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Abstract: This paper revisits a recently introduced chemostat model of one—species with a periodic
input of a single nutrient which is described by a system of delay differential equations. Previous
results provided sufficient conditions ensuring the existence and uniqueness of a periodic solution for
arbitrarily small delays. This paper partially extends these results by proving—with the construction
of Lyapunov-like functions—that the evoked periodic solution is globally asymptotically stable when
considering Monod uptake functions and a particular family of nutrient inputs.

Keywords: chemostat; nonautonomous differential delay equations; Lyapunov like functions;
Asymptotic stabilty; periodic solutions

1. Introduction

Chemostat models have been extensively studied in the literature. However, many issues still remain
elusive and understudied. In particular, in this paper we will focus on the global stability of periodic
solutions for chemostats described by the following family of delay differential equations with periodic
inputs

st = Ds°(t) — Ds(t) — u(s(0)x(2)
{ 0 = xousc-my-pp e =0 (b
s(@) =¢@) and x(0)=x, if 6€[-T1,0] (1.2)

whose detailed description will be given below.
The existence and uniqueness of periodic solutions for some cases of (1.1)—(1.2) has been recently
addressed in [1] and generalized in [2,3]. Nevertheless, to the best of our knowledge, there are no
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results about the global stability for the periodic solutions mentioned above. The main contribution of
this paper is to provide a set of sufficient conditions for global stability.

1.1. Preliminaries

The chemostat is a continuous bioreactor where one or several microbial species are cultivated in an
homogeneous liquid medium, which contains all the nutrients ensuring its growth with the exception
of a specific one named the limiting substrate, or just substrate. There exists a vast literature devoted to
both the modeling of the chemostat and its applications and the study of the arising dynamical issues.
We would like to refer the reader to the seminal works [4—6] and the monographs [7-9] where more
information on the subject can be found.

More specifically, the system of differential delay equations (1.1) describes the interaction between
a limiting substrate whose concentration at time ¢ is denoted by s(#) and one species of microbial
biomass whose concentration at time ¢ is denoted by x(7). Moreover, the initial conditions of (1.1) are
described by the continuous function ¢: [-7,0] — [0, +00) and xy > 0 in (1.2).

In the first equation of (1.1), the term Ds°(f) means that the limiting substrate is pumped inside
the chemostat at a rate D > 0, with concentration described by a positive continuous and w—periodic
function ¢ — s°(r). On the other hand, the terms —Ds(#) and —Dx(¢) in the first and second equation
respectively, indicate that the mixture of microbial biomass and substrate is pumped outside at similar
rate D > 0, which ensures a constant volume.

The consumption of the substrate is described by the term u(s(¢))x(¢) in the first equation of (1.1),
while the per—capita growth of the microbial biomass is described by the term % = u(s(t — 7)) in the
second equation. The term u(-) denotes the uptake function, which makes a link between the process of
consumption of substrate and its consequences on the microbial growth. In this context, the case 7 = 0
means that the consumption of substrate has an immediate effect on the microbial growth, while the
case T > 0 refers to the existence of an interval of time [0, 7], which is necessary in order to metabolize
the substrate.

We will assume that the uptake function u: [0, +00) — [0, +00) is the Monod function

UinS
ky+ s

u(s) = with &, > 0 and i, > 0. (1.3)

Note that u(0) = 0 means that there is no microbial growth in the absence of substrate, while y’(s) > 0
states that the per—capita growth rate is an increasing function with respect to the substrate, which is
upper bounded by the constant w,, > 0, namely, the maximal growth rate, and verifies

u(s) < p,, forany s > 0and lim u(s) = w,. (1.4)
§—+00

On the other hand, the constant k; is named as the half-saturation constant because u(k;) = u,,/2. We
refer the reader to [9] for further details.
Finally, observe for later use that

:umks(a - b)
(ks + @)(ky + b)’

u(a) — u(b) = (1.5)
foralla > 0and b > 0.
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1.2. Related models

System (1.1) encompasses two relevant particular cases: On one hand, when considering a constant
input of nutrient s° > 0, system (1.1) becomes the autonomous DDE system
Ds® — Ds(t) — u(s(0))x(t)

{ (1)
x(1) x(D)[u(s(t - 1)) — D]

which was introduced by Wangersky & Cunningham in [10], and initially studied by Caperon [11]

and Thingstad [12]. The local asymptotic stability results for the equilibria are obtained in [13—15] by

studying the roots of the characteristic quasipolynomial equation associated with the linear approxima-

tion of (1.6) around its positive equilibrium. The existence of periodic equations of (1.6) and related

models has been addressed in [16, 17], and we also refer to [9, Ch.10]. Sufficient conditions for global

asymptotic stability have been obtained in [13,18,19] by constructing Lyapunov—Krasovskii functions.
When considering 7 = 0, system (1.1) becomes the nonautonomous ODE system

{ $@) = Ds(t) — Ds(1) — u(s(t))x(?)
x(1) x(D)[u(s(@) — D],

which has been employed, among other things, to emulate oscillations in marine ecosystems and to
study optimization issues in periodically operating bioprocesses. We refer the reader to Section 2
of [1] and references therein for additional details.

The mathematical study of (1.7) has been carried out by a numerical approach [20], and also by the
construction of Poincaré maps [21-23]. In order to study the existence of w—periodic solutions of (1.1)
and (1.7), a pivotal tool is the study of the properties of the scalar equation

when >0 (1.6)

1.7)

é=Ds"(t) - D¢ (1.8)

which corresponds to (1.1) and (1.7) in the absence of microbial biomass. It is well known that (1.8)
has a globally attractive, positive, and w—periodic solution ¢ — X*(¢), which is named as the washout
solution:

THr) = f De P O dr. (1.9)

In [22,23], Wolkowicz and Zhao proved that the following average inequality involving the uptake
function and the washout solution

lfwﬂ(z*(r))dwz) (1.10)
w Jo

implies the existence, uniqueness, and attractiveness of a nontrivial w—periodic solution of the unde-
layed system (1.7), which will be denoted by  — (s5,(), x,(¢)) throughout this article. Moreover, it is
useful to recall that a direct consequence of the average inequality (1.10) is

D < fi. (1.11)

The w—periodic DDE system (1.1) can be seen as the coupling of the autonomous DDE system (1.6)
with the w—periodic ODE system (1.7). Nevertheless, in comparison with the extensive knowledge we
have on systems (1.6) and (1.7), there exist fewer results about the qualitative properties of (1.1). A
first step to fill this gap is given in [1] and [2, 3], where the results of [22,23] are partially generalized:

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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Proposition 1. [1, Th.2 and Th.3] System (1.1) has a non-trivial and positive w—periodic solution if
and only if the average condition (1.10) is satisfied.
Furthermore:

a) Ift — (s*(¢), x*(¢)) is a non-trivial w—periodic solution, then
0<s"(t)<XZ(t) and 0<Xx'(t) foranyt=>0.

b) The non-trivial w—periodic solution is unique when the delay t is sufficiently small and will be
denoted by t > (54 (1), Xy (1))

As pointed out in the discussion of article [1], an open question arises from this last result, which
is to obtain a set of sufficient conditions ensuring the global attractiveness of the unique non—trivial
w—periodic solution t +— (s, (?), x4 .(¢)) for small enough delays. The main contribution of this article
is to provide a partial answer by considering a particular uptake function yu(-), namely Monod’s func-
tion defined by (1.3) and a family of functions s°(-). The approach to this problem has already been
proposed in [1, Section 6], which is the construction of a Lyapunov like function.

1.3. Structure of the article

Section 2 describes the three main results of this article: Theorem 1 is a result of comparison be-
tween the solutions of (1.1) with the w—periodic solution ¢ +— (s,(?), x,(?)) of the undelayed system
(1.7), and Theorem 2 gives sufficient conditions for the local asymptotic stability of the w—periodic
solution ¢ = (84 (?), X« (t)), while Theorem 3 furnishes conditions that ensure global asymptotic sta-
bility. Both conditions are obtained by constructing Lyapunov-like functions fashioned along ideas
and techniques of [24]. Sections 3-5 are devoted to the proof of Theorems 1-3, respectively. Section 6
provides an example based on the culture of the microalgae Dunaliella tertiolecta, and several numer-
ical simulations are presented to illustrate our results. Section 7 contains a brief discussion about the
scope and limitations of the results of this work.

2. Main results

Throughout this article, we will work under the assumptions that the average condition (1.10) is
satisfied, and the delay 7 is small enough such that statement b) of the Proposition 1 ensures the
existence and uniqueness of a non-trivial and positive w—periodic solution t — (5, (%), X4 -(¢)) of
system (1.1).

The main results are described in terms of an upper bound for the limiting substrate and a system
equivalent to (1.1). In consequence, a necessary first step in order to state the main results is to obtain
an explicit upper bound for the substrate and to introduce a couple of transformations to system (1.1).

2.1. Boundedness of the solutions

In this subsection, we will establish that the solutions of the system (1.1) are bounded for sufficiently
small delays. First, by (1.9) it is easy to see that, for any 7 € R,

min

_ 0 . : 0 * 0 0
O<sy=s. := Ig{l&g}{s N} <2 < tlg[l(%a)f]{s O} 1= sy, 2.1

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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It can be easily verified that the positive orthant of system (1.1) is positively invariant. In addition, by
(2.1) we deduce that s°(r) < s, for any 7 > 0.

Since the average condition (1.10) is satisfied, Proposition 1 then states that system (1.1) admits a
positive w—periodic solution. Moreover, we define a fixed number s, such that s, > s?w Then, we
notice for later use that, by using the fact that u is increasing and X*(f) < s° , we obtain the inequalities

D < p(siy) < p(sa)- (2.2)
The following result states the uniform boundedness for the limiting substrate.

Lemma 1. If t — (s(2), x(¢?)) is a solution of (1.1), then there exists t, > 0 dependent on the initial
conditions such that, for all t > t,, the following inequality is satisfied:

s(1) < sa. (2.3)

Proof. By using the positiveness of the solution, we can see that the substrate satisfies the differential
inequality
§ < Ds(t) — Ds(p).

Now, the result is a consequence of s°(f) < s(/)\/I < s, for any 7 > 0, combined with comparison results

for scalar differential equations such as [25, Ch.4] and [26, Lemma 3.4].

2.2. Some related systems

In order to state our main results, it is useful to introduce the variable a(f) = x(¢t + 7), which
transforms (1.1) into

{ §(t) = Ds%t) — Ds(t) — u(s(t))a(t — 1) 2.4)
a(t)y = [u(s(®) — Dla(®). '
Furthermore, by using the identity
a(t — 1) = a(t)el PO 2.5)
we obtain the alternative formulation
{ 5(1) = Ds"(t) — Ds(t) — u(s(z))ekPHeoNdr g p) 2.6)
a(r) = [u(s() — Dla(?). '

The study of (2.6) has technical advantages with respect to (1.1). It is important to emphasize that
the existence and uniqueness of the non-trivial and positive w—periodic solution # + (s (%), X4 -(?)) of
system (1.1) is equivalent to the existence and uniqueness of the non-trivial and positive w—periodic
solution t = (84 (1), a (1)) of system (2.6).

2.3. Statement of the main results

The first result considers the solutions of the transformed system (2.6) when the delay is sufficiently
small, and compares them with the non—trivial w—periodic solution # — (s,(1), x,(¢)) of the undelayed
system (1.7):

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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Theorem 1. Consider the DDE system (1.1)—(1.2) with an uptake function u(-) described by (1.3), and
input nutrient t — s°(t) such that the average condition (1.10) is satisfied. Let T, > 0 be small enough
such that

TAU(S2)N(s,)e™ N < g 2.7)
with
N(s,) = max{u(s,) — D, D} (2.8)

is satisfied. Then, there exist positive constants (py, p>) and 7, € (0,7,) such that, when v € [0,7,],
there is t, > 0 such that, for all t > t,, the solutions of (2.6) satisfy

Is(6) = 5,0 < Lu(ss)s,(e™) = 1),
(2.9)
la(t) = x,(O] < 2Z2p(s,)sa(€™02) = 1),

The second result is concerned with the local asymptotic stability of the above mentioned non-trivial
and positive w—periodic solution ¢ = (s, -(f), a. (1)), and it also assumes that the delay must be upper
bounded as follows:

1 D
. Y = (2.10)
D — py, Sﬂm

which is well defined due to D < u,,, as it was stated in (1.11).

Theorem 2. Consider the DDE system (1.1)—(1.2) with an uptake function u(-) described by (1.3)
and input nutrient t — s°(t) such that the average condition (1.10) is satisfied. Then, there exists a
small enough delay 7 € (0,7"] such that, when t € [0, 71], the unique nontrivial w—periodic solution
1 (8y (1), ay (1)) of system (2.4) is a locally exponentially stable solution.

The last result faces an unsolved problem from [1], namely, to obtain sufficient conditions ensuring
the global asymptotic stability of the unique non-trivial w—periodic solution ¢ + (s, (), x4 -(f)) when
considering small delays. In this context, the main contribution of this article is to provide a partial
answer, by considering a nutrient input described by the w—periodic continuous function

%) = S+ ey(h) (2.11)

where |y(¢)| < for all > 0 and the positive constants S . and & are such that s°(-) is positive.
Let us observe that, in this case, the washout solution ¢ — X*(¢), defined in (1.9), becomes

) =S, +ept,y) with ¢t,y) = f De Py (r) dr.

Theorem 3. Consider the DDE system (1.1)—(1.2) with an uptake function u(-) and input nutrient
t — s°(¢), respectively described by (1.3) and (2.11). If u, S, &, and y are such that

lfwﬂ(Sc +&¢(t,y)) dt > D
w Jo

then the w—periodic solution t = (54 .(t), X, (1)) is globally attractive when the delay is sufficiently
small.

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.



3. Proof of Theorem 1 (Approximation of solutions)

This theorem shows that the unique positive w—periodic solution of the DDE system (1.1) and the
solutions of the ODE system (1.7) are close when the time is large and the delay 7 is small enough.
To prove this property, it will be useful to recall that system (1.1) can be transformed into (2.6). In
addition, notice that (2.6) can be rewritten as follows:

$(1)
a(r)

where the term @ () is given by

Ds°(t) — Ds(t) — u(s(t)a(t) + w(t)
[1(s(1)) — Dla()

(3.1)

@(t) = p(s(D) |1 — ehr PO 4y,

Notice that (3.1) can be seen as a particular case of the ODE system (1.7) with an additive perturbation
Ds%(t) — Ds(t) — u(s()x(t) + 6(1)

t — 6(t) described by
{ 5(0)
x() x(O)[u(s(2)) — DI.

It will be useful to quantify the effect caused by an input 6(-), which is assumed to be a bounded
function verifying additional properties which will be described later.

Under the above perspective, we can see that systems (3.1) and (3.2) have a similar structure. This
sheds light on a way to prove Theorem 1: to study the asymptotic behavior of system (3.2) by consid-
ering perturbations ¢t — d(¢) having asymptotic behavior emulating the properties of the map ¢t — @(¢)
when 7 is small enough.

(3.2)

3.1. First step: upper bound for the biomass

The following result concludes the uniform boundedness for the microbial biomass of system (1.1).

Lemma 2. If T € [0, t4] with 4 satisfying inequality (2.7), then there is ty > t, + T dependent on the
initial conditions, such that, for all t > ty + 7, the biomass component of any positive solution of (1.1)
satisfies

x(t) < gsA. (3.3)

Proof. Let t — (s(¢),a(t)) be a positive solution of (2.6). Let us note that the change of variable
b(t) = s(t) + a(t) leads to the equation with distributed delay

b(t) = Ds°(t) — Db(1) + [1 —e f-fw—“(s(r”)d’] u(s()a(r).
By Lemma 1, combined with the inequality |1 — €"| < lule™, we deduce that, when ¢ > t,,

b(t)

IA

Dso(t) — Db(t) + '1 — ef/iT(D_ﬂ(S(V))) dr

f n(rydr

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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where n(r) = D — u(s(r)).
Lemma 1 ensures that s(r) < s, when t > ¢, + 7. In addition, by using the fact that u(-) is increasing,
from inequality (2.2), it follows that u(s(r)) < u(s,) and D < u(s,). Then, we obtain that

' f n(rydr

< f max{u(s(r)) — D, D — u(s(r))} dr

f n(r)dr

with N defined in (2.8). By using (2.2) combined with a(f) < b(t), we deduce that, when t > ¢, + 7,

which implies that
<N(sp)T (3.4)

b(t) < Ds,— Db(t) + TR(s,)u(s,)e™a(r)
Ds, + | tu(s.)R(s,)e™) = D] b().

IA

Then, it follows that, when 7 € [0, 4], inequality (2.7) implies that

b(t) < Ds, — %Db(t).

By using the aforementioned comparison results for scalar differential inequalities, we deduce the
existence of r4 > t, + 7, dependent on the initial conditions, such that the inequality

5
b(t) < §SA

is satisfied for all # > #4. This inequality together with b(¢) > a(t) = x(t + 1) allows us to conclude the
proof.

3.2. Second Step: ISS with restriction for a system with no delay

The concept of Input to State Stability (ISS) was proposed for the first time by E. Sontag in [27],
and we refer the reader to [28] for additional details. It characterizes the behavior of the solutions of
a system in terms of the external input. More specifically, a system & = f(¢,u,0) is said to be Input
to State Stable with restriction if there are & > 0 and functions y € K and 8 € KL such that, for
any bounded and piecewise continuous input J(-) such that |[6(7)| < 6 forall t > 0, the corresponding
solution ¢ — ¢(t, ty, ug, 0) passing through u, at t = #, satisfies

p(2, to, uo, 6)| < B(luol, t — 10) + V(Ir%ax] |5(S)I) , forall 121, (3.5)
S€E|ty,t

Let us recall that y € K if it is continuous, increasing, and such that y(0) = 0 and 8 € KL if
s — B(s,t) € K for any t > 0 and, for any » > 0, the function ¢t — S(r, t) strictly decreases to zero,
see [26] for details.

Now, we show that system (3.2) is ISS with restriction. First, as t = (s,(%), x,(1)) is the non—trivial
w—periodic solution of the ODE system (1.7) and the change of variables b(¢) = s(¢) + x(¢) leads to the

system
b(t)
x(1)

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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and allows us to define the w—periodic functions

by(t) = 5,0 + x,(1),  xp() = In(x,(1) and x™ = min {x,(1).

te[0,w]

It is clear that t = (b, (1), x,(2)) is the unique w—periodic solution of the system above.
Now, we are ready to state the following result:

Lemma 3. Let us consider perturbations t — () of system (3.2) with the following property: there
exist a positive constant & and a threshold T, := Ty(6) > 0 such that

sup |6(1)] < 6. (3.7

=Ty

Furthermore, if 6 is small enough and there exists Ty > Ty dependent on the initial conditions such
that any solution of (3.2) verifies s(t) < s, for any t > Ty, then:

a) There exists t, > Ty, dependent on the initial conditions, such that

o
|b(t) — b,(1)] < 25 forallt>1,. (3.8)
b) For any & small enough there exists t, > t,, dependent on the initial conditions such that

x(t -
e 1+ < L0 < N@-ere forany t > t,. (3.9)
xp(1)

c) There exists t. > t,, dependent on the initial conditions, and a positive constant p such that
(1) = x,(0] < x,(1) (e = 1) forany 1> 1. (3.10)
d) There exist two positive constants, p, and p, such that any solution t — (s(t), x(t)) of (3.2) satisfies
Is() = s,(OI < p16  and  |x(t) — x,()| < p6  forallt > t,. (3.11)

Proof. See Appendix A.
A careful reading of the proof shows that:

1) The constants p, p;, and p, mentioned in statements c) and d) depend on the non—trivial w—
periodic solution ¢ = (s,(1), x,(1)) of the undelayed system (1.7) and the set of parameters k, D,
and s,. In fact, it will be proved that

_ 3(ks + SA)Z —(l+8) _X;nin
= —2D e e
kS

where y " = Zg[})i,(rul] In(x, (1))
and ¢ is a constant from (3.9).

ii) The statements a), b), ¢), and d) implicitly impose different smallness conditions for 6. In fact,
inequality (3.8) is valid for any positive 8, while inequalities (3.9) and (3.10) are obtained for K
having an explicit upper bound. Finally, estimation (3.11) is deduced for § small enough such that
In(1 + pé) can be approximated by its first—order MacLaurin expansion.

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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Remark 1. From estimations (3.8) and (3.10), we deduce that if t > t,, then

_2% Fb, (0 <b) and  —x,(0)(e” — 1) + x,(0) < x().

Thus, when 6 is sufficiently small,

b: <b(t), and xi < x(t)

with b+ = 1 min b,(¢t) and x+ = 1 min x,(t) forall t > 1,.
72 0w p(@) 2 1ef0,0] rDf b

3.3. Final Step: Proof of Theorem 1

Now, we go back to study system (3.1) which, as we know, is equivalent to (2.6). First, notice that
the input ¢ — () verifies property (3.7). In fact, as ¢ — (s(¢), a(?)) is solution of (2.6), Lemmas 1
and 2 ensure thatif r > t, > t, + 7 > ¢, with 7 € [0, 7,] satisfying inequality (2.7), then s(f) < s, and
a(r) < %sA for any ¢ > t,.. These facts, combined with the inequalities |1 — e*| < e — 1 and D < u(s,),
imply that for any ¢ > #,,

@) = |u(s@)| ‘1—efzfr(D—#(S(r)))dr ()
< u(sy) |1 — b @weondr| |yt 4 7))
< Zs.u(sy) 1 — ehl(D-n(strdr

< Isuu(sy) (@ Jlutsr)=Didrl _ 1
< 2u(sy)sa(e™t) - 1) =w(1) = .
We observe that, by an appropriate choice of 7, the constant z can be rendered as small as desired.
Second, as we know that systems (3.1) and (3.2) have the same structure, statement ¢) of Lemma
3, with @ (?) instead of ¢(), implies the existence of a constant p and a time ¢, > t,, dependent on the
initial conditions, such that

|x(#) — x,(0)] < x,(2) (e"’5 - 1) for any t > ¢,.

Finally, when considering delays small enough such that pw is a good approximation of e’@ — 1,
statement d) of Lemma 3 implies the existence of a couple of positive constants (p;, p,), such that

ls@) = s, <pi@ and |x(t) - x,(H) < p,w forany?>t,.
This concludes the proof. O

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.
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4. Proof of Theorem 2 (Local stability analysis)

Let us recall that, under the assumptions of Proposition 1, we know that system (1.1) has a unique
positive w—periodic solution (s, -(?), x. -(t)). Moreover, by performing a change of variables on the
original system (1.1), we obtained system (2.4) introduced in Section 2:

5(2)

a(r)
We denoted its unique positive w—periodic solution by (s, -(?), a. .(t)). Nevertheless, to simplify the
notation, we simply write (s, (), ax(?)).

Ds°(t) — Ds(t) — u(s(t))a(t — 1)
[u(s(t)) — Dla(?).

The proof of Theorem 2 is decomposed into several intermediate results. Moreover, we point out
that we obtain an explicit value for 7.

4.1. A priori estimations for (2.4)

Lemma 4. Let inequality (2.10) be satisfied. Then, the unique w—periodic and positive solution of
system (2.4) t > (54(1), ax(t)) satisfies the inequalities

4
a.(t) < §S(/)vt and s,(1) < s(/)w foranyt>0. “.1)

Proof. Let us observe that

Dso(t) — D[54 (1) + ax(D)] + p(s(D))[ax (1) — ax(t — 1)]
Dsiy = Dsx(t) + ax(t)] + (s (D)[ax(t) = ax(t = 7).

S« (1) + a,(1)

IA I

By (2.5) we know that a, () = efrt—r[“(s*(’))‘D]d’a*(t — 1), which gives
(D) +an(D) < DS = Dlsa(t) + au (D] + (5o (D) | 1 = efPHxIar| ().

Now, by (1.4), we obtain
!
f [D — u(sy(r)ldr = (D — )
-7
for all ¢ > 0, and we deduce that
1 — e Dutss(r)ldr < | _ yr(Dpn)
which allows us to obtain the estimations

$5 (D) +au(t) < DsS = Dls(t) + au ()] + pn (1 = P ay (1)
< D5+ [t (1 = @) = D| [5.(1) + an(0)].

Bearing in mind (1.11), we note that (2.10) is equivalent to the inequality
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which ensures that ;
$4(t) + (1) < DS — gD[s*(t) +a, (D).

Then, by the positiveness of the periodic solutions together with the comparison result for scalar dif-
ferential inequalities, we deduce the existence of ¢ > 0 such that

8 4
a, (1) < 5% < gs% forall > t;.

On the other hand, s,(7) < S(/)VI is a consequence of Proposition 1 and (2.1).

In order to simplify the local stability analysis of system (2.4), let us perform the change of variable
¢ = In(a). This gives

{ $(1) Ds%(t) — Ds(t) — u(s(t))et =
&) u(s(0) = D.

Let us observe that (s, (f), £«(2)), where &, (1) = In(a(?)) is a w—periodic solution of (4.2). Moreover,
it is interesting to note that the washout solution ¢ — X*(¢) defined in (1.9) can be written as follows:

4.2)

D !
() = ——— f P (r)dr. (4.3)
1—ePe J,

—W

Lemma 5. The unique w—periodic and positive solution of system (2.4), namely, t — (s5,(1), a.(1)),
verifies the following inequalities for any t € [0, w]:

() -2 < 6 () < T with & = max a,(0) (4.4)
D rel0,w]
and
-Dw
a (1) 2 a:= rr[gn]{Z*(t) — 5.()} > 0. (4.5)
tel0,w

m

Proof. The right inequality of (4.4) follows directly from statement a) of Proposition 1. In order to
prove the left inequality, we use (1.4) and the constant & defined in (4.4) to deduce that

§.(t) > Ds°(t) = Ds,(t) — & forallt € R,
The integration of the above inequality combined with the w—periodicity of s,(-) implies that
t
ePls, () = P95, (1) + f ePr [Dso(r) —,ule] dr.
—w

We deduce that ) 5
(1-eP)s,(1)2 D f P dr = (1= PR
—w

By using (4.3), we obtain that
* mzl
NOEDIOE S

Thus, the left inequality of (4.4) holds.
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A direct consequence of inequalities (4.4) together with the w—periodicity of X*(-) and s,(-) is that
. D, 2 —
a>—{Z(t) — sx (1)} = — min {Z7(¢) — s.(0)} > 0. (4.6)
Mm My €00,0]

Now, for all 1; € R and #, € R, we have

Il _ d
ar(t) = sl WD

Thus, if we choose 1, € [0, w] such that a,(t,) = a, then we obtain

S s+ ()=Ddr Dw

a,(t) = ae > ae”

for any ¢ € [0, w]. From (4.6), we deduce that

—-Dw
a,(t) >

min {£°(1) - s.(0)} :==a

m  t€l0,0]

for all ¢ € R. This concludes the proof.

4.2. Proof of Theorem 2: Stability analysis

The next result provides the first order approximations of the solutions of (4.2) around ¢t +—

(5.(0), £4(0)):

Lemma 6. The linear approximation of system (4.2) is described by the system

S(t) = =D3(t) = W (5,(0)eF 205 (8) — p(s, (1))e D20 (r)
+ai(t,s;) 4.7)
& = W (s.(1)30)
where )
1(t,5) = p(s. () f 1 (5. (r))s(r) dr (4.8)
and . -
a(t) = f D= plsutr)]dr. (4.9)

Proof. One can check easily that the linear approximation around the solution (s, (), £4(¢)) of system
(4.2)1s

{ s(1) = =D5(1) = @ (s (D) TV5() = (s (1)) TIE( — 7)

§B) = 1 (s(1)s)
which also can be written as the linear w—periodic system
{(t) = A(DL() + B (1~ 7) (4.10)
where
e EonT _| D+ Gsu@)e 7 0 _| 0 —uCsa()e 7y
£ = G0 &Y, AW = [ ook 0 ] and  B(1) = [ 0 0
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Now, observing that

EN—Et-1)= f 1 (s (r))s(r) dr

the above system becomes
(1) —D5s(t) — i/ (s (1) V5(1) — p(s,(1))e5 T + e (8, 5,)
N = W (s.(0)5(0),

with a/(t, -) defined in (4.8). Now, by noticing that

Eut—1) = £(1) - f [(s.() - D] dr

the above system becomes (4.7). This allows us to conclude the proof.

Now, we start to study the stability properties of (4.7). To ease this analysis, we adopt the simplified
notation:

Let us introduce a time-varying change of coordinates:

—D5 — /' (5,)e5* 4205 — p1(s5,)ef20E + a1 (t,5,)

K (54)S.

4.11)

ls el
1]

Z2(t) = 5(t) + D).
Then, by using the simplified notation, we obtain

z7 = -D (Z _ ef*g) — [/ (54)ebr T (Z — ef*g) — (sy)eb g

+ai(t,5) + £ (DE + €41 (5.4) (T — €€) (4.12)

3

By recalling that &,(¢) = u(s. (1)) — D, we obtain

W (s0) (2= €).

P o= DE (50 (2 OE) — us. ) ROE + (s, )E
+e§*ﬂ/ (S*) (Z - e‘f*g) + (l’l(t, El)

and, as an immediate consequence, we obtain the equivalent version
2 = —DT+pl (s) e (1 - em0) (3 - ef€) + e puls,) (1 - V) € + an(1,5).

Then, by grouping the terms again, we obtain

|

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.

= D7+ a3()Z7+ a4(t)§ + (1,5, @.13)

M (s:)Z— i (54) ef*f

el 2l
1

with
as(t) = 'u’ (5,(D) ef*(t) (1 _ e(lz(t))
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and
ay(t) = (u(s.(0) — ' (s5.(1)) €5 ) 0 (1 = ™).

In order to study the stability of system (4.13), we adopt a Lyapunov approach. Let us introduce the
positive definite function

_ 1-
Vi(0) = Vi(&(0) = 56(02.

Its derivative along the trajectories of (4.13) satisfies
) , -, -2
Vi) = ' () EZ— 1 (54) €€
Let us recall that Lemma 5 ensures that a,(#) > a, which leads to

£ 2 €

since § = In(a). Now, by (1.3) and the right estimation of (4.1) we know that y'(s,) < ¢’(0) and
W(sy) > ,u’(s%/(). In addition, by using Young’s inequality

’ =1 & 6 =2 1 ’ 2=2
< = —
1Ozl 1€l < ch ot 0)z
with 6 = /(S %)ei, we deduce that

Vi) < 1 O - () £ E

IA
| —
=
—_
bjO
22
Q
|
[
)
+

(4.14)

1 - ' (0)°
= kI - E,u’ (59\4) eﬁfz, with k = L

Now, let us introduce the positive definite function
_ 1_,
Va() == M(z() = 57°0).
Its derivative along the trajectories of (4.13) satisfies
V() < 2(-1+ mGmOl) 22 4 2z d 4 2200 (1, 5).

%, we obtain

By applying Young’s inequality to the products ""‘;%)EWZI and [zZ|a,(¢,s,)| with 6 =

2 max{0, a3(r)})Zz s (a4(t)—)2 L (5 4.15)

Vo) < (—1+ - & =

Now, we consider the candidate Lyapunov function

_ 1 -
Vi(1) = V3(z2(1), £(2) = E(Vl(f(t)) + Va(z(9)
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which is well-defined because x > 0. From (4.14) and (4.15), we deduce that its derivative along the
trajectories of system (4.13) satisfies

‘ 74 (st) ;2 1 2max{0,a3(1)}\_,
Vi s - el E +(—§+T)Z
(4.16)
2 =\2
+2a/gl;) 52 N 2011(;,25:)

We can estimate the function @, defined by (4.9) as done in (3.4):
lax()| < u(spy)Tt <, v forallt >0

where the last inequality follows from (1.4). Notice that, as t — s,(¢) is w—periodic, the above estima-
tion is valid for any ¢ > 0, while in (3.4), is verified after a finite time.
A direct consequence of the above estimation is

|1 —e”®| <e™ —1 forallz>0 (4.17)
which follows from the inequality |1 — ¢*| < e/ — 1 for any x € R.

The inequality (4.17) combined with (1.4) and p’(s) < p’(0) for any s > 0 allows to estimate a3 and
a4 as follows:

3O < @O (@ = 1) and as(O] < ( + ' (0)€40) 0 (e~ 1).
By using (4.1) we deduce that
Ex (1) 4 0
a,(t) = e+ < gsM forallz >0

which makes it possible to obtain new estimations

4
la3 ()] < g,u’(O)S% (e —1)
and

4 4 T
|a4(t)| < 5 (l-lm + 5” (O)S(/)\/() S(/)Vl (e Hm __ 1)

for all + > 0. Moreover, using again (4.1), we obtain

t 2 ¢
ai(t,5)? < (gums%ﬂ'(m f IE(r)Idr) <pr f S(r)* dr (4.18)

with 8 = %(ﬂm S?w 1'(0))?, where the last inequality is a consequence of the Cauchy-Schwarz inequal-
ity.
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By gathering the above estimations for a(z, s;), @3(t), and @4(f), we obtain a sharper estimation for

V3I
# (s3)
4k

V3(t) < -

) 1 24 =
EE 4|5+ 5y O - )|

2 [4 R o 28t (M_
2 g(ﬂm‘Fgﬂ (O)SM)SM(€” —1)] vy HS(”) dr
)]
K — 1
= —Mefm] € 2|8 + == + 1 (™ — 1)| 2
4k 2
2Bt f’ —
+— s(r)”dr
D? .

2
with 4, = 35 [(um + %‘,u’(O)s(/)M) s‘/)w] and A, = $51/(0)sY,.
Bearing in mind that z(¢) = s(¢) + ef*(’)g(t), let us introduce a Lyapunov-Krasovskii functional

V4(Zt,§,)=Vs(Z(t),E(t))+%f fﬁ(i”)2drdf- (4.19)
-t J¢L

A simple calculation gives

i(f ft§2(r)drd€):32(t)r—ft P dr
dt\J,_. J; -1

(0
—%ef + Ay (e™ — 1)

which leads to

Vi) < Z +

1
_E + /12 (eT/lm _ 1):| Zz

2 2
+BTEZ.
D2

. ... - - .. — — =2 .
By using the definition of 5 = 7 — ¢ and noticing that 3* < 2(z> + €X¥*(&"), we obtain

)]
. (s _ 1
Vat) < —Mefm] @™ — 1P| E +| == + 4 (™ — )| Z
4k 2
4B7% (o, 2, () 5>
+ o (& )
/.l’ (SOM) & 1 Thm 12 64ﬁT2 0 \2 =2 1 1 Thm 1 41872 =2
> |- Ik e+ (e™—1)" + 92 (SM) &+ _§+ 2 (e™m —1) + D2 Z
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where the last inequality uses (4.1) with a,(r) = (1) < 35,

Employing the inequality A, (e™” — 1) < i + A5 (e — 1)%, we obtain the estimation

(%) 64572
f TUm 2
o e =)

' —2 1 4 .
V4(t) S f + _Z + &% (eT/lm _ 1)2 + D_ﬁ2T2:| ZZ.

(s0°

on [0, +00), it follows that

Given that Tu,, < e —1 holds for all T > 0, and the quadratic function is monotonically increasing

Vi(t) < [—ﬁ%i%)ef FA (=17 + (16;5 e - 1)? (s%)z} £
- _% + 43 (e = 1) + (D‘Li 7 @ = 1)2]22
[ e
%
el

=0
The above inequality implies that, if 7 € (0, 7)) with 7 given by

7O
1 s 1
7= —min{ln|1+ (@fﬁ“) e |1+ ——e
Mm 4K(/11+9(D—um)2(SM)) 2 [/134_([)'1_'?")2

then {; < 0 and ¢, < 0. By integrating the above inequality between 0 and ¢ > 0, we obtain

|§1|f E(rdr+ |§z|f Z(r) dr < Vy(0) - Vi) < V4(0)
0 0

which implies that £ and Z belong to L*(R}).

In addition, as E and z, as well as their derivatives, are bounded on [0, +0), it is easy to deduce that
) _ ) )
¢ and 7 are uniformly continuous. Then, Barbalat’s Lemma [26] ensures that

lim &@r) = lim Z(¢) = 0.
t—+00 t—+00

Thus, the equilibrium (z, €) = (0,0) is a globally asymptotically stable solution of system (4.12).
Finally, from our analysis, we can deduce that if T € (0, 7;) with

1 D
Ty = min{D e ln(l - @) ,TS} (4.20)

then the equilibrium (5,&) = (0,0) is a globally exponentially stable solution of system (4.7). This
concludes the proof.
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5. Proof of Theorem 3 (Global stability analysis)

5.1. Preliminaries

Let us consider the family of systems (2.6) with input substrate s°(f) = S . + £y(t), namely

$(1) DIS . + £y(t)] = Ds(t) — p(s(0))el-PHONr g )

5.1
a(t)

a(®)[u(s(t)) = D]

where y(-) is a function of class C' and w—periodic such that n[loax] ly(t)| < 7. In addition, the positive
telV,w

constants S . and ¢ are such that ¢ € (0, S ﬁ_l), which implies the positiveness of the washout solution.
Finally, by Proposition 1, it follows that system (5.1) admits an w—periodic solution (s, a;).

The goal of this subsection is, roughly speaking, to prove that s.(#) and a.(f) are small when the
parameters € and 7 are small.

Lemma 7. There is a delay Ty > 0 such that if T € [0, 74] and € is small enough, then the derivatives of
s¢(+) and a.(-) satisfy

max |$.(f) < Lie and max |a.(1)| < Lye, 5.2)
1e[0,w] te[0,w]

for some positive constants Ly and L,.

Proof. First, notice that since s.(-) and a.(-) are w—periodic, it follows that their derivatives are also
w—periodic. Now, let us introduce the auxiliary function

8u(0) = DY) + p(se ()1 = el PH N a1, (5.3)

By using Lemma 2 combined with the inequality |1 — e*| < ¢™ — 1 and inequalities (2.3) and (3.4), we
can see that

IA

(D) DY) + lu(so()] |1 = el PO (g (1)

(5.4)

IA

eDy + %#(SA)SA[eT'u(SA) - 1]

for t > ty + 7. Then, when 7 is sufficiently small, it follows that
|p:(1)| < 2eDy. (5.5
By introducing the change of variables z, = s, + a, and considering (5.1), we have

DIS. + £y(1)] — Dsy(t) — (s, (0))ehAP g (7

Ze

+as(1)[u(s5(1)) — D]
t (5.6)
DS, + Dy(t) = Dz,() + u(s.(0) | 1 — el-APHOONr g (1)

DSC + ¢8(t) - Dza(t)
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where ¢, is defined in (5.3). By using the fact that z. 1s w—periodic, we can prove that

2(t) = ﬁ f PUIDS  + ¢ (D] dr (5.7)

—W

and (5.6) can be written as

D t
= DSe+ o) - T35 f e?"O[DS . + po(r)]dr
- t-w

000~ 1= [ P roar
l—ePe J_,
which, combined with (5.5), allows us to deduce that
1Z:()| < 2|peleo < 4eDy foranyt e R. (5.8)
Now, the change of variables &, = In(a,) gives
& = p(s:(0) =D and & = p'(5:()$(0).
Then, the Eq (5.1) combined with the identity
as(1) = a-(E:(1) (5.9)
and the definition of z, allows us to conclude that
£ = (D)2 — ac()] = = (se(D)ac(DE(D) + 1 (5:(0))2e(1).
It is interesting to observe that &, is an w—periodic solution of the w—periodic time-varying equation
it = —p (ss(0))as(Du + p' (s(1))2e(0).

Moreover, since fow W (se(0)ac(£)dt > 0, we deduce similarly as in (5.7), the identity

. 1 d r
E1) = f o DGO (o () () d.

1—e" I (se()ae(Orae o

Now, by using u”(s) < 0 for any s > 0, Lemma 1 implies the inequality

) < — O f 2Pl dr

1 — e #Ga) [f a0t J,_

when 7 is sufficiently large. Now we recall that, as a consequence of Theorem 1, there are constants
§>5>0,6> & 17,>0,and g > 0 such that for 7 € [0, 7,] and € € [0, &;], when ¢ is sufficiently large,
it follows that

s<s(<S and E£<EMNSE (5.10)
which leads to ©) )
; 74 )
() € ———— ()| dr.
E(D)] PR ft_w |z:(r)l dr
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As an immediate consequence of (5.8), we have that

, 2u'(0
) < — 0l

_ e_ﬂ,(SA
By (5.9) and the above estimation, we can conclude

) ; 40 _
las(D)] < lazOIIED] - with  [€,(1)] < #Dy&

— e_lJ/(SA)(Ueé

Then, inequalities (5.2) can be deduced by using (5.10) combined with the definitions of z. and the
above estimations.

5.2. Asymptotic stability analysis

5.2.1. New representation of system (1.1)

By using the transformation & = In(a), system (1.1) becomes

§@t) = Ds%»t) — Ds(t) — u(s(t))es®
(5.11)
@) = u(s(t-1)-D.
Now, let us introduce the variables
51) = s(1) — 5. (1), (1) = E@1) — £,.(D) (5.12)

where (54, &) denotes a periodic solution of (5.11). Then, by using (1.5) and (5.12), we can deduce
the new representation
£ y kobtm 5(1)e" ;
1) = =D5(t) — + t Ex() 1 - S()
5(1) 5(1) et 5. (0) ke 3 50) H(s«(0))e7[1 — 7]
5t—-1)
(ky + 5, (t = (ks + s(t = 7))

(5.13)
D = Kty

It is useful to point out that § is bounded on [0, +o0) since it is a difference of two bounded functions.
This implies that § is bounded on [0, +c0). Consequently, § is uniformly continuous on the same
interval.

5.2.2. Stability analysis of system (5.13)
Let us define )
Vi) =V =& -1
and note that V;(:) is nonnegative with V;(0) = 0. Moreover, we have
5(2)

E(t+T) _
& + 50Nk + 50 H

S d .
Vit + 1) = 2 Vi(§(t + 1)) = Ksft,
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On the other hand, by (5.13) we obtain the identity

f 5(r) .
o (s + 5 (MK, + 5

Et+1) = EW) + kot

Hence, it follows that

7 (& ks/lmg(t) E(f)*'ft _ kspm3) g,
Vi(&(t = -1 Tsrsx s s 4 — 17.
) = 5 )+ 5 |
Now, we define "
ks,um S r
Vo(t, 5(1)) = dr.
28,50 p(s 4 (1))es® fo (ks + 5o () ks + 5,0 + 1)

Notice that, by (1.3) and &,(¢) = In(x,(?)), we can deduce

r

~ _ k, 5(r)
Vol S) = e fo v

It is easy to show that V,(z, §(¢)) is nonnegative. Moreover, its derivative along the trajectories of
system (5.13) satisfies

. d k, § .
Valt 50) = Vot 50) =~ SS((tf))+ Sy 0+ 0
with «(¢) defined by
_ ki r
W= L on0 )y Grsorn?
_ks ()'C*(I)S*(l) + x*(t)S*(t)) 5 r d
(X (D5, (0) o Gts0+n

From (5.13), it follows that

. ~ _ ks 5(7) ~ ks,umg(t)eé:(t) £x(t) 0
VAL = T e U + 5 + ) [Ds(m<ks+s*(t)><ks+s<t)>_“ G =
+x(1)
B k, 1 oD .
T TS (00 (ky + 54(1) + 5(1)) [mks”’"(ks N TG B

N kspt,, (1)
(ks + 5. (D) (kg + 5,(t) + 5(1))

[1 - O] + k(p).

Now, we introduce
Vi(1) == Vs(t, 5(0), E(t + 1)) = Vi(E(t + 1)) + Valt, 5(2)).
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This function is nonnegative and

ks |
S« (e (ks + 54(1) + 3(1))

V3(1)

&(1)
¢ ] 0L

[D Rt e O + 50)

kst 5(7)
(ks + 5. (D)) (ks + 5(1))

T 3(r) =
[eksﬂm Jr wrmoEEm T _ 1] D +k(1).

=V31(0)

Now, we have
|34 (1)] N (|2 (D] 5% (1) + x4 (DI$5(D)])

kX, Sy (X4 854)?

()] < 1[

N
<5 ls(t).

In addition, by using the mean value theorem combined with Young and Jensen’s inequalities, we

have that ”
‘ st S(0)e ! 5(r) n
Vi) = grnokeso [ks/“‘m ff—r T 9re ]

IA

5(HeF® r
st [ [1 1) are]

N2
50D\ £ 1 [ pme 2rpet L 2
( 2] 1+ () [f sk

2 \2
_ (w5 0EON 1 (w2 [L [ & 2
= ( 3 §+§( T ) [;ft_Ts(r)dr]

IA

+

2 \2
/ng(t)ef(z) T T (llmen )2 4 2
(—ks bl G ft_T §(r)dr

. t <
where 7 is a number between 0 and kgu,, ft . WQI{HU» dr.

Now, we deduce that, when |$,(#)| and |x,(¢)| are sufficiently small, we can find constants v; > 0,
v, > 0, and v3 > 0 such that

IA

!
Vi(t) < =vi5()% + v, f 5(0)*de + viT5()°.
-7

Thus, when 7 is sufficiently small, by Lemma 7 we obtain the inequality

!

Vs(1) < —%E(t)2+‘rv2 f 5(0)%de. (5.14)

-7

Let us introduce the functional
! !
Vi(t) := Va(t, 5, &) = Va(1, 3(2), (1)) + Tv2 f f SOdt dr.
-t Jr

Since ¢ +— §(¢) is bounded, there exists L > 0 such that §(¢) > —L for any ¢ > 0. It follows that

! ! L
f f 5(Odtdr > —=1*
-7 r 2
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and the nonnegativeness of V3(-) imply that V,(-) is lower bounded.
By using (5.14) combined with the integral term of V,(-), and considering 7 small enough, we can
see that V(1) = LV,(1, 5, £(1)) satisfies

. 3
Vi) < —%s(t)Z + 2,50

Thus, when 7 is sufficiently small,
V() < —%E(I)z

which implies that t — V,(7) is not increasing. By integrating the above inequality, we obtain
v t
31 f §(m)*dm < V4(0) — V4(t) < V4(0) for any ¢ > 0,
0

which implies that § € LA(R}).
Since § and § are bounded on [0, +c0), it follows that 3 is uniformly continuous on [0, +0). By
Barbalat’s Lemma [26], it follows that lim §(¢) = 0.

t—+00

In addition, by considering the uniform continuity of §, we deduce again from Barbalat’s lemma
that lim 5(¢) = 0. Finally, by studying the §-dynamics from (5.13) and recalling that lim §(z) = 0, we

t—+00 t—+o00

can deduce that lim &(¢) = 0 and the result follows.

t—+00

6. Illustrative numerical example

In order to illustrate our results and their applications, we will examine the culture of the microalgae
Dunaliella tertiolecta by considering nitrate as the limiting nutrient. We will revisit the numerical
simulations carried out in [1] for the solutions of (1.1) where the supply of nitrate into the chemostat
is described by the w—periodic function

%) = S, + ecos (@) .
w

As pointed out in [29, 30], considering that the parameters s° and/or D vary periodically over time
allows us to mimic environmental oscillations in aquatic ecosystems and study the effects of these
variations in the microalgae physiology.

As mentioned in [1], the numerical simulations rely on a previous work of Vatcheva, Bernard, and
Mars [31] which analyzes the merits and drawbacks of several alternative mathematical models based
on a set of available experimental data from [32] describing the growth of the microalgae under a
limitation of nitrate. In particular, when considering a growth described by Monod’s function (1.3), the
parameters involved in the model (1.1) are summarized in Table 1.

We carried out our numerical simulations* in the R software version 4.0.2 by using the libraries
PBSDDESOLVE, GGPLOT2, RESHAPE2, LATEX2EXP, and GRIDEXTRA to build our graphics.

*The code is available in https://github.com/Oehninger/Time-varying-chemostat-stability
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Table 1. Dunaliella tertiolecta culture conditions growing with nitrate as a limiting substrate.

Parameter Values Units Meaning Source

Mimax [1.2,1.6] d! maximum growth rate (31, p.491]
k [0.01, 0.2] u Mol L' half-saturation constant [31, p.491]
D arbitrary d! dilution rate [31, p.491]
S, [80, 120] u Mol L™! average input nutrient concentration [31, p.491]

6.1. About the delay and stability

Figures 1 and 2 illustrate numerical approximations for some solutions of system (1.1) by consid-
ering a set of initial conditions with colors black, red, and green, respectively, and different delays.
Furthermore, in each case, the left graph illustrates the global dynamics (with transient phase) while
the asymptotic dynamics (without transient phase) are illustrated by the right graph. The parameters
considered are

§$:=90, &=10, pmx=14, k=01, and D=1.

One can prove that

. 25De 2 . (2nt 2nt
z ([) = Sc + m {? Sln(?) +DCOS(?)}.

Moreover, a numerical integration by Riemann sums shows that condition (1.10) is satisfied since

1 5
gf (1)) dt ~ 1.305277.
0

Figures 1 and 2 give the numerical solution for three initial conditions (black, green, and red) by
considering several delays from 7 = 1.0d to 7 = 2.0d. The left side of each sub-figure presents
the graphic of the solutions (nitrate and phytoplankton) for the first 50 days while the right side only
considers from the 25th to the 50th days in order to have a better description of the asymptotic behavior.

Figure 1a—c illustrates our theoretical results since the convergence towards an w—periodic solution
is observed, even for delays not so small.

Figure 2a—c considers bigger delays, leading to a longer transient phase. It seems that the solutions
are not convergent to an w—periodic solution and this issue will deserve more attention in a future work.

6.2. About the average condition (1.10)

In this subsection, we will consider the parameters
S.=90, &=10, ppx=14, k=01, and 7=1,

combined with several values for the dilution rate D.
The numerical simulations show that, if we increase D but the average condition (1.10) is still
verified, the global attractivity is preserved but the convergence towards the periodic solution is slower.
Figures 3 and 4 illustrate numerical approximations for some solutions of system (1.1) by consid-
ering a set of initial conditions with colors black, blue, and orange, respectively, and different dilution
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Figure 1. Dynamics of the total biomass and substrate. The initial conditions are: (s,x) = (20,3) (black curve),
(s,x) = (35, 1.5) (red curve) and (s, x) = (50, 0.8) (green curve).
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Figure 2. Dynamics of the total biomass and substrate. The initial conditions are: (s,x) = (20,3) (black curve),
(s,x) = (35, 1.5) (red curve) and (s, x) = (50, 0.8) (green curve).
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rates D taking values between 1.25 d~! and 1.45 d~'. As before, in each case, the left graph illustrates
the global dynamics (with transient phase) while the asymptotic dynamics (without transient phase)
are illustrated by the right graph.

Figure 3a—c illustrates the global attractivity of the unique w—periodic positive solution, and how
the rate of convergence is decreasing as D increases. In order to contextualize these simulations, we
can refer to [1] where the chemostat can be seen as a device to produce microbial biomass and the
stabilization of biomass is strongly dependent of the dilution rate. In fact, note that an increasing of
the dilution rate from 1.25 d~! to 1.35 d~! led to stabilization times from 30 to 80 days.

Figure 4a,b considers bigger dilution rates such that the average assumption (1.10) does not hold,
and therefore the washout solution is globally stable and the microbial biomass is driven to extinction.

7. Discussion

We have studied the w—periodic system of delay differential equations (1.1), which describes the
dynamics of a limiting substrate and microbial biomass in a well-stirred chemostat. This system was
considered in [1], where a result of existence and uniqueness of a nontrivial w—periodic solution is
proved for small enough delays. In this article, we showed that this w—periodic solution is, in fact,
globally asymptotically stable for Monod’s uptake functions (1.3) and w—periodic inputs s°(-) of type
(2.11).

Although Monod’s uptake functions are ubiquitous in chemostat modeling, an interesting open
question is whether our global asymptotic stability results can be extended to general uptake functions
having the same qualitative properties as Monod ones, namely, smoothness, fixed point at the origin,
and the fact that they are increasing. This problem is certainly elusive, but the mathematical study
of chemostat models shows a clear trend: a myriad of results initially obtained for Monod’s uptake
functions have subsequently been extended to wider families of uptake functions. We expect to cope
with this problem in future research.

Numerical simulations suggest the possible existence of a threshold for the delay ensuring asymp-
totic stability. This shows some conservativeness of our results, which is due the existence of several
technical conditions involved in the estimations deduced in the construction of the Lyapunov-like
function. This is also true for the proof of Theorem 2 and it will be extremely interesting to study the
stability of the linear periodic delayed system (4.10) by alternative ways such as Floquet’s theory and
Bohl exponents.

Last but not least, another important remark is that our delayed chemostat model is inspired by
the autonomous system (1.6). Nevertheless, current research has given priority in consideration to
another delayed model: the one introduced by Ellermeyer and Freedman in [33-36]. We also have
been working on this approach and, in [37], we recently proposed a version of the Ellermeyer &
Freedman delayed model adapted to the periodic case described by the differential delay equation

$(1) D(®)s°(t) — D@®)s(t) — y u(s())x(t) if t>0

(7.1)

Xx(1) eI DO (st = 1)x(t — 1) = D@Ox(t) if t>0

which recovers the model presented in [33-36] when s°(+) and D(-) are positive constants. It is impor-
tant to emphasize that the existence result was obtained by following a completely different method to
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Figure 3. Dynamics of the total biomass and substrate. The initial conditions are: (s,x) = (20,3) (black curve),
(s, x) = (35, 1.5) (blue curve) and (s, x) = (50, 0.8) (orange curve).
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Figure 4. Dynamics of the total biomass and substrate. The initial conditions are: (s,x) = (20,3) (black curve),
(s,x) = (35, 1.5) (blue curve) and (s, x) = (50, 0.8) (orange curve).

the one carried out in [1], while the uniqueness for small delays followed along similar lines. Addi-
tional results for (7.1) have been obtained in [38], and a stochastic version has been considered in [39].
We expect to emulate the ideas presented in this work and to start a stability study for (7.1).

A. Proof of Lemma 3

The lemma is composed by four statements whose proof will be divided into several steps: Step 1 is
devoted to preliminary estimations leading to the proof of statement a). The proof of statement b) will
be a consequence of Steps 2—4. Finally, statements c) and d) are respectively proved in Steps 5 and 6.

Step 1: Preliminaries. Given any positive solution of the undelayed perturbed system (3.2) denoted
by t = (s(2), x(1)), its error with respect to the unique positive w—periodic solution 7 — (s,(), x,(#)) of
the undelayed system (1.7) is defined by

5() = s(t) = sp(1), and  X(2) = x(1) — x,(2). (A.1)
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In addition, the change of variables s(#) = b(r) — x(¢) transforms (3.2) into

b(t)

x(t)

Let b,(t) := 5,(t)+x,(t). The error b(t) = b(t)-b () satisfies the scalar equation l;(t) = —Db(1)+6(1)
and, consequently, the differential inequality

Ds%(t) — Db(t) + 6(f)

x()[u(s(®) - D]. (A.2)

b(t) < —Db(t) + 6

since 6(f) < 6 for any + > T,. Note that §/D is a globally attractive solution of the equation
v(t) = =Dv(t) + 6. It follows, by the previously mentioned comparison results for scalar differen-
tial inequalities, the existence of 7, > T, dependent on the initial conditions, such that (3.8) is verified,

that is

_ 5
Ib()] = |b(t) = by(1)] < 2 forall1 21,

and statement a) of the lemma has been proved.
Step 2: Logarithmic estimation for the biomass. We introduce the transformation y = In(x), which
yields

oy MmO
x(@) = k. + (1) (A.3)
We also define (7) = x(t) — x,(¢), where x, = In(x,). Let us note that
~(l‘) _ /Jms(t) _ :umsp(t)
N A R )
From (1.5) combined with (A.1) and
5(0) = s(1) = 5,(1) = b(t) — O + £
we deduce that
)~((Z‘) — :umks(s(t) - sp(t))
(ks + s(D)(ks + 5,(1))
_ /Jmks(l;(t) - eX(t) + eXp([))
Tk + )k + 5,(1))
— ﬂmks(_€X(t) + e)(p(t)) + :umksl;(t) (A4)

(ks + sO)ks + 5,(1)) (ks + s(D))(k;s + 5,(1))

Huky (= OO + 1Detr® - pnksb(D)
Uy + s +5,(0) (s + 5@k + 5,(0)

k(€0 + e kb
(ks + S+ 5,(0) ks + 5@k + 5,(1)
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Let us introduce the Lyapunov function

1
Ui(x(0) = 2X°(0).

Its derivative with respect to ¢ is

/’tmks(_e)?(t) + l)eXp(t) /lmksl;(l) _
(kg + s()(ky + 5,(1)) i (ky + s())(ky + s,,(z))})( ). (A.5)

Furthermore, inequalities (3.8) and s(f) < s, when ¢ > T, and the positiveness and boundedness of
s(t) and s,(f) combined with

Uity = {

72(—e*+1)<0 and —|7lle—1|=2z(—€e"+1) foranyzeR

imply that for any ¢ > max{z,, T}

' ~ Uk seXr® 0 ,umksl;(t) N
v = @+am@+%mf@7+D+%+ﬂm%+%@)ﬂﬁ
'lekseXp(l) - () ,um;(t)l;(t)
e+ s + sy Ol AT
_ Hukser o) n O
< Gt A)z LY( Ne¥'™” — 1] +2 I/\((l)l

The map 7 = x,(f) = In(x,(1)) is w—periodic and y™" := n[})in] Xp(1) is well defined. Moreover, we
te|0,w

can deduce that

Ui(1) < [-cole™ = 1]+ dod| [g(2)] (A.6)
with
/lmkseX’ Mm
= DT and dy =20
T ks T kD

Now, the sufficiently small constant 6 from Lemma 3.2 will be rewritten as

mm

— A0k2€Xp Co
= —2 = Ay where Ay < In(2 —e e A7
k5 do o Wwhere Ay <In(2—-¢")e (A.7)

-3/2

Then, by using In(2 — e e 2 < 1 — e~ and dy 6 = ¢y Ao, it follows that

U0 < co|=1e® — 1]+ Ao [£(0)

A

co~1e" = 11+ (1 = &) e

co F e @)l

where 7 (u) = (1 —e™ 1) — |e* - 1].

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.



33

It is easy to see that, with uyy, = —1 and Uy = In(2 — e™), F(u) > 0 for any u € [y, Umax] and
F (1) < 0 otherwise, and ¥ (Umin) = F (Umax) = 0. Now, let € € (0, %), and define uy;,(€) = Uy, — € and
Umax(€) = Umax + &.

Step 3: Lower asymptotic bound for y. We will prove the existence of T, := T.(¥(0)) > max{t,, T}
such that ¥(¢) > um(e) for any ¢ > T..

This will be proved by contradiction: If we assume that ¥(¢) < uy;n(e) = —1 for any r > 0, it follows
that 7 (¥ (¢)) < 0, which in turns implies that
Ui(0) = g(Ox(t) < coF (%(1)) <0 forany ¢ > max{t,, T}}.

The above inequality combined with y(f) < —1 for any r € J := [max{t,, T}, +o0) implies that
() > 0 for any ¢ € J. Then, we conclude that ¢ — §(?) is strictly increasing on J and upper bounded.
Furthermore, there exists y* < un;,(&) such that

lim ¥(f) = x* < tmin(€) and  lim y(¢) = 0.
t— o0 t—+00
Now, letting t — oo and noticing that ¥ (x*) < 0, it follows that
0= gfgo)?(t))?(t) < lim o F ROl = coF (Ol < 0.

This leads to a contradiction, which allows us to deduce the existence of 7., > 0 such that two mutually
exclusive behaviors could take place: either y(¢) > upmi,(€) for any ¢ > T, or there exists T,. > T, such
that

¥() > upin(e) forany t € (T,,T,,) with ¥(T..) = umin(¢) and ¥(T..) < 0.

Now, it is important to emphasize that the last behavior is not possible. Indeed, otherwise we would
have

U1(A(T.s)) = tmin(@X(T.) > 0 and Uy (7)) < €o F (tmin(8))] tmin(8)] < 0
which gives a contradiction. Then, it follows that ¥(¢) > uy,(€) for any ¢ > T.,.

Step 4: Upper asymptotic bound for y. It can be proved similarly as in the previous step that if
X(0) > upmax(€), there exists T* := T*(¥(0)) > max{t,, T} such that ¥(¢) < upmax(&) for any t > T*.

Next ,we fix € € (0, %), and observe that a direct consequence of steps 3 and 4 is the existence of
t, > max{T,, T*} such that if t > ¢;, then

~(1 + &) = umin(&) < 7(1) = IN(x(1)) = IN(x,(1)) < ey = (6) =INQ2 — ™) + &

and statement b) of the lemma has been proved.

Step 5: A result of asymptotic invariance. By using the mean value theorem, we can see that et — 1 =
e’y with @ between ¥ and zero. Note that if § € [Umin(€), Umax(€)], then et — 1| = |€f|[F] > e“n®)|F]. As
a consequence, when t > t,, it follows from (A.6) that

U(1) < [~coe™ 0] + dod | [7(0) (A.8)

and, in order to obtain an asymptotic invariance interval for y(¢), we will consider three possible cases:

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.



34

e Case a) This case corresponds to §(¢) > O after a finite time T > t,. By recalling that U, (¢(?)) =
T (¥ (1), for any t > T, we deduce from (A.8) that

W < [—coeumin<€>)z(r) +d05].

Since ¥ (1) € (0, umax(€)], by using comparison results combined with (A.7), we deduce that

doo

. ~ < = ——
llm SupX(t) = Xy COeMmin(S) ’

t—+00

Recalling that uy,, = In(2 — e™!) and upn(e) = —1 — &, and by using again (A.7) together with & €
(0,1/2), it follows that

Xy < = Ape' " < In(2 — e et % < Uy

eumin(‘e)

e Case b) This case corresponds to y(¢) < O after a finite time 7 > #,. Then, we deduce from (A.8)
that, forany r > T,

O 2 = [eoe™©OR(0) + dod|.

As (1) € [umin(€), 0), using argument analogous to those of the previous case, we have that

dyo
liminf §(f) > x_ := ———

t—+00 Coeumin(s)

and, as before, from (A.7), dyS =cyAy, and € € (0,1/2), we obtain

Ao
X >—— = —Age' > —In2-e He 2 > —In2 — ™) > Ui,
e min

e Case c) We assume that y () € [Umin(€), Umax(€)], but with infinite changes of sign. By using the
fluctuations lemma [40, Lemma A.1], there exist divergent sequences {s,}, and {z,}, of minimum and
maximum values of (¢) satisfying ¥(s,) = ¥(z,) = 0 such that

lim y(s,) =liminf y(#) and lim y(¢,) = lim sup y(¢).
t—+00 n—+oo

n—too t—+c0
By using the above differential inequalities, it can be deduced that
X)) <x, and x_<¥(s,) fornlarge enough.
Letting n — +oc0, we obtain

limsup ¥(t) < x, and liminf (7)) > x_.

t—+00 I—+o00

Summarizing the above three cases leads to the following property: for any n > 0, there exists z.(r7) > 0
such that

x_.—n<y)<x,+n fort>t.(n).
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By noticing that |x_| = x,, the previous inequalities can be written as

@ < x.+n fort>t.(n)

and, after choosing = x, /2 and recalling the definition of x,, we can deduce the existence of 7. > 1,
such that, for all ¢ > ., we have the estimation

ll'l

X, = x,(f) < x(t) = x,(1) < x,(D)e” — x,(0)

- 3d
<po with p= e min® (A.9)
26’0

@I = (@) = xp0] =

which implies that

and also leads to ~
x(t) — x,(0)] < x,(0) (7 = 1).

Then, inequality (3.10) is obtained and statement c) of the lemma has been proved.

Step 6: End of proof.

When ¢ is sufficiently small, eM—1< 2pé. Then, from (3.10), we deduce that the second inequality
of (3.11) is satisfied with p, = 2pmax{r € [0, w]: |x,(#)|}. This fact combined with (3.8) allows us to
deduce that the first inequality of (3.11) is satisfied with p; = (% + pz) 6. This concludes the proof.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

This article is partially supported by MATHAMSUD regional cooperation program (Grant
MATH2020006). The second author is supported by FONDECYT Regular 1210733.

Conflict of interest

The authors declare there is no conflict of interest.

References

1. P. Amster, G. Robledo, D. Sepilveda, Dynamics of a chemostat with periodic nutrient supply
and delay in the growth, Nonlinearity, 33 (2020), 5839-5860. https://doi.org/10.1088/1361-
6544/ab9bab

2. N. Ye, Z. Hu, Z. Teng, Periodic solution and extinction in a periodic chemostat model
with delay in microorganism growth, Commun. Pure Appl. Anal., 21 (2022), 1361-1384.
https://doi.org/10.3934/cpaa.2022022

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.


http://dx.doi.org/ https://doi.org/10.1088/1361-6544/ab9bab
http://dx.doi.org/ https://doi.org/10.1088/1361-6544/ab9bab
http://dx.doi.org/https://doi.org/10.3934/cpaa.2022022

36

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

N. Ye, L. Zhang, Z. Teng, The dynamical behavior and periodic solution in de-
layed nonautonomous chemostat models, J. Appl. Anal. Comput., 13 (2023), 156-183.
https://doi.org/10.11948/20210452

J. Monod, The growth of bacterial cultures, Annu. Rev. Microbiol., 3 (1949), 371-394.
https://doi.org/10.1146/annurev.mi.03.100149.002103

J. Monod, La technique de culture continue, théorie et applications, Ann. [’Inst. Pasteur, 79 (1950),
390—410. https://doi.org/10.1016/B978-0-12-460482-7.50023-3

A. Novick, L. Slizard, Description of the chemostat, Science, 112 (1950), 715-716.
https://doi.org/10.1126/science.112.2920.715

A. Ajbar, K. Alhumaizi, Dynamics of the Chemostat. A Bifurcation Theory Approach, Chapman
and Hall/CRC, New York, 2011. https://doi.org/10.1201/b11073

J. Harmand, C. Lobry, A. Rapaport, T. Sari, The Chemostat: Mathematical Theory
of Microorganism Cultures, ISTE, London; John Wiley & Sons, Inc., Hoboken, 2017.
https://doi.org/10.1002/9781119437215

H. L. Smith, P. Waltman, The Theory of the Chemostat, Dynamics of Microbial Competition,
Cambridge University Press, Cambridge, 1995. https://doi.org/10.1017/CB0O9780511530043

P. J. Wangersky, J. W. Cunningham, On time lags in equations of growth, Proc. Nat. Acad. Sci.,
42 (1956), 699-702. https://doi.org/10.1073/pnas.42.9.699

J. Caperon, Time lag in population growth response of isochrysis Galbana to a variable nitrate
environment, Ecology, 50 (1969), 188—192. https://doi.org/10.2307/1934845

T. F. Thingstad, T. I. Langeland, Dynamics of chemostat culture: The effect of a delay in cell
response, J. Theor. Biol., 48 (1974), 149-159. https://doi.org/10.1016/0022-5193(74)90186-6

E. Beretta, Y. Kuang, Global stability in a well known delayed chemostat model, Commun. Appl.
Anal., 4 (2000), 147-155.

J. Kato, J. Pan, Stability domain of a chemostat system with delay, in Differential Equations with
Applications to Biology (eds. S. Ruan, G. S. K. Wolkowicz, J. Wu), Fields Institute Communica-
tions, 21 (1999), 307-315. https://doi.org/10.1090/fic/021

J. Pan, Parameter analysis of a chemostat equation with delay, Funckialaj Ekvacioj, 41 (1998),
347-361.

H. Xia, G. S. K. Wolkowicz, L. Wang, Transient oscillations induced by delayed growth response
in the chemostat, J. Math. Biol., 50 (2005), 489-530. https://doi.org/10.1007/s00285-004-0311-5

T. Zhao, Global periodic—solutions for a differential delay system modeling a mi-
crobial population in the chemostat, J. Math. Anal. Appl., 193 (1995), 329-352.
https://doi.org/10.1006/jmaa.1995.1239

P. Gajardo, F. Mazenc, H. Ramirez, Competitive exclusion principle in a model of chemostat with
delays, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal., 16 (2009), 253-272.

F. Mazenc, S. I. Niculescu, G. Robledo, Stability analysis of mathematical model of compe-
tition in a chain of chemostats in series with delay, Appl. Math. Model., 76 (2019), 311-329.
https://doi.org/10.1016/j.apm.2019.06.006

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.


http://dx.doi.org/https://doi.org/10.11948/20210452
http://dx.doi.org/https://doi.org/10.1146/annurev.mi.03.100149.002103
http://dx.doi.org/https://doi.org/10.1016/B978-0-12-460482-7.50023-3
http://dx.doi.org/https://doi.org/10.1126/science.112.2920.715
http://dx.doi.org/https://doi.org/10.1201/b11073
http://dx.doi.org/https://doi.org/10.1002/9781119437215
http://dx.doi.org/https://doi.org/10.1017/CBO9780511530043
http://dx.doi.org/https://doi.org/10.1073/pnas.42.9.699
http://dx.doi.org/https://doi.org/10.2307/1934845
http://dx.doi.org/https://doi.org/10.1016/0022-5193(74)90186-6
http://dx.doi.org/https://doi.org/10.1090/fic/021
http://dx.doi.org/https://doi.org/10.1007/s00285-004-0311-5
http://dx.doi.org/https://doi.org/10.1006/jmaa.1995.1239
http://dx.doi.org/https://doi.org/10.1016/j.apm.2019.06.006

37

20

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

. S. B. Hsu, A competition model for a seasonally fluctuating nutrient, J. Math. Biol., 9 (1980),
115-132. https://doi.org/10.1007/BF00275917

J. K. Hale, A. S. Somolinos, Competition for fluctuating nutrient, J. Math. Biol., 18 (1983), 255—
280. https://doi.org/10.1007/BF00276091

G. S. K. Wolkowicz, X. Q. Zhao, N-species competition in a periodic chemostat, Differ. Integr.
Equations, 11 (1998), 465-491. https://doi.org/10.57262/die/1367341063

X. Q. Zhao, Dynamical Systems in Population Biology, Springer, New York, 2003.
https://doi.org/10.1007/978-3-319-56433-3

M. Malisoff, E. Mazenc, Constructions of Strict Lyapunov Functions, Springer series: Communi-
cations and Control Engineering, London, 2009. https://doi.org/10.1007/978-1-84882-535-2

J. R. Graef, J. Henderson, L. Kong, X. S. Liu, Ordinary Differential Equations and Boundary
Value Problems, World Scientific, Singapore, 2018. https://doi.org/10.1142/10888

H. Khalil, Nonlinear Systems, Prentice Hall, Upper Saddle River, 1996.

E. D. Sontag, Smooth stabilization implies coprime factorization, IEEE Trans. Autom. Control, 34
(1989), 435-443. https://doi.org/10.1109/9.28018

A. Mironchenko, Input-to-State Stability. Theory and Applications, Springer serie: Communica-
tions and Control Engineering, Cham, 2023. https://doi.org/10.1007/978-3-031-14674-9

O. Bernard, G. Malara, A. Sciandra, The effects of a controlled fluctuating nutrient environment
on continuous cultures of phytoplankton monitored by computers, J. Exp. Mar. Biol. Ecol., 197

(1996), 263-278. https://doi.org/10.1016/0022-0981(95)00161-1

G. Malara, A. Sciandra, A multiparameter phytoplankton culture system driven by microcomputer,
J. Appl. Phycol., 3 (1991), 235-241. https://doi.org/10.1007/BF00003581

I. Vatcheva, H. de Jong, O. Bernard, N. J. Mars, Experiment selection for the discrimina-
tion of semi-quantitative models of dynamical systems, Artif. Intell., 170 (2006), 472-506.
https://doi.org/10.1016/j.artint.2005.11.001

O. Bernard, Etude expérimentale et théorique de la croissance de Dunaliella tertiolecta (chloro-
phyceae) soumise a une limitation variable de nitrate, PhD. thesis, Université Pierre & Marie-
Curie, Paris, France, 1995.

S. F. Ellermeyer, Delayed Growth Response in Models of Microbial Growth and Competition in
Continuous Culture, PhD. thesis, Emory University, Atlanta, 1991.

S. F Ellermeyer, Competition in the chemostat: global asymptotic behavior of a
model with delayed response in growth, SIAM J. Appl. Math., 54 (1994), 456-465.
https://doi.org/10.1137/S003613999222522X

S. Ellermeyer, J. Hendrix, N. Ghoochan, A theoretical and empirical investigation of delayed
growth response in the continuous culture of bacteria, J. Theoret. Biol., 222 (2003), 485-494.
https://doi.org/10.1016/S0022-5193(03)00063-8

H. I. Freedman, J. W. H. So, P. Waltman, Chemostat competition with time delays, in IMACS 1988
— 12th World Congress on Scientific Computing — Proceedings (eds. R. Vichnevetsky, P. Borne,
J. Vignes), Gerfidn Cite Scientifique, Paris, (1988), 102—104.

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.


http://dx.doi.org/https://doi.org/10.1007/BF00275917
http://dx.doi.org/https://doi.org/10.1007/BF00276091
http://dx.doi.org/https://doi.org/10.57262/die/1367341063
http://dx.doi.org/https://doi.org/10.1007/978-3-319-56433-3
http://dx.doi.org/https://doi.org/10.1007/978-1-84882-535-2
http://dx.doi.org/https://doi.org/10.1142/10888
http://dx.doi.org/https://doi.org/10.1109/9.28018
http://dx.doi.org/https://doi.org/10.1007/978-3-031-14674-9
http://dx.doi.org/https://doi.org/10.1016/0022-0981(95)00161-1
http://dx.doi.org/https://doi.org/10.1007/BF00003581
http://dx.doi.org/https://doi.org/10.1016/j.artint.2005.11.001
http://dx.doi.org/https://doi.org/10.1137/S003613999222522X
http://dx.doi.org/https://doi.org/10.1016/S0022-5193(03)00063-8

38

37.

38.

39.

40.

P. Amster, G. Robledo, D. Sepulveda, Existence of w-periodic solutions for a delayed
chemostat with periodic inputs, Nonlinear Anal. Real World Appl., 55 (2020), 103134.
https://doi.org/10.1016/j.nonrwa.2020.103134

M. Rodriguez Cartabia, Persistence criteria for a chemostat with variable nutrient input and vari-
able washout with delayed response in growth, Chaos Solitons Fractals, 172 (2023), 113514.
https://doi.org/10.1016/j.chaos.2023.113514

X. Zhang, Ultimate boundedness of a stochastic chemostat model with periodic
nutrient inputs and discrete delay, Chaos Solitons Fractals, 175 (2023), 113956.
https://doi.org/10.1016/j.chaos.2023.113956

H. L. Smith, An Introduction to Delay Differential Equations with Applications to the Life Sci-
ences, Springer, New York, 2011. https://doi.org/10.1007/978-1-4419-7646-8

, ©2024 the Author(s), licensee AIMS Press. This
3 is an open access article distributed under the

MS AJMS Press

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Mathematical Biosciences and Engineering Volume 21, Issue 2, XXX—XXX.


http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2020.103134
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.113514
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.113956
http://dx.doi.org/https://doi.org/10.1007/978-1-4419-7646-8
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Related models
	Structure of the article

	Main results
	Boundedness of the solutions
	Some related systems
	Statement of the main results

	Proof of Theorem 1 (Approximation of solutions)
	First step: upper bound for the biomass
	Second Step: ISS with restriction for a system with no delay
	Final Step: Proof of Theorem 1

	Proof of Theorem 2 (Local stability analysis)
	A priori estimations for (2.4) 
	Proof of Theorem 2: Stability analysis

	Proof of Theorem 3 (Global stability analysis)
	Preliminaries
	Asymptotic stability analysis
	New representation of system (1.1)
	Stability analysis of system (5.13)


	Illustrative numerical example
	About the delay and stability
	About the average condition (1.10)

	Discussion
	Proof of Lemma 3

