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Abstract: This paper focuses on the numerical methods recently developed in order to simulate
the time evolution of a tokamak plasma equilibrium at the resistive diffusion time scale. Starting
from the method proposed by Heumann in 2021 for the coupling of magnetic equilibrium and cur-
rent diffusion, we introduce a new space discretization for the poloidal flux using coupled C° and
C! finite elements. This, together with the use of cubic spline functions to represent the poloidal
current function in the resistive diffusion equation, enables to restrain numerical oscillations which
can occur with the original method. In order to compute consistently the plasma resistivity and
the non-inductive bootstrap current terms needed in the resistive diffusion equation we add to the
model an evolution equation for electron temperature in the plasma. It is also used to evolve the
pressure term in the simulation. These numerical methods are implemented in the plasma equi-
librium code NICE. A vertical displacement event is simulated and comparison with experimental
results from the WEST tokamak are used to validate the simulation. The code is also coupled to
a magnetic feedback controller making it possible to simulate a prescribed plasma scenario. The
results for an X-point formation scenario in the WEST tokamak are presented as an illustration of
the efficiency of the developed numerical methods.
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Résumé : Cet article se concentre sur les méthodes numériques récemment développées dans
le but de simuler 1’évolution temporelle de I’équilibre du plasma dans un tokamak & 1’échelle de
temps de la diffusion résistive. Avec comme point de départ la formulation proposée par Heumann
en 2021 pour le couplage de 1’équilibre magnétique avec la diffusion du courant, nous introduisons
une nouvelle discrétisation spatiale pour le flux poloidal utilisant un couplage d’élément finis de
classes C° et C'. Ceci ajouté a l'utilisation de splines cubiques pour approcher la fonction de
courant poloidal dans ’équation de diffusion résisitive nous permet de restreindre les oscilla-
tions numériques qui peuvent apparaitre dans la méthode originelle. Afin de calculer de maniére
consistente la résistivité du plasma et les courants non-inductifs dits de bootstrap qui sont néces-
saires a la résolution de I’équation de diffusion résistive, nous ajoutons au modéle une équation
d’évolution pour la température électronique dans le plasma. Ceci permet également de faire
évoluer le terme de pression dans la simulation. Ces méthodes numériques sont implémentées
dans le code d’équilibre NICE. Une instabilité verticale est simulée et comparée a des résultats
expérimentaux d’une décharge du tokamak WEST. Le code est également couplé a un controleur
magnétique rendant possible la simulation d’un scenario prescrit. Les résultats pour un sce-
nario de formation du point X dans le tokamak WEST sont présentés et illustrent ’efficacité des
méthodes numériques développées dans ce travail.

Mots-clés : tokamak, plasma, équilibre, diffusion résistive, transport de la chaleur, éléments
finis, controle, simulation de scenario
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4 G. Gros et al.

1 Introduction

Numerical simulation of tokamak plasma equilibrium evolution at the timescale of current and
heat diffusion also known as resistive diffusion timescale, is essential to analyse existing Tokamaks
discharges, to prepare new plasma scenarios and to develop and test plasma controllers [34]. The
goal of this paper is to present the model and numerical methods recently developed in order
to achieve such simulations. We refer to text books [4, BI] for the basics of tokamak plasma
modelling. In particular the notion of average over magnetic surfaces which is used in this work
can be found in these references.

Since the first studies [22] 23] 28] introducing this technique of averaging over magnetic
surfaces allowing to write a set of 1D averaged transport equations simulating the diffusion
of the plasma pressure and of the toroidal magnetic field inside the plasma, several papers
have been published which describe the numerical simulation, and the associated codes, of the
coupling between this set of 1D transport equations and the 2D Grad-Shafranov equilibrium
equation [12, G2M], [7, SCED], [48, 6], [30, TSC], [15, CORSICA], [36, DINA-CH-CRONOS],
[29, TOPICS], [18, ASTRA-SPIDER], [40, JINTRAC-CREATE-NL], [19], [39, FEEQS-METIS].
From a high perspective such a coupling goes as follows. Given the pressure profile p and the
poloidal current function f in the plasma as well as the voltages in poloidal field coils circuits,
the 2D equilibrium code evolves the poloidal flux 1 (r, z,¢) and the equilibrium configuration. On
the other hand, given an equilibrium configuration the 1D transport code evolves the pressure
profile and the poloidal current function. This is commonly done by including in the transport
system the so-called resistive diffusion equation, a 1D evolution equation for 1)(p,t) where p is
a label for magnetic surfaces. Using the average Grad-Shafranov equation one can deduce the
evolution of f from the evolution of ¥(p,¢). Among the numerous numerical difficulties arising
with such a strategy the most challenging is certainly to ensure the consistency between the two
representations of the same quantity, 1 (r, z,t) and ¥ (p, t) which evolve with 2 different equations.
Different techniques and algorithms to tackle this issue can be found in the previous references.
It is necessary to iterate between the equilibrium equation and the resistive diffusion equation at
each time step. Moreover a good choice for the boundary condition to be applied at the plasma
boundary in the resistive diffusion equation is not very clear (see for e.g. [19, Section 4.3]) and
such algorithms are known not to be very robust.

In a recent paper [25] the author proposes an alternative approach for the simulation of
plasma equilibrium evolution by solving together with the equilibrium equation an equation
for the evolution of the poloidal current function f. The idea of directly solving an equation
for f can already be found e.g. in [47, [I2] but using a surface averaged 1D equation which
makes it very difficult to be solved simultaneously with the 2D equilibrium equation. In [25] the
equation for f is still essentially 1D since the unknown is of the form f (v (r, z,t),t) but magnetic
surface averaging is avoided using a weak formulation. This enables to solve simultaneously
and consistently the 2 equations for ¢(r, z,t) and f(i(r, z,t),t) as a system of two non-linear
equations.

This contribution develops on the method proposed in [25] for the coupling of magnetic
equilibrium and current diffusion. The original implementation of [25] is based on a classical
C° piecewise linear P1 finite element method (FEM) for the discretization of the poloidal flux
¥ (r, z,t) and Legendre polynomials up to degree 10 for the discretization of the poloidal current
function f. We introduce a new space discretization for the poloidal flux using coupled C° and
C! FEM [17, §]. This, together with the use of cubic spline functions to represent f, enables to
restrain numerical oscillations which can occur with the original method (see Moreover the
use of a high order C' FEM to represent the plasma enables a smooth evolution of the plasma
boundary and magnetic axis which is not possible with P1 FEM.

Inria



Numerical simulation of tokamak plasma equilibrium evolution 5

We add to the model an evolution equation for electron temperature in the plasma. This
enables us to evolve the pressure term in the simulations and to compute consistently the plasma
resistivity and the non-inductive currents terms called bootstrap current needed in the resitive
diffusion equation for f.

The model is presented in Section [2] and the discretization methods in Section [3] These
methods are implemented in the code NICE [20] and numerical results are provided in Sec-
tion A wvertical displacement event (VDE) for the WEST tokamak [11 [0 [10]is simulated
and comparison with experimental results from shot 59695 are used to validate the simulation.
Eventually the code is coupled to a magnetic feedback controller [38] enabling the simulation
of a prescribed plasma scenario. The results for an X-point formation scenario in the WEST
tokamak are presented as an illustration of the efficiency of the developed numerical methods.

2 Continuous model

The model for plasma equilibrium evolution presented here is made up of 3 main state equations:
the 2D quasi-static equilibrium evolution equation for the poloidal flux v described and used in
[6, 4, 26| [5, 25, [§], the resistive current diffusion equation given as an evolution equation for
the poloidal current function f(t,t) provided in [25] and an equation for the electron energy
transport inside the plasma. The knowlegde of the electron temperature T, enables us to compute
consistently the pressure term needed in the equilibrium equation as well as the parallel resistivity
nll and the bootstrap current which appear in the evolution equation for f.

2.1 Equilibrium

Let us introduce a cylindrical (r, ¢, z) coordinate system and assume axisymmetry. Maxwell’s
equations together with force balance in the plasma reduce to the following equation for the
poloidal flux ¢ (r, z) in the poloidal section of the tokamak contained in the positive half plane
D = [0, 00] X [—00,00]:

—A%)p = jg, (1)

where j, is the toroidal component of the current density j, and the second order elliptic differ-
ential operator A* is defined by

1

A=V <v¢> , 2
n()r @

with V the 2D operator in the (r, z)-plane and u(v) is the magnetic permeability. The magnetic

field decomposes in a poloidal and toroidal component

B = B, + B, with B, = 1(—%%e, + %¥e.) and B, = Lej.

The geometry of the tokamak (see Fig. [2)) determines various sub-domains that are used to
set the expression of j4 accordingly.

- Qpe C D denotes those parts of D made of iron that do not carry any current but where
the magnetic permeability p is not constant and depends non-linearly on v, namely u(¢)) =
pre([VY2r=2) > po; elsewhere, that is in Q%,, i = po the permeability of vacuum;

- Q. CD,1< i< N, denotes the intersection with the poloidal plane of the ith poloidal
field coil carrying currents and N. denotes the number of coils. The ith coil has cross
section area |{).,| and carries a total current I;;

RR n°® 9548



6 G. Gros et al.

- S C D, denotes the part of domain S = U;(2,,, where are located the N,s passive struc-
tures €, characterized by an electric conductivity o; # 0, j = 1,..., Nps (note that the
tokamak vacuum vessel is a passive structure too);

- Qp C D, denotes the domain bounded by the limiter, thus the domain accessible to the
plasma;

- Q, C Qp, denotes the domain covered by the plasma and the boundary 9€,, is the outermost
closed -isocontour contained within Q. The Grad-Shafranov equation [24, [45] is statisfied
in this domain.

The equilibrium of the plasma in a tokamak has to satisfy at each instant the following non-
linear initial boundary value problem: starting from an initial condition g(r, z) find ¥ (r, z,t)
such that

1 .
Tp/(w,t) + mff’(%t) m Qp(w)v
1 d
—i(—¢7t) inQ.,i=1,...,N,,
A =g, =4 Q| dt
o; dy . ‘
—7]% in Qy, C8, j=1,...,Nps, (3)
0 elsewhere,
dy ok e 1 di)
Ii(gﬂf) :Zszjvj(t)—I—ZRijm/Q ﬁdrdz, i=1,...,N,
J=1 j=1 K °j

with boundary conditions (0, z,t) = 0 and " )1‘1‘m Y(r,z,t) =0.
,2)||2—>+0o0
dy

e is the time derivative of ¢ at fixed (r,z). The current I; relates to voltages V;(¢) in the

power supplies and to self and mutual induction via electric circuit equations (see [26] Appendix
A and [5] Appendix B). Ny is the number of power supplies, matrix S has dimension N, x Ny
and matrix R has dimension N, x N.. The plasma domain €2,(%) is unknown and depends
non-linearly on the poloidal flux ¢ (it is a free-boundary problem). The boundary of ©,(1) is an
iso-contour of ¢ and is either tangent the boundary of Qy, (limiter configuration ) or contains one
or more saddle points (X-points) of ¢ (divertor configuration ). The value of ¢ at the magnetic
axis is denoted v, and on the plasma boundary by ; (the subscript ; is used for values at the
plasma boundary).

The two functions p’ and ff’ (where the superscript ’ denotes here derivation with respect
to 1) are the usual terms in the Grad-Shafranov equation. The resistive diffusion equation
presented in the next Section provides a way to compute f. The pressure term p is computed
from the electron temperature as explained further below in Section 2.3

2.2 Resistive current diffusion

In the above equilibrium equation the Grad-Shafranov pressure term p’ and diamagnetic term
ff' are not known and have to be provided. The pressure term does not lead to significant
numerical difficulties. It is not the case for the ff’ term. In the literature this term is usually
computed from the 1D flux surface average 1 evolution equation, classically called the resistive
current diffusion equation, together with the flux surface average Grad-Shafranov equation. With
this approach the poloidal flux has two representations, a 2D representation ¢(r, z) from the
equilibrium model and a 1D representation t(p) where p is a label for the flux surfaces. This

Inria



Numerical simulation of tokamak plasma equilibrium evolution 7

resistive current diffusion equation is usually part of a transport model which is evolved in parallel
to the equilibrium model. With such a procedure it is very difficult to ensure numerically the
consistency of these 2 representations of the poloidal flux and to provide a robust simulator. This
is the main reason why the idea of using directly an evolution equation for f is attractive. A flux
surface average evolution equation for f can be found for example in [47), eqn.(20)] [12] eqn.(24)]
but because of the averaging process and of the so-called geometric coefficients which appear it
is difficult to solve the equilibrium equation together with the f equation as a single system of
equations using Newton’s method to resolve the non-linearity. The formulation proposed in [25]
solves this issue. From Ohm’s law and Faraday’s law [25] derives an evolution equation for f
given in weak form using 1D test function ¢(1)) but integrating over the 2D plasma domain. With
this approach no geometric coefficients are needed and the system of equations can be solved in
(v, f) directly. The evolution problem for f reads as follows: starting from an initial condition

Jo(tho) find f(4,¢) such that

df (¥,t) g(2) dy f(,t)
/Qp(w) ph Tdrdz—k/ﬂpw) TR g (Y)drdz

RO\
Kot

(4)

[ s (1) — rins - B)g (¥)drdz =0,
Qp(¥)

for any test function g(¢) with g(¢,(¢)) = 0. The value of f at the plasma boundary is given by
F(Wu(t),t) = fp(t) = Boro with By the external toroidal magnetic field at o center of the tokamak
vacuum vessel. The scalar product term j,,; - B takes into account the non-inductive bootstrap
current density j,; which differs from ohmic current and represents the source terms in the plasma
current which are not created by variations of the poloidal flux. Since this current density is
not well known [25] takes the approximation j,; - B & j,;(¢))|B| and uses an arbitrary analytic
expression for j,;(¢). The same is done for the resistivity 5!l (the parallel component coefficient
of the anisotropic resistivity tensor of the plasma). In the next paragraph we complete the model
with an evolution equation for the electron temperature which enables us to approximate more
precisely j,;-B with its average over magnetic surfaces < j,;-B >, and to compute the resistivity

ol

2.3 Electron energy transport, resistivity and bootstrap current

We use a simplified transport model including an electron energy transport equation only. Such
a simplification is justified by the fact that the most important parameters for the plasma state
description are the poloidal flux and the electron temperature [50, 21]. At this stage our goal
is not to have a complete transport model such as those found e.g. in [28 [6, 4T, 2, [14] 32] but
rather to have a minimal model enabling to compute in a realistic way the resistivity ! and the
non-inductive current term < j,; - B >.

In the plasma the conservation of energy of electrons [28] [4] reads

;p.e +div(Qe + gpeue) =j-E—u;-grad p; — Ss + Sa, (5)

where p. = n.T; is the pressure for electrons, T the electron temperature in [J], n. the
electron density in [m~3], p; = n,T; the pressure for ions. Q. is the heat flux of the electrons
and u, the electron velocity. j - E is the Ohmic source term with E the electric field and j
the current density. Ss represents sink terms due to the equipartition between electrons and
ions and radiation, S, represents auxiliary sources and u; is the ion velocity. Due to strong
anisotropy in the plasma quantities pe,n.,T; and p;,n;,T; are assumed to be constant on the

RR n°® 9548



8 G. Gros et al.

magnetic surfaces. Moreover in what follows it is assumed that electron and ion temperatures
and densities are proportional i.e n; = ¢;en. and T; = r; T, and that u. = u; [35].

Let us now introduce the radial coordinate p = 4/ % with ¢ the toroidal flux. The magnetic

field By is assumed constant. In order to obtain a 1D equation for electron temperature using p
as the space variable is averaged over the magnetic surfaces [4] leading to @

30 0 5
7 eTJv/E)/?) V/2/3 TJF

:V'5/3(<j~E>—<ui-Vpi>—<up-Vpe>—<Ss>+<Sa>),

where partial derivative with respect to time is taken at fixed p, %\ p- The plasma volume

enclosed in a flux surface of label p € [0,pp] is V = V(p,t) and V' denotes its derivative with

respect to p. The fluxes are defined by ¢e =V’ < Q.- Vp>and I'c =V’ < n.(u. —u,) - Vp >.
The Ohmic source term can be written from [4, eqn. (VI.56) and (VI.57)]

<E-B> 0 oY

<j E>=——"""_"(Cy—
! pofCs 8,0( Zop

)+ <u,-Vp> (7)
where Co = V' < [Vp|?/r? > and C3 = V' < 1/r? >. Let us also define C; = V' < |Vp|? >. This

expression involving a second derivative of 1(p) is not very convenient numerically. Contrary to
[4] in which < E-B > is also expressed using derivatives of 1)(p) we prefer an expression involving

1 /
p’, fand f’. From Ohm’s law we have E-B = 5!l (j—j,;)-B and since j = (rp’+ﬁff )e¢+ / B
0

it results that

1,1 2
<E-B>=n”(p’f+;( >f2+<| w' >)f'= <jni-B>) (8)
0
Using [, eqn. (VI1.42)], 'u;—‘l/,gp(C ?ﬁ) =< ‘% >,we have
<J E>=Qonm+ <u,-Vp> (9)

with

Il < 4
n' <je/r>. 1 2 2 2,2 / .

ohm = —(<1 > < |V >)f'— <jni-B > 10
Qon f<1/7”2>(pf+uo( /17> [P < VY /e >)f'= < ) (10)
Injecting @ into @ and noting Q, =< S5 >, Q, =< S, > leads to

30 )

0
- eTJV/5/3 V/2/37 . 7TJF6
3 TV VB g+ ST -
= VIS/B(Qohm_ < (ui - up) “Vpi > —Qs + Qa)
The assumptions concerning the fluxes [35] are ne(ue—u,) = —xpeVne and Q. = —xr,n.V71e

with x7, and x,, diffusion coeflicients profiles. This leads to

30
20t

oT/ N 5 o Gne
8/) 2X"L€ 174 8

Xne Ci 8”@ 3}% _ 1
n.e Op Op and p; = R

—(ncT] V%) — V’2/3§p(xT Cine—*% 7)) =Vv"RQ (12)

with Q = (Qohm +Qi — Qs+ Qa)a Qi =

Inria



Numerical simulation of tokamak plasma equilibrium evolution 9

In order to work on the fixed interval [0,1] we rewrite in the normalized variable x =
,pr = pN using %|p = %LT — i%%. We use the same symbol for a quantity seen as function

of p or xz. All left hand side spatial derivative terms in can be gathered using the identity
[33, eqn. (0.6)]:

Jy/15/3
3V/_5/3 8(neTe V/ / )|p -
2 @t 15/3 '3 J / (13)
3 530NV )| et (V' 5kgpn.T;) N §k g d(log V") (n.T?)
2 ot * dp 2" TP, e

with ky = Tib%’ kp = é% and kg = 0 since here d£° = 0. We also use the identity [33]
’ 2
equ. (0.7)]: pa(l%pv) =1- p%ﬂl/r»). Finally we define T;/ = €T, where e is the electron

charge and T, in [eV], and n. = ngN, with ng = 1.0e19 [m~3] to obtain

39(N.T.V'>/3 10 1 T,
NIV el 0 ([ Loy, ] 2T)

2 ot ob 0 \ | p ox
10 5 ON. 3
_ /2/377 e e e ’ 14
Ve (G50 + 3V e 1) "

2
ap 2 npe

+V/5/3 [kpp(a(

where partial derivative with respect to time is taken at fixed =z, %|x

The sink term is Qs = Q¢; + Qraq- The expressions used for the electron-ion energy exchange
Qe; and for the radiation loss term Q.4 are given in [B] Other external auxiliary sources @, are
here modelized with a Gaussian

Qu = L
¢ Db fol exp(—(z — x9)2/02)V'dx

exp(—(z — x0)%/0?) (15)
where P, is the total auxiliary power delivered in the plasma.
In order to lighten notations we write as:

d(BT,) o T,
ot _Oa?(D Ox

— ET.)+ FT, = G, (16)

Coefficients B,C, D, E, F,G depend on the plasma equilibrium configuration through several
quantities such as its volume and its variations, and average geometric coefficients. They also
depend on the electron density profile n, [m~3] which is assumed to be given in this study. The
source term G also depends on 7!l and < j,; - B >.

Equation degenerates at the center of the plasma 2z = 0 where V/(0) = 0 and no boundary
condition is required. On the plasma boundary = = 1 the boundary value T, is prescribed.

From the knowledge of the electron temperature profile 7, we compute on one hand the
pressure profile needed in the equilibrium equation, p = neTe(1 + 7iccic)e, and on the other
hand the resistivity profile nll and the bootstrap current profile < j,; - B > with the expressions
provided in [43] [44]. The resistivity profile is given by nll = enle 32 and the bootstrap current
profile by < j; - B >= cps fp where coefficients c,, and cys depend on T, n. and on several other
equilibrium profiles: pressure, trapped particle fraction f; profile computed from the equilibrium
using Equations (33-35) from [42] and safety factor g.

RR n°® 9548



10 G. Gros et al.

3 Discrete problem

The equations to be solved are equation for ¢ (r, z,t), equation for f(v,t) and equation
for T.(x,t). The equilibrium system consists of the two first ones and the transport system
in our model is reduced to the third equation. Note that this differs from what is found in the
literature where the transport system usually includes the 1D resistive equation for ¢ (p,t) from
which the ff’ term needed in is computed. The equations for ) and f are solved together
as a non-linear system thanks to Newton’s method at each time step as explained below. This
equilibrium system requires the knowledge of pressure p, resistivity n!l and bootstrap current
< jni - B >. These quantities are deduced from the T, equation. On the other hand to solve
the T, equation it is necessary to know a number of geometric coefficients deduced from the
equilibrium. Solving the 3 equations simultaneously is out of reach of this work because Newton’s
method would require to compute the derivatives of these geometric coefficients with respect to
all three variables which seems hardly possible. Therefore we iterate between the equilibrium
system and the T, equation if necessary.

3.1 The equilibrium (¢, f) system

The equilibrium (%, f) system is discretized in space using FEM for ¢ and the Galerkin formula-
tion in which consists the equation for f. In [25] a classical C° piecewise linear Lagrange P1 FEM
method is proposed for the approximation of ) and f is decomposed in the space of polynomials
of degree k using Legendre polynomials as a basis. We have implemented this discretization at
first but numerical issues (see have lead us to propose a new discretization method.

For the approximation of 1) we adopt a non-overlapping mortar element approach introduced
in our previous work [I7, §]. It couples C° P1 FEM in an annular domain that does not contain
the plasma and C! piecewise cubic reduced Hsieh-Clough-Tocher (rHCT) FEM in an internal
domain containing the plasma.

We work in a domain Q C D, known as the ABB domain (Albanese-Blum-Barbieri [I])
delimited by a semi-circle v of radius p, > 0 including Qr, U Qg U; ¢, U; stj and the vertical
segment I'y = {0}, X [—p~, py]--

In order to formulate model in weak form we introduce a non-overlapping domain de-
composition framework by setting Q = Q" U Q°* where Q™ is a bounded domain containing €,
and Q% = Q\ Q. The boundary of Q" is denoted Z, to recall that it is an interface between
the two sub-domains " and Q°F, on which we impose the continuity of v, in a weak sense,
through a mortar-like L? projection [3]. Moreover we consider that all coils €2, are in Q¢®.
We also have Qp, C Q°*. The weak formulation of reads: given T > 0, find the function
Yt e [0,T] — (t) = (Yex(t), ¥in(t)) € V such that ¥(0) = 1y and, Vs = (v, w) € Vy 7, it holds

a(%s) - Jp(¢75; f) _jps(%vs) _jc(%vs) - KC(V(t),S) = 07 (17)

Inria



Numerical simulation of tokamak plasma equilibrium evolution 11

where
a(th,s) = a™(Pex,v) + @™ (Yin, w)

a(P,v) = o, W V- Vodrdz + er"\QFe Hir V- Vodrdz + c(y,v),

a™(Y,w) = fQiu ﬁ V- -Vwdrdz,
S5 8) 1= Jo gy (00,0 + 21 () wdrdz, (18)
jps(%,s) =— Z;V_"i O, 2 ‘f;f (Xqex ¥ + XQmw) drdz,

jc(%,s) = ZZ 12; 1 IQ ”m ‘ R;; fQ drdzfQCi Xoex ¥ drdz,
C(V(t),s) =N 1Zj L |Q a9 Vi(t fQ Xoex U drdz,

and c(¢,v) = f,y v Op 1) dI takes into account the condition at infinity on v and will be discretized
as explained in [26, 27]. The functional spaces are V = {(v,w) € H'(Q) x H (™), vp, =
0, vz = w‘I} and Vo z = {(v,w) €V, vz =wiz = 0}. We have made explicit the dependance of
(¥, s; f) in f because is to be solved together with . This formulation of the equilibrium
problem in a domain decomposition framework is suitable to use different discretization methods
in Q°¢ and Q" as in [17, .

A mortar finite element approach is applied to to obtain the semi-discrete problem. Let
7 (resp. 7") be a mesh of triangles that covers Q% (resp. Q). We assume that Z is a polygon
with nodes and edges in 7°*. We wish to use in Q™ D Qy, D Q,, a finite element approximation
iy, for the poloidal flux ¢ that is not only continuous but has also component-wise continuous
gradient V1)y,. This is possible if we use the piecewise cubic rHCT finite element space, say V',
on 7 (see [13]). This regularity is not necessary in Q°* therefore we couple rHCT finite elements
in Q" with continuous piecewise linear finite elements, say V%, on 7°*. The finite element space
over the mesh 7% is V™ = {v € CY(Q*), vir, = 0, vjp € P1(T), YT € 7}, whereas over rin it
is Vi = {w € CH(Q™), wip € Poc(T), VT € 7}. The space Pioc(T) reads

Pioc(T) = {w € CH(T), wyp, € P3(B;), (Onw)pp, € P1(b;), Vb; € 0B; N OTY,

with the triangle T = [V}, Va, V3] cut into three triangles B; = [G, Vi, V], having vertices at
Vin, Ve with m, ¢ € {1,2,3} \ {¢} and at the barycenter G, for each i = 1,2,3. In the Pio.(T)
space definition, n is the outward normal vector to 0T, b; the edge 0B; N T and (O w)p, the
normal derivative of w along the edge b;.

Let us also write V** = V&* @ £V5* and yin = pin ¢y gpin’ where, for example, VS (resp.
VEX) is the subspace of VX described by basis functions associated with dofs at nodes in Q¢ \ Z
(resp., Q°*NZ) and € denotes the extension by zero operator. The functions in VS and VI* have
vanishing Dirichlet trace on Z. Let us define

Vi = {(ul, uf¥) € V" x VO, ugt =0, /(u'}? —uf¥) 2nd =0,V 2z, € My},
A

with My, = {&, € C°(Z) : &pe € Pi(e), Ve € (7%) iz} the mortar multiplier space.

The semi-discrete evolution problem is obtained by applying the mortar finite element ap-
proach to (L7). The semi-discrete problem reads: given 7' > 0, find the function 1y, : ¢ € [0, T]
Yr(t) = (P§X(t), () € Vi, such that 1,,(0) = 105 and, Vs, = (vp, wy) € VE x VIR it holds

W 51) — (W50 F)) ~ (et 1) ~ el S 50) ~ V(1) 50) =0, (19)

with 19 5 a representation of v in the space V;,. The bilinear forms appearing in are
defined as for and evaluated for functions in the discrete spaces.
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12 G. Gros et al.

We rely on an implicit Euler scheme to fully discretize in time the semi-discrete problem.
The discrete problem reads: Find ¢ = (¢;"",¢;"") € V approximating ¢ (t,), for ¢, € [0,T7,
such that, Vs, = (v, wy) € VX x VB it holds

a(¢273h) - Jp(wgvsh7f(wg7tn)) At]ps(w}m h) Atjc(w}?,S}J
,Sh) - KC(VH, Sh) =0.

(20)

n—1

1 .
ash) + Kth( h

1.
+Ktlps( h
For the approximation in space of f we use a decomposition in k 4+ 1 cubic splines [I6],
§o,- - gk, defined on [0,1] by nodes zp = 0 < ... < x; < ... < 2 = 1 and g;(x;) = 6;;. We

introduce the normalized variable 1y — :fb fp for 1 € [tha, 1] and define g;(t) = gs(tn). We
choose to approximate
F(Whytn) = (W) Z Fingi(UR), (21)
and we therefore have .
PR ta) = [FTRWR) = D fingi (W), (22)
i=0

All spline functions are 0 at ¢ = v}, except the last one and therefore in order to impose the
boundary condition fJ'(¢s) = fy(t,) we have fi, = fp(t,). For the approximation in time of

(4) we again rely on an implicit Euler scheme and follow the semi-Lagrangian discretization of

il (w Y proposed in [25]

df (WP t) R — 7 wp )
dt - At : (23)

The input profiles p(v,t), n!l(v,t) and < j,; - B > (,t) are also decomposed in a function
basis. They are evaluated implicitely in ;' but their shape are only known at time ¢,,_; since
they are computed from the T, equation. We note this in the following way

k
PR taer) ~ P (W) = _Zpi,n_lgi(wm, (24)

k
M (p tny) T R =D Min-10i (7)), (25)

1=0
k
<ni B> (W taor) ~ GBI (W) =Y _[iBlim—19i (V7). (26)
1=0

The discrete resistive equation reads for all i =0,...,k —1:

/ R = BN e
(] At r

Ui = n  RWR) o
+ o o s

(27)
[fe]?(wh) + VYR ()

LoT Inria

4 / e R () FE ) +
Qp(Y7)

—r[i By~ (0R))gi (Wp)drdz = 0.



Numerical simulation of tokamak plasma equilibrium evolution 13

For the computation of integrals over (2°* which appear in we use a one-point barycentric
quadrature rule. For the computation of integrals over Q™ which appear in we use a Six-
point quadrature rule of order 4 (see [37]) on each sub-triangle. This last rule is also used for
the computation of integrals over Q,(¢}) from . A difficulty which arises with rHCT finite
elements is the computation of the iso-contours and therefore of the plasma boundary T',(v4).
Contrary to what has been done in [26] 25] with piecewise linear finite elements, we do not
compute explicitely the plasma boundary and do not consider a specific quadrature rule for
elements T' such that the intersection TN Q,(¢5,) is neither empty nor the whole triangle. We
do not look for such elements T', but rather set the integrand to be 0 for points (r, z) outside
the plasma domain. Once the point defining the plama boundary (rp,2,) and the magnetic
axis (rq, %) are known, the plasma domain can be defined as {(r,z) € Q,0 < Yy i(r,z) <
1 and Ve (r, 2)- (ra —7,24 —z) " > 0}. Integrals over the plasma domain are then approximated
with the same quadrature rule as for integrals over domains not depending on . Since the
plasma domain evolves with time it can happen that a quadrature point inside €,(¢}) is not
inside (7 1). In this case we take fi' (7~ ") = Boro.

3.2 Matrix problem and Newton method for the (¢, f) system

Let us denote by {v§*};=1,nex the basis of V** for the P1 dofs associated with the N°* nodes
Vi € 7 and {w}"};— sy those of V' for the rHCT dofs at the N'™ nodes V; € 7.

Let the vector 1) of dimension N + 3N gather all dofs of ¢, € V},. Let u®* and u'™® gather
the dofs of ¥p* € V** and ¥;» € V™. We have u®* = (ug*,u§*) and u™ = (ul’,uy') where
ug* (resp. ug') and u§* (resp. up') represent dofs in V5™ (resp. V5") and Vg™ (resp. V"), ug®
is of dimension Ny and u}' of dimension 3Ny. The mortar coupling condition in V), links the
block u§* to the block u}' by the matri?( relation Pug* = Duj with (P);; = [;v§5 05 dT,
for all ¢,j = 1, Ng, and (D);x = fI vg5 Wy dL, for all i = 1, Ny and k = 1,3Ny. The coupling
condition is taken into account by introducing the reduced variable, X, and matrix Q such that

usx I 0 0 e
usx 0 0 P~ Ip °
’lrb = u?n = 0 I 0 u;n = QXu;
o m
ug‘ 0 0 I "o

Let the vector X gather the k free coefficients of fi. The algebraic system of coupled non-
linear equations associated with and to be solved at each time step can be written
as

e( z’ ’I}’hXZ*l) - ORNQ’H»SN“‘*N@

A B (28)
d(Xy, X} X0 X)) = Oge

where d represents the resistive diffusion equation for f (component d; is (27))) and e repre-
sents the equilibrium model. We have

n n n— 1 n
e(X7, X X071 = Q" [(A — E(Mps +L"RL))QX7,
1
+ (M + LTRL)QX] !

At
+ A, (") = I(P", XF) — LSV (29)
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14 G. Gros et al.

where block matrix A, is associated with the linear part of a(.,.),

W _[a5+c 0
o 0 A}
with
(A5)ij = / 7Vvex Vo drdz, i,j =1, N,
0 Jaeap, HoT /
Ain - il v/ in v i,nd d =1 3Nin
( 0 )Z] /Qm Lor U.) w] Taz, 1,7 ) )

and C (resp. M,; and LTRL is the matrix associated with c(.,.) (resp. jps(.,.) and jq(.,.)).

. T Le%s TRLex . ox 1 ox )
Matrix L*RL = is defined with (L°);; = o v§*drdz for i = 1, N, and
ci Qci
j=1,N°,
AeX
Vector A, (¢") = { ] comes from the non-linear part of a(.,.) with
(A (2 = / v - Vp drdz, i=1,N.
Qpe M wh

Vector J(y™ X”) [ Jin 1/’ X?) ] corresponds to the plasma current density term with

(I (" ,X}L))i = Jp, (Y1, wi; f1) for i = 1,3N™.

System is solved using Newton iterations which consists in updating iteratively (XZ’Z, X?’l)
unttil convergence to (X7, X'), starting from (XZZ’O, X?’O) = (XZ)_I, X}L_l) and solving the linear
system:

l DXwe(X:Z,lfl’X}L,lfl) DXfe(XZ’lil,X?’lil) ‘| l XZJ 7XZJ*1 ‘| _

d—1 ~n,l—1 Jd—1 JA—1 1 n,l—1
Dx, d(XJ'7 X Dy (XX || X X

n,l—1 n,l—1
B I P R D)
(X7 X

Convergence of the Newton method depends on the computation of the derivatives in . We
1

have Dx,e(Xy,Xy) = QT[AO—E(MPS—FLTRL)—FDwAﬂ('(/J)—DwJ(l/), X7)]lQand Dx, e(Xy, Xy) =

—QTDx sJ(¥,Xy). The derivative DyA, (1)) is known analytically [26]. The derivatives with

respect to dofs of f, Dx,J(¢,Xy) and Dx,d(Xy,Xy) can be computed without too many

difficulties. On the contrary derivatives with respect to ¢, DyJ(v,Xy) and Dx,d(Xy,Xy)

require special care because of the dependence on ¢ of the plasma domain Q,(1)) and of the
basis function g;(¢). Formulas for these derivatives are provided in

3.3 The T, equation

The T, equation is discretized using centered finite differences in space and the implicit Euler
scheme in time. Let 7', denote the approximation of T, (z;,t,) with x; = (j + 1/2)Ax for
j=0,...N —1, the scheme can be written for j=1,...N — 2 as

n n n At n
BT, — C% Ar 2 (D1 T80 — (D o + Dy o) T2 + Dy 010 1) (31)
n At n n n n nmn -1, n—1pn—1
+OF o ng Bl T — Efa T 1) + AT = MG " + B T
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and is modified for j = 0 to take account the fact that coefficients vanish at z = 0 since V/(0) = 0,
and for j = N — 1 to take into account the Dirichlet boundary condition. All coefficients depend
on the geometry of the plasma and can be taken implicit. Only the source term G which depends
on !l and < j,; - B > cannot be taken fully implicit and we denote this by G?il’”. At each
time step the profile T, (z, t,,) is updated and knowing the current equilibrium solution (¢, f*),

profiles pi (¢7), ni(¥7), 7By (¥)) can be updated.

4 Numerical results

In this section we present three test cases for the WEST Tokamak [IT), @] [10]. Case 1 is a VDE
using parametric functions for p’,nll and < j,; - B >. Case 2 is the same VDE but using the
T, equation in the model. This VDE corresponds to WEST shot 59695 and comparison with
experimental results are used to validate the simulation. Case 3 is the formation of an X-point
using a magnetic feedback controller. The test case shown in [25] has also been computed and
the results are presented in[A]

4.1 Simulation setup

All numerical methods used in this paper are implemented in the code NICE [20]. Although there
is no restriction in the method to deal with any tokamak, we concentrate in this work on the
simulation of the equilibrium evolution of plasmas for the WEST tokamak. The starting point for
such a simulation is always the computation of a first equilibrium configuration. This equilibrium
is computed using the so-called static inverse mode of NICE: given input Grad-Shafranov profiles,
here taken as parametric functions p’(v) = AB(1 — ¥5")" and ff'(¥) = A(1 — B)(1 — ¥’ ),
a plasma current I, and a desired plasma shape (a set of (r,z) points describing the desired
plasma boundary), we solve a PDE-constrained optimization problem to find the currents I, in
the poloidal field coils for which the solution 1 to the direct static equilibrium problem

/ Ry in
Tpl('(/)? t) + LT ff (7% t) QP(d))v

*A*d}: m[l in Qci, 1= ].,...,NC, (32)

0 elsewhere,

shows a plasma boundary close to the desired one.

This inverse equilibrium computation is done using only P1 FEM. We recompute the equi-
librium solving using the currents provided by the inverse solution but using the coupled
P1-rHCT FEM method. The solution % is taken as the initial 1 for evolution simulations.

Integrating f f’(v) we compute the initial fo(1)g) profile. Integrating p’(¢) the initial pressure
profile is computed and assuming a given electron density profile n. (see Fig. , the initial
electron temperature profile T, ¢ (see Fig. is constructed.The electron density profile is
represented using the following parametric expression:

exp(—l'_h‘”")
exp(—*5"2) 4 exp(“57)

ne(z) = (v = )(1 — a(r — x0)) +5 (33)

with zg = 0.9, h = 0.2, a = 0.5, 8 = 1.1 x 1017, v = 3.0 x 10'%. Parameters for functions p’(1))
and ff'(¢) are : 8 = 0.54537755, o, = ay = 1.0, v, = 5 = 1.09075510. The total plasma
current is I, = 482000 [A] and the toroidal magnetic field is By = 3.524 [T]].
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(a) Electron density n. [m™] (b) Electron temperature T, [eV]

Figure 1: Electron density profile and initial temperature profile

The mesh contains 15868 nodes (30815 triangles) in the external domain and 3612 nodes (6683
triangles) in the internal domain. The different domains are represented on Fig. [2| together with
the equilibrium computed using the mortar method.

The transport solver is initialized from the 1y equilibrium and computes the values of T2 (p°),
PR, YD), BIWY).

After this initialization phase, the time stepping goes as follows. At a time n, the transport
model provides profiles p} (¢7), ni(¥y), [iB]R(¥}) needed by the equilibrium solver, this one
interpolates the profiles on the chosen decomposition basis then computes the next equilibrium.
Once the equilibrium is computed, the data are sent to the transport solver to compute the new
profiles pi" " ("), "V ("), GBI (0 ),

All the profiles computed from the 2D equilibrium and needed in the T, equation, such as
< 1/r? > for example, depend on the choice of the discrete 1 values for which isocontours of v
are computed and used in the average computations. In order to restrain numerical errors near
the magnetic axis that is to say near x = 0 in the resolution of the T, equation, a good choice for
these discrete 1y values is to have them related to regularly spaced discrete py values as shown
on Fig. |3l The choice of these ¥y values changes at each time step since p(v) evolves.

Although it has not appeared necessary in our numerical experiments it is possible to iterate
between the equilibrium and the transport solver to replay the time step with these new profiles
and ensure accurate resolution of the non-linearities. The simulation algorithm is summarized
as follows in Algorithm

Inria
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-=---limiter
— Q
— q,
— Qp,
4_
2.
01 £
—9
—6 1 i i . . 15 . :
0 2 4 6 i}

Figure 2: Left: WEST computational domain geometry. The ABB domain boundary and the
boundary Z of domain €;, are shown in red. The poloidal field coils (named A, Bb, Bh, ...)
are in blue. The iron domain is in green and passive structures in black. Right: Zoom on an
equilibrium computed using the mortar coupling method. The plasma boundary is shown in red
and the boundary Z of domain €2;, is in blue.
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Figure 3: Typical normalized toroidal flux coordinate py with respect to ¥y

Algorithm 1 NICE with resistive diffusion and transport using P1-rHCT FEM. The compu-
tational equilibrium solver is noted EquiSolver, the transport solver is TranspSolver, the data
structure containing an equilibrium is dataEqui and the one containing the outputs from trans-
port computations is dataTransp.

Initialization
e Compute static inverse P1
e Compute static direct P1-rHCT
» dataEqui < EquiSolver
» TranspSolver < dataEqui
Time Stepping
n<+0
while n < ngmestep do
rep < 0
for rep < replay do > Either number of replay or convergence criterion
» dataTransp < TranspSolver
» EquiSolver + dataTransp
e Compute OneTimeStep EquiSolver P1-rHCT
» dataEqui < EquiSolver
» TranspSolver < dataEqui
e Compute OneTimeStep TranspSolver
end for
end while

Inria
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4.2 Free displacement of the plasma. Test case 1 and 2.

For the first two cases, the initial condition of the plasma is set up using the currents and plasma
boundary from WEST shot 59695 at time 5.502[s| where the magnetic control is turned off. As a
first numerical experiment, test case 1 is conducted to check the good behavior of the algorithm.
Starting from the initial condition described above we let the plasma evolve freely. Voltages in
the poloidal field coils circuits are constant equal to 0 during the time stepping. The time step
is set to At = 1072 [s]. The T, evolution equation is not included at first and the resistivity and
non-inductive current are held constant in time. We take < j,; - B >= 0 for the non-inductive
current term and use the analytic expression n"(wN) = 1.110:;N for resistivity. The toroidal
magnetic field By is constant and so is the boundary condition f;,(t) = Borg. The p’ profile is
also kept fixed during the simulation.

An important step in the development of the Newton method is to check the accuracy
of the computed derivatives presented in [C] This is done by verifying that the first order Taylor

expansion

||IF(X 4 ch) — F(X) — eDxF(X)h|| = O(¢?)

holds for the non-linear operators as illustrated in Fig. [

I Dxl,e

— Dx,e

f

wt

—10 A

7 -6 5 4 -3 9 - 0
log10(¢)

Figure 4: Example of a gradient test for derivatives Dy e, Dx,e, Dx, d, Dx,d

At each time step the Newton method converges in 6 to 12 iterations with a given stopping
criterion of 10719, Convergence history examples are given in Table [1| for test case 1 and Table
for case 2.

Figure [p]shows the results obtained with the developed coupled P1-rHCT FEM method using
cubic splines for the discretization of f with 10 degrees of freedom. The plasma moves upwards
from the initial X-point configuration to a limiter configuration. Function f evolves smoothly
during the time stepping. The simulation fails to converge after 40 time steps while the plasma
shrinks against the limiter.
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Table 1: Convergence history of Newton iterations for case 1 : iteration number n and residual
relative error [[X" — X 1[|/|[X" 1.

n t =0.01 t=0.02 t=0.03
1 | 1.112x 1073 | 1.009 x 10~3 | 9.493 x 10~ %
2 | 3.234x107* | 4217 x107* | 6.127 x 10~*
3 | 1.817x107% | 2.486 x 10~* | 4.444 x 10~
4 | 9909 x107° | 1.513x107* | 3.357 x 104
5 | 7.580 x 107° | 7.409 x 10~° | 1.806 x 10~
6 | 3.695x107° | 4.944 x 10™® | 1.605 x 10~
7 | 1.659 x 107° | 2.812x 107® | 8.099 x 10~°
8 | 6.390 x 1076 | 1.499 x 10~% | 5.770 x 10~°
9 | 4.341 x 1079 | 3.641 x 1072 | 2.687 x 107°

10 | 7.052x107% | 3.202x 10714 | 1.854 x 10~8

11 | 8.087 x 10~10 1.726 x 1013

12 | 2.739 x 10~ 14

9.172 4
0.75 1
0.25 4
= "£79.168 1
=, 0.00 .
N &
S
—0.25 4 9.166
—0.50 1
9.164 1
—0.75
T - - . . 9.162 1— . . - - T
1.5 2.0 2.5 3.0 3.5 0.0 0.2 0.4 0.6 0.8 1.0

by

r[m]

Figure 5: Case 1. Left : initial (blue) and final (red) plasma boundary. Right : f profile at
different time steps.

Let us now introduce in the simulation the electron temperature equation in order to have
an evolving pressure profile as well as more realistic < j,; - B > and 5!l profiles. The space
discretization is chosen to be Az = 2.0 x 1073,

The source auxiliary @, delivers a power P, = 0 [MW] as it is the case in the experiment.
Sources Q¢; and Q,qq are given in [B] In the study case, the plasma is modeled with an effective
atomic number Z.¢s = 3. Moreover, the plasmas created in WEST have tungsten impurities
which are responsible for a great part of the radiation losses. In order to simulate this effect,
impurities with Zy = 74 are added as explained in Since we don’t use any model for the
electron density evolution, we choose x,, = 0 leading to @); = 0. The coefficient ¢;. is computed
as explained in [Bl Concerning the remaining parameters we choose ;. = 1.0 for the ion-electron
temperature ratio (leading to Q.; = 0) and choose a diffusion coefficient profile x7. proportional
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to the safety factor ¢ (xr, = k¢ with & = 0.15 in all numerical experiments presented in this

work).

Table 2: Convergence history of Newton iterations for case 2: iteration number n and residual

relative error || X" — X" 71| /[|X"71||.

n t =0.01 t =0.02 t =0.03

1 | 1.503x 1073 | 1.230 x 1073 | 1.327 x 1073
2 | 2526 x107% | 1.797 x 10~* | 2.359 x 10~
3 | 4.650 x 107° | 3.376 x 1075 | 2.696 x 10~°
4 | 1.283 x 107 | 6.966 x 1075 | 9.006 x 10~
5 | 1.735 x 1076 | 1.608 x 102 | 1.851 x 10~*
6 | 5.714 x 10~ | 2.523 x 10~ | 3.029 x 10~

9.1800 1
0.75 1
9.1775 1
0.50 1
9.1750
0.25
— = 9.1725 1
£ 000 ~
N <= 9.1700
9.
~0.25
9.1675 1
~0.50
9.1650 1
~0.75 1
9.1625
15 2.0 25 3.0 35 0.0 0.2 0.4 0.6 08 10

r[m]

Figure 6: Case 2. Left : initial (blue) and final (red) plasma boundary. Right : f profile at
different time steps.

Changes in the internal characteristics of the plasma, non-linear interplay between the dif-
ferent quantities and the introduction of more realistic bootstrap current and resistivity profiles,
seem to improve convergence of the Newton method (Tab. and to keep the algorithm con-
verging over more time steps. The simulation holds for more than 100 [ms] (Fig. [6).

As in the previous case the plasma moves upwards, switches from an X-point configuration
to a limiter configuration and finally shrinks against the limiter. From Figure [7] it can be seen
that the experimental plasma shape evolution from WEST shot 59695 is quite well reproduced.

Different simulated profiles at several time steps during the simulation are shown on Fig.
and [0] Temperature drops in the plasma center and increases near the edge as time goes on
(Fig. . This change in temperature leads to a greater pressure on the edge, a decrease in the
resistivity and an increase in the boostrap current on the edge. Function f globally increases.
The Ohmic source is directly linked to the derivatives of f, the effect of this is a spike around
PN = 0.9.

In order to test the good numerical behavior of the code, multiple runs of the simulation are
done varying the space and time discretization, but also the Newton stopping criterion or the
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Figure 7: Comparaison between the simulation (red) and shot 59695 (blue) for the initial equi-
librium (left plot), after 100 time steps (middle plot) and the evolution of the geometric axis
coordinates (right plots).

even the replay.

Varying the space and time discretization does not change significantly the solution. An
example (Fig. and Fig. ) shows the differences between the simulation above and a simu-
lation using a time step divided by 2. The results are similar if we refine the space discretization
in the transport solver or if we refine the FEM mesh.

Moreover the Newton stopping criterion can be set to 10~° instead of 10~!° without changing
the result substantially. Adding the replay loop between the equilibrium solver and the transport
solver does not change significantly the solution either.

Inria



Numerical simulation of tokamak plasma equilibrium evolution 23

— 0.001
1750 — 20000
1500 -
1950 - 15000
N =l
e = 10000
= B
& 750 =
500 5000
250
0 0
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 08 10
PN PN
(a) Electron temperature Te [eV]
L 400000 — oot
B
— 0.001 o1
ool — 002
— 0.02 J—
4= —r:
oo 7300000 oo
— 0.05
ok : o
S = 200000 — o
g — 0.09 S, — o1
e — 0.1
=2 A
A
-3 100000
1
0 0
0.0 0.2 0.4 0.6 08 1.0 00 02 04 06 08 10
PN PN
(c) Resistivity [Q2.m)] (d) Bootstrap current [A.T.m ™2

Figure 8: Case 2. Electron temperature, plasma pressure, resistivity and bootstrap current
profiles at several time steps during the simulation
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Figure 9: Case 2. Source profiles at several time steps during the simulation
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Figure 10: Case 2. Comparison of results computed at 100 [ms| with a time step At (blue) and
At/2 (red). Equilibrium plasma boundary (left) and the magnetic axis r and z position (right).
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Figure 11: Case 2. Comparison of results computed at 100 [ms| with a time step At (blue) and
At/2 (red). f (left) and T, (right).
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4.3 Controlled evolution

A VDE is a brutal event. Its simulation can be used at first to test the robustness of the code.
However during a tokamak discharge the plasma position is usually controlled by the poloidal
field coils.

As a third numerical result (Case 3) we consider the use of a magnetic feedback controller
developped for WEST [38] in order to prevent any VDE to occur and to drive the plasma from
an initial limiter configuration to an X-point configuration. Since the code NICE is written in
C++ and the controller in Matlab Simulink we have chosen to use MUSCLES3 library [49] to link
one to each other. At each time step NICE communicates through MUSCLE3 the equilibrium
data needed by the controller (plasma geometric axis, plasma current and coils currents) and the
controller returns the computed voltages to be applied in the poloidal field circuits in order to
correct the feed forward coils currents.

’ Muscle3 ‘

T dataFEqui | Voltages 1 Voltages | dataEqui

’ NICE ‘ ’ Controller ‘

We simulate 2 seconds of plasma with a time step of 1073 [s|. The stopping criterion for
Newton iterations at each time step is set to 107 as it is shown in the previous section that
this does not significantly impact the result. The simulation runs the 2000 time steps in 2h30
on a laptop with an i7-13800H processor. This simulation is also faster than the previsous test
cases at each time step as the algorithm takes approximately 3 iterations to converge when the
plasma is stabilized.

The controller takes into account the geometric axis as it has a smoother evolution than the
magnetic axis if the equilibrium is computed using simple P1 FEM. This could be modified in the
future since the magnetic axis evolves smoothly with rHCT FEM. The plasma has the expected
behaviour. It follows the path indicated by the controller as shown on Fig. [I2] and Fig. The
controller also tries to maintain the plasma current at 482000 [A].

— Ip A
484000 1 ----- scenario Bh
Dh
Eh
482000 o
Fb
480000 Eb
—_— / Db
= Bb
w5 478000 o
| — Xb
476000 A 2000 1 [ ---- scenario
]
i
ol
474000 —;
=
—2000 1
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t[s] t[s]

Figure 12: Plasma current (Ip), coils currents (Icoils). The dashed lines show the controller
requests.
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Figure 13: Case 3. Plasma boundary at different time steps (top left). Then from top to bottom
and left to right: magnetic (red) and geometric (blue) axis with respect to time and plasma
current. The dashed lines show the controller requests. Plasma toroidal current, diamagnetic
function, pressure, safety factor, electron temperature, ff’ and p’ profiles at different time steps.

On figure [I2] the effects of the voltages appear as the currents increase or decrease in the
coils. The command of the currents for the coils is well respected. Coil A is left free in order to
control the plasma current. Integrated power of the different sources introduced in section
over the volume of the plasma are shown on Fig. We keep @, constant at 0 [MW] for the X
point formation and @); is 0 since x,. = 0. The radiative losses are about 200kW and the ohmic
source about 500kW. Q.; is also equal to 0 as we keep r;. = 1.0.

Inria



27

Numerical simulation of tokamak plasma equilibrium evolution

600000 1
— @
— Qi
500000 |
4000001
=
— 300000 {
g
[e)
o
200000
100000 1
0_
0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
t[s]

Figure 14: Power of the different sources, Qonm (green), Qrqq (red). Sources Q; (purple), Q,

(blue) and Q.; (yellow) are superimposed with value 0.
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5 Conclusion

We have presented the latest development of numerical methods implemented in the code NICE in
order to simulate the evolution of the plasma equilibrium at the resistive diffusion time scale. The
proposed model: the evolutive equilibrium equation for the poloidal flux, the evolution equation
for the poloidal current function from [25] and an evolution equation for electron temperature,
together with a coupled P1-rHCT FEM method have enabled us to obtain simulations which
were conducted in quite a generic manner without particularly complicated tuning of the code
in order to keep consistency between equilibrium and transport. The algorithm has proven to be
robust and a VDE simulation has been validated against a WEST experiment. We have coupled
the code to a magnetic feedback controller from the WEST tokamak thanks to the MUSCLE3
library in order to simulate an X-point formation scenario. This is extremeley promising and we
expect to carry on this work with more complete and complex plasma discharge simulations and
on other tokamaks than WEST.
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A Test of the original numerical method from [25]

As a starting point for this paper we have implemented the same numerical methods and the
same test case as in [25]. This means that we do not use the coupled P1-rtHCT FEM method
but a simpler P1 FEM method for the space discretization of and . Moreover in f
is decomposed in a basis of Legendre polynomials. The T, equation is not included, we take
< jni - B >= 0 and use the analytic expression T]H(le) = ﬁ. Voltages in the poloidal
field circuits are kept constant during the time stepping. Using the same time step as in [25],
At = 1071 [s], we obtain very similar results with a smooth evolution of f as shown in Fig.
However if we use a more realistic time step At = 10~3 (which is not done in [25]), numerical
oscillations appear in the approximation of f as shown in Fig. [I6] In this case the plasma position
is not controlled and the plasma undergoes a VDE and the jumps from node to node with P1 FEM
in the X-point position defining the plasma boundary and in magnetic axis initiate an instability
in the resolution of . Another reason for these oscillations seem to be the quadrature method
used to compute the integrals in . Indeed the same quadrature rule as for is used, that
is to say a single point barycentric rule for each triangle containing some plasma. This seems
not precise enough to discretize with f represented with Legendre polynomials up to degree
10. The simulation shown in Fig. stops because of the non convergence of the Newton
method after 16 iterations. Numerical oscillations on f and ff’ cause significant difficulties in
the numerical resolution.

In order to overcome these numerical issues we propose in this work to use an rHCT FEM
method to discretize ¢ in €;, and natural Splines of degree 3 to discretize f. This enables us to
represent f with polynomials of much smaller degree while still using 11 (or more) basis functions.
Moreover the use of rHCT FEM has 2 advantages: first it frees the X-point and the magnetic
axis position from mesh nodes and second it necessitates the use of a higer order quadrature rule
since the basis FEM functions are polynomials of degree 3. The same quadrature rule is used to
discretize the equation for f.
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Figure 15: Test case from [25] with At = 1071 [s]
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Figure 16: Same test case as in [25] but with At = 1073 [s]
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B Sources, resistivity and bootstrap current
Following [2] the electron-ion energy exchange source term Q.; is written as

0.3 n;Z} e(T, —T)
9 - A (mp/2me)Te’

where the energy confinement time is
12732 [my (eT))?
Te = 1 0 76( 6) ’ (35)
€ 2 neAei

Ne
1020

and the Coulomb logarithm is

T
+ log —. (36)

1
Ay =152— =1 e
9 %8 103

The proton mass is m,, the electron mass m. and the permitivity of vacuum &y. For ion j,
n; is its density, Z; its charge number and A; its mass number. Each ion density is propor-
tional to m.. If we consider a plasma with one main ion and one impurity, we choose Z.f¢
such that Z,,4in < Zejf < Zimp (in our case Zyqin = 1 and Zyy,, = 7). Then the Z ;¢ equa-
tion, neZeyy = nmamZ,%wm + nimpimp together with the electroneutrality equation , n. =
Nmain Lmain + nimpZimp7 give Nmain = CmainTe;, Mimp = CimpTle and 1n; = Nmain + Nimp = Cielle
with
Conain = Zimp - Zeff
Zmain(Zimp - Zmain) ’

Zeff - Zm,ain

C; = 5 37
e Zimp(Zimp - Zmain) ( )
i — Zimp + Zmain - Zeff ]
' ZimpZmain
The radiative loss term Q.4 is computed as
Qraa = y_nen; Li(Te) (38)
J

where L;(T.) is read from a table computed from the Atomic Data and Analysis Structure ADAS
database [46].

In order to add the radiative effect of the tungsten we introduce a density ny = cwene of
tungsten (with ey = 1.0 x 1075) and revise the equations as follow :

Ne = Ne — nw Zw,
*

Cimain = Cmain — CWe, (39)
*

€l = Cie — CWe-

Hence electronic neutrality still holds.
The resistivity and bootstrap current profiles are computed following [44]. For the resistivity
we have

o1

OSptz

(40)
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with
1.9012.10% 3
L= T2, 41
T Zep i N(Zeg ) n A 4D
0.74

N(Zeps) =058 4 —— 42
(Zess) 0761 Zogs (42)

and
InA, = 31.3 — In( VT”E) (43)

For the bootstrap current we have
Jdlnn, . olnT, 0lnT;

<Jjni - B>=fp|Ls1——— 90 %(£31 + L32) 90 +(1- ;)(/331 +alsgy)—F— 90 (44)

and the expressions for profiles L31, L32, L34 and « are detailed in [44] and highly depend on
trapped fraction profile.

C Derivatives computation

The derivatives of the equilibrium system of equations are computed analytically and read as
follows. Their accuracy is verified by the gradient test as shown on Fig. [4]

Derivative of the equation for ¢ with respect to :

8]
(Dx,e(X5, X%))ij :/ A+ 90, drdz (45)
in J
with
dJ; _ mMn—1/n 8wN (WN ) nn—1/,n 82¢N
1 nn n nmn n n n 8 a
o (R OR) o+ RS R (55 0)) o (16)
1 PPN
e W RWRIE R ) g
Derivative of the equation for f with respect to :
nonyy ORD;
(Dx, A X)), = [ OB i (47)

with
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ORD;  ['Ti(Wkn) dyn1 P — W1, ady
Oy At op; ;gi(wN’h)+ Al ;gi@/’N,h)ij

1 oYy i (bR p) ovn U — I TRWR L) 0N, N

Kt@T/}j ; 9i (V% 1) 20 + At ; 8% GO —5— 90
P — =t (R ) " Opn 0PN U — T R WR ) O*Yn
+ Ath , gi (W) 09; O Ath . gi(wN,h)awawj
0 0
O ) G [T ) o )
nl2 n + v n|2 a , a
$ SELLOR) IR g ) 2N i o | a0 S
oYy O 0 0
P ) [T ) G S AR ) o ) e L RO G
ety OPUN fk( Nk oo 2 OUN QN
+rp'l; (7/)Nh)8waw e (@Whn) + Lor (LT (W n)) 8%‘%
2V AU ormrom L OUN  RTP@WR L)+ VORI, 0PN Oy
I (G 1) G+ R R g, G S
[fl?]z( Kf,h)_'_'V'(/)mz nnson 82¢N . n—1/n a'l/)N 1/n 51/)N
+ Jor [f]k(¢N,h)W —r[iBly " (W) 94, gi(YNn) o9
0
F W) [ ) S ()
FRP @R ) + IV O 1/ n wiom N OUN OYN
+ o [f]k@/fN,h)W—T[JB]k (YN | 9 (wN,h)ijW
n—1 n nn—1 n 51/)N
+me (YNn) [T[p}k WONn) 5 29 TE@Whn)
[f]?]2(w?/',h) + |vw}’?‘2 nnson a’(/}N -pin—1/,/n 621/11\7
+ o e (Rn) 90 —r[iBly (V) gz(th)awawj
(48)
Derivative of the equation for v with respect to f:
0J;
(DXf (Xw’X")) af] (49)
with
/A L A n 19
S = o (a0 W)+ RO 5] Gy (50)
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Derivative of the equation for f with respect to f:

']k @R )

. ORD,
(Dde(XWXf))i’j:/Qm a7, drdz
with
ORD; 1 gi(Y} ) (o )+¢Z—wﬁ_lgj( N.n) (g 2N
of; At p  JNINe At r TNy
_ N n 218 (R 095 (YR,
P ) [ ) O gy )+ TR0 )
[fl’g]z(wxf,h)+|vw2|2 / n a’l/)N 1(om 8’(/}N
+ o gj(wN,h)W gi(wN,h)W
and
OYy _ OYn Ovn | OYn Ipa(¥n) L O Oy (¢n)
Op; 0P Yy Oa OYy My OY;
Yy 0N Ova(¥n) n YN Oy(thn)
QoY OV Y, OVOYy Ot
with
oun 1
611) B 1/%*77/1(1
Pyy 1
MW (Yo — a)?
0%y -1

Moy, (hy — ha)?

(51)

N
O (52)
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