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The inverse kinematics of cable-driven
parallel robot with more than 6
sagging cables

Part 1: from ideal to sagging cables

J-P. Merlet

Abstract A cable-driven parallel robot (CDPR) has n cables whose lengths
are used to control the pose of the platform. We assume here that n > 6
and that the cables have elasticity and mass i.e. are sagging cables. In that
case the inverse kinematics (IK, i.e. finding the cable lengths to reach a
given platform pose) has usually an infinite number of solutions. It is then
common to look for an IK solution that satisfies some optimality condition
usually related to the cable tensions i.e. solving a very difficult constrained
optimization problem as sagging cables leads to highly non linear constraints.
To the best of the author knowledge this issue has never been addressed and
we propose an algorithm for solving the IK without guaranteeing to obtain
the minimum of the optimality criterion. Unfortunately it is time consuming
with about 5 to 46 minutes of solving time for a CDPR with 8 cables.

1 Introduction

Cable-driven parallel robot (CDPR) are using cables going through a fixed
point A; in space and ending at a point B; on the platform. A winching
mechanism (either a rotary winch or one using linear actuators) allows one
to modify the lengths of the cable. For a CDPR with at least 6 cables an
appropriate adjustment of the cable lengths allows for the control of the 6
d.o.f of the platform.

Statics plays an essential role on the workspace of a CDPR because cable
can only pull. A direct consequence is that the projection of the platform
on the ground roughly cannot be outside the convex hull of the projection
of the A; points on the ground, the vertical limit being ruled by the mini-
mal/maximal length /tension of the cables. Consequently it may be interesting
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to have more than 6 cables for increasing the CDPR workspace. Beside the
workspace key elements for the control are its inverse kinematics (IK) and
direct kinematics (DK) which respectively consists in determining the cable
lengths for a given pose and determining the platform poses for given cable
lengths. In this paper we will focus on the IK problem and use as example
the spatial CDPR Cogiro with 8 cables. For this robot the locations of the
A; points in a reference frame and the B; in the mobile frame are provided
in table 1.

Ay Ao As Ay As Ag Az Ag
-7.17512|-7.31591(-7.30285| 7.18206 |-7.16098| 7.32331 | 7.30156 | 7.16129
-5.24398(-5.10296| 5.23598 | 5.3476 | 5.37281 | 5.20584 |-5.13255|-5.26946
5.46246 | 5.47222 | 5.47615 | 5.4883 | 5.48539|5.49903 | 5.489 |5.49707

By Bs B3 By Bs Bg By Bsg
0.50321 [-0.50974(-0.50321|-0.50321| 0.49607 | 0.49964 | 0.50209 |-0.50454
-0.49283( 0.35090 | -0.2699 | 0.49283 | 0.35562 |-0.34028| 0.2749 |-0.34629
4 0 0.99753 0 0 0.99954 | 0.99918 |-0.00062| 0.99752

Table 1 Coordinates of the A;, B; points of the considered CDPR
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The equations governing the kinematics can be classified into two categories:

1. geometric in a broad sense: they provide the relationships between the
cable lengths and the platform pose

2. statics: to establish the relationships between the cable tensions and plat-
form pose to obtain mechanical equilibrium

Cable modeling plays an essential role for both categories and we will consider
two models: ideal (no cable mass and no elasticity) and sagging (cable with
mass and elasticity). IK plays a relatively minor role in control as it is used
mostly for pick and place tasks which require only off-line calculation. At the
opposite IK plays a major role in CDPR analysis and optimization e.g. to
determine the CDPR workspace or to determine the maximal cable tensions
over a given workspace determined by bounds on the generalized coordinates
of the platform. These types of problem have been solved when assuming
ideal cables but are much more complex to deal with for sagging cables. In
that case we may have to resort to a discretization of the workspace, solving
the IK in numerous poses to obtain an approximate result, which implies that
the IK solving should be very fast.

2 Inverse kinematics with ideal cables

We define a reference frame such that its z axis is the local vertical and
the z,y axis are horizontal. The pose of the platform will be defined by the 3
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coordinates in the reference frame of its center of mass G while its orientation
will classically be defined by 3 angles (we are using the roll/pitch/yaw angles).
For a CDPR with n ideal cables the cables lengths for reaching a given
pose is directly the distances between the A; and B; points. The coordinates
of the B; points in the reference frame are obtained directly from the pose
parameters X. However we have to consider two important factors:

1. the mechanical equilibrium condition provides 6 linear equations while we
have as unknowns the n tensions 7 in the cables. If n > 6 we have therefore
an underconstrained system with possibly an infinite number of solutions.
We have thus to define an optimality condition for determining a single
IK solution being given the constraint that all the 7 must be positive as
a cable can only pull and cannot push. The is the classical problem of
tension distribution that has been addressed in numerous papers [1, 2, 3,
4,6, 7,8, 10, 14, 16, 18, 19].

2. in practice it is almost impossible to ensure that all n cables are under
tension. Indeed to be under tension each cable length must be exactly
the distance between the A;, B; points. If a cable length is greater than
this distance, then the cable will be slack and its tension equal to 0 while
if the length is shorter than the distance, then the platform will be in a
pose that differs from the prescribed one

For point 1 we assume in this paper that the optimality criterion is to mini-
mize the norm of the 7 vector (i.e. a single number) and the Maple Minimize
function is able to solve this optimization problem under the linear constraints
of the mechanical equilibrium condition The choice of this optimality con-
dition is arbitrary and any other condition may be used as soon as it is
continuous.

However point 2 emphasizes that the solution obtained in point 1 cannot
be put in practice unless there is at most 6 cables under tension. Therefore
to get an overview of the IK solution we will consider the optimality problem
for m € [1,8] cables under tension and all possible combinations of cables
under tension. Note that for some combinations with m < 6 we may not find
a solution with positive tension but when a solution is found we may enforce
it as slack cables may be obtained just by having their lengths being much
larger than the distances between the A;, B;.

In summary we obtain different types of IK solution satisfying the opti-
mality condition:

e with 7 or 8 cables under tension but this IK solution cannot be realized in
practice,

e we obtain a single IK solution for each combination of 6 cables under
tension but we retain only the one having positive tensions

e in some specific cases we may obtain IK solutions with less than 6 cables
under tension and these solutions are feasible

We have designed a Maple procedure that calculates all these IK solutions
for a given platform pose. Note that the optimal tensions vary linearly with



4 J-P. Merlet

the platform mass M so that we may solve the IK for an arbitrary mass and
deduce a solution for any other mass.

For example we have considered the pose defined by z = -3,y =3,z =2
and the RTL angles all equal to -6 degrees. We have found the 9 following
optimal criterion value and configurations for a mass M = 1: 103.19 (no
slack cable), 109.388 (8 slack), 116.8276 (7 slack), 113.382 (2 slack), 123.9338
(1 slack), 125.3721 (7, 8 slack), 126.2566 (2, 7 slack), 127.511 (1, 8 slack),
135.8629 (1,2 slack).

3 Inverse kinematics with sagging cables

Sagging cable model takes into account the proper mass of the cable together
with its elasticity. The concept of slack cable does no more exists in that
case as there will always be tension in the cable because of its mass. To the
best of the author knowledge the IK of CDPR with more more than 6 sagging
problem has not been addressed. There are numerous sagging cable models [5,
11, 13, 15, 17, 20] and we have adopted the classical model presented in the
textbook of Irvine [9]. Irvine model is planar: the cable is attached at one
of its extremity A and is submitted at its other extremity B to a force with
F,, F, horizontal and vertical components. In the planar frame with origin at
A, an horizontal axis x; and vertical axis z; the coordinates of B are xp, zp.
The Irvine model relates xp, 2, to Fi., F, and to the cable length at rest Lg.
We have:

. Lo . sinh~! (%) — sinh™! (—MQ§E+FZ ) (1)
Tp = L'y
E4y 19

_ F.Ly gLy N VIEZ+FZ — \/Fg? + (—pgLo + F.)? @

Zb

where F is the Young modulus of the cable material (which characterizes its
elasticity), p the linear density of the material and Ay the area of a cable
cross-section. For the example we will assume that all cables are identical
with g = 0.079 kg/m, a diameter of 4 mm and E = lell Pa. Note that
because of the arbitrary choice of the direction of the x axis we impose xp, F;
to be positive.

For a CDPR with n cables we have the 2n Irvine equations and 6 equa-
tions that describes the mechanical equilibrium for a total of 2n+6 equations.
In terms of unknowns we have the n triplets (F,, F,, Ly) and therefore 3n
unknowns. Consequently if n > 6, then we have an underconstrained system
with less equations than unknowns and, like the ideal cables case an opti-
mality condition has to be defined. To the best of the author knowledge the
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IK problem with more than 6 sagging cables has not yet been addressed. For
the CDPR we are considering with 8 cables we have therefore 22 equations
and 24 unknowns. For the sake of simplicity we denote by uq,us, ... uss the
24 unknowns of the IK problem.

As for the ideal case an IK solution will be obtained by using an optimality
condition. At the opposite of ideal cables the cable tension is not the same
all over the cables. In this paper we use as criterion the norm of the cable
tensions at the A;, this tension being equal to \/Fg + (F, — pgLg)? but the
approach proposed for solving the IK is generic and may be used with any
other criterion as soon as it is continuous. However the non linear nature
of the Irvine equations leads to a constrained optimization problem that is
much more difficult to solve than for the ideal cables. Note also that at the
opposite of the ideal cables case the non linearity of the equations imposes
that we cannot deduce directly the IK solution for a given platform mass
from an IK solution for a different mass.

4 Deriving a sagging solution from the ideal case results

The underlying principle that leads to our approach is based on the continuity
of the Irvine equations: if £ — oo and p — 0, then these equations become
identical to the one obtained for ideal cables. Consequently we may assume
that if we have an IK solution with sagging cables and are able to increase F
and decrease p, then we will end up close to an IK solution with ideal cables.
Reciprocally starting from an IK solution S; with ideal cables if we are able
to physically introduce elasticity and mass to the cables we will end up in an
IK solution S, for sagging cable.

Our first test was a direct application of this principle by starting from an
ideal cable IK solution and using a continuation process on the E, u starting
from a large E and a very small p while using a local minimizer to refine
the solution at each step of the process, solution that must satisfy the 22
constraint equations. However our tests have shown that it is very difficult to
find a starting point for F, ; and furthermore that even when starting val-
ues for E, u have been obtained the minimizer was unable to find a solution
after a few steps in the process. These problems appear whatever the contin-
uation strategy is: we have tried modifying F, p simultaneously, modifying
FE or p alone while keeping constant the other parameter, having different
continuation scheme for E and p and all of them failed after a few steps.
Our interpretation is that the optimality condition is very sensitive for these
extreme values of F, u.

Consequently we have decided to use another strategy. We will consider all
the IK solutions obtained for the ideal cables case and apply a continuation
scheme on E, u to obtain a solution for sagging cables without considering the
criterion value. We were quite confident about the feasibility of this approach
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as we have already used it for the DK [12]. But a big difference here is that the
DK equations system is always square while for the IK we have 22 equations
and 24 unknowns, which prohibits to use directly a continuation process.

To solve this issue we will set 2 unknowns (u;,u;) to their ideal cables
case values and therefore obtain a square system on which the continuation
scheme can be applied. This process of fixing the values of 2 unknowns will
be applied for each possible pairs among the 24 unknowns, which amounts
to 276 cases. If the continuation scheme converges with positive F,,, then we
have obtained a sagging cable IK solution that we use as starting point for a
constrained minimizer where all the unknowns are free to evolve. We retain
as optimal IK solution the one having the lowest criterion over all ideal cables
IK solutions.

This computation is rather intensive. For our example

e we obtain the sagging solution from the ideal cables solutions in a mean
time of about 326 seconds per initial ideal cable solution.

e the result provided by the minimizer is established in a mean time of 117.36
seconds (minimum: 13.8, maximum: 282.388).

As an example we consider the pose defined by x = —3,y = 3,z = 2 and the
RTL angles all equal to -6 degrees, the platform mass being set to M = 50 kg.
We have obtained 9 initial configurations for the IK with ideal cables that lead
to 132 IK solutions with sagging cables in a computation time of 2683.778
seconds. When running the minimizer on all these 132 solutions we determine
the global minimal criterion as 542.3467 in 131.092 seconds, the cable lengths
being 9.5961, 9.7308, 5.7093, 11.3642, 5.565, 10.5546, 13.3204, 13.7295 meters.
The total computation time for establishing the IK solution is therefore 46
minutes 54 seconds (note that the algorithm has been implemented in Maple
and a C implementation will be much faster). Note that in all the cases we
have considered the IK solution with sagging cables is always derived from the
IK ideal cables solution where all 8 cables are taught. Under the assumption
that this is always the case the solving time will be reduced to 5 minutes, 12
seconds but we cannot prove the assumption. Furthermore we cannot prove
that we have reached the global minimum but we will propose in the next
section a strategy to check several solutions and possibly improve them.

4.1 Checking and improving the IK solution

Clearly the strategy presented in the previous section cannot guarantee to find
the IK solution having the global lowest criterion. We may however perform
a check to determine if a better solution may be found under the assumption
that we have determine the IK solution for different poses. Assume that
we have found IK solution S7,S: for the poses X; and Xs3. We define a
continuation scheme on the platform pose by setting it to X = X; + A(X2 —
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X1). As in the previous section we have to fix the values of a pair of unknowns
(u;,u;) for applying the continuation scheme and we will consider all 276
possible pairs of unknowns. The algorithm uses the following steps, starting
with A =0, a small €, S =57 and u;,u; being set to their values at Si:

1. if € is lower than a very small threshold we are close to a system singularity
and exit
2. weset \; to A, A to A+ € < 1. S is used as guess for the Newton scheme
for the new system
3. a. if Newton does not converge or one of the F, of the solution is negative
we divide € by 2, set A = A; and restart at step 1
b. if Newton converge to a solution S with all F,, > 0 and a minimizer is
used to determine a solution S’ around S that minimizes the criterion,
considering the 24 unknowns so that the values of u;,u; may change
at each step. If the minimizer failed we divide € by 2, set A to \; and
restart at step 1. If it is successful we set S = S’, we increase € (e.g.
by 10%). and go to step 1 unless A = 1 (in that case the platform is at
pose Xy and we exit)

For each pair (u;,u;) such that the procedure has exited with A = 1 we
consider the criterion value Cy obtained at S and compare it to the value of
the criterion C5 that has been established previously for Xo. If C'3 is lower
than Cy we update Cy by C%. Note that as soon as such a case occur we will
use the new IK solution obtained for X, as starting point and repeat the
continuation process toward all the other poses as a change in the criterion
at X2 may lead to a better criterion for Xj,j # 2. As an example we consider
the pose X; defined by x = —3,y = —3, 2z = 2 and the RTL angles all equal to
-6 degrees while X differs from Xy by y = 3. Among the 276 pairs of (u;, u;)
115 pairs lead to an IK solution at X3, 111 leading to the same IK solution
than the one that was originally found while 4 solutions were different but
with a higher value of the optimality criterion. The computation time of this
check is 50 minutes and 47 seconds.

5 Conclusion

We have considered the very difficult problem of solving the IK problem
for CDPR with more than 6 sagging cables, based on the Irvine textbook
cable model. As this an underconstrained problem it is necessary to look
for a solution that minimizes an optimality criterion and we have proposed
a generic scheme that allows one to deal with any continuous criterion and
proposes an IK solution. Although we cannot guarantee to have reached the
global minima for the criterion we still have a good solution that is however
obtained in a relatively large computation time. A companion paper will
investigate the use of neural networks to speed up the solving.
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