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Abstract

The A-exponential family has recently been proposed to generalize the exponential family. While
the exponential family is well-understood and widely used, this is not the case yet for the A-exponential
family. However, many applications require models that are more general than the exponential family,
and the A-exponential family is often a good alternative. In this work, we propose a theoretical and
algorithmic framework to solve variational inference and maximum likelihood estimation problems over
the A-exponential family. We give new sufficient optimality conditions for variational inference prob-
lems. Our conditions take the form of generalized moment-matching conditions and generalize existing
similar results for the exponential family. We exhibit novel characterizations of the solutions of maxi-
mum likelihood estimation problems, that recover optimality conditions in the case of the exponential
family. For the resolution of both problems, we propose novel proximal-like algorithms that exploit the
geometry underlying the A-exponential family. These new theoretical and methodological insights are
tested on numerical examples, showcasing their usefulness and interest, especially on heavy-tailed target
distributions.

1 Introduction

Variational inference and maximum likelihood estimation are two classes of statistical problems arising
in many applications. In variational inference, one aims at approaching an intractable target distribution
of interest by a distribution from a family of (usually parametric) approximating densities. This is done
by minimizing a discrepancy measure, such as the Kullback-Leibler [27] or the Rényi [42] divergence, be-
tween the target distribution and its approximation over the approximating family. In maximum likelihood
estimation, one gets data samples, selects a parametric model to account for the unknown data-generating
distribution, and then searches for the parameter maximizing the model likelihood over the data samples.

Keywords. Variational inference, maximum likelihood estimation, Rényi divergence, A-exponential family, generalized
subdifferential, heavy-tailed distribution.
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These two optimization tasks are deeply related as maximum likelihood estimation is equivalent to minimiz-
ing a Kullback-Leibler divergence in the large number of samples limit [48].

In variational inference and maximum likelihood estimation, a popular choice for the approximating
family is the exponential family [6]. The exponential family is a family of probability distributions indexed by
a finite-dimensional parameter, with the parameter appearing in the definition of the density through a scalar
product with a sufficient statistics. Many well-known families of distributions can be written as instances of
the exponential family, such as the Gaussian distributions. The exponential family benefits from numerous
theoretical properties, many of them coming from convex analysis [6]. For instance, the exponential family
contains the distributions with a sufficient statistics, a fact known as the Pitman-Koopman-Darmois theorem
[44]. This implies that the maximum likelihood estimator over the exponential family is reached when a
moment-matching condition on sufficient statistics is satisfied [12]. In variational inference, minimizing the
Kullback-Leibler divergence over the exponential family leads to optimality conditions which can also be
written as a moment-matching condition on sufficient statistics (see [10, 13, 46]). Thus, variational inference
and maximum likelihood problems over the exponential family are both solved when moment-matching
conditions are satisfied.

The exponential family also benefits from many geometric properties [2, 35]. Indeed, the Kullback-Leibler
divergence between two distributions from the exponential family can be seen as the Bregman divergence
induced by the log-partition function of the family. Bregman divergences generalize the Euclidean distance,
and can be plugged in optimization algorithms, leading for instance to the so-called Bregman proximal
gradient algorithms [43]. These properties can be leveraged to design more efficient algorithms over the
exponential family in many settings [5, 22, 25, 20].

Despite the advantages of using the exponential family, there exists some contexts where it is better
to use other types of distributions. For instance, the exponential family cannot represent physical systems
governed by large fluctuations, such as cold atoms in optical lattices [16]. In ecology, using Gaussian kernels
to account for the diffusion of a population does not allow to represent species invading a territory with
increasing speed, while heavier-tailed kernels can [26]. In signal processing and statistics, Student priors
have been used to enforce signal sparsity [15] or for logistic regression [19], and Cauchy distributions to
model noise [28]. Using Student distributions rather than Gaussian ones have also been proven beneficial
to cluster heavy-tailed data in [38], while Student distributions have been used successfully in importance
sampling [13, 17, 47].

Motivated by these situations, several works generalize the exponential family and extend its properties.
These generalizations are often indexed by a scalar parameter, with the value zero corresponding to the
exponential family. One can mention the g-exponential family studied in [3], the F(®)-family and F(~)-
family of [49], and the unifying A-exponential family studied in [50]. We focus on the latter in this paper
as it recovers the two former ones. The densities of distributions from the A-exponential family are similar
to those from the standard exponential family, but the scalar product between the parameter and what
plays the role of sufficient statistics is replaced by a non-linear coupling. Instances of the A-exponential
family are the Student distributions (including Cauchy distributions), the Student Wishart distributions
[4], the 5-Gaussian distributions [32], or the Dirichlet perturbation model [50]. The geometric properties
of these families have also been studied in the above papers. More precisely, and similarly to the situation
for the standard exponential family, the authors of [50] established strong links between the A-exponential
family, the Rényi divergence, and a quantity that generalizes the Bregman divergence. Note that while the
exponential family is studied using convex duality, the authors of [50] proposed the theory of A-duality to
study the A-exponential family.

Generalizations of the exponential family have already been used in several tasks in statistics. Let
us mention the creation of paths between distributions [33], neural attention mechanisms and regression
problems with bounded noise [32], or the understanding of generative adversarial networks based on f-
divergences [37, 36]. Let us also mention the work of [24] in which an optimization algorithm using a



generalization of the Bregman divergence is studied and applied for maximum likelihood estimation over the
A-exponential family.

However, the A-exponential family has been less studied than the standard exponential family. Indeed, to
our knowledge, () variational inference problems over generalizations of the exponential family have not been
studied, (i7) maximum likelihood estimation problems are usually solved within a particular A-exponential
family (see the works of [21, 4] for instance), and (ii7) no algorithm exploits explicitly the geometry of these
models (see [24] for an exception).

As a summary, we propose a theoretical analysis and a novel methodological framework that allows to
tackle variational inference and maximum likelihood estimation problems on the A-exponential family. Our
contributions are as follows:

(i) We give new optimality conditions for variational inference problems on the A-exponential family that
generalize the existing moment-matching conditions for the exponential family.

(#4) We propose novel characterizations for the solutions of maximum likelihood estimation problems. We
show that these are optimal conditions in the case of the exponential family, and related (in a sense
we explicit) to optimal ones in the case of the A-exponential family.

(#i1) We introduce new algorithms generalizing moment-matching to solve the considered variational in-
ference and maximum likelihood problems, including an expectation-maximization algorithm. Our
algorithms are shown to be related to proximal algorithms in the geometry induced by the Rényi
divergence.

(iv) All the aforementioned results are obtained using a novel theoretical framework to study the exponential
family and the A-exponential family based on non-convex duality. This new framework allows us to
recover known results for the exponential family and to generalize them in a simple and unified way.

(v) We illustrate numerically the behavior of our algorithms on variational inference and maximum like-
lihood estimation problems involving heavy-tailed distributions, showing the benefits of our novel
theoretical results.

The paper is organized as follows. We present some background in Section 2. In Section 3, we state our
main assumptions, an important example, and our main technical results. In Section 4, we apply these novel
results to analyze, in a systematic way, variational inference and maximum likelihood estimation problems.
We also propose proximal-like algorithms to solve these problems and compare the situation between the
A-exponential family and the standard exponential family. We illustrate our findings in Section 5 through
numerical experiments. Finally, we present future research developments and conclude in Section 6.

2 Preliminaries

We introduce some preliminary background on divergences [45], the A-exponential family [50], and convex
analysis [8] that we will use throughout the rest of the paper.

Notation

We introduce some notation that will hold throughout the paper. H is a real Hilbert space in finite
dimension with scalar product (-, -). Given a natural number d, S¢ denotes the set of positive semi-definite
matrices in dimension d, S_‘f_ . denotes the set of positive definite matrices in dimension d, and S _ denotes
the set of matrices obtained as the opposite of matrices in Si 4. Finally, R, is the set of positive real
numbers and R is the extended real line.



The set X with its Borel algebra is a measurable space, m is a measure on this space, and P(X,m) is
the set of probability measures on this space which admit a density with respect to m. We will often use the
same notation for a distribution of P(X',m) and its density. The letter S will be used to denote the support
of a distribution. The restriction of a probability density ¢ € P(X,m) to a set ) is denoted by g. We
denote the Lebesgue measure by dz. The family of Gaussian distributions in dimension d will be denoted
by G%, and the family of Student distributions in dimension d with degree of freedom parameter v > 0 by
T4 (the formal definition is recalled in the remaining).

Generally, we used sub-scripts to describe the dependence over a scalar parameter, an index, or an
iteration count, while we used super-scripts to denote escort distributions or conjugate functions, two notions
that will be defined later on in the paper.

2.1 Entropies and statistical divergences

Let us introduce statistical notions that we will leverage through the rest of the paper. The first one is
the entropy of a probability distribution, which is related to the information the distribution encodes.
Definition 1. Consider a > 0, o # 1, and a probability distribution p € P(X,m). Then the Rényi entropy
is defined by

Holo) = 12 e [ pla) ). (2.1)

When a = 1, we define H; as the standard Shannon entropy, that is

Hy(p) = - / log (p()) p(z)m(dz). (2.2)

If the integrals above do not converge, then the corresponding entropies are equal to +oo.

We now introduce the Rényi and Kullback-Leibler divergences. These divergences measure the discrep-
ancy between two probability densities. Although they are not distances, they are non-negative, and they
are null if and only if the two considered densities are equal almost everywhere.

Definition 2. Consider a@ > 0, a # 1, and probability distributions py,ps € P(X,m). Then the Rényi
divergence between p; and po is defined by

RO, (o1,p2) = o [ (o) pat) ). 23)

When o = 1, we define RD; as the Kullback-Leibler divergence through

RO n.2) = KL(pn.2) = [ 1o (2450 ) (). (2.4

If these quantities are not defined, then the divergence takes the value 4oc0.

The notations H; and RD; in Definitions 1 and 2, respectively, are motivated by the property that
when a — 1, the Rényi entropy identifies with the Shannon entropy and the Rényi divergence with the
Kullback-Leibler divergence [45].

We conclude this section by defining a transformation that, for a given probability density, leads to its
so-called escort distribution, parametrized by a scalar parameter o > 0. When « = 1, this transformation is
simply the identity (i.e., the distribution identifies with its escort).

Definition 3. Consider o > 0 and p € P(X,m). The escort probability distribution with exponent « of p is
the probability p(®) € P(X,m) defined by
PO(@) = (), (25)
J p(z)*m(dx)

assuming the normalization constant [ p(x)*m(dz) is finite.



2.2 The exponential family and the A-exponential family

We introduce the A-exponential family, which is a generalization of the standard exponential family. Such
family is obtained by replacing the scalar product (-, -), in the definition of the standard exponential family,
by a non-linear coupling ¢ defined as

ex(u,v) = ilog(l + XMu,v)), Yu,v € H. (2.6)
Since ¢y (u, v) A0, (u,v), we denote co(u,v) = (u,v), Yu,v € H.

We now turn to the definition of the A-exponential family, following the formalism of [50]. This definition
encompasses the definition of the standard exponential family. We set the conventions that log(s) = —oo
when s < 0 and exp(—o0) = 0. We also give examples in Figure 1 of densities from the A-exponential family
for different values of A.

Definition 4. Consider A € R. The A-ezponential family Oy with sufficient statistics T and base measure m
is the family Q) = {qy € P(X,m), ¢ € dom p,}, with

o () = exp (ex(d, T'(x)) — (V) (2.7)

where ¢y is the non-linear coupling defined in Equation (2.6). Function ¢y in (2.7) is the A-log-partition
function, defined for any ¥ € dom ¢, by

er(0) = tog ( [ expleso, Tem(an) ) (2.8)

The support of gy is the set Sy = {z € X, 1 + X, T(x)) > 0}. When o = 1 — X is positive, we introduce,
for any ¥ € dom ), the entropy function

Ya(¥) = —Ha(gw), V9 € dom . (2.9)

Remark 1. When A = 0, we have ¢(+,-) = (-, ), and we recover in (2.7) the standard notion of exponential
family, that is gg(x) = exp((¢J,T(x)) — po(¢?)). In this case, the family is denoted by Q and we drop the
subscript A.

— a=1 — a=1 a2 — a=1
—_—a=2 —_— a=2 — a=2

a5 (x)
a§”(x)
a§”(x)

Figure 1: Plots of the densities qéa), for the A-exponential family obtained with sufficient statistics T'(x) = 2

and 9 = 2, for different values of A € {—1,0,1} and « € {0.5,1,2}. When A = 0, we recover a Gaussian
distribution, while we obtain distributions with respectively heavier tails for A = —1 and lighter tails for
A > 0. Also, values of a > 1 lighten the tails while values @ < 1 make them heavier.



2.3 A-duality and proximal operators

We now introduce elements of the concept of A-duality, that will play an important role in our analysis
of the considered optimization problems and the derivation of their optimality conditions.

The A-duality, initially introduced in [49, 50], can be viewed as an extension of the usual convex duality [8]
(sometimes called Fenchel-Rockafellar duality). Let us remind that the convex duality relies on a coupling
between primal and dual variables through the scalar product (-, ). This leads in particular to the notion of
convex (or Fenchel) conjugate of a function f : H — R, defined at v € H by

f*(w) = sup(u,v) — f(u). (2.10)
uEH
Such conjugate can then used to define the subgradient of function f, by saying that v is a subgradient of f
at u, denoted by v € df(u), if and only if

fr() + flu) = (u,v). (2.11)
One can then verify that v € 9f(u) is equivalent to having that
f) > f(u) + (v,u" —u), Vu' € dom f, (2.12)

meaning that the right-hand side is a linear tangent minorant of f. The subdifferential can also be used to
state optimality conditions through the Fermat rule [§].

The A-duality is constructed by replacing the scalar product of H, appearing for instance in (2.10), by the
non-linear coupling ¢y (-, -) introduced in Equation (2.6). This leads to the definition of several mathematical
notions, given hereafter.

Definition 5. Consider a proper function f:H — R and X € R.

(i) We define its cy-conjugate f : H — R by

f(v) = sup ea(u,v) — f(u). (2.13)
ueH

(it) We say that v € H is a cy-subgradient of f at u and belongs to the cy-subdifferential of f at u, denoted
by 0° f(u) if and only if
W)+ fu) = ex(u,v). (2.14)

As already mentioned, the above definitions correspond to generalizations of convex analysis theory.
Similar constructions were achieved for instance in [14, 29] using the so-called CAPRA couplings, in [18] to
study evenly convex functions, or in [39] for general couplings in optimal transport. The standard notions of
convexity have also been generalized by considering alternative notions of subgradients, such as in [9]. Let us
relate this latter work to the notions introduced in Definition 5. Consider f : H — R, such that v € 9°* f(u).
Equation (2.14) can be rewritten in the following way:

f(u) + f(v) = ex(u, v)
s ea(u,v) — f(u) > ea(v',v) — f(u'), Vu' € dom f
s f(u') > f(u) + ex(u',v) — ex(u,v), Vo' € dom f.

This shows that c¢)(-,v) is a subgradient of f at u in the sense of the framework of abstract convexity, as
outlined in [9] for instance.

Let us emphasize that Definition 5 does not focus on the same objects than the ones in the study of
[49, 50]. The latter also relies on A-duality, but the so-called A-gradient of f is introduced before showing



the fulfillment of Equation (2.14). This requires differentiability and regularity assumptions on f. We take
the opposite direction in our Definition 5, as we define the cy-subdifferential assuming only the properness
of f. As a consequence, we lose explicit expressions for cy-subgradients, while the A-gradients in [49, 50]
could be computed from the gradients of f. We will show in the following that Definition 5 is sufficient to
solve the considered optimization problems and that it is actually possible to exhibit cy-subgradients in our
cases of interest, under mild hypotheses that are easy to check.

The above elements of A-duality will be used subsequently to solve optimization problems of variational
inference and maximum likelihood over a A-exponential family providing explicit optimality conditions. We
will also rely on proximal operators [8], which are an essential tool for the algorithmic resolution of the
considered problems. In order to fit the geometry induced by the A-exponential family, we will rely on the
Rényi proximal operator defined below.

Definition 6. Consider A € R such that o =1 — A is positive, the family Q) with A-log-partition ¢, and an
objective function f : H — R. Then the Rényi prozimal operator of f with step-size 7 > 0 is defined by

prox] (#') = argmin f(9) + = RDa (g, 0): (2.15)
Yedom @y T

When A\ = 0, i.e., the A\-exponential family recovers the standard exponential family, the Rényi divergence

appearing in the definition of prox{ reduces to the Kullback-Leibler divergence [35]. In this case, prox! can

be seen as a Bregman proximal operator [7] (see also [20] for some examples of explicit Bregman proximal

operators in the case of the exponential family). Note also that in [24], a proximal operator in the geometry
defined by the Rényi divergence is mentioned but not studied.

In the following, we will refer to the operator (2.15) simply as proximal operator, except otherwise stated.

3 Novel results on the \-exponential family

In this section, we present a first set of novel results about the A-exponential family, using the notion of
A-duality introduced in Definition 5. We first state our main assumptions and recover with our framework
some known results including a key reformulation of the Rényi divergence in Section 3.1. We then discuss
the important example of Student distributions in Section 3.2, before presenting in Section 3.3 new technical
optimality conditions that we will apply in subsequent sections to statistical problems.

3.1 Assumptions and properties of the \-exponential family

We now introduce our main assumptions and recover known results about the A-exponential family under
mild hypotheses, including a rewriting of the Rényi divergence in a way that will be crucial to solve statistical
inference problems later on.

Assumption 1. The M-exponential family Q) is such that & = 1 — X is positive and the function @) in (2.8)
is proper.

Assumption 1 implies in particular that dom ¢y # @ and that any ¥ € dom ) is such that gy is well-

defined and belongs to P(X, m). Note also that under Assumption 1, ¢, cannot take the value —oo, meaning
in particular that, for any ¥ € dom @y, Sy # 0.
Definition 7. Consider the A-exponential family Q,, the scalar « = 1 — A, and a probability density p €
P(X,m). We say that p is gy-compatible for qy € Q, if the restriction of p to the support of gy, denoted
by Sy, is such that [ pjs,(z)*m(dz) € (0,400) and [ T(2)ps, (x)*m(dx) have finite components. If p is
gy-compatible for any gy € Q,, then we say that p is Q) -compatible.

The notion of compatibility in Definition 7 is a technical condition that allows in particular to ensure the
following well-posedness result.



Lemma 1. Consider the A-exponential family Qx, and q9 € Q. Assume that Assumption 1 is satisfied and
consider 9 € dom )y and p € P(X,m). If p is q9-compatible, then cy (ﬁ,pl(gi (7)) e R.

Proof. If A = 0, cA(ﬁ,p‘(gg (1)) = (9,p|s,(T)) and the result is straightforward. Now, consider A # 0. The
support of gy is the set Sy = {x € X, 1 + X\(J,T(xz)) > 0}. Then we can compute

1+ M0, p{g) (1)) = / (1+ A0, T(2))p(e. (z)m(dz). (3.1)

We get from the compatibility assumption that pl(gi is well-defined and belongs to P(X,m). This ensures

that the quantity in (3.1) is positive. Also by assumption, pl(g; (T') is well-defined, ensuring that the quantity

in (3.1) is also finite, hence the result. O

We now introduce an extra assumption stating that all the densities gy € Q) share the same support. In
[50], this property is also assumed and called the support condition. This assumption ensures that qf;y) (T)
is well-defined for any ¥ € dom ¢y and o = 1 — A as we will show.

Assumption 2. There exists a non-empty set Sy C X such that
Sy = Sx, VU € dom py, (3.2)

with Sy being the support of ¢y. Moreover, every gy € Q, is Q)-compatible.

We now state a property that links the coupling cy, the log-partition function ¢y, and the Rényi divergence
RD,,. This technical property is used in the proof of a Rényi entropy maximization property in [50], and we
will exploit it further in our subsequent developments.

Proposition 1. Consider the A-exponential family Qx under Assumption 1 with « = 1 — X. Consider a
probability distribution p € P(X,m). For any gy € Qx, RDy(p, q9) salisfies

RDa(p, @) = x(9) — ex(9, p{3) (1) — Ha(pjs, ). (3.3)
Further, under Assumptions 1 and 2, for every v € dom y,,

RD(g9/,49) = ox(0) — ex(9, a5 (T)) + a9, (3.4)

Proof. When A\ = 0, recall that gy has full support. In this case, we have

RDu(p,q9) = KL(p, qv)
= 0 p(z) z)m(dz
1w (ot e

from which we can straightforwardly obtain the result using that cx(-,-) = (-,-) for A\ =0 and o = 1.
For A # 0, we compute the Rényi divergence RD,, (defined in Definition 2) between p and gy. Using the
definitions of ¢y given in Definition 4, of the Rényi entropy H, given in Definition 1, and of the coupling cy




from Equation (2.6), we obtain the following result.

RDu(p.0) = 106 ([ s (o) o))

a—1

a—1
1

—ex(9,p{5)(T)) + ox(¥),

—log (14 A0, p[)(T)) + ()

which proves the first part of the property in Equation (3.3). The second part in Equation (3.4) follows
using the assumptions and Equation (2.9). O

We establish a second property, describing the A-duality objects associated to Q, in terms of moments
and entropy and recovering the results of [50] in our framework.

Proposition 2. Suppose that Assumptions 1 and 2 are satisfied. Then, for every ¥ € dom @y,

2 (a5 (7)) = ¥ (9), (3.5)
gy (T) € 9™ A (V). (3.6)

Proof. We denote n = qff‘)(T) for sake of concision. We begin with the proof for (3.5). Using the result of
Proposition 1 and the non-negativity of the Rényi divergence,

ex(0',m) — A (') < ¥a(9), (3.7)

with equality if and only if ¥ = . This shows that ¢©*(n) = ¥ (9) following Equation (2.13), hence the
result.
We now turn to the proof for (3.6). Consider the rewriting of the Rényi divergence from Proposition 1:

0= @x(9) = ex(, 4" (T)) + 9a(9). (3:8)
Then, by Equation (3.5), Equation (3.8) can be written as ¢x(9) + ¢5* () = ca(¥,n). This concludes the
proof, using Equation (2.14). O

Remark 2. Assumption 2 and Proposition 2 ensure that, for every 9 € dom ¢j, qg") (T) is well-defined and

thus that 9°* ) (1) is non-empty. This can be viewed as a form of convexity result on ¢,. Indeed, for A = 0,
which corresponds to the classical Fenchel duality theory, having a non-empty subdifferential at every point
of dom ¢ implies that () = ¢**()) on dom ¢ [8, Proposition 16.4]. This last equality shows that ¢ is equal
to its biconjugate and hence that it is convex.



3.2 The example of Student distributions

We now show that the Student distributions can be seen as a particular example of the A-exponential
family that satisfies the assumptions outlined in Section 3 and whose escort distributions have easily com-
putable moments. This means that Student distributions will be an importance use-case of our coming
theoretical results of Section 4, as we will illustrate on numerical experiments in Section 5. Student dis-
tributions form an important class of distributions arising in several applications from statistics and signal
processing [38, 15, 19, 13, 28, 47].

Definition 8. Consider the family of multivariate Student distributions on R? with fixed degree of freedom
parameter v > 0. We denote this family by 7,. Densities with respect to the Lebesgue measure are of the

form
v4d

1 1 I
Gs(o) = 7o) (14 S @05 e ) R (39)
with location parameter p € R?, scale matrix ¥ € Sjl_ +, and normalization constant Z, = %

where I' denotes the Gamma function.

The degree of freedom parameter v > 0 controls the tail behavior of the distributions. In particular,
higher values of v lead to distributions in 7,% with lighter (but still heavy) tails, with the limit v — +o0
corresponding to the family of Gaussian distributions, which is an example of the exponential family. On
the contrary, distributions in 7,% for low v have heavier tails, an example being that 7, is the family of
multivariate Cauchy distributions. In particular, distributions in 7, have well-defined first order moments
if v > 1 and well-defined second order moments if v > 2.

The next proposition shows that the A-exponential family, with sufficient statistics being the first and
second order moments, is the family of Student distribution when A < 0 and that it satisfies Assumption 1.
We further compute the escort moments of Student distributions, which are cy-subgradients of ¢y. We also
compute the Rényi entropy of Student distributions, which is the cy-conjugate of p,. Finally, we describe
the distributions that are compatible with the Student distributions (following Definition 7) and show that
Student distributions satisfy Assumption 2.

Proposition 3. Consider the Student family T,2.

(i) The family T,2 is an instance of the A-exponential family (see Equation (2.7)) for A = 7%—&-(1 and with

sufficient statistics T(x) = (x,zx ). Its natural parameters are ¥ = (91,92) € R4 x 8 _. It satisfies
Assumption 1 and dom py = {(91,92) € R x 8 _, 2(v 4 d) + 9] 959, > 0}.

(i1) Consider o =1+ “£2. Then, for any g, s € T2, ql(f%(T) = (ql(;%(x), ql(f%(:mT))T is such that
(a)
4, %) = 1,
R 3.10)
Gx(@e’) =S+ pp .

The mapping ¥ — ql(;l)(T) is a bijection from dom gy to RYx 8%, . Moreover, ¢5(9) = 1 log det(X) +

-2
C, where C is a scalar depending only on v and d.

(iii) The T,%-compatible distributions are the probability densities p € P(X,dx) such that p'®) has finite first
and second order moments. The family T,%, seen as a A-exponential family, satisfies Assumption 2.

Proof. The proof is deferred to Appendix A. O

10



Remark 3. Proposition 3 generalizes analogous results for Gaussian distributions. Indeed, Gaussian distri-
butions in dimension d, denoted by G¢, form an example of the exponential family with sufficient statistics
T(z) = (z,zz "), satisfying Assumptions 1 and 2. Furthermore, for any g, s € G¢ with u € R4, X € Si+7 we

have
qH,z(x) = W,
3.11

{qu,z(mT) =S +pu’. (310

Finally, the G4-compatible distributions are the probability densities in P (X, dx) with finite first and second
order moments. While the Gaussian case corresponds to A = 0, we remark that the case A > 0 corresponds
to the S-Gaussians distributions discussed in [32]. However, these distributions do not satisfy the support
condition of Assumption 2.

We now establish some novel properties that state how two families of Student distributions with different
degree of freedom parameters relate to each other, including the computation of some escort moments and
compatibility conditions. This provides a mechanism to construct an escort distribution with lighter tails
than the original distribution.

Proposition 4. Let p € 7:fi a Student distribution with dimension d, location i, and shape ¥,. Set v >0
2
vrd-

> 2, and the escort probability p'® is a Student distribution with v(%) degrees of

and consider the Student family T,% with associated o = 1 + Then, the distribution p is T,%-compatible

. . v,+d
if and only if vy + 25075

freedom, location p(®, and shape (%) such that

a vptd
I/( ) = Z/p + ZW,
L (312
N — %Ep.

Proof. By Proposition 3, T,% is a A-exponential family, with \ = —%er. For such setting, « = 1 — . The

compatibility property requires p(® to have finite first and second order moments. Consider z € R?, we
compute

vptd 2
N 1 B —( P )(1+m)
p()* (1 + 17(90 — ,up)TZp Yo — Mp))
p
1 vp+d
1 B *5(’/;)*2 vTd +d)
o (14 o= ) 5 e = )
Vp
_U(Q)+d
2

1 T/ Vp -1
x (1 + m(m — [ip) (mﬂp) (x — ,up))

We recognize that p(® is a Student distribution with v(®) degrees of freedom, location p(®, and shape %(%),
and that p(®) has finite first and second order moments if and only if #(®) > 2, showing the result. O

Proposition 4 provides a systematic way to construct, from an initial distribution with possibly infinite

moments, an escort distribution for which these moments are defined. Indeed, if p € ’7:,“:) for some v, > 0,

we can construct p(®) where o = 1 + %er and v > 0. The resulting escort distribution p(®) has v(®) > v,

degrees of freedom, i.e., a lighter tail than the one of p itself. Indeed, we can have v, < 2, meaning that p
has infinite variance and v(® > 2, in which case p(® has finite variance.

11



3.3 Novel technical optimality results

We present in this section two new technical results, that will later be used to study the optimality
conditions of the optimization problems arising in variational inference and maximum likelihood estimation.

Proposition 5. Consider the A-exponential family Qx under Assumption 1, and TeH such that cx (9, T) €
R for any ¥ € domy. Then ¥, € dom py minimizes U — px (V) — ex(9,T) if and only if T € 0% px (V).

Proof. Suppose that 9, € dom ¢y minimizes 9 — x(9) — cx(9,T). This is equivalent to
cx(Vs, T) — ox(V.) > ex(9,T) — pa(9), VI € dom . (3.13)
By definition of the cy-conjugate, (3.13) can be summarized as
ex(0, T) = oa(04) = 9 (T). (3.14)
Since the opposite inequality is true by definition, the above statement is equivalent to
(94, T) — oA (92) = (D). (3.15)
That yields T € 9> ¢ (0+), which concludes the proof. O
Lemma 2. Consider uw € H and the function cx(-,u) : v — ex(v,u) for A # 0.
(3) If A= 0, the function cx(-,u) is linear.
(i3) If X > 0, the function c\(-,u) is concave.
(#51) If A <0, the function cx(-,u) is conve.
)=

Proof. Case (i) follows from ¢y,
we can compute

(-, ). We now assume X # 0. Consider vy,v2 € H and s € [0,1]. Then

1
ex(svr 4+ (1 — s)vg,u) = X log(1 + A{svy + (1 — s)va, v))

= %log(s(l + Mo, u)) + (1 = s)(1 + Moz, u))).

We then get the results of cases (ii) and (iii), using the convexity (resp. concavity) of v — A~ !logw,
resulting from the positive (resp. negative) sign of . O

Proposition 6. Consider the \-exponential family Q\ under Assumption 1. Let a collection {T: N, of
N > 1 elements of H, such that for any i € {1 SN} ex(9,T;) €R for any ¥ € dom gy, and a collection
of non-negative values {p;}¥.; such that ZZ 1pi = 1. Suppose that there exists ¥. € domy such that

Zizl Psz S 6@‘@/\( *)

(7) If A= 0, ¥, minimizes 9 — @ (09) — Zivzl piea (9, T;).

(i) If A <0, 9, minimizes the function 9 — @ (9) —ca (19, vazl piTi) over dom @y, itself being an upper
bound of the function 9 — px(9) — Zfil pica(9,T;) over dom py. Moreover,

wal Zp,@\ V., T;) < —¢5 (sz ,). (3.16)

1=1

12



(t5i) If A > 0, ¥, minimizes 9 — px(9) — c» (19, Ef\il pﬂ_}) over dom @y, itself being an lower bound of
the function 9 — @ (9) — vazl pica (9, T;) over dom py. Moreover,

N N
—o (Z p:*i*) < oa(®) =Y piea(¥, Ti), Y9 € dom iy, (3.17)
=1

=1

Proof. Let ¥ € dom py. Let us first show that, for any A, ¢y (¥, Zf\il piT;) € R. Due to the assumption on
the {T;},, such result trivially holds for A = 0. When X # 0, we have 1+ (9, T;) > 0 forany i € {1,..., N},
hence 1+ A(V, Zivzl piT;) > 0, showing cy (¥, Zfil piT;) € R.

Case (i): Let A = 0. By Lemma 2,

N N
ox(¥) — Zpic)\(ﬁ,ﬂ) =pa(¥) — e <19, Zpﬂ}) , V9 € dom @. (3.18)
i=1 i=1

By Proposition 5, ¢, minimizes the right-hand side of (3.18), showing the result.
Case (7i): Let A < 0. Using Lemma 2 in the case A\ < 0, we get that

N N
() =Y piea (@, T) < pa(¥) — ex <19, Zmﬁ) , VU € dom py. (3.19)
=1 =1

Using the result of Proposition 5, we get that ¥, minimizes the right-hand side of (3.19). Moreover, as
S piTi € 0% (),

N N
Pa(04) — e <§*7ZPiTi> = -5 (Z Pz‘Tv:) : (3.20)
i=1 i=1
Using the inequality in Equation (3.19) and the identity in Equation (3.20) yields the upper-bound property.
Case (i41): Let A > 0. Using Lemma 2 for A > 0 yields

N N
ox(9) — ex (ﬂ,ZpiTi) < pa(9) — ZP@'CAW,TO, Vi € dom py. (3.21)
i=1

i=1

The parameter ¢, minimizes the left-hand side of the above due to Proposition 5. This implies in particular
that

N N
(D) — cx (19*7 Zmﬂ) < oa(0) — Zpic,\(ﬁji)a Vi € dom py. (3.22)
i=1 i=1
Using Equation (3.20), which remains true for A > 0, we obtain the lower bound result. O

4 Statistical problems over the \-exponential family

We now leverage all the previous notions and new technical results from Section 3 to tackle variational
inference and maximum likelihood estimation problems within the A-exponential family. We derive novel
optimality conditions and algorithms to solve these problems. Finally, we compare and discuss our new
findings on the A-exponential family with known results on the standard exponential family.

13



4.1 Variational inference through Rényi divergence minimization

We consider in this section the problem

minimize RD (7, ¢9), (Py1)
q9EQx

where A + a = 1, under Assumption 1. Notice that in the case A = 0, « = 1, Problem (Py) corresponds
to the minimization of the inclusive Kullback-Leibler divergence over the standard exponential family. We
introduce the following additional assumption.

Assumption 3. The target 7 is in P(X,m) and is Qj-compatible.

4.1.1 Optimality conditions

We now derive novel optimality conditions for Problem (Py1). This is done by leveraging the technical
optimality conditions introduced in Section 3.3. These conditions can be seen as a moment-matching condi-
tions on escort probabilities and are discussed in greater extent in Section 4.3. We also show that they can
be used straightforwardly in the case of Student distributions.

Proposition 7. Suppose that Assumptions 1, 2, and 3 are satisfied. If ¥, € dompy is such that
gy (1) = =(§)(T), (4.1)
then 9, is a solution to Problem (Pyy)

Proof. We first prove that C)\(19,7T‘(g3 (T)) € R for any ¥ € dom ). Due to Assumption 2, it is sufficient to

check that C)\(19,7T‘(;2 (T)) € R for any ¥ € domgy. We then get this first result from Assumption 3 and

Lemma 1. Assumption 3 also implies that H, () is finite.

Then, rewriting the Rényi divergence using Proposition 1 shows that solving Problem (Py) is equivalent
to solving

Ce . ()
minimize ¢ (J) — ex(d, w5, (1)) (4.2)

We can thus apply Proposition 5 to obtain that ¥ € dom ) is a solution of Problem (Py;) if and only if
W‘(gj (T') € 9°*px(¥). Using the description of 9 (¥) from Proposition 2, we get that any v, satisfying the
assumptions of this proposition is such that 71"(5&3 (T) € 0“*pA(V4), hence a solution to Problem (Pyy). O
Corollary 1. Consider a target 1 € P(R? dx), the family of Student distributions in dimension d with v
degrees of freedom T2 and the family of Gaussian distributions G%.

. 7. . . 2
(7) If the escort probability (@) exists and has finite first and second order moments for a = 1+ Tra then
the distribution q,, s, € T,2 such that

fr 2o ”

e =7(ez") - pap],

minimizes ¢ — RDy(m,q) over T,2.

(¢) If m has finite first and second order moments, then the distribution g, s, € G? such that p, and 3,
satisfy Equation (4.3) with o = 1 minimizes ¢ — K L(,q) over G%.
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4.1.2 An iterative variational inference algorithm
In order to resolve the optimality conditions given in Proposition 7, we propose in this section an iterative
approach relying on the following novel update operator, parametrized by the target = and a stepsize 7 > 0.

Definition 9. Consider > 0,A = 1 — « and the A-exponential family Q) under Assumptions 1 and 2.
Consider a target m € P(X,m) satisfying Assumption 3. For 7 > 0, we define the operator PT such that
9p = PT (V) satisfies
() = —— (T 4 ——gl(T), v € dom gy (4.4)
r 1+7 15 1+77 ’
The above operator shares close links with the proximal operator introduced in Definition 6, as shown
below.

Proposition 8. Consider a > 0, A = 1 — «, the A-exponential family Qy, and a target distribution m €
P(X,m) such that Assumptions 1, 2, and 3 are satisfied. Let T > 0. Then,

(7) If A= 0, then
Vo' € dompy P (9') = prozt(ma) () (4.5)

(i) If A <0 (resp. X > 0), then P (¢¥') approzimates pm:ch“(W’q')(ﬁ’) in the sense that it minimizes an
upper bound (resp. lower bound) of the prozimal loss

1
U+ RDa(m,qs) + —RDa(gv, 49)- (4.6)

Proof. We begin by decomposing the objective function appearing in the computation of proxEDa(W’q')(ﬁ’ ).

RDoz(ﬂ—a Qﬂ) + %RDOL(q’&,7 Qﬂ)
= oa(9) — ex(0, 78 (T)) — Halmis,) + - (02(0) — ex(0, ) (T)) + ()

_ (1 i T) (%(m 0T paer(d.a) (T))) ~ Ha(ms,) + 2020,

T

If we conserve only the terms depending on the variable ¥ and ignore the positive multiplicative factor, we
thus obtain that profo“(W’q')(ﬁ’) is the set of solutions of the problem

L T () 1 ()
qulelgéglgfw(ﬁ) — T ms (1) = T ea (@, gy (1))

Now, remark that due to Assumption 2 and Lemma 1, ¢) (9, qfﬁ) (T)) € R for any ¥ € dom ¢y. The same
holds with the term C)\(’l9,71'|(saj (T')) by Assumption 3. Since = + ﬁ = 1 and all the involved terms are
positive, we can thus apply Propositions 6 and 2 to get the result. O

We are now ready to state our algorithm to solve Problem (Py). We then study its convergence prop-
erties.

Algorithm 1: Proposed algorithm to solve Problem (Pyr)

Let ¥ € dom ), and a sequence {74 }ren of step parameters in R, .

for k=0,... do
Update ¥y41 using P, that is such that

(@) _ Tk _(a) 1w
qﬂk+1 - 1 +7'k;7r| supr)\(T) + 1 + 7% qﬂk (T) (47)
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Proposition 9. If 9 € dom ) for every k € N, then the sequence generated by Algorithm 1 is well-defined
and

g5 (1) —— (g (1), (4.8)

k——+oo

Proof. For any K € N\ {0}, we have

" K-1 . K-1
)@= ]] 7 | @0 M+ (1-]] T s, (1) (4.9)

k=0 k=0

A SN | showing the result. O

Since ﬁ € (0,1) for every k € N, [, =y 175 pa——

Remark 4. When A = 0, Algorithm 1 identifies with the Bregman proximal algorithm from [7, 43]. Further,
Proposition 9 shows that Algorithm 1 produces iterates converging to the solution of Problem (Pyy).
Algorithm 1 involves at every iteration the computation of Wl(gj (T'). This quantity is in general un-

available. Actually, the updates in Algorithm 1 allow to build an alternative estimate for Wl(;j (T) at every

iteration, and to combine them using a step-size parameter 7y ?——% 0 in the spirit of stochastic approxi-
—+o0

mation algorithms. This will be illustrated in Section 5.1.

4.2 Maximum likelihood estimation

We consider now the maximum likelihood problem of estimating the parameters of a distribution from
the A-exponential family Q) based on observed data {z;}}*,. This problem reads as follows.

N
imi 1 ). P
maximize ; og qo(z;) (PuLe)
We need the following assumption on the data to ensure the well-posedness of Problem (Pyrg).

Assumption 4. For every g9 € Qy, x; € Sy for every i € {1,...,N}.

4.2.1 Optimality conditions and approximate solutions

We now provide novel conditions for the resolution of Problem (Pyirr). These conditions are optimal
in the case of the standard exponential family. In the case of the A-exponential family, the conditions are
sub-optimal and we relate them explicitly to the optimal solutions of Problem (Pyg).

Proposition 10. Consider A € R such that o = 1 — X\ is positive, and the \-exponential family and data
{2}, such that that Assumptions 1, 2, and J hold. Suppose that there ezists 9, € dom p, such that

*

(@) 1 o
gy, (T) = N ZT(%‘) (4.10)

(7) If A= 0, ¥, mazimizes Problem (Pyig).

(#1) If A < 0, 9, mazimizes a lower bound of ¥ — vazl log gy (x;) over dom py. Moreover,
| X
w2 loga, (2:) > VA (D). (4.11)
i=1
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1i7) If A > 0, ¥, mazimizes an upper bound of ¥ — N 1o qy(x;) over dom wy. Moreover,
( ) =1 g "2
1N
v > loggs(z:) < Pa(0.), Vi) € dom gy (4.12)
i=1

Proof. Remark first that solving Problem (Py1g) is equivalent to solving

N N
. 1 1
pinimize — 5 308 do(s:) = r(0) = 7 3o ea(d. T(wi)

Yedom @y

Assumption 4 ensures that we can apply Proposition 6. The result comes from the results of this Proposition
and the description of 0 ¢y and 5 provided in Proposition 2. O

Corollary 2. Consider Problem (Pyr) with data points z; € R fori={1,...,N}.

(#) If we consider Problem (PyiLg) over the family of Student distributions in dimension d with v degrees
of freedom T2, the distribution du..x, € T4 such that

1 N
{“* =~ 2iz1 Tis (4.13)

_ 1 N T T
E* - N Zi:l Ty — sy

mazimizes a lower bound of Problem (Pyig). We also get that

log det(X.) + C, (4.14)

| =

1 N
v 2 log . . (z:) >
=1

where the constant C' depends only on d and v.

(ii) If we consider Problem (Pyir) over the family of Gaussian distributions G, the distribution q,, s, €
G with ., Y. satisfying Equation (4.13) maximizes Problem (Pyip).

4.2.2 An iterative algorithm for maximum likelihood estimation

We now propose a new iterative algorithm to reach the (sub-optimal) solutions to Problem (Pyg), as
characterized in Proposition 10. To do so, we first introduce the following operator.
Definition 10. Consider « > 0,A = 1 — « and the A-exponential family Q) under Assumptions 1 and 2.
Consider data points {z;}}¥, satisfying Assumption 4. For 7 > 0, we define the operator PT{J”}INZ1 such that
for any ¥ € dompy, 9p = iji}i\rzl (') satisfies

N

@y — _NT s L e 41
2y, (1) 1+N7'z; (xl>+1+N7-qﬁ,( ). (4.15)

1=

This operator can be related to the proximal operator from Definition 6, as we show now.

Proposition 11. Consider a A-exponential family Qx with A € R such that o = 1 — X is positive, and
observed data {x;}X_| such that Assumptions 1, 2, and / are satisfied. Let T > 0. Then,

(i) If A\=0, then
AN N oo a (z:
PT{ bz (19/) = proxr 2z log g 1)(’19/)7 V19/ € dom O (4'6)
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(#3) If X < 0 (resp. A > 0), then P{-{x’}i:l(ﬂ’) approximates prot: z:"=11()gq'(967')(19’) in the sense that it
minimizes an upper bound (resp. lower bound) of the proximal loss

N
1
U — E log gy () + ;RDa(%',%)- (4.17)
=1

Proof. We first decompose the objective function appearing in prox, 2iilos q'(z‘)(ﬁ’ ):

al 1
= “loggo(;) + ;RDa(%u%)
i=1

= Neoa(@) = 3 e, T(w) + - (a(0) = (0057 (1) + ()

N
- (1 2 ) (mm Y T W) - jNTcAw,qs,’)(T))) ),

The above calculation shows that computing proxim"'}(ﬁ’) is equivalent to solving

N
o T 1 (a)
Igégéglgf«px(ﬂ) - ;:1 5 vy A0 T (@) = e 4y (1)
Then, one can conclude as in the proof of Proposition 8. O

We are now ready to introduce our algorithm to reach the solutions given in Proposition 10, and as such,
solving (approximatly) Problem (Pyrg).

Algorithm 2: Proposed algorithm to solve Problem (Pyig)

Let ¥ € dom ¢y, and a sequence {7y }ren of step parameters in R, .
for k=0,... do

AN
Update 9441 using PL"} =1 that is such that

N

() _ N7 L
4y, (T) = T N7, ZT(%‘) + T N, G (T). (4.18)

i=1

Proposition 12. IfJ, € dom @) for every k € N, then the sequence generated by Algorithm 2 is well-defined
and

N
(@) 1
ay, (T) TN ;T(%) (4.19)
Proof. The proof follows the same step as the proof of Proposition 9. O

Remark 5. In the case A = 0, Algorithm 2 is a Bregman proximal algorithm [7, 43] that converges to the
solution of Problem (Pyg). In the case A # 0, we have the convergence to the sub-optimal solutions
described in Proposition 10.

The algorithm obtained by applying the update of Equation (4.18) can for instance be used in an online
context, where all the data points are not available at every iteration. This will be illustrated in Section 5.2.

18



4.2.3 An expectation-maximization algorithm for mixture MLE

We consider here a variant of Problem (Py1r) where we aim at estimating the parameters of a mixture
of J € N, J > 0, distributions from the A-exponential family Qy, based on observed data {z;}¥ ;. The
problem is over the parameters of each component of the mixture, as well as over their weights, and reads
as follows.

N J
maximize E lo E iqe.(x;) | . PyiLE-Mixt
szO,ﬁjEdomga,\,j:L“.J — g —~ qu J( z) ( 1X )
Z;‘]:1 §=1 = /

A standard algorithm to solve this type of problem is the expectation-maximization (EM) algorithm
[10], that generates a sequence of weights {&; r}ren and parameters {9, }ren for j = 1,...,J. For any
j=1,...,J and iteration k € N, we denote by < ; the function defined by

k.20, ; (T)
Vi () = g : (4.20)
Zj/:l gk,j’Qﬁw/ (fE)
It is then possible to apply the EM algorithm in our setting, yielding updates of the form
XN
€1y =3 Z_:lwc,j (n) (4.21)
N
Diy1,; = argmax Y ve; () log po(x;). (4.22)

YEedom ¢ i—1

The maximization step, often called the M-step, appearing in the update (4.22) does not always have a
closed-form. We now give a result about explicit solutions of these steps, that are possibly optimal, leveraging
tools from our Proposition 10.

Proposition 13. Consider a A-exponential family Qy with A € R such that o = 1—\ is positive, and observed
data {z;}| such that Assumptions 1, 2, and J are satisfied. Suppose that there exists Viy1,5 € dom gy such
that

N
@ Vs (24)
e _ — " T(xy). 2
k+1,5 ; Z?f:l Vi,j (Tir)

(¢) If X\ =0, then Uy41,; exactly solves the optimization problem in the update (4.22).

(13) If A < 0 (resp. A > 0), then Up41; approzimates the solution of the update (4.22) in the sense that it
mazimizes a lower bound (resp. upper bound) of the considered loss.

Proof. The maximization problem in the update (4.22) is the following:
N

i ()] 4.24
rggc)i%rrnngeg%u (7;) log py (;) (424

which is equivalent, since the functions 7 ; take non-negative values, to

maximize kg (i)

i) gy (@), (4.25)
YEdom py ] 29[:1 'Yk,j(xi’)
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Finally, we re-write this optimization problem as

N
L Vi, ()
minimize gy () — —————x\ (¢, T (x)), (4.26)
which allows to conclude the proof as in the proof of Proposition 10. O

When A = 0, the result of Proposition 13 implies that the M-steps, that is the updates of the form (4.22),
can be solved exactly. Since A = 0 corresponds to the exponential family, which can represent Gaussian
distributions, this result recovers the EM algorithm for Gaussian mixtures presented in [10]. Otherwise, the
result of Proposition 13 leads to an approximate EM algorithm, where the M-steps, are only approximately
solved through an explicit expression. The resulting algorithm, is summarized in Algorithm 3.

Algorithm 3: A sub-optimal EM algorithm to solve Problem (Pyr,g-Mixt )

Let 99 ; € dompy and & ; > 0 for j =1,...,J such that ijl &, =1

for k=0,... do

For every j =1,...,J, define the function -y ; following Equation (4.20), and update the
parameters {11,; and Y1 ; such that they satisfy

N
1
Skt1d = 37 D k(@) (4.27)
i=1

N
(@) Vi, (i)
g5, (T) =" =T (xy), (4.28)
o ; 25:1 Vie,j (wir)

4.3 Discussion and comparison with the standard exponential family

Let us now discuss our results for maximum likelihood, variational inference, and iterative algorithms
obtained for the A-exponential family Q.

4.3.1 The particular case of the exponential family

We here discuss how our theoretical results position themselves, compared to existing results for the
special case A = 0.

We recall that for an exponential family Q with sufficient statistics 7' (which is the A-exponential family
with A = 0), the densities of the members of the family are given by Equation (2.7) with ¢o(-,-) = (-, -) and
the log-partition function ¢. We have proven in Proposition 1 that for any = € P(X,m) such that H;(7),
which is the Shannon entropy of 7, and 7(T") are well-defined,

KL(m,q9) = —Hy(m) — (3, 7(T)) + ¢(9), V& € dom ¢. (4.29)

In Proposition 2, we also uncovered the links between the Shannon entropy and the Fenchel conjugate of the
log-partition function, and showed that the moments of a distribution from the exponential family are the
subgradients of the log-partition function. These facts, although scattered in the literature, are well-known.
In our Propositions 1 and 2, we generalized them to the A-exponential family, using H, instead of Hy, RD,,
instead of KL, p) instead of ¢, and escort moments instead of standard moments.

In the case of Problem (Py), we can have the same type of correspondence. We have proven in Proposition
7 that Problem (Pyp) over Q with RD, = KL is solved by ¥. € dom ¢ satisfying the moment-matching

20



condition ¢y, (T') = «(T"). This optimality condition was already known, see for instance [10, 46, 13]. In
Proposition 7, we generalized this optimality condition under the form of a moment-matching condition on
escort probabilities, that is (%) (T) = qgj)(T).

So far, the analysis we proposed for A # 0 strictly generalizes the case A = 0. In fact, it uses the same
proofs for A = 0 and A # 0. Let us now review situations where this correspondence breaks. Due to the
linearity of the scalar product and the convex subdifferential, we could obtain in Proposition 10 that for
A = 0, Problem (Pyg) is minimized for d, € dom ¢ such that the moments gy, (T') match the sufficient
statistics of the data + Zf\il T(z;). In the case A # 0, the similar solution obtained by plugging escort
moments qf;f) (T') instead of standard moments gy, (T') is only sub-optimal, as shown in Proposition 10.
More precisely, these are only the minimizers of upper or lower bounds, depending on the sign of A\. The
situation is similar when designing EM algorithms, as shown in Proposition 13 where optimality is only
attained when A = 0, in which case Algorithm 3 recovers the standard EM algorithm [10]. Such results are
to be expected as no closed-form solution is known for this type of maximum likelihood estimation problems,
and solving these problems, notably over Student-like distribution, is still an active field of research [21, 4].
The situation is similar for the operators defined in Definitions 9 and 10, since they can be seen as an exact
proximal operator only for A = 0, as shown in Propositions 8 and 11.

Let us now comment about the sub-optimality of the maximum likelihood estimator proposed in Propo-
sition 10 by relating it with the solution of Problem (Py1). Suppose that a; ~ 7w for any 7 € {1,..., N} and

~ SN T(x) o 7(T). This means that in the limit N — 400 and when A = 0, Problems (PyLg)
— 400

and (Pyr) have the same solution 9, such that gy, (T") = 7(T). This relation between maximum likelihood
estimation and minimization of a Kullback-Leibler divergence is well-known and applies in fact in a more
general setting [48]. When A # 0, the sub-optimal solution of Problem (Pyrr) described in Proposition 10 is

such that qgf) (T') = n(T) in the large number limit N — +o00, which is different from the solution of Problem

(Py1) given in Proposition 7. Notice however that the solution 1, € dom ¢y such that qf;:)(T) =7(T) is a
solution to
o . . RD (1/@) ]
Tnimize fiDa(m 7, a0)
Thus, in the large number of samples regime, the sub-optimal solution of Problem (Pyig) does not solve
Problem (Pyr) but a similar variational inference problem with a deformed target.

Finally, we remark that Assumptions 1 and 2 prevent us from straightforwardly applying our results to the
A-exponential family when A > 0. Indeed, such value of A\ can lead to distributions whose support depends
on the parameters (see for instance the distributions studied in [32] and in [50, Example 3.17]). Although
Proposition 1 holds even for varying support, this behavior makes optimization much more challenging.

4.3.2 Comparing our works with existing results in optimization

First, remark that the proximal operators used in our algorithms can be considered as generalized Breg-
man proximal operators, where the scalar product of H is replaced by the non-linear coupling c). Indeed,
it is well-known that the Kullback-Leibler divergence between two members of the same exponential family
can be written as a Bregman divergence [6]. In our case, we can rewrite the Rényi divergence RD,(qy’, q9)
under a similar form, using cy:

RDa(g9r,a9) = o2 (9) — oA (@) — ex (9, ¢5(T)) + ex (¢, 452(T)), (4.30)

with qéof) (T) € 0*pA(¥), using Equation (2.14) and Proposition 2. The particular re-writing of Equation
(4.30) was established in [47].
Propositions 8 and 11 show that the operators that we proposed in Definitions 9 and 10 to build our algo-

rithms are approximating a proximal operator when A # 0. We are not aware of any optimization algorithms
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stated directly in a generalized convexity framework (i.e., a generalization of standard convexity theory using
modified scalar product as in [14, 29, 18], or modified subgradient as in [9]). Although our operators are not
exactly proximal operators (except for A = 0), they may be a first step leading to such algorithms. Note
however that our construction heavily depends on the objective function having an expression like the ones
described in Propositions 5 and 6.

The authors of [24] also faced the difficulty of computing proximal operators of the form introduced
in Definition 6. While we proposed ad hoc operators that are shown to be sub-optimal solutions to these
optimization problems in Propositions 8 and 11, they took another route. Indeed, they studied a continuous
time Riemannian gradient flow, whose metric is given by the corrected Hessian of a function that is convex
in the sense of the coupling c). Note that the authors consider other types of objective functions than we
did. They consider convex and differentiable objectives, while we consider specifically maximum likelihood
and variational inference problems, whose objectives are not necessarily convex.

In the context of variational inference, a gradient descent algorithm within the geometry induced by the
Kullback-Leibler divergence is studied in [20] for the minimization of the Rényi divergence with o € (0, 1]
over the standard exponential family, amounting to A = 0. A gradient descent algorithm to minimize the
x? divergence, which is linked to the Rényi divergence with o = 2 over the exponential family has also been
proposed in [1] for adaptive importance sampling [11]. In this work, we have only considered the setting
A+ a =1, imposing a strict relation between the approximating family and the divergence.

5 Numerical experiments

We now illustrate our findings through numerical experiments. Our examples are designed as proof-of-
concepts, illustrating the advantage of considering the A-exponential family, instead of the standard exponen-
tial one, in simple situations. To do so, we consider instances of Problems (Py1), (PuLg), and (Pype-Mixt)
where the approximating family Q) is the Student family 7,% (see Section 3.2). We remind that this amounts
to setting \ = —%M (see Proposition 3 (¢)). In our comparisons, we will also consider the limiting case
of Gaussian distributions, obtained by setting v = +o00, in which case A = 0. For pedagogical purpose, in
all examples, the target distribution (in case of variational inference problem) and the distribution generat-
ing the samples (in case of maximum likelihood problem) is also a Student density, denoted 7= € ’T;i, and
parametrized by v, > 0 degrees of freedom, location parameter i, € R? and shape matrix ¥, € Si 4. This
controlled setting allows to access 7 and its escort 7(®), sample from them, and compute Rényi divergences,
making it possible to assess quantitatively the results.

5.1 A variational inference problem with Student approximating densities

We start our experiments by an instance of Problem (Py1) described as

minimize RDa (ﬂ-a qM7Z)a (PVI—Student)
qu,Eelrud
where a = 1 + %er’ in light of 7, being a A-exponential family with A\ = —%ﬂl (see Proposition 3 (ii))

and the optimality result of Proposition 7. The optimality conditions of Problem (Pyi_student) are given in

Equation (4.3). These conditions amount to setting y and 3 such that the first and second order moments

of ql(f% match those of the escort of the target 7, that is 7(%).

By Proposition 4, if « = 1 + %ﬂl for some v > 0, then 7(® has first and second order moments if and
only if
Vr +d
w+2——— > 2. 5.1
Vet v+d (5:1)
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We consider 7 € T, with v € {1,3,10} and d € {5,20}. The location vector pi, is sampled uniformly in
[—1,1]% and the shape matrix £, € S{__is constructed following [34] with a condition number x, € {10, 1000}
(i.e., a well conditioned setting, and a poorly conditioned setting). Regarding our approximating families,
we experiment various degrees of freedom v € {1, 3,10, +o00} such that Equation (5.1) is satisfied. The case
v = oo corresponds to a Gaussian approximating family, which is an instance of the exponential family.

In contrast, for finite v, we are working within an instance of the A-exponential family, A = _%—kd' Our
experimental scenarios cover the matched case where v = v, as well as various mismatched cases where
vV # Uy

Using the results from Section 4.1, we have actually two ways to solve Problem (Py_student). We can either
follow Corollary 1 and try to directly approximate the optimality conditions of Equation (4.3). This requires
the computation of the first and second order moments of the escort of the target. Alternatively, we can
implement Algorithm 1. This requires the computation of the same moments, but it allows to approximate
them differently at each iteration and possibly average the errors and improve the estimators. We consider
the two approaches in what follows. We also consider two distinct ways to approximate the first and second
order moments of the escort of the target. In Section 5.1.1, we consider that exact samples from 7(®) are
used to approximate Equation (4.3). This idealized setting allows to illustrate the validity of our optimality
conditions with an exact sampling procedure. In Section 5.1.2, we consider a more realistic situation where
only the unnormalized density of the target is available. In this situation, one needs an integration procedure
to approximate the moments of the escort of the target in this setting. We choose here to use a Metropolis-
adjusted Langevin algorithm (MALA) [41]. In this setting, we consider the approximation of Equation (4.3)
as well as the implementation of Algorithm 1 with an adaptively scaled MALA [31, 30].

5.1.1 Using samples from the target

Problem (Pyistudent) can be solved by approximating the optimality conditions of Corollary 1 using
a standard Monte Carlo algorithm with samples from 7(®). This is feasible as, in this experiment, 7(®)
is a Student distribution with parameters described by Proposition 4. This is an idealized setting since in
practical scenarios of variational inference, one does not have the possibility to sample from the escort target.
This leads to the following sampling algorithm.

Algorithm 4: Solving Problem (Py1 student) by approximating (4.3) with samples from ()

Choose an approximating family 7, and set o = 1 + u%—d Choose N € N.
for k=0,... do

Sample {x,(;zl, . ,x](gj_\(_)l} from ().

Evaluate (7(®) (2))gp1, (7 (z27))ry1 by

k N (i

(o @ = 2izo izt x’% (i) (5.2)
(rl (@2 ))p = ﬁ D10 2i=1 ml—z‘rl(wl:—l)—r'

Compute pg41, 2i+1 following

{Mk+1 = (7 (@) 41,

(5.3)
Skt = (7 (z27))pgr — [e41 s 1 -

We now present the results, using N = 10d samples per iteration. Figure 2 shows the performance
of Algorithm 4, in terms of Rényi divergence value along iterations, when setting dimension d = 20, and
condition number k, = 10. We observe that the best values of the Rényi divergences are obtained for
the matched case v = v,, which is expected. Note also that the Gaussian approximations (i.e., v = +00)
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Figure 2: Rényi divergence between g, s, € 7,2 and 7 in dimension d = 20 with x, = 10 at every iteration
k. The iterates q,, x, € T4 are obtained using Algorithm 4. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained
by running the algorithm for 100 runs of 1000 iterations.

perform very poorly. More generally, the closer v is to v, the better the performance. Remark that when
vy, = v = 1, the values reached by the Rényi divergences are more spread around the median. This could
be because the degree of freedom parameter of 7(®) in this case is the lowest, and hence, 7(®) has heavier
tails. In Figure 2a, in the case when v, = 1, some approximating families need to be excluded to comply
with Equation (5.1). In particular, standard moment-matching, corresponding to v = 400 is not defined in
this case. In constrast, as soon as v, > 2, Equation (5.1) is satisfied for any v > 0, so any approximating
family can be chosen, as it is done in the plots for Figures 2b and 2c.

In Figure 3, we show performance in dimension d = 5 and high condition number x, = 1000. Since the
samples are generated directly from 7(®)| the poor conditioning issue is mitigated. Since a low dimension
has been used, more values of v need to be excluded in order to comply with the condition in Equation (5.1)
in the case v, = 1.
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Figure 3: Rényi divergence between q,, s, € 7, and 7 in dimension d = 5 with x, = 1000 at every iteration
k. The iterates q,, x, € T4 are obtained using Algorithm 4. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained
by running the algorithm for 100 runs of 1000 iterations.

5.1.2 Using Metropolis-adjusted Langevin algorithms

We now consider a more practical resolution of Problem (Pyi_gtudent ). We only assume that one has access
to an oracle giving the unnormalized log-density log 7 such that for any x € R?, logm(z) = log #(z) — log Z,
for some Z, > 0. We also assume that one can evaluate the gradients Vlog#(z) for any z € R% Under
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these assumptions, we propose to perform the computation of 7(® (z),7(®) (zz ") using a MALA approach,
a particular Monte Carlo Markov Chain algorithm introduced in [41]. Let € R a starting point of the
chain and suppose that we want to have samples approximately distributed following 7(®) for o > 0. Then,
MALA uses a proposal distribution of the form

1
y~N (gc + §U§aAV log 7(x), (7314) : (5.4)

A typical choice is 0021 = 0513‘312, following the optimal settings described in [40]. Moreover, hereabove,
A€ Si 4 is the so-called scale matrix. The proposed sampled y is then accepted or not following a Metropolis-
Hastings step. The scale matrix A in Equation (5.4) will be chosen either as the identity matrix leading to
the standard MALA algorithm, or as to reflect the curvature of logw around the current point z, as it is

done in [31, 30] for instance.

Standard MALA We first consider the direct approximation of the optimality conditions (4.3) by ap-
proximating the moments of 7(®) using samples generated with Equation (5.4) with A = I;. This leads to
Algorithm 5 described below.

Algorithm 5: Solving Problem (Pyi_student) by approximating (4.3) with MALA

Vid. Choose N € N. Initialize xg.

Choose an approximating family 7, and set o = 1 +
for k=0,... do
Sample {x,(ﬁlll, . ,x,(ﬁ)l} samples from zj using the MALA algorithm with proposal described in
Equation (5.4) with A = I, set zp41 = x,i]j_)l
Evaluate (7()(2))gq1, (1) (z2 7))yt by

« k N i
{(ﬂ( s e xlgl 0 (5.5)
(W(a)(»mT))kH = ﬁ D=0 2ict $13r1(37zz+1)T-
Compute g1, 2g+1 following
Pk+1 = (ﬂ—(a)(x))k+la (5.6)
Shpr = (7 (@2 ) ky1 — prrapl -

We now turn to the experiments on the parameters described previously. We set N = 10d for each
experiment and initialize z¢ by sampling it uniformly in [—5, 5]¢.

We display in Figure 4 the results obtained, for a target with low condition number k, = 10, in dimen-
sion d = 20. We can observe that, as in Section 5.1.1, the matched case v = v, yields the best results.
Interestingly, the proposed MALA strategy works well even when the target is heavy-tailed. This could be
surprising in light of negative results such as the ones in [23], but remark that we apply MALA on 7(® and
not . Due to Equation (5.1), 7(®) has well-defined first and second order moments, which explains the good
performance of the MALA algorithm in this case. This illustrates the interest of the optimality conditions
that we prove in Proposition 7, as they allow to handle heavy-tailed targets just as if they were light-tailed.
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Figure 4: Rényi divergence between g, v, € 7,2 and 7 in dimension d = 20 with x, = 10 at every iteration
k. The iterates q,, x, € T4 are obtained using Algorithm 5. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained

by running the algorithm for 100 runs of 1000 iterations.

We now turn to a target with low dimension d = 5, whose scale matrix has condition number x, = 1000.
This is challenging given that the proposal distribution in our MALA algorithm is isotropic. Figure 5 shows
the results. Compared to the case of a low condition number in higher dimension, depicted in Figure 4,
we observe that the values of the Rényi divergence are higher, sometimes by an order of magnitude. The
dispersal of the values around the median is also more pronounced. This can be explained by the fact that
in the standard MALA algorithm, the proposals are isotropic Gaussian distributions, and hence not well
adapted to the target at hand. Note also that when v, grows, the negative impact of having v # v, seems
to diminish, especially compared to the situation of Figure 4

100 — RD(, Gy, 1), v=1 \ — RD(m gy, 1), v=1 \ — RDdmay,z) v=1
‘ RDa(M, Gy, 5.): v=3 \‘ RDa(M, Gy, z,), v=3 \ RDa(M, G, 3.) v =3

\ —— RDg(M, Gy, 5,), v=10 L —— RDq(m, gy, 3,), v=10

102f —— RDG(M, Gy, 5), V= "+ 0% —— RD4(M, ), V= "+

100 :"'\\*
ey
0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
k k k

(a) vr =1, v € {1,3} (b) vr =3, v € {1,3,10, 400} (¢) v= =10, v € {1, 3,10, +o0}

Figure 5: Rényi divergence between q,, s, € 7, and 7 in dimension d = 5 with x, = 1000 at every iteration
k. The iterates q,, x, € T4 are obtained using Algorithm 5. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained

by running the algorithm for 100 runs of 1000 iterations.

Scaled MALA As shown in Figure 5, the use of an isotropic proposal in MALA might not be well suited
for a poorly conditioned target. We now consider the implementation of Algorithm 1 and the adaptation of
the scale matrix A in the MALA sampling step (5.4). To do so, we exploit the approximation g, s, of (@)
by setting A = X, at each iteration k¥ € N. The approximating distribution at iteration k € N, ¢, », is
itself updated following Algorithm 1 with 7, = % and 7(®)(T) being approximated by N samples from the
Markov chain. Therefore, the scaling matrix is updated every N number of MALA steps and not at every
iteration as in [31, 30]. The resulting procedure is detailed in Algorithm 6.
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Algorithm 6: Solving Problem (Pyi_student) With the updates (4.7) and scaled MALA.

Choose an approximating family 7,4 and set o = 1 + 5
for k=0,...
Sample {sc,(ﬁl, ..

do

(N)

Equation (5.4) with A = X, set xxy1 = Ty
Evaluate (7(®) (2))gp1, (m(® (z27))ry1 by

. Choose N € N. Initialize ug, 3¢, and xg.

,x,(ﬁ)l} samples from zj, using the MALA algorithm with proposal as in

{(w@ @ =5 T (5.7)
(@ (zaT )1 = N Zz 1xk+1($1(c4)—1)—r~
Update pg41, 2k+1 following
Mk+1 - %(ﬂ—(a) (x))k’+1 + kLH/‘Lk’ (5 8)
Shit = w7 (7 (@2 "))k + 27 Sk + e — iy

We now present our results, with N = 10d. For each run, we initialize the algorithm with ¢ = I;, and
o = xo sampled uniformly in [-5,5]¢. Figure 6 shows the performance of Algorithm 6 in dimension d = 20
on a well-conditioned target. As in the previous cases, we observe that the best performance are reached
when the approximating family contains the target when v, = 1, while performance get more similar for
other choices of v, as soon as v is close to v .
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Figure 6: Rényi divergence between q,, =, € 7.4 and 7 in dimension d = 20 with x, = 10 at every iteration
k. The iterates q,, s, € T4 are obtained using Algorithm 6. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained

by running the algorithm for 100 runs of 1000 iterations.

We now turn to a target m that has a higher condition number x, = 1000, displaying the results on
Figure 7. We can observe that Algorithm 6 reaches better performance than Algorithm 5 on this poorly
conditioned target. Compared to the case of Figure 6, the values reached when the approximating family
contains the target are now much better than the ones obtained with the other approximating families.
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Figure 7: Rényi divergence between ¢, v, € 7.4 and 7 in dimension d = 5 with x, = 1000 at every iteration
k. The iterates q,, x, € T4 are obtained using Algorithm 6. The line is the median Rényi divergence per
iteration and the shaded area is the interval between the first and third quartiles. The quartiles are obtained
by running the algorithm for 100 runs of 1000 iterations.

Synthesis of the results Table 1 summarizes the results, for the three algorithms, in terms of final value
of the Rényi divergence, averaged over 100 runs, after 103 iterations. The results span the two scenarios, the
first with a high-dimensional target with good conditioning, and the second with a poorly-conditioned target
in lower dimension. The relative performance of Algorithms 5 and 6 depends on the scenario. On targets
that are well-conditioned but high-dimensional, Algorithm 5 seems to behave better than Algorithm 6. On
the contrary, Algorithm 6 yields here the best performance when the target is poorly conditioned, showing
that our proposed scale adaptation mechanism is able to capture the geometry of the target distribution.
We have also implemented the algorithms in the limit ¥ — 400, corresponding to the exponential family. In
this case, the target is not properly captured by the proposals, showing the interest of our new result about
the A-exponential family. Finally, as expected, the idealized Algorithm 4 reaches the best results in most
cases, confirming the validity of our optimality conditions.

Vp =1 Vr =3 vy = 10
High d High k. High d High k. High d High k.
Alg. 4| 225-107% | 3.84-107% | 261-101 | 2.15-10"" | 6.81-10"1 | 4.65-10T
v=1 Alg. 5 [3.01-1071 | 400-10"T | 3.80-1071 | 545-10~" [ 7.30-10" | 7.48. 107" |
Alg. 6 | 1.13-10° | 6.22-1072 | 1.25-10° | 2.29-107' | 1.64-10° | 4.72-10"1
Alg. 4 | 7.02-107F | 7.78-1071 | 1.49-1072 | 450-10~* | 1.99-10~' [ 1.03-107T
v=3 Alg. 5 | 1.08-10° [ 1.83-10 | 1.46-10"T | 4.18-107' [ 2.49-1071 | 476- 107" |
Alg. 6 | 2.08-10° 1.02-10° 1.03-10° | 1.78-1072 | 1.15-10° | 1.10-10°1
Alg. 4 | 5.83-10° X 4.69-107" | 2.41-1071 | 7.08-107% | 2.24-107*
v =10 Alg. 5 [ 7.20-10% X 1 6.68-10"1 | 1.07-10° | 5.50-1072 | 525-107" |
Alg. 6 | 9.36-10° X 1.71-10° | 2.74-107' | 9.67-10"" | 8.63-10"3
Alg. 4 X X 4.91-107 1.67 - 107 4.06 - 10T 1.48- 107
v=+oco Alg. 5 X X | '5.01-10' | 1.96-10" | 4.07-10' | 1.56-10'
Alg. 6 X x 5.74 - 10! 1.69 - 10t 4.18-10! 1.48 - 10t

Table 1: Median of the Rényi divergence RDy (T, gy, v, ) over 100 runs of K = 10° iteration. ”High d”
corresponds to d = 20, k, = 10 and "High x,” to d = 5, k; = 103. The symbol x denotes situations when
Equation (5.1) is not satisfied. For each target and each approximating family 7,%, we highlighted in bold
font the algorithm achieving the lowest value between Algorithm 5 and 6. The values obtained with the
idealized Algorithm 4 are indicated as a reference.
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We can observe on Table 1 that Algorithms 5 and 6 yield lower performance than Algorithm 4. However,
implementing this last algorithm is unrealistic in practice, as it needs samples from the escort of the target.
However, we can notice that, when v, # v, i.e., the approximating family does not match with the target,
the algorithms based on MALA are able to reach similar performance than Algorithm 4.

We see in Table 1 that Algorithm 6 outperforms Algorithm 5 on the high x, scenario, sometimes by one
or two orders of magnitude. This gain can be explained by the fact that Algorithm 6 better handles the
shape of the target. This indicates that as soon as the target may be poorly conditioned, it is best to turn
to Algorithm 6 instead of Algorithm 5.

On the other hand, the situation is reversed on the high d scenario, where the performance of Algorithm
6 decreases. This indicates that on high-dimensional and well-conditioned targets, it may be beneficial to
use Algorithm 5 instead of its scaled version, in Algorithm 6.

Finally, let us mention that when the algorithm matches the scenario, that is Algorithm 5 is used for
high d or Algorithm 6 is used for high k, it is especially important to choose v = v,. Indeed, this is when
we observe the biggest degradation if v # v,.

5.2 Maximum likelihood estimation with Student distributions

We consider now maximum likelihood problems of the form (Pyir) and (Pyrr wixt) over the Ad-exponential
family Q). We will work in the case where Q) is the Student family 7;‘1.

5.2.1 Online maximum likelihood with approximate proximal updates

We now consider a maximum likelihood estimation problem of the form (Pyrg). The approximating
family is hereagain the Student family, 7,. The samples processed for the maximum likelihood estimation
are also distributed following a Student distribution 7 € 7,%. Following [24], we consider an online setting,
where one sample is delivered at each iteration of the algorithm. We implement Algorithm 2 in this setting
and study how they approach the true maximum likelihood estimator, depending on the value of .

We assume that at every iteration k& € N one point z; ~ 7 is sampled. We implement Algorithm 2 and
apply, at each iteration, the operator P}{kz ’“}, with a single data point, namely xj, and we set 7, = %, ensuring
an averaging effect. In our setting, this leads to Algorithm 7.

Algorithm 7: Online algorithm to solve Problem (Pyr) on Student families.

Choose an approximating family 7, and initialize 1o and Y.

for k=0,... do
Using the new sample xy, update pgy1, X1 following

_ 1 k
He+1 = 5372k T 57 Mk (5.9)
Y1 = %kaxg + k%l(xk + Wy ) — Mk+1MkT+1-

As discussed in Section 4.3, Algorithm 7 cannot exactly recover the parameters (., 2 ) of the distribution
of the data points, even when k — 4o00. From Propositions 11 and 4, the sequence { (g, Xk) tren converges
to (i, X« ) satisfying p. = pr and X, = #53,, provided that v > 2.

We illustrate the behavior of Algorithm 7 by showing several runs of it, in dimension d = 1, with
v € {3,10}. This yields trajectories in the plane (u,0?). In the Gaussian case, recovered when v — +o0,
we have from Corollary 2 that ¢, = w. Trying different values of v allows to explore situations that are far
from the Gaussian setting when v = 3, or closer to it when v = 10. In the latter case, we expect a lower
mismatch between 7 and g¢,.
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(a) Plot of the log-likelihood of one trajectory of Algo- (b) Plot of 10 trajectories of Algorithm 7, with the point

rithm 7, with the log-likelihood of the true parameters (p«, 02) to which the trajectories converge and the point
in orange and the bound of Corollary 2 in red. (tors 072() encoding the distribution of the samples.
Figure 8: Plots of trajectories of Algorithm 7, initialized at yy = —2 and o3 = 10, in dimension d = 1, with

samples generated following 7 € 7,2, v = 3, with parameters (u,c2).

Figure 8 shows that the iterates {(ug,03)}ren generated by Algorithm 7 converge to the point (p,02),
which is different from the true parameters (u,,02). We can also observe in this figure that the log-likelihood
of the iterates gets very close to the one of 7. The bound on the sub-optimal log-likelihood, predicted by
Proposition 10 and Corollary 2, is satisfied by the iterates {(ux,07)}ren after a small number of iterations.
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(a) Plot of the log-likelihood of one trajectory of Algo- (b) Plot of 10 trajectories of Algorithm 7, with the point

rithm 7, with the log-likelihood of the true parameters (g, 02) to which the trajectories converge and the point
in orange and the bound of Corollary 2 in red. (fores U,%) encoding the distribution of the samples.
Figure 9: Plots of trajectories of Algorithm 7 initialized at pg = —2 and o3 = 10, in dimension d = 1, with

samples generated following 7 € 7,4, v = 10, with parameters (ji,,02).

Figure 9 considers a higher value of v. This setting is closer to the Gaussian case, reached in the limit
v — 400, for which our algorithm reaches the true distribution of the samples. We thus observe that in
Figure 9, the log-likelihood converge to the value of the log-likelihood of 7. This is in contrast with Figure
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8, in which we can observe gap. We again observe that the iterates converge to the point (p.,o?), which is
very close this time to the true parameters (pr,02). Compared to Figure 8 in the case v = 3, we see that
the bound predicted by Corollary 2 is reached from the first iterates, meaning that it is not a tight bound
for the log-likelihood of ¢,.

According to our theoretical results, Algorithm 7 converges to a sub-optimal solution of Problem (Py).
Such solution is very easy to implement and could be used to initialize a more complex but exact maximum
likelihood estimation algorithm [21, 4]. Moreover, the obtained sub-optimal solution has links with the
probability distribution that generated the data, as discussed in Section 4.3 and thus remains relevant for
computing exact maximum likelihood estimators.

5.2.2 Maximum likelihood estimation with mixtures using relaxed EM

We consider here a maximum likelihood estimation problem over a mixture of Student distributions,
that is, Problem (P g mixt) where Q) = Tyd. The samples are also considered to be distributed from a
mixture of Student distributions from 7,%, denoted by 7 such that = = ijl i, ;5. ;- We implement the
relaxed EM method described in Algorithm 3 in this particular case. The resulting scheme is summarized in
Algorithm 8. Algorithm 3 only requires to work with a A-exponential family satisfying Assumptions 1 and
2, so Algorithm 8 is a particular instance for a specific choice of family. We notice that Student distributions
benefit from specific properties that would also allow the design of exact EM algorithms [21], so we aim here
at illustrating as a proof of concept the use of our mixture-based algorithm.

Algorithm 8: A sub-optimal EM algorithm to solve Problem (Pyip,g-Mmixt) on Student families.

Choose an approximating family 7,2. Initialize Let uo; € R, 3o ; € S_‘f_Jr, and &y ; > 0 for
j=1,...,J such that ijl &, =1

for k=0,... do

For every j =1,...,J, define the function -y ; following Equation (4.20), and update the
parameters {1, and pgy1 5, Yr41,5 such that they satisfy

N
1
Eik+1 = N Z’mj(l‘i), (5.10)
i=1

N Vi,j (%)
;s = . 2 x
HE+1,5 lel Zf\/]=1 g (@) 0 (5 11)
» o ZN V(@) T T :
k+1,5 =1 5N (e Titi HE+1,5Hg41 5+

We illustrate the behavior of Algorithm 8 in dimension d = 2, with v € {3,10}. Note that a greater
value of v corresponds to a value of A\ closer to 0, in which case the approximate M-steps are closer to
being optimal (they are optimal for A = 0). We use N = 200 samples, from 7 = Z}I:1 §jlu. ;5. With
J =4. We use {5*4‘}}]:1 = {0.4,0.1,0.2,0.3}, with locations parameters i, 1 = (10,10) ", .o = (—10,10)7,
M3 = —fs,1, a0d fi4 4 = — 14 3. The shape matrices X, ;, 7 = 1,...J are constructed in th with condition
number £ = 10 following [34]. This is a controlled setting which allows to observe precisely the behavior
of Algorithm 8 (i.e., an instance of Algorithm 3). Algorithm 8 is initialized with mixture weights satisfying
&o=1/J for j =1,...,J, initial locations parameters u, o sampled from a normal distribution with zero
mean and covariance 10/ and shape parameters being ;¢ = 101 for j =1,...,J.

Figure 10 shows the performance of Algorithm 8 when mixture components are from 7,%, with v = 3. The
resulting mixture is able to identify the different components of the data-generating distribution 7 and to
achieve a significant increase in terms of log-likelihood from initialization. In this setting, the suboptimality
in solving the M-step of the EM algorithm is more pronounced, as the iterates generated by the algorithm
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cannot reach the log-likelihood achieved by the data-generating distribution. This is to be expected, as the
corresponding value of \ is far from A\ = 0 where the M-step is optimal.
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(a) Plot of the log-likelihood achieved by the iterates of ors denoting the component of the mixture from which
Algorithm 8, with the log-likelihood of data-generating they have been drawn. The level lines of the final distri-
distribution in orange. bution generated by Algorithm 8 are shown in grey.

Figure 10: Plot of the performance achieved by Algorithm 8 after X = 100 iterations in terms of log-
likelihood and graphical representation in the sample space, for mixtures of distributions in 7,¢, with v = 3
and d = 2.

Figure 11 shows the performance of Algorithm 8 when mixture components are from 7,4, with v = 10.
We observe that the proposed algorithm generates iterates whose log-likelihood matches the one of the data-
generating distribution. Indeed, this setting is closer to the case A = 0 where our algorithm solves the M-step
in the EM algorithm exactly, showing that the sub-optimality has no severe effect in this case.
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Figure 11: Plot of the performance achieved by Algorithm 8 after K = 100 iterations in terms of log-
likelihood and graphical representation in the sample space, for mixtures of distributions in 7:,‘1, with v = 10
and d = 2.

6 Conclusion

In this work, we have studied variational inference and maximum likelihood estimation problems over
the A-exponential family, and we have proposed algorithms to solve theses problems. Several known results
on the standard exponential family are retrieved as special cases.

First, we have shown that variational inference problems over the A-exponential family can be solved by
satisfying a generalized moment-matching condition that extends the existing one for the standard expo-
nential family. We have also proposed an iterative algorithm to solve this problem, which identifies with a
Bregman proximal algorithm in the particular case of the exponential family. The usefulness of our opti-
mality conditions and our algorithm is confirmed by numerical experiments on heavy-tailed targets. These
experiments show that the A-exponential family can be used to capture phenomenon that the standard
exponential family fails to represent.

Second, in maximum likelihood estimation problems, we exhibited sub-optimal solutions with a novel
algorithm converging to it. In the case of the exponential family, the solutions become optimal and the
algorithm reads again as a Bregman proximal algorithm. In the general case, our algorithm is quick and
easy to implement, as demonstrated through numerical experiments. For problems with mixtures, we also
proposed a relaxed EM algorithm that recovers the standard EM algorithm in the case of the exponential
family. An interesting line of research would be the combination of our algorithms, which leads to sub-optimal
solutions, with exact methods.

We achieved these results by extending convex analysis notions to a more general setting, replacing the
scalar product by a well-chosen non-linear coupling. By leveraging the specific structure of the problems
we consider, we have been able to exhibit optimality conditions and proximal-like algorithm using such
tools, which is one of the main novelties of our work. Extending our results and techniques to more general
problems, including other divergences and distances over probabilities, or more general couplings, related for
instance with elliptical distributions, seems to be an exciting area of research.
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A Proof of Proposition 3
Proof of Proposition 3. (i) Consider a distribution in 7, with location parameter p and scale matrix X.
Then we compute for any = € R? the following.

_vtd
2

s (14 2o =T - ) )

1 2 1 =N
2
o <1 + = 2y = ST+ zTElx)
v v v
vtd

1 Tz 2 v+d
14+ =p'nt 1 - - —ou T Tyt
o<< o M) ( +< V+d>< 2V(1+%MTE*1/~L)( por 2

and since p' @ = (u,z) and 2" S 1x = (X1, 22 "), we can identify that g, s = g9.
We can identify from the above that 7,% is an instance of the A-exponential family with A = —,%_d. Its
parameters are

_vtd
2

v+d v+d
h=—o >y Pyg=—— 3!
SRS VRIS )
In order to compute @), let us inverse the mapping u, 3 — 1, ¥2. First, we can easily compute that
w= —%192_1191. Now, we compute the intermediate quantity p' X~ 'x. Remark that

(A1)

2<V+d) Tz—l

I 910 = ————— . A2
1V V1 v+ MTZAH'U 1% (A.2)
Hence we deduce that 20 0)
Ty—1 vy +
v+p' % = . A3
s a 2(v +d) + 9{ 9319, (4.3)
From Equations (A.1) and (A.3), it comes that X~ = fmﬂz Summarizing our results, we
thus obtained ( ) —
1 2v+d)+9, 95 V1,4
= __ Y= ) A4
p=—505 "0, o 3 (A.4)
Finally, we turn to the computation of ). We can identify
v+d
det(¥) 2 1 1 7\ 2
¥) =—1 —— 14+ —uX
ea(9) 0g< Z +onET
1 d 1
=5 log det(X) + vt log (1 + V,uZluT) +1log(Z,)
d 2(v + d) + 9] V294 1 1 v+d 2(v +d)
= =1 —log det(—1 1 log Z,
20g< v g logdet(=0y ) + ——log | 5o g, ) T8

v+d

d 1
=-3 log(4v) + 5 log det(—v5 ') + log(2(v +d)) — g log(2(v + d) + 9] 95 191) + log Z,.

This shows in particular that dom ¢y (9) = {9 € R? x S¢_, 2(v + d) + 9] 95 91 > 0}, which is non-empty.
This shows that 7,¢ satisfies Assumption 1.
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(i7) We now turn to the study of the escort probabilities. We can compute for x € R? the following:

(a) 1 1 . . 704"454
4 5(x) = Z(a) 1+ ;(33 — )X (z = p)

_ (w+2)+d
2

1 1 v o\
=— |1+ —(z— » AN
A ( +u+2(z ’u)<u+2 > (@—=n)

We recognize that qu‘% is a Student distribution with v 4+ 2 > 2 degrees of freedom, location parameter
w1 and scale matrix —£53. Hence, we obtain that

v+2
4% (@) =
(U@ - -mT) =5 (56T
To show the bijection result, we show that the map (i, ¥) — (91,92) is a bijection between R x SLF

and dom ¢y. Consider u € R, ¥ € SiJr and 1,12 defined as in Equation (A.1). We can first remark that
91 € R? and that 9, € S?_. Using the result of Equation (A.2), we now compute

2(v+4d)
v+pTS

) _5 (A.5)

20V +d) + 9] 9510 = 2(v +d) — p' 2ty
_ 2v(v+d)
N
showing that ¥;,99 € domg,. Consider now 1,95 € dom ey, and pu, > as given by Equation (A.4). By
definition of dom ¢y, x € R and ¥ € SLF, showing the result.
We now compute the Rényi entropy of ¢, » € T4 for a =1 — X\ with A = —%ﬂl. By using similar steps
as above, we obtain

>0,

[N

1 1 v 2
Hq = 1 = Zypodet | ——=3 . A.
(9u.2) 1—a 8 (Z;}‘(detZ)z +20€ <V+2 ) ) (A.6)

(ii7) Consider ¥ € dom gy, and p € P(X,dz). Consider p, > € R? x SiJr given by Equation (A.4). We
can then compute

2
L+ A0, p (7)) = 1 = —————p! (@) TS +

-1, (« T
AT w2 PO, (AT)

v+ uTE 1y
which is defined if p(® has finite first and second order moments. Introducing the quantity V := p(a)((m —
p (@) (x —p@(2)T) = p(zzT) — p@(z)p®(z)T € S¢, we get for any ¥ € dom ) that

2

L+ A0, p (1)) =1 - mp(a)(x)TZ_lu M= tr(X71V)
1
(e) TE—I (e)
s = (z) =7 p'Y (2)
1
- - @ (N TSy — (@ ()T .
s (v @) = p @) (Y))
v
) ey

This shows that for any ¥ € dom ¢y, and p(® e P(X,dz) with finite first and second order moments,
the quantity cy(¢,p(®(T)) is in R. With the result of (ii), this shows that 7,%, seen as an instance of the
A-exponential family, satisfies Assumptions 2. O
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