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ABSTRACT

We propose a new parallel-in-time algorithm for solving optimal control problems constrained by
partial differential equations. Our approach, which is based on a deeper understanding of ParaExp,
considers an overlapping time-domain decomposition in which we combine the solution of homoge-
neous problems using exponential propagation with the local solutions of inhomogeneous problems.
The algorithm yields a linear system whose matrix-vector product can be fully performed in parallel.
We then propose a preconditioner to speed up the convergence of GMRES in the special cases of
the heat and wave equations. Numerical experiments are provided to illustrate the efficiency of our
preconditioners.

Keywords ParaExp Algorithm - Optimality systems - Preconditioning

1 Introduction

The efficient solution of optimal control problems constrained by time-dependent partial differential equations (PDEs)
has received much interest in recent decades, given its importance in applications and the increasing availability of
powerful modern computing clusters. The main computational challenges lie in the large amounts of data that must be
processed, the intensive computation required to simulate the underlying PDEs, and the optimization procedure needed
to determine the best control function. Parallel numerical algorithms, specifically those of the domain decomposition
type, are well suited for tackling these huge problems by subdividing them into manageable chunks that can be handled
simultaneously by many processors. Parallelism also has the obvious advantage of reducing the wall-clock time
required for finding the optimal solution, which is especially important for real-time applications.

There exists a rich literature on spatial domain decomposition methods for elliptic and initial value problems, see
[L7, 17, 112, [13]] and the references therein. There is also a growing literature in parallel-in-time methods, in multiple
processors solve the initial value problem on different parts of the time interval simultaneously; see [} 16]] for a survey
of these methods for initial value problems. Time parallelization can also be applied to optimal control problems, either
by decomposing the optimization problem directly [10, (14, |1} 8]], or by using a parallel-in-time method to solve the
forward and adjoint problems required by gradient computations [19].

In this paper, we focus on the efficient solution of linear-quadratic optimal control problems when a cheap exponential
integrator is available, i.e., when one is able to evaluate exp(tL) quickly for a linear operator £. For initial value
problems, the authors of [6] have used such integrators to construct a parallel-in-time method known as ParaExp. In
practice, many different methods can be used to evaluate exp(¢L), and the choice depends on the particular properties
of the operator £. In this paper, we show how similar ideas can be used to solve optimal control problems; we will
focus on the particular cases of the heat and wave equations, where specific approximations are used to construct the
preconditioner for solving for the optimal adjoint state.

The rest of the paper is organized in follows. We present our model optimal control problem in Section[2} The parallel-
in-time algorithm is defined in Section 3] where we show how computations from different parts of the time interval
can be performed in parallel. The algorithm yields a linear system whose matrix-vector product can be performed in
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parallel, but the system is generally ill-conditioned; a preconditioner is therefore needed to solve it efficiently using
iterative methods. Sectionf]is devoted to the construction of the preconditioner for two model problems, namely the
heat and wave equations. Numerical experiments are provided to illustrate the behaviour of these preconditioners.
Finally, we summarize and outline some future work in Section [5]

2 Linear optimal control problem

We consider the optimal control problem given by

1 s a [T 2
min & (D)~ vy + & [ o) e
0
subjectto  y(t) = Ly(t) +v(t), y(0) = yin, t € (0,T),

where « is a regularization parameter and y;,,, ¥, are the initial and target states respectively. The state function y
and the control v are defined from (0,7) to R",r € N*. The operator £ € R"*" is independent of the time variable.
Using the Lagrange multiplier approach (see e.g. the historical review [3]]), one can derive the forward and adjoint
problems to be )

{yzﬁy—i-z/ on (0,7), {)\:—ET)\ on (0,7T)
where the control v and adjoint state A are related by the algebraic equation \(¢) = av(¢) for all ¢ € (0,T). Eliminat-
ing v, the above system can also be written as

1 .
y=Ly——X\, A=-LTX on (0,7) (1)
«

with the initial and final condition y(0) = y;, and A(T") = y(T") — y,4 respectively.

3 Parallel-in-time algorithm

For a given L € N*, we consider the non-overlapping sub-intervals (Ty_1,7}),¢ =1,...,Lof (0,T) with T, = (AT
and AT = T /L. We define two sets of intermediate states (Y7)y=1,... 1, and (Ag)e=1.... 1, corresponding to approxi-
mations of the state y and the adjoint state A at times 77,...,77, . We now introduce a new parallelization idea for
solving (T)) inspired by the ParaExp algorithm [6], namely to decompose the ODEs into homogeneous and inhomo-
geneous parts. First, we consider the homogeneous sub-problems on A, which require the backward propagation of A
over each (Ty—1,7T) according to

Me(t) = —LTNo(t), Ne(TL) = Ap,on (Tp—1,T1), )
Next, we define the inhomogeneous part of the problem on y, given by
. 1
’(Ug(t) = Ewg(t) — a)\g(t), ’LUg(Tg_l) = 0, on (Tg_l,Tg), (3)

for/ =1,..., L. Note that the wy are solved with no initial conditions; they are instead carried by the homogeneous
sub-problems u, defined below, which perform the forward propagation of y over (Ty_1, Ty):

ﬂl(ﬁ) :E’ul(t)7 Uy (T()) = Yin, ON (To, TL)

ig(t) =Lu(t), ug(Ty) = we—1(Ty_y), on (Ter,Tp), @
for ¢ =2,..., L. Finally, Y, = y,(T}) is directly obtained by superposition principle
¢
Yo =wi(Ty) + Y u;j(Ty) on (Tp—1,Ty), £=1,...,L. (5)

j=1

Thus, for a given Ay, we have the following data dependency: the ), is independent of everything, w, depends only
on )\, as a source term, and u¢41 depends on wy for initial conditions. Moreover, the computation for different indices
¢ are independent. Thus, for L available processors, it is natural to assign g, wy and uy41 to the same processor for
{=1,...,L—1and \p,wy, and u; to the Lth processor, as shown in Figure Il As we only need y, at the interfaces
to recreate the optimal trajectory (3)), the only communication needed between processors are the values of « and w at
the interfaces T5.
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Let P, and Q, be the exponential propagators for u, and Ay, as defined by the homogeneous sub-problems (@) and (2).
(Even though £ is identical on each interval, we write the index ¢ explicitly to indicate the sub-interval on which the
propagation is performed.) Then the solution of () becomes

Ae(t) = Qu(t) - Ar, on (Tp—1,TL). (6)

Substituting (6) into (3) on (7,1, 7T) gives

. 1
we(t) = Lwe(t) — —Qe(t) - A, we(Te-1) =0. (7
A1 ug Ay Up41 AL uy
A \ A \
&%/—4 ————————————— 4—\7/—0 ————————————— O S ——
To AV T Te—1 Ny, T, Tr-1 Ty,
wi we wr,

Figure 1: Parallel distribution on the processors

Moreover, because wy(Ty—1) = 0 in (7)), a continuous solution of (7) is given by

1 t
we(t) = —— / e=LQ,(s)ds| - Ap.
@ To—1
Let R be the solution operator of wy on (Ty_1,T}), such that
1
’u}g(t) = —aRg(t) -Ap. (®)

Therefore, using (8), @) become
ur(t) =P1(t) - yin on (To,TL),

1 )
ug(t) = — EPZ(t) “Ro—1(To-1) - A, on (Ty—1,Ty).
Now, replacing (8) and (@) into (B) leads to
¢
1 1
Ye(t) = Pi(t) - yin — ~Re(T2) - Ar — — > Pi(Ty) - Rj1(Tj-1) - Ap, on (Ty—1,T).
j=2
Hence, the optimality system (I) in terms of Y; and A, becomes
‘
1 1
Yo = PuTy) - yin = ~Re(Te) - Ap = =3 Pi(Te)  Rj-a(Tjon) - Ar, £=1,..., L, (10)

j=2
with
AN=0QuTy) A, ¢=1,...,L—1.

We remark that each Y; depends on the same unknown A . Moreover, Y7, and Ay, satisfy the discrete final condition
of () given by

S ") (1)
It follows that, for £ = L, substituting (I0) into (TT) yields
M-AL+b=0, (12)
where b := y,;, — P1(TL) - yin, and
1 1<
M =1+ Ry (Ty) + — ;Pj(n) Ry (T_1).
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with I being the identity matrix. Note that M Ay contains a sum of terms, each one of which can be computed in
parallel over the sub-intervals [Ty_1,T;]. We remark that the problem of approximating P and R is non-trivial: for
small and medium sized dense matrices (r < 1000), various methods can be found in [15,[11] and [9]. For large sparse
matrices, however, the task is more challenging and frequently requires an understanding of the spectral properties of
the underlying operator £. One possibility proposed by [6] is projection-based methods: there, the authors claim that
“we clearly find that it is beneficial to use the Arnoldi method rather than a time-stepping method for the propagation
of the linear homogeneous problems. Note that the difference between the projection and time-stepping methods gets
large for high accuracy,” meaning that the Arnoldi method can produce accurate approximations efficiently.

It remains to solve the linear system (12) using an iterative method, e.g. GMRES. Since the matrix M is generally
ill-conditioned, an appropriate preconditioner is needed, which we will construct in the next section for the heat and
wave equations.

4 Preconditioner design

4.1 Heat equation case

In this section, we propose a preconditioner P~ for the heat equation to speed up the convergence of (12) in GMRES.
Our approach is inspired by the work in the Master’s thesis [18]], where the author derived a preconditioner based the
behaviour of £ at low and high frequencies. Let us consider the heat equation given by

y=Ay+wv, on Qx(0,T), (13)

with y(z,0) = vy (x) on Q. We consider the 1D case where 2 = (0, 1) with Dirichlet boundary conditions y(0,t) =
y(1,¢t) = 0,t € (0,T) with T > 1. Then, a semi-discretization in space of (T3] using finite differences leads the
following ODE system

§(t) = Ly(t) + v(t), y(0) = yin, t € (0,T), (14)
where y(t), yo, ¥(t) € R" with r being the number of unknowns in space and £ being the discretization of A in space.
Since £ is symmetric (£ = L), the optimality system () becomes

1 .
y:z:y—EA, A= —L), (15)

with y(O) = Yin and )‘(T) = y(T) — Yig-

We now consider the eigenvalue decomposition £ = QDQ”, where D is a diagonal matrix with the eigenvalues of £
and (@ a unitary matrix. The transformation y(t) — Q7 - y(¢) and A(t) — QT - A(t) allows us to diagonalize (T5)
to obtain scalar equations of the form

i(0) = oy(t) = A1), A(0) = —o(1), t€(0.7) (16)

with y(¢), A(¥) € R and o an eigenvalue of £, which is real and negative. From (16)), it is easy to see that A\(t) =
e T=O\(T) and
1 t
y(t) = e yin — —/ e” =)\ (s)ds.
@ Jo
Substituting A(t) into y(t) gives

1 t
y(t) = Eatym - *QG(TH) (/ 6205d8> A(T)
«@ 0

Evaluating y at ¢ = T" and inserting the result into the final condition A\(T") = y(T") — y:4 of (16) (where Ap, = A\(T)),
we get

FO)AL = " Yin — Yy, amn
where f(o) :=1+ (e**T — 1) /2a0.
Note that f(o) is an eigenvalue of M whenever o is an eigenvalue of £. Thus, if Sp(L) = {0;,j = 1,...,r} is the

discrete approximation of the continuous eigenvalues of A given by —j272, then f (0j) ~1—-1/2a0;,j=1,...,r,
so that Qf(D)Q" ~ (I — 5=L~"). Hence, we propose the following preconditioner

-1 _i -1
Mt =L(L 2@1) , (13)
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where I is the identity matrix. Each application of M~ thus requires the solution of the elliptic problem (£ — é[ Yo =

f, which is cheaper in terms of numerical computing cost than the inverse of the full matrix M.

To understand the behaviour of GMRES applied to the preconditioned system, we prove the following result.

Theorem 4.1. Let N be given and Ry be approximated using implicit Euler with N fine sub-intervals over each
[Ty_1,Ty). Then any eigenvalue i of MM ™! satisfies

ot
l<pu<l+Z, (19)
!
where 6t = T/LN.
Proof. By definition, R (T}) for (I6) is given by
Te
Re(Ty) = e(T+T4)/ e 27%ds.
Te—1
Then, the discrete form of R,(7}) using implicit Euler reads
N
RZ(Té) _ (;te(TJrTz*QTz—l)U Z 672m76t7
n=1
so that,
S(AT—st)o (L-0)aTs (€ 22T7 =1
Next, from (5), we have
YL=7>1(T)-ym— AL——ZP T;1)AL. 1)

Since Py(T) = eT=Te-1)7 = (L=+1)AT7 e obtain using ([20) that

V. _oLATe ot 2AT—51)0 e 28T 1 et -1 A
L=¢ Yin a e—20to _ 1 e2ATo _ | L

ot (1 —e?Te
___LAT o
=€ 7 Yin o (1 — 626t6> AL-
2

Inserting Y7, into Ay, = Y7, — yyg yields fsi(0)AL = €T 7yin — yig, where fsi(0) := 1+ % (%) Note that for
o € Sp(L), fs:(o) is eigenvalue of M.

The largest eigenvalue of £ as function of 7 is given by oy (1) = —4(r + 1)? sin (2( +1)) r > 1 (see [2]]). Then, we

have
o) = =8+ 1 (57 ) [0 (55 5my) 357 > (e m) )

Note that 2(r+1) € (0, 7] since r > 1. Then, using the fact that tan — 6 > 0,1i.e.,sin — 6 cosf > 0for0 <6 < T,
we conclude that o () < 0. Hence, o1 (r) is decreasing as r increases and the maximum of o () forr > 1 is —8.
Now, let consider o(c) = f5:(0)f (o) for ¢ < —8. Then, we have ¥p(z) — 1 = ¢(0)/(2ac — 1)(1 — €2°7),
where () = 206t(1 — €277) + (1 — ?9%). Next, /(o) = 20t(1 — €2°7) — 26t(20T + 1)e?T? > 0, since
(20T 4 1) < 0. Moreover, p(—8) = —166t(1 — e~167) 4 (1 — e716%) < ( for 6t > 0 then, p(c) < 0. It follows
that, ¥o(0) — 1 > 0, i.e., Pg(o) > 1.
Next, since fs¢(o) > 0, let fs5:(0) < f§,(0) =1+ W and ¥(o) := f$,(o)f (o) for 0 € (—00,0). The
derivative of 1 is given by ¢’ (0) = 11 (0) /a(20ta — 1)2(1 — €297)2 | where

V1(0) == —2a(1 — €2°17)2 — §t(1 — €2°19) + 46120 (200 — 1)e*°1°.

Moreover, ¥} (o) = 85te?%71y(0), where ¢p(0) = a(l — €2%7) 4 o6t?(2a0 — 1) + 2adto. Also, Yl (o) =
4adt?(1 — €27) > 0 and ¥4(0) = —6t2 < 0 then (o) < 0. Since 15(0) = 0, 12(c) > 0 which implies that
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(o) > 0. And, since ¢1(0) = 0, ¥1(0) < 0 and then 9'(c) < 0.Hence, 1 is decreasing in (—o0, 0) and tends to
1+ 6t/acas o tends to —oo, such that ¢(o) < 1 + %.

Now, the quantity 1o(c) is the eigenvalue of M M1 associated to the fixed o € Sp(L). Then we have 1 < ¢y(0) <
Y(o) <14 %, which concludes the proof. O

Remark 1. Note that M~ is derived from the continuous form of M. Therefore, we expect the preconditioner to be
more efficient for a high-order approximation of R, than for a lower order one.

Analogously, we can also easily prove that is efficient for when the boundary condition of the Laplacian in
(13) is Dirichlet-Neumann in 1D or Dirichlet-Dirichlet boundary condition in 2D.

In our numerical test, we use the example studied in [4]]: we set T = 1, L = 10, r = 100, y;,(z) = exp(—100(z —
1/2)?) and y;g(z) = § exp(—100(z—1/4)?)+% (—100(x—3/4)?) with Dirichlet boundary conditions. We use Matlab
R2021b as our numerical environment. The operator P, is computed by the Matlab function expm. As £ is full rank,
expm(L) computes the approximations Q of Q and D of D then approximates exp(£) by Q exp(D)Q”. Moreover,
to get Ry, we use two quadrature formulas. The first one is Implicit Euler and the second is the Singly Diagonal
Implicit Runge-Kutta (SDIRK) method of order 3, whose stages and weights are ¢ = [1/2 + /3/6,1/2 — 1/3/6] and
d = [1/2,1/2] respectively.

First, we investigate the numerical behavior of the upper bound in (T9) and the maximal eigenvalue 7,4, of M P~!
for various N = 100k, k = 1,...,10, i.e., 6t = 1/N and fixed @ = 10~* with only Implicit Euler for getting R,.
The result is shown in Fig. 2] wherein the upper bound in (T9) follows efficiently the evolution of o, for various d¢.
So, (T9) provides a efficient estimation of the upped bound of the eigenvalues of M P~ 1.

Next, we investigate the convergence speed of the linear system (T2) in GMRES for N = 1000 and o = {10=%,1076}.
We use for this instance the function gmres in Matlab with restart=1, tol=1e-8 and maxit=500.

For & = 10—, the result is shown in Table We observe that for solving @]), GMRES without preconditioner
reaches 500 iterations without satisfying the tolerance for both quadrature formulas. Moreover, the eigenvalues of M
for both quadrature formulas lie in (1, 500). But, for the preconditioned case, when SDIRK is used, GMRES reaches
the tolerance with only 2 iterations, and 9 iterations for Implicit Euler case.

. .
10 [—— Cmaz of MP1 ,
— ¢ —Upper bound in (19)

. of MP~!

Tma.

L L L
0.0001 0.000167 0.00025 0.0005 0.001
ot

Figure 2: The maximal eigenvalue of M M~ and the upper bound in for various 6t when o = 10~%.

For o = 1079, the result is shown in Table We observe that GMRES without preconditioner reaches 500 iterations
without satisfying the tolerance for both quadrature formulas. Moreover, the eigenvalues of M increase compare to
the ones in @ = 104 case. Besides, for the preconditioned system when SDIRK is used GMRES convergence in 4
iterations whereas for Implicit Euler, 44 iterations.

Furthermore, for both Tables [T and [2] we observe that GMRES for the preconditioned system for SDIRK case con-
vergences faster than the Implicit Euler case. This follows from Remark [I] because the order of SDIRK is 3 higher
than the order 1 of Implicit Euler. We also observe that the maximal eigenvalue of M M~ for Implicit Euler method

is less than for SDIRK, meaning that the upper bound in (T9) can be lower for high order methods than for Implicit
Euler.
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Table 1: GMRES for solving (T2) for a = 107%.

Matrix M
Schemes  0,,in  Omaz Nbrlters Residuals
Euler 20  4.9e2 500 1.3e-8

SDIRK 1.08  4.9¢2 500 4.08e-7

Preconditioned matrix M P~1
Schemes  0,,in  Omaz Nbrlters Residuals

Euler 1.0 1.78 9 7.7e-9
SDIRK 0.97 1.0 2 9.64¢e-9

Table 2: GMRES for solving (12) for « = 1076.

Matrix M
Schemes 0,,;n  Omaes  Nbrlters Residuals
Euler le2 4.97e4 500 1.08e-6
SDIRK 9.68 4.96e4 500 4.2e-5

Preconditioned matrix M P!
Schemes 0,5,  Omar Nbrlters Residuals

Euler 1.0 7.76 44 8.37e-9
SDIRK 0.74 1.0 4 7.31e-9

Finally, one can use an explicit method as quadrature formula to approximate R, as long as a CFL condition is
satisfied, just like in the implicit method case.

4.2 Wave equation case

We now consider the optimal control problem constrained by the 1D wave equation given by

uge = Au+ v, on (0,1) x (0,7), (22)
with u(z, 0) = ug(z), u(z,0) = 0,2 € (0,1). We can rewrite (22)) as the ODE system
g = Ly + B, (23)

with
u 0 I 0
y{ut}’L{A O]andB[I].

For simplicity, we will consider homogeneous Dirichlet boundary conditions in space. In order to derive a precon-
ditioner for the system (12), we will again look to the continuous problem. Since £ is no longer symmetric, the
continuous analogue of M takes the form

1 T
M:=1+ a/ exp(sL)BBT exp(sLT) ds.
0
Let us evaluate this integral. First note that
s? 0, 5

Introducing the notation A = —A, we see that

A 0 A 0

2 _ _ — _
e=|5 8)=-0 4=

is a symmetric negative definite matrix, so we can write
2

e (1S40 Ep (-S4 s e
= (I = G At A e L= p A AT

= cos(sAY?) 4 sLsinc(sA?),
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where sinc(z) = sin(x)/x is the sinc function and .A'/? is the symmetric square root of A (i.e., a symmetric matrix
with positive eigenvalues whose square is .A). This leads to

e LBBT " = [cos(sAY?) + sLsinc(sAY2)] - B - BT - [cos(sAY?) + s sinc(s.AY/2)LT].
By direct calculation and using zsinc(zA'/2) = A=1/2sin(xA'/?), we obtain

ccwste = 600 )

where
C11(s) = A7 sin?(sAY?),
Cia(s) = A71/2 cos(sAY/?) sin(sAY?),
Car(s) = (712( );

Caa(s) = cos?(sAY/?).
We can now integrate these coefficients to obtain

1 T
I+ —/ BB e ds = M = {M“ M”} ,
@ Jo

M21 M22

where
T, 1 1/2
M11 = I+ —A - —A SlH(?TA ),
2« 4o

1
My = 471471(1 — cos(2T AY/?)),
Q
Mz, = M,
Mas = (1 4+ —)T + = A1/ gin(2741/2)
22 2c dov '
To use M as a preconditioner, we must calculate M. Since all the M;; are square and they all commute, we have

D71M22 7D71M12

M= - _
—~D My, D My,

with D = M1 My — My3Ms,. Of course we do not want to compute square roots and trigonometric functions
of A; to approximate the blocks of M ™!, we again study their symbols, i.e., the functions obtained by replacing A
by a scalar o > 0 (this is equivalent to diagonalizing the blocks and studying their eigenvalues as a function of the
eigenvalues of A). Since o is an approximation of k272, k = 1,2, ..., we observe that for highest frequencies o,

e D~ (20 + T)AH (TI + 2aA);

DMy & (1 - ik | T

e D7 Mo = D7 My =~ 0;
o D" Mgy~ I — (T +2aA)™"

These observations lead us to approximate M ~! by a block diagonal matrix M1 of the form

(al +bA)71 0

—
M =1 0 cl|’

(24)

where a = T, b = 2« and finally ¢ = 1/(2« + T'). Each application of the preconditioner therefore involves only one
solution of the elliptic problem (al 4+ bA)v = f, just like for the heat equation.

In our numerical experiment, we take T = 2.3, ug(z) = exp(—100(x — 1/2)?), so that y;, = (uo(z),0) and
Yig(x) = [($exp(—100(z — 1/4)%) + 3(—100(z — 3/4)?), 0]. We set L = 10,7 = 100, and we use the same
Matlab functions for computing R, and P;.

Let us investigate the convergence speed of the linear system (12) in GMRES for N = 1000. We use for this instance
the function gmres in Matlab with restart=[], tol=1e-8 and maxit=size (M, 1). The results are shown in Table
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Table 3: GMRES for solving (T2) involved @3) for a = 107°.

Matrix M
Schemes cond(M) Nbrlters Residuals
Euler 3.8¢e4 60 9.85e-10
SDIRK 3.8e4 60 9.85e-10

Preconditioned matrix M P~1

Schemes cond(MP~1) Nbrlters Residuals
Euler 2.59 4 3.33e-14
SDIRK 2.59 4 3.31e-14

where we observe that (I2)) converges in 84 iterations for both quadrature formulas and o = 1075 whereas the
preconditioned one converges in only 4 iterations.

Unlike for the heat equation, the high order of SDIRK does not improve the convergence speed for preconditioned
and unpreconditioned system compare to Implicit Euler. Nonetheless, even for N € {100, ...,1000} the number of
iterations in GMRES for the preconditioned system remains the same whether for SDIRK or Implicit Euler.

These results show that for fixed r, the discretization parameters in time do not really change the behaviour of the con-
vergence of (I2) in GMRES. We also observe that when r increases, the number of iterations of the unpreconditioned

Table 4: GMRES for solving involved with Implicit Euler with o = 107 for various r.

r  cond(M) Nbrlters cond(MP~1) Nbr lters

10 4.83e2 10 247 5
50 1.03e4 41 2.59 4
150 7.75e4 76 2.81 3
250 1.68e5 92 2.53 3
350  2.48e5 104 2.49 3

system increases whereas the number of iterations of the preconditioned system decreases. The results are shown in
Table[d]

Table 5: GMRES for solving (I2)) involved (23) with Implicit Euler for various «.

a cond(M) Nbrlters cond(MP~1) Nbr Iters

le-5 2.26e4 52 241 3
le-4  4.48e3 34 1.64 3
le-3 4.98e2 20 1.09 3
le-2  5.12el 13 1.01 3
le-1 6.03 9 1.01 3
1e0 1.5 6 1.0 3
lel 1.05 4 1.0 2

Finally, in TableEl, we observe that when « increases, our preconditioner remains efficient.

5 Conclusion

We introduced a new time parallel algorithm for time dependent linear quadratic optimal control problem when a
cheap exponential integrator is available. We proposed two preconditioners to solves efficiently the linear equation
that comes from the algorithm on the particular cases of heat and wave equations respectively.

We are currently working the behavior of the preconditioner when an explicit method is used to obtain M, while
respecting the CFL condition to better understand the impact of the use of explicit and implicit methods for solving
(23). Finally, we are studying the optimal control problem involving the wave equation with boundary control in one
and several dimensions.
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