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Introduction

Context

Electrical engineering
@ Importance of numerical modeling methods
Small electrical devices (electric motors, printed circuit boards ... )
Rapid prototyping
Shape optimization
Parametric study

TensorVim ANR (French National Research Agency) project

@ Objective: Developing efficient iterative methods for Magnetostatic problems
Compression techniques (FMM, H-matrix. . .)
GMRES preconditioners (tensor decomposition. . .)

@ Joint work

- W,
eia— 3K Laplace
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Introduction

Problem statement

Magnetostatic problem

@ Goal: Find H in Q

@ Static Maxwell’s equations (magnetism only):

V.B(x) =0 VxeQ
V x H(x) = Js(x)
@ Constitutive law: M = (ur — 1)H

Solving approaches

@ Finite Element Method

Js (2, 1)

Magnetic material

(QS, Ho)
Inductor

(Qo, NU) "
Free space

Model magnetostatic problem
Q=QUQrUQg

— artificial boundary, € is entirely meshed, large sparse matrix

@ Volume Integral Methods (e.g., the Magnetostatic Moment Method (MMM))
< only the magnetic material Qf is meshed, less unknowns, small dense matrix

v
Magnetic vector formulation [Chadebec et al. 2006]
r —x).M
M(x) + / - (y (vy (y” _)X”3(y))dy — (ur(x) = )Hs(x)  Vx € QF.
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Introduction
Magnetostatic Moment Method (MMM)

Discretization
The magnetic material Qf is meshed with N elements Qf, = U,N:1Vi
@ Py approximation of M = (M,, M,, MZ)T
@ Collocation formulation (M' = M(x;)) with x; the barycenter of V; (i = 1,...,N)

Lo, ((y—x,-).Mf

0 ey = (s = DHs ()
I N’

N
(AM)(XI :(AM)i: Mi+Z(1_/Jrj) 47
j=1 b

@ Dense nonsymmetric 3N X 3N linear system (3 degrees of freedom / element)

[AyX] [Ayy] [AyZ] [My] = [by]

[Ax]  [Ax] [sz]> [Mi] [x]
[A=]  [Ay] [Az]) \[M] [b2]

Goal and Contribution

@ Acceleration of the matrix-vector product (from O(N?) to O(N))
@ Coupling Fast Multipole Method (FMM) + Magnetostatic Moment Method (MMM)
@ FMM algorithm: generic and flexible (versatile)
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Outline

ﬂ Introduction

a Combining the interpolation-based FMM with the MMM

e Some numerical results

@ Conclusion
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Combining the interpolation-based FMM with the MMM
Adaptation of the Fast Multipole Method

@ Matrix-vector product

N
. 1 —x .
ViE{L WL (AM) =M 4> (1) [ —(vy(yix’ﬂ)dyw
2 v am Ty = x
—_—

magnetostatic kernel kg

singularity when x ~ y

1 .
R 3><3) smooth if || x — y|| > a
decay ~ [Ix =y

x=y)ekx-y)

lIx =yl

with  ko(x,y) = " (3
™

@ Fast Multipole Method (FMM) [Greengard and
Rokhlin 1987]

> Spatial recursive subdivision into cells C (octree) E } Near-field

> Separation of the near field from the far field

O Far-field

> Hierarchical approximation of the far field

G, (AM=M£3 Y (a- u,,)/ Ko(3isy)dy MY = (Anesr M), + (A M),
Cs V;€Cs
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Combining the interpolation-based FMM with the MMM
Far-field computation
N(C¢): neighboring cells of C;
vie{l,...,N} x €, AM)i= > > (1-pry) / ko(x;, y)dy MY
Cs¢N(Cr) Vi€Cs

@ Interpolation-based approximation [Fong and Darve 2009]
> 3D grid of (p+ 1)3 points (€3)|n|<p inside cell Cs (Uniform or Chebyshev points)
> Lagrange polynomials S, (s.t. S,(&5,) = 0n,m)

P o ; o d,'st(cs_(jr) > A Ppe oa
~ DD Salx) ko (65:€) Saly) Emobe o = LZIE s
< <
Imi<pnl<p source cell Cs target cell C

@ Resulting far-field approximation

€ Ch (AaM)im D7 Smla) D > ko(6h: &) Z(l—u,,-)/v_sn(y)dymf

Imi<p CogN(C1) Inl<p V;€Cs

P2M/M2M

M2L

L2P/L2L
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Combining the interpolation-based FMM with the MMM

Far-field computation
@ Focus on the P2M pass

> @—uy) [ Sity)dy M

Vi€Cs

P—

Ma(C)= > (1 fu,j)/ Saly)dy M/ |n|<p  Vcell Cs
VieCs Vi

element V;
L = / Sn(y) dy
BN [ - ° Vi
(5,51)\,15,,”%",”_ TR (Gauss-Legendre quadrature rule)
T : " Exact computation”
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Combining the interpolation-based FMM with the MMM
Far-field computation

@ New expression of the magnetostatic kernel

ko(x,y) = -V yki(x,y) = Vxki(x,y) with ki(x,y) = 1 x=y
4 ||Ix — y|3
@ New kernel interpolation (2nd approach)
N 5 dist(c.c)> P .o
kO(XJ’) ~ Z Z (szm)(x) ki (értngi)sn()’) (5;)\n\§p X : : ) X }X: ) (gf')\n\ip
Iml<plnl<p source cell Cq target cell C;

@ New far-field approximation (2nd approach)

e Ch (AaM)im D0 (VaSm)0a) Do > k(€ &) D (1= prj) /V Snly) dy M/

[m|<p CsEN(Ct) [nl<p VieCs

P2M/M2M

M2L

L2P/12L
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Combining the interpolation-based FMM with the MMM

Comparison of the two approaches

1st approximation approach

(AaM)im 30 Snle) > 3 aleh &) o —nr) [ Sy

Iml<p CsEN(Ct) In<p viecs

2nd approximation approach

(AaM)im 3 (TeSn)(x) 3 3 halehtd) 3 (=) [ Sun) ey M

[m|<p CsEN(Ct) [n|<p VieCs

1st approach ‘ 2nd approach

1 x—y)®((x—-y) 1 1 x-—y
ko(x,y) = — (3 - hx3 ki(x,y) = —r——=

4r llx = y[® e =y I3 am [lx —yIP

3 3 3 3

K = [ko(€h )], € BF K = k(€ &), € B
3 inputs, 3 outputs 3 inputs, 1 output
More accurate Faster + less memory required (M2L pass)

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 10/16




Combining the interpolation-based FMM with the MMM
Summary

Al Ayl [Ax] An oAl

A= ([Ayxl [Ay] [Ayzl) e IV Al = | - | erMxN
[Azx] [Azy] [Azz] Ai\il . Ai\i/\/

()

" Simplified” representation of the matrix partitioning

LtLFI_ o .
+ E—Jﬁqﬂ"tqt DDE Near-field
—th_“mfc_g D} Far-field

[Axx] [Axx]/vear [Axx]far

T

Approximation

/Vj k(v y) dy [ tolosonydy = 3 Sal) 3 o (€660 /V Siy) dy

J

Q

Direct computation

|m|<p [nl<p
MMM [Oubaid 2014] / ko(xi,y) dy = 3 (ViSa)(x) D ka (64,.65) / Saly) dy
Yi Imi<p Inl<p Yi
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Some numerical results

Configuration of the experiments

Experimental setup
@ Near-field computation
Fortran 90 implementation of the MMM (Laplace, Toulouse) [Oubaid 2014]
@ Far-field computation

ScalFMM C++ library: multi-dim, kernel-independent, interpolation support

Acceleration: FFT (Uniform) [Blanchard 2017]
Compression: low-rank K ~ UVT (Chebyshev) [Messner et al. 2012]

@ Plafrim: experimental platform

(a) Antenna geometry (b) U-shaped geometry
(1,000 < N < 15,000) (15,000 < N)
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Some numerical results

Accuracy: error vs. order p

(Antenna geometry)

FMM (Uniform)
--e- 15t approach ko
—— 2" approach ky

iy
o FMM (Chebyshev)
E --e- 15t approach ko
P s ~—— 2" approach ky
s
<
~
o
.
=
o
o
e

"
1S)

order p

Relative 2-norm error E, vs. order p
pr = 3000, tree height = 4

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB

uel & O. Coulaud (Concace)

SIAM LA24

Accuracy

@ Relative 2-norm error E;:
||AFMMx — Ax||2

2~ 7 xeRr¥W
| Ax||2

E, :=

ko more accurate than ki

Chebyshev interpolation more accurate
than Uniform interpolation

@ All errors stabilize around 106 ~ error
of the near-field computation

May 13, 2024 13/16



Some numerical results

Performance: elapsed time vs. number of elements N (sequential)

(Antenna geometry)

-=+-- direct computation
10° ..o fmm uniform + ko
—— fmm uniform + ky
e fmm chebyshev + ko
—+— fmm chebyshev + k;

H
2

Elapsed time (s)

10° 10
number of elements N
Elapsed time (s) vs. number of elements N
1 = 3000, target accuracy = 1073

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB

uel & O. Coulaud (Concace)

SIAM LA24

(U-shaped geometry)

Time
s 15 approach ko -175
2" approach ky
10t -150
Memory
mmm 1% approach ko 125
2 approach ki
-100
-75
-50
I -25
0

N = 18,000 N = 144,000 N = 1,152,000

Elapsed time (s)

5
Memory used (MB)

Elapsed time (s) and memory consumption (MB) for
the 2 approaches on larger meshes

Uniform interpolation (FFT), u, = 3000, order p = 5,

Memory consumption = multipoles and local expansions

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB
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Some numerical results

Performance: elapsed time vs. number of elements N (parallel)

@ Parallel implementation of the FMM
> Task-based approach [Agullo et al. 2014] [Agullo et al. 2016] (via OpenMP)

(U-shaped geometry)

N =18, 000
--e-- 1t approach ko
—+— 2" approach k;

N = 144,000
--e-- 15t approach ko
—=— 2" approach k;

Elapsed time (s)

N=1, 152,000
--e-- 1t approach ko
—+— 2" approach k;

0 4 8 12 16 20 24 28 32
Number of threads
Elapsed time (s) vs. number of threads (OpenMP) for the parallel task-based FMM algorithm

Uniform interpolation (FFT), p, = 3000, group size = 5 (granularity), order p = 5
Machine: plafrim/bora 2x 18-core Cascade Lake Intel Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB
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Conclusion

@ Summary
> Development of an FMM-based matrix-vector product coupled with the MMM
> Focus on the far-field computation using an interpolation approach

> Emphasis on genericity and flexibility, allowing the algorithm to be adapted to two
kernel functions (ko and ki)

> Implementation using the ScalFMM library (kernel-independent framework)

@ Perspective and possible future work

> Scalar potential formulation (less unknowns)
» Comparison between the FMM and approaches based on H-matrices

» Coupling GMRES algorithm with the FMM-based matrix-vector product (requires
a suitable preconditioning method)

. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 16 /16
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Appendices

Near-field computation

VIE{l,,N} x; € Cy, (AnearM)i:Mi‘l' Z Z (1_!1"])/\; kO(Xlay)dyMJ
J

CsEN(C1) Vi€Cs

@ Volume integral computation
— Gauss-Legendre quadrature rule (ngr

element V;
points) .
@ Singularity [Chadebec et al. 2006] e |
— when V; interacts with itself _'%'”;f'f S
< need a complex analytical expression AN 7
@ Adaptive strategy [Oubaid 2014] | /
— choice of the order ng e e s e e
—» targeted accuracy: ~ 100 b ," il )
e\ as dist(Vi, V) S SRl .. ] .

source cell Cs target cell C;
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Appendices

Cell width extension

Ma(Cs) = Z(l—u,j)/ S dy M [l <p ¥ cell Cs
v

V,€Cs
. 1
N\ H
O ] l O ] =
. 1
. 1
. 1
. 1
. 1
o L] . Ll L] 1
. 1
. 1
. 1
H L H
H . i
. 1
. 1
. 1
1

e

lllustration of the cell width extension principle [Blanchard 2017]
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