 +¢, in (0,L), (3.19)

PsOuNe — YOzattNe + W0ppaate + E0zzaate = —Tuplve, ge] - €2 — hy,_, €2 - €2 +m, in (0, L). (3.20)

As we have regularized the solution of the linear problem (3.1), one has also to regularize the initial data as well.

There exists (¢§, (T, n5,77) € (HEL(O,L) X Hé)’(O,L))2 such that

(Cgvglgan&ﬁi) - (C07C15770a77/1) in Xg when ¢ — 07

€ (H(CS, 778)||H114(07L) + ||(C16»77§)||H§(0,L)> is bounded independently of € > 0.

We observe that fOL (=5 (2)0b(z) +75 (z) (1 + 0pa(x)))do = I., with I, — 0 as & — 0. Thus we modify the vertical

1,
displacement so that the regularized initial beam velocities satisfy the constraint (3.8). Let us define n§ = 75 — f,
we get that nf € Hé)’(O,L) and ((§,n5) satifies (3.8). Moreover, since I. — 0 as € — 0, we have
(<87<16a77877ﬁ) — (<O7C1;7707771) in Xg when ¢ — 07
€ (H(CS, 778)||H§1(07L) + ||(C16,ﬁf)||H§(O,L)> is bounded independently of ¢ > 0.
Due to the compatibility condition (3.7) that should be satisfied by the initial data of the linear problem, one has

to approximate the initial velocity vg by v§ such that

div (BZWS) =0, in Q,

vG,_, = (CF,m5); (3.21)
US‘y=0 - O
To this end, we define
v =vo = U(0,0,¢7 = Cu,mf —m), (3.22)

where U(0,0,(f — ¢1,mf —m) € H;(Qo) is the velocity solution of the periodic Stokes-like Problem (2.40)-(2.39)
with f =0, § = 0 and ¢ = (C§ — 1,75 — m1). Thanks to (3.8) that is verified by both (¢1,71) and (¢5,75) the
compatibility condition

L
| (= €@ = G@)ob@) + @)~ m@)(1 +d,a()) )z = 0

holds true. With this construction, we have v§ € Hﬁ1 (Qo) as vy € Hﬁ1 (Qo) and v§ satisfies (3.21). Moreover, we
have

v§ — vo, in H{ () as € — 0. (3.23)

Variational formulation of the problem. Let us consider the following space
V ={(w,& ) € H} () x HF (0,L) x H{(0,L), div (BL,w)=0, w,_, = (&), w,_, =0}.

Note that for any (w,§, ) € V, then 6,4(&, ¢) = 0, where d45(&, ) is defined by (3.10). Let (w,&,¢) € V and let
us suppose that (ve, ge, (, 7 ) is a classical solution of (3.15)-(3.20). By multiplying the fluid equation (3.15) by w,
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(3.19) by £ and (3.20) by ¢ and performing integration by parts, we obtain, by using (3.16)-(3.18) and the peridic

boundary conditions, that

L L L
/ Pt.a,p0tVe - wdrdy + ps / 0y (€ dx + ps / Opnep dx + *y/ Oz14Me Oz tp dx
Q 0 0 0
’ L L u
+ 8 / 0,C.0,€ d + / OealeOanp et + / W(AapVYve + — P B VT B, ) - Vedrdy
0 0 Q0 ’ det Vxap ’
L L
+ 5(/ 81$t<68w$€d'r + / 5’mt7753m<P d.]?)
0 0

L
= frwdzdy — / h: Vwdzxdy +/ 4,m) - (& p)dx. (3.24)
Qo Qo 0

This leads to the following weak formulation of the regularized problem (3.15)-(3.20): For given (f, h,0,¢,m) € St

and (v, (5, <5, m6,m7) as above, find
(ve, Ceyme) € LP(0,T; HY () N L™(0,T; LF () x WH(0,T5 HF (0, L)) x W0, T; H} (Q)),
such that (3.24) holds for all (w, &, ) € V with

(UE (0)7 CE (O)a 8tCE (O)a 775(0)7 825778 (O)) = (’US, C(;:’ Cfv 77(6)’ 771:) (325)

In order to obtain the existence of a solution and a priori estimates we make use of the uniform Korn-like
inequality derived at Proposition 2.2. Let us mention that in the case where the longitudinal displacement is
neglected and the beam only moves in the tranversal direction, the Korn inequality is trivially satisfied since the
symmetric part of the gradient of the fluid velocity has no contribution in the applied force on the structure. Here,

even if div ( meVUETBa,b) = 0 due the divergence free constraint, this term has a non zero contribution

on the boundary when integrated by parts and thus its normal trace acts on the structure.

We use Faedo-Galerkin method to prove the existence of weak solutions of Problem (3.24)-(3.25). To this
end, we approximate the space V by a space V, by following the same lines in [14] and we prove existence and
uniqueness of solutions to the approximated problem. We remark that the estimates that will be derived later on
for the solution (ve, (., 7:) can be justified by passing over the limit over m — oo of the estimates satisfied by the

approximated solution of the approximated problem as in the approximated problem any time derivative of the

solution is a valid test function.

3.2.2 Energy estimates

We take (ve, 0:(e, 0ine) as test function in the weak (3.24). Thus, setting (w, &, v) = (ve, O, i) in (3.24), we
get

Ld [ /

L
xxlle 2d / Aa 5 LBQ TBa . sd d
+a [ o) o [ (Ao + BVl By )+ Vo dady

L L

v dady +p. [ 106 @) do+pu [ o) de 8 [ Lot (@) do
0 0 0

v d L L L
+ §£(/ \8m175(m)|2dx) —|—5</ |0ptCe ()| ?d —|—/ |8mt175(m)|2dx)
0 0 0

L
= e vedrdy — h: Vo dedy + / (6,m) - (0¢le, O¢me) dx.
Qo Qo 0
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Since

M T H 1 Ty |2
Ao V)ve + ——— B, Vu. B, : Ve dady = = ———— | ((BapV)v + ((Bap V)ve dxd
/QO (M( 2VIve + o Ve @000 ’b> e =g /QO detVxa,n | (Bao¥)v+ ((BasV)ve)") I dady

By using (2.35), Cauchy-Schwartz, Poincaré and Young’s inequalities, there exists C' > 0 such that

1d L L L
5%(/ pf’a,b|1)€|2d$dy+p5/ |8tC5(x)\2dx+ps/ |atn€(x)\2dx+ﬂ/ |3ICE($)|2dx
Qo 0 0 0

L L
AR d
—|—a/ |Opare ()2 dar) + & ( )/ |Vva|2dxdy+1—(/ |Orame ()2
0 2 Q0 2 dt 0

C
2 2 2
dx) < W(Hf”L?(QO) + Hh||L§(Qo))

Ps 1
+7 <||3t<e||2L§(o,L) + ||3t77€\|%§(o,L)) + o (||€||2L§(O,L) + ||3tm\|%§(o,L))-
S

L L
+e( / st (@) Pda + / 10ren- ()
0 0
By noting that pfqp > % and integrating with respect to time on [0,¢] C [0,T"), we obtain

Py Ps Ps B
EHUEH%OQ(O,t,Lg(QO)) + Z\\atCa||iw(o,t;L§(o,L)) + Z||8t775||ioo(o,t;L§(o,L)) + §HazCe||%oo(o,t;L§(o,L))
o HA(R) ol
200 2 < 02000 + P T B0 ) + 210l e s20.0

C
+ 8(Haxxt<5H%2(O,t;L§(O,L)) + Haxxtne||i2(0’t;L§(O’L))> S W (Hf||i2(0,t;L§(Qo)) + Hh||2L2(O,t;L§(QO))>

1
+ o <||£||2L?(o,t;L§(o,L)) + ||m||2L2(0,t;L§(o,L))) + Co.  (3.26)

where Cy > 0 depends only on the initial data, and C' > 0 independent of T' > 0.

Thus, we obtain uniform bounds independent of ¢ in the following spaces:
o v in L>(0,T; L%(QO)) N L%(0,T; Hﬁl(QO));
e (. in LOO(O,T;Hﬁl(O,L)) NWhee(0,T; Lg(O,L));
e 1. in L*>(0,T; Hf(O,L)) N W10, T; Hﬁl(O,L));
e Ve( and en. in H'(0,T; H{(0,L)).

3.2.3 Additional estimates for ¢ > 0

Next one takes (w,&,¢) = (0sve, e, D) as a test function in the weak formulation (3.24) and performing

integration by parts to the terms involving h that

L L L
/ pf.ab|0rve|? dxdy-i-/?s/ |00 |? dﬂH’Ps/ |0ene|? dﬂH‘“Y/ |0atene|? do
Qo 0 0 0

ed (" ed [*
2 2
+§E ; |Gt Ce | dx 2dt o Dscerrel” do /Q
0

L L
+ ﬁ/ OxCc0zt:Ce dx + a/ OzaNe OpattNe dr = / f - Opve dxdy
0 0 Q0

<,u(Aa7bV)v5 + detéXbBa’bvaTBa’lJ : VOive drdy

L L
+ / div h - Orve dedy — / (he2)|,—, - (OwCe, Opene)dx + / (£,m) - (0tCe, Orne ) da.
Qo 0 0
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Next, integrating the above equation with respect to time on any time interval [0,¢] C [0,7T) and using the following

equality

H T Ty |12
wWAg s V)ve + ——=——B, sV Bap | : VO, dad B, sV)ve + ((BgyV)ve dxdy.
/Slo ( ( " )v det vXLL,b bV Ve ’b> 10 rey = 4dt / detha b b )v (( b )'U ) ) | e

lead to

/ / Pfab|atvs| dxdyds+ps/ / |att<5‘ dwds+p3/ / [O¢e7e | "dedSJF’Y/ / |Otme (t | dxds
Qo

+ 5 (/ 2detéXab ‘ (( abv)ve( )+ (( abv)va( )) ) |2d$dy—|—€/ |833xt<6( )‘ dz+€/ |89590t775( )| dI)

<5 / / D2C.OunC. duds — a / / Do Domien). dvds + / / £ - Oy, dadyds
Qo

—|—/ div h - atvgdxdyds—// (he2)), (8ttC5,8ttn5)dxds+// (6,m) - (0seCe, Orme ) dads
0o Jao

1 ok e \T') |2 / cp2 / <2
+ 2 (/{;0 2detVXa7b | ((Ba,bv)vo + ((Ba}bV)Uo) ) | dxdy+5 o |8Ig;<1| dx + e o |8II771‘ dr | .

It follows then by using the uniform Korn’s inequality (2.35) and the assumption on (a,b) that there exists K(R)
such that

// pfab|8tvs| dxdyderpg// |6ttC5\ d:z:ds+pg// |Oreme | vdxder’y// |Ozeene (t |dmds
MR
by (AT |wa<>|2dxdy+e/ ! da:+s/ Opwinc (B2 d
2 2 Qo 0 0

t oL t oL t
< —ﬁ/ / 030214 Ce dxds — a/ / OzaNeOzzttNe dxds + / f - 0. dadyds
0 Jo o Jo 0 JQo

¢ t oL t oL
+ / / div h - Oyv, drdyds — / / (he2)|,_, - (04Ce, Opene) daxds + / / (6,m) - (0¢eCe, Orme ) dads
0 Jao o Jo o Jo

1 [ uK(R L L
+ = 1A )/ |Vv8|2dxdy+€/ |8m<f|2dx+s/ |8m77ﬂ2d;v .
2 2 Qo 0 0

%, and by performing integration by parts in time in the first two terms on the right hand side of

the above inequality, we further obtain

/ Byve ? ddyds + p, / / 100G 2 dads + p, / / Oy |? dads + / / Oueene (1) dads
Qo

*2(M§R)/Q <>|2dxdy+g/ Dz (2)] dw+s/ Oraun-(0) do)

<ﬁ/ / |02:Cc |2 dxds—i—oz/ / |0pztne|? dxds—|—/ f - Opve dxdyds
Qo

t t oL
+ / / div h - Oyv. dxdyds — / / (hez)‘yzl (04 e, Oume ) daxds + / / (6,m) - (04Ce, Oume) dads
0 Jao 0o Jo o Jo

1/puK(R L L
7(# ( )/ |Vv8\2dmdy+5/ |3MCf|2dx+5/ |8M7ﬁ|2 dx)
2 2 Qo 0 0

Since pfq,p >

L L L L
38 / 02 C(1)OmiC. (1) — / Duate(1)Oswen. (1) + B / BuC50.C5 do + / DoatEDuarts da
0 0 0 0
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After integration by parts of the last two terms in the above inequality with respect to x, we obtain

/ / |0yve |2 dxdyds—i—ps/ / |8tth| dxds—!—ps/ / \8tt775| dxds—i—’y/ / |021em< (1)|? daxds
Qo

*2(M§R)/Q ()Izda:dy+€/ |0t (1) dx+e/ Orzene (1) da )

<ﬂ/ / |8MC€\2d;vds+a/ / |0pte | dmds—i—/ f - Opve daxdyds

t
+/ div h - Osve dwvdyds — / / (h€2)\y:1 - (04Ce, Opme ) dds +/ / (€,m) - (0uCe, Oune) dxds
0 Jo o Jo 0 Jo

1 L L
+7<uK(R)/ |vug\2dxdy+g/ |8m§f|2dx+5/ (D | )
2 Q0 0 0

L L L L
0 0 0 0

Thanks to the way we have built (v§, (5, ¢f, 15,5 ), by Cauchy Schwartz, Young’s and trace inequalities there exists
Cy which depends on the initial data and R such that

t t L t L
p—f// |8tve|2dasdyds+&// |8tt§6\2dxds+&// |0yene|? dds
R 0 Qo 2 0 0 2 0 0
i [ [0 deds + 2 [ 900 daay
0 0 0

3

L L
+§/ ‘8zzt46(t)|2d$+ Z/ |amt776(t)|2d$
0 0
t L t L g2 L
gﬁ// |8xtCE|2dxd8+oz// \6mtng|2da:ds+—/ 10,¢. () 2dar
o Jo o Jo € Jo
€

L 2 L
« .
5 [t @Pde+ % [ oem )P+ CR)(Idiv iy pszonn + I 0szi00n)

Uiy

+ C(Pm QO)(Hh”i%o,t;H;(QO)) + ||€||%2(0,t;L§(O,L)) + ||m||2L2(0,t;L§(0,L))) + Co.
Thanks to the energy estimates (3.26), we obtain
f Ps Ps
ﬁ”aﬁv‘EH%?(O,t;Lg(Qg)) + 5\\3ttCeH2L2(o,t;L§(QO)) + §||3ttﬂe\\%2(o HL3(20)
/M( )
Ve (t )||2L§(Qo)

€ € .
+ 1||3ths(t)||2L§(o,L) + ZHaﬂcrtns(t)”%’g’(o,L) < C(R)(||d1VhHL2(o,t;L§(QO)) + ||f\|%2(o,t;L§(Qo)))

+ ’YHaxtt??s (t) ||%2(0,t;L§(Qo)) T

+ C(Psa QO)(”hH%Q(O,t;Hﬁl(QO)) + ||€||i2(0,t;L§(O,L)) + ||m||%2(0,t;L§(0,L))) +Co + Cg, (3~27)

where C. depends on initial data, source terms and 1/e.

Consequently by applying Gronwall Lemma, we obtain bounds on the solution in the following spaces:
e v, in Hl(O,T;Lg(QO)) N LOO(O,T;Hﬁl(QO));
e (o in H*(0,T;L(0,L)), ne in H*(0,T; H,(0,L));

« VEG in WH(0,T; HF(0, L)), ene in WH(0,T; HF(0, L));
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These estimates furnish uniform bounds satisfied by approximate solutions that are sufficient to pass to the limit
in the Galerkin approximated problems and obtain a solution of the weak formulation. We emphasize that (3.26)
and (3.27) can be then obtained by passing to the limit in a Galerkin approximation. Note that the right hand
side of (3.26) is independent of €, whereas the constant C. appearing in (3.27) depends on 1/¢. Thus, the energy
estimate (3.26) is still valid when passing to the limit as ¢ — 0 whereas the bounds in (3.27) blow up when passing
to the limit as ¢ — 0. However, we will see later that we can control the left hand side of (3.27) independently of

¢ thanks to additional estimates we derive in the last part of this subsection.

Further regularity of the regularized solution With the derived estimates we can further recover elliptic
regularities and the strong formulations satisfied by the solution of the regularized problem. The key point here is
that the equations of the longitudinal displacement { ant the transversal one 7 are coupled through the constraint
0a.5(0:¢,0yn) = 0, and that further fixes the pressure average. Indeed we just obtained that there exists a triplet
(ve, (e, me) such that

ve € H'(0,T3 L7 (0)) N L>(0,T5 HY (Q)), (Coone) € (H?(0,T3LZ(0, L)) NWH>2(0,T; HF (0, L)))?;

satisfying (3.24) for any test function in V' and the initial conditions (3.25).
Then by considering (£§,¢) = (0,0) in (3.24), we obtain for any w € Hﬁl(ﬂo) such that div (ngw) = 0 and

w‘yzl = wly:() = 0
I T
ab Opve - w dxd A, —— B, B, : dxd
/QO Pf.ap Otve - wdr y-l—/Qo (M( sV)ve + et Vo s LVUg ,b> Vw dxdy

:/ f-wd:vdy—/ h : Vwdzdy.
Qo Qo
1+s

Since B is invertible and belong to Hy™*(£20) which a multiplier space of H, ﬁl (Q) the standard de Rham Lemma
can easily be adapted to the operators (B,,,V)- and div(B, ,-) (see for instance [23], [25]), to get that there exists
S0 € Lio(QO) such that

(Ba,bV)s0,e = —pfapOive +div (N(Ambv)vs Ba7bVUgBa,b) + f +divh. (3.28)

1
+ det Vixa,p

As f and divh belong to L*(0,T;L3(€)) and by using the fact that dyv. € L*(0,T;L;(Q)), (9iC:,DiC:) €
L?(0,T; HﬁQ(Qo)), Proposition 2.3 implies

(ve, s0,e) € L*(0,T5 HF (0)) x L*(0, T Hy (0) N L 4(Q0))

and consequently (ve, o) satisfies (3.15) a.e on (0,T) x Qy. Hence, (v., so.) satisfies (3.15)-(3.18) with periodic
boundary conditions in z.

Next we recover the regularized beam equations. For any (§,p) € HHQ(O,L), such that d,(§, ) = 0, where
da,5(&; ) is defined by (3.10), we construct an admissible fluid test function w = U(0,0,§,¢) € HF (o) thanks

again to Proposition 2.3. Thus, using (w, &, ) as a test function in (3.24), we obtain, after integration by parts in
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space,
/ (pf ab Ove — div (M(Aa »V)ve + LBQ w Vol B,y — divh — f)) -wdxdy
Qo o ’ det anyb ’ € ’
k H T
+ /0 (,LL(Aava)UE + mBavavs Ba,b) \y:162 . (561 + (,Oeg)dll‘
L
+/(m@@—&mg+mﬁ@erwkm
0
L L L
+ / (psatmg +hy,_e2-e2— m)godas + fy/ Ott2Me Oy pdx + a/ OgaNeOpzpdx
0 0 0

L L
+ s/ OratCe () Opp€dx + 6/ OrztNeOzzpdr = 0.
0 0

This implies that in view of (3.28) that

L
_ . _ T .
/Q 0 (BasV)s0. - w dady + /0 (u(Aabe)v5+ Ty DoV Ba7b)‘y:162 (€e1 + peo)da

L
b [ (0 = 501G 1 a1 — O)¢da
0
L L L
+ / (psattne + h\y=1 €2 €2 — m)‘PdI + '-Y/ OttaneOzpdz + a/ OpaNeOzapdr
0 0 0
L L
+ E/ aza:té-e (x)aw:rfdx + 5/ 5mt7758m90d$ =0.
0 0

Remembering that diV(ngw) = 0, an integration by parts on the pressure term yields

L L
/ (psattge - ﬁawa:gs + h|y:1 e e+ Ta7b[va> 50,5] c€1 — E)fda: + 5/ 8za;t<£<x)aww€dx
0 0
L L L L
+/ (psﬁtms+h‘y:162.62+Ta7b[v5, 5075]'627m)90d117+’}// 8ttzn58m<pdx+a/ 8mnsﬁmgad:c+e/ OgztNeOzzipdr = 0.
0 0 0 0

This identity is valid for any test function (€, ) € H7 (0, L), such that d,4(§, ) = 0. Thus for any (¢, ¢) € H;(0, L),
such that d,5(&, ¢) =0, we end up, a. e. in ¢, with an identity that writes

< (Flsa FQE)(t)a (fa 90) >H;2(O,L),H§(O,L): 0.
For any (§,9) € Hﬂz(O,L) we observe that (&, ¢) = (§,¢ — M) satisfies the constraint d,4(§, ) = 0 and we
can easily deduce that there exists a unique k. : t — k(t) such that, a. e. in ¢
< (Fls7 F2€)(t)7 (§7 95) >H;2(07L)7H§(07L): kE(t)da,b(ga 55)’ V(f, R) € H}?(Oa L)

In a straightforward way k. (t) = + fOL F5(z,t)dz. The fluid pressure ¢. is then given by ¢.(x,y,t) = so.(z,y,t) +

k() with so.. € L*(0,T; Hy (Q0) N L o(Q)) and
L
k.(t) = I / (psatmg +hy,_e2-e2+ Tap[ve,50,] - €2 — m) dx. (3.29)
0

1
Hence, we have k. € L*(0,T) and ¢. € L*(0,T; H/(Q)). This gives a meaning to Ty p[ve, ¢c] in L*(0,T; Hy (0, L))
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and we obtain the following weak formulation for any test function (£, ¢) € H 112 (0,L)

L L
/ (psOuCc — BOraCe + hy,_ €2 - €1+ Taplve, qe] - €1 — £) € da + 6/ O22tCe () Orrédz
0 0

L L L L
+/ (Psattne+h\y:162'€2+Ta,b[v5»QE]'QZ_m)Sde+'7/ 3m?75<91;sodw+a/ 3mnsam<pdfr+6/ DratNeOpepdr = 0.
0 0 0 0
(3.30)

Thus we now can decouple the longitudinal and transversal equations of the beam. Finally by taking as test
functions the projection of OpyzqtCe and Opyzrqtne on the first Fourier modes on (0, L), we obtain an identity which
implies that ¢ € W0, T3 HZ(0,L)) N H(0,T; HA(0,L)) and 7. € W(0, T; H}(0,L)) N H(0,T; HA(0, L))
(by letting the number of Fourier modes tends to infinity). Moreover we already know that (. € H?(0,T; Lg (0,L))
and 7. € H*(0,T; H/(0,L)). Tt follows then, in view of (3.30), that equation (3.19) is satisfied a.e and (3.20)
in L?(0,T; Hﬁ_l(Qo)). From the regularities derived on 7. we further obtain that dyn. € L%(0,T; HﬁQ(O, L)) and

consequently equation (3.20) is satisfied a.e.

Remark 3.1 Note that, since 64p(0:¢e, Oine) = 0, by multiplying (3.19) by —0.b and (3.20) by 1 + d.a, ke is also

given by
1 L L L
ke(t) = B/ 02Ce Opebdr — a/ OzzaNe Opzadr + 7/ OzttNe Ozza dx
( 1(=0:b,1 + 9:a)132(0. 1 ( 0 0 o
L I L
—|—/ Tve, S0,e|-(—Oxbe1+(14+0,a)ez) d$+/ hy,_, ea-(=0zbe1+(1+0.a)e2) da:—/ (€, m)-(—0yber+(1+0,a)ez) dz).
0 0 0

(3.31)

3.2.4 Estimates independent of ¢ > 0

Except for the energy estimate (3.26), the already obtained regularity estimates depend on the regularization
parameter £. Thus in this subsection we derive regularity estimates independent of €. We multiply (3.15) by J;v.

and integrate the resulting equality over g x (0,t). If follows that
¢ ¢ 1
/ / Pf.ab |0pve | dadyds — / / div (,u(Aa,bV)vE + 7Ba7va5TBa7b — quaJ,) - Oy drdyds
0 Jao 0o Jao det Vixap

t t
= / f - O dxdyds + / / div h - Opve dedyds.  (3.32)
0 Qg 0 QO

To integrate by parts the second term in the left hand side of the above equality, we need the following lemma as

o € L*(0,T; L§ (€)) only and it trace is not well defined on the fluid-structure interface.

Lemma 3.1 For any w € L?(0,T; Hﬁz(Qo)) N Hl(O,T;Lg(QO)) such that div (ngw) =0 on Qp, w(z,1,t) =
(01¢(x,t), Om(x,t)) for some ((,n) € HQ(O,T;L§(07L)) and w),_, = 0 and for any q € L*(0,T; Hﬁl(Qo)), we have

¢ t

div( (A pV)w + ———— B, ,Vw* B, -awdxdds+/ B, yV)q - Oyw dadyds
/O/QO (M( oY) det Vxap b ,b) ¢ Y ; Slo( wV)g- O Y

1

_1 / — | (BapV)0(t) + (BapV)ve(t))7) | da -

H € e\1 2
B V + B, V dxd
4 Qo detvxab / | (( a,b )UO (( a,b )UO) ) | zray

Qo detVXa’b

t L
— / / Tavb[w, q] . (attC€1 + 8tt7762) dxds (333)
0 JO
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The proof of this lemma is done by an approximation process in time, the equality is first proved for smooth
functions and obtained by passing to the limit.

By using the above Lemma, (3.32) becomes

t
1
ob |0yve |2 dadyd ﬁfi Ba s V)ve(t) + ((BapV)ve(t)T) 2 dadyd
L ol dsayas + [ oo (Bus ) + (Bus e 0)7) P oy
t

¢
= / f - 0w dxdyds + / / div h - Oyv. dxdyds
0 QO 0 Q0

I

4+ = -
4 /Qo detvxa’b

t oL
| (Bap V)05 + ((BapV)v§)T) |? dody + / / T[ve,qe] - (OnCer + Ounes) dxds.  (3.34)
o Jo

Next we multiply (3.19) and (3.20) respectively by 9y(. and dyn. which belong respectively to L2(0,T}; Lﬁ2 (0,L))
and L2(0,T; Hul (0, L)) then we integrate the resulting equations over (0,t) x (0, L). This yields to:

t L t L t L
o, / / 0| deds — 8 / / Dua GO dvds + / / DvweniCodhaCe dads
0 0 0 0 0 0

t oL t oL t oL
= —/ / Top[Ve, Ge) - €101C dxds — / / hi,_, ez €10u(. dxds + / / 004 dxds, (3.35)
0o Jo 0o Jo o Jo

t L t L t L t L
o, / / 1Oyme |2 dads + / / 10uene |2 dzds + o / / Onanano Oy dads + ¢ / / DvwwnioOuen. dds
0 0 0 0 0 0 0 0

t oL t oL t oL
= —/ / Top[ve, Ge] - €20um: dxds — / / hi,_, ez - e20un. drds + / / m Oune deds.  (3.36)
o Jo 0o Jo 0o Jo

Since ;4. and dy1. are not regular enough in space (only in L?(0, T'; L?(O, L)) and L?(0,T; Hﬁ1 (0, L)) respectively),
so integration by parts in space can not be performed directly. However, we can show by using a regularization

argument that a.e. in ¢, the following equalities hold true

t L
8 / / Don C.OpC. dids
0 0
&

t L L c L
. / / DvwnntCoduCeduds = & / 10saeCo(8) 2 d — & / 10,0 CE 2 da,
0 0 2 0 2 0
t L t L L L
04/ / 8aca:ww7788tt776 dzds —Oé/ / |8twm77€‘2dxd5 - Oé/ awwwna(t)atwn(t) dz + Oé/ ammngao:rﬁ dl‘,
0 0 0 0 0 0

t oL . (L , . (L ,
5/ / OgzzatNeOune dxds 7/ |Ozatne (t)|° dx — f/ |0z |” da.
o Jo 2 Jo 2 Jo

By combining the above equalities with (3.35) and (3.36) leads to

t L L L
8 /0 /0 10ueC.[? dads + 8 /0 Dan o (104 (t) d — B /O DaaS (5 i,

t L L t L L L
po [ oGP dndsel [Coc P o= [ [ 10uc R dedsts [ o000 di=5 [ 06 do

t L t L t L c L
[ [ Tasleead - ervutededs— [ [ e esduedsds s [ eouGduds+ 5 [ jorail da
o Jo oJo 7 o Jo 2 Jo

(3.37)
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and for the vertical displacement

t oL t L . (L
Ps / / |att775|2 dxds + 7/ / |02teme|? dads + = / |8mt775(t)\2 dx
o Jo o Jo 2 Jo

t L L L
- Ol/ / |atm:c776|2 diCdS + 0[/ axm:vne (t)atmns (t) dl’ - a/ amxmn(e)amni diL’
0 0 0 0

t oL t oL t oL -
— / / Top[ve, Ge] - €20une dzds — / / hy,_, €2 - €20sne dxds + / / m Oyne dxds + = / |022m5)%. (3.38)
o Jo oJo " o Jo 2 Jo

Now by adding (3.34), (3.37) and (3.38), we obtain

t t oL t L t L
/ / Pf.ab |0pve | dadyds + ps / / |01:C | dads + py / / |04me | dads + 'y/ / |0ptem:|* dads
0 JOo o Jo o Jo o Jo

1 L L
o g | (Bua ) + (B ¥peeo)7) Pedady s 5( [ onaeccP et [ om0 )

t L t L
— 5/ / \8“(5\2 dxds + a/ / |8tm175|2 dxds
o Jo o Jo

L L L L
+ 8 / Doa o (1)D0C. (1) da + / Dvwatte (DO (t) dz — 3 / Dun s (5 d — / Dnna O da
0 0 0 0

t t t L t oL
+/ f-Opve dasdyds—i—/ / div h-0yv, dmdyds—/ / hi,_, e2:(01Ce, Opeme) dxds—f—/ / (6,m)-(OnCe, Opne) dxds
0 JQo 0 JQo 0 Jo ‘ 0o Jo

+p

L L
- Bav 5 Bav e\T 2dd E / 31182(1 / axm€2d .
[ s | (Bo¥)i + (Bus V)" Py + 5 ([ 10i ot [0t o

Then by using uniform Korn’s inequality (2.35) we have

Pf P: Ps
o l0vellZa o 20 + 5 110ueCelzao sz, + 5 10une 2 0,6220,9)
PA(R)
4 HVUEH%Z(o,t;Lg(QO)) + '7||8mtt776||%2(0,t;L§(0,L))
€ 9 9 R
+ 5 (102206 0.0 + 1earne Oliz0.10) < O
1
2ps

L L
+ 5||8act(fe||3:2(o,t;L§(Qo)) + 04”|8tm77£”%2(o,t;L§(Qo)) + 5/0 O (e (£)0eCe (1) dix + 04/0 Owaane (1) Oraone (t) d,  (3.39)

+

(1130 22060 + 130 112 o))

_|_

(C(QO)||h||2L2(o,t;H;(QO)) + ||€||2L2(o,t;L§(0,L)) + ||m||2L2(o,t;L§(o,L))> + Co(R)

where Cy(R) is a positive constant which depends on R and on initial data and is independent of .

It remains to bound the last four terms in the right hand side of the above inequality. To get a bound independent of
¢, we multiply the fluid equation (3.15) by —8,,v., the longitudinal and transversal displacement of the structure
equations (3.19) and (3.20) respectively by —0;.:( and —0;m.. We underline that though —0,,v. matches
(—=0zatCey —Orztne) at the fluid structure interface, but (=020, —0rztCey —Oratne) is not an admissible triplet of
test functions as div (szﬁmvg) # 0. This will lead to the appearance of pressure terms that we have to carefully
control, in particular boundary terms that do not appear when considering only the transversal case. At this step

we need to assume that (a,b) € HﬁQ(O7 L) to take care of these extra terms. By integrating the resulting equations

33



n (0,t) x (0,L) and after integration by parts in space, we obtain

/ / Pf,a,b OtVe * Oz Ve dxdyds +/ / div (/’L(Aa,bv)va + #Ba,bvv‘zﬂBa,b - qua,b> - OpzVe dacdyds
Qo Qo Xa,b

& 2 g 1 Ps B 2 g 2 v g 2
+ |atzCs( )|~ d 2 |atr776( )| d$+ |3MC6( )l dIJF |aacm77€(t)| d$+2 ) Otz (t)|” dx

¢
/ / |0pwtCe|? dads —|—/ / |0szztne|? dmds) = —/ f - Opave dadyds — / Ogh : VO v dedyds
o Jo o Jo 0 Jo o Jao,

t L t L
+/ / T[UEa q.e] : (6$33t<661 + aa:a:tn662) dxds — / / (ga m) : (8a:xtCE€1 + axxtneeQ) dzds

L L

Ps B Y

+§ \8 CGlPde+ 22 / 10,152 da + = / 022G 2 da 4 — / |8mmv78|2dx+§/ |022m5|? de.  (3.40)
0

Since 0,,v. € L(0,T; Lf(QO)), it is not regular enough to perform integration by parts in space directly. To

proceed we state the following lemma and we refer the reader to [28] for a similar proof.

Lemma 3.2 Forw € L*(0,T; H7 (Q0))NH"(0,T; LF(Q0)), such that w),_, = (8:¢,d;n) with (¢,n) € H'(0,T; HZ (0, L))
and wy,_, =0, and for q € L?(0,T; Hﬁl(Qo)), we have

t t
- / / Pf.ab OrW - Ogzw dxdyds + / / div (u(Aabe)w + LBM,VU)TBGJ, — qBa7b) - Ogpw dzdyds
o Jao 0 Joo det Vxa,p

1 1 ¢
= / pf,a,b|8mw(t)|2 drdy — = / pf’a’b|8xw(0)|2 dxdy + / / Oz pf,a,p0cw - Opgw dxdyds
2 Jo, 2 Ja, 0 Jao

t 1 t
+ u/ / ((Ame)amw + WBa7bV8waBa,b) : Vo, w dxdyds + u/ (03 A0 pV)w : VOyw dzdyds
Qo a,b

Qo

B Ba dedyd Jet oy e Ba, dxdyd
Jrﬂ// dethab b)V’UJ b Voywdxdy SJru/ /Qodetha bvw 0z Bap : VO,w dxdyds

— / / 03qBqgp 1 VOzw dxdyds — / / q 0z Bap : VOyw dxdyds
0 JQo 0 JQo
t t
+ /(; <Ta7b[wa Q] + €1, 8$:Et<> %(0 L), H 2 (0,L) ds + /0\ <Ta7b[w7 C]] + €2, 8&:Etn> %

(0,L),H, (O,L)

By applying the above lemma with (w,q) = (ve, ¢-) and combining the resulting equation with (3.40), taking

into account uniform Korn inequality (2.35), we obtain

L L
s s AR
s / |azvs<t>|2dxdy+% \amcs(tnzdw#; OO dody + P2 / / V0,0.|? dedyds

0

L
/ / [ Ozzve dmdydsf/ / Ozh : VO, d:vdydsf/ / (6, m)(OzatCe, Oatne d:vdsf/ / 0z f,a,b601Ve 020 dxdyds
1 €12 Ps ﬂ 12 i £12
+3 0,a.6|0:05 | dxdy+ 3 |8 Gl de+ = 5 \&mll dm+ IGMCOI dx + |8.rzz7]()| dm+§ |azz7]1| dx
Qo 0 0
T .
,u/ / 02 A0 5V )Ve : VOrve drdyds / / T VXa . a,b> Vvz B : VOgve dxdyds

t t
f,u,/ / ——— B, vae 0z Ba,p : VOzve dxdyds+/ / 0zGeBa,p : VOz e dmdyder/ / Gs Oz Ba b : VO ve drdyds.
0 Qo det VXa‘ b 0 Qo

(3.41)
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We start by bounding each term in the right hand side of the above inequality. By using Holder’s and Young’s

inequality, we bound the terms including the external body forces:

t t t
/ f - Do dedyds + / Dl - VO, didyds| < / (11l z220) + WAl c20)) 1V 0l 2262
0o Jao 0o Jao 0 1 ¢ !

pA(R)
N

< C(R)<||f|‘%2(0,t;L§(QO)) + ||h||%2(o,t;H;(Qo))) +

where N is a positive integer to be fixed later on.

||vamv5||%2(07t;L§(Qo)), (342)

Next, thanks to the equality of the fluid structure velocities at the interface (3.17) and by using Poincaré inequality
for d v, that is valid since awva‘FO =0, we have
t oL
/ / (67 m) . (azzté-ea 8xzrt"75) d.’EdS
0o Jo

< |8l 141

1 1
L2(0,t:HZ (0,L)) " " L2(0,t;H7 (0,L))

Oty 1 1 )
10N Lo e 0,01 0t 0.0
<Nowvell , o a Ml g A Ol g m g
L2(0,H,2 (0,L)) " " L2(0,t;H/ (0,L)) L2(0,t;H/? (0,L)) L2(0,t;H.? (0,L))
pA(R) 2 2 2
< 0 Ve |7200 4 +C(R)||¢ +C(R)||m . (343
STy [0z EHLZ(O,t,L‘?(QO)) el ”LQ(O,t;H%(O,L)) (R HLQ(O,t;Hn%(O,L)) ( )

Next, since 00,05 = p0z(det VXab) € Hﬁs (©), then by using Holder’s and Young’s inequalities and Lemma 2.1,

we obtain
t t
/ /Q Do t.asDrve - Ouve dudyds| < / 1926 5,005l 22620 100l 2202 ds
0 0 0
t
< K(R) / (Collwvell () + 0190 2 ) ) 1000l 30 s
0
<

1 t 2 t
K 7) [ (Callowol iy + 819 0uwlizian) ds+n [ 1001z q, ds
K 0 # 0 #

It yields

t
1
| [ 0sprastioe - o.v. dedyas| < KR Dl0.0 0 300
0 JQo

1
2 2 2
+9 K(R7;)HvawvfHL2(0,t;L§(QO)) +“Hatvs||L2(o,t;L§(szo))~ (3.44)
Thanks to the way we construct the approximated initial conditions, we have
1 ps [* ps (Y1 oo B [T a * v [*
3 | praslociP B [0 2 [T 10t S [ 10+ [0 [ i0ui ds < o)
Qo 0 0 0 0 0

(3.45)

where () is a positive constant depending on initial data and R.

Again by using Holder’s inequality, (2.64), Young’s inequality and thanks to the energy estimate (3.26), we have:

t t
/ / (00 A0y V)0 : VOyu, dadyds| < p / 10 Aao¥ el 2020 V0l 20 ds
0 JQ 0
’ t
< pK(R) / (CollVv: 2000y + 0120 z200) ) IV 00 2 0
<

t 2
K(R) [ (ColVclzion + 3170 ls1a) ds

PA(R) [
+T ) ||V3mvs||2L§(Qo)d5~

35



Rembering the energy estimate (3.26) it follows

i MR
/ / p(0p A b V)ve + VOyve drdyds < Co(R,0) + (M ]gf ) + 52K(R)> ||V8$v€||%2(0)t;L§(QO))
0 Jao

+ (SQK(R)||6yyUE||%2(0’t;L§(QO)), (346)

where Cj depends on R, on the data (physical parameters, initial data and applied forces) and on J. By using

Proposition 2.3 and using (3.17), we have

10yyvellzz () + 1V 50l L2 (020) K(R) (||f +divh = pgapOrvell Lz, + 19, amE)HH? (07L)>

= K(R>(||f||L§(Qo> + 1l (90) + 10eve]l 22 (020)
H(0eCe, Oene)ll 20,0y + ”(6“9’8“”5)”11% (O,L))
<

K(R)(”fHLj(QO) + ||h||H;(QO) + ||3tUa||L§(QO) + H(at<678t77€)”L§(O,L) + HamUeHH;(QO))
This implies

10yyvellzz ) + IVS0,cllL2(00) < K(R)<||f|\L§(QO) + IAllmg o) + 1000l L2 (20) + (82, D) L2 0,1y
10:vel| 200 + V00 12000 ) (3:47)

By combining the above inequality with (3.46) and the energy estimate (3.26), we obtain

¢ MR
/ / (05 Aa pV)0e : VOO0 dedyds < Co(R, ) + <,u]57) + §2K(R, u)) |\V(9$115H%2(0)t;L§(QO))
0 Qo

+ 62K(R)Hatvs||%2(0,T;L§(Qo))' (348)

By using the same arguments we prove as above

H T . H T .
/QD Oy (7det VXa,bBa’b> Vu; Bap : VOgve dzdy + /QU Tt Vxes B,y Vu; 0,Bgp : VO ve dxdy‘
pA(R)

< ol ) + (P57 + K (o)) I9000e B gy + K (RO B sz

By using (3.26) and (3.47), we obtain

p p
/QO 33; (mme) VUZB%}) : V&‘xve dl’dy + /QO WBGJ)V’UZ@@BG,() : V@xvg dl’dy‘

pA(R)

< ol ) + (P57 + () ) 90,04 B0 gy + PH RO 0oy (3:49)

It remains to bound the pressure terms in (3.41). Since div (szvg) = 0, and thanks to the Piola identity,

Bap: Vv, = az(Ba,b:wE)—amBa,b:wE

= 0,div (B} ,v.) — 03 Bay : Ve

—03;Bap : Ve

Hence,

aa:QeBa,b :Vopv. = _8xQEaacBa,b : Ve,
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It follows from the above equality and (2.67) that

t
// 02q:Bqp 1 VO v dxdyds
0 JQo

t
// 029:0;Bqp : Vv dxdyds
0 JQo

IN

t
/0 Haw%HL?(Qo)HawBa,b : vUE||L§(QO)d5

IN

t
K(R)/O HaxquLg(Qo)(C5||Vve||L§(Qo) +5\|V2vs|\Lg(Qo)) ds.

By using Young’s inequality, it follows that

t
<SK(E) [ (10:0: 3000 + 10mtelZian) + 1900 25 0,)
0

t
// 029 Bap : VOyve dxdyds
0 Jao

+ K(R, 0)[ Ve 720 122 (00)))-
By using the energy estimate (3.26) and (3.47), and since 0,¢. = 0,50, We obtain

< Co(R,8) + 6K (R) (1000: 130,230y + 9020320 )- (3.50)

t
// 029eBap : VOyve dxdyds
0 JO

Finally, to bound the last term in the right hand side of (3.41) we integrate it by parts. Precisely, we have
t t t oL
/ / Qe 0z By p 1 VOgv, dadyds = —/ / div (ge 0z Bap) : 0xve dxdyds —|—/ / (ge 83,B£b8xya)|y=1 ey dx.
0 JOo 0 Jao 0o Jo

By Piola identity, div (9;Bq5) = 0. Hence,

t t t L
/ / Qe Oz Bap : V0,0 drdyds = — / V. 0, BL 0, v, drdyds+ / / (¢e 0:BL ,020c)),_, - €2 duds.
0 Jo 0 Jao ' 0o Jo ’

The first term on the right hand side can be estimated once again by applying (2.67) as follows

t
< [ 190 200 10: L1050 1300,
0

t
/ V. 69335717893115 dzxdyds
0 JO

t
< K(R) / 196l 2200) (CollOave | 2c0) + 017001200 ds ).

This yields by Young’s inequality to

t t
<OK(R) [ (1900, + V0.0 By ) ds+ K(R0) [ 1001y, ds

¢
/ / Vq. 8, BT, 0,v. dedyds
0 Jao ’

Again (3.26) and (3.47) and Vg, = Vs implies

t
/ Vg Oy BaTbava dxdyds
0 Ja ’

< Co(R, 8) + SK (B)(|00vell3 0,020y + IV a0 3300, ) (3.51)

Moreover, for the boundary term, taking into account the equality of the velocities at the interface (3.17), one can

easily verifies

t AL ¢ L t L
/ / (qe angjbaxus)‘yzl cegdrds = — / / Ge,_, Ovab Opa(e duds + / / Ge,_, Oru@Opene dads.  (3.52)
o Jo o Jo 0 Jo

Note that this term is equal to zero in the case where (¢ = a = 0, which is the case when the longitudinal
displacement is neglected and one considers a beam in flexion only. We recall that g, writes ¢.(x,y,t) = so(z,y,t)+

ke(t) with so.. € L*(0,T; Hy (Q0) N L (Q0)) and k. is given by (3.29) that writes

1

L
k(t) = 7 /O (psOune + hy,_ ez - e + Taplve, s0.c] - €2 —m) dax.
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We remark that for a. e. t € (0,7)
e < C (100 300,y + 11 (0er 50.0) L2020y ez ) + Il ey + Il 2201y -
Thanks to the energy estimate (3.26) and (3.47), since so . € Lio(QO)v we have
|kellL2(0,6) < Co + K(R) (Ilatms||L2(o,t;Lg(o,L>) + 10l 220,622 (900)) + ||V5x05||L2(o,t;L§(no)) (3.53)

By (3.52), the boundary term can be written as follows:

t
// (ge Ox Babﬁmva)u ) GQdJCdS—/ / 0220042 (e + / 8wa8m776dx>
/ / 50, ambamg}dxds—&—/ / 50, maamnedxds (3.54)

We start by bounding the first term on the right hand side of (3.54). By Holder’s and Young’s inequality, and

taking into account (3.53), we have

t L L
/ k‘g(s)( — / Orab 04z Ce + / Oz Oz dx) ds
0 0 0

t
< [ Ol bz0.n (100¢ 0.0 + 10000 s
R2
< klke HL2(O nt - Ak (||atx7la||L2 0,t;L2(0,L) + ||8tw<€”L2(0t ;L3 (0, L))) (3.55)
< Co(R)+ H(Hatms||L2(o,t;L§(o,L)) + ||3t”e||L2(o7t;L§(QD)) + Hvafv5||2L2(0,t;L§(Qo))
1
+E(R, —) (HatInﬁlli2(0,t;L§(0,L) + ||8mCe||iz(o,t;L§(o,L))) (3.56)

Finally we have to estimate the second term on the right hand side of (3.54). Since (a,b) € Hf (0, L), it follows by
using Holder’s and Young’s inequality that

t
S0,e,_y 0320 Opzeds §/0 ”ama”Lg(O,L)”50,6HL§(0,L)HatznenLg(mL)dS

Since H}(0, L) C L}(0, L), for any | > 7, using the interpolation inequality |- ||H4(0 L S <C|. ||L2(o nll ||H2 0.’

trace inequality and Poincaré inequality on 0,v. (that is valid because 8mvs|y:0 = 0), we further obtain

SO 5:| zxa at:cnsds dS

< R [ Ioucl 3y 1000 01 Hon

N

1 1
> CR/ ||5076||H;(Qo)||8t93776||[2,2(0 L)||V8w")6||z2(g )ds
0 ¢ (0 :

IN

t L i
CR [ 1Vs0. 13000 100l 0.1 I V00 3 0,
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The energy estimate (3.26) and the bound (3.47) on the pressure sg . imply

t L
/0 /0 50,¢),_, 02z Opaneds| < Co(R) + 'f||3tve||2L2(o,t;L§(Qo)) + H||Val’v€”iQ(0,t;L§(Qo))
1 t
R [ 10 300900 30y ds
0
< Co(R) + Kll0el 20 412 (00)) + 261 VOrvel 20 1212 (00))
1
+K(R, E)||atx776H%ﬁ(o,t;L?(O,L))' (3.57)
In a similar way, one can show
t L
2 2
/O /O 80’5|y=1 8sz atzggds < C()(R) + Ii||8tv5||L2 (07t§L§(QO)) + KHV(’?z%HLz(O,t;Lg (Q0))
1 t
+K(R, ;)/ 100zl 22 0,0 [V Ove || 12 (20 ds
0
<

Co(R) + Kll0re T2 (0 412 (00)) + 261 V0rvel 20 1:12 (00))
1
+K(R, E)HatzCs||%2(0,t;L§(o,L))' (3.58)

Now, by combining (3.56), (3.58) and (3.57) in (3.54), we obtain

< CO(R) + 3/€||8tU5||%2(0¢;L§(Q0)) + 5HHV&EUS||%2(0}t;L§(QO))

t L
/O /O (QS 89532;77708951)5)@:1 -egdx

1
+ K (R, ) (1006 l3a 0. 020,00) + 1032 003007))  (3:59)

We are now in a position to derive the desired estimate. By combining (3.42)-(3.45), (3.48)-(3.50), and (3.59) with
(3.41)

p Ps Ps pA(R)
ﬁ”awve(t)ﬂig(go) + ?Hatw@(t)nii(o,m + 5||5tz775(t)||ig(o,m + 9 Hvamveniz(o,t;Lf(Qo))

s a Y
+5 102G (1) ||%§(O,L)+§ |0z 22 (1) ||i§(0,L)+§ [|Osame () H%g(o,L)JFE <||3zthe ||iZ(o,t;L§(o,L))+||5mthis H%2(o,t;L§(o,L)))

4pA(R)
N

< Co(R)+ ( +252K(R)+25K(R)+5n) ||vamvs||2L2(07t;Ls (o T (202K (R)+26 K (R)+3k)||0,vc 172 (0.45L2(20))

1
+ K(R, E) (”athE||i2(0,t;L§(O,L)) + ||athIa||2L2(o,t;L§(o,L))>-

We choose N big enough, ¢ and k small enough such that

4
%(R) + 20K (R) + 26K (R) + bk < @.

With this choice we obtain

ﬁl\awvxt)lligm + §||8mCe(t)||2L§(o,L) + §||3m775(t)||%§(o,L) +— ||Vazva||%z(o,t;L§(szo))

g a v
+5 1020C:(2) ||%§(O,L)+§ |02z (1) ||i§(0,L)+§ |Osaame () H%g(o,L)JFE <||8ztha ||%2(o,t;L§(o,L))+||5mzt775 H%?(o,t;Lg(o,L)))
1
< Co(R, T)+(20° K (R)+20 K (R)+3K)[10rve 72 0 1,12 207 H K (R, ) (||5mCsH%z(o,t;Lg(o,L))+||5tz775||%2(o,t;L§(o,L))>
(3.60)
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Final regularity estimates: We are now in a position to obtain a regularity estimate independent of the
parameter of regularization €. To this end, we consider a linear combination of the previous estimates, namely

(E)a = A(3.39) + (3.60), with a parameter A > 0 that will be chosen afterwards. Then we obtain

Aps Aps ApA(R)

Ap
== Hat”E”B(OtL?(QO)) +— H|attC€||L2(OtL2(O L)) + = ||attn5”L2(0tL2(O L)) + ||v”8HL2(o,t;L§(QO))

""YAHa:rttUSH%%o tr2o,0) v 5 (HamCa( )H%g(o,L) + ||amt77€(t)||2L2(o L))

bl
pf ps s /’LA( )
7R||ancvs(t)“%§(ﬂo) + §||3ths(t)H%§(o,L) + gﬂatwe(t)ﬂig(o,m =

||V3 /UEHLQ(Ot LQ(Qo))
100 () 20,0y 2 1 O3 0.1y + 0o O 230 1+ (190 10seine I3 )
o 19226 \W1IL2(0,0) T 5 9z le ()l L2(0,0) T4 19t2ale\t)lIL2(0,1) waxtSellL2(0,6;03(0,L)) eaxtllellL2(0,422(0,L))
1
< Co(R) + (26°K(R) + 26 K (R) + 3“)Hatve”iz(o,t;Lg(Qo)) + K(R, E)(Hatz(fe||2L2(o,t;L§(o,L)) + ||3m7leHZLz(o,t;Lg(o,L))>

L L
+ ABH&/NC&HiZ(Ong(QO)) + Aa” |atza:77€||iz(07t;[‘§(go)) + AB/O 3mCe (t)atCE(t) dLU + Aa/o 3ma:775(t)3m775(t) dSL’

S 1 S . . .
It follows by choosing A = min ( 2'0 5 27 3 5) and by using Young’s inequality that
@
Ap Aps Aps A/M(R)
51 10z 20 ez T 5 NGl 2a0 200 L)) + = 10umellZ 0,422 (0,00) + IV 0elZa0,1:200)

+ ’VAHamttnEH%Z(O t;L3(0,L)) + = (Hatha( )H%g(O,L) + ||amt77€(t)||i? 0 L))

M( )

Pf Ps s
+ ﬁllazvs(t)\ligmo) + §||aths(t)H%§(o,L) + gﬂatz??s(t)Hng(o,L) + Ve[ 72 0.1, L2 (%))

B o v

+5||a£$<€(t)”2L§(07L)+§”aﬂﬂﬂmﬂné(t)||i§(07[,)+§”atmzns(t)H%;(O,L)+5(||aivmct<s||iQ(0,t;L§(0,L))+||8$1$tn6H%%O,t;LS(O,L)))
1

< Co(R) + (20°K(R) 4+ 20K (R) + 3“)Hatvs||2Lz(o,t;L§(Qo)) + K(R, E)(||3the||2L2(o,t;L§(o,L)) + ||ataﬂ75HQLZ(o,t;Lg(o,L)))

+ 220,012 I 10eanic|I? APOIE Ps119uc.(1)]12
B q;tCEHLQ(O’t;Lg(QO)) + 9 ||| th775||Lz(0’t;L§(Qo)) + 4 || -L.LC&( )”Lg(O,L) + 4 || tCE( )HL?(O,L)
a ps

+ leaﬂcxm’%(t)”%g(o,m + Z‘Hatm??s(t)nig(o,m

Hence, by choosing x and & small enough such that 202K (R) + 26K (R) + 3k < % remembering the energy

estimate (3.26) it follows that

Apf Apg Aps

Au)\(R)
EuatUEHiQ(OJ;L?(QD)) =

H|attCs||L2 0,t; L2(0 L)) + — ||att77€||[,2 0,t; L2(O L)) HVUEHL?(O t; LQ(QO))

+ WAH@nmsHm(o tL2(0,L)) +5 <Ham:t<s( )H%E(O,L) + ||5mt776(t)||2L§(o,L)>
uA( )

p p (
+ ﬁllawva(t)\ligmo) + 5s||8ths(t)Hi§(o,L) + f”atw??e(t)nig(o,m + IV 0uvel72 (0. :L2())
B a gl
+Z||81L<E(t)||%§(O,L)+Z||8J,Jw:na(t)||i§(0’L)+§||atlnbn8(t)‘|%2(0 L)+8(||6J,th<6||i2(0 t'L2(0 L) +||8-L-LL75778H2LQ(0 t'Lz(O,L)))
N
< Co(R) + (K(R, PR )HamCeHLZ(o 6L20.L) T 5 |Hat:13wn€||L2(O B12(00))  (3:61)

From the above inequality we deduce

L L
/ |02Ce |2 dxds + / |0paime |2 dads < Co(R) + M / / |02:Ce |Pdads + / / |0paine |2dads | |,
0 0 mln(Ps, )
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where M = max (K(R, 1) + 2, 2).

)k
Gronwall’s Lemma implies

L L
200 (R 2MT
/ |8$tCE|2dxds+/ \8mtn€|2dasds§ _ o(F) exp( - )
0 0 min(ps,y) min(ps, )

Combining (3.61) with the above inequality implies for T < T*

Ap Aps Aps
T}g\|3t”e||%2(o,t;L§(Qo)) + TH|6tt<€||iz(0,t;L§(O,L)) + 7||att77€||2L2(o,t;L§(o,L)) + 7A||8a:tt77€||iz(o,t;L§(o,L))

P Ps Ps pA(R)
+ ﬁ”axvs(t)\@;mo) + 5||3ths(t)H%§(0,L) + Zﬂatz??s(t)ﬂig(o,m + T||Vazvs|\2L2(o,t;L§(Qo))

B a gl
+ Z||811C€(t)||%'§(0,L) + Z”axzzns(t)ni’g’(o,m + §Hatm776(t)||2L§(0,L) < CO,T* (R), (3'62)

with Cy 7+ (R) non decreasing with respect to R.. The elliptic estimate (3.47) further implies

10yyvell 20,622 (90)) + IVl 20,6522 (20)) < Cor+ (R)- (3.63)

where Cy depends again only on initial data, source terms, R and the different positive physical parameters.

Limit as ¢ goes to zero and uniqueness. By standard compactness arguments, we may extract a weakly
converging subsequence in the family of eé— solutions (ve,qe, (,n:) satisfying (3.26), (3.62) and (3.63). Then
applying classical arguments, we obtain that the weak limit (v, ¢ (,n) is a solution to our linear problem with the
expected regularity and satisfying (3.14). We left to the reader all these computations as they are completely
standard. Finally, suppose that we have two solutions to our linear system with the same data, then the difference
would satisfy (3.26) with vanishing data. We deduce the uniqueness of the solution to the homogeneous linear

problem (3.1). This ends the proof of Proposition 3.1.

3.3 Non homogeneous divergence constraint.

In this subsection, we study the linear problem (3.1)-(3.7) in case when g is not equal to zero. More precisely, we

establish the following proposition:

Proposition 3.2 Let (a,b) € HnQ(O, L) such that X is a injective on Fo. GivenT > 0, initial data (vo, (o, C1,m0,71) €
X% and a source term (f,h,g,0,0) € Sr. Then there exists a unique solution (v,q,(,n) € Xpr x Xs1 to
Problem (3.1)-(3.7) and a non decreasing function K : [0,00) — [0,00) such that assuming H(a,b)||H§(07L) +

[I(det vxavb)71‘|cu(§0) < R, the solution (v,q,(,n) satisfies

[0, Dl x;r + M x. 2 < KR)([(vo, S0, C1s 10, M) Lxo + 10 By 9,0,0)[1s1) (3.64)

Proof. We look for (v,q,¢,n) solution to (3.1)-(3.7) with initial data (vo,Co,C1,m0,m1) € X° and source term
(f,h,9,0,0) € Sp. We are going to lift the right hand side of the divergence in order to apply the previous result
obtained in the case of divergence free constraint. To do so we need to modify the fluid velocity unknown but
also the elastic displacement one. This is due to the fact that the average of ¢ is not equal to zero. It is a key

difference compared to the case where the longitudinal displacement is neglected. Thus let us set §, = fQo gdz. As
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g € L*(0,T; Hf (%)) N H'(0,T; (H/(Q))"), then §y =< g,1 > (H} (920)) H} (Q0) € H'(0,T), and by Proposition 2.3
there exists unique couple (w, q1) € L*(0,T; Hf (Q)) x L*(0,T; Hy () N L ,(Q)) such that

. ] T —
pdiv ((Aa,bV)w+ qervy DoV Ba,b) + (BapV)q1 =0, on Q, (3.65)
div (Bl ,w) =g, in Qo, (3.66)
5
Wi,y = (0, L“’) : (3.67)
wy,_, =0. (3.68)

that further satisfies

[wll 20,7312 (20)) + 191l 220,711 (20)) < K(R)<”9”L2(O7T;H§(QO)) + ||5g||L2(0,T)> < K(R)gll 20,7513 (20)- (3-69)

Now, we are in position to derive an estimate of Oyw in L2(0,T; L?()). Let ¢ € D(Q x (0,T)), then by integration

by parts we have

T T
/ Oyw - @ dxdydt = —/ / w - Opp dxdydt. (3.70)
0 Qo 0 QO

Again by using Proposition 2.3 there exists unique couple (z,,4q,) € Cr([0,T]; H7 (Q0)) x C;([0,T]; H{ (o) N
L3 4(Q0)), such that

—pdiv ((AasV)2, BayVzLBuy) + (BasV)a, =, in Qo

+ det Vxa,p
div (Bg,bzg,) =0, in Qq,

Z|y:1 = 0, Z|y:0 = 0,
and satisfying
stoHLZ(o,T;Hg(QO)) + ||qsoHL2(o,T;H;(QO)) < K(R)||%0||L2(0,T;L§(QO))- (3.71)
It follows that
T T 1
/ / Orw - pdxdydt = —/ / w - <_N div ((Aa,bv)atzw + WBa,bvatnga,b> + (Ba,bV)atqw> dxdydt.
o Jao o JQo €tV Xa,b
(3.72)
1)
By integration by parts and since div (Bibw) =g, w|,_, =0and w,_, = (0, fg), we obtain
6 L
—/ (BapV)O0eqy, - wdxdy = / 9 0vq, dxdy — —g/ 8,5%‘ 71(1 + 0a)dx (3.73)
Qo Qo L Jy v=

)
On the other hand, by integration by parts and using again that w|,_, =0 and w,_, = (0, fg), we get

. 1 T
/QO div ((A(va)atzsp + m3a7bvatz¢ Ba,b) . U)dxdy

_ 1 T .
= /QO ((Aa,bv)at2<p + mBa’bvatZw Ba,b) : Vw d:z:dy

5, " 1 -
— A, 0 ———— B,y V02, B, -egdx.
+ L/o (( V)02 + Aot Vo s bVOiz, ,b) ez - eade

ly=1
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Since A, is symmetric, we get
. 1
/QO div ((Aa,bv>at2¢ + mBa,bvatZgBa’b) . U}dl‘dy

1 T
= — /QO ((Aa,bv)w + mBa,bVw Ba,b) : Vatz@ dxdy

1
% (AapV)Br2p + ————Boy VO TBa) ey da.
/ oV)9rzp + det Vxab bV Ot Ep Bab \yzleQ 20

Again by integration by parts and using that Zo o = Polyry = 0, we have
y= y=

. 1 T
-/S;O div ((Aa’bv)atzgp + mBa’bvatZ¢ Ba,b) . ’Ll)dxdy

. 1
= /QO div ((A(LbV)’UJ + WB<O»n0vaBayb) . ({9,52(;, dl'dy

1
= / a bv 6tz¢ mBa,bvatnga’b) €9 - €2 dz.

‘y=1

It follows thanks to (3.65) that

. 1
/S;O le ((Aa7bv)at2'¢ + mBaﬁvatZgBa’b) . ’lUd.’L'dy = — /QO((Ba’bV)Q1) . atZ‘P dl’dy

1 T
- / a bv atZLp mBa@V@tzw Ba,b) €9+ €9 dz.

"y=1
Consequently, performing an integration by parts in the first term in the right hand side and by noting that

div (ngbatch) =0and 2z, =2, _ =0, we obtain

. 1 T
/QO div ((A(va)atzw + m3a7bvat2¢ Ba,b) . U}dmdy

1 T
- / a bv atZLp mBa,bvatzw Ba’b) €9 * €2 dz.

‘y=1

Combining the above equality with (3.72) in view of (3.73), we get for any ¢ € D(Qy x (0,T))

T T T s L
/ atw~g0dxdydt:/ / g@tqwda:dydt—l—/ 2 —/ &tqw‘ (14 0ya)dx
0o Jao 0 Jao o L 0 v=t

L
1 T
+ /0 ((,zx,l,bV)z‘)tzy,Jr mBa,bvatsza,b)lFleg e dm) dt. (3.74)

By integrating the right hand side with respect to time, we obtain for any ¢ € D(Qy x (0,7))

T T T 5 L
/ 81511) ngLEdydt = 7/ < 3tg,q<p >(H§(QO))I;H1(QO) dt — / fg 7/ q@‘y:1(1+8ma) dzx
0 Qo 0 0 0

y=1

L
1 T
+/0 ((Aa,,,V)z@JrmBa,bv%Ba,b)' es - € dx) dt. (3.75)

It follows

T
/ Orw - pdx dy dt
o Jao

< K(R) (10eg]l 120,712 00 106 2 0,152 020)) + 180l 200,7) ol 20,7122 620

+ Hég||L2(o,T)||Z¢||L2(0,T;H§(QO)))-
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In view of (3.71) this implies

T
/ ; Oyw - p d dy dt|) < K(R)||0ugl| L2 (0,750} 00 |91 220,73 23(020))-
0 0

Hence,
10wl 20,722 (020)) < E(R)NO2gll 20,7381} (020))-

Let us set o = v —w and § = ¢ — ¢1, then (7, §) satisfies in Qy x (0,T)

Pf.a,b 6t1~} —div </L(Aa7bV)’l~) + ﬁxa’bBa,bvaTBa,b - CjBa,b) = f +divh — Pf,a,b at w,
div(Bl,0) = 0,
and the boundary conditions
~ 6(]
’U\yzl = (8tC78t77 - f)a
o,, = 0.

Due to (3.79) we need also to change of unknown for the structure displacement. Let us denote

(¢, 7) = (C,n/ot (Sgés)ds),

we end up with the following coupled system

Pfab 00 — div (,U,(Aa,bV)ﬁ + Ba7bV1~}TBa7b — (jBa,b>

_r
det an)b
=f4+divh — psap 0w, in Qo x (0,T),

div(B{,0) =0, in Qo x (0,7),
ﬁ|y:1 = (61557 atﬁ)u
i}‘y:() =0,

psatt{. - ﬁaxmg = 7Ta,b[1~)a(ﬂ €1 — h\yzleQ -ep + E, in (Oa L)a

Psattﬁ + aaxmcxﬁ - ”Yataca:ﬁ = _Ta,b[f}; lj] c €2 — h\y=1 e - ey +m, in (07 L)-
with
0 = —Tuplw,q1] e,
9
m = _Ta,b[wv Q1] c €2 — psf-

By Proposition 3.1, there exists (7, g, (f, ) € Xy x X, 1 such that

||(ﬁa6)||Xf,T + “(67 ﬁ)HXs,T S K(R)(H(UOvCOaClanOanl)”XO + ||(f7h70a050)”5T

+ 0ll207:3000) + 0l 20 72 0000) + Wl 2201 )
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Combining the above inequality with estimates (3.69)-(3.76) implies, for T < T*

1@ Dl x,r + 1D X7 < Koo (R)(||(U0aC07C17770,771)||X° +1(£,7,0,0,0)]s,

+10egll 20,7311 (200))) + H9HL2(0,T;H;(QU))>-

Hence,

1@ Dy + 1E Dl < Ko (R) (100, o, Goios m)llxo + (£, 7 9,0,0) s, ).

By noting that v = o +w, g = G+ q, ( =C n=7+1/L fot dg(s)ds and using (3.69)-(3.76), we finally obtain
the existence and uniqueness of a solution (v, q,(,n) € X¢r x X, 1 of Problem (3.1)-(3.7) satisfying the following

estimates

||('an)||XfﬁT + ||(<7T’)||X§T S KT* (R)(H(v03<07<17770a7’1)||xo + H(f7 h,g,O,O)HST)~ (391)

This concludes the study of the linearized non homogeneous problem.

4 Proof of Theorem 2.1

Consider (v, Co, 1,70, m) € Hy (F(0)) x HF(0,L) x Hy (0, L) x H}(0, L) x H/(0, L) such that (2.3) is satisfied and
such that there exists a mapping Xc,., satisfying detVx¢, ,, > 0 on Qo and x¢, 4, is injective on Foy. We denote
by

R = lluollmr(F0)) + ol 2 0.) + IS 11 0,0) + 0l g 0,2) + Il o,y + [I(det VXCO,UO)_lncﬁ(ﬁO)'
For T'> 0 and M > 0, we define the set
’CT(M) = {(2’77"72, ﬁ) € Xf,T X Eg,Tv Rly—o — Oaz\y=1 = at<61 + 8157]62’ H(Z7T7Za ﬁ)“Xf,T X Xs, T < M}a (41)

where
Edr={((m) e Xsr: (), =7),_, = O}

We define the mapping £ from the set K7 (M) into X1 x ES,T as follows:
E%(»’«’ﬂ”v?ﬁ) = (’U, Q,Y,y),

with (v,q, X,Y) = (v,q, X —(p,Y —no) and (v, q, X,)) is a solution of Problem (3.1)-(3.6) for (a,b) = (o, 70) and

source term equals to (f, h,g,0,0), where f, g, h are defined as follows:

flz,¢nl = py(det Vxeome — det Vxe )iz — py (2 — Oixen) - (BeyV)) 2, (4.2)

hlz,r,{,n] = _M[(ACOJIO - AC,rz)WZ - IJ’(WBCOJ]OVZTBCOWO
0,70

1
_ WXCWBC’"VZTBC’U> + T(BCOJIO — ch)' (43)
g[Z,C,U] - div((Bg:Jﬂ]o o Bg:n) Z) = (Bg;ﬂlo - Bg:ﬂ) 1 Vz, (4.4)
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where (¢, 1) = (¢ + o, +10). We will prove that the source terms f, g, h defined through (4.2) -(4.4) are in the
good spaces so that £ is well defined. We underline that (v,q,(,7) is a fixed point of the mapping £ if and only
if (v,q,¢,n) is a solution of Problem (2.19) with initial data (3.2)-(3.6) on Qg x (0,T,). Moreover, if the mapping
LY. admits a unique fixed point in Kr(M) for any T' < Tp, then Problem (2.19) with initial data (3.2)-(3.6) has
a unique strong solution on Qg x (0,7y). Hence, to prove Theorem 2.1 we will establish that for a well chosen

M € (0,00) and T small enough, depending on R and M:
i LO9(Kp(M)) C Kp(M);
ii. the mapping £9 : K7 (M) — K1 (M) is a contraction.

We start to establish the first assertion i.e. for T small enough and M > My, the mapping £ maps Kz (M)
into itself. Let (z,7,(,7) € Kr(M) and denote by (v,q, X,Y) = L)(z,7,(,7). We recall that from the definition
of LY., we have (¢,1) = (¢ — (o,n — no) with (v,q,X,)) is a solution of Problem (3.1)-(3.6) for (a,b) = ((o,70)
and source term (f, h,g,0,0) defined through (4.2)-(4.4). If the source term (f,h,g,0,0) € St, then by applying
Proposition 3.2 for (a,b) = (Co,70) we get that there exists a unique solution (v, q, X,Y) € X x X, 1 of Problem
(3.1)-(3.7) satisfying

10, Dllx; - + (X, )]

Xs,T < C(R)(”(U()vCOaC177703771)||XO + ||(f’h7g>070)||ST)

It follows that

||‘C(1)"(Z7T7Zaﬁ)”Xf,T><Xs,T < H(CO?UO)HHﬁZ(O,L)XH?(O,L) + C(R)(||(v07C07glan07n1)HX0 + ||(fa h,g,O,O)”ST). (45)

Taking M > M, = 2(||(C07no)HHg(o,L)ng(o,L) + C(R)||(vo, Co» €1, M0, M) || x0), We get

- M
H‘C%(Z3T3<7ﬁ)||xf,T><X < 7+C(R)H(f,h,g,0,0)”5T (46)

To proceed we need to bound the source terms f,h, g defined through (4.2)-(4.4) respectively in L*(0,T; L7 (o)),
L2(0,T; Hy (Q)), L*(0,T; H, (Q0)) N Hgo (0, T; (Hy (Q))’) in the right hand side of (4.6). In order to establish such
bounds, we gather in the following lemma some properties of the matrix B., and A¢, that are defined by (2.11)

and (2.12) respectively.
Lemma 4.1 Assuming that (¢,n) € L>°(0,T; HﬂQ(O,L))ﬂWl’OO(O,T; Hﬂl(O,L)) and (¢,n)},—, = (Co,7M0) € HﬂQ(O,L),
then, for 0 < s < %

l_ s/ 7 = 14s = _\||5—5
”BCJ? - BCo,no“LOO(U,T;H;*'S(QO)) <CT> ||(<= 77)”[2‘00(0,71;}1112(01”)H(C777)”;[/1.00(01;}1;(0,”)7

||atBCﬂ7||L°°(07T;L;‘(Qo)) < CH(Eaﬁ)”LW(O,T;HuZ(O,L))ﬁWLOC(07T;H§(0,L)a

where (¢, 1) = (¢ = o, — 1o)-

Furthermore, if we assume that

(Co,m0) 120,z + [l (det Vxcom) e, @) < B

. ”(Ca77)”L°°(O,T;Hf(O,L))ﬁWLOO(O,T;Hnl(O,L)) <M,
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we have

s
l[det Vix¢,n — det Voo ||L°°(07T;H;+S(QO))7 <C(R,M)T>

and there exists a time T(R, M) depending on R and M such that for T < T(R, M), det(Vx¢,,)~* and A¢,, are

well defined in C([0,T]; Hy ™ (), for 0 < s < §, and

(et Vxe.p)™" = (et Vxco )™l o ros1++ ) < CCR MYTE
||AC,77 - ACOWO HLOO(O,T;H;JrS(QO)) < C(R, M)T%_S7
1A¢n = Acomollz o, 00y < C(RM)TH™,
The proof of the above lemma relies on classical arguments and in particular the fact that L>°(0, T} Huz((), L)n
Whee(0,T; Hy (0, L)) continuously embeds in 00’1/2_5([O,T];H;+5(QO)) C C([0,T];C§()), det(Vxc,,)~" and
A¢,y are well defined in C’([O,T];H;+S(QO)), for 0 < s < 1

2
0<s< %, for ¢ € L>(0,T; HﬁQ(O,L)) N W1Le(0,T; Hﬁl(O,L)), such that %tzo =0,

and that the following inequality is satisfied, for

- 1 sz %"'S
4 f4s <CT>7*|¢| (4.7)

1
— i
L“’(O,T;Hu (0,L)) — LOO(O’T§H§(O,L))||¢||W1’°°(O,T;H;(O,L))'

Moreover since ||(det V)(<0777[))’1|\Cﬁ @, < Rand (¢, ’7)“0<[0»T1;C§ (@) < CM, there exists a time T(R, M) depend-
ing on R and M (decreasing with M and R) such that for T' < T'(R, M), ||(det VX<777)71Hcﬁ(§0) < 2R ensuring
that det( Vx¢,,) "' and A¢,, are well defined in C([0,T); H;“(Qo)), for 0 <s < 3.

Lemma 4.2 Given (Z7 T Ea ﬁ) € ’CT(M) and (<07 TIO) € Hﬁz(o7 L) such that ||(CO? UO)Han(O,L)_'—”(det VX<07770)71|‘CM§0) <
R. Let f[z,¢,n], h[z, 7, nl, glz, ¢, n], be the source terms defined respectively by (4.2)-(4.4) where ({,n) = ({+o, N+
o), then there exists a time T(M, R) depending on M and R such that for any T < T(M, R)

||f[ZaC777]||L2(0,T;L§(QO)) < C(R,M)TH,

||9[ZvCaW]HL?(O,T;H;(QO)) < COTiM?,
||g[zvC,WNH(}O(O,T;(H;(QO))/) < C(R,M)TiM?,
||h[277">Ca77]||L2(0,T;H;(QU)) < C(R,M)TiM?

Proof. From the definition of f in (4.2), we have
I £12, il 20,7502 (00)) < 27 (11(det Vo ne — det Ve n) |l oo 0,7:02 (90)) 1062 2 (0,7522 (020))
b #
1
HBeallz=(.7500 @0 12V 2l 12(07:22(00)) + T2 ||5tX<,n||L°o(o,T;L§°(Qo>>|\B<,n||Loc(o,T;Lg°(Qo>>HZHLoo(o,T;H;(Qo)))~
1 1
By using [|z[| Ls(0,) < C||ZHZ§(QO)||Z||12{§(QO)a we get
1 3 1
HZVZHL?(O,T;L?(QO)) <CTi ||Z||IQJOC(O’T;L§(QO))HZ”[Z,?(O,T;Hg(QO))'
It follows that
11z Cnlllzeo,riz290)) < Pf (H(det VX¢omo = det Vxen)ll e 0,715 o)) 19:2[] L2 0,7:£2 (020)
1 3 1
+CT3 HBC,HHLW(O,T;LEC(QO)) HZ||12/oo(07T;L§(QO)) ||Z||l2/2(O,T;HuQ(QO))

1
+ T2(10:x¢ ol Lo 0,1328° (200 | B | L (0,712 (2)) |\Z||Loo(o,T;H;(QU))>-
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Thus by using (4.7) for s = + and the fact that (z,7,(,77) € K7 (M), we obtain for T < 1
Hf[zv ¢, 77} ||L2(O,T;L§(Qo)) < C(Ra M)TZ'

By Piola’s identity, we have g[z,(,n] = (BCTM,O — BCTJ]) : Vz. Hence,

9Lz, & nlllz2 0,711 (20)) < 1Bcomo = Bemllze 0,52 (20)) (HVZHL?(O,T;Lg(QO)) + ||V2Z||L2(0,T;L§(QO)))

+IV(BE . — BLy) : V220,302 (20))-

Recalling Lemma 2.1, we have

IV(BE ., — B, V2| 20,7522 (90)) < [1Beomo — Ben \Loo(o,T;H;“(Qo))||Z||L2(0,T;H§(QO))7

we deduce, since HﬁHS(QO) is continuously embedded in Lg°(£o)

||9[ZaC777H|L2(0,T;H;(QO)) < C[|Bgo,ne — Bc,n||Loo(o,T;H§+S(QO))||Z||L2(0,T;H§(QO))~
By Lemma 4.1 and since (¢, 7)]|x, » < M, we obtain
l75
1B¢n — Bco,no||Loc(o,T;H;+b'(Qo)) <CT>7°M, (4.8)

Hence,
i-s
||9[Z,C777]||L2(0,T;H§(Qo)) < CT> °M?,

with 0 < s < % By taking s = i we obtain the desired inequality. Next we have to bound d;g. Let w € Hﬁ1 (Q0)
and ¢ € C(0,T). We are going to estimate fOT fQo Oygw . By integration by parts in space and recalling that

2,0 = 0 and z,_, = 9iCe1 + Oinea, we obtain

T T
/ / gworp = / / div ((BCTD,,,0 - Bgn)z)w O
0 Qo 0 Qo

T T rL
= [ =B Vwae [ (BT, - 5L, ewo
0

T T L
= _/ / ((BZ;)»WO - BZW)Z) -Vw dyp + / / ((%ﬁatf - axzatn) Wy, Op.
0 Qo 0 0

Note that the second term of the right hand side is equal to zero in the only transversal case. Hence, integrating

by parts with respect to the time, we get for all ¢ € C°(0,T)

T T T L
/ / qwop = / / (= oBL, 2+ (BL . — BL)oz) - Vwe — / / 0y (8:m0,C — 0:COm) w),_, .
0o Ja, o Ja, o Jo

Consequently, we have

<at97w>(H§(Qo))’,H§(Qo) - /Q (= 0BE, 2+ (B, — BEy)0iz) - Vo

0

L
_ / (0TIOHC + 0aTiOWC — Dt COM — DuCOM) w,_,, Yw € HL(Qp), ae. t € (0,T). (4.9)
0

48



By using Holder’s inequality and Sobolev injection of Hﬁ1 (Qp) in Lg(Qo), the volumic term can be bounded as

follows

/Q ( - 8tBZn z+ (Bg:mm - Bgn)atz) : Vw‘
0

< (Cl19Benlls o) 12l @0y + 1Ben = Beoumallig @019zl 2000 ) V0l 2(00)  (4:10)

By using again Holder’s inequality and trace inequality, there exists C' > 0 depending on €2y such that the boundary

term can be estimated as

L
/ (024M0:C + 0:0uC — 00COM — 02COun) wy,_, | < C(||3mﬁ||L§(o,L)||atC||Lg°(0,L) + HaazﬁHLgO(o,L)||5ttCHL§(o,L)
0

+ ||3th||L§(o,L)||3t77||L§°(o,L) + ||6mZ||L§°(o,L)||8tt77||L§(o,L)) [wl| 1 (20)

Sobolev injection of H2+5(0, L) in C([0, L]) for any s > 0 leads to

L
/ (OuTiOC + BaTOuuC — BsCOM — BuThu) w
0

< N\ 71 1 n 1 2
< C(HatﬁHHtj .10l 0,2) + Haon??HHFs(Qm||(9ttC||Ljj (0,L)

+10:Cllz 0.2 |19 0,2y + 192C11 3+ L)HattUHLg(o,L))Hw”H;(Qo)a
u )

©

and thus

L
/ (OuT10C + OaTOuuC — BsCOM — BaTOhe) w
0

< C(10ell r2. 0.0 19eCl 2 0,y + Il (07L)||attZHL§(O,L)

H§+S
#0300 106 3000) g 210

By gathering together (4.10) and (4.11) with (4.9), we obtain

19:gll (3 (020)y < C(10:Be.nll zacao) 121l m12 020) + 1Bein = Beomoll e (90 10021 22 (020) + 10677 117 0,20 196 11 0,12

17l g

n ||5ttCHL§(0,L) + ||C||Hug+s(0

(0,L) L)||attﬁ||L§(0,L))

)

It follows that

109 120,311 (20))) < C(T§”atBC,n”LW(O,T;L;‘(QO))HZHLN(O,T;H;(Qo))+”BCﬂ7_B(0ﬂ70HLO"(O,T;L;‘,’C(Qo))||atz||L2(07T;L§(QO))

g

e .
L (0,T;H, (O,L))H lttC”LZ(O,T,Lg(o,L))

1 _ = —
+ 71> ||at77||Loo(o,T;H;(o,L))||atC||Loo(o,T;H;(o,L)) + [|7]]

+ ¢l goe

Le=(0,T;H, ||8”ﬁ||L2(07T;L§(0,L))) (4.12)

(0,L))
Since (z,7,(,7) € K7 (M), it follows by remembering (4.7), (4.8) and using Lemma 4.1 that for s < %
l—g
H5t9||L2(o,T;(H;(QO))/) < C(R)M*T="%.

By taking s = i we obtain the desired inequality. The source term h[z,r,{,n] in (4.3) can be easily estimated using

Lemma 4.1. Let us for instance consider h* = pu((A¢ — A¢y,no)V)z. There exists a time T'(R, M) such that this
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term is well defined and belong to L?(0, T} Hﬁ1 (Q)) for T < T(R, M). By using Holder’s inequality, we get that
there exists C' > 0 such that
1PN 220,732 (90)) < C N1 Acn = Acomo | 0,155 o)) 121l L2 (0, 75182 (020)) + IV (Acin = Acoma) V)2l 220,722 (020)) )
# # 1 :

Since [|(z,7)||x;» < M and by using Lemma 2.1, we obtain, for s > 0,

1A 20,711 (020)) < CM(HAc,n = AgomollLe= (0,123 (200)) + 1 Acn — Aco,no||Loo(o,T;H;+s<Qo)))’

Thus by using the Sobolev injection of Hﬁ1+S (Q0) C L§°(Q0) and Lemma 4.1, we get, for 0 < s < 1/2

1

||ha||L2(0,T;H;(QO)) < CM?Tz7%, (4.13)

The two other terms can be estimated in the same way. By combining (4.6) with the above lemma, we deduce the

following corollary.
Corollary 4.1 For T small enough, L% maps Ky (M) into itself for M > M.

We turn now to show that for T small enough and M > My, the mapping LY. : Kp(M) — Kr(M) is a
contraction. Let (z(l)7r(1)7z(1),ﬁ(1)) and (2(2),r(2),z(2)7ﬁ(2)) in p(M). For i = 1,2, denote by
(0@, q@, % I) = £ (2@, r0. TV 70).
We recall that (¢, 70, 2@, Y0) = (¢O — ¢, n® — 1o, XD = o, YO —0) with (0@, ¢®, XD, YD) is a solution
of Problem (3.1)-(3.6) with (a,b) = (Co,70) and source term (@, h() g 0,0) defined as follows:

Then
=(1) _ =(2) _

Denote by (v,q,¢,n) = (v, ¢W, ¢ M) — (v3) ¢3¢ »2). Then (v,q,(,n) is a solution of Problem (3.1)
with (a,b) = ((o,70), zero initial data and source term (f, h, g,0,0) = (f1) — f@ p1 —p2) (1) _4(2) 0 0). Hence
if the source term (f, h,g,0,0) € St, then by using Proposition 3.2 for (a,b) = (o, 10) We get

10, Dllxs 7 + G0 lx. -~ < CRI(S, P g,0,0)]57,

and thus in view of (4.15) we get

=0, r @, ¢V 70) — £4.(2, e P 7D, e < CRIED = FO,0D =1 gD — g, 0,0)].
(4.16)

To proceed we have to bound the source term (f(1) — £ p(1) —p2) (1) _ 4(2) 0 0) defined by (4.14) respectively

in St in the right hand side of (4.16). In order to establish such bounds, we gather in the following lemma some

properties of the matrix B¢, and A¢, defined respectively by (2.11), (2.12), that can be derived in the very same

way as in Lemma 4.1.
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Lemma 4.3 Consider two couples (CV), (M) and (¢®, 7)) in L>=(0,T; HZ(0, L))NWh(0,T; H} (0, L) such that
(€1(0),1(0)) = (¢®(0),7(0)) = (¢o,m0)- Then, for 0 <s <3

i _snw/F — +s
”BC(”m“) = B g HLN(O,T;HQ“(QO)) <CT> ”(C’n)HZoc(o T;HZ(0,L)) 1<, )||W1 22 (0,T3HL(0,L1))
10:Bey = 0eBeea e | o= 0,1522(00)) < CC M Lo 0,752 (0,00 0w o= 0,15 0,1)
Furthermore, if we assume that
. ”(COJ?O)HH?(O,L) + [[(det Vx<o,no)‘1llcn<ﬁ(,) <R,

o ”(C(i)an(i))HL°°(O,T;H?(O,L))ﬁWlxm(O,T;Hﬁl(OA,L)) <M,

there exists a time T(R, M) depending on R and M such that for T < T(R, M), det( ch(i)mu))’l and Acc)
are well defined in C([O,T];H&“(Qo)), for0<s<1i, and

m®

H(det VXC(l)J](l))_l - (det VX<(2)777(2))_1 ||LOQ(O’T;H§+S(QO)) S C(R7 M)Ti_
| Acay pay — A<<2>7n<2>||Loo(0’T;H;+S(QO)) <C(R,M)T="
We move now to bound the source terms.

Lemma 4.4 Given (z(V,r() C( ) ,7) and (z(z),r@),z(z),ﬁ(z)) in K (M) and ({o,m0) € HﬁQ(O,L) ng’(O,L). Let
O hD 9@ be defined as (4.14) with (¢, n®) = (Z(i) + o, + o) for i = 1,2, then there exists a positive
constant C' and a time T(M, R) such that for T <T(M,R)

1V = FPllzorizz@ey < CRIMTHED —2@,0,0" — T2 70 —7O)|x, oxrr (417)
1K = b ey < CTIMI(EW = 2@, 70 — @ TV T2 50 _g@) o (418)
190 = 6@l 2o rimz@ey < CMTHD = 2@,0,2% 7%, 70 — 7)1, x, o, (4.19)
190 = 6@ orm@ny) < CMTH|(W —2@,0,8" =T 50 —7@)|x o, . (4.20)

Proof. We skip the proof of the first three estimates as they can be derived thanks to Lemma 2.1, Lemma 4.3 and
by following similar arguments as in [28]. We focus on the last estimate as it makes appear terms that vanish in
the only transversal case and require a special attention. The estimate will once again be done by duality. Let

w € H{(Q) and ¢ € C(0,T). We have

/ / g(2 wat@ / / le BCO no B€<2) 77(2>)( ( ) — 2(2)))10 8t§0
Qo Q0
_/0 /Q diV((Bng,n(l) - B?m,nm)z(”)w e (4.21)
0

By performing integration by parts with respect to space we obtain

T T
/ / (9" =g wopp = 7/ / (B, 5 — Bliay ) (2 = 2®)) - Vw oy
0 QO 0 Q0

T T L
— —=(2
+ /O /Q ((B§1)7n(1) - B§2>,n(2) )Z(l)) -Vw atsp + /(; A [8177(2) (6t<(1) - 8t<(2)) - 8I<( )(atn(l) - 815”7(2))]1U|y:18t80

T L
N / / ((&m“) 0 @)0,cD — (9™ — 6904(2))@77(”) w,_, O
0 0

o1



Now, by performing integration by parts with respect to time we get for any ¢ € C°(0,T)

T T
/ / (g(l) - 9(2)) w 8t<)0 = / / ( - ath(Q)ﬂ](g) (Z(l) - 3(2)) + (BZ:)/’]O — Bg(2)7n(2))(3t2(1) — atz(2))) -Vw (2]
0 QO 0 Q0
T
*/0 /Q (0Bl oy — 0By )2 + (Bloy oy = By )02 ) - Vo
’ T L —(2)
[ e @ - 8¢®) - 8,80 @'~ o)y, ¢
0 0

T L
+ / / ((011V) — @)W — (0,6 — 0,¢P ) V), .
0 0

Consequently, we have

Ous = 9wy oy o = [ (= 0B oo G0 = 22) (B, = Bl )01 = 0122) - Vo

0

*/Q ((3thT(1>,n<1) - 8tB§2)7n<2>)Z(1) + (BgT(n,nu) - Bgz),n<2>)atz(1)) “Vw
0

L
— / (8ztﬁ(2) (6tC(1) — até-(z)) — 8zt<(2) (at’l'](l) — 8t77(2)) - azﬁ@) (attc(l) - attC@)) + aarc(z) (attn(l) - 6tt77(2)))w\y:1
0

L
+ / ((O2en™ = 85n@) 3¢ — (00e¢ ™ = 026¢ )™ + (9™ — ;1) 0yt ¢ D = (06D =0, Dy M)y _, -
0

Thanks to Holder’s inequality, Sobolev injections and trace theorem we have

(0 (g™ — 9(2))7w>(Hnl(Qo))’,Hul(Qo)|
< (C||3tB¢T<2>,n<z> ||L§(QO)||Z(1) - Z(z)HHg(QO) + | B¢o,no — Bee ||L;o<90)||3t2(1) - azt—’«‘(2)||L’§‘(QO)
+Cll0:Bl) oy — OBl o HL;(QO)||Z(1)||H;(QO) + [ Beay yo — Be o IIL;O(QO)||3tz(1)||L§(QO)> l[wll 12 20
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Using the Sobolev injection of H215(0, L) C Cy(0,L) for any s > 0 it follows that
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Thus,
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By using inequality (4.7), Lemma 4.1 and noting that (2(?,0,¢® yn®) € Ky for i = 1,2, we obtain

||3t(9(1) - 9(2))||L2(0,T;H;(QO))I) < CM(T% ||Z(1) - Z<2)||L°°(0,T;H;(Qo)) + TS||3tZ(1) - 8t2(2)||L2(0,T;L§(Qo))
+ T30 BLy, o) — 0Bl o Iz (0,323 (20)) + 1Bew pr = Bee @ || e (0.75150 (20))
+ T% Hatg(l) - 3t<(2) ||L°°(0,T;H;(0,L)) + T3 Hatﬂ(l) - Btn(2) HLOC(O,T;H’;(O,L))
+ T%_sHattC(l) — 9u¢® ||L2(0,T;L§(0,L)) + T%_sHattﬁ(l) — Oun® ||L2(0,T;L§(0,L))
+T% (9D — 9y ||L°°(0,T;Hn1(O,L)) +T2(0,¢ — 8,¢® HLoc(o,T;H;(o,L))

+ ™ =@ 5t Ic® = ¢

Lo2(0,T;H2 " (0,L Lo°(0,T3H2 "7 (0,L))

Finally, by using Lemma 4.3 and (4.7), and taking s = 1/4 we obtain we establish the estimate (4.20).

Combining the result of the above Lemma with (4.16), we deduce the following:
Corollary 4.2 For T small enough and M > My, the mapping L% : Kr(M) — K (M) is a contraction.

Consequently we have proved existence and uniqueness of strong solution of a periodic two dimensional fluid-
beam interaction problem for which no additional viscosity has been added to the structure equations and without
neglecting the longitudinal displacement. There no gap between the initial regularity and the one obtain at any
positive time. Note that additional regularity may surely be derived for the transversal displacement by using
properties of the equation with inertia of rotation, yet this is out of the scope of the present study. As for the
fluid-wave case the dissipation of the fluid enables to control the velocity of the structure and it is therefore likely
to prove that the semi-group associated to the linear problem is analytic paving the way to the study of the long
time behavior of this coupled system. Note that considering other boundary conditions at the inlet and outlet

induce additional difficulties and in particular on may loose the elliptic result.
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