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Abstract
Analysis of non-Euclidean data such as graphs and trees requires (specific) mathematical
machinery due to their less-rich structure when compared to Euclidean spaces or smooth
Riemannian manifolds. These spaces can still leverage the rich structure of the latter. For
example, graph space results from quotienting out matrices endowed with the Frobenius
metric by the permutation group, Billera–Holmes–Vogtmann (BHV) space strata are Eu-
clidean, and wald space is embedded in the space of symmetric positive definite (SPD)
matrices. We present a Python package for the analysis of data living in geodesic metric
spaces – topological spaces equipped with a metric and a geodesic function where the
metric is the length of the shortest geodesic joining two points. We describe the package
structure, based on a point, a point set, and a metric built using geodesic metric space
theory, and we provide three implementation examples. The package is implemented as
a plug-in of the Geomstats Python package, allowing users to access and adapt the avail-
able geometrical and data analysis tools for strongly non-Euclidean data in a theoretically
consistent way. The code is unit-tested and documented.
Keywords: geodesic metric spaces; BHV space; tree-valued data; graph-valued data;
geometric data analysis.

1. Introduction

The analysis of non-Euclidean data such as trees and graphs has gathered scientific atten-
tion in the last years (Marron and Dryden, 2021; Calissano et al., 2024a; Billera et al., 2001;
Garba et al., 2021; Severn et al., 2021; Huckemann and Eltzner, 2021). These data types
are relevant to several applications: for example brain connectivity (Simpson et al., 2013;
Durante et al., 2017; Ginestet et al., 2017; Calissano et al., 2024b), mobility (von Ferber
et al., 2009), airlines trees (Feragen et al., 2013), and phylogenetics (Billera et al., 2001;
Garba et al., 2021; Lueg et al., 2024). These data types are referred to as strongly non-
Euclidean or beyond manifold data types (Marron and Dryden, 2021). To analyse such
data, the majority of the methods relies on the theory of geodesic metric spaces, as the
smooth or Riemannian manifold tools are not or only locally available. Geodesic metric
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spaces are spaces with length minimizing geodesics well defined everywhere and a metric -
i.e., a distance function - obtained by computing the length of such geodesics (Bridson and
Haefliger, 1999). Common examples of geodesic metric spaces are non-manifold quotient
spaces (i.e., quotient spaces without a well-defined tangent space), and stratified spaces
(i.e., union of compatibly glued manifolds of potentially different dimensions, cf. Mather
(1973)). Geodesic metric spaces have been used as a geometric embedding for the analysis
of matrices, graphs, and trees (see Feragen and Nye (2020) for an overview). Within such
spaces, a plethora of methods have been developed: for example principal component
analysis (Wang and Marron, 2007; Feragen et al., 2011), and regression methods (Calis-
sano et al., 2022; Severn et al., 2021; Petersen and Müller, 2019).

While many different implementations have been proposed in the context of manifolds,
the implementation of geometrical frameworks and learning methods for geodesic metric
spaces is scattered and undeveloped compared to the theory. Even if there exist many
different packages for the analysis and the visualization of a single non-Euclidean datum
such as a graph or a tree (EasyGraph (Aldridge, 2023), Networkx (Hagberg and Conway,
2020), iGraph (Csardi et al., 2006), nograph (Helmut, 2023), treelib (Xiaming, 2023), rust-
workx (Treinish et al., 2021), Scikit-network (Bonald et al., 2020) ), none of these packages
offer a framework for the analysis of sets of such non-Euclidean data. To the best of our
knowledge, the only package implementing methods for sets of graphs is Graspy (Chung
et al., 2019), offering different alignment procedure for graphs.

We propose a module providing flexible abstract classes for the implementation of
existing and novel geodesic metric spaces – including embeddings, stratified spaces, and
quotient spaces. Such implementation can then be used within geometrical and learning
methods requiring the notion of distance and/or geodesics. The module is implemented
within Geomstats Python package and takes advantage - when possible - of the available
manifold and statistical methods, i.e. both geometry and learning.

2. Theoretical Background: Geodesic Metric Spaces

Let (X ,d) be a metric space, containing data objects x ∈ X , where x might not have a trivial
representation as a vector or a matrix. Each metric space induces an intrinsic metric d∗

(or length metric), where the induced intrinsic distance d∗(x,y) for two points x,y ∈ X is
the infimum over the length of all continuous paths connecting x and y (cf. Bridson and
Haefliger (1999)); and if d = d∗, then (X ,d) is called a length metric space. Given two
points x,y ∈ X , a minimizing geodesic is a map c : [0, l] ⊂ R→ X such that x = c(0), y =
c(l) and d(c(t′), c(t)) = |t′ − t| for all t, t′ ∈ [0, l]. A metric space (X ,d) is called geodesic
metric space if there every two points are joined by a geodesic; and one can show that
each geodesic metric space is a length metric space. In contrast to the manifold setting,
the definition of geodesic is not based on linear local approximation of the space via the
tangent space, making geodesic metric spaces more general. A length metric space is often
required for data analysis in metric spaces (e.g. computation of Fréchet means (Sturm,
2023)). In Figure 1, we give a visual example of the sphere (left), where the length metric
is the intrinsic metric induced by the ambient Euclidean distance, and the tripod (right),
a simple example of stratified space, where the metric and geodesics are defined through
the union of segments on the strata (i.e., the rays).
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Figure 1: Length metric on a sphere and on the spider.

3. Package structure

We propose an abstract framework for the implementation of geodesic metric spaces to
handle non-Euclidean data types (see Figure 2 for details). The structure consists of the
following elements: (1) x: a data point representation, (2) X : a point set, (3) γ : X →
R: a geodesic function - by default parametrized between [0,1], (3) dX : X × X → R: a
point set metric, by default obtained by computing the length of the shortest geodesic. We
describe and implement three examples taking full advantage of the new structure and the
existing objects in Geomstats and thereby cover three types of mathematical structures in
the literature: stratified spaces, quotient spaces, and general embeddings.

PointSet

belongs

random point

PointSetMetric

dist

geodesic

StratifiedPointSet
EmbeddedPointSet

lift

Manifold

QuotientPointSet

QuotientMetric

ManifoldGroupAction

Aligner

align

ProjectionInducedMetric

projection

Figure 2: Implementation of geodesic metric spaces in Geomstats. (open triangle: inheri-
tance)

Stratified spaces are spaces obtained by gluing together smooth manifolds of varying
dimension (see Pflaum (2001) for a formal definition). Stratified spaces appear in many
different applications: trees (Billera et al., 2001), graphs (Kolaczyk et al., 2020b), persistent
diagrams (Turner et al., 2014), positive semi-definite matrices (Thanwerdas and Pennec,
2021; Takatsu, 2011).

Example 1 BHV Space (Billera et al., 2001) is the seminal embedding for tree data. Consider
the BHV space for rooted trees with n leaves: (1) x: the tree representation by splits and internal
edge lengths;(2)X : the point set consisting of (2n−3)!! copied of Euclidean orthants of dimension
n − 2; (3) γ : X → R the geodesic function computed as in Owen and Provan (2010); (4)
dX : X ×X →R the point set metric obtained by computing the length of the shortest geodesic.

Quotient spaces can be obtained by applying a group action G to a smooth manifold
M, often referred to as orbit spaces (Lee et al., 2017). If the action is not proper or free
the resulting space is not a manifold, but it is a geodesic metric space. Examples are
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graph space (Calissano et al., 2024a; Jain and Obermayer, 2009) and shape spaces (Kendall,
1984).

Example 2 Graph Space is a space introduced to study node unlabeled graphs (Calissano et al.,
2024a; Kolaczyk et al., 2020a; Jain and Obermayer, 2009). Every weighted directed graph G
is represented as a weighted adjacency matrix R

n×n. Then, a permutation action is applied to
the nodes of the graph, resulting in a natural embedding for graphs with no node labels. It is a
discrete quotient space, but it is not a manifold. The child structure is: (1) x: an adjacency matrix
representing a graph with n nodes; (2) X = R

n×n/P, where R
n×n is the total space and P is the

set of permutation matrices acting by conjugation. Every point in the space is an equivalence
class [x] = {pxpt : p ∈ P}; (3) γ : X → R the geodesic function computed using an aligner
map between a([x], [y]) = (x,y). The aligner spans the discrete equivalence classes and returns
optimally aligned adjacency matrices based on total space metric; (4) dX : X ×X → R point set
metric computed between aligned graphs and corresponding to length minimizing geodesics.

A topological spaceX which can be embedded into an ambient spaceM via an injective
continuous map (an embedding) µ : X ↪→M is called an embedded space. A simple exam-
ple is the sphere S2 embedded in R

3. The implementation of these spaces takes particular
advantage of selectingM among the available manifolds in Geomstats.

Example 3 Wald space was introduced for the analysis of phylogenetic trees, embedding forests
(i.e., trees allowing for isolated leaves) into the space of positive definite matrices of dimension n -
Sym+

n (Garba et al., 2021; Lueg et al., 2024). The child structure is: (1) x a forest with n leaves;
(2) X the set of forests; (3) γ : X → R the geodesic function computed using the embedding
µ : X → Sym+

n . The ambient space Sym+
n can be equipped with different metrics and geodesics

available in Geomstats; (4) dX : X ×X → R point set metric computed using the map and the
ambient space metric.

4. Example of usage

As an example of implementation, we select the BHV space (Billera et al., 2001), as the
most well known metric space for set of phylogenetic trees.

# c r e a t e points
e1 = S p l i t ( ( 0 , 3 , 4 ) , ( 1 , 2 ) )
e2 = S p l i t ( ( 0 , 4 ) , ( 1 , 2 , 3 ) )
e3 = S p l i t ( ( 0 , 1 , 4 ) , ( 2 , 3 ) )
point 1 = Tree ( s p l i t s =[e1 , e2 ] , lengths=gs . array ( [ 1 . , 0 . 5 ] ) )
point 2 = Tree ( s p l i t s =[e1 , e3 ] , lengths=gs . array ( [ 2 . , 1 . 5 ] ) )
# i n s t a n t i a t e the space
space = TreeSpace ( n l a b e l s =5 , equip=False )
space . equip with metr ic ( BHVMetric )
# compute dis tance
space . metric . d i s t ( point 1 , point 2 )
# f ind geodesic
geodes ic func = space . metric . geodes ic ( point 2 , point 3 )
t = gs . array ( [ 0 . 2 , 0 . 5 ] )
geod points = geodes ic func ( t )
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