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Algebraically independent generators for the invariant field of
SO3(R) and O3(R) representations R* & H

Evelyne Hubert and Martin Jalard*

Inria Cote d’Azur, France

June 7, 2024

Abstract

We consider the representations of the group SO3(R) that contain the standard representation R?
as an irreducible component. This is a large class of representations containing the vector spaces of
ternary forms of any odd degree, the space of Piezoelectric tensors and the classical product space
R3 x ... x R® which appears in multiple physical and engineering situations. For any such representation
we contruct a set of algebraically independent rational invariants that separate orbits outside of an
identified hypersurface. As such they generate the field of rational invariants.

Our key ingredient is a constructive use of Seshadri slice lemma. This latter establishes an isomor-
phism between the SO3(R)-invariant field on the full representation R* @ H with the invariant field of
O2(R) acting on a subspace R @ H. The O2(R)-invariants are given explicitly as polynomials. We pre-
dict the denominators of the related SO3(R)-invariants and show how to evaluate these latter thanks
to Wigner matrices. The results are then extended to O3(R) actions and several cases of interest to
applications are detailed as examples.

*Contact: martin.jalard@inria.fr
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1 Introduction

Invariants are useful for classifying objects up to a group of transformations. In this article we consider a large
class of representations of SO3(R) among which some are relevant to domains as continuum mecanics and
machine learning. We construct a a generating set of rational invariants that is algebraically independent.

Computational Invariant Theory [DK15; Stu93| has long focused on polynomial invariants. In the case of
the group O3(R) or SO3(R), any two real orbits are separated by a generating set of polynomial invariants.
The generating set can nonetheless be very large, of very high degree and difficult to numerically evaluate at
a given point robustly. A generating set of rational invariants is typically of smaller cardinality and yet they
separate orbits in general position [PV94; Ros56] — this remains true for any group, even for non-reductive
groups. Rational invariants can thus prove to be sufficient, and sometimes more relevant, in applications
and in connection with other mathematical disciplines [Biir+21; HK07b; Hub12]. A practical and general
algorithm to compute a generating set of rational invariants of a group action appeared in [HKO07a]; see
also [DK15; Hub19; MB99]. The main idea of this construction was refined to provide specific algorithms
for group actions relevant to diverse applications [GHP19; HL13]. As corollary of these constructions, the
invariant field of these actions is seen to be rational, a problem sometimes refered as Noether’s problem and
amply addressed in the litterature, as reviewed in [CS05].

In this article we consider the representations of the group SO3(R) that contain the standard representation
R3 as an irreducible component. This is a large class of representations containing the vector spaces of ternary
forms of any odd degree, the space of piezoelectric tensors and, last but not least, the classical product space
R3 x ... x R? that appears in multiple physical and engineering situations. The key constructive refinement
we introduce, to exhibit a generating set of rational invariants, is based on Seshadri slice lemma.

Seshadri slice lemma establishes an isomorphism between the SO3(R)-invariant field on the full representation
R3 @ H with the invariant field of Oy(R) acting on a subspace R & H. We give explicitely a set of dimH — 1
algebraically independent invariant polynomials that generate the O (R) invariant field. They correspond to
algebraically independent rational SO3(R)-invariant and we make explicit what are the denominators of these
and how to evaluate them where defined. Conversely, we solve the inverse problem: recover a representant
of any real orbit distinguised by the values of the invariants.

The results are then extended to O3(R) actions and several cases of interest to applications are detailed as
examples. As a side product, our construction provides a proof of rationality for the invariant fields of all
the representations considered; only rational stability is ensured other free SO3(R)-representations [CS05].

In continuum mecanics, if a minimal set of generators of the invariant field were determined for the action
of SO3(R) on the space of elasticity tensors [Des+19], this is the first time a minimal generating set of
SO3(R)-rational invariants is given for the space of piezoelectric tensors. Other separating sets of invariants
are provided in [Olil4; Che+19], but their cardinalities are drastically larger.

The paper is organized as follows. In Section 2 we make explicit a set of polynomials of small size that form
an algebraically independent set of generators for the field of Og(R)-invariant for the large class of Oy(R)-
representations relevant to our purpose. In Section 3 we introduce the class of SO3(IR)-representations
of interest to us and show how their rational invariants can be deduced from the Os(R)-invariants just
constructed. We show how to evaluate them numerically on real data and examine where they separate
orbits. We furthermore solve the inverse problem: given a set of values for the invariants, can we identify a
real point where these values are obtained? In Section 4 we extend our result to the construction of Og(R)-
invariants. And finally in Section 5 we give explicitly the generating O3(R) or SO3(R)-invariants for cases
of interest in applications. In AppendixA we explain how to rewrite any other SO3(R)-invariant on R3 & H
in terms of our generators.

For a real algebraic variety V, we note V its complexification.



2 Invariants for a class of O,(R)-representation

The goal of this article is to construct generators of SO3(R)-invariant fields. For the representations we shall
consider these fields are isomorphic to Os(R)-invariant fields. As a preliminary we thus consider, in this
section, the relevant representations of O3(R) (see Section 2.2). For each of these we make explicit a set
of algebraically independent polynomial invariants that generates the field of invariants (Theorem 2.8). We
describe precisely the open set on which they separate Oz (R)-orbits.

2.1 Representations of O,(C)

The orthogonal group O2(R) is often thought of as the one parameter family of linear transformations in the
plane given by:

. cos(a) —sin(w) cos(e)  sin(a)
O2(R) = {(sin(a) cos(a) ) ) € R} Y {(sin(a) —cos(a) aeRe
If (x1,7_1) are the coordinates for the plane R?, considering the coordinates

(y1> =P <x1> where P := (1 1‘)
Y-1 T_1 1 —i

of the R-vector space V = {(y1,y_1) € C? | §1 = y_1} we obtain the parametrization

o= {(5 O)wes) o {(% “)aer)

Concomitantly [FH13, Exercise 18.2]
> ,Z € C*} .

0,(C) = {g;r:(g g),zec*}u{gz_:(g

Proposition 2.1. [GSS88] The irreducible representations of O2(C) are indezed by j € Z with j > —1.
They consist of representations ¢; : O2(C) — GL(V;) where

Own =

e forj€{0, —1}, ]A)j >~ C is one dimensional and
¢o(97) = (1), ¢o(9z) = (1)5  ¢-1(97) = (1), ¢-1(92) = (-1);
o forj>1, f/j =~ C? is two dimensional and

o= (5 2) e ww-(5 7))

The real trace of f/j, for j > 1,is V; = {(y1,y—1) € C? |41 = y_1} and the real irreducible representations of
O2(R) are obtained by restricting the above ones to V; and {z € C*| 2z = 1}.

2.2 Invariants for SO,(C)

Let p,q,m1,...,m, be integers with m; = 1, ¢ > 1. We consider the representation

p q r
p: 09(C) — GL(V) where V = @]}0 ® @1}71 ® @]}mj (my=1,q>1).
j=1 j=1 j=1



We endow V with coordinates (t1y ey tpydiy ooy dgy Y1, Y—1, -, Yr, Y—r ). We first proceed to give an algebraically
independent generating set for the invariant field of the normal subgroup SO2(C) and then deduce the

invariant field of the group O2(C).

Proposition 2.2. The following set of polynomials is algebraically independent and generates the invariant

field C(V)502(©).

’Lj = tj 1<j<p
0, = dj 1<j<q
¢ = o mj .
bjo= wiy—y, lsjsr
4, = Y-j4’, 2<j<r

Note that the omitted polynomial q; would be equal to p;. The proof of Proposition 2.2 rests on the two
following lemmata. By Lemmas 2.3 and 3.5, polynomials in ¢ are invariant and separate orbits in the Zariski

open set U;. Thanks to Rosenlicht theorem [Ros56], [PV94, Lemma 2.1], they generate C(1)592(©).
Lemma 2.3. Fach polynomial in ¢ is invariant for SOy (C)

Proof. Take z € C* to identify some g € SO3(C), and v = (t1, ..., tp, d1, ooy dgy Y1, Y—1, oy Yr, Y—r) € V.

o For all < p, 4(p(gF) () = 13 = 4 (0)

e For all j < ¢, 9;(p(97)(v)) = det(p(g))d; = d; =;(v)
o For all 1< j < 7, py(p(g2)(0)) = 2™ g3 5™ 4 = py(0)
e Forall 2 <j <7, q;(p(gF

)
)

(@) = 2™y 2™ Yo, = q;(0) O
Lemma 2.4. The set ¢ separates orbits in Uy = {ve V |y1y—1 # 0}. That is for u,v € Uy, we have

Vi€ e f(u) =f(v) = 3Jg € SO2(C), p(g)(u) = v.
Proof. Takeu = (t1,...;tp,d1, s dg, U1, U1, . Up,u—y) and v = (1, ..., 5, dy, ..., di, V1, V-1, o0y U, V) POIDES

in dl.
o For 1 <j<p, tj(u) =t;(v) =t; =1
Similarly, for 1 < j < ¢,0;(u) =0;(v) = d; = d’.
e Since uy # 0 and vy # 0, z := 7+ € C* gives
p1(g (u) = p1(v)
Zuiu_y Vv

= V101
= ’U_1

p1(u) = p1(v)

z
ViU -1

z
u_3

A

That is ¢1 (g ) (u1,u—_1) = (v1,v_1).

e Suppose furthermore that for some 2 < j < r,p;(u) = p;(v) and q;(u) = q;(v). One then has:

p; (g7 (u)
2™
2™ =vjv_7
2™y = v,

pj(u) =p;(v)

el

Similarly, q(u) = q(v) = 27" u_; = v_;. Hence, ¢, (97 )(uj, u_;) = (v;,v_;).

We showed that if all polynomials in e coincide on u and v, p(gf)(u) = v and u and v lie on the same

orbit.

O



2.3 Invariants for O(C)

SO2(C) is a normal subgroup of O3(C) with O2(C)/SO5(C) = {g;", 97 } = Co. There is thus a natural
action of Cy on C(V)392(€) = C(e) and

C(]A})OQ(C) — ((COA})SOQ((C))CQ — (C(Q)C?.

The action of Cy on ¢ consists of permutations and sign changes. It thus amounts to a linear action of Cy
on W := Vect(f | f € ¢). We can thus deduce from Proposition 2.2 an algebraically independent generating
invariants for C(V)©2(®) thanks to the following easy lemma.

Lemma 2.5. Consider (v, W) the representation of Co = {1, —1} on C™ where

- (i)

If C™ is endowed with coordinates (w1, ..., Wk, W41, ..., wy) then {wiw;, 1 <i < k}U{w;, k+1<j<n}is
an algebraically independent set of polynomials generating C(W)©2.

Indeed, one checks that this set of invariants separates orbits on Us = {w € W |w; # 0}.

Proposition 2.6. The following set of algebraically independent polynomials generates the field (C()A})OQ(C) :

T, = t;, I<j<p
So = D; = mdjdla . 1<j<q
Py = Yiy—i T Yy; s 1<j<r
Qi = (yy'i —y—m?)di, 2<j<r

Proof. The natural action of Cs on C(]})SOQ(C) is given by

[g] - AP :=Poy.
€Cy €C(V)802(0)

Take v = (t1, ..., tp, d1, .., dg, Y1, Y—1, -, Y, Y—r) & point in V.

e For 1 <j<p, (97 - t;)(v) =t;(p(g1 ) v) = ¢olg1 ) t; = t;(v);
e For 1 <j<gq, (91 -0;)(v) =0;(p(gy)v) = ¢-1(97 ) dj = —0;(v);
o For 1 <j<r, (97 -;)(v) =p;(pgr)v) = y—j91" = q;(v)

and (g7 - q;)(v) = a;(p(g7 ) v) = y;9"5 = p;(v).

Since polynomials in ¢ are linearly (and actually algebraically) independent, they form a basis of the vector
space W := Vect(f | f € ¢) and this vector space is invariant by the action of Cs on ¢; it is a linear action.

The matrix representation of g; in the basis

t, = tj, 1<j<p I, 0 0 0
L)Y = d 1<j<gq : |0 -1, 0 0
CEY B = pra d1=jer (PWEMEI=10 0" o

aj = pj—q; 2<j<r 0 0 0 —I,,



By Lemma 2.5, the following is a generating set for C(W)S:

; = t, 1<j<p
D; = 0}, 1<j<gq
Ec = P ) 1 <<
J pj, SJ)=sr
Q; = qjd, 2<j<r

To check the algebraic independence of &, note that #&c = p+g+2r—1 = dim(V) —dim(O2(C)). However,
the transcendance degree of the field C(1)92(®) is equal to dim(V) — max,ecy (dim(O2(C) - v)) [PV94, Section

2.3]. Hence #&¢ < deg,, (C(]A/)OZ(C)) while generating this field. Thus &¢ is algebraically independent. [J

The explicit expessions of the elements of & allow us to determine where &¢ fails to separate orbits.

Proposition 2.7. Polynomials in Ec separate the orbits of O2(C) in U= {v ey | diyry—1 # 0}.

2.4 Invariants for Oy(R)
One observes that the restrictions of elements in £ on the real trace
V= {(tl, ...,tp,dl, --~,dq7y1;y—17 ~-~7yr7y—r) S ]> | t1, ...,tp,dl, ...,dq eR gy =y—i,1 <1< ?’l}

of V are either real or pure imaginary. One can thus determine generating invariants for ]R(V)O?(R).

Theorem 2.8. The following set of algebraically independent polynomials generates both R(V)O:(R) o
C(V)©=(©.

R; = P = 2§R(y_1;yj), 1<j<r
I; = iQ; = _2%(9—{yj)d1a 2<j<=sr

Proof. On V, p; = y;y™ =7_;7y" = 4;. Hence, p; +q; = 2R(p;) and p; — q; = 2iS(p;). Thus R; and I;
are real and they generate R(V)?2®) over R and C(V)?>(©) over C. O

Since we just multiplied polynomials by a constant, polynomials in £ still separate orbits in
U={veV|dyy_1 #0}.

The polynomials of Theorem 2.8 can be translated into real coordinates through the base change P~1. It
involves an expansion by the Newton binomial which makes the complex i disappear. Nevertheless the
expressions become rather involved as shown in the following example. This explains why we mostly work
with complex coordinates througout the article.

Example 2.9. For the 8-dimensional linear representation S+ = 2V_1 & V1 & Vo @& V3, an algebraically
independent generating set of R(S7)9>®) s

D, = &3 Dy = d?
Dy = didy Dy = didy
Ry = 2y1y Ry = 2(zf+22%,)
Er=4 Ry = ¥y o+v3,y =< Ry = 4w oz 171 — 222 200 + 22379
Ry = wy s3+v3,u3 Ry = —2x_ 323, +6x_3z_12? — 622 2123 + 22323

I, = idi(yiy—2 —y21y2) I 2dy (v_9a? | — x_9x3 + 217—1I1$2)
I; = idi(viy_s —v3,y3) Is = 2dy (3w_32% 21 — 2373 — 2% 23 + 390_13:%3:3)




3 Invariants for SO3(R)

In this section we consider the representation of SO3(R) on

H =" &M,

Jj=1

where Hg4, for d € N, are the irreducible representations of SO3(R), where H; = R3. We shall characterize an
algebraically independent set of rational invariants that generates the invariant field R(”H)SO?’(R). We make
clear where these invariants have singularities, on which open set they separate orbits and how to evaluate
them. We shall furthermore solve the inverse problem: given values of for these invariants provide firstly
conditions for the existence of a (real) orbit where the invariants have these values and secondly an element in
this orbit if it exists. All these results rest on a constructive use of Seshadri slice lemma. In the present case
this latter asserts that the restriction to S = R&®7_;Hq; provides an isomorphism between R(H)S9s®) and
R(S)©2(®), We can therefore apply the results of previous section to characterize the invariants of SO3(R)

on H.

In Section 3.1 H4 is made explicit as the space of harmonic ternary forms of degree d. The spherical
harmonics form bases that decompose the Hy into irreducible representations of Os(R). In Section 3.2
we recall Seshadri’s lemma and exhibit a slice S for H. In Section 3.3 we characterize an algebraically
independent set of invariants that generates R(H)SOS(R). They are determined by their restriction to S. In
Section 3.4 and 3.6 we show how this is sufficient to evaluate these SO5(R)-invariants on 1\ Q, where Q is
the variety of an invariant quadratic polynomial, solve the inverse problem.

3.1 Representations of SO3(R)

The irreducible representations Hq, d € N, of SO3(R) are given explicitely in terms of spaces of homogeneous
harmonic polynomials of degree d. The spherical harmonics form bases for these that decompose them into
irreducible O2(R) representations. In this section we recall these notions and introduce the notations we
shall use.

H4 is the vector space of degree d real harmonic homogeneous polynomials on R3:

o’P  9°P  9°P
Hy = {PER[U,V,W]d | }

a2 Tavz Tawz ~ Y

The standard action of SOz(R) on R? induces, by composition, a linear action on the polynomial ring:
VP € R[U,V,W], g € SO3(R), g- P = Pog~!. This action stabilises the vector space Hy for any d € N.
It thus induces the representations pg : SO3(R) — GL(H4) for d € N. They are the only irreducible
representations of SO3(R) [GSS88]. Among them, (pg, Ho) is the trivial representation and (p1,H1) is the
equivalent to the standard representation on R3. The class of representations we consider are thus all the
representations where the multiplicity of (H1, p1) is strictly positive. This is specific and yet covers a number
of relevant cases.

The spherical harmonics form bases of the spaces Hy. They are homogeneous polynomials in R[U, V, W]
that decompose the spaces Hy into irreducible representations of O3(R). Their expressions are nontheless
better known in spherical coordinates than in Cartesian coordinates. We thus introduce spherical coordinates
(r,0,¢) in R3 so that

u=r cos(f), v=rsind)cos(¢), w=r sin(h)sin(¢).

Theorem 3.1. [Dail3] For 1 <m < d note PT* the (d,m)" associated Legendre polynomial. The following



set of functions of (r,0, ) is a polynomial basis for Hy:

A Y= imtdpdeime pmicos(d)), 1<m<d
By:=( Y; "= imm-dpdemime pmicos(f)), 1<m<d
Yy = ¢ PY9(cos(0))

With respect to this basis, we put hj = (y—d, ., Y—d; +1,j> -+ Yd,; ~1,j> ¥d;,j) coordinates in ’}:idj, h=(hi,....hn)

coordinates in }_, 7:[dj. When 6, ¢ and r are in R we have Y;™ = Y™, for any 0 < m < d. With the
change P~! of basis introduced in Section 2.1 we obtain the real harmonic basis:

Xq

x;m

LY +Y; ™) =rdcos (my + (m+d) %) Py (cos(9))
= (Y — Yd ™) = rdsin (me + (m + d)Z) Py (cos(6))

Hence, natural real coordinates can be defined on Hq; with h; = (v_q; j, ..., 4, ;)-

Example 3.2. The vector space H1 = R[U,V, W]y is endowed with the real basis By = {X] = -W, X} =
U X '=V}

The real vector space Hs is endowed with the basis By = {XI",—3 < m < 3}. We can compute their
expressions in Cartesian coordinates up to a normalisation constant:

X3 =3W?2V -V3 X2=UVW XI=WUUu?-v2-w?)
B3 ={ X9=U(2U?-3V?—-3W?)
X5 =3wv2—w? X;?P=UW?-V?) X;j'=-VEAU?-V?2-W?)
Proposition 3.3. Write n := p+ q such that d; is even for 1 < j < p, and odd forp+1<j<p+q. For

the restriction to O2(C), subgroup of SO3(R), the representation on €D 7:Ldj is isomorphic to
j=1

@vo@@v_l@j@lgglv

where the Vy, are the irreducible representations of O (R) introduced in Section 2.1.

Proof. Consider the subgroup of rotations of axis U. Its standard representation writes in spherical coordi-
nates:

+
Joa(r,0,0) = (r0,0+aq)
Va € R, Vr, 0, ¢, el
4 { gem(r,e,go) = (r’ﬂ-ia’igpia)

Consider the induced action on harmonic polynomials. Let d be a positive integer and 1 < m < d. For all
(r,0,¢) € R3, and « real,

pa(g)a) (Vi (r,0,9)) Ym( 9o ia(r,0,90))
Y (r, 0,0 — a)
im+d rd eim(eta) pm(cos())

= e "My (r,0,p)

pa(9,a) (Y7 (1,0, 0)) Y79, (r,0,9))
Y (7“ T—0,—p+a)

= i emimlpo) PR cos(9))



Using Legendre associated polynomials parity [Amill] P7*(—t) = (—1)4T™P™(¢) we obtain

pa(g.a) (Y (r,0,0)) = (=1)dtmimtdpd e=imle=e) pin(cos(0))
= ifd_m rd emim(e=a) pm(cos(6))
pagza) (Y7") = emey, ™

Thus, the O2(C) action on Vect(Y;",Y,; ™) is isomorphic to V. Meanwhile for m = 0, the corresponding

dj
$-19D D ¢ when d; is odd.
m=1

O

action on Vect(Y}) is { ¢-1 whendis odd. We have p; ~

oo when d is even. dj )
$o® D ém  when d; is even.
m=1

3.2 Seshadri slice

In this section we identify a Seshadi slice (S, N), where N 2 O5(R), for H = H; @ @?:1 Ha, that establishes
an isomorphism between R(H)592(®) and R(S)N.

Seshadri slice lemma is instrumental in proving the rationality of the invariant field of some algebraic group
actions [CS05]. And indeed, in Section 3.3 we make explicit a set of algebraically independent polynomial
invariants generating R(S)N; R(S)N is thus rational and so is therefore R(#)5%3(®), We shall nonetheless go
further. In Section 3.4 we show how to evaluate the corresponding invariants of R(#)3%3(®) at any point in
‘H. The evaluation process also provides a way to give the explicit expressions of these invariants after some
symbolic manipulations.

Theorem 3.4. Seshadri slice lemma [CS05, Theorem 3.1]. Let G be a real algebraic group acting on a
vector space X. Let S C X be a subvector space and N < G the normalizer of S in G. Assume that:

e The closure of G x S is the whole of X .

e There is an non empty N—stable Zariski open subset Z C S such that for all g € Gandsec 2 satisfying
g(s) € Z, there exists h € N such that h(s) = g(s).

Then, the restriction to Z of rational functions on X induces a field isomorphism R(X)¢ = R(S)N.

Definition 3.5. Such a pair (S,N) is called a Seshadri slice for G ~ X.

For P € R(S)N there thus exists a unique P € R(X)C such that the restriction of P to Z equals P; We shall
write Pz = P.

Proposition 3.6. Consider the subspace S1 = {A\U, A € R} C H1 and U
S:=8 @My CcH
j=1
Then, (S,N) is a Seshadri slice with normalizer N 2 Oo(R)

det(g) | 0 0
N = 0 g , g€ OQ(R) C SOg(R)

0 1% S,

The normalizer N of S thus consists of the rotations in R? that leave the U axis invariant. That includes
the rotations around the U axis and the rotations by 7 around any axis in the (V, W) plane.
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The open subset Z in S that is relevant in the proof and later on in the article is
n
Z={pU+>_ Py €S with p; #0}.
j=1

Proof. We prove the two conditions to be a Seshadri slice:

n
elet P:=P + > Py, be a polynomial in H. Since (p1, H1) is isomorphic to the standard representation,

=1

J
the orbits in H; are the concentric spheres r S? of radius r € R*. Hence there exists a rotation g € SO3(R)

such that pi(g) (P1) = |[|P1||U € S1. That is, p(g)(P) € S1 ® @ Hq, = S.
j=1

e We take the non empty subset Z = {p1U + > Py, € S withp; # 0} C S. Z is N-stable and its
j=1

complexification is Z = {pU + 3 Py, € S with py; # 0} C 8. Then for any P € Z an element g € SO3(C)
j=1
R A a b
such that p(g)(P) € Z satisfies p1(g) = | 0 * x| with \,a,b € C. However we have p;(g)! = g* € SO3(C)
0 * =
and p1(9)'p1(g) = Is.
A 0O Aa b A2 Xa b
= pl(g)tpl(g): a x ok 0 * x| =[N =« x | =13
b x x 0 * =x b % %
Thisis)\::tl,aanndsz.Then,geN. O

3.3 Restrictions of the invariants to the slice

We saw that . .
S=810PHsy ¢ HidEPHa, =H

j=1 j=1
with normalizer N 2 O3 (R) is a Seshadri slice for (H,SO3(R)). By Theorem 3.3 we know that

n P q n  dj
@’de = @Vo@@vfl@®®vm
j=1 j=1 j=1

j=1m=1

where the V), are the irreducible representations of O3(R) of Section 2.1. This decomposition is furthermore
explicitly given by a basis of spherical harmonics as shown in introduced in Proposition 3.3. The action of
N on & is furthermore the determinental representation ¢_;. We thus can write

p q n  dj
ngf1®@vo@®vfl®®@vm.
j=1 j=1

j=1m=1

with coordinates (yo, zm.j, 1 < j <r, —d; <m < d;). The group action Oz(R) = N ~n § is a representation
satisfying the hypotheses of Theorem 2.8. We apply it to obtain generators:
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Theorem 3.7. The following set of algebraically independent polynomials generates both R(S)N and C(S)N

Tj(yo,h) = 0,55 1<j<p
DO(y07 h) = y(%a
&= Dj(yo,h) = YoYo,j p+1<j<n
Rui(Wo,h) = Ymg¥™ 1+ Y-m¥ls, 1<j<n, 1<m <d,
Imj(yo’ h) = o (meyTl,l - y—mJy{r,Ll) , 1<) <n, I<mc< dj’ (]7m) # (17 1)

Corollary 3.8. Let p : SO3(R) — GL(H) be a representation including at least once the irreducible repre-
sentation (p1,H1). Then, R(H)SP3®) is rational.

Proof. The invariant field R(S)N is rational (Theorem 2.8). According to Seshadri slice lemma, R(#)5C3(®)
is rational. |

It was already known that an almost free SO, (C) action (as SO3(C) representation on 7 whenever n > 0) is
stably rational [CS05, Proposition 4.12], this being a weaker property than rational. Our result nonetheless
also applies to actions which are not almost free.

Example 3.9. The representation ST =2V_1 & Vi & Vo & Vs introduced in Example 2.9 is the slice corre-
sponding to the representation T = Hi @ Hs. For this SO3(C) action, the restriction to S of an algebraically
independent generating invariants on the slice is

Dy =
Dy = yoyo.
Ry = 2y11y-1:1
Er=1¢ R = wyiyo21+y>i102.1
Ry = yi,y—s1+y211ys1
Iy = iyo(yi1y—2.1 —Y>11Y2.1)
Is = iyo(yl y—s1—9>139-31)

3.4 Evaluating the invariants

In previous section we characterized the invariants of the action of SO3(R) on H by their restriction to the
slice S. In this section we address how to evaluate these invariants at any other point of . We propose to
first find a rotation that takes this point to the slice. Such an intersection of the orbit of the point and the
slice is not unique, and the rotation to take it there even less so. Yet the evaluation of the slice invariants at
any such point of intersection gives the same values. As we are interested by evaluation on the real points
of H we can use of spherical coordinates and describe the rotations by FEuler angles.

Definition 3.10. With respect to the Euclidean basis (u,v,w), a rotation g € SO3(R) is determined by Fuler
angles (a, B,7) where a € [0,2x], 8 € [0,7] and v € [0,2xn[. It is the composition of rotations of azes u,w,u
and angles (a, 5,7):

1 0 0 cos(B) sin(B) O 1 0 0
gla,B,7) = [0 cos(vy) sin(y) —sin(8) cos(B) 0] |0 cos(a) sin(«)
0 —sin(y) cos(y) 0 0 1 0 —sin(a) cos(w)

Euler angles are particularly effective to define a rotation g € SO3(R) mapping a point in #H to the slice:

Lemma 3.11. Let y+h € Hi® @ Ha, a point in H, withy # 0. Notey = (1,0, ) in spherical coordinates.
j=1
Then, for all v € R, one has p(g(p,0,7))(y+h) € ZCS.

12



Proof. The representation p; : SO3(R) — GL(%;) is isomorphic to the canonical SO3(R) representation
on R3. Hence for g € SO3(R) we have p1(9)(y) € S1 & g(y) = (r,0,0) < ¢'(r,0,0) = y. Meanwhile, each
rotation in {g(y,0,7),y € R} maps (r,0,0) to y. O

We thus need to address how to compute p(g(¢,0,7)). Wigner matrices provide a solution as they make
explicit the action of SO3(R) on Hg4:

Definition 3.12. [Wig59, p. 15.27]. Let d € N and («, 8,7) some Euler angles. The d** Wigner matriz is
the square matriz of size (2d + 1) x (2d + 1) defined by

Wiapy = | €' wh, (B)e™
—d<m,I<d
where
l 1\s:l—m 2d+m—1—2s l—m+2s
m melZ Om, (1) cos é sin é .
’ (d+m—9s)sll—m+s)l(d—1-9)! 2 2

serd

mm/

Id . is the set of integers s such that d+m — s, s, | —m+ s and d — | — s are non negative, and

-1 if m >0 and ! > 0.
o(m,l) = -1 if m<0andl <0.

1 otherwise.

Note that we slightly modified the coeflicients of the functions wff” compared to [Wigh9] that uses a different
normalisation of the spherical harmonics.

Proposition 3.13. Let d € N and («, 8,7) some Euler angles defining the rotation g(a, 8,7) € SO3(R).
Then, for all vectors Y = (y—d,...,yd) € Ha, pal(g(a, B,7))(Y) = W(daﬁﬁ)Y,
As the third angle  is basically irrelevant for the rotations taking a point in H to the slice S we can give

the expressions of the SO3(R) invariants as follows.

Theorem 3.14. The set of functions of (y + h) € SO3(R) x Z with y = (1,0, ¢) in spherical coordinates

Tily+h) = liEd ew)s (O 5

Do(y+h) = r?

~ d . .

Dily+h) = 7 3 eeuiy @

- dj "
N Rni(y+h) = < > ell@wd ( )yl73> < Z ellww (0)yl 1)
E = lzfdJ l=—d;

l=—d;

Z ellww ( )yl1> ( Z ellwwl (0 )yll)

fml(y—kh) = ( Z ell@w (9)y1]> (lz ell‘/’wdl (9)y11>

l=—d; =—d;

d m
—’"< > ellez m(0 )yl,J> < Z et (), 1)
l=—d; l=—d;

is rational and algebraically independent. It furthermore generates R(H)SOB(R).
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Proof. We build a large matrice W, g0y = Diag(W(d; 0,0y’ 1 <j <mn). Take P the invariant function on #
whose restriction to S is P. Proposition 3.13 claims that P(y + h) = P(Wis,0,0)(y +h)). We thus evaluated
polynomials of & at Wip,0,0)(y + h).

Polynomials in £ are rational, algebraically independent, and they furthermore generate R(S)N. Meanwhile,
Seshadri slice Lemma (Theorem 3.4) claims that the restriction to S is a field isomorphism between R(S)N
and R(H)SO3®) or C(S)N and C(H)39:(©). Hence, extensions of polynomials in £ are rational, algebraically
independent, and they furthermore generate R(#)S%s(®), O

Example 3.15. Consider the representation R® © R3 © R? @ R® = H{. The associated slice is then SH% =
S1 ® H3 and Theorem 3.7 gives the generating set

Dy = 3
En — Dy = yoyo1 Ri = vi,1y-11 .
s Dy = w2 Re = wmiay-12+y-11v12 o = o (Wi,1y—12—Y-1,191,2)
D3 = yovs Rs = wviay-13+y-11v13 Is = iyo(y1,1¥-13—y-1,1%1,3)

In this simple example translating with Maple the invariants given by Theorem 3.14 in spherical coordinates
into Cartesian coordinates leads to expressions that can still each fit on one or two lines:

1:)0 = 2y + 5

Dy = y_ayia +voyos +y1y-1.
Dy = y_1yi2 +voyo2 +v1y-1,2
D3 = y 1y13+yoyo3 +y19¥-1,3

2 —yz,lyf,l—2y—1yoyo,1y1,1+2y—1y1y—1,1y1,1+2y_1y1y3,1+2y§y_1,1y1,1—2yoy1y_1,1yo,1—yfy2,111

R =

, 2y _1y1+y5
RQ _ —yZ 1 y1,1y1,2+((Y—1,191,24+Y—1,2¥1,1+2Y0,1%0,2)¥1 —¥o (¥0,1¥1,2+Y0,2Y1,1))¥—1
2y _1y1+y3
Jrfyfyf1,1y71,27yo(yf1,1yo,2+y71,2yo,1)y1+y§(y71,1y1,2+y71,2y1,1)
) 2y_1y1+y;5
RB _ -y 1y1,1Y1,3+((Y—1,191,3+y—1,3Y1,1+2Y0,1%0,3)¥1 — Y0 (¥0,1¥1,3+Y0,3Y1,1))Y—1
2y_1y1+y;
+—’yfy71.1yf1,3—yo(yf1,1yo,3+y71,syo,1)y1+y§(y71.1y1,3+y71,3y1,1)
2y_1y1+y§
{2 = i(—Y-1Y01Y1,2 + Y=1Y0,2Y1,1 + YoY—1,1Y1,2 — YoY—1,2Y1,1 — Y1Y—1,1%0,2 + Y1Y—1,2Y0,1)
Is = i(=y-1Y01¥1,3 +Y-1Y0,3Y1,1 + YoY—1,1¥1,3 — YoY—1,3Y1,1 — Y1¥—1,1%0,3 + Y1Y—1,3Y0,1)

3.5 Separation properties

We computed a set of invariants £ generating the invariant field (C(S’)N By Proposition 2.7, it separates
orbits in

U= {U eS| yoyiy-11 # 0},

which is included in Z = {v e S | yo # 0}. Here we deduce separation property for the set of rational
invariants £ in H.

Proposition 3.16. Rational functions in € separate orbits in the open set SO3(C) x U.
Proof. Take u; and wg two points in SOg(C)AX U which are not in the same orbit. They have s; and

so representants of their respective orbits in U/. Since £ separates orbits in U, there is f € & such that

f(s1) # f(s2). Since U C Z, f(ur) # f(us). O

14



Recall that y% = Dy and y1,1y—11 = %Ru. The non separated orbits are thus pointed out by ﬁo =0or

Ri1 = 0. We also deduce a set of polynomials satisfying the same separation property. For any P € &, the
rational function P is well defined on SO3(C) x Z. We can determine H \ SO3(C) x Z as an irreducible
hypersurface.

Proposition 3.17. Put (u,v,w) the natural coordinates on Hy C H, and note Q = u® + v + w? € C[H).
Then, H \ (SO3(C) x Z) =V(Q).

U1
Proof. Let z = (u,v,w) be a non zero point in H;. Take g = Vo a matrix in SO3(C). The form
U3
- . . Q(z,v2) = 0.
v = Q(v, 2) is linear and its kernel K, is an hyperplane. Note that g(z) = (r,0,0) < Qzv3) = 0
» U3 .

By dimension then, va,v3 generate K, and Yw € K., Q(v1,w) = 0.

e Suppose that Q(z,z) = 0 and g(z) = (x,0,0). Then, z € K,. Thus Q(z,v1) = 0 and vy € K,. Then,
Q(v1,v1) = 0 and that is a contradiction.

e Suppose that Q(z,z) # 0. Take then r a complex number such that 7> = Q(z,z). With vy, v3 two
orthonormal vectors in K, and v; = £, one has Q(vi,v1) = 1 and Q(v1,v2) = Q(v1,v3) = 0. This is
g(z) = (r,0,0). O

Corollary 3.18. Let P € (C[S']N Then, the denominator of P € C(H)59(© is equal to Q, for some k € N.

Proof. On an irreducible affine variety, any rational function can be written as a quotient of two relatively
prime polynomlals [CLO15]. Then, it is well defined exactly outside V(Q). O

Example 3.19. In FExample 3.15 we can observe that the polynomial Dy is equal to the quadratic form Q
introduced in Proposition 3.17. It is the Fuclidean norm on the real trace. Corollary 3.18 claims that the
denominator of each rational function in € is thus a power of Dy.

As denominators are only powers of @ = Dy, one can select only the numerators of the elements of E. Tt
provides a set generating the invariant field composed with polynomials.

Corollary 3.20. Write £ = {P, = Q, Qik 1> i > #E} with exponents k;. Then P :={Q, P;, 2 <i < #&}

SO3(R)_

is a set of algebraically independent polynomials generating R(H) Moreover, it still separates orbits

inU.

SO3(R)

Proof. Polynomials in P generate each generator in £, and thus R(H) . By cardinality they are alge-

braically independent.

Take two point wuq,us in U which are not in the same orbit. Then P; = @ does not vanish at u; and
ug. Suppose that () does not separate orbits of u; and us. Then, there is some 2 < i < #& such that

%(ul) # Qp,ji (uz). By multiplication by Q(u1)* = Q(uz)* # 0 one has P;(u1) # P;(uz). O

3.6 Inverse problem

Functions of £ enable to construct the rational map

H — R#E
q)f'{ ho—s (P(h),Peé)
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that separates orbits almost everywhere. Note X the image ®z(7). Then the converse problem occurs: for

a point z € R#é, how can we determine if z € X7 And if the answer is yes, can we find a preimage h € H
with ®z(h) = 27

Any point in H has a representant of its orbit in S, or it is a singular point for ®z. Thus X' := ®4(S). Since

functions in € are polynomials on the slice, X is semialgebraic. That is, it is a finite union of set in R#E
defined by polynomial equalities and inequalities:

t;y, 1<i<p

dj, 0<j<gq
Tmj, 1<j7<n, 1<m<d;
imj, 1<j<n, 1<m<d;and(m,j)#(11)
Then, z € X iff one of the following conditions holds:

Proposition 3.21. Let z = € R#E ¢ real vector.

dog >0 and 111 >0

do >0 and Vim, rmj=1im; =0

do=0 and 1711 >0 and Vji,m, ipm; =0 and Vj d;j=0
do=0 and Vjim, rmj=tim; =0 and Vj, d;j=0

The following proof is constructive, giving thus a primage in S at the same time.

Proof. Take z € R#€ a vector as in Proposition 3.21. The slice S intesects all real orbits. Hence, there exists
some real preimage h € H iff there exists also a preimage in S. Take then h a real point in the slice.

Firstly, Do(yo,h) = y% > 0 and Ri1(y0,h) = 2y119-1,1 = 2y11711 = 0. Then ®z(h) = 2z = dy >
0 and 711 > 0. We choose o = v/do and y11,y_11 conjugated complex numbers of module %,/7"11.

YoTmgj —tlmj

Suppose that nor dy or 711 vanish. Since y;1 # 0 and yo # 0 one can choose for m < j, y_p, ; =

2yoyT™y
o YoTmitiimj
and Ym,j = Jom,j = “gyoym - That way,

_ m i m .

ij(ZUOvh) - yl,ly—mj "iyfl,lym,] B
_ m YoTmgj —ilmj m YoTmg+ilm;

Yin 2pery, - T Y11 2oy,

= ij
3 m o am .

Imj(y07h) = Wo (yl,lyfm,j yfl,lymg)
_ m YoTmi—tmj . m  YoTmjFiimj
= Wo\Y1,1 2y0u7, Y_1.1 2y0y™ )
= ij

Take finally yo ; =t; for j <p and yo; = % for j < q. Then ®z(h) = z.

Suppose that Ryi(yo,h) =711 = 0. Then y11 = y—1,1 = 0 and ®z(h) = 2z = Vj,m,"pm; = im; = 0. Take
just yo; =t; for j <pand yo,; = % for j < q to have ®z(h) = z.

g _ B — Vi, imj = YoS(Y11y—m;) = 0.
Suppose that Do(yo,h) = dy = 0. Then yp = 0 and ®z(h) = z = { Vi, d; = yoyos — 0. One

can then choose, forall j <nand 1 <m <dj, y_pm; = ;% and Yy j = Yo = yr,;’fj to have Ry, (h) = 7.
1,1 —1,1

Take just yo,; = t; for j < p to have ®z(h) = 2.
Suppose that R11(yo, h) =711 = 0 and Do(yo, h) =do =0. Then y1; = y_1,1 = 0 and yo = 0. One has then

Vi, imj = Tmj = 0. . .
Oz(h) =2= { ) de: yoyoji _o. Take just yo,; = t; for j < p to have ®z(h) = 2. O

These inequalities are precious to study the orbit set, giving a semialgebraic subset X related to H/SO3(R).

The values of generating polynomials given by ®; allows almost everywhere to determine when a point h € H
is of principal orbit type, namely points whose stabilizer in SO3(R) is Stab(h) = {I3}:
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Proposition 3.22. If Dy(h) >0 and Ry (h) > 0, then the stabilizer Stab(h) is trivial.

Proof. Take h a point in X and s a point of its orbit lying on the slice. Write (y0,0,0,%1,1,...,¥—1,1) the

coordinates of s in S. Suppose that bo(h) = Dy(s) > 0 and Ru(h) = Ry1(s) > 0. That is, yo,¥1.1,¥-1.1

are non zero. Meanwhile, SO3(R) action on H; is dual to the canonic action of SOz(R) on R3. A rotation
1 0 0

g € SO3(R) stabilizes (yo0,0,0) in H, iff g € 0 cos(d) —sin(f) |,0 €Rp =2 SO2(R). This subgroup is
0 sin(d) cos(9)

normal in N and its action on Vect(y1,1,y—1,1) is isomorphic to V;. Its only point with a non trivial stabilizer

is (0,0). Then, Stab(s) = {Id}. But, the stabilizers Stab(h) and Stab(s) are conjugated in SO3(R). Thus,

Stab(h) = {I3}. O

The inequalities in the above proposition do not capture the whole of the principal stratum though. Indeed
the converse of Proposition 3.22 is not true: consider the point with yo1 = y_12 = y1,2 = 1, all the other
coordinates being zero. Then Stab(h) is trivial while Dy(h) = Rq1(h) = 0.

On the other hand all the orbits with non trivial isotropy groups lie in V(@) and are mapped to zero. Our
separating set has thus important limitations to caputre and stratify the orbit space. One can nonetheless
design a strategy that goes beyond the present result by finding other Seshadri slices in the remaining variety
V(Q). Tt allows to compute step by step a complete separating system, and to stratify the orbit space. This
is examined in for the space of piezoelectric tensors in [HJ24b].

4 Generalisation to O3(R) representations

We consider the representations of the group O3(R) > SO3(R)

n ’I’Lﬁ
Hi=H &P Hs, & PH.
j=1 j=1

where dy, ...,d,, €1, ..., e,: are integers. Both ’Hgl and H4 can be thought of as the space of harmonic homo-
geneous polynomials of degree d. The representation on H, is the restriction to 4 of the representation of
O3(R) on the polynomial ring R[U, V, W] obtained by composition with the standard representation of O3(R)
on R3. We call it pg : O3(R) — GL(#H4) as was done for SO3(R) in Section 3.1. The O3(R) representation

pﬁl on ’Hz is defined by
ry { O3(R) — GL(Hj)
¢ g > det(g) pa(g)

The representations (pg, Hq) and (pg, Hg), d € N, are the only irreducible representations of Oz(R) [GSS8S].

For simplicity we assume that dy, ..., d,, are sorted decreasingly. A new Seshadri slice (S, N¥) can be identified
with the same subspace S (Proposition 3.2) and with the normalizer N* > N, generated by N and —I3. It
forms the direct product N¥ = N x Cy. We create the polynomials

T¢ = t§ j<pf

D} = d j<d
anj = yfn,ijl,l + yﬁ_m,jy’f?l j<nt —e;<m<e;
Ifn,j = o (i‘/fn,ijl,l - yﬁ_m,,jym) j<nt —e;<m<e;

Theorem 4.1. Take P a polynomial in R(S)N as follows:
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e Ifn'>1, choose P := T}i (for some e; even) or P := D§ (for some e; odd).

o FElse, if dy > 2, choose P :=1I4,1.

e FElse, ifn > 2 and dy = 1, choose P := I5.

e Flse, choose P :=1.

Then, the following set of algebraically independent polynomials generates both R(S)N

Proof. We notice the direct product N# =
same minimal set of generators for C(S )

Take then the symmetry ¢ = —1I3 € N, In spherical coordinates it acts as V(r, 0, @),

Do
T.

s d; even
D; d; odd
R, dym +d; even
Pij, dlm + dj odd
Pl,,;, dym +dj even
Imj, d1m+dj odd

N x Cy. This gives (C(S)
independantly with the sharp:

1} = PT?
D} = PDti
;
U R}n = PRT"’]’
J ij7
;
Il = Im mg’
PI, .,
= C(C(S)N)%.

) Yo, d; even
Jh) = Yo e; even
h) = Yo
h) = Yo-Yo,5; dj odd
Jh) = yoyg’j, e; odd
h) = Ym, Y"1+ Y—m ¥l 1<j<nm<d;
h) = yﬁn,jz/l“l,l + y’im,jy{’ﬁ, 1<j<nfm<e;
) = Wo Wmg¥™a — Ymgyis), 1<j<n,m<dj(j,
) = o (yfn,ijl,l - yﬁ—m,jyill) , 1<j<ntm<e;

0, + 7). By composition, for a vector Y;;L € Hq,, 0 acts as

pa, () (Y

and in a sharped representation Hglj,

P (o) (V™)

)((r,0,90)) =

((r,0,))

Y (o ((r,0,9)))
Y7 (r,m— 0,0+ )
rd cm e‘m(“”‘”)Pm( cos(0))

(=D)BY((r, 0,0))

d r(o((r,0,9)))

Yy =0, +m)

rd gle‘m(“"*”)Pm( cos(6))
- )d Y ((r,0,0))
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or (C(S)m

ej even
e; odd
dim +e; even
dlm + Gj Odd

dym +e; even
dym +e; odd

Theorem 3.7 gives the

m) # (1,1)

U((Ta9»90)) = (Taﬂ' -



It thus has an induced action on each elements in £:

o(T;) = 1T, djeven dim
( {j) _ ]ﬁ J O'(anj) == (*1)dj+d1 Rnlj;
U(TJ) - _ij €; even Rﬁ _ -1 1+ej+d1mRﬁ
U( 0) - 0 an I, . _ —1 1+dj+d1mI .
(D) — D. d' dd U( mj) - ( ) mj
g(j Js j O U(Iﬁ ) _ (_1)ej+d1mIﬁ ]
o(D}) = -Df ¢ odd i mi’

We next apply lemma 2.5. We need a polynomial P € £ flipped by 0. Whenever nf > 1, one can choose
P = T}i (for e; even) or P := D?- (for e; odd). Else it depends on d;. If dy > 2 then I3 suits. If dy = 1,n > 2

and dy =1 then Iy, suits. Otherwise, no polynomial in £ is flipped and C(S’)N = (C(S')Nn. O

Almost free O3(C) actions have a stably rational invariant field [CS05, Proposition 4.10]. The above theorem
provides the following stronger result, yet with a different hypothesis as already discussed after Theorem 3.7.

Corollary 4.2. Let p : O3(R) — GL(H) a linear representation including at least once the irreducible
representation (p1,H1). Then, both R(H)3®) and C(H)°*(© are rational.

Example 4.3. The ternary cubics O3(R)-representation R[U,V, W3 is isomorphic to T = H1 ® Hs. With
the basis introduced in Example 3.2, an algebraically independent generating set for the slice invariants
IR(ST)Nﬁ is thus

D] = 4
DI = woyos
Rl = 2y13y-13 ,
ETT = Ri = (Yisy-23+y213%23)
R;, = yiay-33+Y°13Ys3
IT — ( 2 .2 )
2 WolY1,3Y—2,3 — Y~13Y2;3
I = iyo (3 sy—ss — ¥> 1 39—3.3) (U3 3y—23 T ¥ 1 3%2,3)

5 Applications

We have exhibited invariants for representations of SO3(R) and O3(R) on spaces R? & H. Among those is
the well studied case of R3 x ... x R3 treated to some extent in Example 3.15. This representation and
its invariants are relevant in several areas [BV23; DCP21; DG22; GD04; Wey46]. In [HJ24a| we treat the
general case, that of SO, (R) and O,,(R) acting on R™ x ... R™ and provide algebraically independent sets of
generators for the invariant field, relating them with the classical Weyl invariants [Wey46]. In this section we
expand on two other cases of relevance for which we give explicitly the restrictions of the invariants to the
slice. As explained in Section 3, from these expressions we can evaluate the invariants at any point outside
of an hypersurface, as well as solve the inverse problem.

5.1 0Odd degree ternary forms

Among the cases of interest to which our construction applies is the representation of SO3(R) or O3(R) on
the vector space of homogeneous polynomials R[U, V, W], of odd degree d. The case of even degrees was
treated in [GHP19]. The starting point for both odd and even degree is the harmonic decomposition.

Lemma 5.1. [AH12, Theorem 2.18] The usual representation of SO3(R) on R[U,V, W]y is isomorphic to
Ld/2]
D Hazj-

j=0
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Whenever d is odd, the last term of this decomposition is 7; and thus we can apply the construction provided
in previous sections.

Corollary 5.2. For any d € N, the invariant field of the SO3(R) or O3(R) action on R[U,V, Wy is rational.

Example 5.3. The vector space T = H1@BHs introduced in Example 3.9 is isomorphic to the space of ternary
cubics R[U,V,Wls. Completing the basis obtained in Example 3.2, one endows T with the real harmonic
basis

X_1=QV, Xo=QU, X1 =-QW
X3 =3W?V - V3 X2 =UVW X} =WU4U? -v?2 - Ww?)
X9 =U(2U?% — 3V2 — 3W?)
X3 =3Wv2 - w3 X;2=UW?-V?) X' = - VAU -v?-w?)

Br =

The set Er in Example 3.9 generates then R(S7)N (with respect to the associated complex basis). Theo-
rem 3.1/ gives a set of rational generators for R(T)39s®) [t separates orbits everywhere but in {Dy = 0} =
{22, + 2% + 22 = 0} and {R11 = 0}.

5.2 Piezoelectricity tensors

In Continuum Mechanics, the orthogonal group SO3(R) acts on the piezoelectricity tensors space Piez as
presented in [Che+19, Section 2.1] and in [Azz+22]:

Piez := {e € @>R3, Cijk = Cikj}

For physical reasons this action is mostly studied over the reals. The 18-dimensional space Piez decomposes
into SO3(R)-irreducible subspaces as [Azz+22, Section 7.1]

Piez = Hy @ H1 © Ho © Hs.
One can choose (S,N) as in Theorem 2.8 and get:

Proposition 5.4. The following set is an algebraically independent and generates R(S)N.

T, = oo Ry = 2y_11%11 Ly = iyo(y12y—1,1 —Y-1,2¥11)
Dy = 3 Ris = yioy—11+y-12011 Il = iyo (Y2207 11 — y—2.2971)
Epiey = D1 = wyoyou R = woov’11+y—2oyiy Lz = ?yo (Y1,3Y-1,1 — Y-1,3Y1,1)
e Ds = yoyos Rizs = wyisy—11+y-13911 los = iyo (Y2307 11 — y—2,393,)
Rys = 23y’ 1 +y—23yis Iss = iyo (y3,3y>11 — y—-3.393,)

Rss = yssy®11+y-s3yi,

Here is its expression in real coordinates (see Section 3.3):

T, = o2 Ry = 2(zf,+2%,,)

Do == LE% R12 = 41’_233_1$1 - 2582_1172 + 258%1’2

D1 =  Z0oZo,1 RQQ = 41',21',1%1 - 2$%1$2 + 2.%%%2

D3 = zox03 Ri3 = —296,333?11 + Gx,gx,lx% — 6x31m1x3 + 296:1)’1‘3
Roz = —2x_3m§1 + 690_31‘_133% — 6x31x1x3 + 230:151‘3

EPier = Rz = —2x_ 323, +6x_31v_ 127 — 622 1123 + 20373

Ly = 2x Jc,gm%l — x,gw% + 23:,19511;2)
Iy, = 2x gxgle — x,gx% + 2x,1m1x2)
Ilg = 2330 (31’_31'2_15U1 — ‘T_gl’? - 5L’3_1.T3 + 3’13_1.%%1'3)
Iy = 2x9 2333_3332_11:1 —x_37% — 23 3+ Sx_lexg)
I33 = 2 3x_3x31x1 — x_3x‘z’ — x?ilxg + 3x_1a:%m3)

20



This set provides an algebraically independent set Eies generating R(’H)SO3(R) which separates orbits wher-
ever Dy and the denominator of R1; do not vanish. The denominator of Ry; is the same as in Example 3.15:

—y2 191 — 2y 1Y0Yo,1 Y11 + 2Y—1y1Y—1.1511 + 2Y—191Y0 1 + 2U0Y—1,191,1 — 2YoY1Y—1,150,1 — YY1 4

In [Azz+22, Section 7.1], the group acting on the Piezoelectricity tensors is actually Oz(R). The O3(R)
representation is then Piez = Hq, & Hqi D ”Hg @ Hsz. Here the first term d; = 1 is odd, and Tg = yo,2 of
Theorem 4.1 can be chosen as the flipped polynomial P. Applying Theorem 4.1:

Proposition 5.5. The following set of cardinal 15 is an algebraically independent generating set for both
CSN or R(S)V

T = Yo.o Ry = yi1y-11+y-1191,1 I, = iy (Y1,2Y-11 — Y-1,2Y1.1)
Dy = i Rum = Yo2(¥12Y-1,1 +Y-1,2Y1,1) 152 = YoYo,2 (y2,2y31,1 - y—2,2y%1)
Epioy = D1 = ywo1 Ry = Y2,20% 11 + Y2291 Lz = iyoyo2 (y1,3Y-1,1 — Y-1,3Y1,1)
Ds = woyo3 Riz = y13Yy—1,1+¥y-1,3Y1,1 Iy = iy (y2,3y%1,1 — y—z,syil)
Ryz = wo2(y23y”11 +y—23ui1) I3z = woyo2 (¥3.39°11 —y-33911)
Rss = yssy’1 1+ y-s3yi,

A Rewriting an invariant in terms of the generators

In this article we exhibited algebraically independent generators of the invariant field R(H)SO3(R) emphasizing

their separation properties. One can also use a generating set of invariants as new wvariables of an invariant
problem, thus factoring out the symmetry; see for instance [HL12; HL13; HL16] where are examined the use
of invariants of Abelian groups to solve polynomial systems or reduce the number of parameters in dynamical
systems. In this appendix we show how to rewite any invariants in R(H)SO3(R) in terms of the generators
exhibited.

Consider R € R(H)39®) | Then the restriction of R to the slice S is an Oy(R)-invariant; in other words
R= R‘S € R(S)92(®). If we can identify a rational function F in R (T}, D;, Ry, In;) such that R = F(E)
then R = F(€) by Theorem 3.4. One thus can rewrite any element of R(#)5°3®) as a rational function of
& thanks to the following rewrite rules.

Theorem A.1. Assume P, Q € R[S] and take p and q in
R(Tj7 Dja Rm]u Im])[yOa Y1,15Y-1,15 yfdj,jﬁ R 7y7dj,j7 1 < j < n]

the reductions of P and Q by the following confluent system of rewrite rules:

Yo, — T} 1<j<p
woi > Do p+1<j<n
ymg — 2 (G- M) yn 1<j<n1<m<d
Yomy — 2V (g yLIé'?ml) Y™, 1<j<n1<m<d,
y11Y-11 — R ' ’
ys — Do

Then g belongs to R(S)N iff p=pr and q = Gr with p,§ € R(T}, Dj, Rmj, Im;) and v € Rly]. In which case

P p(Ti(yo, h), Dj (o, h), Buni (Yo, 1), Imj (yo, b))
Q Q(E(y07h)ﬂDj(y07h)7ij(y07h>7I7YZJ(yOah))
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Proof. The proof relies on [MS99]. A Grobner basis of the ideal in R(y)[Y] generated by

Yo, 5 — w05, 1 <j <p}U{Y¥oYo,; —voyo,;, p+1<j<n}
u{(vm 1, VYong + YT Yo 5) = (U7 1Ym,g + YT4Y—mj)s 1 <5 <nl<m < dj, (m,j) # (1,1)}
U {YO ] 1ij ijllyfm,j)a _yO(yTl,lym] 311 1Y— mgal <j<n, 1<m<d;, (m,j) # (1 71)}
U{Y—1,1Y1,1 —Y-11Y1,1, Y *yo}

w.r.t. to a term order that eliminates Yy ;, ¥y, ; and Y_,, ; is given by

{YZ—4d, Yi1Y_11—y119y-1,1}
U Yo —woill<j<p} U {Yo,j — 2y [p+1<j< n}

Ym, iYL 1 FY—m YT Ym,GY 11— Y—m, YT . .
U {Ym,j a <( ]2(1/i1111/11)m7 ' 1) + ( 27740(;711,1?/1,1)77"1 1)Y0> Yfﬁ | 1 < J < n, 1 <m< d.j7 (m7-7) 7& (1’ 1)} ’

Ym,jY 1 1+ Y—m, YT m, YT 1= Y—m, YT m . .
U {Y—m,j . <(U GY=—117TY U1,1) o (y Y_117Y Ul,l)YO) Y—l,l | 1<j<n, 1<m< dj7(m,]) 7é (1,1)}

22!:"'1,12!?}1 2y0(y—1,1y1,1)™

where the leading terms are in bold font. This latter can be written as :

{Y3—Do, Y11Y 11— $Ru1}
U{Yo;—T;|1<j<p} U {Yo,j—g—gyo|p+1§jgn}
U Ymg =2 (B = gl Vo) Y 15 Sy LS m<dy (m,) £ (L1) ],
Y {Y_m’j_zm_l R%] +DlIT]§,ZnY0 Y7 1<j<n, 1<m<dy, (m, ])7&(1,1)}.

By [MS99, Lemma 1.7 and Algorithm 1.10], we obtain the annouced result. O

Example A.2. In the space of piezoelectricity tensor, the invariant P whose restriction to the slice equals
P =y, 193, +y3.1y%5,1 can be rewritten as

P=

256 (ag ma R§3f31 6R3, [ R a1 31%21{211%31 N Ségljglfgl B 2i§115331f31 _

Dy Dy Dy D? D?
As predicted by Corollary 5.18, the denominator is a power of Dy = Q though the rewriting system of
Theorem A.1 could lead us to believve that Ry could appear as denominator as well.
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