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Abstract

We present several advances on neural operators by viewing the action of
operator layers as the minimizers of Bregman regularized optimization
problems over Banach function spaces. The proposed framework allows
interpreting the activation operators as Bregman proximity operators from
dual to primal space. This novel viewpoint is general enough to recover
classical neural operators as well as a new variant, coined Bregman neural
operators, which includes a skip-like connection and features the same
expressivity of standard neural operators. Numerical experiments support
the added benefits of the Bregman variant of Fourier neural operators for
training deeper and more accurate models.

1 Introduction

Neural operators [14}[I5], a recent extension of neural networks, have emerged as a versatile
framework for learning mappings between function spaces. These operators have shown
great potential in solving partial differential equations (PDEs) and simulating complex
dynamical systems. The exploration of neural architectures for the approximation and
learning of operators has led to the development of a variety of models.

One influential contribution is the Fourier Neural Operator (FNO) [17], which transform
encoded input data into frequency components in order to learn intricate relationships
in the frequency domain. More recently, the Group-Equivariant FNO (G-ENO) [12] ad-
ditionally leverages symmetries to design equivariant Fourier layers, thereby enhancing
the representation power and robustness of the architecture. The FNO are extended to
Wavelet Neural Operators (WNO) [27] by replacing Fourier layers with wavelet layers to
further exploit multiscale information. The U-shaped Neural Operator (U-NO) [23] adapts
the U-net architecture for neural operators, enabling mapping between function spaces
through integral operators, thus broadening the applicability of neural architectures to
diverse domains. Differently, the DeepONet architecture [19] comprises two intertwined
components: a branch network responsible for encoding discrete input function spaces,
and a trunk network dedicated to encoding the domain of output functions. Operating
as a conditional model, DeepONet leverages the embedding of inputs and outputs via
a dot product operation, facilitating the approximation of complex functions through a
structured network topology. Finally, Neural Inverse Operators (NIO) [20] tackle inverse
problems by combining DeepONet and FNO architectures to map operators to functions,
thereby extending the applicability of neural operators to coefficient estimation tasks.
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Some approaches inspired by attention mechanisms, pivotal in image and natural language
processing, have also been considered in operator learning. LOCA (Learning Operators with
Coupled Attention) [13]] facilitates robust gradient estimation, particularly in scenarios with
limited training data, by combining attention with kernel mechanisms. The General Neural
Operator Transformer (GNOT) [11]] is a scalable framework based self-attention mechanisms
allowing to deal with heterogeneous inputs useful for modeling diverse physical systems.
Some physics-informed variants integrating information from PDEs during the learning
process or as constraints have been proposed recently enhancing model interpretabil-
ity and generalization: PI-DeepONet [29] and its Long-Time Integration variant (LTI-PI-
DeepONet) [28], PINO (Physics-Informed Neural Operator) [18]] a hybrid extension of FNO,
or other variations such as V-DeepONet [L0] and Modified DeepONet [30].
Contributions. The architectural design of neural operators has primarily followed that
of neural networks. However, such models often face challenges related to stability and
efficiency, particularly when training deeper networks, as evidenced by the fact that most
released models consist of only four layers. In this work, we propose a novel expressive
framework for neural operators by conceptualizing the action of operator layers as the
minimizers of Bregman regularized optimization problems over Banach function spaces. By
interpreting the activation operators as Bregman proximity operators mapping from dual
to primal spaces, our approach generalizes existing neural operators and introduces a new
variant, termed Bregman neural operators. We prove universal approximation results and
show, experimentally, that it achieve better prediction as the number of layers increases.
Outline. The rest of the paper is organized as follows: Section [2is dedicated to the presenta-
tion of definitions and background knowledge on neural operators and Bregman proximity
operator. In Section [3} we introduce the operator layers as the solution of a functional
optimization problem. In addition, we show that this new mapping allows recovering
the classical neural operators and creating a more general family of so-called Bregman
neural operators. In Section [4, we provide a preliminary universal approximation result
for Bregman neural operators networks. Finally, in Section [5, we conduct an extended
experimental study comparing on some benchmark datasets our Bregman variant with the
classical FNO.

2 Background and Definitions

Here, we introduce some definitions required for the understanding of the rest of the paper
as well as the necessary background on neural operators and Bregman proximity operator.

Notations. Let Let V and V* be two Banach spaces put in duality via the pairing (,-): V' x
V' 5> R IFD: VY — |00, +00], we denote by dom® = {v € V|D(v) < +oo} its effective domain.
For every proper convex function @: V — ]—co, +00], we set its subdifferential
dO(v)={v* eVi|forallu eV, ®(u) > O(w)+{u—-v,v"},

if v € dom®, and dD(v) = @, otherwise. We set dom dP = {v € dom D |JIDP(v) # @} and the
range randP = {v* € V*|Jv € V s.t. v* € dD(v)}. When JdD(v) is a singleton, we denote by
V@ its unique element. If ®: V — ]—co,+c0], its Fenchel conjugate is the function ®*: V —
]-00,+00] such that ®*(v*) = sup,)(v,v") — P(v). We denote by I}(V) the set of proper
convex and lower-semicontinuous functions on V. The Fenchel-Moreau theorem ensures
that ® € [[(V) = D" € [{(V*). We denote by (-, -) and |-| the Euclidean scalar product
and norm in R”. If D C R” is a nonempty open bounded set and p € [1, +o0], we denote by
LP(D,R") the Lebesgue space of p-integrable functions (essentially bounded functions, if
p =+o0) from D to R".

2.1 Operator Learning: Application to Learning the Solution Map of PDEs

Operator learning finds significant applications in the context of PDEs in order to efficiently
approximate solutions to PDEs without the need to solve them repeatedly from scratch [18]
25, [24]. Given a nonempty bounded open set D C R", and some time horizon 7 > 0, we
consider the generic family of PDEs over D x [0, 7] of the form

u(x,0) = ugp(x) on D,
u(x,t) = uy(x,t) on dD x 10, 7],

Fa((8“u(x,t))ae]NduJaKk) = f(x,t) on Dx]0,7] and { (1)
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(a) Neural Operator. (b) Bregman Neural Operator.

Figure 1: Illustration of the t-th layer of (Bregman) Neural Operators. On the left, the
identity term and the linear term K;v; + b; have been merged into (I + K;)v; = W,v,.

where F, is a possibly nonlinear partial differential operator, f denotes a source term, u; is
a boundary condition, u is an initial condition, and u: D — R" is the solution of the PDE.
The problem we will tackle in our numerical section is the initial value problem. This involves
finding the oracle mapping G from any initial condition function u to the solution u(:, 7) of
the PDE at a certain time horizon 7 €]0, 7].

More generally, the oracle operator G could be a mapping between two different function
spaces A and U. Without loss of generality, given some bounded open sets D ¢ R, with
d e N,, we let A = A(D,R") and U = U(D,R¥), with n,k € N,, be some separable Banach
spaces of functions. For instance, A can represent the spaces of continuous functions from
D — IR". Hereafter, A and U/ will be referred to as the spaces of input functions and output
functions, respectively. In a nutshell, operator learning consists in finding the unknown
ground-truth correspondence operator G: A — U given N € IN, pairs of input-output
functions {ai,ui}ﬁl.

2.2 Neural Operators

Among the existing models to parametrize an approximation of G, we focus on neural
operators, which are parametric mappings N: A — U of the form

(Yae A), N(a)=QoLro...0L;0oP(a), (2)

where

P: AD,R") — A(D,R™) is a local lifting operator mapping the input function to its

first hidden representation;

* Q: U(D,R"T) — U(D,RF) is a local projection operator mapping the last hidden
representation to the output function;

» Forevery t € {1,..., T}, L;: V;_1(D;, R"-1) — Vy(Dy, R"™) is an operator layer where
each D; C R™ is an open bounded set, V; = V;(D;, R™) is a suitable Banach space of
functions such that Vy = A(D,R") and Vr = U(D,IR"T), for consistency.

* Each component of the neural operator (2) depends on a finite dimensional param-

eter. Collectively those parameters constitute a vector 6 € © C IRP.

Most methodological developments on neural operators have been focused on tailoring
parametric forms of the operator layers {£,..., L7} suited to the application at hand. Tra-
ditionally, the design of neural operator follows closely that of standard neural networks
(i.e., a composition of finite-dimensional linear layers followed by non-linear activations) by
replacing linear layers with integral linear operators in function spaces and by interpreting
activation functions through their extension to Nemytskii operators. When the input spaces
D, are the same throughout the layers and equals D, a popular class of operator layers,
sketched in Figure[Ia} is of the form

Li(vy) = op(Wyvy + K5 (vy) + by), (3)

where W, € R"*"+1 is a matrix, b; € R" is a bias and o; is a local nonlinear map acting
pointwise from IR™ to IR™. Moreover, we have a non-local linear operator K3¢: LZ(D,IR”f) —
L?(D,IR™). In its simplest version, K2 is an integral kernel operator of the form (K2°(v))(x) =



JD k:(x, p)v(y)dy, for all x € D, with x being a kernel to be specified [15]]. Specific examples
include those based upon a convolution performed in the Fourier space [17}[14], a graph
kernel network [1]] or its multipole variant [L6] to name a few.

Hereafter, we follow a different path and propose to interpret operator layers from the
viewpoint of a proximal optimization by seeing the parametric form of (3)) as the minimizer
of a Bregman regularized optimization problem. This novel perspective allows us to propose
a novel architecture, displayed in Figure[l1b] of the form

Li(vy) = Ut((ft_l(MtVt) + Kyvy + K3 (vy) + by), (4)

involving a nonlinear skip-like connection term o; ! (M;v;). In this formulation, when all
the weights are zero and M, is the identity, then £, is the identity operator. This architecture
was originally proposed in [9] in the finite dimensional setting.

In the next section, we define the notion of Bregman proximity operator which will serve to
introduce or novel viewpoint on neural operators.

2.3 Bregman Proximity Operator

The definition of Bregman proximity operator relies on the choice of a Bregman divergence,
loosely called distance, which itself is built upon a Legendre function.

Definition 1. A function ¢: R" — ]—oco,+00] is called Legendre if it is proper convex lower
semicontinuous and satisfies the following properties: i) int(dom ¢) = dom d¢ and d¢ is single-
valued on its domain; ii) ¢ is strictly convex on int(dom ¢).

Remark 1. One can prove that ¢ is Legendre if and only if ¢* is Legendre. Moreover, if ¢ is
Legendre, then ¢ and ¢* are differentiable on int(dom ¢) and int(dom ¢*) respectively and

V¢: int(dom ¢) — int(dom ¢*) and V¢*: int(dom¢*) — int(dom ¢)
are bijective and inverse of each other.

In the finite dimensional setting, Legendre functions ¢ are typically built from an elemen-
tary Legendre function ¢: R —]—oco,+00] as ¢: x e R" — Y ', ¢(x;). Since here we stand
in an infinite dimensional setting, i.e., Lebesgue function space, the counterpart of the
previous finite sum structure is a convex integral functional defined below. Also, we will
allow vector valued functions.

Fact 1 (Convex integral functionals on Lebesgue spaces based on Legendre function). Let
D C R" be an open bounded set. Let p,q € [1,+co] be conjugate exponents, that is such that
1/p+1/q =1, and set V := LP(D,IR") and V* = L1(D,IR"). The spaces V and V* can put in duality
via the pairing V xV* > R, (v,u) > (v,u) = ID(v(x),u(x»dx. Let ¢ € IH(IR") be a Legendre
function and let ©: V — ]—co,+00] be such that

O() = L P(v(x))dx. (5)

Then © € IH(V), domdd = {v € V|for a.e. x € D,v(x) € int(dom ¢p) and (V) ov € V*}, 9D is
single valued on dom 9P, and, for every v € dom d®, IP(v) = {V¢ o v}. The unique element
V¢ ov of ID(v) will be denoted by VO (v), suggesting it will serve as a kind of gradient of ® at vﬂ

The Legendre function @ in (5) inherits certain properties of ¢, such as p-uniform convexity
— an extension of strong convexity when p = 2. This characteristic, proved in Proposition [4]
of the appendix, will play a pivotal role in Remark[3} Additionally, we have the following.

Remark 2. In Fact[l} suppose that p = 1 and dom ¢* = R". Then ran d® = V*. Indeed, we note
that V¢ : int(dom ¢) — R" is a continuous bijection with inverse V¢*, which is also continuous.
Therefore if we let u € V* = L*°(D,IR") and set v = (V¢*) o u, since u is essentially bounded,
we have that v is essentially bounded too, and hence integrable. In the end v € L' (D, R") and
u=(Vp)ov e dd(v).

INote that in general the domain of the function ® has empty interior, so Gateaux and/or Frechet
differential cannot be properly defined.



We are now equipped to define Bregman distances in Lebesgue spaces.

Definition 2 (Bregman distance in Lebesgue spaces). Under the notations of Fact (1} the
Bregman distance with respect to @ is defined as

Dg: VXV — [0,4+00], Do, )= {CD(u) —O(v)—(u-v,VO(v)) ifve d.omQCD
+00 otherwise.
Finally, we can define the Bregman proximity operator [22].

Definition 3 (Bregman proximity operator). Let V = LP(D,R") with p € [1,+oo[. Let g € Ty(V)
and let @ € Iy(V) be defined as in Fact|1} with ¢ € Io(R") be Legendre and such that ran d(D +g) =
V*. Then the Bregman proximity operator of g relative to ® is defined as

proxz,p V'Y, v argmin{( -V + D+ g}.

Note that proxcgI> is well-defined since @ + g is strictly convex and lower semicontinuous and
rand(® + g) =V*, and it holds proxg’ =[d(@+g)"
Remark 3.

(i) If V = LP(D,R") with p € |1,+oco|, the condition rand(P + g) = V* is satisfied if ¢ is p-
uniformly convex (see Proposition |4 in the appendix). Moreover, by Remark[2} if p = 1 and
dom¢* =R", then randd = V*.

(ii) If instead of ran (P + g) = V*, one asks the stronger condition ran(d® + dg) = V*, then
we have (D + g) = IP + dg and the Bregman proximity operator writes down as proxg =

(0D + dg)~! and ran(proxg’) C dom do.

3 Revisiting Neural Operators

In Section we propose a novel Bregman proximal viewpoint on operator layers. Then,
we establish several connections. First, we show in Section [3.2]that the proposed framework
is general enough to recover most classical operator layers when the Legendre function ¢ is
the Euclidean distance. Second, we show in Sectionhow it yields a new variant of neural
operators when ¢ defines a general Bregman divergence. Finally, we apply our framework
to Fourier neural operators in Section

3.1 Bregman Proximal Viewpoint on Operator Layers

Departing from usual kernel-based points of view [14], we suggest defining operator layers
as the solution of a functional optimization problem. For every t =1,---,T, L;: V;_1 =V,

Li(v) = argmin{—(w,ICt(v)+bt>+gt(w)+Dq)t(w,/\/l,v)} = proxg’(V(Dt(M,v)HCt(v)ert), (6)

weVy

where

o @;: V; — ]—o0,+00] is a convex integral functional on an appropriate Lebesgue space
based on some Legendre function ¢, € [{(IR™), as defined in Fact(l} Dg,: V; xV; —
[0, +c0] is the corresponding Bregman distance as detailed in Definition 2]

* M;: V;_1 = V; is a bounded linear operator which maps dom d®;_; into dom d®;,

* by eV and K;: V,_; -V} is a bounded linear operator of the form

K (v)(x) = fD 0 (x, dy)o(y),

with «: D, x B(D,_;) — R™*™-1 a (transition) kernel from D,_; to Dj, meaning a
function which is measurable with respect to the first variable and a finite measure with
respect to the second variable.

* g €T,(V,) and ran(9; + dg;) = V;.



Remark 4.

(i) In (6), the proximity operator plays the role of an activation function operator, which in
general will have the form of a nonlinear Nemytskii operator. Moreover, differently from [14)],
in @ there is an additional nonlinear term, which is V®,(-).

(ii) In view ofRemark )| the condition ran(d®;+dg;) = V; implies that proxgt = (0D, +dg;)~!
and hence ran(proxg ) C dom 07<Dt In this way dom £, = Mt_l (dom dD;_;) and ran(L,) C
dom 9P, and the composition (2)) is well-defined provided that for the lifting operator P it
holds ran(P) C dom 0 (e.g., if P(v)(x) = V] (Pv(x))).

(iii) When Vy_y =V, and M, is the identity, the operator layer (6) takes the form proxgt(vq)t(v) -
Bw) = (00, + dg;) "1 (VD, — B,)(v), where B;: V, — Vi. This is a Bregman forward-
backward operator, which is well-known in the context of operator splitting methods
in optimization [|22,16]].

Remark 5. Often in applications the kernel of the linear operator K, is split into two terms: one

absolutely continuous part and a single pure point part, i.e., k\*) = Kétc) + K;)t), where, for every

x € Dy, and measurable set A C D;_q,
(x,A) = th(x,y)dy and 15 (A) = Kidy, ()(A),

with ki: Dy x Dy_y — R"M1, Ky € R"M-1, @0 Dy — Dy_y measurable, and 0, (x) the delta
Dirac at ¢,(x) € D;_1. Thus, we have

Ki(v)(x) = K§(v)(x) + KF (v)(x) = f ki(x,p)v(p)dy + Kpv(@y(x))-

Dty

In the next section, we showcase how the mapping in (6) matches classical neural operator
layers and how it can be leveraged to devise a novel variant.

3.2 Classical Neural Operators

Our first result is stated in the proposition below.

PfOPOSition L. Let ¢t (1/2)| 1 €To(R™), p =2, V, = L*(D;, R™), and g(v) = Wy(v)=(1/2)|v||?
with V(v ID x))dx, where 1 € Iy(R) is strongly convex Legendre function. Then,
g €Io(Vy) and

1 2
2l

£4(v) = proxg, "y o (Mev +Ky(0) + b ) = V' (Myv + Ki(v) + by) (7)

where VW™ = (*)(-) matches a variety of monotone activation operators. In addition, when the

domains are all the same, say D; = D, M, = I, and the linear operator IC, = K3 + KV is as given
in Remark 5] then Ly(v) = VW*((I + Ky)v + Ki¢(v) + by), where (I + K,) can be written as W,. See

Figure(Ia

In essence, Proposition [I| shows that the parametric structure of operator layers can be
interpreted via the Bregman proximal operator, when the Bregman distance reduces to the
Euclidean distance. The crucial aspect in establishing this connection is the observation that
the Euclidean proximity operator of g; = (1/2)|| ||I? simplifies to VW = (*)'(-), aligning
with a broad spectrum of activation operators given an appropriate selectlon of . We
report in TableI]the corresponding i to retrieve several well-known activation operators. A
proof concerning the characterization of the SoftPlus function is included in the appendix.
To the best of our knowledge, V" can only match monotonic activation operators, which
notably discards GeLu and swish. While this connection has been previously noted in the
neural network literature [7,[9]], our work extends this analysis to function spaces.

In addition, embracing the characterization of the proximity operator via its minimization
viewpoint shed another light on the action of operator layers, as discussed below.



Table 1: Relationship between Legendre function ¢ and activation function ¢'.

domy U Y’ Y P
[-1,1] t>—V1—t2 tt/N1-t2 t> V1412 ISRU
[0,1] t> tlogt+(1—1t)log(1—1t) t»—>log(%_t) t > log(1 +ef) Sigmoid
[-1,1] | t > log(1 —t%)+ tarctanh(t) arctanh log cosh tanh
[-1,1] t > V1 —t2 + tarcsin(t) arcsin —Cos sin
R-o t— ﬁl—zLiz(e‘ﬁt) + %tz t %log(eﬁt -1) | t— —#Liz(—eﬁt) SoftPlusg

Remark 6. The operator in (7)) can be rewritten as a prediction operator regularized by \V, that is
the solution of an optimization problem which balances an affinity term (-, Myv + K (v) + by) ,
and a confidence term \V, i.e.,

Lt(v):argmin{—(~,Mtv+lCt(v)+bt)+\I’}. (8)

The choice of the regularization V and its domain dom WV governs certain properties of L;. We
emphasize that, in our case, the regularization is w.r.t. the output of each layer and not w.r.t. the
output of the overall neural operator, as is the case in the literature [4,[3]].

3.3 Bregman Neural Operators

We now provide the counterpart of Proposition [I|for general Bregman distance.
Proposition 2. Let V, = LP(D,,R™) and W, (v) = JDt Z?;l P(vi(x))dx, where P € IH(R) is a

p-uniformly convex Legendre function (#|-12/2) and set ¢,(w) = ):?;1 (w;) and g = 0. Then,
Ly acts between LP spaces as follows

£4(v) = proxy ' ( VW(Mv) +K,(v) + by ) = VI (V¥ (M) + Ky (v) + by), (9)

where VWV, = (¢*)'(-) matches a variety of monotone activation operators. In addition, when the
domains are all the same, say Dy = D and the linear operator K, is of the form given in Remark 5}
then M; =1 and ~

L(v) = VI (VY (v) + Kyv + Ki(v) + by). (10)

Let us remark that when VW" corresponds to a strictly monotonic activation operator
VW* = o(-), then VW = o7!(-) corresponds to the action of the inverse activation operator.
The schematic representation of is reported in Figure This novel variant, called
Bregman Neural Operator simply differs from classical neural operators by the additional
skip-like term involving the inverse activation operator. Finally, we note that the form
of corresponds to a mirror descent step [21} [2] with mirror map VW,.

Remark 7.

(i) When Ky, Ki¢ and b, are zeros and M; is the identity, then L, reduces to the identity.
(ii) Concerning (10), we should ensure to feed the first layer with functions in domL; as
discussed in Remark This condition is for instance satisfied if (Pv)(v) = Vi](Pv(x)).
(iii) The counterpart of Remark E]for Bregman can be devised by adding the extra VWV term.

3.4 Case of Fourier Neural Operators

We study the implications of the proposed viewpoint in the peculiar case of Hilbert function
spaces with equal input and output spaces, i.e., V; =V} = LZ(D,IR”) forevery tef{l,...,T}.
A popularly encountered scenario in practice is that where D = T is the unit torus and
the kernel associated to the absolutely continuous part of K; is translation invariant, i.e.,
ki(x,v) = k;(x — p), thus indicating a convolution structure. Fourier operator layers [17]] are
then devised by leveraging the convolution theorem, stating that the action of K¢ can be
written as a linear operator in the Fourier domain:

K (w)(x) = L ki(x—p)o(p)dy = F (R - F(v))(x), (11)



with F: L*(T% R") — £?(Z“,R") being the Fourier transform, F~! its inverse, and R, €
£2(Z?, R™"). Often, R, does not range in the entire £?(Z?,IR"*") space but is parametrized
by a finite parameter [15]. It follows that the Bregman variant of Fourier operator layer
reads £,(v) = o;(0; 1 (v) + Wyv + FY(R, - F(v)) + b;). The classical Fourier neural operator
layer is retrieved by omitting the o, (v) term.

Remark 8. The Bregman FNO mapping in can also be seen from the perspective of a regularized
prediction operator [4}[3]], where the affinity term is split in two:

£y(v) =argmin{— (-, + W,(v) + by} = (F-, FR,(v))2(z2 oer) + V. (12)

4 Expressivity of Bregman neural operators

In this section we give a preliminary positive result concerning the universal approximation
properties of Bregman neural operators.

In the following the activation function o: R — I is required to be a homeomorphism
between R and an open interval I of R and of sigmoidal type, meaning that lim; , ., o(f)=0
and lim;_,, ., o(t) = 1. Moreover we assume that A and U are as follows

C(D,R") -
A(D,R") = {LP(D,R") and LI(D,]R"):{Z(,DI’)RR,)C)
Wm'p(D,IR”) ( ’ )]

with p€[1,+c0[ and me N, m > 1.

Theorem 3. Let o, A and U be set as above. Let G: A — U be a continuous operator. Then for
any compact set K C A and € > 0 there exists a Bregman neural operator Ng: A — U of the type
such that each component depends on a finite dimensional Bregman neural network and

Sullgllg(u) = No(u)lly <e.

Here 6 € RP collects all the (finite number of) parameters of the finite dimensional Bregman
neural networks defining the components in (2).

This theorem is based on the fact that we were able to prove this same result for Bregman
neural networks in finite dimensional spaces. See Appendix B}

5 Numerical Experiments

The primary objective of our numerical experiments is to evaluate and assess the added
benefits of the Bregman variant of the simplest neural operator, namely Fourier Neural
Operator (FNO) as it often serves as the building block for more sophisticated models.

5.1 Experimental Setting

Models. We consider the FNO [17] and its Bregman variant (BFNO), described in
Section The lifting and projection layers, namely P and Q in (2), are convolutional
layers with kernel size 1 and width 128. Note that, for BFNO, we add an activation operator
after P to ensure that the conditions of Remark [4[(ii)]are met. Following the code of [17], we
use the ReLU activation for FNO while, for BENO, we resort to an invertible approximation:
SoftPlus with parameter = 103 to make it almost indistinguishible from ReLU. Hereafter,
we consider models made of T € {4, 8,16} Fourier layers with a width 64 (resp. 32) and 16
(resp. 12) maximum number of Fourier modes for 1D (resp. 2D) problem:s.

Datasets. We have selected a range of benchmark datasets resulting from the resolution
of PDEs used both in the original FNO paper [17] and in the PDEBench suite [26].
They represent various dynamics and complexities pertinent to physical modeling tasks.
Hereafter, we consider initial value problems where the goal is to learn the mapping
between the initial condition a; and the solution at some future time u; from 1 = 10 pairs
{aj,ui}i_,. A detailed description of the experimental setting for each PDE and the learning
procedure is provided in Section [C]of the appendix.
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Figure 2: Results on 1D Burgers (v=1073)

5.2 Results and Analysis

Illustration and impact of the number of layers T. First, we illustrate the behavior of the
prediction error as the number of operator layers T increases. To this end, we conducted
an experiment using the Burgers’ dataset with viscosity v = 1073, with results presented
in Figure First, we observe that BFNO systematically yields lower prediction error,
irrespectively of T. Second, the performance of FNO degrades starting from T = 16, while
BFNO demonstrates better performance as T increases until it reaches a plateau at T = 64.
We believe that this interesting property is due to the added skip-like term of BENO which
helps in stabilizing the learning since BFNO layers reduce to the identity when all the
weights are zero. In Figure[4, we report one instance of an input-output pair and the best
predicted output by FNO and BFNO, showing that BENO better predicts the sharp edges.
An analysis of the layer-wise behavior of the weights is discussed in Section

Learning the solution map. As previously mentioned, we consider the problem of learning
the mapping between the initial condition and the solution of a PDE at some future time.
In Table |2} we compare the prediction performance, in terms of ¢ relative error, between
FNO and BFNO for T = {4,8,16} layers across different PDEs of varying complexities.
Results indicate that BFNO consistently yields better or comparable prediction performance.
Additionally, the behavior observed with the Burgers’ PDE, where the performance improves
or stabilizes without degrading as T increases, also holds for other PDEs. In contrast, FNO
may suffer from a degradation of performance. An extended version of Table[2]is provided
in the appendix, where the prediction performance is also analyzed both in frequency bands
and on the boundary of the domain, leading to similar conclusions. This behavior highlights
BFNO’s capacity to avoid issues that arise from deep models, such as overfitting.
Learning the time-step evolution map. We now consider the problem of learning the
mapping between the solution at some time t and the solution at ¢ + 25. Then we pose our
model in an autoregressive mode, where the output is fed again to the input of the model,
repeating it 8 times. Results provided in Figure [2b]show that BENO actually benefits from
better prediction at long horizons. Moreover, it seems that the BENO is capable of correcting
the error generated in the firsts horizons.

6 Conclusion

In summary, our contributions are twofold: we have provided a novel theoretical frame-
work that broadens the understanding of neural operators through the lens of a Bregman
regularized optimization problem, and we have introduced Bregman neural operators that
achieve enhanced performance as their depth increases.
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Supplementary material

A Additional Technical Facts

Definition[3|of Bregman proximity operators in general Banach spaces requires that ran d(®+
g) is the full dual space. The following result gives a simple situation in which such condition
is satisfied.

Proposition 4. Let ¢ € [{(IR") be a Legendre function, let p € [1,+o0[, and suppose that ¢ is
p-uniformly convex with constant ¢ > 0, meaning that

Vy,y'€R",VA€]01[: ¢>((1—2\)?+AV')+/\(1—/\)£IV—}/I”5(1—1)¢(P)+/\¢(V')- (13)

Let V = LP(D,R"). Then the integral functional ®: )V — |—oo,+oo] defined as in Fact (1| is
p-uniformly convex with respect to the norm ||-||,. Moreover, for every g € Iy(V) such that

dom®Ndomg # @, we have dom(P + g)* = V" and (P + g)* is Fréchet differentiable on V*. Thus
V*=domd(® + ¢) =ran (D + g).

Proof. 1t follows by integrating (13). The second part follows by [31, Theorem 3.5.10],
considering that @ + g is also p-uniformly continuous. O

As demonstrated in the work of [7], many activation functions ¢ can be expressed as
proximity operators prox, = argmin, . g(t)+ %( —t)? for some appropriate convex function
g. The simplest case is that of the ReLu activation function, recalled below.

Example 1 (ReLu). The rectified linear unit function o: t € R+ max(t,0) € R can be expressed
as the proximity operator prox, of § = 1[o,+o[- Henceforth, prox, reduces to the projection onto

the positive orthant.

We also provide a novel characterization of SoftPlus.
Example 2 (SoftPlus). Given > 0, the SoftPlus activation function, i.e., 0: t SoftPlusﬁ(t) =
(1/B)log(exp(Bt) + 1), is the proximity operator of

1. _
g:te€R, o ELIZ(e Pty e Ry, (14)
where Li, is the dilogarithm function defined as Liy: t — —fot Wdu.

Proof. For every s € R, proxg(s) = argmin, p{h(t) = g(t) + (1/2)(s - t)?} with h(t) =
(1/B)Lig(e™Pt) + (1/2)(s — t)> = (t) — st + (1/2)s*> where we introduced () =
(1/8%) (Liz(e ) + (1/2)log(e #")?) = (1/%) [©
ten as P(t) = (1/ﬁ)ftlog(eﬁ’ —1)dr up to a constant. Finally, since & is strongly convex, the

minimum is attained for ¢ such that 1’(t) = 0, which yields log(ef* — 1) = ps & t=o0(s), thus
ending the proof. O

B
tlog(r/(l —r))/rdr. The latter can be writ-

We present an illustration of the convex function g defined in Eq.[14]in Figure[3al Intuitively,
it serves as a smooth surrogate for the indicator function of the positive orthant 1o , o[- A
larger value of 8 > 0 leads to a closer approximation. This aligns with the representation of
SoftPlus as the proximity operator of g from Eq. depicted in Fig.[3b|where a larger p
makes SoftPlus closer to ReLU.

B Approximation Results for Bregman Neural Networks and Operators

B.1 Bregman Neural Networks

We consider first shallow Bregman neural networks for finite dimensional spaces. Let
0: R — I be a homeomorphism, where I is an open interval in R. We set

BN, (0;1") = span{o(a‘l(me) +w x+b) | meA" L, weR",be IR}. (15)
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Figure 3: Illustration of SoftPlus as a proximity operator.

Remark 9. Since m belongs to the standard simplex A"~', m™ x is a convex combination of

elements of I and so it is an element of 1. Thus, since ol ISR, the functions in BN,(o;1") are
well-defined from I" — R.

The following result follows from an adaptation of the argument in [8] to our different
architecture

Theorem 5. Suppose that o is sigmoidal, meaning that lim,_,_,,0(t) = 0 and lim;_,,, o(t) = 1.
Then, the space BNy (o;1") is dense in C(I",R) with respect to the topology of uniform convergence
on compact sets.

Proof. Let K C I" be a compact set. We prove that the trace space BN,(o;1")x is dense
in C(K,R). To that purpose we rely on the following general fact concerning dense sets
in Banach space (see, e.g., [5]]). Let B be a Banach space, let A C 5. Then the following
propositions are equivalent.

* spanA is dense in B
e At ={u*eB*|YueA: (u,u*)=0}={0}.
e VYureB*,(YueA: (u,u*)=0) = u*=0.

This implies that for our purpose we can equivalently prove that

Ve M(K), (VfeBNy(o;I"): Lf/u:O) = u=0,

where M(K) is the space of signed finite Radon measures on K (the dual of C(K)). Thus, let
y be a signed measure on K and suppose that

¥ f € BNy(o;1"): J‘fdyzo. (16)
K

Fix w e R",m € A""!, and b € R. Define, for every A>0and ceR
o[> R, x> o(o” (mTx)+ Mw x+b)+c).
It is clear that 0, . € BN,(0;1"). Moreover,
1 ifw'x+b>0
lim o) .(x) = 0 ifwix+b<0 .= y(x).

Ao o0 Y mTx)+c) ifwTx+b=0.

Define the sets
:;,h = {xeKlex+b > O}, I, , = {xeK’wa+b < 0}, I, = {xeK)wa+b = 0}.

They are intersections of half-spaces and hyperplanes with K. So,

T

y() = . (¥)+0lo mx)+ ey, (%),
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where x4 is the characteristic functions of the set A C I". Since o is bounded we can apply
the Lebesgue’s dominated convergence theorem and get

lim | oy.dp= f ydp= (I’ ) +J o (a7 (m T x) + c)d p(x).
A—+00 K K i’ 3
~——

=0
Note that the integral on the left is zero by the hypothesis (16). In this way we proved that

VmeA"™  VweR",VbYceR: wIl},) +J o(c N (mTx)+c)dp(x) = 0. (17)
’ I

w,b

Now observe that implies

'y(n;b)| - UH oo™ mTx) + c)dpu(x)| < L lo(6~ L (m T x) + )| dlpl(x) — 0 as ¢ — —oo,

w,b

since |o(o7}(mTx)+¢c)| — 0 as ¢ — —co (pointwise), where |y| is the total variation of p.
Therefore, ;4(1_1:; ») = 0. Then yields

YceR: J. o(c7 (mTx)+c)du(x) = 0.
Hw,b

Moreover, by assumption o(o ! (mTx)+c) — 1 as ¢ — +oo (pointwise) and hence, again by
Lebesgue’s dominated convergence theorem,

lim o(c (mTx)+c)dp(x) = J ldp = p(I1,,p),

C—+00
Hw,b Hw,b

=0

which yields u(I'1,, ;) = 0. In the end we proved that the measure p is zero on all the sets of
type
M, and ITj,.

Now the proof continues as in [8, Lemma 1], and we can conclude that p = 0. O

Now we address the vectorial case. We set

kxr rxd
BNQ(J;I”,IR")::{QG(G1(Mx)+Wx+b) reN,QeR™,W,MeR™, }

with M right stochastic, and b € R’

where o and 07! are applied component-wise.
Corollary 6. We have that

BN, (031", IR¥) = (BN (0;1")F := BNy (0;I") x -+ x BNy (051" (18)

k times

and it is dense in C(I",RF), in the topology of uniform convergence on compact sets.

Proof. In view of Theorem |5, it is clear that (BNy(o;I™)¥ is dense in C(I", R)* = C(I",RF)
in the topology of uniform convergence on compact sets. Let’s prove equality (18). The
inclusion BN,(o;I",RF) ¢ (BNy(0;1"))¥ is immediate. Let f: 1" - R* with components
fj € BNy(o;1"), j = 1,...,k. Then, there exists r € N,, and for each j € {1,...,k}, g; € R,
W; e R™4, b]- €R", and M; e R4 right stochastic matrix (the rows are positive and sum
one), such that

filx) = qua(a_l (M]-Tx) + Wij +bj).
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Then considering the block matrices

M, Wi by qé OT 0
q2 0
M — c IerXd, W — : c IerXd, b — : c Rk?” Q — . ; ) . I= ]kakr’
M W, b A
we have
f(x)=Qa(c7 ' (Mx)+ Wx +D),
and hence f € BN,(0;1",RF). The statement follows. O

A general deep Bregman neural network with T layers is defined as follows
BNr (031", R¥) = {Wr oLy 0--0 Ly},
where, for every t =1,...,T -1,
Li: It S 1™, x5 o(0” Y (Mx) + Wx + by), (19)

with W, e R">"+-1,b, e R™ and M; € R"*"-1 right stochastic, for t =1,...,T -1, with ny = n
and Wy € R&"1-1, Note that also the dimensions ny,...,n7_; can be chosen freely. Clearly
for a deep network with T > 2, if we take, forevery t =2,...,T—1,n, =ny, W; =0, b, =0, and
M, equals to the identity, then the layers L; with t =2,..., T —1 act as the identity operator
and hence

BN, (0;1", R¥) € BNp(0;1", RF).

Therefore, BNT(U;I”,IRk) is dense in C(I”,IRk) for the topology of uniform convergence on
compact sets.

Remark 10. Often in applications it is desirable to have functions defined on the entire space R".
In this case one can simply precompose the functions in BN (o;1",R¥) by the homeomorphism

xeR" > o(x)el”

obtaining a dense set in C(IR”,IRk) (for any T > 2). Such space is then denoted by BNT(G;IR”,]Rk).

Let D C R" be any nonempty bounded open set. If 7 (R") is any class of real functions
from R" to R we denote by 75 the set of restrictions to D of the functions in 7 (IR"). In the
following according to Remark [I0]we put

BNr (03 R", R¥) = {Wr o Lr_j 0---0 Ly 00}, (20)

which is a dense space in C(R", R¥) with respect to the topology of uniform convergence on
compact sets.

Lemma 7. Suppose that o is a sigmoidal activation function as in Theorem|5| Let p € [1,+00].
Then BNT(G;IR”,]Rk)lﬁ is dense in LP(D,RK) (in the norm II,)-

Proof. It is well known that C.(D, R¥) is dense in LP(D,R¥) and hence C(IR”,IRk)lﬁ is dense
in L?(D,R¥) (in the norm ||-||p). Moreover, BNT(G;IR”,IRk)lﬁ is dense in C(IR”,IRk)|5 (in the
norm ||-||o,). On the other hand

1/p
VfeC® Ryp: Wl = ([ 17Pax)” <IflLIDI.
D
Thus, if f € LP(D,R¥) and ¢ > 0,

&
g C(R",RY)p st. |If —gll, < 5

N ™

LTRM TRKY _ € _
dheBNr(o;R", R )|D s.t. |lg—hll, < 2|D|1/P = |lg h||p <

and hence ||f - k||, <e. O
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Remark 11. It is sometimes required that neural networks include constant functions. Standard
feed-forward neural networks have the form

(WT '+bT)OU(WT_1 . +bT_1)O~'OO“(W1 . +b1),

so it is clear that they include constant functions (just take Wy = 0). However, for Bregman
neural networks as defined in (20)-(19) this is not clear. An immediate modification to achieve
this goal is to simply add a constant by in the last layer. Another possibility is to lift the input
space by one dimension, precomposing the neural network with a (free) linear embedding. In
particular, if we consider the canonical embedding

J:R" > R"™: x> [g],
and define the following matrices

W, = [Vgt g], M, = [A(/)It (1)], b, = [%t], (for t<T) Wrp =[Wr br/o(0)],

then o ;
WroLp_jo---oLjoco]=WroLp_jo--oLjoo+br.

B.2 Bregman Neural Operators

Now we start addressing the proof of Theorem We will rely on the work [15]], from which,
for the sake of reader’s convenience, we report the following facts.

Fact 2 (Lemma 28 and 30 in [15]). Let D C R" be a bounded and let L € (W™P(D))*, for some
m>0and 1 <p<+oo,0r Le(C(D))". For any closed and bounded set K C A and € > 0, there
exists a function « € C°(D) such that

sup|L(v) —J kvdx| < €.
D

vek

Fact 3 (Lemma 22 and 26 in [15]). Let A and U be any one of the Banach spaces C(D) or
W™P(D), with m > 0 and 1 < p < +oo. Let G: A — U be a continuous operator, K C C be a
compact set and € > 0. Then there exist J,]’ € N and

R:A-FR, FRSR, s:R >uy,
with R and S linear continuous and f continuous, such that

suII?IIQ(V) —(SofoR)w)<e.

In the following we set
A(D,R")=W"™P(D,R") or A(D,R")=C(D,R"),

where the integer m > 0 and p € [1,+o00[. Moreover we will assume that (by possibly
changing the definition slightly) Bregman neural networks include constant functions
(recall Remark [11]). Because of the density result given in the previous section, we can
essentially follow the same line of arguments in [I5], but we need to take special care of the
different structure of Bregman neural network/operators (in particular in Lemma [10).

Lemma 8. Let L € A* and K C A be a compact set. Then there exists h € BN,(o;R",R™0),p such
that

sup [L(v) - JD<h(x),v(x))dx| <E.

vekK

Proof. The space A is (isomorphic to) a product space, meaning A =[], A;, where A; is a
space of real valued functions on D. Set K; = pr;(K), which is a compact set of A;, so that
K T[] K;. Wehave L: A—>Rand Lv =Y \°, L;v; with L;: A; > R. By Fact for every
i=1,...,ng, there exists x; € C.(D) such that

sup 'Livi —J K;V; dx| < 2L
D

7/,'EK,‘ 7/IO
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Let k € C.(D,R") with components «k; € C.(D). Then

|Lv — j(x x)ydx| = ‘ZLV, ijvldx Z|Lv,—f1<-vidx|<§.

Since A C L'(D,R™) we set y = sup,|[v|l; < +c0. Moreover, since Bregman shallow
neural networks are dense in the space of continuous functions (Remark [10), there exists
h € BNy(o;R", ]R”(’)lD such that ||h - «||,, < €/(2y) and hence, for every v € K,

U<Kv>dx J(hv)dx f<1< hv)dx<j|1< v (x )|dx§||1<—h||oo||u||1<§.

Therefore,

‘Lv—f <h,v>dx‘ < 'Lv—f <K,v)dx’ + U- <K,v)dx—J (h,v)dx‘ <e
D D D D

and the statement follows. O

Lemma 9. Let R: A — R/ be a linear continuous operator, K C A a compact set and & > 0. Then
there exists a linear continuous operator RBN: A — R/ acting as

v RBNy = j h(y)v(v)dy,
D
where h € BNz(o;IR”,IRIX”O)IE, such that

sup |[Rv - RBNy| <e.
veK

Proof. Consider the components R;j: A —> R, j=1,...,]. Then R; € A%, and by Lemma

Jhj € BNy (0;R",R™)p  s.t. sup|R V- J- (hj(x),v(x))dx| < -
vek \/7
Let h: R" — R/*" with
hy (x)
hx)=|
hy(x)

Clearly 1 € BN,(0; R", R/*™0); and

VveK: ’Rv f dx Z‘Rv J(h }dx‘ <é?

and the statement follows. O

Remark 12. Both the linear continuous operators R and RBN in Lemma@can be canonically
lifted to Lebesgue spaces as follows.

R: A—LP(D,R), Rv=(Rv)ip
REN. A P(D,R), RENv=(RBNv)1p,

where 1 denotes the constant function x + 1 on D. Moreover REN is actually an integral
operator. Indeed if we define the kernel

kp: DxD — R, i (x,9) = h(y)

we have

(RBNv)(x) = RBNy = Lh(y)v(;u)dy = JD kn(x,v)v(y) dy.

18



The following result is the analogue of [15, Lemma 35] and establishes that a finite dimen-
sional Bregman neural network can be canonically lifted in Lebesgue spaces. However, here
we need to take care of the domain of the Bregman operator layers.

Lemma 10. Let f € BNy (0; IR/, IR"), D C R" a nonempty open set and p € [1,+oo]. Then there
exists a neural operator

NBN.P(D,R) > IP(D,R), N®N=KpoLlr j0-0Lj00,
where, for every t=1,...,T -1,
Li(v)=a(c7 M)+ K +by)

and such that the linear integral operators M; and K, and the functions b, are defined
(parametrized) by finite dimensional Bregman shallow neural networks and

VweR: NBNwip) = f(w)lp,

where 1 denotes the constant function x — 1 on D.

Proof. By definition
f=KroLp_jo---Lioco, Lyw)=o(c " (Muw)+Kw+b,),
where 0: R— I and, fort=1,...,T, K; € R"*"+-1 and b; € R™, and for every t =1,...,T -1,
M; € R"*™-1, is right stochastic, ny = J and n = J'. Since, we are assuming that Bregman
neural networks contain constant functions (recall the sentence before Lemma , we have
e blpe BNz(a;lR”,IR"t)|5 cC(D,R™)

1
D
K,: LP(D,R™-1) — L9(D,R"™)

v (Kpo)(x) = fD (o y)o(y) dy = fD l;ﬁlmv(y)dy - Ko,

* &t = =Kl pep € BNy (03 R" x R", R"*"-1) 5 5  C(D x D, R"*"*1) and

where v is the mean value of v. So that ;v = (K;7)1p is a constant function.
1

l/lt - |D|

M,;: LP(D,R™"-1) — LP(D,R™)

v (Mp)(x) = L 6y )0(y) dy = fD My dy = M,

M1 pyp € BNy(0;R” x R, R">-1) 5 5 C C(D x D, R">*"e-1)

Moreover, since M; is right stochastic, if the function v has range (almost every-
where) in I"-1, we have that v € ["*-1 = M,;v € I"t, Hence

M;(dom 0®;_;) C dom 9D,.
Indeed, recall that ®;: LP(D,R") — ]—o0,+0c0] and

ny
YveL’(D,R"): ®v)= J Oi(v(x))dx, YweR": ¢;(w)= le(wi)
b i=1
with : R — |-o0,+o0] Legendre, int(dom¢) = I, dom¢* =R, o = (*)’, and ol =
Y’, so that dom dP; = {v € LP(D,IR")|for a.e. x € D, v(x) € I"f} and for v € dom @,
00;(v) = {Vp ov}.
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It follows from the previous considerations that if v € dom d®;_; c LP(D,R™-1), we have
Ki(v) = (K;7)1p and M;v = (M;7)1p, and hence

L,v)=0(0 Y (M) +Kv +bdp)(x) = o(0~H(M,9) + K, 7+ by).
Note that here V; = LP(D,IR™). Thus, we have
Li(v) = (L9)1p,

meaning that the operator layer £; transforms any function in LP(D,R™) into a constant
function, where the constant is the mean value of the function, transformed via the standard
(finite dimensional) Bregman layer L;. In particular, if w € IR/, we have

Ly(o(wlp)) = L1(o(w)lp) =Li(o(w)lp
Ly(L1(o(wlp))) = Lo(L1(o(w)Lp) = Ly(L1(o(w)))1p,
and so on. Therefore, if we set
NBN=KroLr j0--0Ly00,
the statement follows. O
Remark 13. Let S: R — U(D, IRk) be linear (and continuous) and set
Vi=1,...,]: sj=SejelU,

where (ej)1<j<j is the canonical basis of R/ Define the function s: D — R, with s(x) =
[s1(x)--- s;(x)], which has the s;’s as columns. Then

VweR': Sw= S(Zw]e]) Zw]s] = (Sw)(x):]Z,’w]-sj(x):s(x)w
=1

J=

Thus, the action of S can be represented by a matrix-valued function with columns in U. Moreover,

the linear operator S can be lifted to a linear integral operator from LP(D,R)’) to U. Indeed if we
define the kernel

ks: DxD — RFY, Ks(x,9) = —s(x),

DI
for every v € LP(D, ]R]’), we have

(Sv)(x):j ks(x, v)v(y)dy = f |D| y)dy =s(x)7,

where v is the mean value of v. In the end S: LP(D, R ) — U and

Vvel?(D,R): Sv=57,
and hence, for every w e R, S(wlp) = Sw, meaning that S is actually an extension of S to the
Lebesgue space LP(D,R)").

Lemmall. LetS: R — U(D, le) be linear (and continuous). Let K C R bea compact set and
&> 0. Then there exists a function h € BNz(o;]R”,leX]’)m so that for the corresponding linear
operator SBN: R/ — U defined as

. (§BNy,
YVwelR : (S Zw]

according to Remark[13} we have

SBN

sup||Sw - wlly <e.

wekK

Finally we are ready for the proof of Theorem 3]
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Proof of Theorem 3} It follows from Fact[3|that there exist J,]’ € N and
R:A-FR, fR-KR, s:R -U,
with R and S linear continuous and f continuous, such that
sup||G(v) = (S o foR)(v)|| <

vekK

Now, taking advantage of the previous lemmas we want to replace the operators R and S
with analogue operators depending on shallow Bregman neural networks, and the function
f with a Bregman neural network. It follows from Lemma [9]that for every n € N there exist

. . 1
REN: A — R/ linear continuous operator such that sup|Rv — RENy| < ——,
vek n+1

where RBN depends on a Bregman shallow network ,, as specified in Lemma@ Clearly this
implies that lim,,_, o, R¥Nv = Rv uniformly on K, so that the set

K, = R(K)U U RBN(K) c R
nelN

is compact (see [15, Lemma 21]). Since f is continuous, it is uniformly continuous on K,
hence given ¢ > 0 there exists 0 > 0 such that
£

Yww €Ki: lw-w'|<é = |f(w)-f(w) < 35T

Moreover, there exists BN € BN,(o; R/, IR/ ') such that

_ #BN _&
3g£|f(u/) f (w)|<3ll5ll'

Let’s take n € IN such that 1/(n+1) < 6. Then,

1
VveK: Ro,REMy e Ky and Ry~ RN < <5 = [f(Ry) - f(RENY) < 3;5”.
n

Finally, since fBN(K; ) is compact, by Lemma 11} there exist $BN: R/" — U/ such that

sup ||Sw—S®Nw||, < %
wefBN(K;)

Therefore, for every v € K we have
IS (f (R)) = SEN(FEN(REND)),, < [|S(F (Re)) = S(F(RFV))||,, +[|S(f (RENv)) = S(FEN(RENw)),,
+[|S (PN RNv)) = SEN( RN,
<[ISHf (Rv) = fENRRN) [+ [SI11f (RRNw) - fEN(RRNw)]
+[|S(FENRNv)) = SEN(FENREN))||,

<L 88
—+-+-=c
3 3 3

In the end, for every v € K,
[G(v) - SEN(FEN(REN))

|y <NIG@) = S(f(R))ly +[|S(f (Rv)) = SEN(FEN(RIND)) ||, < 2e.

Now in order to conclude the proof, it is sufficient to lift the operators R®N and SBN to

Lebesgue spaces, as described in Remark [12| and Remark and the function f&N to
Bregman neural operator as described in Lemma[I0Jand recognize that

SBN oNBN ORBN — SBN ofBN oRBN.
Indeed, for every v € A, we have
SENWEN(RENy)) = SBN(ABN(RENv) 1)) = SBN(FBN((RENv)) 1) = SBN(FBN(RBNY))).

The statement follows. O
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C Experimental Settings

We adopt the same experimental setting as in the PDEBench repository [26]. For the sake
of information, we recall the considered problems and PDEs and the specific settings we
consider when appropriate. The learning procedure used is presented at the end of this
section.

C.1 1D Advection Equation

The advection equation is a linear Partial Differential Equation (PDE) modeling the transport
of a fluid quantity u, namely its velocity field, defined by the following equation:

diu(x,t)+ Boyu(x,t) =0, x€(0,1),t€(0,2], (21)
u(x,0) = up(x), x € (0,1), (22)

with § a constant advection speed. Note that this system admits an exact solution: u(t,x) =
uy(x — pt).

For this dataset, we follow the setting given in [26]], Section D.1 by taking 8 = 0.4. We learn
the mapping between the value of the field at t = 0 (u(x,0)) and the value at time ¢t = 2
(u(x,2)), i.e. we learn the mapping between the first and the last temporal value of each
sample.

C.2 1D Burgers Equation

The Burgers’ equation is a PDE describing the nonlinear advection and diffusion of a velocity
field, defined as follows:

deut(x, 1)+ A (u?(x,1)/2) = v/mdyyu(x, 1), x€(0,1),t€(0,2], (23)
u(x,0) = up(x), x € (0,1), (24)

where v is the diffusion coefficient, which is assumed to be constant in this dataset.

We follow again the setup presented in [26]], section D.2, with v = 0.001. As in the previous
dataset, we learn the mapping from the field at t = 0 as input to the field at ¢t = 2 as target.

C.3 1D Compressible Navier-Stokes Equations (1D NS)

The compressible Navier-Stokes equations describe the motion of viscous fluids that can
change in density due to compression or expansion. This can be described through the
following partial differential equations:

00 +dy-(ou)=0, (25)
o(du+u-dyu)=—-dyp+nau+(C+1n/3)deu), (26)
di(e+0v%/2)+dy-[(p+e+0v?/2u—u-0']=0, (27)

where ¢ is the mass density, u = u(x, t) is the fluid velocity, p is the gas pressure, € is an
internal energy described by the equation of state, ¢’ is the viscous stress tensor, and # and
C are shear and bulk viscosity, respectively.

In our experiments, we consider the setup introduced in [26], Section D.5, fixing # = 1078,
C = 1078 and out-going boundary conditions. We learn the mapping of the velocity v from
time t = 10 as input to time t = 15 as target. For this dataset, we added a symmetrical
padding preprocessing to replicate periodic boundary conditions (as prescribed in the
original FNO code [17]).
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C.4 2D Incompressible Navier-Stokes Equations (2D NS)

We also consider a dataset from the 2D Navier-Stokes equation for a viscous, incompressible
fluid in vorticity form on the unit torus [17]] defined as follows:

drw(x, t)+u(x, t)- Vw(x, t) = vAw(x, t) + f(x), x€(0,1)%,te(0, Tfinatl
V-u(x,t) =0, x€(0,1)%t € (0, Trinal) (28)
w(x,0) = wo(x), x€(0,1)%
with u is the 2D velocity field, w = Vxu is the vorticity, wy : (0, 1)2; — Ris the initial vorticity
function, v € R, is the viscosity coefficient, and f : (0, 1)2 — R is the forcing function.

We follow the setup introduced in [17], Section A.3.3, with v = 1073 and v = 107*. We learn
the mapping of the velocity field v from sample time t = 10 to t = 50 for v = 10~ and from
t=10tot=20forv=10"%

C.5 Darcy Flow

We consider a dataset based on the steady state of the 2D Darcy Flow equation on the unit
square, representing the flow through porous media and defined as follows:

~V(a(x)Vu(x) = f(x),  x€(0,1),

u(x)=0, x€d(0,1)% (29)

We follow the setup described in [26], Section D.4, with f(x) fixed to the constant § = 0.1.

C.6 Learning procedure

Models are trained using the Adam optimizer with a constant learning rate, a batch size of
128 for 1D problems (resp. 32 for 2D problems), a maximum of 2000 epochs and an early
stopping strategy with patience of 100 epochs and 6 = 1073, The learning rate is validated
on a grid of multiple values equally spaced in logarithmic scale. If not mentioned otherwise,
we use 8000 (resp. 1000) training samples for 1D (resp. 2D) problems, and 1000 samples
each for validation and testing. All results are averaged over four random splittings.

Experiments have been made on an internal clusters of GPUs with memory from 10Go to
45Go. All the experiments can be achieved with GPUs with a memory of 10Go, except for
models with 32 or 64 layers which require at least a memory of 24Go.
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D Additional Results

D.1 Comparison of Predictions

Input a ,&mFNO ,&mBFNO
\l A
A A
/Yo
/1
1 /
/
AR
/
i/ |
v oV

Figure 4: Prediction comparison. The ground truth output is displayed in dashed black.

D.2 Detailed Analysis of the Prediction Performance

Table 3: Additional comparison of the performance in terms of relative ¢? error (rL2),
relative mean squared error on the boundary (rMSE) as well as in the low, mid and high
frequency bands (fRMSE low, fRMSE mid, fRMSE high). Note that here 2D NS corresponds
tov=1073.

T=4 T=38 T=16
PDE | Metric BFNO FNO BFNO FNO BFNO FNO
g rL2 1.03-107 | 6.82-1073 | 6.43-1073 [ 1.36-107% | 6.43-107° | 1.81-1072
5 bRMSE 1.14-1071 | 1.62-10% | 1.16-107% | 3.87-10Y | 1.12-107T | 1.58-10!
%’ fRMSE low | 7.10-107° | 7.37-107° | 7.59-107° | 2.33-107% | 7.62-107° | 1.36-1073
< fRMSEmid | 5.41-107° | 1.77-107° | 5.07-107° | 3.78-10™ | 4.65-107° | 1.08-107%
= fRMSE high | 4.20-107 | 2.03-107° | 3.60-10~7 | 3.20-107° | 3.60-1077 | 5.18-107°
® rL2 537-1072 | 5481072 | 4.14-107% | 542-1072 | 3.51-1072 [ 6.45-1072
& bRMSE 431-1071 | 438-1071 | 2971071 | 3.80-1071 | 2.39-107T | 479-107T
2 fRMSE low [ 5.67-10> | 5.70-107> [ 3.63-10> | 5.08-10> | 3.08-107> [ 5.31-107°
N fRMSE mid | 3.49-107° | 3.44-10™ | 2.70-10™ | 3.58-10° | 2.38-10° | 3.79-107°
- fRMSE high | 1.17-107° | 1.20.107® | 1.07-107® | 1.24.107° | 9.80-1077 | 1.23-107°
rL2 4271072 | 461-1072 | 401-1072 | 414-10°2 | 3.98-1072 | 3.90-1072
2 bRMSE 3.87-1072 | 4.16-107% | 3.63-107% | 3.76-107% | 3.61-1072 | 3.54-1077
A fRMSE low | 4.05-107% [ 4.33-10% [ 3.72-10% [ 3.82-10* | 3.80-107% | 3.63-10°%
o fRMSEmid | 9.59-10™ | 9.03-107° | 6.53-107> | 7.73-10™ | 6.22-107° | 6.15-107°
fRMSE high | 9.85-107° | 6.95.107° | 5.95-107® | 5.98-107° | 5.40-107® | 9.18-107°
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D.3 Weight distribution

Total Weights and Skips distribution
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Figure 5: Illustration of the normalized weights distributions accross the layers fora T =16
layers model trained on Burgers.
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