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Introduction

Context

Electrical engineering

Importance of numerical modeling methods

▶ Small electrical devices (electric motors, printed circuit boards . . . )
▶ Rapid prototyping
▶ Shape optimization
▶ Parametric study

TensorVim ANR (French National Research Agency) project

Objective: Developing efficient iterative methods for Magnetostatic problems

▶ Compression techniques (FMM, H-matrix. . . )
▶ GMRES preconditioners (tensor decomposition. . . )

Joint work
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Introduction

Problem statement

Magnetostatic problem

Goal: Find H in Ω

Static Maxwell’s equations (magnetism only):{
∇.B(x) = 0

∇× H(x) = JS (x)
∀ x ∈ Ω

Constitutive law: M = (µr − 1)H

(ΩS , µ0)

Inductor

JS (ΩF , µF )
Magnetic material

n(Ω0, µ0)
Free space

Model magnetostatic problem
Ω = Ω0 ∪ ΩF ∪ ΩS

Solving approaches

Finite Element Method
↪→ artificial boundary, Ω is entirely meshed, large sparse matrix

Volume Integral Methods (e.g., the Magnetostatic Moment Method (MMM))
↪→ only the magnetic material ΩF is meshed, less unknowns, small dense matrix

Magnetic vector formulation [Chadebec et al. 2006]

M(x) +

∫
ΩF

1− µr (y)

4π

(
∇y

(y − x).M(y)

∥y − x∥3

)
dy = (µr (x)− 1)HS (x) ∀x ∈ ΩF .
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Introduction

Magnetostatic Moment Method (MMM)

Discretization

The magnetic material ΩF is meshed with N elements ΩF h = ∪N
i=1Vi

P0 approximation of M = (Mx , My , Mz )
T

Collocation formulation (M i = M(xi )) with xi the barycenter of Vi (i = 1,. . . ,N)

(AM)(xi ) = (AM)i = M i +
N∑
j=1

(1− µr j )

∫
Vj

1

4π
∇y

(
(y − xi ).M j

∥xi − y∥3

)
dy = (µr i − 1)HS (xi )︸ ︷︷ ︸

bi :=
Dense nonsymmetric 3N × 3N linear system (3 degrees of freedom / element)

[Axx ] [Axy ] [Axz ]
[Ayx ] [Ayy ] [Ayz ]
[Azx ] [Azy ] [Azz ]

[Mx ]
[My ]
[Mz ]

 =

[bx ]
[by ]
[bz ]


Goal and Contribution

Acceleration of the matrix-vector product (from O(N2) to O(N))

Coupling Fast Multipole Method (FMM) + Magnetostatic Moment Method (MMM)

FMM algorithm: generic and flexible (versatile)

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 4 / 16
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Outline

1 Introduction

2 Combining the interpolation-based FMM with the MMM

3 Some numerical results

4 Conclusion
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Combining the interpolation-based FMM with the MMM

Adaptation of the Fast Multipole Method

Matrix-vector product

∀i ∈ {1, . . . ,N}, (AM)i = M i +
N∑
j=1

(1− µr j )

∫
Vj

1

4π

(
∇y

(y − xi )

∥y − xi∥3

)
︸ ︷︷ ︸
magnetostatic kernel k0

dy M j

with k0(x , y) =
1

4π

(
3
(x − y)⊗ (x − y)

∥x − y∥5
−

1

∥x − y∥3
I3×3

) 
singularity when x ≈ y

smooth if ∥x − y∥ > a

decay ∼ ∥x − y∥−3

Fast Multipole Method (FMM) [Greengard and
Rokhlin 1987]

▶ Spatial recursive subdivision into cells C (octree)

▶ Separation of the near field from the far field

▶ Hierarchical approximation of the far field

}
Near-field

Far-field

xi ∈ Ct , (AM)i = M i +
∑
Cs

∑
Vj∈Cs

(1− µr i )

∫
Vj

k0(xi , y)dy M j = (AnearM)i + (AfarM)i
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Combining the interpolation-based FMM with the MMM

Far-field computation

N (Ct): neighboring cells of Ct

∀i ∈ {1, . . . ,N} xi ∈ Ct , (AfarM)i =
∑

Cs /∈N (Ct )

∑
Vj∈Cs

(1− µr j )

∫
Vj

k0(xi , y)dyM j

Interpolation-based approximation [Fong and Darve 2009]

▶ 3D grid of (p + 1)3 points (ξsn)|n|≤p inside cell Cs (Uniform or Chebyshev points)

▶ Lagrange polynomials Sn (s.t. Sn(ξsm) = δn,m)

y
(ξsn)|n|≤p

source cell Cs

x (ξtn)|n|≤p

target cell Ct

dist(Cs , Ct) > γ
k0(x , y) ≈

∑
|m|≤p

∑
|n|≤p

Sm(x) k0
(
ξtm, ξ

s
n

)
Sn(y)

Resulting far-field approximation

xi ∈ Ct , (AfarM)i ≈
∑

|m|≤p

Sm(xi )
∑

Cs /∈N (Ct )

∑
|n|≤p

k0(ξ
t
m, ξ

s
n)

∑
Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j

︸ ︷︷ ︸
P2M/M2M︸ ︷︷ ︸

M2L︸ ︷︷ ︸
L2P/L2L
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Combining the interpolation-based FMM with the MMM

Far-field computation

Focus on the P2M pass

xi ∈ Ct , (AfarM)i ≈
∑

|m|≤p

Sm(xi )
∑

Cs /∈N (Ct )

∑
|n|≤p

k0(ξ
t
m, ξ

s
n)

∑
Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j

︸ ︷︷ ︸

Mn(Cs) =
∑

Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j |n| ≤ p ∀ cell Cs

(ξsn)|n|≤p

Vj

element Vj ∫
Vj

Sn(y) dy

(Gauss-Legendre quadrature rule)
”Exact computation”

cell Cs
A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 8 / 16
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Combining the interpolation-based FMM with the MMM

Far-field computation

New expression of the magnetostatic kernel

k0(x , y) = −∇yk1(x , y) = ∇xk1(x , y) with k1(x , y) =
1

4π

x − y

∥x − y∥3

New kernel interpolation (2nd approach)

y
(ξsn)|n|≤p

source cell Cs

x (ξtn)|n|≤p

target cell Ct

dist(Cs , Ct) > γ

k0(x , y) ≈
∑
|m|≤p

∑
|n|≤p

(∇xSm)(x) k1
(
ξtm, ξ

s
n

)
Sn(y)

New far-field approximation (2nd approach)

xi ∈ Ct , (AfarM)i ≈
∑

|m|≤p

(∇xSm)(xi )
∑

Cs /∈N (Ct )

∑
|n|≤p

k1(ξ
t
m, ξ

s
n)

∑
Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j

︸ ︷︷ ︸
P2M/M2M︸ ︷︷ ︸

M2L︸ ︷︷ ︸
L2P/L2L

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 9 / 16



10/16

Combining the interpolation-based FMM with the MMM

Comparison of the two approaches

1st approximation approach

(AfarM)i ≈
∑

|m|≤p

Sm(xi )
∑

Cs /∈N (Ct )

∑
|n|≤p

k0(ξ
t
m, ξ

s
n)

∑
Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j

2nd approximation approach

(AfarM)i ≈
∑

|m|≤p

(∇xSm)(xi )
∑

Cs /∈N (Ct )

∑
|n|≤p

k1(ξ
t
m, ξ

s
n)

∑
Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j

1st approach 2nd approach

k0(x , y) =
1

4π

(
3
(x − y)⊗ (x − y)

∥x − y∥5
−

1

∥x − y∥3
I3×3

)
k1(x , y) =

1

4π

x − y

∥x − y∥3

K =
[
k0(ξ

t
m, ξ

s
n)
]
n,m

∈ R3p3×3p3 K =
[
k1(ξ

t
m, ξ

s
n)
]
n,m

∈ Rp3×3p3

3 inputs, 3 outputs 3 inputs, 1 output

More accurate Faster + less memory required (M2L pass)
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Combining the interpolation-based FMM with the MMM

Summary

A =

[Axx ] [Axy ] [Axz ]

[Ayx ] [Ayy ] [Ayz ]

[Azx ] [Azy ] [Azz ]

 ∈ R3N×3N [Axx ] =


A11
xx . . . A1N

xx

.

.

.

.

.

.

AN1
xx . . . ANN

xx

 ∈ RN×N

”Simplified” representation of the matrix partitioning

[Axx ]

≈

[Axx ]near

+

[Axx ]far

}
Near-field}

Far-field

Direct computation∫
Vj

k0(xi , y) dy

MMM [Oubaid 2014]

Approximation∫
Vj

k0(xi , y) dy ≈
∑
|m|≤p

Sm(xi)
∑
|n|≤p

k0
(
ξtm, ξ

s
n

) ∫
Vj

Sn(y) dy∫
Vj

k0(xi , y) dy ≈
∑
|m|≤p

(∇xSm)(xi)
∑
|n|≤p

k1
(
ξtm, ξ

s
n

) ∫
Vj

Sn(y) dy

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 11 / 16



12/16

Some numerical results

Configuration of the experiments

Experimental setup

Near-field computation
▶ Fortran 90 implementation of the MMM (Laplace, Toulouse) [Oubaid 2014]

Far-field computation

▶ ScalFMM C++ library: multi-dim, kernel-independent, interpolation support
⋆ Acceleration: FFT (Uniform) [Blanchard 2017]
⋆ Compression: low-rank K ∼ UVT (Chebyshev) [Messner et al. 2012]

Plafrim: experimental platform

(a) Antenna geometry
(1, 000 < N < 15, 000)

(b) U-shaped geometry
(15, 000 < N)

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 12 / 16
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Some numerical results

Accuracy: error vs. order p

3 4 5 6 7 8
order p

10 6

10 5

re
la

tiv
e 

2-
no

rm
 e

rro
r E

2

(Antenna geometry)

FMM (Uniform)
1st approach k0

2nd approach k1

FMM (Chebyshev)
1st approach k0

2nd approach k1

FMM (Chebyshev)
1st approach k0

2nd approach k1

Relative 2-norm error E2 vs. order p

µr = 3000, tree height = 4

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB

Accuracy

Relative 2-norm error E2:

E2 :=
∥AFMMx − Ax∥2

∥Ax∥2
, x ∈ R3N

k0 more accurate than k1

Chebyshev interpolation more accurate
than Uniform interpolation

All errors stabilize around 10−6 ∼ error
of the near-field computation
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Some numerical results

Performance: elapsed time vs. number of elements N (sequential)

103 104

number of elements N

10 2

10 1

100

El
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se
d 

tim
e 

(s
)

O(N2)

O(N)

(Antenna geometry)

direct computation
fmm uniform + k0
fmm uniform + k1
fmm chebyshev + k0
fmm chebyshev + k1

Elapsed time (s) vs. number of elements N

µr = 3000, target accuracy = 10−3

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB

N = 18,000 N = 144,000 N = 1,152,000

100

101

El
ap

se
d 

tim
e 

(s
)

(U-shaped geometry)

Time
1st approach k0

2nd approach k1

0

25

50

75

100

125

150

175

M
em

or
y 

us
ed

 (M
B)Memory

1st approach k0

2nd approach k1

Elapsed time (s) and memory consumption (MB) for
the 2 approaches on larger meshes

Uniform interpolation (FFT), µr = 3000, order p = 5,
Memory consumption = multipoles and local expansions

Machine: plafrim/bora 2x 18-core Cascade Lake Intel
Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB
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Some numerical results

Performance: elapsed time vs. number of elements N (parallel)

Parallel implementation of the FMM
▶ Task-based approach [Agullo et al. 2014] [Agullo et al. 2016] (via OpenMP)

0 4 8 12 16 20 24 28 32
Number of threads

10 2

10 1

100

101

El
ap

se
d 

tim
e 

(s
)

(U-shaped geometry)

N = 18, 000
1st approach k0

2nd approach k1

N = 144, 000
1st approach k0

2nd approach k1

N = 1, 152, 000
1st approach k0

2nd approach k1

N = 1, 152, 000
1st approach k0

2nd approach k1

Elapsed time (s) vs. number of threads (OpenMP) for the parallel task-based FMM algorithm
Uniform interpolation (FFT), µr = 3000, group size = 5 (granularity), order p = 5

Machine: plafrim/bora 2x 18-core Cascade Lake Intel Xeon Skylake Gold 6240 @ 2.6 GHz RAM 192 GB
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Conclusion

Summary
▶ Development of an FMM-based matrix-vector product coupled with the MMM

▶ Focus on the far-field computation using an interpolation approach

▶ Emphasis on genericity and flexibility, allowing the algorithm to be adapted to two
kernel functions (k0 and k1)

▶ Implementation using the ScalFMM library (kernel-independent framework)

Perspective and possible future work

▶ Scalar potential formulation (less unknowns)

▶ Comparison between the FMM and approaches based on H-matrices

▶ Coupling GMRES algorithm with the FMM-based matrix-vector product (requires
a suitable preconditioning method)

A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 16 / 16
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Agullo, Emmanuel, Bérenger Bramas, Olivier Coulaud, Eric Darve, Matthias Messner, and Toru Takahashi (2014).

“Task-based FMM for multicore architectures”. In: SIAM Journal on Scientific Computing 36.1, pp. C66–C93.

Blanchard, Pierre (2017). “Fast hierarchical algorithms for the low-rank approximation of matrices, with applications to

materials physics, geostatistics and data analysis”. PhD thesis. Université de Bordeaux.
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Appendices

Near-field computation

∀i ∈ {1, . . . ,N} xi ∈ Ct , (AnearM)i = M i +
∑

Cs∈N (Ct )

∑
Vj∈Cs

(1− µr j )

∫
Vj

k0(xi , y)dyM j

Volume integral computation
↪→ Gauss-Legendre quadrature rule (n3g
points)

Singularity [Chadebec et al. 2006]

↪→ when Vi interacts with itself

↪→ need a complex analytical expression

Adaptive strategy [Oubaid 2014]

↪→ choice of the order ng

↪→ targeted accuracy: ∼ 10−6

ng ↘ as dist(Vi ,Vj ) ↗

element Vj

target cell Ctsource cell Cs
A. Gicquel & O. Coulaud (Concace) SIAM LA24 May 13, 2024 2 / 3
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Appendices

Cell width extension

Mn(Cs) =
∑

Vj∈Cs

(1− µr j )

∫
Vj

Sn(y) dy M j |n| ≤ p ∀ cell Cs

Illustration of the cell width extension principle [Blanchard 2017]
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