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HOMOGENEOUS MULTIGRID FOR HYBRID
DISCRETIZATIONS: APPLICATION TO HHO METHODS

DANIELE A. DI PIETRO, ZHAONAN DONG, GUIDO KANSCHAT, PIERRE MATALON,
AND ANDREAS RUPP

ABSTRACT. We prove the uniform convergence of the geometric multigrid V-
cycle for hybrid high-order (HHO) and other discontinuous skeletal methods.
Our results generalize previously established results for HDG methods, and our
multigrid method uses standard smoothers and local solvers that are bounded,
convergent, and consistent. We use a weak version of elliptic regularity in our
proofs. Numerical experiments confirm our theoretical results.

KEYwWORDS. Geometric multigrid, homogeneous multigrid, hybrid high-order
methods, skeleton methods.

1. INTRODUCTION

In the context of fast solvers for linear systems arising from hybrid discretizations
of second-order elliptic equations, we propose in this work a generalized framework
for the convergence analysis of geometric multigrid methods [BVEMO00, TOSO01].

Hybrid discretization methods have been part of the numerical analyst’s toolbox
to solve partial differential equations since the seventies, starting with hybridized
versions of mixed methods such as the Raviart-Thomas (RT-H) [RT77] and the
Brezzi-Douglas-Marini (BDM-H) [BDM85] methods. They have gained growing
interest in recent years with the outbreak of modern schemes such as the unifying
framework of Hybridizable Discontinuous Galerkin (HDG) methods [CGL09] and
Hybrid High-Order (HHO) methods [DPEL14, DPE15, DPD20]. The list also in-
cludes, but is not limited to, Compatible Discrete Operators (CDO) [BE14], Mixed
and Hybrid Finite Volumes (MHFV) [DE06, EGH10,DEGH10], Mimetic Finite Dif-
ferences (MFD) [BAVLM14], weak Galerkin [WY13], local discontinuous Galerkin-
hybridizable (LDG-H) [CDGO08] and discontinuous Petrov—Galerkin (DPG) [DG11]
methods. Hybrid discretization methods are characterized by the location of their
degrees of freedom (DOFs), placed both within the mesh cells and on the faces.
In this configuration, the discrete scheme is built so that the cell DOFs are only
locally coupled, leaving the face DOFs in charge of the global coupling. Alge-
braically, this feature enables the local elimination of the cell unknowns from the
arising linear system, resulting in a Schur complement of reduced size, where only
the face unknowns remain. The mechanical engineering terminology refers to this
elimination process as static condensation, and the resulting system is often called
the (statically) condensed system. The terminology trace or skeleton system is also
employed. For an extended introduction to hybrid methods and hybridization, we
refer to the preface of [DPD20] and the first pages of [CGL09).
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This paper addresses the fast solution of the condensed systems arising from hy-
brid discretizations of second-order elliptic equations, focusing on multigrid meth-
ods. Various multigrid solvers and preconditioners have been designed over the last
decade, focusing primarily on HDG [CDGT14,SA17, WMBT19, MBTS20, LRK21,
LRK22a] and HHO [DPHM*21a, DPHM™21b, BDP21, DPMMR23], but also cov-
ering specifically DPG [RC17,PD21] and RT-H/BDM-H [GT09]. The above ref-
erences focus on geometric multigrid methods, while a fully algebraic multigrid
method has been considered in [DPHM*23].

The main difficulty in designing a geometric multigrid algorithm for a trace sys-
tem resides in the fact that the DOFs are supported by the mesh skeleton, which
makes classical intergrid transfer operators designed for element-based DOFs un-
suitable. While earlier approaches [CDGT14, GT09, KW18] recast trace functions
into bulk functions in order to make use of a known efficient solver (typically, a
standard piecewise linear continuous Finite Element multigrid solver), the more
recent developments seem to converge toward the so-called notion of homogeneous
multigrid, where the hybrid discretization is conserved at every level of the mesh
hierarchy and “interskeleton” transfer operators are designed to communicate trace
functions from one mesh skeleton to the other. To this end, multiple skeletal injec-
tion operators have already been proposed [LRK22a, DPHM*21a).

In this paper, we build upon the work of [LRK21,LRK22a, LRK22b, LWKR23] on
HDG methods to propose a generalized demonstration framework for the uniform
convergence of homogeneous multigrid methods with V-cycle. The main motivation
behind this generalization is to include the HHO methods in its application scope.
Indeed, if recent multigrid solvers for HHO methods [DPHM*21a, DPHM*21b,DP-
MMR23] have experimentally shown their optimal behavior, the supporting theory
is still missing. In the second part of this paper, we then prove that the classical
HHO method fulfills the assumptions of this new framework.

The present theory does not assume full elliptic regularity of the problem, thus
allowing complex domains with re-entrant corners. However, although modern
hybrid methods natively handle polyhedral elements, it is restricted to simplicial
meshes. The multigrid method is built in a standard fashion from an abstract
injection operator: standard smoothers are used, and the restriction operator is
chosen as the adjoint of the injection operator. A classical, symmetric V-cycle is
used if the problem exhibits full elliptic regularity. If not, then a variable V-cycle
is employed, in which the number of (symmetric) smoothing steps increases as the
level decreases in the hierarchy.

The paper is organized as follows. In Section 2, we introduce notations and the
model problem. Section 3 describes the abstract framework: (i) the hybrid method
is described abstractly, in the form of approximation spaces, local linear operators,
stabilization term and bilinear form; (ii) the injection operators used in the multi-
grid method and its analysis are introduced; (iii) the properties assumed from the
hybrid method ((HM1)-(HMS)) and the injection operator ((IA1)-(IA2)) are listed.
Section 4 describes the multigrid method and asserts the associated convergence
results, while Section 5 carries out the convergence analysis. In Section 6, we verify
our framework’s assumptions for the standard HHO method, and analyze various
injection operators in Section 7. Finally, Section 8 presents the numerical exper-
iments supporting our theoretical results, realized with the HHO method on two
and three-dimensional test cases.
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2. PROBLEM FORMULATION AND NOTATION

Let Q C R be a polygonally bounded Lipschitz domain with boundary 9Q. We
approximate the unknown u € H} (1) satisfying

—Au=f in Q (2.1)
for some right-hand side f. We assume the problem to be regular in the sense that
lullisa < c|lflla=1 for some o € (%, 1]. (2.2)

Here, || - |lo for o € R>( denotes the induced norm of the Sobolev—Slobodeckij
space H*(Q). By ||+ [|-q and H~%(€2) we denote the dual norm and the dual space
of H§ () with respect to the extension of L? duality, respectively. We denote by
|l-llx and (-,-)x the L?-norm and L2-scalar product with respect to the set X C €,
respectively. The same notation is also used for the inner product of [L?(X)]¢ (the
exact meaning can be inferred from the context) such that for all p, g € [L?(X)]¢,
(p,q)x = f P q, where - denotes the dot product. Without loss of generality, we
assume that Q has diameter 1.

Remark 2.1 (More general boundary conditions). The following approaches di-
rectly transfer to non-homogeneous Dirichlet boundary conditions since those only
influence the right-hand sides of the numerical schemes. However, this is not true
(without some further arguments) for locally changing the type of the boundary
condition.

3. DISCONTINUOUS SKELETAL METHODS

We will render a general framework for all discontinuous skeletal methods cov-
ering HDG and HHO methods. To this end, we start with a family (7¢)¢=o,...,1, of
successively refined simplicial meshes and their corresponding face sets (F¢)¢=o,....L-
For all level ¢, we define hy = maxpe7, hr, where hr denotes the diameter of 7'
The family (7¢)=o,....r is regular (see [EG21, Def. 11.2] for a precise definition),
which implies that mesh elements do not deteriorate, and all of its elements are
geometrically conforming, which excludes hanging nodes. Additionally, we assume
that either F' C 09, or F N 0 comprises at most one point, and that refinement
does not progress too fast, i.e., there is ¢ > 0 such that

he > cretho—1 Vi e {1, R ,L} (31)

Finally, we assume that our mesh is quasi-uniform implying that there is a constant
Cuni such that h[ S Cuni minTen hT.

Next, we choose a finite-dimensional space Mp C L?(F) of functions living on
face F for all F' € Fy. In the numerical scheme, this space will be the test and trial
spaces for the skeletal variable m, approximating the trace of the unknown u on
the skeleton, which we denote by F;. Moreover, finite-dimensional approximation
spaces Vo C L2(T) and Wy C L?(T)? are defined element-wise. The space V7 is
the local test and trial space for the primary unknown u, while the space W is
the local test and trial space for the dual unknown ¢ = —Vu. Global spaces are
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defined by concatenation via

wom e | <P R ) b
Ve = {ve L¥Q)| v € Vp,VT € Tt} (3.3)
W= {qe L>(RY)| qip € Wp,VT € Ty} (34)
We define element-wise, abstract linear operators
Ur: Molor — Vr, Vr: LX(T) = Vr, Qr: Milor — Wr.

The choice of these operators, called local solvers, influences the numerical schemes.
Global linear operators are constructed by concatenation of their element-local
analogous:

Up: My — V, Ve L2(Q) = Vi, Qu: My — W,.
One can show that m, approximates the trace of u on the skeleton and that
u = Uymy + Vo f
in the bulk of € if m, satisfies

ag(mg, p) = / fUepe for all u € My, (3.5)
Q
where the elliptic and continuous bilinear form a, has the form
almop) = [ @um- Quptselm ). (3.6)
Q

The symmetric positive semi-definite sy is usually referred to as (condensed) penalty
or stabilizing term.

The choices of the spaces Mg, Vi, W, the local solvers Uy, V;, Q, and the
stabilizing term sy completely define a discontinuous skeletal method.

Remark 3.1 (Possible choices of hybrid methods).

e For the LDG-H method, we set My = P,(F), Vi = Pp(T), and W = PL(T).
The operators Ur and Q7 map mar to the element-wise solutions ur € Vr and

ar € Wy of
/ dr - Pr — / urV-pr = _/ mpr -V (3.7a)
T T oT
/ (qr v + Tur)or — / qr - Vur =7 | mur (3.7b)
or T or

with test functions vy € Vp and py € W, and v the outward normal vector to
O0T'. In this sense Ur: mar — ur, Qr : mor +— qp for all T € Ty.
Finally, the bilinear form ay is defined as

ag(me, p) = /Q Qumy - Qop + Z e /BT(Z/{zme —myg)(Uep — )

TeT:

=s¢(me,p)
for some parameter 7, > 0.
e For the RT-H and BDM-H methods, one uses the framework of the LDG-H
method replacing the local bulk spaces by the RT-H and BDM-H spaces with
Ty = 0.



HOMOGENEOUS MULTIGRID FOR HYBRID DISCRETIZATIONS 5

o For the HHO method, we set Mp = P,(F), Vi = Pp(T), and W = VP, (T).
For (ur,mar) € Vi X Myp, we define g (ur, myr) as the element-wise solution
of

/ qT(UT7maT) Pr — / urV-pr = _/ marpPr -V (3~8)
T T oT

for all p, € Wr. Note that this relation is the same as (3.7a). In HHO ter-
minology, g, (ur,mar) corresponds to —VO5 ! (up, mar), where 02" denotes
the so-called local higher-order reconstruction operator, defined by (3.8) and the
closure condition

/95«+1(UT,m(’)T):/ ur. (39)
T oT

In a second step, given a local bilinear stabilizer s, ((ur,mar), (vr, 1)), we in-
troduce the local bilinear form

ar((ur, mor), (vr, 1))
= /TQT(UT,maT)'QT(UT“U) + sr((ur, mar), (vr, p)).  (3.10)

Consider the following local problems:
(i) For mar € Mar, find u}. € Vi such that

QT((u%ﬂO%(UT?O)) = _QT((O7m3T)7(vTﬂO)) Yur € V. (3'11)

(ii) For f € L?(2), find u% € Vr such that
ar((0), (vr,0) = [ for  Vor e Va. (3.12)

T
We define Ur : mar — ulT solution of (3.11), Vr: f — u2T solution of (3.12), and

we set element-by-element
Qr: mar — qp(Urmar, mar) (3.13)
Finally, the global bilinear form is defined as

ag(me, p) =2 Y ap(Urmor, mar), Urp, 1))
TeT:

= [ @i Quit Y se@memo. @), B

TeT:

=s¢(me,p)

3.1. Operators for the multigrid method and analysis. For functions p, u €
L3(F;), we set

ATESY mor .

Fo- 19T Jor

Importantly, (-,-); defines a scalar product on M, and the norm of this scalar
product

%
[l 1le = ()4
scales like the L2-norm in the bulk of the domain. Moreover, the scalar product can

readily be applied to a combination of bulk and skeleton functions: For example,
(1, v)¢ can readily be evaluated for p € My and v € Vp with the understanding that
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the trace of v on 9T is used inside the integral. We relate the bilinear forms a, and
(-, )¢ using the operator Ay, which is defined via

(Aep, p)e = ae(p, ) Vo, p € My. (3.15)

The injection operator Ip: My_1 — M, remains abstract at this level. Its prop-
erties securing our analytical findings are listed in Section 3.3. Possible realiza-
tions of injection operators can be found in [LRK22a]. The multigrid operator
By: My — M, for preconditioning A, will be defined in Section 4.2.

The operators Pé'jl and P/ ;, which are defined via

Py My — My, (P t)er = {p, Top)s Vi€ Me—y,  (3.16)
P;’_li M, — MZ—l, ag_l(P;_lp, u) = ag(p, Igu) V}L € My_q, (317)
replace the L? and the Ritz projections of conforming methods, respectively. While

the former (or a discrete variation of it) is relevant for implementing multigrid
methods, the latter is key to the analysis. We also introduce the L2-projections

H?: Hé(Q) — M€7 <H?'U,IU,>€ = <U7H’>E V,LL € M€7
ng: HY(Q) — V4, (v, w)g = (v,w)q Yw € V.

3.2. Assumptions on discontinuous skeletal methods. Here and in the fol-
lowing, < means smaller than or equal to, up to a constant independent of the mesh
size hy and the multigrid level £. We also write A ~ B as a shortcut for “A < B and
B < A”. We assume that the numerical hybrid method, characterized in Section
3, satisfies the following conditions for any u € Mj:

e The trace of the bulk unknown approximates the skeletal unknown:

[Uep — plle S hellplar (HM1)
where || - ||o, denotes the norm induced by a; on My, i.e.,
1
I+ llag = ae(:,-)2. (3.18)
e The operators Q,u and Upp are continuous:
1Qepllo S hy Hlule and  [Ueplla < llpelle- (HM2)

e The dual approximation Qeu ~ —V Uy, where V, denotes the broken
gradient. That is,

1Qep + Vldopllo S hy e — pule- (HM3)

e Consistency with the standard linear finite element method: If w € V7, we
have

U['}/g'w =w and Q[‘}/g’u} = 7V’Uj, (HM4)
where -, is the trace operator to the skeleton F, and
Vy={ve Hy(Q) | vyr € PL(T) VT € Te}.

e Convergence of the skeletal unknown to the traces of the analytical solution.
That is, if my is the skeletal function of the hybrid approximation to u €
H*(Q), we have

lme = T2ulla, < A llullasr. (HM3)



HOMOGENEOUS MULTIGRID FOR HYBRID DISCRETIZATIONS 7

e The usual bounds on the eigenvalues of the condensed discretization matrix
hold:

lull? < aele, 1) S B2l (HM6)

o If p=yw for w € V;, the stabilization satisfies
se(p, ) = 0. (HMT)

e The global bilinear form is bounded by an HDG-type norm:

ag(p, i) SNQulld + > Ity — pl3e (HMS)
TeT:

Remark 3.2 (HDG methods). For the LDG-H (with 7,hy < 1), the RT-H, and the
BDM-H methods, (HM7) follows directly from (HM4), and (HMS) follows directly
from the definition of the bilinear form aj. They use almost identical assumptions
to prove multigrid convergence for the HDG, BDM-H, and RT-H methods. (HM2)-
(HM6) have been used to prove the convergence of multigrid methods for HDG,
while (HM1), (HMT7), and (HMS) are novel assumptions that allow to generalize
the convergence theory to HHO.

3.3. Assumptions on injection operators. Our analytical findings will rely on
the following conditions to hold on all mesh levels /:

(1) Boundedness:

[eplle S llplle—r V€ My (IA1)
(2) Conformity with linear finite elements:

Iiye— 1w = yow Yw e Vy_,. (IA2)

This way, we do not restrict ourselves to one specific injection operator. All injection
operators in [LRK22a] satisfy the desired properties. An immediate consequence
of (HM4) and (IA2) is

Lemma 3.3 (Quasi-orthogonality). Let (HM4), (HMT7), and (IA2) hold, then we
have for all u € My and w € Vy_; that

(Qup— Q1P 1, Vw)q = 0.

Proof. For p = vy_1w, assumptions (IA2) and (HM4), we obtain using the embed-
ding 7271 - VZ

Qro1p=Qr1v—1w = —Vw = Qpyw = Qulpy—1w = Qelyp.
The definitions of as, ag—1, and (HMT7) yield

ar—1(Piqpt, p) = (Qe—1 P 111, Qe—1p)a;
ar(p, Lep) = (Qep, Qelep)a-

The two lines are equal by definition (3.17) of the projection operator P;* ;. Thus,
taking the difference gives the result. [
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4. MULTIGRID ALGORITHM AND ABSTRACT CONVERGENCE RESULTS

If (2.1) has full elliptic regularity, which means that (2.2) holds for a = 1, we use
a standard (symmetric) V-cycle multigrid method. Otherwise, we use a variable
V-cycle multigrid method to solve the system of linear equations arising from (3.5).
We follow the lines of [LRK22a] and avoid a discussion about good smoothing
operators. That is, we allow our smoother in smoothing step ¢
Rz My — M,

to fit the criteria of [BP92], which allow pointwise Jacobi and Gauss-Seidel methods.
Next, we present the multigrid method as in [BPX91]. Afterwards, we present the
abstract convergence results of [DGTZ07].

4.1. Multigrid algorithm. We recursively define the multigrid operator of the
refinement level £

Bg:MeBﬂl—)BgﬂEMg

with n, € N\ {0} smoothing steps on level £: Let By = Ay' be the exact inverse
of Ay on the coarsest level. For £ > 0, set 2° =0 € M,.

(1) Perform n, smoothing steps
vt =2 Ry (p— AgrtTh).
(2) Perform recursive multigrid step
q =B Py (u— A™),

and set y° = z™ + Iyq.
(3) Perform n, smoothing steps
g =yl 4 Rz+n[ (1 — Agy'™).
(4) Set Bop = y™.
If ny = n independent of the level, we obtain the standard V-cycle. The variable
V-cycle is characterized by
pine < ng—1 < pang, (4.1)

which needs to hold for all ¢ < L and uniform constants 1 < p; < ps.

4.2. Main convergence results. We use the results obtained in [BPX91,DGTZ07].
These publications show convergence under three abstract assumptions, which are
assumed to hold for all level £. In order to illustrate these assumptions, let /\g‘ be
the largest eigenvalue of Ay, and

Ko = (1= (1= ReA)(1 — RpA)) A7

where 1 is the identity matrix and R}, is the transpose of Ry. The aforementioned,
abstract assumptions claim existence of constants C7,Cs,C3 > 0 independent of
the mesh level ¢ and of the function p € M, satisfying;:

e Regularity of approximation:

—I Pa < C HAU’L”% “ 11—« Al
lae(p — 1Py, )] < Ch A ap(p, )=~ (A1)
¢
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If o =1in (2.2), (A1) simplifies to

a Agpll7 ,
(TP )] < 0 1A (A1)
4

e Boundedness of the composition I, o P;* ;: M; — M, of the injection and
Ritz quasi-projection operators:

I = LePEypillay < Collptllar- (A2)
e Smoothing hypothesis:

||/‘||? < C3(K ) (A3)
A? >~ U3 LMy ) e-

Theorem 4.1. Let (2.2) hold with « =1, as well as (A1), (A2), and (A3). Then,
for the standard V-cycle, for all £ > 0, and for all p € M,

lag(pe — BeAep, )| < dae(p, p),

where o
§=—2 jth 20, Cs.
n_CCs w? n > 103
Proof. This result is an immediate consequence of [DGTZ07, Thm. 3.1]. (]

Theorem 4.2. Let (2.2) hold for a € (3,1]. Further, assumptions (A1), (A2),
and (A3) shall be true. If, additionally, (4.1) holds with p1,ps > 1, then we have,
for all £ >0 and all p € My, that

noae(p, ) < ae(BeAgp, 1) < nrag(p, 1)

holds with
ny M 4+ n¥
Mieoﬂ m<——=+
+ng
where the constant M > 0 is independent of €. Hence, the condition number of
ByAy does not depend on £.

No =

)

(6%
Ty

Proof. This result is an immediate consequence of [BPX91, Thm. 6]. (]

5. CONVERGENCE ANALYSIS

We follow the lines of [LRK22a] and extend their results to our more general
framework. Thus, the theorems and lemmas in the following sections will be very
similar to the ones in [LRK22a]. If Lu et al. [LRK22a] have not used any HDG-
specific arguments in their proofs, we also accept the results to hold in our frame-
work and cite them. Otherwise, we will redo the respective proofs.

5.1. Energy boundedness of the injection and proof of (A2). We provide a
boundedness result for I, concerning several measures. In particular, we investigate
the injection operator’s energy boundedness and the “Ritz projection” to show (A2).
To this end, we use the averaging linear interpolation

I8V, — Vo, I}V8u(q) := {{u}}q for any internal mesh vertex a.  (5.1)

Here, x4 is the point that corresponds to vertex a, and {{u}}, describes the arith-
metic mean of all values that u attains in a. For « € 99, we set [,"*u(x) := 0.
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Lemma 5.1. Assuming (HM1) and (HM3), we have for all ¢ that
IV Upplle < Nlptlla, Vi € My, (5.2)
HZ/Q)\ - I;ng/lg)\HQ < thpJHa2 VA e M,. (5.3)

Proof. This can be shown analogously to [LRK22a, Lem. 5.2]. However, their (LS1)
needs to be replaced by our version of (HM1), which changes the right-hand sides
in (5.2) and (5.3). O

Lemma 5.2. Assuming (HM1) and (HM3), we have

e = ved g *Uepslle S hellpplla, V€ M.
Proof. This is [LRK22a, Lem. 5.3], but with our version of (HMI). O

Lemma 5.3. Let (IA1), (IA2), (HM1)-(HM4) hold. We have
1LeLeplle < llillas (5:4)
[Up—1p = Ueleplle S he—illpllapy < hellptlla,_, (5.5)
for all p € My_q. If, additionally, (HMS8) holds, we have

Hepllar < llpella -, Vi€ Mgy, (5.6)
1P ptllars S Nlialla Vi€ M. (5.7)

To prove this lemma, we use the lifting operator Sp: My — Viise (with Vgise C
C(Q) N L?(Q2) being a suitable discrete space). This operator is inspired from
[Tan09]. It is also used in [GR86, Lem. A.3] for the two dimensional case and
in [Mon03, Def. 5.46] for three dimensional settings:

(Sep, )T = Upp, v) Vv € Pp(T), VT € Ty, (5.8a)
(Sepr,myp = (M) F Vn € Ppa(F), VE € Fy, (5.8b)
Sep(a) = {plta Va is a vertex in Ty, a & 052, (5.8¢)
Sep(a) =0 Va is a vertex in 7y, a € 09 (5.8d)

in two dimensions. In three spatial dimensions, we add the constraints

(Sepr,mr = {uPr,mr Vn € Ppya(T), (5.8¢)

Here, {{m}}r is the average taken over all cells adjacent to I". This construction
extends to dimensions higher than three. For a precise definition of Vgjs. and a proof
of the fact that Sy is well-defined, please refer to [GR86, Lem. A.3] and [Mon03, Def.
5.46]. Moreover, we have

Lemma 5.4 (Properties of Sy\). Under assumptions (HM1)—(HM4), we have

[Serllo = llplle VA€ M, (norm equiv.) (5.9)
Seyew = w vw eV, (lifting identity) (5.10)
Sl < Nl VA€ M, (iifting bound) (5.11)

Proof. This is [LRK22a, Lem. 5.5] with our modified version of (HM1) as compared
to their (LS1). O
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Proof of Lemma 5.3. Inequalities (5.4) and (5.5) can be obtained as in [LRK22a,
Lem. 5.1]. Let us obtain inequality (5.6). To this end, we observe that

(HMS)
e, S 1QeLeplld + > AlheLop — Uo—aplBg + > A WUe—rpe — Lo 3,
TETe TeT,

where (5.4) allows us to bound ||Q.Isu||, (5.5) allows us to bound
> M UeIop — Up—s pll3p S hy e Top — Up—1 o
TeT,

Last, we consider the reference element T, which is the center of a reference el-
ement patch w; with skeleton wr, and the face-wise L? orthogonal projection
7 L*(wr) — M, ,. We observe that

G: H'(wp) D v = Up—amo — Iimv € Myl C L*(07)

is a continuous operator, which vanishes if v is an overall continuous, element-wise
linear polynomial. Thus, the standard scaling argument allows us to deduce that

Z ﬁ”uﬁlm’ - IWTU”%T S |U|§{1(sz)~
TeT:

Finally, setting v = Sy_1p with the lifting operator Sy_; as defined in (5.8) yields
the result (in conjunction with (5.11)).
Relation (5.7) results from

(3.17)
||P;—1NH25,1 = ar1(Pi_yp, Pl pn) =" ae(p, 1Py )
(5.6)
< pllac e Piqpillar S Nellar 1Py pllary s

where we have used the Bunyakovsky—Cauchy—Schwarz inequality to pass to the
second line. O

Lemma 5.5. Under the assumptions of Lemma 5.3, (A2) holds.

Proof. Using first the linearity and symmetry of a; and then the definition (3.17)
of the Ritz quasi-projector P;* ;, we obtain

ag(p— LePyyp oo — Lo Py o)
= ag(p, p) = 2a0(p, Lo Py p) + ag(Le Py p, Ie P )
< \lullz, —2ae—1(Pey s, PRy )+ LePEypll, -

<0

To conclude, we write for the rightmost term

, (59 N C) )
e Py plla, < 1P qpll S e, O

ap—1

5.2. Proofs of (Al) and (A1’). A classical approach for multigrid proofs consists
is considering Ayp (cf. (3.15)) as a function in L?(£2) and using it as right-hand side
in an auxiliary problem. However, this is not possible for discontinuous skeletal
methods, since Apu € M, is defined only on the mesh skeleton and not on the
whole domain 2. To this end, we use the lifting operator Sy;. That is, we define the
auxiliary right-hand side f,, € Vgisc as the unique solution of

(fu> Sen) = (Aep,m)e = ar(p,m)  Vn € Mo, (5.12)
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and its perturbed skeletal approximation g € M, with
ae(fi,n) = (fu,Um) — Yn e M. (5.13)

Notably, the solutions of this discrete, perturbed problem approximate the solution
of the continuous problem

(Va, Vo) = (fu,v) Yo € HJ(Q). (5.14)

Lemma 5.6. Let (HM1)-(HM4) hold. Then we have, for all € My,
= illa, < hell fulle, and || fulle < [[Aeplle- (5.15)
Proof. This is part of [LRK22a, Lem. 5.6]. The change in the meaning of (HMI)
does not influence this result. g

Lemma 5.7 (Reconstruction approximation). Let (IA1), (IA2), and (HM1)—-(HMS5)
hold. Then, if the model problem has regularity (2.2), for all u € M, there exists
an auziliary function @ € V,_, such that

1Qep + Vaulla + | Lea Py pp + Villo S Al fulla—- (5.16)
Proof. This is [LRK22a, Lem. 5.8]. O
Lemma 5.8. Let (HM1)-(HM4), (HMS), and (HM7) hold. Then,
1l =1 S Nella, -

Proof. By the definition of negative norms and properties of sup,

(fur® — SevelTy0)) (Fus SeyeTTye))

Ifull=1 < sup + sup H—E72 (5.17)
YEHL(Q) [Y]1 YEHL(Q) Y1
Here, TI, is an (quasi-)interpolator onto V', that satisfies
Moy < ol o € H'(9), (5.18)
v —Myolla < hE ¥ 00y, Yo e H*TH(Q), k=0,1. (5.19)
An example is given in [SZ90]. We continue with bounding
— (5.10) —c (5.18)
19 = Sevellyllo ="l = ella S helthls, (5.20)

and observe that
12

— (5.12) —
(fus SreTTg)e =" ae(p 7l w),
which immediately yields, using a Cauchy—Schwarz inequality,
|(Fus SeveTTg )| < Netlla [T Te lay = llpallae Tewoly S Nptlla |11, (5.21)

where |-|; denotes the H!({2)-seminorm. Applying a Cauchy—Schwarz inequality to
the numerator of the first supremum in (5.17) followed by (5.20) and using (5.21)
to estimate the numerator of the second supremum, we get, after simplification,

(5.15)
[full-1 < hellfulle + lulla, < PellAeplle + lpllar S Nlitllar,
where the last inequality is the rightmost inequality of (HMG6). |

With these preliminary results at hand, we can formulate a generalization of
[LRK21, Theo. 4.1] and [LRK22a, Theo. 5.10]:
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Theorem 5.9. If (2.2) holds with o € (1/2,1], and if the assumptions (IA1),
(IA2), and (HM1)-(HMS) hold, then (A1) is satisfied.
Remark 5.10. Theorem 5.9 implies (A1") if & = 1.
Proof. We use the definitions (3.6) of a; and (3.17) of P{* to obtain

ag(p — LePgypus p) = ag(p, 1) — ap—1 (Piypi, Py )
= (Qop, Qept)o — (Qe—1 Py, Qe—1 P h)o
T
+ se(p, 1) — so—1 (P pa, PPy ),

T2

and analyze the respective contributions %7 and Ty separately.
First, binomial factorization yields

Ty = (Qep+ Qo1 Pl ypt, Qepp — Qo1 Py pt)a.

Let now w € V;_l. Invoking the orthogonality property stated in Lemma 3.3 to
insert 2Vw into the first argument of the L?-product, and adding and subtracting
Vw to the second argument, we obtain

T =(Qupu+2Vw+ Q1 P, Qept + Vw — Vw — Qo1 P p1)o
(5.22)

5

(5.16)
a 2 (e
< (1Qe+ Vule + 1Qe-1Piyn+Vule)” < hg*|fullay,

where we have used Bunyakovsky—-Cauchy—Schwarz and triangle inequalities to pass
to the second line.

Second, we obtain a similar estimate for ¥5. To this end, we detail the treatment
of the first summand of ¥5, the second summand can be treated analogously. For
any w € 727 it holds

(HM7)
se(pop) =" se(p— vew, p— vew) < ag(p — yow, p — yew) = || — vewl|Z,.

Using the triangle inequality and Lemma 5.6, we have that
I = vewlla, < Nl = filla, + 115 = vewlla, < hellfulle + 12— vewlla,

Defining w as the L? orthogonal projection of % into V; yields the result with
(HM5) as we can write

17 = vewlla, < 17— T illa, + 178 — yew]|a,.

where the first summand is bounded via (HM5) and the second summand can be
bounded using (HM6) and standard approximation properties.
Proceeding similarly for the second summand in o, we infer

To S g fullas- (5.23)

Using (5.22) and (5.23) to estimate the right-hand side of (5.22) and invoking
Sobolev interpolation provides us with

a « « 2(1—« «
lae(pe — TPy 1) S B2\ Fall2oy S B2 LllPS ™ ful1
and Lemmas 5.6 and 5.8 yield

e = TPy )] 5 12 gl 2.
This is the result, since (HM6) implies that A < hy2. -
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6. VERIFICATION OF ASSUMPTIONS FOR HHO

6.1. Preliminaries. For all T € Ty (resp. F € Fy), we denote by || - ||z (resp.
| - |l7) the standard L?-norm over T (resp. F). For all T' € Ty, we introduce the
set Fr collecting the faces of T'.

6.1.1. General properties of used norms and function spaces. Let T € Ty, F' € Fr.
e The discrete trace inequality (see, e.g., [DPD20, Lem. 1.32]), stipulates that

ol S hy'Pllollr Yo e PT). (6.1)
e The discrete inverse inequality (see, e.g., [DPD20, Lem. 1.28]) stipulates

that
IVollr S hptllvlle Yo e P(T). (6.2)
e The Poincaré-Friedrichs inequality (see, e.g., [EG21, Lem. 3.30]) stipulates

that

1/2
lollz < hel[Volle + by llpllor Vo € HY(T). (6.3)
e Finally, we have the useful relation
Ipll? ~ Y helply  Vpe M, (6.4)
FeF,

with F, containing all the faces of T;. Thus, the square root of the expres-
sion in the right-hand side induces a global norm on M,.

6.1.2. Properties of HHO. In this part, we enlist some properties of HHO that will
be used to show (HM1)-(HMS).

Recalling the hybrid bilinear form a, introduced in (3.10), we consider the hybrid,
discrete problem: find (ug,my) € Vp x My such that

ae((ueyme), (v, 1)) = /Q fo o V(o) € Ve x My, (6.5)

The pair u, := (Upme+Vef, me) € Ve x My is solution of (6.5) if and only if m, € M,

is solution of the condensed problem (3.5) (see [CDPE16, Prop. 4]). In particular,

Uymy + Ve f approximates the exact solution u of the continuous problem (2.1).
As in [DPD20, 2.1.2 (2.7), 2.2.2 (2.35)], we define

(0, mlie= D lomlie= " > hp'lo—ulf, (6.6a)

TeT, TeT, FeEFr

2= 2 lwmlie = Y (19l + 1w mBr) (6.6b)

TeT, TeT:

(v, )]

as the H'-like seminorm on the hybrid space V; x M,. Moreover, we assume that
the properties of [DPD20, Assumption 2.4] for the stabilization bilinear form s,
hold true. Then, we have:

e (Boundedness and stability of a; [CEP21, Lem. 2.6])

(v, WIIE 2 S ar((v, 1), (0, 1)) S NI (v, WIE 1 (6.7)
e (Energy error estimate [CEP21, Lem. 2.8, Lem. 2.9]
lqu, — (0w, 117w lq, < A llullasr, (6.8)

where a > § and || - ||, is the norm induced by the bilinear form a,.
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e (Cell unknown L?-error estimate [CEP21, Lem. 2.11])
prZl,a>%,then
deme + Vef = Mulla S hg*0llullata, (6.9)

where ¢ := min{a, 1}.
e (Face unknown L2-error estimate [CEP21, Lem. 2.9])

If p > 1, then
lme —T2ulle < A [lullasr- (6.10)
Now, let us introduce the seminorms || - ||1¢ and | - |1, on the skeletal space My,
which are based on the seminorms || - ||1,, and | - |1 ¢ defined in (6.6):

lialln,e := 1 Uepts p1)|l1,6 and [l e = [Ueps, )10 (6.11)

Similarly, the condensed bilinear form a, introduced in (3.14) is built from the
hybrid bilinear form a, (3.10), in which the generic cell unknown variable is also
recovered from the skeletal variable through Uy, i.e.

ag(m, :u) = Q@((UZTI% m)7 (UL’Ma :u))
In the same fashion, we also have
Sg(m, /L) = §€((Z’l€mv m)’ (uftu‘v .u))

Thus, useful properties of ay and s, derive in a natural way from those of a, and
S In particular, we shall use in this work the following results:

e (Boundedness and stability of ay)

il e < aelu 1) S el o (6.12)
e Since s, is symmetric positive semi-definite [DPD20, Assumption 2.4, so is
Sy.
6.1.3. The norm || - ||¢ is weaker than | - ||1,. In this section, we prove that
llelle S Mleella e (6.13)

Starting from (6.4), the triangle inequality is used via the insertion of 0 = Up —Up
into the norms in the sum, yielding

lullz £ b (IUheps = pl3 + [Uen]7)

FeF

61 2 2

SN helUep — pllE+ Y heptlF (6.14)
FeF TeTe

SN helltep — %+ | @heps )12 0
FeF

where the last passage follows from the discrete Poincaré inequality [DPD20, Lem.
2.15] applied to (Upep, i) (notice that p vanishes on 92). Hence, recalling (6.11),

lull7 £ D helter = pllE + |V lhelly + e (6.15)
FeF

The fact that hp < hy' is a consequence of the fact that we assumed that © has

diameter 1 without loss of generality so that hp < 1.

ull? S IV dheptlld + e = llull? .

and the result follows by taking the square root.
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6.2. Verification of (HM1). We write
[Ueps = pll? < Z Z he Ui — pll72 gy

TeT FeFr

<h; Y > hptlUen— plFeem
TeT, FeFr

(6.6b) (6.7) (3.18)

< Rl Ueps T S RN Uens )z, =" B llull

~ agp?

where the first inequality follows from mesh regularity. Taking the square root of
the above inequality proves (HM1).

6.3. Verification of (HM2). Let us start with the second inequality in (HM2) on
an arbitrary element T € T;. Recalling the definition (3.11) of U, and choosing
vr = uwp = Upp and myp = (1, we have, denoting by || - ||a, the seminorm induced
by ar,
1@, 0)IIZ, = ar (Uzp,0), Urp, 0))
— —ap (0, 1), Urss,0)) < 10, )]y |t )y

where the conclusion follows from the Cauchy—-Schwarz inequality. Hence,

Uz 0) [y < 11(0; 1) [ay (6.16)
We write
2 S o (616) 2 €N 2 —191,,112
[@Urp,0)ir < [IUrp,0)la, < [10,wla, S 10wz S by lklor
(6.17)

where the last inequality follows recalling the definition (6.6b) of ||-||1,r and noticing
that h;l < h;l for all FF € Fr by mesh regularity. Next, usinahe Poincaré-
Friedrichs inequality (6.3) and definition (6.6b) of the ||(-,-)||1,7-norm along with
the fact that h;l < h;l for all F' € Fp by mesh regularity, we have

(6.17)
Urpll S WPV Urp) |7 +he|Urplbr S W1 Urp, )iz S hrllullfr. (6.18)

The second inequality in (HM2) is derived by using (6.18) and summing over all
elements.

Second, consider the first inequality on an arbitrary element T € 7T,. Re-
calling the definition (3.8) of qp(-,-) with (ug,msr) = (Urp,p) and choosing

3.13
pr = qrUrp, 1) (3.13) Qru, ur = Urp, and mor = p, we have

/TQTM'QTM:/TUTM(V-QTM)—/ w(Qru - v).

orT
Estimating the right-hand side of the above expression with Cauchy—Schwarz in-
equalities followed by the discrete inverse inequality (6.2) for the first term, the
discrete trace inequality (6.1) for the second term, we have

B B (6.18)
1Qrull7 S hi?lrpllT + b llulde < hp'llull3e- (6.19)

Finally, the first inequality in (HM2) is derived by using (6.19), summing over
all elements, and using the mesh quasi-uniformity assumption to write ||Qullo <

hy e
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6.4. Verification of (HM3). Plugging the definition (3.13) of Qr into (3.8) we
have,

/QTM'pT_/uTM(V'pT):_/ w(pr-v) Vpr € Wr.
T T oT

Then, we integrate by parts the second term of the left-hand side and rearrange to
infer

[ (@it Vttrn)-pr = [ @i pipr v Vpr e Wi
T T

Now, after noticing that Vidru € VP,(T) C VP,11(T) = W, we can specify this
relation for pp = Qru + VUrp, which gives

|Qrp + VUrplk = / Urp — p) (Qrp + VUrp) - v.
oT

Using the Cauchy—Schwarz inequality on the right-hand side, we have
1Qru+ VUrp|lr < |Urp — pllor || Qru + VUrpul|ar

At this point, we refer to the discrete trace inequality (6.1), which we use component
by component to bound the last term and obtain

|Qru+ Vrpulir < hy' " |Urn = pllorl|Qrp + VUrylr.
Simplifying and squaring, we get

1Qrp+ VUrpl|7 < hy' |[Urp — pll3r-

Summing over all elements and using mesh quasi-uniformity yields

1Qru+ Vrpld < Y byt lUrp — pll3e S D hy® D hellUrp — pli3r
TeTy TeTe FeFr

Shy? Z Z helUrp — pll3r < hy o — pll7,
TeT, FEFT

where we have used the fact that 1 < h—i for all T € Ty and all F' € Fr by mesh
regularity in the second inequality, the mesh quasi-uniformity assumption to write
hz? < hy? in the third inequality, and (6.4) to conclude

6.5. Verification of (HM4). We show (HM4) for a generic element 7' € T,. If
the identities hold there, they will hold on all elements. We need that 'ygV; is a
subspace of M, and V. That is, we need that p > 1. We must show that HHO
reproduces the w € V.

We take war 1= yow.

/ qgr(w,war) - pp = / wV-pp —/ warpr -V Vpp € Wr.
T T T
Integrating by parts the first term on the right-hand side, it holds that
/wV-pT:—/ Vw-pT+/ WaTPr * V
T T oT
Plugging that yields

/ qr(w, wor) - Pr = _/ Vw-pr Vpr e Wr,
T T

which shows that
gr(w,wyr) = —Vuw. (6.20)
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Given the definition (3.11) of Uz, we need to show that
ar((w, war), (vr,0)) =0 Yo € Vip.
‘We have

ar(w, wor, (vr,0)) = /T ar(w, wor) - ap(vr,0) + s7((w, wor), (v, 0))
0

= —/ Vw - qp(vr,0)
T

where the stabilization term vanishes due to the polynomial consistency of sp
[DPD20, Assumption 2.4 (S3)], and we have used (6.20) for the last equality. For
the remaining term, (3.8) gives

/qT(vT,O) oy —/vTv-pT —0 VpreWr,
T T

which we specialize to pr = —Vw to infer
—/ qr(vr,0) - Vw —|—/ vrAw = 0.
T T

Asw e VZ, Aw = 0, which concludes the proof of U~pw = w.

6.6. Verification of (HMS5). This is an extension of Theorem 2.27 in [CEP21]
by Sobolev interpolation. Following Lemma 2.9, the left-hand side of (HM5) is
bounded by the consistency error estimates. The (HMS5) is derived using Theorem
2.10.

6.7. Verification of (HM6). Combining some preliminary results, we have that

2(6.13) ) (6.12) (6.12) )
Il < lullie S aclpp) S lplie

Thus, we only need to prove that
lellne S By Hlelle- (6.21)

Inserting 0 = Quu — Qu into the gradient term of (6.11) and using the triangle
inequality gives

eS¢ S IV adep + Qeplldy + (| Qeplld, + [1el1,e

(HMB) , ,
S b Wen = plli + 1 Lentlley + el e (6.22)
In order to make || - || appear in |u|1 ¢, we observe that, by mesh quasi-uniformity,
_ (6.4)  _
e 2 hg? >0 > hyllop — pllE = by |Uep — |- (6.23)
TeT, FEFT

Plugging (6.23) into (6.22) gives

2 <h—2 U _ 2 2 (Hgl) 2 6.24
[0 S he "o — pll7 + 1Lexlle, < NIl - (6.24)

Finally, (6.21) follows from (HM2).

6.8. Verification of (HMT7). This equality corresponds to [DPD20, Assumption
2.4 (S3)].

6.9. Verificaton of (HMS). This is relation (6.12).
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7. INJECTION OPERATORS FOR HHO

Consider two successive levels ¢ (fine) and £ — 1 (coarse). Given the coarse faces

Fy—1, the mesh nestedness allows us to decompose F; as the disjoint union .7?4 Uj:g,
where

.7?@ = {F e Fy ‘ dFy_ 1 € Fy_q st. F C Fg_l}, .7'0-@ = fg\]?g.

In the following, we introduce three injection operators used in [DPHM™21a], de-
noted by I}, i € {1,2,3}. The first one is defined as

(I ) = HiE if I e Fu, (71)
‘o (Up—1p)|p  otherwise.

This first operator exploits the nestedness of the meshes to straightforwardly trans-
fer values from coarse faces to their embedded fine faces. Regarding the fine faces
that are not geometrically included in the coarse skeleton (i.e. ﬁg), we make use
of the local solver: Uy_q builds a bulk function in the coarse cells, whose traces
provide admissible approximations on the fine faces.

Instead of the straight injection for the embedded faces, an alternative is to
also use the bulk functions reconstructed from the local solver. As Uy_; yields a
discontinuous polynomial, and the faces of Fy are located at the interface of two
coarse cells, we propose to take the average of the respective traces, i.e.

(I1)1r = {Ue—1 13} F- (7.2)

Remark that this formula also holds for F' € .7}4, as the average trace of a continuous
bulk function on both sides of a face reduces to its regular trace. This injection
operator comes with advantages. First, it allows the mesh nestedness condition
to be relaxed, paving the way to generalized multigrid methods on non-nested
meshes, as developed in [DPHMT21b]. Additionally, a more complex formula can
handle difficulties occurring at cell interfaces. Typically, using an adequate weighted
average formula can yield robust convergence in the presence of large jumps in the
diffusion coefficient; see [DPHM™21a).

Finally, the third injection operator leverages the higher-order reconstruction
operator, a salient feature of the HHO methods:

(I3w)p =m0 RO Uo—1p, 1) P, (7.3)

where 7}: L?(F;) — M, denotes the L?-orthogonal projector onto the skeletal

polynomial space of degree p. I, 5’ is based on the same principle of the averaged

trace as I7, except that the higher-order reconstruction operator 951‘11 enables the

gain of one extra polynomial degree in the approximation of the coarse error. Then,

after computing the average trace, the polynomial degree is lowered back to its

original value by applying the L2-orthogonal projector onto the lower-order space.
To fit these injection operators into the framework, we demonstrate

Lemma 7.1. Under the assumptions (HM2) and (HM4), the injection operators
I}, i€ {1,2,3} verify (IA1)-(IA2).

Proof. Regarding I}, we refer to [LRK22a, Lem. 3.2], as they investigate the same
injection operator: I} is their third operator.
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Let us consider I7: condition (IA2) follows directly from (HM4) recalling that
we assume here p > 1 (cf. Remark 8.1 below). The discrete trace inequality (6.1)

along with mesh regularity, i.e., |8T‘ ||MH3T < ||pl| for all T € Ty, gives

Ue—rplle S Ue-1plle S lelle-1,

where the second inequality is (HM2). (IAl) now follows from the mean value
property [{{the—1p}}rlle < 2[Ue—1plle-
Let us consider (IA2) for I3. On one hand, (HM4) says that
— Q1w = Vb (U 17e— 1w, ye—1w) = Vw
for w e V. This, in turn, implies that
00t (Up—17e—1w, Ye—1w) = w + ¢
for some constant ¢ € R. On the other hand, the high-order reconstruction guar-
antees (cf. (3.9)) that the mean value of 857! (Uy—17,—1w, v 1w) equals the mean

values of Uy_1v,—1w = w (through (HM4)), which implies that ¢ = 0.
Next, we prove (IAl) for I}: Let us consider a coarse element 7. We have that

TCT

> 3\ Gl slarlor £ 3 10E Qs o)l

T€Ti—1 TET, T€Te-1
< N0 Ueeaplr, plor) = Ueaplrllr + Ue-1plrllo
T€Ti-1
Z her|| VoL Ué 1), plor) —NUe—1plr |7 + [Ue—1 7]l
T€77/ 1

=—Qu
S hrllillae-s + 1Ue—rplrlio S llelle-1-

Here, the first inequality uses the boundedness of the L2-orthogonal projector along
with discrete trace inequalities. The second passage follows inserting 4+, 1 into
the norm and using a triangle inequality. The third inequality is obtained using a
local Poincaré—Wirtinger inequality. The fourth passage is obtained using (HM3)
and (HM1). The last inequality uses (HM6) and (HM?2). O

8. NUMERICAL EXPERIMENTS

8.1. Experimental setup. The numerical tests reported in this section are per-
formed on the Poisson problem (2.1), on two- and three-dimensional domains.
Namely, the fully elliptic problem shall be tested on the unit square and cube,
and the low-regularity problem shall be tested on the L-shape domain. The prob-
lem is discretized using the standard HHO method as described in Section 3, with
the classical stabilizing term [DPD20, Ex. 2.7 (2.22)]. Tests will span the polyno-
mial degrees p = 1,2, 3, leaving the special case of p = 0 out of the scope, as it does
not verify the hypotheses of our framework; see Remark 8.1. Modal polynomial
bases are used in cells and on faces to assemble the method (specifically, we use
L?-orthogonal Legendre bases).

Remark 8.1. (The lowest order case) The HHO method with p = 0 does not verify
the error estimates (6.9) and (6.10). Consequently, (HM5) does not hold and the
multigrid method might not be uniformly convergent. It is worth noting that this
limitation is not just theoretical. It has been observed in practice in [DPHM™21a,
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Levels 3 4 5 6 7

p=1 6016 24,320 97,792 392,192 1,570,816
p=2 9024 36,480 146,688 588,288 2,356,224
p=3 12,032 48,640 195,584 784,384 3,141,632

TABLE 1. For the square domain, number of face unknowns at
each level and for each value of p.

DPHM™21b], where suboptimal convergence is reported for p = 0 while the method
exhibits optimal convergence for the higher orders, with no variation in any other
parameter.

The multigrid method is constructed as described in Section 4.1. Section 7
describes the injection operators we consider. The V-cycle is carried out using
pointwise Gauss—Seidel smoothing iterations, arranged so that both the smooth-
ing step and the multigrid iteration remain symmetric. Namely, for V(1,1), the
pre-smoothing iteration is performed in the forward order and the post-smoothing
iteration in the backward order. For V(2,2), the pre- and post-smoothing proce-
dures involve a single forward iteration followed by a single backward iteration.
The grid hierarchy is built by successive refinements of an initial simplicial mesh,
and the condensed problem is assembled at every level. The coarsest system is
solved with the Cholesky factorization. The stopping criterion relies on the back-
ward error ||r|l2/||b||2, where r denotes the residual of the algebraic system, b the
right-hand side, and || - ||2 the standard Euclidean norm applied to the vector space
of coordinates. In all experiments, convergence is considered to be reached once
rll2/lIbll2 < 1076 is satisfied.

8.2. Numerical tests.

8.2.1. Full reqularity: the unit square. The Poisson problem is set up for the man-
ufactured solution u: (x,y) — sin(4wx) sin(4ry). The unit square is discretized by
a hierarchy of 7 structured triangular meshes. For each problem solved on this hi-
erarchy, the number of face unknowns is given in Table 1. The largest problem size
we consider involves three million unknowns. Considering the injection operator I Zl,
we first state that the V(1,1) cycle diverges regardless of the value of p. One must
raise the number of smoothing steps to achieve convergence. With the V(2,2) cycle,
the method converges for p € {1,2} and still diverges for p = 3. The numbers of
iterations are reported in Table 2 (the symbol co indicating divergence or a number
of iterations > 100). Their mild increase as the number of levels grows indicates
asymptotic optimality. Table 3 now considers the injection operator I 42. In V(1,1),
contrary to the same cycle with I el, the method now converges for p € {1,2}, in-
dicating better robustness of I7 compared to I}. The number of iterations of the
V(2,2) cycle illustrates the uniform convergence of the method for all values of p.
Finally, using the injection operator I, ?, we see from the results of Table 4 that the
method converges uniformly with both cycles and for all values of p, making this
injection operator the most robust amongst those considered here.

8.2.2. Low regularity: the L-shape domain. The computational domain is now the
L-shape domain = (—1,1)2\ ([0, 1] x [0, —1]). The source function of the Poisson
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Levels 3 4 5 6 7

p=1 13 14 14 15 15
p=2 36 38 38 39 39
p=3 00 00 00 00 00

TABLE 2. In the square domain, number of V(2,2) iterations with
the injection operator I}.

V(1,1) V(2,.2)
Levels | 3 4 5 6 7|3 4 5 6 7
p=1124 25 25 26 26|13 13 14 14 14
p=2120 22 25 26 27|10 10 11 11 11
p=3|oc0 o oo oo oo |13 13 13 14 14

TABLE 3. In the square domain, number of iterations with the
injection operator IE.

V(1,1) V(2,2)
Levels| 3 4 5 6 7|3 4 5 6 7
p=1[18 18 19 19 20|10 10 11 11 11
p=2 |17 17 17 17 18| 9 10 10 10 10
p=3 /20 21 21 21 21|11 11 11 11 11

TABLE 4. In the square domain, number of iterations with the
injection operator I, g’.

problem is set to zero. The Dirichlet boundary condition follows the manufactured
exact solution u: (r,) — r*/3sin(2¢), where (r, ¢) represent polar coordinates of
domain points. An unstructured Delaunay triangulation builds the coarsest mesh,
and a classical refinement technique by edge bisection is employed to build finer
meshes successively. Although the theory requires the variable cycle to conclude,
we notice that fixed cycles exhibit uniform convergence in practice. Therefore, the
test results presented here are obtained with classical V(1,1) and V(2,2) cycles.
Similarly to the preceding test case, the problem sizes are indicated in Table 5.
The results, presented in Tables 6, 7, and 8 are also qualitatively similar. With
the least robust injection operator, I, 517 the V(1,1) cycle diverges for all values of p,
and the V(2,2) cycle is uniformly convergent only for p = 1 (cf. Table 6). With I2,
V(1,1) provides a uniformly convergent solver up to p = 2, while V(2,2) converges
uniformly for all p € {1,2,3} (cf. Table 7). Finally, using I}, Table 8 shows that
the convergence is optimal for both cycles and all values of p. Based on these ex-
periments, one can conclude that the convergence of the multigrid solver does not
seem to suffer from the lower regularity of the solution. However, if we compare the
number of iterations obtained with I7? to those obtained with I}, we remark that
robustness aside, I} does not generally yield a faster convergence (see especially
V(2,2)). Recall that I} is obtained from I} by inserting the higher-order recon-
struction operator. Since it is known that sufficient regularity is required for higher
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Levels 3 4 5 6 7

p=1 4480 18,176 73,216 293,888 1,177,600
p=2 6720 27,264 109,824 440,832 1,766,400
p=3 8960 36,352 146,432 587,776 2,355,200

TABLE 5. For the L-shape domain, number of face unknowns at
each level and for each value of p.

Levels 3 4 5 6 7

p=1 15 12 14 15 15

p=2 00 00 OO 00 OO

p=3 00 00 OO 00 O
TABLE 6. In the L-shape domain, number of V(2,2) iterations with
the injection operator I}.

V(L,1) V(2,2)
Levels |3 4 5 6 7|3 4 5 6 7
p=1[20 20 20 20 20|11 11 11 11 11

p=2 |17 17 17 17 179 9 9 9 9
p=3 |oc0 o0 oo oo oo |11 11 11 11 11

TABLE 7. In the L-shape domain, number of iterations with the
injection operator I, l?.

V(L,1) V(2,2)
Levels |3 4 5 6 7|3 4 5 6 7
p=1|16 16 16 16 169 9 10 11 11
p=2 |17 17 17 17 17|8 9 9 9 9
p=3]20 20 20 20 20|10 10 10 10 10

TABLE 8. In the L-shape domain, number of iterations with the
injection operator I}.

orders to have beneficial effects, the low regularity of the solution might explain
this lack of noticeable improvement. Looking back at the fully regular problem on
the square, one sees that the higher-order reconstruction did improve convergence
in that case (Table 3 vs. Table 4).

8.2.3. 8D test case: the cubic domain. The unit cube is discretized by a Cartesian
grid, where each element is decomposed into six geometrically similar tetrahedra,
following [Bey95, Fig. 9]. Repeating the same procedure on successive levels of
embedded Cartesian grids ensures that the subsequent tetrahedral grids are also
embedded. Five levels are built, and the considered problem sizes are given in Ta-
ble 9. The manufactured solution is u: (z,y) — sin(4wx)sin(4nry) sin(4rz). This
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Levels 3 4 5

p=1 17,280 142,848 1,161,216
p=2 34,560 285,696 2,322,432
p=3 57,600 476,160 3,870,720

TABLE 9. For the cubic domain, number of face unknowns at each
level and for each value of p.

Levels 3 4 5

p=1 18 23 25

p=2 23 24 22

p=3 22 23 23
TABLE 10. In the cubic domain, number of V(2,2) iterations with
the injection operator Ig’.

problem is more challenging, so we restrict ourselves to the most efficient injec-
tion operator I} and the V(2,2) cycle (V(1,1) diverges). The convergence results
presented in Table 10, while still exhibiting asymptotically optimal convergence,
also show higher numbers of iterations than in 2D. More numerical tests are avail-
able in [DPHM™21a], where it is shown that better convergence can be achieved
for comparable cost through simple parameter tunings such as the use of cycles
with post-smoothing only, non-alternating directions in the Gauss-Seidel sweeps,
or blockwise Gauss-Seidel smoothers.

8.3. Conclusions. We have constructed and rigorously analyzed a homogeneous
multigrid method for HHO methods, which does not internally change the dis-
cretization scheme. To this end, we generalized the homogeneous multigrid frame-
work for HDG methods and verified the resulting, more general assumptions for
HHO methods. We verified our analytical findings numerically using several injec-
tion operators.
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