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Algebraically independent generators for the invariant field of
SO3(R) and O3(R) representations R* & H

Evelyne Hubert and Martin Jalard*

Inria Cote d’Azur, France

October 21, 2024

Abstract

We consider the representations of the group SO3(R) that contain the standard representation R?
as an irreducible component. This is a large class of representations containing the vector spaces of
ternary forms of any odd degree, the space of Piezoelectric tensors and the classical product space
R3 x ... x R® which appears in multiple physical and engineering situations. For any such representation
we contruct a set of algebraically independent rational invariants that separate orbits outside of an
identified hypersurface. As such they generate the field of rational invariants.

Our key ingredient is a constructive use of Seshadri slice lemma. This latter establishes an isomor-
phism between the SO3(R)-invariant field on the full representation R* @ H with the invariant field of
0O2(R) acting on a subspace R @ H. The generating O2(R)-invariants are given explicitly as polynomials.
We make explicit the denominators of the related SO3(R)-invariant and provide formulae for these latter.
The results are then extended to O3(R) actions and several cases of interest to applications are detailed
as examples.

*Contact: martin.jalard@inria.fr
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1 Introduction

Invariants are essential for classifying objects up to a group of transformations. In this article we consider a
large class of representations of SO3(R) among which some are relevant to domains as continuum mechanics
and 3D image analysis. We exhibit a set of algebraically independent rational invariants that is complete
in the sense that any other rational invariant can be written as a rational function of these. We speak of
generating invariants. They furthermore separate orbits outside of a hypersurface that we identify explicitly.

The separation power of rational invariants [PV94; Ros56] is a main draw as compared to polynomial
invariants. Though in the case of SO3(R), a compact group, a set of generators of the ring of polynomial
invariants separate (real) orbits, its cardinality is often much larger than that of a set of generators of the
field of rational invariants. For non compact group and nonlinear actions, rational invariants are often the
best, if not the only, option [Biir+21; HK07b; Hub12].

A practical and general algorithm to compute a generating set of rational invariants of a group action
appeared in [HKO07a|; see also [DK15; Hub19; MB99|. A key idea of this construction, the use of a cross-
section, was refined to provide specific algorithms for group actions relevant to diverse applications [GHP19;
HL13]. In the present article the cross-section we use is actually a Seshadri slice. Its property allows us to
lift Oz (R)-invariants, which have little mystery, to SO3(R)-invariant.

We consider the representations of the group SO3(R) that contain the standard representation R? as an
irreducible component. This is a large class of representations containing the vector spaces of ternary forms
of any odd degree, the space of piezoelectric tensors [AG20], 3D moments of a shape [FSZ17|, and, last
but not least, the classical product space R? x ... x R? that appears in multiple physical and engineering
situations.

Seshadri slice lemma establishes an isomorphism between the SO3(R)-invariant field on the full representation
R3@H with the invariant field of O2(R) acting on a subspace R®@H. We exhibit a set of dim H—1 algebraically
independent invariant polynomials that generate the O2(R) invariant field. They correspond unequivocally
to algebraically independent rational SO3(R)-invariants. Their denominators and the G-invariant hypersur-
face where they do not separate orbits are made explicit. Their expression can be obtained with simple
symbolic manipulations. They are simple enough that we can solve explicitly the inverse problem: recover
a representant of any real orbit distinguised by the values of the invariants. The results are furthermore
extended to O3(R) actions.

As a side product, our construction provides a proof of rationality for the SO3(R) and O3(R) invariant fields
of all the representations considered. We believe this was not known. The most general result known for
SO3(R) is the rational stability of an almost free representation [CS05].

We examine several cases of interest, improving and completing several previous results. First we provide
the invariants for action of O3(R) on odd degree forms. The invariants for the action of O3(R) on even
degree forms were given in [GHP19]. Next we give the invariants for the action of O3(R) for the space
of piezoelectric tensors which stems from continuum mechanics. Other sets of separating invariants were
provided in [Oli14; Che+19], but their cardinalities are drastically larger. Finally we provide the G invariants
on the space moments which are used in 3D image analysis [FSZ17]. Many such invariants were previously
constructed and applied in diverse contexts but there was no firm foundations to their independence and
separating power. Some moment invariants up to order 4 were made explicit; We provide a complete and
independent set of moment invariants up to any order.

The paper is organized as follows. In Section 2 we make explicit a set of polynomials of small size that form
an algebraically independent set of generators for the field of Oz (R)-invariant for the large class of O3(R)-
representations relevant to our purpose. In Section 3 we introduce the class of SO3(R)-representations
of interest to us and show how their rational invariants can be deduced from the O3(R)-invariants just
constructed. We examine where they separate orbits and solve the inverse problem: given a set of values
for the invariants, can we identify a real point where these values are obtained? In Section 4 we extend our



result to the construction of O3(R)-invariants. In Section 5 we examine closely several cases of interest: odd
degree forms, piezoelectric tensors, and moment invariants. Additionally, in Appendix A, we explain how to
rewrite any other SO3(R)-invariant on R? & H in terms of our generators.

For a real algebraic variety V), we note V its complexification.

2 Invariants for a class of O,(R)-representation

The goal of this article is to construct generators of SO3(R)-invariant fields. For the representations we shall
consider these fields are isomorphic to Og(R)-invariant fields. As a preliminary we thus consider, in this
section, the relevant representations of Oz(R) (see Section 2.2). For each of these we make explicit a set
of algebraically independent polynomial invariants that generates the field of invariants (Theorem 2.6). We
describe precisely the open set on which they separate Oz (R)-orbits.

2.1 Representations of O,(C)

The orthogonal group O2(R) is often thought of as the one parameter family of linear transformations in the
plane given by:

oy ({5 ) aen) o ({0 T cn)
If (x_1,21) are the coordinates for the plane R?, considering the coordinates
(y_1> =P (x_1> where P := 1 (1 i.)
Y1 1 V2 \1l i
of the R-vector space V = {(y_1,51) € C? | 1 = y_1} we obtain the parametrization
Oy (R) = {(e;a eoia> Lac R} U {<e9a e_(;a> ac R} .
Concomitantly [FH13, Exercise 18.2]

1
o = fir= (3 Deeeetuli(C e}

Proposition 2.1. [GSS88] The irreducible representations of O2(C) are indezed by j € Z with j > —1.
They consist of representations ¢; : O2(C) — GL(V;) where

e forj €0, —1}, 1>j = C is one dimensional and
¢o(93) = (1), ¢o(gz) = (1)5  ¢-1(9) = (1), ¢-1(92) = (-1);

o forj>1, f/j =~ C? s two dimensional and
20 _ 0 z7J
(bj(gj) = (0 z—j) and (bj(gz ) = (Zj 0 >

The real trace of Vj, for j > 1,is V; = {(y—1,y1) € C?| 41 = y_1} and the real irreducible representations of
O2(R) are obtained by restricting the above ones to V; and {z € C* |2z = 1}.



2.2 Invariants for SO,(C)

Let p,q, m1,...,m, be integers with m; = 1, ¢ > 1. We consider the representation

T

P
p: 0(C) — GL(V) where V = @]}0 @ @1}_1 & @f}mj (my=1,¢>1).

We endow V with coordinates (1, tp,diy ooy dg, Y—1,91, -y Y—r, Yr). We first proceed to give an algebraically
independent generating set for the invariant field of the normal subgroup SO2(C) and then deduce the
invariant field of the group O2(C).

Proposition 2.2. The following set of polynomials is algebraically independent and generates the invariant
field C( )SOQ((C)

= 1 1<j<p
- 0, = dj 1<j<q
T e o= oy oo l<j<r
a = Y-y, 2<j<r

Note that the omitted polynomial q; would be equal to p;. The proof of Proposition 2.2 rests on the two
following lemmas. By Lemmas 2.3 and 2.4, polynomials in ¢ are invariant and separate generic orbits. Thanks
to Rosenlicht theorem [Ros56], [PV94, Lemma 2.1], they generate C(1)302(©),

Lemma 2.3. Fach polynomial in ¢ is invariant for SO4(C)

Proof. Take z € C* to identify some g € SO2(C), and v = (t1, ..., tp,d1, ey dgy Y—1, Y15 ooy Y—ry Yr) € V.
e For all j < p, t;(p(g)(v)) =1; = t;(v)

o For all j < g, 0,(p(g)(v)) = det(p(g?))d; = d; = 05 (1)

o Forall 1 <j <r, p;i(p(gF)(v)) = 2™ y; 27"y = p;(v)

o Forall 2 <j <, q;(p(g)(v)) = 2™ 4" 27"y, = q;(v) m

Lemma 2.4. Foru,v € {v € 1% |y1y—1 # 0}, we have the separation property:
Vi € ¢,f(u) = f(v) = 3g € SO:2(C), p(g)(u) = v.

Proof. Takeu = (t1,...,tp,d1, ..., dg, u—1,u1, ..., up) and v = (7, ..., 1}, d7, o dg, V-1, V1, 0, Uy, U;-) POIDES
in {veV]|yy_1 # 0}
o For 1 <j<p, tj(u) =t;(v) = t; =1
Similarly, for 1 < j < ¢,0;(u) =0;(v) = d; = d’.
e Since u; # 0 and v # 0, z := Z—i € C* gives
p1(g7 (w) = p1(v)
zz_lulu,l = V1V_1

Z01U—1 = U101
ZU_1 = V_1

p1(u) = p1(v)

Uiy

That is ¢1 (g1 ) (u_1,u1) = (v_1,v1).



e Suppose furthermore that for some 2 < j < r,p;(u) = p;(v) and q;(u) = q;(v). One then has:
pi(u) =p;(v) = p;(gF(v) =p;(v) _
= 2z My (zu_p)™ = v
= My 0" = v
= 27 Mu; = v;

Similarly, q(u) = q(v) = 2™iu_; = v_;. Hence, ¢, (95)(u_j,u;) = (v_j,v5).

We showed that if all polynomials in e coincide on u and v, p(gf)(u) = v and u and v lie on the same
orbit. O

2.3 Invariants for Oy(C) and O,(R)
There is a semidirect product Oy(C) = SO(C) x Cy. Cy acts naturally on C(V)592(®) = C(e) and

CV)O:© = (C(9)302<©)02 = C(e)%.

The action of Cy on ¢ consists of permutations and sign changes. It thus amounts to a linear action of Cy
on W := Vect(f | f € ¢). We can thus deduce from Proposition 2.2 an algebraically independent generating
set of invariants for C(V)92(®) thanks to the following easy lemma.

Lemma 2.5. Consider (v, W) the representation of Co = {1, —1} on C™ where

(=D = (olk Ino_k> '

If C™ is endowed with coordinates (w1, ..., Wk, W41, ..., wy) then {wiw;, 1 <i < k}U{w;, k+1<j<n}is
an algebraically independent set of polynomials generating C(W)C2.

Indeed, one checks that this set of invariants separates orbits on {w € W|wy # 0}.

Proposition 2.6. The following set of algebraically independent polynomials generates the fields C(V)OZ(C)
and R(V)0z(®)

R; = Yiy—i + Yy, l<j<r

I = idy (yy™ —y—ju17), 2<j<v

Proof. The natural action of Cy on C(V)392(%) is given by

. P =P .
(9] L og
€Cy €EC(V)802(0)

Take v = (t1,...,tp,d1, ooy dgy Y—1, Y1, -, Y—r, Yr) & poInt in V.

e For1<j<r, (97 -p;
and (g; - q;



We notice that the linear space W := Vect(e) is stable by the action of Cy. Furthermore, if we consider the
tj, 1<j;<p
Dja 1 S J S q
pj + q5, 1< .7 <r
pj—q;, 2<j<r

basis of W given by , then the matrix corresponding to the action of g; is

I, 0 0 0
0 -1, 0 0
0 0 I 0
0 0 0 —I,
T, = t; 1<j<p
L . D; = 010, 1<j<gq
By L 2.5, the foll f . = J 7 .
y Lemma 2.5, the following is a generating set for COV)g : & R, - b+ 5, 1<j<r
Ij = i(pj—q;), 2<j<r

To check the algebraic independence of £, note that #& = p+ ¢+ 2r — 1 = dim(V) — dim(O2(C)). However,
the transcendance degree of the field C(1)92(®) is equal to dim(V) — max,ecy (dim(O2(C) - v)) [PV94, Section

2.3]. Hence #& < deg,, (C(\))OQ(C)) while generating this field. Thus £ is algebraically independent.

The coefficient i in I; is added to obtain real polynomials. Indeed, recall that on the real trace
V= {’U € ]} ‘ tl,...,tp,dl,...,dq S ]R, gl = y_z',l S ) S ’fl}

we have p; = y;y"] = gij;nj =7;. Hence, p; + q; = 2R(p;) and p; — q; = 2iS(p;). Thus the restriction of
polynomials of £ to the real trace are real. it implies that they also generate R(V)Oz(R) over R. O

The polynomials of £ can be translated into real coordinates through the base change P~!. It involves
an expansion by the Newton binomial which makes the complex i disappear. Nevertheless the expressions
become rather involved as shown in the following example. This explains why we mostly work with complex
coordinates througout the article.

Example 2.7. For the 8-dimensional linear representation S+ = 2V_1 & V1 & Vo & V3, an algebraically
independent generating set of R(S7)°2®) is

D, = d Dy = df
Dy = dids Dy = dids
R, = 2 Ry = a?+2?
1 = 2h1y- 1 1 -1
Er={ Ry = vyly_o+vyiiyp ={ Ry, = %21 (2x_;x_1z31 — 22z + a:gf@) .
Ry = yiys3+y>1u3 Ry = *596—31”3_1 + 550—3%—11’? - 512—11”1%3 + §Tffx3
I, = ‘fdl (yzy—Q — y;lyZ) I, = %dl (x_2x2_1 — 1‘_2.13% + 2$_1$1$2)
Iz = idi(y7y-3 — y2193) I3 = —%dl (Sx,gaﬁlxl — x,gx:{’ — x?ilacg + Sm,lx%xg)

The explicit expessions of the elements of £ allow us to determine where £ fails to separate orbits.

Proposition 2.8. Polynomials in € separate the orbits of O2(C) in U = {v eV | diypy_1 # O}.

3 Invariants for SO3(R)

In this section we consider the representation of SO3(R) on

H =" &M,

j=1



where Hg, for d € N, are the irreducible representations of SO3(R), where H; = R3. We shall characterize
an algebraically independent set of rational invariants that generates the invariant field R(#H)S%®). We
make clear where these invariants have singularities, on which open set they separate orbits and how to
evaluate them. We shall furthermore solve the inverse problem: given values for these invariants provide
firstly conditions for the existence of a (real) orbit where the invariants have these values and secondly
an element in this orbit if it exists. All these results rest on a constructive use of Seshadri slice lemma.
In the present case this latter asserts that the restriction to & = R & @7_,Hqa; provides an isomorphism
between R(H)5%3(®) and R(S)°2(®). We can therefore apply the results of previous section to characterize
the invariants of SO3(R) on H.

In Section 3.1 H4 is made explicit as the space of harmonic ternary forms of degree d. The spherical
harmonics form bases that decompose the Hg into irreducible representations of Oz(R). In Section 3.2
we recall Seshadri’s lemma and exhibit a slice § for H. In Section 3.3 we characterize an algebraically
independent set of invariants that generates R(H)SO3(R). They are determined by their restriction to S. In
Section 3.4 we show how this is sufficient to evaluate these SO3(R)-invariants on H \ Q, where Q is the
variety of an invariant quadratic polynomial. We also show how, with some additional symbolic computation,
we can obtain the expressions for the SO3(R)-invariants. In Section 3.5 we examine the the inverse problem.

3.1 Representations of SO3(R)

The irreducible representations Hg4, d € N, of SO3(R) are given explicitely in terms of spaces of homogeneous
harmonic polynomials of degree d. The spherical harmonics form bases for these that decompose them into
irreducible O2(R) representations. In this section we recall these notions and introduce the notations we
shall use.

Hg4 is the vector space of degree d real harmonic homogeneous polynomials on R3:

o?P  9°P  9°P
Hy = {P S R[U, vV, W]d | = 0} .

o2 T ave T oz

The standard action of SO3(R) on R? induces, by composition, a linear action on the polynomial ring:
VP € R[U,V,W], g € SO3(R), g- P = Pog~t. This action stabilises the vector space Hy for any d € N.
It thus induces the representations pg : SO3(R) — GL(H4) for d € N. They are the only irreducible
representations of SO3(R) [GSS88]. Among them, (po,Ho) is the trivial representation and and #; is
equivalent to the standard representation on R*. We shall use the map V that takes aU +bV +cW € H;
( a b c )T € R? to express this equivalence. The class of representations we consider are thus all the
representations where the multiplicity of (#1, p1) is strictly positive. This is specific and yet covers a number
of relevant cases.

The spherical harmonics form bases of the spaces Hy. They are homogeneous polynomials in R[U, V, W],
that decompose the spaces H, into irreducible representations of Og(R). Their expressions are nontheless
better known in spherical coordinates than in Cartesian coordinates. We thus introduce spherical coordinates
(r,0, ) in H; so that

u = 7 sin(f) cos(p)
v = rsin(d) sin(p)
w = 7 cos(f)
Theorem 3.1. [Wig59, p. 15.8] For 0 < m < d, note ¢} = % a normalisation constant and

P =(1- t%%ﬁ%(ﬁ —1)? is the (d,m)"™" associated Legendre polynomial. A basis for Hq is given



by {Y;4,....Yi} C ClU,V, W]y where

Y, ™ (rsin(0) cos(p) rsin(f) sin(p), rcos(d)) = i~4emrdemme P(cos(d)), for 1 <m <d,
Y9 (rsin(0) cos(p) rsin() sin(yp), rcos(d)) = rd P(cos(h)),
Y (rsin(6) cos(p) rsin(0) sin(p), rcos(d)) = i¢cPrde™ P (cos()), for 1 <m <d.

We slightly modified the basis of [Wigh9] to fit better the irreducible representations of O3(R) defined in
Section 2.1. Precisely, we multiplied each Y™ by i%(—1)™ and each Y; ™ by i~¢. With the change of basis
P introduced in Section 2.1 we obtain the real spherical harmonics:

X" = %(Y;m +Y7"), Xq=Y;, X' = %(Yd -Y7")
so that
X ;™ (rsin(0) cos(yp) rsin(f) sin(y), rcos(h)) = \/ic r? cos (my + 4) P (cos(0)),
X9(rsin(0) cos(p) rsin(f) sin(p), rcos(d)) = o rd PO(COS(H))
X7 (rsin(6) cos(p) rsin(6) sin(y), rcos(d)) = V2cPrdsin (me + %) P7(cos(0)).

Example 3.2. The vector space Hi, Ho and Hsz are endowed with the real basis

3 3 3
Bl{XfI\/MK XP =/ =W, Xllq/MU},

62:{X2_2:£(V2—U2), X;' =B UW, X§= 22 (eW2-U2-V?), XJ=-YEVW, X3=-
X;% = Y0 (302 -v?)V, X =yBuvw, X' = YR (4w U -v?)V,
By={ X§= 2L (2W2 302 -3V2) W,
Xis =32 (P +V2 AW U, Xo5= Y2 (V2 -U)W,  Xgs =20 (3V> - 1?)

With respect to these bases, we put (y_q,,j,Y—d;+1,5, -+ Yd; 15> ¥d, ;) coordinates in ﬂdj sand (-, 4, ..., Td; j)
on Hg;. Spherical harmonics fit very well to the restricted representation of O2(C). To show it, we introduce
Euler angles:

Definition 3.3. A rotation g € SO3(R) is determined by Euler angles («, 8,7) where a € [0,2x[, 8 € [0, 7]
and vy € [0,2x[. It is the composition of rotations of axes w,v,w and angles (o, B,7):

cos(y) —sin(y) 0 cos(8) 0 sin(B) cos(a) —sin(a) 0
gla, B,7) := | sin(y) cos(y) 0 0 1 0 sin(a)  cos(a) O
0 0 1 —sin(8) 0 cos(B) 0 0 1

Proposition 3.4. Write n :=p + q such that d; is even for 1 < j <p, and odd forp+1<j <p+gq. The
n A~
restricted representation of O2(C) as a subgroup of SO3(C) on @ Ha, is isomorphic to
=1

EBVO@@V,I@EBEBV

j=1m=1

Proof. Consider the embedding O2(C) < SO3(C) given by

+

Yo € R { ghe — 9(,0,0)
"l 9. = gla,m,0)

JTE
szV

}



It normalises the axis of W and its action on spherical coordinates (r, 6, ) is 8“" (r0,0) = (r0,¢+a)
9oa(r0,0) = (rnm—0,7m—p—a).
We compute the induced action on Y;* for d > 1 and 1 <m < d. For all (r,0,0) € R3, and o real,
pd( eta) (Yd (T 03()0)) = Yd ( G- ‘a(’r?a?w))
= Y(r 97</> —a)

1d g d gim(v=a) Pm(cos(f))

pa(Gga) (Y7 (r,0,0)) = Yi"(g,.(r,0,0))
= Y](r,m—0,1—¢—a)
idemy e‘m(7T ¢=a) P (—cos(6))

But for any 1 < m < d we have PJ*(—t) = (—1)¥*™ P (t) [Amill]. We thus obtain

pa(gua) (Y (r,0,0)) = iteqrd (—1)mem=e=e) (—1)4m P (cos())
= idgprtem=em) P (cos(h))
= 7lmaYd (T’, 0, 90)

Similarly, p4(g em) (Y, ™) = ™Y, ™ and pa(g.) (Y, ™) = ™Y, ™. Thus, the O2(C) action on Vect(Y,; ™, Y,™)
is isomorphic to V. Meanwhile for m = 0, the corresponding action on Vect(YdO) is ¢_1 when d is odd and

eix

d;
O_1 Gé ¢m  when d; is odd.
¢o when d is even. We have p; ~ m=1 O

Do B @ ¢m  when d; is even.

3.2 Seshadri slice

In this section we identify a Seshadi slice (S, N), where N 2 O2(R), for H = H; @@?Zl Ha, It establishes an

isomorphism between R(#H)%93(®) and R(S)N. Seshadri slice lemma is instrumental in proving the rationality
of the invariant field of some algebraic group actions [CS05]. And indeed, in Section 3.3 we make explicit
a set of algebraically independent polynomial invariants generating R(S)N; R(S)N is thus rational and so
is therefore R(H)593(®). We shall nonetheless go further. In Section 3.4 we show how to evaluate the
corresponding invariants of R(#H)5°3(®) at any point in H. The evaluation process also provides a way to
give the explicit expressions of these invariants after some symbolic manipulations.

Theorem 3.5. Seshadri slice lemma [CS05, Theorem 5.1]. Let G be a real algebraic group acting on a
vector space X. Let S C X be a subvector space and N < G the normalizer of S in G. Assume that:

o The closure of G x S is the whole of X.

e There is an non empty N—stable Zariski open subset Z C S such that for all g € Gandse 2 satisfying
g(s) € Z, there exists h € N such that h(s) = g(s).

Then, the restriction to Z of rational functions on X induces a field isomorphism R(X)¢ = R(S)N.

Definition 3.6. Such a pair (S,N) is called a Seshadri slice for G ~ X.

For P € R(S)N there thus exists a unique P € R(X)S such that the restriction of P to Z equals P; We shall
write Pz = P.

10



Proposition 3.7. Consider the subspace w

S=RWaoPHs,CH

j=1
Then, (S,N) is a Seshadri slice with normalizer N = O2(R)

0
N= g 0 |,9€0:(R)
0 0 [det(g) U

The normalizer N of S thus consists of the rotations in R® that leave the W axis invariant. That includes the
rotations around the W axis and the rotations by 7 around any axis in the (U, V') plane. The open subset
n

Z in S that is relevant in the proof and later on in the article is Z = R*W & @ Hgq,
j=1

Proof. We prove the two conditions to be a Seshadri slice:

eTake H=H,+H*inH=H1D P Ha, - Since (p1, H1) is isomorphic to the standard representation, the
j=1

orbits in H; are the concentric spheres. Hence there exists a rotation g € SO3(R) such that pi(g) (Hy) =

[|Hy||W € S;. That is, p(g9)(H) € S.

e Z is N-stable and its complexification is Z = C*W & @ 7:ldj. Then for any H € Z, an element g € SO3(C)
j=1

* % 0
such that p(g)(H) € Z satisfies p1(g) = | * * 0] with a,b,c € C. However we have p;(g)! = g* € SO3(C)
a b c
and p1(9)'p1(9) = Is.
* % a * % 0 * ok ooac
= p@m@)=[* = b|[* = o) |* * be|=1I
0 0 ¢ a b c ac be 2
This is a =b =0 and ¢ = +1. Then, g € N. O

3.3 Restrictions of the invariants to the slice

We saw that . .
S=RWePHsy ¢ Hio@Hy =H

j=1 j=1
with normalizer N 2 O5(R) is a Seshadri slice for (H,SO3(R)). By Theorem 3.4 we know that

n D q n  dj
@de = @Vo@@v_1@®@vm
j=1 j=1 j=1 j=1m=1

where the V,, are the irreducible representations of Oy(R) of Section 2.1. This decomposition is furthermore
explicitly given by a basis of spherical harmonics as introduced in Proposition 3.4. The action of N on RW is

~

furthermore ¢_1, the determinental representation. We thus have the following representation of O2(R) = N
satisfying the hypotheses of Theorem 2.6:

D q n dj
S=v,oPnwe@Prvao@P P va
j=1 j=1

j=1m=1
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Theorem 3.8. The following set of algebraically independent polynomials generates both R(S)N and (C(S')N.

DO = y(%,()a
T, = Y05 1<5<p
&= D; = 40,040,755 p+1<j<n
Ry = Ym Y11 + Yo YT 1<j<n, 1<m<d,
Imj = i'yO,O (ym,ijLl - y*ﬂl,jy’fbl) , 1< J <n, I<m< dj’ (J? m) 7é (17 1)

Corollary 3.9. Let p : SO3(R) — GL(H) be a representation including at least once the irreducible repre-
sentation (p1,H1). Then, R(H)SO3®) is rational.

Proof. The invariant field R(S)N is rational (Theorem 2.6). According to Seshadri slice lemma, R(#)503(®)
is rational. O

It was already known that an almost free SO, (C) action (as SO3(C) representation on 7 whenever n > 0) is
stably rational [CS05, Proposition 4.12], this being a weaker property than rational. Our result nonetheless
also applies to actions which are not almost free.

Example 3.10. The O3(R)-representation Sy = 2V_1 & V1 & Vo @ Vs introduced in Example 2.7 is the
slice corresponding to the SO3(R)-representation T = Hi @& Hsz. The restrictions to S of an algebraically
independent generating set of rational SO3(R)-invariants are:

Dy = o
D1 = yo,0y0,1
Riw = 2y11y-1.1
Er=< R = y%,1y—2,1 + y31,1y2,1
Rai = ylys1+v211ys1
Ly = iyoo(Wiy—21—¥>1102.1)
Ii = iyoo(yi y—s1 —y>130-31)

Example 3.11. Consider the representation R3@...0R> = H" . The associated slice is then Sys = SIOHY
and Theorem 3.8 gives the restrictions to the slice of a generating set of SO3(R)-invariants.

D; = wyo0%0,, 0<j<n
Eya=9 R = viay-1;+y-114,, I<j<n
I = iyooWay-15—y-1.1915), 2<j<n

We note (ro,..,7) a n+ 1-tuple of vectors in H} T = (R3)n+1. The scalar products (r;,r;),0<i<j<mn
and the determinants det(r;|r;|r;), 0 < i < j < k < n, generate the invariant algebra R[H}]SO*®) [Wey46,
Theorem 2.9.A]. Examining their restrictions to the slice, we can find their relationships with the D;, R;,
and I; above. By Theorem 3.5 we deduce that the corresponding SO3(R)-invariants are:

Dj = (7"0,7";‘), Ogjgna
RJ = 2 <(T17Tj) - ({:0,3;]0)) ) ) 1 S ] S n,
Nj = det(?‘o"/‘ﬂ’/‘j), 2 S j S n.

3.4 Evaluating the invariants
In previous section we characterized the invariants of the action of SO3(R) on H by their restrictions to the

slice S. In this section we address how to evaluate these invariants at any other point of . We propose to
first find a rotation that takes this point to the slice. Such an intersection of the orbit of the point and the

12



slice is not unique, and the rotation to take it there even less so. Yet the evaluation of the slice invariants
at any such point of intersection gives the same values. As we are interested by evaluation on the real
points of H we can use of spherical coordinates and describe the rotations by Euler angles. Euler angles are
particularly effective to define a rotation g € SO3(R) mapping a point in H to the slice.

n
Lemma 3.12. Let Hy + H* € H1 ® @ Ha, be a point in H, with Hy # 0. There is (r,0,¢) € Ryg x
j=1
[0, w[x[0, 27| such that Hy = rsin(f) cos(¢) U + rsin(f) sin(p) V + rcos(6) W. Then one has

p(g(—p,—0,0)) (Hi+H" )€ ZCS.

Proof. Since the gradient map V : H; — R3 is an isomorphism of SO3(R)-representations we have p; (g (—¢, —6,0)) (Hy) =
rW. This implies p(H; + H*) € Z. O

Note that the coordinates of Hy as above in the basis { X', X9, X1} are

4 4 4
T_10=—1/ gr sin(0) sin(yp), xo,0 = 1/ %r cos(f), z10 = \/gr sin(6) cos(p)
/2 i /4 /2 .
Y_10=1 %r sin(6)e'?, yoo = gr cos(f), y1,0=—1 ?ﬁr sin(f)e™"*

in the basis {Y;7 ", Y, i},

while they are

We thus need to compute p (g (—p,—0,0)). Wigner matrices provide a solution as they make explicit the
action of SO3(R) on Hy:

Definition 3.13. [Wig59, p. 15.27]. Let d € N and («, 3,7) some Euler angles. The d** Wigner matriz is
the square matriz of size (2d 4+ 1) x (2d 4+ 1) defined by

Wi = | €7 wh (=) e

m,m’

—d<m,m’<d

min(d—m,d+m")

g@,m’ (6) = 5<m7m/) Z

s=max(0,m’—m)

2

(-1 V(d+m)(d—m)(d+ md—m)! (5)*“”""”‘?5 (ﬁ)’"—’"’“s |

(d+m' —s)lsl(m—m' + s)!I(d—m —s)! S

m/+|m/|—m—|m|
2

and §(m,m’) = ’d(sgn(m’)—sgn(m))(_1)

The coefficient §(m, m’) comes from the base change we effected in Theorem 3.1 as compared to [Wigh9],
which requires to conjugate by a diagonal matrix. We use the convention sgn(0) = 0.

Proposition 3.14. [Wig59] Let d € N and («, 8,7) some Euler angles defining the rotation g(a, 8,7) €
SO3(R). For H=y_qY; "+ ...+ yaY{ € Ha, pa(g(c, B,))(H) = G-aY; * + ...+ Ja Y where

Y—d Y-d
. _ 1isd
- W(aﬂy'y)

Yd Yd
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As the third angle v is basically irrelevant for the rotations taking a point in H to the slice S we can give
the expressions of the SO3(R) invariants as follows.

Theorem 3.15. Consider the representation of SO3(R) on H = H1 & @ Ha,. For Hy € Hy \ {0} there
j=1

is (r,0,) € Rso x [0, 7[x[0, 27] such that Hy = rsin(@) cos(¢) U + rsin(f) sin(p) V + rcos(8) W so that its

coordinates in the spherical harmonic basis can be written

/2 i /4 /2 A
Y_1,0=1 grsinw)e“f’, Yo,0 = grcos(ﬁ), Y10 = —i grsin(ﬂ)e*w.

?'onsider the large matrice W(—p,—0,0) = diag(W(d_j%_&O), 1 <5 < n). The set of rational functions
E:={PoW(—p,—0,0), P € £} is algebraically independent and generates R(H)SOs®),

Proof. Take P the invariant function on # whose restriction to § is P. Proposition 3.14 claims that P(H ) =
P(W(—p,—0,0)(H)). We thus evaluated invariants of & at W_, _g,0)(H1 + H").

€S

Polynomials in £ are rational, algebraically independent, and they furthermore generate R(S)N. Meanwhile,
Seshadri slice Lemma (Theorem 3.5) claims that the restriction to S is a field isomorphism between R(S)N
and R(H)59®) or C(S)N and C(#)5°+(©). Hence, extensions of polynomials in € are rational, algebraically
independent, and they furthermore generate R(#)5%s(®), O

Example 3.16. We gave in Example 3.10 the restrictions to the slice of a generating set of rational SO3(R)-
invariants for the SO3(R)-representation T = H1DHs. With Theorem 3.15 and some symbolic manipulations
we can give their explicit expressions as for instance Dy = y(Q)’O + 2y_1,0y1,0 but also

Dl _ \/gy—1,01}1,0(y—1,oy1,3+y1,0y—1,3)+\/5(y‘;’,0y—3,3+y?l1,0?;3,3) - i\/gyo,o(yioy—z,s—yzlyoyz,s)
\/5(y310+2y1,oy71,o) 2(y§,0+2y1,oy71,o)
_2\/§y3,o(y_1,0y1,3+y1,oy_1,3)+yo,oyo,3(y§,0—3\/5y_1,oy1,o)
(y8,0+2y1,oy71,o)

The field isomorphism of Seshadri slice lemma enables us to deduce some properties for &:

Proposition 3.17. Rational functions in £ separate orbits in the open set SO3(R) x U, where U =
{veV]yooyr,1y-11 # 0}

Proof. Take u; and us two points in SO3(R) x U which are not in the same orbit. They have s; and so
representants of their respective orbits in . Since & separates orbits in & C S, there is f € £ such that
f(s1) # f(s2). However, note that & C Z and that by Seshadri slice Lemma, restriction from H to Z is a
field isomorphism. That is f(uy) # f(us). O

The non separated orbits are thus pointed out by Dy = 0 or Ry; = 0. The function Dy is a polynomial, and
defines furthermore the variety where the restriction of Seshadri slice Lemma does not hold:
Proposition 3.18. The set H \ (SOs(C) x Z) is V(Dy), the variety where Dy vanishes.

Proof. Let z be a non zero point in C3 = ;. The form v +— (v'z) is linear and its kernel K is an hyperplane.
U1

Take g = Vg a matrix in SO3(C). Note that gz = (r,0,0) < { 82’3 i 8 By dimension
3 - .
U3

then, vg, vs generate K, and K, = vf.
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e Suppose that Dy(z) = (z,2) = 0 and g(z) = (,0,0). Then, z € K, and (vy,2) = 0. Then, (vy,v;) =0
and that is a contradiction.

e Suppose that Dg(z) # 0. Take then r a complex number such that 2> = Dy(z). With va, v3 two orthonormal
vectors in K, and v; = %, one has (vi,v1) = 1 and (v1,v2) = (v1,v3) = 0. This is g(z) = (r,0,0). O

The rational functions inf:’ can only admit singularities where the restriction of Seshadri slice Lemma fails,
that is on V(Dyg). Since Dy is prime, it is the only possible denominator for the functions of £. This appears
in the expanded expressions in Example 3.16.

3.5 Inverse problem

By concatenation, we construct with functions of £ a rational map ® : H = R#€ that separates orbits
almost everywhere. Then the converse problem occurs: for a point z € R#€, how can we determine if z is in
the imahe ®(#H)? And if the answer is yes, can we find a preimage H € H with ®(H) = 2?

Any point in H has a representant of its orbit in S, or it is a singular point for ®. Thus ®(H) := ®(S).

Since functions in £ are polynomials on the slice, ®(#) is semialgebraic, i.e., a finite union of set in R#E
defined by polynomial equalities and inequalities.

t;, 1<i<p

dj, 0<j<gq
Tmj, 1<j<mn, 1<m<d,;
imj, 1<j<n, 1<m<d;and(m,j)#(1,1)
Then, z € ®(H) iff one of the following conditions holds:

Proposition 3.19. Let z = € R#E 4 real vector.

dog >0 and 111 >0

do >0 and Vim, rm; =tim; =0

do = and 111 >0 and Vj,m, ipm;j =0 and Vj, d;j=0
do=0 and Vjim, Tmj=1im; =0 and Vj, d;=0

The following proof is constructive, giving thus a primage in S at the same time.

Proof. Take z € R#€ a vector as in Proposition 3.19. The slice S intesects all real orbits. Hence, there exists
some real preimage H € H iff there exists also a preimage in §. Take then H a real point in the slice.

FiI‘Stly7 Do(Hl) = y(Q)’O 2 0 and Rll(Hl) = 2y171y,1’1 = 2y171y17’1 Z 0. Then q)g(H) =z = do Z 0 and T11 2
0. We choose yo,0 = v/do and y1,1,y—1,1 conjugated complex numbers of module % T11-

Suppose that nor dy or 711 vanish. Since y1,1 # 0 and yo,0 # 0 one can choose for m < j, y_p, j = 0,07 m; —limg

27!0,09{'}1
g — Y0.0Tmjtiimj
and Y j =Y-m,j = o097y, That way,
J— m m
Rini(H1) = Y1Y-mj + Y"1 1Ym.;
— g Y0.0Tmy " Vmy m Y0.0Tmjtiim;
Yin 2ge0ur, - T V=11 30,057,
. — 1 m L ,m .
ImJ(Hl) = Wo,0 (yl,ly—m,J y_171ym,])
= i m Y0.0Tmi—Wmj _ m Y0.0TmFilm;
= Wo,0 yl,l 290101/171 yfl,l 2y0’0y7—n1,1 )
= ij

Take finally yo ; =¢; for j < p and yo ; = ydjo for j < q. Then ®z(H) = z.

0
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Suppose that Ry1(Hy) =711 =0. Then y11 =y—1,1 =0 and ®z(H) = 2 = Vj,m, rmj = im; = 0. Take just
Yo,; = tj for j <pand yo; = ;i—jo for j < g to have ®z(H) = 2.

. _ ) _ Vi, ims = Y%0,03W1,1Y-m,5) = 0.
Suppose that Do(H1) = dy = 0. Then yoo = 0 and ®z(H) = z = { Vi, dy = yo.0y0i = 0.

One can then choose, for all j < nand 1 < m < dj, y_m,; = Z?,l’j and Ym,; = Y-m,; = Jmﬂ to have
J1,1 J—1,1

Ry j(H) = rpj. Take just yo; = t; for j < p to have ®z(H) = 2.
Suppose that Rll(Hl) =Ty = 0 and Do(Hl) = do = 0. Then Y11 =Y-11 = 0 and Yo,0 = 0. One has then

boti) = { 5 =1 =0

. Ta,ke 'uSt -:txfOr ;< tOhaVe(I’~H — D
Vi, dj =yo,0y0i = 0. J Yo,5 J Jsp &(H)

The above inequalities define a semialgebraic set ®(#) birationally equivalent to the orbit space H/SO3(R).
We furthermore determine a subset birationally equivalent to the stratum of principal orbit type:

Proposition 3.20. If Do(H) > 0 and Ry (H) > 0, then the stabilizer Stab(H) is trivial.
Proof. Take H a point in H and S a point of its orbit lying on the slice. Write (v0,0,0,0,¥1.1,...,y—1,1) the

coordinates of S. Suppose that Do(H) = Do(S) > 0 and Ry (H) = Ry1(S) > 0. That is, ¥0,0,41.1,¥-1.1
are non zero. Meanwhile, SO3(R) action on H; is dual to the canonic action of SO3(R) on R3. A rotation

cos(a) —sin(a) 0
g € SO3(R) stabilizes (0,y0,0,0) in H; iff g € sin(a)  cos(a) O0],a€Rp =SOy(R). This subgroup
0 0 1

is normal in N and its action on Vect(y;,_1,%1,1) is isomorphic to V;. Its only point with a non trivial
stabilizer is (0,0). Then, Stab(S) = {I3}. But, the stabilizers Stab(H) and Stab(S) are conjugated in
SO3(R). Thus, Stab(H) = {I3}. O

However, the converse of Proposition 3.20 is not true: consider the point with yo1 = y-12 =112 =1, all
the other coordinates being zero. Then Stab(H) is trivial while Do(H) = Ry;(H) = 0. On the other hand
all the orbits with non trivial isotropy groups lie in V(Do) and are mapped to zero. Our separating set has
thus important limitations to caputre and stratify the orbit space. One can nonetheless design a strategy
that goes beyond the present result by finding other Seshadri slices in the remaining variety V(bo). It allows
to compute step by step a complete separating system, and to stratify H according to the orbit types. This
is examined in for the space of piezoelectric tensors in [HJ24b].

4 Generalisation to O3(R) representations

We consider the representations of the group O3(R) > SO3(R)

n nu
Hi=H &P Has, & PHE
j=1 j=1

where dy, ...,d,, €1, ...,e,: are integers. Both 7—[2 and Hg can be thought of as the space of harmonic homo-
geneous polynomials of degree d. The representation on H, is the restriction to Hg of the representation of
O3(R) on the polynomial ring R[U, V, W] obtained by composition with the standard representation of O3(R)
on R3. We call it pg : O3(R) — GL(#H,4) as was done for SO3(R) in Section 3.1. The O3(R) representation
p(ﬁi on 7—[5 is defined by

' { Os(R) — GL(Hj)

¢ g > det(g) pa(g)
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The representations (pg, Ha) and (p%, H%), d € N, are the only irreducible representations of O3(R) [GSS8S].

For simplicity we assume that dy, ..., d,, are sorted decreasingly. A new Seshadri slice (S, N*) can be identified
with the same subspace S (Proposition 3.2) and with the normalizer N* > N, generated by N and —I3. It
forms the direct product N* = N x Cy. We create the polynomials

T! = t j<p

D! = d j<d
R, = LT o T j<nt —e; <m<e
fﬂw- = o0 (yﬁ@,jyﬁﬁ,l - y’im,jy{’?l) j<nt —e; <m<e

Theorem 4.1. Take P a polynomial in R(S)N as follows:

e Ifn'>1, choose P := T}i (for some e; even) or P := Dg- (for some e; odd).
o FElse, if dy > 2, choose P :=1I4,1.
e FElse, ifn>2 and dy = 1, choose P := I15.

e Flse, choose P :=1.

Then, the following set of algebraically independent polynomials generates both R(S)N’j or C(S)m :

Dy = Dy i g
T = PT: ;
T = T d; even = S € 62;”
D! = D; d; odd i = - € 0
&l = t R, dim+d; even (Y4 Rt _ PR, dim +e; even
R,; = PR,.;, dym +d; odd mJ anj, dym +e; odd
I7Tn _ PImj; d1m+dj even Ii o Igzﬁ], d1m+ej even
J I, dym +d; odd mj PI;, ., dim + e; odd

Proof. We notice the direct product N* = N x C,. This gives (C(S)m = C(C(S)N)C2. Theorem 3.8 gives the
same minimal set of generators for (C(S)N , independantly with the sharp:

g’ dj even TJ@, e; even
0 D, e, odd
E = Dj, dj odd U ﬂj7 K 0. #
ij7 1§j§n,m§d] Rglj, 1§J'§n,m§ej
Imja 1§]§n,m§d],(j,m)7§(l,1) Imj’ lgjgnﬁ’mgef

Take then the symmetry o = —1I3 € N*. In spherical coordinates it acts as Y(r,0,0),0((r,0,¢)) = (r,m —
0, + ). By composition, for a vector Yd’? € Ha,, 0 acts as

pa,; (@)Y )((r,0,9)) = Y7 (a((r,0,¢)))

= YCZL(T‘,W—Q,QO-FW)
rd e et P (— cos(6))
(P (r.0.9))
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and in a sharped representation 7—[37,

Pl (@) (Vi) 0,0) = =YMo((r,0,)))

—YdT(r, T—0,p4+m)
—rdem ei7'L(V’+”)P$(— cos(0))
(—)EHY((r,0,¢))

It thus has an induced action on each elements in £:

o(T; T;, dj even Adim
T = 5 4 o(Rpg) = (~1)H9mR,,
U(TJ) - _Tj , €5 even Rﬁ _ -1 1+ej+d1mRﬁ
U( 0) - 0 an I, . _ —1 1+dj+d1mI .
(D;,) = D;, d;odd 0(Lmj) = (1) mj
g{j g j O U(Iﬁ ) _ (_1)e,-+d1mIﬁ ]
o(D%) —D, e; odd mi mi’

We next apply Lemma 2.5. We need a polynomial P € £ flipped by 0. Whenever nf > 1, one can choose
P = T;i (for e; even) or P := D?- (for e; odd). Else it depends on d;. If dy > 2 then I3 suits. If dy = 1,n > 2

and dy =1 then Iy, suits. Otherwise, no polynomial in £ is flipped and C(S’)N = (C(S)Nn. O

Almost free O3(C) actions have a stably rational invariant field [CS05, Proposition 4.10]. The above theorem
provides the following stronger result, yet with a different hypothesis as already discussed after Theorem 3.8.

Corollary 4.2. Let p : O3(R) — GL(H) a linear representation including at least once the irreducible
representation (p1,H1). Then, both R(H)9*®) and C(H)?3© are rational.

Example 4.3. We follow up on Example 3.10 and 7?7 where the representation space was T = Hi ® Hs.
We examined the SO3(R)-invariants, giving their restrictions to the slice. In the basis given in Example 3.2,
the restrictions to the slice St of a generating set of rational Os(R)-invariant is given by the following

algebraically independent generating set for R(ST)Nn :

DI = y(%,o
D; =  Y0,0¥%0,1
Ri = 2y11Y-1,1 ,
gjr =S R} = (YE1y—21 + Y21 102.1)
RL = y}iy_s1+y211ys1
J A 2 2
2 1y0,0(y1,1y,2,1 971,1112,1)
I = iyoo (8ay—s1 — v2119-3.1) (¥21y—21 + ¥ 1172.1)

5 Applications

We have exhibited invariants for representations of SO3(R) and O3(R) on spaces R* & H. Among those is
the well studied case of R3 x ... x R3 treated to some extent in Example 3.11. This representation and
its invariants are relevant in several areas [BV23; DCP21; DG24; GD04; Wey46]. In [HJ24a] we treat the
general case, that of SO,,(R) and O, (R) acting on R™ x ...R"™ and provide algebraically independent sets of
generators for the invariant field, relating them with the classical Weyl invariants [Wey46|. In this section we
expand on two other cases of relevance for which we give explicitly the restrictions of the invariants to the
slice. As explained in Section 3, from these expressions we can evaluate the invariants at any point outside
of an hypersurface, as well as solve the inverse problem.
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5.1 0Odd degree ternary forms

Among the cases of interest to which our construction applies is the representation of SO3(R) or O3z(R) on
the vector space of homogeneous polynomials R[U, V, W], of odd degree d. The case of even degrees was
treated in [GHP19]. The starting point for both odd and even degree is the harmonic decomposition.

d/2]

L ,
Lemma 5.1. [AH12, Theorem 2.18] R[U,V,W|q= Q7 Ha—2; where Q@ =U? +V? 4+ W2,
=0

Whenever d is odd, the last term of this decomposition is H; and thus we can apply the construction provided
in previous sections.

Corollary 5.2. For any d € N, the invariant field of the SO3(R) or O3(R) action on R[U,V, W, is rational.

Example 5.3. The vector space T = Hi & Hs introduced in Example 3.10 is isomorphic to the space of
ternary cubics R[U,V,W|s. The basis of C[U,V,W]3 we use is:

{QY1717 QYIOﬂ lel; Y3737 Y'?:Q’ }/3717 Y307 Y317 Yél? Y33} .
In this basis an element of C[U,V, W3 is given by its vector of coefficients

T
(y—l,Oa Y0,05 Y1,05 Y-3,1, Y-2.1, Y-1,1, Yo,1, Y1,1, Y2,1, y3,1)

This element belongs to R[U,V, W3 when y_n, j = Gm,;-

The Seshadri slice for R[U, V, W3 is ST = (Q V) ®H3 with stabilizer N = O4(R). The set E in Example 3.10
is an algebraically independent generating set of R(ST)N. By Theorem 3.5, each of its element is the
restriction of a unique rational SO3(R)-invariant for the action SO3(R) on R[U,V,W]s. The expression
of this latter can be obtained by applying Theorem 3.15 and symbolic manipulations. By Theorem 3.5 these
lifted invariants form an algebraically independent generating set of SO3(R)-invariants for R{U, V, W]s. They
separate orbits everywhere but in {Dy = 0} = {30+ 2y-11911 =0} and {R1; = 0}.

5.2 Piezoelectricity tensors

For some material of industrial interest(single crystals, ceramics, and thin films,. .. ), an electric displacement
is induced in response to an applied mechanical stress. This property is called the piezoelectric effect and a
third-order tensor relates the induced electric displacement vector to the second-order stress tensor [AG20].

The orthogonal group SO3(R) acts natually on the 18-dimensional space of piezoelectric tensors
Piez := {6 S ®3R3, €ijk = eikj}-
As such it decomposes into SO3(R)-irreducible subspaces as [Azz+22, Section 7.1]

Piez 2 H, d H1 D Ho & Hs.

A tensor in Piez is acccordingly given by a coordinate vector

(y—l,Oa Yo,0, Y1,05 Y-1,1, Yo,1, Y1,15 Y-2,25, Y-1,2, Y0,2, Y1,2 Y2,2; Y-3,3, Y-2,3, ¥-1,3, Y0,35 Y1,3, Y2,3, y3,3)7

where y_p, j = Ym,;, when the components H, are endowed the bases of Theorem 3.1.

A Seshadri slice for SO3(R) acting on Piez is given by the subspace S defined by the equations y_; 9 = 0
and y;,0 = 0 that is stabilized by N = O3(R). Theorem 2.6 gives us an algebraically independent set of
generationrs for R(S)N, namely:
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Proposition 5.4. The following set is an algebraically independent and generates R(S)N

Ty = yoe Rin = 2y 1111 Ly = iy (v, 2y 11— Y-1,2Y1,1)
_ 2 _ _ 2
Dy = Yo,0 Rio = y1oy-11+Yy-12011 L2 = iyopo (y2 2y 1,1 —Y-2 23/1,1)
Epios = D1 = woovor Raz = w22y +y—229i1 Lz = oo (v, 3y 1,1 — Y-1 33/1 1)
. D3 = wooyoz Rz = i, 32/ 1,1 +y-1 3y1 1 Dz = oo (Y2.8Y2 11 — Y—2,393 1)
Raz = 92321 11 T Y- 233/11 I3 = iyoo (ys3y> 1,1~ Y- 33y11)
Rss = Y33y’ 1 +y-33yi,

Here is its expression in real coordinates (see Section 3.3):

2 2
I = o Rip = 22y, +a1,
2 _
Dy = zj, Rio = 2112 12+T11712
_ _ A2 2 2
D1 = zooz01 Rop = 3 (2z_227 11711 — 2 1%22 +$1}1$2,2)
D3 = z0703 13 = Z_117-13+%11713
_ \/5 2 2
Ros = 2 (20 937112011 — @ Z11%23 + $1}1$2,3)
_ _ 4 3 3 9 3.2 1.3
Epier = R33 = —3503327) 1+ 50332011071 — 5221 1211233 + 57711233
Ly = —xzo0(x—11T12—T_12%1,1)
_ 2 2 2
I,o = —% 20,0 (2_220%, | —x o027, + 20 _1,121,1%2,2)
L = —xzp0(x_11713 —T—-1,3%1,1)
_ 2 2 2
-72,3 = —% 20,0 (2572,35671,1 — 22,377 1 + 2$71,13101A,19€2,3)
_ 1 2 3 3 2
I35 = —35z0p0 (399—3,333_1,1951,1 —T_33T7; — Ty 1733+ 3x_1,1$1,1$3,3)

Each of these invariant is the restriction to the slice of a unique rational SOz(R)-invariant on Piez. The
expression for this SO3(R)-invariant can be obtained by Theorem 3.15. The set of these provides an al-
gebraically independent set Epie, generating R(Piez)SO3(®), This set separates orbits wherever Dy and the
denominator of Rll do not vanish.

In [Azz+22, Section 7.1], the group acting on the Piezoelectricity tensors is actually O3(R). The O3(R)
representation is then Piez & Hq, ® Hi & ’Hg @ Hsz. Here the first term d; = 1 is odd, and T2ti = yp,2 of
Theorem 4.1 can be chosen as the flipped polynomial P. Applying Theorem 4.1:

Proposition 5.5. The following set of cardinal 15 is an algebraically independent generating set for both
CSN or R(S)V.

Tzﬁ = y%,z Ry = y11y-11+Y-11%11 Ifg = Yo, (yl,2y—1,1 —Y-12¥1,1)
Dy = yio R, = Yo,2(Y1,29—1,1 + Y—1,291,1) I, = 10,040,2 (V2,242 11 — Y—2,203 1)
gt _ ) Di = wooyo. Ry, = Y2207 11 + Y2297 Liz = iyooyo.2 (V1,3Y-1,1 — Y-1,3Y1,1)
Piez _ _ o 2 3
Ds = yooyo3 Riz = y1,3y-1,1+Y-1,3Y1,1 s = iyoo (Y2397 11 — y-2,393,)
Rys = wo2(yesy®i1+y—2sui1) Iss = iyooyo2 (Y3911 —y-s3951)
Rz = ys3y®11+Y-33Yi,

Each of these invariant is the restriction to the slice of a unique rational Oz(R)-invariant on Piez. The set
of these provides an algebraically independent set Epie, generating R(]P’iez)o?’(R).

5.3 3D Moment Invariants

Several field of engineering are confronted with differentiating or classifying 3D shapes up to a group of
transformations, and in particular the group SOs(R) of rotations. Moments are descriptors of a shape
that are obtained by acquisition devices or by computation. Moment invariants are then the descriptors
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of the shape independently of rotation. For two dimensional images, many approaches to the computation
and application of moment invariants were developed. The books [FSZ09; FSZ17] are entry points to the
intricate litterature for mathematical and methodological advances together with their concrete applications.
The seminal papers in the 3D case seem to be [Guo93; Hu62; LD89]. A sample of applications in medecine
and biology can be found in [Gon+13; Man-+04; Som+07].

Finding analytical expressions of moment invariants is the one facet that we wish to expand on here. Several
methods have been designed to produce 3D moment invariants under SO3(R) with recent contributions
[BB23; Li+17; SFB15; Sun24|. Explicit expressions for some moment invariants up to tenth order were
exhibited. Yet their completeness and independence has not been settled. The main result of this article,
Theorem 3.14, applies straightforwardly and provide explicit expressions of an algebraically independent set
of moment invariants, up to any order, that is complete and minimal in the sense that any other rational
invariants can be written as a rational function of these.

Consider a measure ;¢ with compact support in R?. The associated moment functional is the linear form
m,: Ruy,v,w] — R
p = fpepdp

The measure can for instance be given by a density function w : R? — R with compact support so that
the moments are

m,(p) = /R3p(u,v,w)w(u,v,w) dudvdw.

For instance w can be the characteristic function of a 3D shape. Another important case is when g is an
atomic measure, i.e., a linear combination of a finite number Diracs centered at &1, ..., &, € R? with positive
coefficients w;. Then

mu(p) = Z w; p(&i)-

Assume w is the characteristic function of a shape and that this shape is transformed by an invertible linear

map a : R? — R3. Then the characteristic function of the transformed shape is w o a~!. More generally, for

a measure y and its transform p® by a we have m,a(p) = m,(poa).

For a group representation G — GL(R3), if Az(ad) : G = GL,,(R) is the matrix of the induced representation
- d .

1 praog tl=1[p1 .. pr Al® (g), then, in the

dual basis, the matrix of the induced representation on the dual space (R[u, v, w]q)" is Méf) : G — GL,,(R)

-7
with Mfgil) (9) = (A;(,d) (g)) . Concomitantly

on R[u, v, w]q in the basis {p1,...,pr,}, i.e. [p1og™

m#.g.(?)l) :(A(d) (g*l))T mﬂg.jl)

My (p’l'd) m“.(prd)

In the case of a compact group we can always find bases where the matrices Agd) (g) are orthogonal so that
the induced representations on R[u, v, w]s and its dual (R[u,v,w]q)" are equivalent. For SO3(R), the real
spherical harmonics defined in Section 3.1 provide such bases.

The action of SO3(R) on moments of order 0 up to order d is thus equivalent to the action of SO3(R) on
Mg =ROR[u,v,w]; & ... B Rlu,v, w|y. Given that

Lg]
Rlu,v,w]q = (u? + v + ) Hag_op
k=0

ol
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we can apply Theorem 3.14 to provide the moment invariants up to any order. For instance for d = 4 the
basis of My is, with ¢ = u? + v? + w?,

{DU{XTh XY X0 u{g X572, X5 bu{eX T aXY g XD X570, XS uld? o X5 a X Xt L X
The moments m(1), m(q), m(¢?) are already invariants. To obtain a generating set of moment invariants

one has to add the invariants obtained from Theorem 3.14 with the following coordinates that are arranged
according to parity of the degrees (p = 3, n =5 in the notation of Theorem 3.14).

1

vr0 = 75 (m X - im () g = m (X0) w0 = 75 (m (X7) —im (1))
voa = g (m (X% im () v = 5 (m (X5%) —im ()
voan = 7 (m (X% +im (0X5%) s yae = 5 (m (0X) —im (0X57)):
s = 75 (m (X5 im (X)) = g (m (X5) —im ()
v = m(@XTY) im X)) pa = s (m (0 — i (0])):
Vo= g (mOG) im (X)) s = 5 (m (X57) — im (33))

If is nonetheless often assumed that m(R[u,v,w];) = {0}. This is obtained by applying an appropriate
translation to the measure. One thus has to deal with the action of SO3(R) on MG = R & Ru, v, w]s &
Rlu,v,w|3®...®R[u,v,w]y. One can still apply Theorem 3.14 since R[u, v, w]s = ¢ H1 ® Hz. We reorganize
the components of G as

MG =qH1OR® (RDH2) ® (PR ® qHo ® Ha) & Has.

Again, m(1), m(q), m(¢?) being already invariants, we can apply Theorem 3.14 on the following coordinates
(p=3):

1 1
b0 = s (m(¢X7") +im(¢X1 ")), yoo =m (¢X7), y—10 = 7 (m(gX7h) —im(¢X7h)) s

o = s (0 (X52) im (X))o = = (m (657) — im (3)):
v = 5 (m (035%) +im (0 X3)) oo = = (m (05 %)~ im (g X5):
vaa = = (m (X +im (X)) s = = (m (X —im ().
v = g (O im (X)) = 5 (m (X57) — im (X9)):

Though they can be obtained with symbolic computation the expressions of the invariants become quickly
unwieldy. To evaluate these invariants numerically, the better way would probably be to apply a rotation

that brings
1 i ’ 5 T
——=(Y1,0 + ¥-1,0), Y0,0, \ﬁ(yl,o —Y-1,0) to (07 0,4/ ¥6,0 + 2Z/—1,oy1,o)
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as soon as possible, and then evaluate the restriction of the invariants to the slice as given in Theorem 3.7.

An alternative to provide explicit expressions of moment invariants is to extend the method of [GHP19] that
is based on a natural Seshadri slice for R[u, v, w]2. The natural bases for the polynomial rings are then the
cubic harmonics. Note that if the measure is centrally symmetric then all moments of odd order are zero
and therefore the rational invariants obtained by applying Theorem 3.14 are zero or undefined. The method
based on [GHP19] would provide separating moment invariants then though.

A Rewriting an invariant in terms of the generators

In this article we exhibited algebraically independent generators of the invariant field R('H)SO3(R) emphasizing
their separation properties. One can also use a generating set of invariants as new variables of an invariant
problem, thus factoring out the symmetry; see for instance [HL12; HL13; HL16] where are examined the use
of invariants of Abelian groups to solve polynomial systems or reduce the number of parameters in dynamical
systems. In this appendix we show how to rewite any invariants in R(H)SOS(R) in terms of the generators
exhibited.

Consider R € R(H)393®). Then the restriction of R to the slice S is an Oy (R)-invariant; in other words
R = R‘S € R(S)9:(®). If we can identify a rational function F' such that R = F(T};, Dj, Ry, Inj) then
R = F(Tj,bj,ij,fmj) by Theorem 3.5. One thus can rewrite any element of R(#H)5%3(®) as a rational
function of £ thanks to the following rewrite rules.

Theorem A.1. Assume P, Q € R[S] and take p and q in
R(ij Dja ij7 Imj)[yO,O; Y1,1Y-1,15Y—d; 55+ - - Y=d;,j» 1<;< TL]

the reductions of P and @ by the following confluent system of rewrite rules:

Yo, — Tj 1<5<p
D, .
Yoj — DgYo,0 p+l<j<n
1 { Run; il .
Ym, —> 2m7F Rﬂ]*m)yﬁ 1<j<n1<m<d;
—1 Rm/ iIrn' .
Yom,j — 2™ Ri"i + yooilel) yT1,1 1<j<n,1<m<d;
Yi,1Yy-11 — Ru
y?},o — Dy

Then g belongs to R(S)N iff p=pr and q¢ = §r with p, G € R(T}, Dj, Ryj, In;) and r € Rly]. In which case

EZp(Tj(Hl)vDj(Hl)vRma’(Hl)vaj(Hl))
Q  §(T;(H1),Dj(Hr), Ryj(H1), Imj(Hn))

Proof. The proof relies on [MS99|. A Grdbner basis of the ideal in R(y)[Y] generated by

Yo —yo4, 1 <J<ptU{YoYo; —vooy0;, p+1<j<n}
U {(Y_leYm,j + Yfﬁy—m,j) - (yTLlym,j + y??ly—m,j% 1 < ] < n, 1 <m< djv (mvj) 7& (1’ 1)}
U{Yo (Y3 1 Yony = Y Yomg)s =900 1¥mg — YTaY-my, 1 <G <n, 1 <m < dj, (m,j) # (1,1)}
U{Y_11Y11 —y—1.1911, Y& — 430}
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w.r.t. to a term order that eliminates Yy ;, ¥y, ; and Y_,, ; is given by

{YZ—4d, Yi1Y 11 —vy11y-1.1}

UA{Yo;—wo,l1<j<p}U {Yo,j— y;;onlp+1§j§n}

(m U™ 1+ Y—m ) | (Um0 1 —Yem YT ) . .
. {va7j - ( ]2(yi11,1y1,1)’i o 2]110(;711,11/1,1)]’"1 = Yo Yo [1<j<n, 1<m<dj(mj)#(11)¢,

U {Y_m7j o <(ym,jym111+ym,jy?fl) o (ym,jyml,l_ym,jyI’,Ll)YO) Y_”"’Ll | 1 SJ g n, 1 g m § dj? (m,j) # (1, 1)}

2y YT 2y0(y—1,191,1)™

where the leading terms are in bold font. This latter can be written as :

{Y(z)_DO7 Yl,lYfl’l_ %Rll}
U{YO,J_T]|1S]SP}U{YO,J—%;%|])+1SJSH}
U Ymg—2m 7t (B = gl o) Y 115 < m 1S m<dy (m,) £ (L)},

m— R Y m . .
U {Y,m,j_z (B g M i)Y [1<G <, 1§m§dj,(m,])7é(1,1)}.

By [MS99, Lemma 1.7 and Algorithm 1.10], we obtain the annouced result. O

Example A.2. In the space of piezoelectricity tensor, the invariant P whose restriction to the slice equals
P =y, 93, +y3.1y%5,1 can be rewritten as

526 [ a0 R3,I2, N 6R3, [ Ra1ls1 3Ry I3 R3, N 3Ry 13,13, 213 Rails
RS\ Dy Dy Dy D2 D2 '
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