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p-robust equivalence of global continuous constrained and local
discontinuous unconstrained approximation, a p-stable local
commuting projector, and optimal elementwise Ap approximation
estimates in H (div)*

Leszek Demkowicz! Martin Vohralik*®

March 13, 2024

Abstract

Let a Lipschitz polygon or polyhedron €2, a function v in the Sobolev space H(div, ), and a sim-
plicial mesh of  be given. We prove the equivalence of two piecewise (Raviart—-Thomas) polyno-
mial best approximations of v: 1) globally on the whole computational domain €, with the normal
trace continuity requirement and a divergence constraint; 2) locally on each mesh element, without
any interelement continuity requirement and without any constraint on the divergence. The former
(global-best continuous constrained piecewise polynomial approximation) arises in numerical meth-
ods for partial differential equations related to the H(div,{2) space, whereas the latter (local-best
discontinuous unconstrained piecewise polynomial approximation) is a key quantity in approxima-
tion theory. Crucially, we establish p-robustness in that the equivalence constant only depends on the
mesh shape regularity and the spatial dimension. This improves the recent result of [IMA J. Numer.
Anal. 42 (2022), 1023-1049], where the equivalence constant was possibly dependent on the underly-
ing polynomial degree. Consequently, we obtain fully h- and p- (mesh-size- and polynomial-degree-)
optimal approximation estimates under the minimal Sobolev regularity only requested separately on
each mesh element. These two results immediately follow by our construction of an operator from
the infinite-dimensional Sobolev space H (div, 2) to its finite-dimensional Raviart—-Thomas subspace
that has the following properties: 1) it is defined over the entire H (div,{2) and preserves boundary
conditions imposed on a part of the boundary of ; 2) it is defined locally in a neighborhood of each
mesh element; 3) it is based on elementwise L2-orthogonal polynomial projections; 4) it is a projector,
i.e., it leaves intact objects that are already in the Raviart—Thomas piecewise polynomial space; 5)
it is locally and p-robustly stable in the L?-norm, up to hp data oscillation; 6) its approximation
property is locally and p-robustly equivalent to that of the discontinuous unconstrained (elementwise
L*-orthogonal) projection; 7) it satisfies the commuting property with the L?-orthogonal projection
onto piecewise polynomials.

Key words: Sobolev space H(div), best approximation, continuous approximation, discontinuous ap-
proximation, Raviart—Thomas space, local-global equivalence, constrained—unconstrained equivalence,
minimal regularity, elementwise regularity, commuting projector, hp finite elements, error bound, poly-
nomial-degree robustness

1 Introduction

For the space dimension d = 2,3, let Q C R? be an open Lipschitz polygonal or polyhedral domain. Let
H (div, Q) be the Sobolev space of functions square-integrable together with their weak divergences, cf.
Girault and Raviart [31], Ern and Guermond [25], or Demkowicz [18]. Let a shape-regular simplicial
mesh 7, of Q and a polynomial degree p > 0 be fixed (details on the setting and notation are given in
Section 2 below).
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1.1 Commuting projectors under minimal regularity

In analysis of numerical methods related to the H (div, Q) space, a crucial role is played by the design of
operators P,%;V and IIp, such that

H x(div, Q) AN L2(9)
le‘fﬁV thp (1.1)
RT,(Th) N Hox(div, Q) —5 P,(Th) N L2().

(commuting projector under minimal regularity)

Here, particularly, P}%V needs to be defined over the entire infinite-dimensional space H (div, ), which
excludes the so-called canonical Raviart—-Thomas projector, cf. [6, 19, 34]. Moreover, P}%V needs to
be a projector, i.e., leave intact objects that are already in the Raviart-Thomas piecewise polynomial
space RT,(Ty) N Hon(div, Q) and commute in the form expressed in (1.1), which excludes Clément-
type [15] (quasi-)interpolation. Moreover, P;Li;" should be defined locally, in a neighborhood of each mesh
element, and IIj, should be the L?-orthogonal projection onto piecewise p-degree polynomials. A seminal
contribution in this direction is that Falk and Winther [27], following Christiansen and Winther [14]
(locality is not devised) and followed by Ern and Guermond [23, 24] (locality or commuting is not
devised), Licht [32] (locality is not devised), Arnold and Guzmén [2] (Ilj, is not the L?-orthogonal
projection onto piecewise p-degree polynomials), and Gawlik et al. [30] (commuting is not devised), with
some most recent developments presented in Falk and Winther [29]. As stated, (1.1) is achieved in Ern et
al. [22, Theorem 3.2].

1.2 hp approximation estimates in H (div, ()

In addition the properties discussed above, P,f;" from (1.1) should also have correct approximation prop-
erties, and this both with respect to the mesh size h and the polynomial degree p. Here, h-approximation
is customary but p-approximation is much more seldom, as more difficult. Up to logarithmic factors in p,
the latter was achieved in particular in Demkowicz and Buffa [20] and Demkowicz [17]. These logarithmic
factors were removed in Bespalov and Heuer [5] and then in Melenk and Rojik [33] when working with

weaker norms/higher regularity. In these references, in any case, Pffpi" is not defined over the entire
H (div, Q). This is rectified in [22, Theorem 3.6].

1.3 Local-best—global-best and constrained—unconstrained equivalences

Following the seminal contribution by Veeser [36], with some predecessor results in Carstensen et al. [9,
Theorem 2.1 and inequalities (3.2), (3.5), and (3.6)] and Aurada et al. [3, Proposition 3.1], there holds an
equivalence between the best approximation of an H!(Q) function globally on the whole computational
domain 2, with the trace continuity requirement, and locally on each mesh element, without any interele-
ment continuity requirement. This result has been recently extended to the H (div,2)-case in Ern et al.
[22, Theorem 3.3] (see also Gawlik et al. [30] in the general context and [10, Theorems 1 and 2] and [13,
Theorem 3.8] in the H (curl, Q) context). Let v € Hy n(div,(?), with, for simplicity for the moment, a
piecewise polynomial divergence, V-v € P,(7;). Then, the equivalence writes

. 2 . 2
min v—v = E min vV—v 1.2
uhpennm)mHo,N(div,Q)H wll 'vpe’R’ﬂ;,(K)” pllx (1.2)
V-vpp=V-v KeTn

(global continuous constrained — local discontinuous unconstrained equivalence)

It is to be noted that Hy n(div, 2)-conformity (normal trace is continuous over mesh faces and vanishes
on I'y C 99) and divergence constraints are requested on the left-hand side of (1.2), which is a global-best
approximation over the entire (2. In contrast, crucially, the local-best approximation on the right-hand
side of (1.2) is discontinuous and unconstrained. The generic equivalence constant in (1.2) from [22,
Theorem 3.3] depends on the mesh shape-regularity and the space dimension d, but, unfortunately also
(unfavorably) on the polynomial degree p. In the H!(Q) context, similar (algebraic) p-dependence is
obtained in [36] and has been improved to logarithmic in two space dimensions in Canuto et al. [8,
Theorem 4]. The concurrent work [38] establishes the equivalent of (1.2) in the H!()-case with a
p-independent (robust) equivalence constant.



1.4 Main results of this manuscript

The main results of this manuscript is a construction of an operator P,;i[i" as in (1.1) such that: 1) it is
defined over the entire Hy n(div,2) and preserves boundary conditions imposed on the Neumann part
I'x of the boundary of Q; 2) it is defined locally in a neighborhood of each mesh element K € Ty,; 3) it
is based on elementwise L2-orthogonal polynomial projections; 4) it is a projector, i.e., it leaves intact
objects that are already in the Raviart—-Thomas piecewise polynomial subspace of Hy n(div, £2),
PpY(v)=v Vv € RT,(Th) N Hox(div,Q); (1.3)

(projection)

5) it is locally and p-robustly stable in the L?-norm, up to hp data oscillation

v 2 h
1P @ < > {||v||%+(pj1

LE%K

- th(V'U)HL) }7 (1.4)

(L?-stability up to data oscillation)

where %K is an extended element patch consisting of two layers of vertex neighbors of K € Tj; note
that the second term on the above right-hand side (called hp data oscillation) vanishes if V-v € P,(7),
yielding full L?-stability in this case; 6) its approximation property is locally and p-robustly equivalent
to that of the discontinuous unconstrained (elementwise L?-orthogonal) projection:

lv = P (0)][
2
div < : o 2
+(p+1|IV( ' <v>)HK) S > {%g%%w w3
LeTk
he I, (V L (15
il — (Vo)) o 5)

(approximation equivalent to elementwise L?-orthogonal projector)

7) it satisfies the commuting property (1.1) with the L?-orthogonal projection onto piecewise polynomials
II;,. Crucially, the constant hidden in < in inequalities (1.4) and (1.5) above only depends on the local
mesh shape-regularity given by max; # rp with 1, given by (2.1) below and on the space dimension
d, in contrast to all references discussed in Section 1.1. All details are presented in Lemma 3.5 and
Lemma 3.7 below. All proofs are complete in two space dimensions if I'y is empty. In three space
dimensions or when I'y is non-empty, we need the technical Lemma 3.1 on enumeration of extended
element patches. More severely, in three space dimensions, we also need Lemma 3.2 on the existence of
a p-stable decomposition.

The properties of Pf};" immediately lead to two important consequences. Let v € Hjn(div, ().
First, (1.5) immediately implies (1.2) with the hidden constant independent of the polynomial degree p,
crucially improving [22, Theorem 3.3]. The full version of this result, considering v € Hy n(div, Q) with
general non-polynomial divergence, is stated in Lemma 3.3.

Second, we establish

o — ol + 3 (nw th<v-v>|f<)

min
V1p €RT, (Trn)NHo,x (div,Q2)

Y vpp =111y (V-0) KeTh (1.6)
hmln(sK,p+1) 2 h hmirl(tK,p+1) 2 '
5 (M ol )+ (S 190l
”KGT (p+1)°x p+1 (p+1)«

(optimal elementwise hp approximation estimate)

whenever the function v and its divergence v additionally have, separately on each mesh element K € T},
the Sobolev regularity
vl € H**(K) and (Vw)|x € H'*(K) (1.7)

with Sobolev regularity exponents sgi,tx > 0 (down to the minimal regularity sk = tx = 0). The
bound (1.6) holds up to a constant that only depends on the mesh shape-regularity, the space dimension
d, and the regularity exponents sk, tk; details form the content of Lemma 3.4. This improves the results



discussed in Section 1.2 in several directions: no logarithmic factors in p appear; no minimal regularity
such as v € H*(Q2) with s > 0 is imposed; no global regularity over the entire 2 or over patches appears:
(1.7) only requests additional Sobolev regularity separately on each mesh element K € Tj; in particular,
(1.6) improves [22, Theorem 3.6] where the regularity exponents sk had to be constant over the entire
computational domain Q (and where a somewhat less sharper treatment of the divergence has been
applied).

1.5 Crucial tools: polynomial extension operators and p-stable decomposi-
tions

There are two crucial tools used to obtain the above results. First, these are polynomial extension
operators in the H(div,{) context, namely that of Ainsworth and Demkowicz [1] for a normal trace
lifting on a triangle, that of Demkowicz et al. [21] for a normal trace lifting on a tetrahedron (cf. also the
recent work of Falk and Winther [28] for a d-simplex), and finally that of Costabel and McIntosh [16]
for a divergence lifting on a d-simplex. We more precisely employ their broken extensions on patches
of elements, obtained in Ern and Vohralik [26, Theorems 2.3 and 2.5, Corollaries 3.3 and 3.8], following
Braess et al. [7]. We then generalize these results further to larger (extended) patches and no trace
boundary conditions. Second, these are p-robustly stable decompositions, where we will namely use that
of Schéberl et al. [35] in two space dimensions.

1.6 Organization of this manuscript

We set up the notation in Section 2. We then present our main results in full details in Section 3, with
the more involved proofs collected in Sections 4 and 5. We then present three independent results in the
appendices. We first formulate the p-stable decomposition result from [35] in a form suitable for us in
Appendix A. We then generalize the results from [26] to larger (extended) patches and no trace boundary
conditions in Appendix B. We finally, in Appendix C, similarly extend the results of [12, Appendix A]
concerning seemingly overconstrained minimizations on patch subdomains.

This contribution only concerns the H (div,) case. The H'! case is studied in Vohralik [38], whereas
H (curl, Q) case will be addressed in Vohralik [39]. Both these references study locally varying polynomial
degrees. For the sake of readability, we only present here the uniform polynomial degree case; all the
present results extend to the varying polynomial degree case namely as in [39].

2 Setting and notation

We set here the context and notation.

2.1 Domain (2, simplicial mesh 7, and patch subdomains w

Let the computational domain Q C R?, d = 2, 3, be an open, bounded, and connected Lipschitz polygon or
polyhedron. Let T, be a simplicial mesh of €2, i.e., a collection of nontrivial closed triangles or tetrahedra
K covering €, where the intersection of two different simplices is either empty or their common vertex,
edge, or face. The shape-regularity parameters of the element and of the entire mesh 7j, are respectively
given by

KE 1= Z—Ilj, Kp, 1= II{IlEa%L KK, (2.1)
where hy is the diameter of the simplex K and py that of the largest ball contained in K. Uniformly
bounded kj, allows for families of strongly graded meshes with local refinements but not for anisotropic
elements. Let the piecewise constant mesh-size function h be given by hx on each K € 7;,. Below, we
reserve the notation w C RY, possibly with subscripts, for open, bounded, Lipschitz, and polygonal or
polyhedral subdomains of € corresponding to a set of mesh elements from 7j such that @ is contractible
(homotopic to a ball). The diameter of w is denoted by h,,.

2.2  Vertices, edges, faces, and patches of mesh elements

For a simplex K € T}, denote by Vi the set of its vertices, and let V, collect all mesh vertices. Generic
vertices will be denoted by a and b. We will also work with mesh faces F', where, henceforth, “face” means
“(d — 1)-dimensional face”, i.e., a face in three space dimensions and an edge in two space dimensions.



o0

a €V

I'n

boundary patch 7, and subdomain wg
interior patch 7, and subdomain wg a~ no-flow boundary I'y

= 1), = 0 corresponds to dwg = part of dw, where 1 =0

Figure 1: Vertex patch 7, for a vertex a € V}, in the interior of  (left) and on the boundary of 2 (right),
d=2

For a vertex a € Vy, denote by 7, the patch of the elements of 7Tj that share a and w, the corresponding
open subdomain. Illustration in two space dimensions is provided in Figure 1. We will also need the
extended vertex patch 7, and the corresponding subdomain wg; this includes 75 and elements of all
vertex patches Tp of vertices b from Tg, see Figure 2 (left). Equivalently, T, is formed by those elements
L from the mesh 7} that share at least a vertex with an element K € 7,. Similarly, for a simplex K € Ty,
let Tx be the extended element patch given by the union of 7, over all vertices a of the simplex K; this
comprises K and all elements L sharing a vertex with K or with its vertex neighbor. The corresponding
subdomain is denoted by wg; an illustration is provided in Figure 2 (right). There is a variety of scenarios
that might occur; for instance, for a vertex/element in the interior of €2, the (extended) vertex/element
patch may touch the boundary 9§2/be “cropped” by the boundary 9. All these cases are covered in our
construction, though some with some additional assumptions, see Lemma 3.1. In the sequel, we will need
to collect the vertices from respectively T, and Tg in the sets V, and Vg . Diameters of respectively wg,
Wa, and wg are denoted by h,, hg,, and hg, .

2.3 Hat functions and the partition of unity

Let @ € V), be an arbitrary mesh vertex. Then the continuous, piecewise first-order polynomial (affine)
“hat” function 1 takes value 1 at the vertex a and zero at all the other vertices. We note that wg
corresponds to the support of ¥®, and that these functions form the partition of unity in that

> =1 (2.2)

a€cVy

2.4 Boundary subsets I'p and I'y

Let I'p and I'y be two disjoint, relatively open, and possibly empty subsets of the computational domain
boundary 02 such that 92 = I'p UT'n. We also require that I'p and I'v have polygonal Lipschitz
boundaries and we assume that each boundary face of the mesh T}, lies entirely either in I'p or in I'y.

2.5 The spaces H(div) on the entire computational domain and on its sub-
domains

Let w C Q be as in Section 2.1. We let L?(w) be the space of scalar-valued square-integrable functions
defined on w. We denote by (v,w), = [ v(@)w(x)dzx the L*(w) scalar product and by [|-[|, the

corresponding norm; we drop the index when w = Q. We also use the notation L?(w) := [L?(w)]?
for vector-valued functions with each component in L?(w). This is equipped with the scalar product
(v,v)y == [, v(x)w(z)de and the corresponding norm. We again drop the index when w = Q. The

central space for this study is H (div,w), the space of vector-valued L?(w) functions with weak divergences
in L?(w), H(div,w) := {v € L?(w); Vv € L*(w)}, see Girault and Raviart [31], Ern and Guermond [25],



boundary extended patch 7N'K and subdomain wg

interior extended patch 7T and subdomain Wg s  no-flow boundary I'y

Figure 2: Extended vertex patch 7o, for a vertex a € V), sufficiently in the interior of Q (generated by the
vertex patches Ty of all vertices b from T,, marked by a square or a circle) (left) and extended element
patch Tx for an element K € T;, on the boundary of € (generated by the vertex patches Ty of all vertices
b marked by a square or a circle) (right), d = 2

or Demkowicz [18]. We will employ the notation (-,-)s for the integral product on boundary (sub)sets
S C Ow or on mesh faces F', as well as for duality pairing when S = Jw.

Let n,, be the unit normal vector on dw, outward to w. If Ow does not contain any face from I'y,
cf. Figure 2 (left), let Hon(div,w) := H(div,w). In general, cf. Figure 2 (right) for an example of dw
containing faces from Iy, we let Hy n(div,w) be the subspace of H(div,w) formed by functions with

vanishing normal trace on the faces in dw NIy,
Hj n(div,w) := {v € H(div,w); v-n, =0 on (0wNIx)°}, (2.3)
which is understood by duality,
vn, =0o0n (OwNTy)° <= (v,Vy), + (V-v,0), =0 Vo € H&,Bw\FN (w). (2.4)

Here Hj pw\ry (@) stands for all functions ¢ from the first-order Sobolev space H !(w) which vanish on
the interior of dw \ I'y in the sense of traces.

Finally, for a vertex patch subdomain wg, cf. Figure 1, we will employ the specific notation Hy N, ye (we)
for the subspace of H(div,wg) with zero normal trace on those faces in Ow, where the hat function
vanishes (all dw, for interior vertices) and which lie in the Neumann boundary Ty,

Hy N pa(we) :={v € H(div,wq); v-1,, =0 on dwg N {Yp* =0} and (Owe NT'n)°}- (2.5)

In Figure 1, this respectively corresponds to the double line (for interior patches 7g, left) or to the double
and zigzag lines (for boundary patches Tg, right). Similarly, for an arbitrary patch subdomain w and a
vertex a € w, Hy N ya(we Nw) stands for the subspace of H (div, we Nw) with zero normal trace on those
faces in O(wq Nw) where the hat function ¢® vanishes or which lie in the Neumann boundary Iy,

Hj N pa(we Nw) :={v € H(div,wa Nw); v-Nynw =0

on O(wg Nw) N{y* =0} and (O(weg Nw) NTN)°}. (2:6)

This is as above in (2.5) with the exception of vertices a on the boundary of w: the normal trace of the
functions from Hy n e (we Nw) does not have to vanish on d(we Nw) unless this is a part of 'y, see we,
highlighted by green north-western lines in Figure 3.

2.6 Piecewise polynomial spaces

Let p > 0 be a fixed polynomial degree. For a single simplex K € 73, we denote by P,(K) the space
of scalar-valued polynomials on K of total degree at most p. The notation [P,(K)]¢ then stands for the
space of vector-valued polynomials on K with each component in P, (K). The Raviart—Thomas [6, 19, 34]
space of degree p on K is given by

RT,(K) := [Pp(K) + Pp(K)x = [Py(K))! & Py(K)a, (2.7)



where 751,(K ) stands for homogeneous polynomials of degree p on K.
We will below extensively use the broken, piecewise polynomial spaces formed from the above element
spaces

Pp(Th) := {vp € L*(Q); vpp|x € Pp(K) VK € Tp},
RT,(Th) == {vp € L*(Q); vp|x € RT,(K) VK € Tp}.

To form the usual finite element conforming or normal-trace-continuous spaces, we will write RT,(75) N
H (div, Q) and similarly for the subspaces reflecting the different boundary conditions. The same notation
will also be used on the patches Tq, Ta, and Tk.

2.7 L*-orthogonal projector onto piecewise polynomials and the elementwise
canonical Raviart—Thomas projector

Let IIj, denote the elementwise L?((2)-orthogonal projector onto P,(Ty): for v € L%(Q), I, (v) € Pp(Th)
is, locally on each element K € 7T}, given by

(pp(v), vp) k= (v, 0p) K Vo, € Pp(K). (2.8)

Next, we will use the elementwise canonical p-degree Raviart-Thomas projector IZ?Z- : for v €

Hxer, [CH(K)], a function of the C* regularity in each component, separately on each mesh element
K e Ty, IZ-‘:';-(’U) € RT,(T:) is following [6, 19, 34], locally on each element K € Tj, given by

<I,Z?’Z(v)-n;(, TP>F = (vng,rp)F Vrp € Pp(F), for all faces F of K, (2.9a)
(IZ,sz(v), TP)K = (v,mp)K Vry € [prl(K)}da (2.9b)

where ng is the unit outer normal vector of the element K. This projector, crucially, satisfies the
commuting property, locally on each K € Ty,

VAIRT (v) =,y (Vv) Yo € [CH(K))% (2.10)

We will only apply I ZZZ— to piecewise (discontinuous) polynomials which have the requested elementwise
[C(K)]? regularity; recall from [6, 19] that one cannot use I;fg' directly on Hy n(div, ).

2.8 Notation <

We will use the notation a < b when there holds a < Cb for a positive constant C and a ~ b when a <b
and b < a hold simultaneously. All dependencies of the hidden constant C' will systematically be given.
In any case, all constants in this manuscript are independent of the mesh size h and of the polynomial
degree p.

3 Main results

We present here our main results.
We will need the following technical assumption on enumeration of extended element patches if d = 3
or if d =2 and I'y is non-empty:

Assumption 3.1 (Enumeration of extended vertex and element patches). Let a € V}, or K € Tp.
Consider the extended vertex patch 7~; or the extended element patch 7~'K as per Section 2.2, denoted by
Tw, with the associated open subdomain w. If d = 3 and dw does not contain any face from OS2, suppose
that T, can be enumerated as per Lemma B.1. If d = 3 and if Ow contains at least one face from OS2, or
if d = 2 with T'n non-empty and if Ow contains at least one face from T'n, suppose that T, can be mapped
by d symmetries as in [11] for boundary patches into a patch that can be enumerated as per Lemma B.1.

In our construction, we crucially rely on a p-robustly stable H (div) patch decomposition of Lemma A.1
below, which we show for d = 2 is a simple consequence of [35]. We do not know whether this result still
holds for d = 3, which leads us to the following assumption; stable H (div) decomposition for d = 3 with
the constant in (A.5) below depending on the polynomial degree p is shown in [12, Appendix BJ.

Assumption 3.2 (A p-stable RT, N H (div) decomposition on three-dimensional patches). Suppose that
Lemma A.1 also holds for d = 3.



3.1 p-robust equivalence of global continuous constrained and local discon-
tinuous unconstrained approximation in Hjn(div, ()

The following result improves importantly [22, Theorem 3.3], removing the possible dependence of the
equivalence constant on the polynomial degree p.

Theorem 3.3 (p-robust equivalence of local-best and global-best approximations in Hy n(div,)). Let
v € Hyn(div,Q), a simplicial mesh Ty, of Q, and a polynomial degree p > 0 be given. Let Assumptions 3.1
and 3.2 hold. Then

2
. 2
min —v + Vo —1,(Vv
’l)hpGRﬁ(’Th)ﬂH&N(diV,Q)” ol Kz;- ( ” i )HK)

Vv =11 (V-v) €

h 2

. 2 K

~ — —1I

) {%G%%(K)Ilv vp||K+< HVv (V- v)IIK> }

KeTy,
(p-robust global continuous constrained — local discontinuous unconstrained equivalence)

(3.1)

where the hidden constant only depends on the mesh shape-reqularity parameter ky, given by (2.1) and the
space dimension d.

Proof. Please first note that the second terms are identical on both sides of (3.1); also recall from [22,
Remark 3.4] that they have to be included for the equivalence to hold. Then, since the minimization set
on the right-hand side of (3.1) is (seemingly much) bigger than that on the left-hand side, the inequality
2 (actually >) follows. For the < inequality, we bound the minimum by employing the projector P,‘lgv(v)
from Lemma 3.5 below. The commuting property (3.17) and elementwise use of (3.20) from Lemma 3.7
below together with a finite overlap argument following from the mesh shape regularity yield the claim:

2
. 2
min v—v + Vo —1I,(Vv
01y €RT; (Th )N Ho x (div,2) I mll KZ; ( ” o )”K)
Vv =Ipp (V-v) €
(3.16)
(3.17)

KeTy,
2
th<vv>||L) }}
LeTk

2
) 1v 2 iv
& 5 - ol (R Iee- o) |
(3.20) h
< . . 2 L
S K};{ > {%er%%@)nv wl + (1
s 3 min H’u—'u |12 hK IV~ Ty (V)| :
~ pGRT P K hp K N
KeTy

O

3.2 Optimal local hp approximation estimates under minimal elementwise
Sobolev regularity in H y(div,?)

For any element K € Ty, let H*%(K), sx > 0, denote the space of vector-valued fields in L?(K) with
each component in H*%(K). We now focus on functions with additional regularity H®¥ (K) requested
locally on each mesh element. Moreover, we consider the divergence separately: piecewise polynomial
(for simplicity of exposition) first, and then of H!% (K) regularity, tx > 0. Here, the Sobolev regularity
exponents sk and tx can be different for different mesh elements K € 7T, and also arbitrarily close,
and possibly equal to, 0. The following theorem is a fully h- and p- (mesh-size- and polynomial-degree-)
optimal approximation estimate. It improves [22, Theorem 3.6] where the Sobolev regularity exponent
sk can also be arbitrarily close (and possibly equal to) 0 but where it is constant, s = sk for all
mesh elements K € 7; and where less attention has been paid to the divergence. Lemma 3.4 can be
directly used in a priori error analysis of numerical methods for partial differential equations related to
the H (div, ) space; some examples for (least-squares) mixed finite element methods are given in [22,
Section 6]. Locally varying polynomial degree can be addressed as in [38, Theorem 3.4] and [39].



Theorem 3.4 (hp-optimal approximation estimate in Hy n(div, 2) under minimal elementwise Sobolev
regularity). Let v € Hyn(div,2), a simplicial mesh Ty, of Q, and a polynomial degree p > 0 be given.
Let Assumptions 3.1 and 3.2 hold. For each mesh element K € Ty, let

vl € H* (K) (3.2)

for a Sobolev regularity exponent s > 0. We consider two cases.
Case (i) (piecewise polynomial divergence). Let V-v € [P,(Tx)]3. Then

htnin(s;(,p+1) 2
i 2 < oK
min v—v V|| g . 3.3
e oIS 2 (M el ) (33
V-vp,=V-v S

(simplified optimal elementwise hp approzimation estimate)

Case (ii) (general case). Let, for each mesh element K € Tp,
(Vv)|x € H' (K) (3.4)

for a Sobolev regularity exponent tx > 0. Then

h 2
. 2 K

min v—v + —|Vv - 11, (Vv
R SN LB S ( || o >||K)

p+1
V- vpp =1l (V-0) KeTn (3.5)
hmin(sK,erl) 2 hy hmin(tK,p+1) 2 '
< e S Py + ( K Vvl g > )

(optimal elementwise hp approzimation estimate)

The constants hidden in < only depend on the mesh shape-regularity parameter kj, given by (2.1), the
space dimension d, the reqularity exponents sk, and, for (3.5), the regularity exponents ty .

Proof. The key is to use the localization bound (3.1), where in particular the global Hy n(div,)-
conforming (normal-trace continuous) and divergence-constrained approximation is bounded by a local,
normal-trace discontinuous, and unconstrained approximation. Then, we just observe from (2.7) that
[Py(K)]?* C RT,(K). Thus, for each mesh element K € Ty, well-known hp-approximation bounds, see
e.g. [4, Lemma 4.1], imply that

hmin(sK ,p+1)

i - <K s 3.6
DPGI’TIQI.%(K)H’U ’UPHK ~ (p+ ]_)SK HUHH K(K)> ( a)
hK hK hmin(tK,erl)
LI~ (V0 S 25 e 90l (3.60)

with the hidden constants only depending on kg, d, sk, and tx. Thus (3.5) follows. As for (3.3), it is a
simplification of (3.5) where the divergence terms vanish as V-v—II;,(V-v) = 0 when V-v € [P,(7,)]3. O

3.3 A p-stable local commuting projector in Hjx(div, (2)

We finally define our p-stable local commuting projector in Hy n(div, ) and state its properties.

3.3.1 Definition of the projector

Our construction extends and builds on [22, Definition 3.1] for equilibration and on [12, Appendix A]
for imposing of an additional orthogonality constraint that enables to employ the p-stable decomposition
of [35] in a correction stage. Prior to stating it, let us recall the basic steps from [22] and highlight the
differences.

The construction in [22, Definition 3.1] proceeds in three steps: 1) elementwise L2-orthogonal projec-
tion (local-best approximation)(with a divergence constraint); 2) patchwise equilibration; this crucially
employs the hat functions ¢® from (2.2) and the canonical projector IZ?Z- from (2.9) (which in turn
prevents proving a p-robust local-best and global-best equivalence as in Lemma 3.3); and 3) gluing of the
patchwise contributions. The present construction is slightly more involved but leads to better approxi-
mation properties, namely yielding the p-robust local-best and global-best equivalence of Lemma 3.3 and



p-robust approximation property (3.20) below. It proceeds in four stages: 1) elementwise L2-orthogonal
projection (local-best approximation)(without the divergence constraint); 2) patchwise equilibration and
gluing of the patchwise contributions, like above in steps 2) and 3), but with an additional orthogonality
constraint; this stage still employs the hat functions ¥ from (2.2) as well as the canonical projector I Z‘Z-
from (2.9); its main purpose is to cut off the divergence and to impose an elementwise L?-orthogonality
with respect to constant vectors; 3) patchwise equilibration of the remainder (with an additional or-
thogonality constraint) followed by a p-stable decomposition of Appendix A and gluing of the patchwise
contributions into a correction; here, crucially, no hat functions ¥® from (2.2) and no projector such as
IZ?IT from (2.9) are used; and 4) combination of the previous steps.
Recall the notation from Section 2. The definition reads:

Definition 3.5 (A p-stable local commuting projector in Hy n(div,2)). Let a function v € Hy n(div, ),
a simplicial mesh Tp, of Q, and a polynomial degree p > 0 be given.
1. On each mesh element K € Ty, consider the L?(K)-orthogonal projection of v onto RT,(K) (without

any normal trace prescription nor any constraint on the divergence)

Thp| Kk 1= arg vpérf)r{l%(}()”t} — vk (3.7

(elementwise projection Try)
This gives the broken Raviart—Thomas piecewise polynomial
Thp € RTp(Th).- (3.8)

2. Starting from Tuy:

(a) On each vertex patch T, a € V4, see Figure 1, define the Raviart—-Thomas piecewise polynomial
oy € RT,(Ta) N Ho N pa(wa) via

oY = arg

’ |7 o)~ vy, (3.99)

min
v €RT,(Ta)NHy N, pa (Wa)
Vvp=Ip, (Y*V-v+Vp*-v)
() k=77 (W*Tnp),mn) K Vrn€[Po(K)4 VKET,  if p>1

(patchwise “no flux” equilibration, with an additionalorthogonality constraint if p > 1)

recall from (2.5) that Ho N ypa(wq) is the subspace of H(div,wq) with zero normal trace on those
faces in Ow, where the hat function ¥® vanishes or which lie in the Neumann boundary Tn. See
Figure 3 (left) for illustration.

(b) Estending o by zero outside of the patch subdomain wa, define

Ohp 1= Z o, (3.9b)

(gluing patchwise contributions)

This gives the intermediate Raviart-Thomas piecewise polynomial

Ohp € Rn('ﬁl) N I‘.l'o’]\](div7 Q) with V'O‘hp = th(V-v) (310)

(standard (“overconstrained” if p > 1) equilibration oy, (with divergence and projection properties))
and the broken Raviart-Thomas piecewise polynomial

Thp — Ohp € RTp(Th) (3.11a)
(Thp — Ohp, Th)K =0 Vry, € [Po(K)]d, VK €T, ifp>1. (3.11b)

(remainder Try, — Opp, with vanishing lowest-order moments if p > 1)

3. If p=0, set {pp := 0. Otherwise, if p > 1, starting from Thy, — Opp:
(a) On each extended vertex patch ’7;, a € Vy, see Figure 2 (left), define the Raviart—Thomas piecewise

polynomial ¢y € RT,(Ta) N Hon(div,ws) via

Cp = arg _min 1Thp — Ohp — Vpll5,; (3.12a)
vp €RT,(Ta)NHo N (div,Dq)
V-v,=0

(VpsTh) K =(Thp—Fhp,Th) k=0 Vryp€[Po(K)]4, VKT,

10



by € Ve

¢y supported on Wq but ¢fng, # 0 on Jw,

stable decomposition ¢ = Z C;,I'b
beV,

component (** supported on wq (red horizontal lines)

Cg‘“»nwu =0 on Jwg

component (;,"b’ supported on wp, (blue north east lines)

o supported on w, . ~ .
L. P 8“ component (g"’z supported on wp, N wWe (green north west lines)

= o, n,, =0on dw
p Mwa a

Figure 3: The standard non-p-robust equilibration component o from (3.9a) (left) and the p-robust
correction ¢ from (3.12a) together with its p-stable decomposition (3.12b); only the “interior” component
¢y is used (right); d = 2, interior of the domain

(patchwise “overconstrained” divergence-free remainder equilibration)

recall from (2.3) that Hon(div,Wq) is the subspace of H(div,Wqa) with zero normal trace on those
boundary faces in 0wg which lie in T'x. See Figure 3 (right) for illustration.

(b) On each extended vertex patch 7~;, a € Vy,, employ to ¢ the p-stable decomposition of Lemma A.1
or Lemma 3.2 (with T, = Te and V,, = ~a),
¢y = Z ¢ with in particular ¢&* € RT,(Ta) N Ho N ya(wa), V-¢3* = 0. (3.12b)
bV,
(patchwise p-stable equilibrated remainder decomposition)

See Figure 3 (right) for illustration.
(c) Extending the “interior” component ¢ @ by zero outside of the patch subdomain wq, define

Cp = Y C®. (3.12¢)

acVy
(gluing patchwise correction contributions)

This gives the intermediate Raviart—Thomas piecewise polynomial

Chp € RT,(Th) N Hon(div, Q) with V-Cp = 0. (3.13)

(p-robust correction Cpy by treatment of the remainder Try, — oy without Y and I,;RZ'

4. Define
P (v) := oy + Cip- (3.14)
(combining the previous steps)
This gives the final Raviart-Thomas piecewise polynomial
P (v) € RT,(Th) N Hox(div, Q) with V-Ph¥ (v) = I, (Vv). (3.15)
Crucially, this definition is correct:
Lemma 3.6 (Well-posedness of P¥). The operator
Py« Hon(div, Q) — RT,(Tr) N Hon(div, Q) (3.16)
(defined over the entire Hy n(div,(2))
from Definition 3.5 is linear and well defined.

We will prove Lemma 3.6 in Section 4 below, along with stating the properties of the various objects
from Lemma 3.5.

11



3.3.2 Design principles

Let us discuss in detail the design principles of Lemma 3.5.

1.

The construction of 73, in Step 1 sets our local-best discontinuous unconstrained projection “tar-
get”. There holds 7, € RT,(T;) but in general 7, ¢ Ho n(div, Q). In the rest of Lemma 3.5, we
search to stay in RT,(7}), as close as possible to Tp,, and keeping its approximation power, but
recovering Hy n(div, ©2)-conformity.

. The construction of o, in Step 2 is similar to [22, Definition 3.1, steps 2-3], with the incorporation

of the additional orthogonality constraint from [12, Appendix A] if p > 1. It is not p-robust since
the cut-off by the hat functions ¥® from (2.2) increases the polynomial degree by one and is brought
back down to p by the canonical elementwise projector IZZIT from (2.9). The purpose here is to
capture the correct divergence as per (3.10) and to obtain the “remainder” T3, — op, with vanishing
lowest-order moments as per (3.11b) if p > 1. This actually already constructs oy, such that if
v € RT,(Tn) N Hy n(div, Q), then 75, = o, = v and the remainder vanishes (projection property).

. The construction of ¢y, in Step 3, only nontrivial if p > 1, is the salient feature for p-robustness.

Neither the hat functions ¥® nor the elementwise projector IZ?Z- are present. At the first stage
in (3.12a), we employ an equilibration similar to (3.9a) which however 1) does not employ the hat
functions 1® from (2.2) or the canonical elementwise projector I;}Z— from (2.9); 2) is divergence-
free; and 3) does not impose zero normal trace on 9w, (except for (0w, N T'n)°). At the second
stage (3.12b), a p-stable decomposition is applied (note that this cannot be applied directly to
the remainder 73, — opp which “broken”, i.e., lies in ’Rﬂ;(ﬁ) but not in Hy n(div,@s)). At this
stage, the additional orthogonality constraint in (3.12a) (note that (7hp, — opp, 7n)x = 0 follows
from (3.11b)) plays a crucial role since it enables to employ the p-stable decomposition of [35].
Note that we merely access the integral volumetric (lowest-order) moments (vp,7s)x which are
available under the the H(div, K) regularity, in contrast to the (lowest-order) normal trace face
moments such as (v, n, 1) (any use of trace face moments also typically spoils p-robustness). Note
that in (3.12¢), we merely employ the “interior” or “middle” components which do have zero normal
trace on Owg (for interior vertices) or on dwq N {1* = 0} and (Owe NT'x)° (for boundary vertices)
as per the definition of Hy N,y (wa) in (2.5), see Figure 3 for illustration.

In Step 4, Pflj"('v) is defined as o, corrected by Cpp.

. The construction relies on local energy minimization problems (3.7), (3.9a), (3.12a) and the p-stable

decomposition (3.12b).

. In comparison to [38, Definition 3.5], the orthogonality constraints with respect to vector-valued

piecewise constants are imposed directly in the local minimization problems (3.9a) and (3.12a) and
not in a correction stage after local minimization. This seems compulsory to satisfy the (divergence)
constraint, not present in [38].

3.3.3 Properties of the projector

The following theorem summarizes the properties of the projector from Lemma 3.5, improving the results
in [20, 17, 14, 5, 27, 23, 24, 32, 33, 2, 30, 22, 29].

Theorem 3.7 (Commutativity, projection, approximation, and stability of P,Ej;"). Let a simplicial mesh

T of Q and a polynomial degree p > 0 be given. Let Assumptions 3.1 and 3.2 hold. The operator P;‘fpiv :
Hj n(div, Q) = RT,(Tr) N Hon(div, Q) from Definition 3.5 satisfies

VP (v) = T, (Vov) Vv € Hyx(div, ), (3.17)
(commutativity)

P (v) =v Vv € RT,(Tn) N Hy x(div, Q). (3.18)
(projection)

12



Moreover, for any function v € Hox(div, Q) and any mesh element K € Ty, there holds
iv 2
v - P}fp (v)HK

h . 2 )
(e mroil) s S {, o nl 10
LE%K i ?

hr 2
+ <p+ {IIVo - th(V-v)IIL) } (3.20)

(approzimation equivalent to elementwise L?-orthogonal projector)

1P )5 < > {v||%+< iz ||v-v—nhp(vv>||L> } (3.21)

p p+1
LeTk
(L?-stability up to data oscillation)
1P @Il + IV @)l £ 3 (ol +raIv-eli}, (3.22)
LETxk

(H (div)-stability)

where, recall from Section 2.2, Tx collects the elements L of Ty, sharing a vertexr with K or with its vertex
neighbor and hq denotes the diameter of Q. The constant hidden in < only depends on the local mesh
shape-regularity given by max; 7 k1 with kK1 gwen by (2.1) and the space dimension d.

4 Properties of the intermediate objects from Lemma 3.5 and
proof of Lemma 3.6

We justify here all steps of Lemma 3.5 and summarize the properties of the intermediate objects 7y,
Ohp, and Cpp therefrom. Collecting the results from this section in particular proves Lemma 3.6.

4.1 Step 1 (construction and properties of the discontinuous projection 7,)

We start with:

Lemma 4.1 (Definition (3.7) and property (3.8)). For each mesh element K € Ty, problem (3.7) for
Tipl K is well posed. Moreover, (3.8) holds.

Proof. Existence and uniqueness of (3.7) are standard. Note that (3.7) is equivalently stated by the
Euler-Lagrange conditions: find |k € RT,(K) such that

(Thp — v, 0p)k =0 Y, € RT,(K). (4.1)

As for (3.8), it follows by definition. O

4.2 Step 2 (construction and properties of the standard (“overconstrained”
if p > 1) equilibration oy,)

Let us next address:

Lemma 4.2 (Definition (3.9) and properties (3.10) and (3.11)). For each mesh vertex a € Vy,, prob-
lem (3.9a) for oy is well posed. Moreover, defining o, by (3.9b), (3.10) and (3.11) hold.

Proof. Problem (3.9a) is in a conventional form from, e.g., [6, 19] for p = 0; then, existence and uniqueness
of of follow when the Neumann compatibility condition holds. Taking into account definition (2.5) of
Hj N pa(wq), this is satisfied as (I, (Vv + Vi)®-v),1),, = (V-(¥*v),1),, = (¥*v)n,1)a,, =0
when a ¢ I'p, i.e., for interior vertices a and for boundary vertices a such that all faces sharing a lie in
I'y.

When p > 1, however, (3.9a) features an additional orthogonality constraint. For d = 3 (the d = 2 case
is easier) it, though, exactly fits the framework of [12, Appendix A] with ¢’ = ¢ = p, ¢* = Y*V-v+Vy*-v,
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and 7 = IR (¢*7y,). Let us check [12, Assumption A.1]. Observe that g € L*(wa), 7 € RT,(Ta),
and (9%, 1)u, = (V-(¥*),1)s, = (¥*v)n,1)s,, = 0 as above when a & I'p. Moreover, let H} (wq) be
the subspace of H'(wq) with mean value zero (when a ¢ I'p) or the subspace of H'(w,) with trace zero
on Owg NTp (when a € Tp). Let g, € P1(Ta) N HE(wg). Then

(T8, Vah)wa + (9% 0)wa = IT9 @%T),  Van e + (V-0%0), 41w,
\KG[POM;VKGE
(2.9b)
Glgen (waTh;m VQh)wa - (Tﬁa’U: th)wa

= Z (Thp -, WIV% )K
KeTa | €[P1(K)]?

@,

We have in particular used the assumption p > 1, (2.7), (2.9b) with 7, = (Vq)|x € [Po(K)]¢, and (4.1)
with v, = (¥*Vau)|x € [P1(K)]? C RT,(K). Existence and uniqueness of og thus follow from [12,
Theorem A.2].

For (3.10), on, € RT,(Th) N Hon(div,2) follows by (3.9b) and the definitions in Section 2.5. As
for the divergence constraint, as in [7, 22], definition (3.9b), the linearity of the weak divergence, the
divergence constraints in (3.9a), the linearity of the elementwise L?(§2)-orthogonal projector (2.8), and
the partition of unity (2.2) give

3.9b 3.9a
Veou, 20 Y veop C2) 3 W, 60V + Vi)

acVy acVy

@8 th< Y @Vt vw‘“’)) 11, (V).

acVy
Finally, property (3.11a) is immediate from (3.8) and (3.10). As for (3.11b), let K € T;, and 7}, €
[Po(K)]¢ be fixed. From the orthogonality constraint in (3.9a) imposed if p > 1, we have, for any vertex
a € Vi of the simplex K,

(0’; — I;Z?’g—(@/)aThp),Th)K = 0.

Thus, summing over all a € Vg and using the linearity of the canonical projector I,Z?Z- from (2.9), the
partition of unity (2.2), the fact that I}Z?'Z-(Thp) = Tpp, and definition (3.9b), we have

0= (of — I (V7). vn) K = (Ohp — Thp: Th) K
a€Vg

which is the claim (3.11b). O

4.3 Step 3 (construction and properties of the p-robust correction (,)

We continue with:
Lemma 4.3 (Definition (3.12a)). For each mesh vertex a € Vy,, problem (3.12a) for {2 is well posed.

Proof. Problem (3.12a) is again not in a conventional form from, e.g., [6, 19], because of the additional
orthogonality constraint. The situation is, though, much easier than for (3.9a) in the proof of Lemma 4.2.
Indeed, the minimization (3.12a) is convex and the minimization set not empty, since the zero vector is
trivially contained; this comes from the data already satisfying (74, — opp, 1) = 0 for all rj, € [Py (K)]?
and for all K € T,. O

Lemma 4.4 (Decomposition (3.12b)). For each mesh vertexr a € Vy,, the decomposition (3.12b) is well
defined.

Proof. By definition from (3.12a), {7 lies in ’R,7;)(7~;) N Hy n(div, @), is divergence-free, and satisfies
(Cp,rn)x = 0 for all 7, € [Po(K)])% and for all K € T,. Thus assumption (A.1) below is satisfied
with 7;, = Tq and w = Ta. Then (3.12b) follows immediately from (A.2) (with V, = Va) and (A.4) in
Lemma A.1 or Lemma 3.2. Note that we only employ the “interior” component ¢£¢; this is from (A.3)

supported on the vertex patch subdomain wq N @, which is simply w, (no patch truncation happens for
the “interior” component, see Figure 3 (right)). O
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Lemma 4.5 (Property (3.13)). Property (3.13) holds true.

Proof. The inclusion ¢, € RT,(Tr) N Hyn(div, Q) follows immediately by (3.12c) and the definitions
in Section 2.5. Note that it is crucial that the components ¢3-* have from (3.12b) zero normal trace on

those faces in Owg where the hat function ¢ vanishes or which lie in the Neumann boundary I'y. The
divergence-free property is evident since all the contributions are divergence-free. O

4.4 Step 4 (combining the previous steps)
We finish by:
Lemma 4.6 (Property (3.15)). Property (3.15) holds true.

Proof. This is an immediate consequence of the definition (3.14) and the property (3.10) together
with (3.13) if p > 1. O

5 Proof of Lemma 3.7

Let the assumptions of Lemma 3.7 be satisfied. We prove the claims separately.

5.1 Commuting and projection

Lemma 5.1 (Commuting property (3.17)). The commuting property (3.17) holds true.

Proof. This has been already established in Lemma 4.6. O
Lemma 5.2 (Projection property (3.18)). The projection property (3.18) holds true.

Proof. Let v € RT,(Tn) N Hyn(div, Q). Then clearly 7, from (3.7) satisfies 15, = v. Next, from (3.9a),
we see that o = IT<T (%7y,). Indeed, IRT (@7y,) € RT,(Ta) N HoNpe(wa) by (2.9a); it is crucial
that 73, = v is normal-trace continuous here. Moreover,

(2.10)

IRT (1)

by the commuting property (2.10). Consequently, (3.9b) and the linearity of I Zz;’- as well as its projection
property give

7= 3 o = 3 I womy) =TT (3 vy ) = I () =

acVy acVy acVy

th(v (waThp)) = th(l/J“Vv + Vy*v)

Thus, also o, = v. Finally, as Step 3 of Lemma 3.5 only builds on 7, —opyp if p > 1, all ¢, (7%, and Cpp
are zero, whereas (pp, = 0 by definition if p = 0. Then, from (3.14), P,f;’(v) =0 +Cyp=0p=v. O

5.2 Approximation
Lemma 5.3 (Approximation property (3.20)). The approximation property (3.20) holds true.

Proof. The case p = 0 is treated as in [22, proof of the approximation property (3.6)]; a p-dependent
constant is harmful in this lowest-order case. We thus henceforth only consider the case p > 1. In view
of (3.17), the second terms in (3.20) are identical. We thus only have to estimate ||v — P;};" Let
K € T be fixed and recall the notation from Sections 2.2 and 2.5. We proceed in several steps.

(i) Like in (3.12a), but on the extended element patch Tk in place of the extended vertex patch Tg,
see Section 2.2 and Figure 2, define

V)| -

K .__ :
¢, = arg _ min IThp — Thp — Vpllag - (5.1)
’UPE'Rﬂ'p(TK)ﬁHo,N(diV,L:'K)
V-v,=0
(Vp,"h) K =(Thp—ChpsTn) k=0 Vri €[Po(K)]Y, VK ETK

This problem is trivially well posed as in Lemma 4.3. Now, as in (3.12b), decompose using Lemma A.1
or Lemma 3.2

¢ = Z ¢K with ¢fP € RT,(To N Tie) N Ho o (wp N&x), V-CXP = 0. (5.2)
bEi}K
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Note that the assumptions (A.1) are satisfied for the choice T, = Tk and V,, = Vg. Now, crucially,
as in (3.12b), the contributions for the vertices a of the element K, a € Vi, actually lie in RT,(7a) N
Hj N pa(wq) (as Tq are included in ’7}(, Te N Tx = To and no patch truncation happens).

(ii) For each vertex a € Vi, let us also consider ¢J* from (5.1) restricted to the extended vertex patch
@q (Wq are included in Gk by definition). We again decompose ¢/*|5, using Lemma A.1 or Lemma 3.2

CKloe = Y ¢O*P with ¢f9*P € RT,(To N Ta) N Hox o (wb N@a), V¢ = 0. (5.3)
bV,
Assumptions (A.1) are here satisfied for the choice T, = T and V,, = V,. Crucially, from (A.3), as ¢x

and le( |z, are identical on the extended vertex patches Wq, the d 4+ 1 contributions le{ @ from (5.2) for
the vertices a of the element K respectively coincide with the d 4+ 1 contributions Cf @@ from (5.3),

¢Ka=¢ltaa  vgeyy. (5.4)

Indeed, by (A.3), these contributions have the vertex patches T, as support and the extended vertex
patches T, as dependency regions and, once again, le( and sz( |z, coincide on Wq. The dependency regions
being the extended vertex patches T, are actually the reason for the remainder equilibration (3.12a) and

the decomposition (3.12b) to be performed on the extended vertex patches 7, ; merely the vertex patches
7o would not be sufficient. From (5.2)—(5.4), we conclude

(5.2) a (5:4) a.a
e =" > glon =" Y o (5.5)

acVk acVk

(iii) Recall the definition of 7, from (3.7). We estimate by the triangle inequality and employing the
definitions (3.14) and (3.12¢) together with the equality (5.5),

v = P ()|, < v =Tl + 17 — onp — Cipll

(3.120¢)
5.r
e N P L DY (45’“’“45’%\ (5.6)
acVk K
< _ _ _ K K,a,a _ ra,a
< o =Tl + 7wy — omp — ¢l + > lI¢S G Ml -
acVgk

From (3.7), the first term above already has the target form. For the last term, we crucially use the
linearity of the decomposition (A.3) and its p-robust stability (A.5). This gives, for a vertex a € Vg,
recalling (5.3) and (3.12b),

X (A5
16" = G llwa = 16 — ¢ llaa
<

17 — &y — ¢l + 170y — T — €2l (5.7)

IN

1Ty — Ohp — € law + 170 — 1p — ¢l »

where we have followed by adding and subtracting T3, — o}y, using the triangle inequality, and extending
the integration region. We are thus left estimating |74, — o — ¢z, for ¢ from (5.1) and |75, —
o — Collz, for ¢ from (3.12a). These take the same form, so that we only show the details for the
former.

(iv) Let us thus consider (5.1). Such problems (recall that 75, from (3.7) merely belongs to RT,(75)
but not to Hy n(div,2)) have recently been analyzed and p-robust stability has been shown in Braess et
al. [7] (for d = 2) and in [26] (for d = 3) on: 1) vertex patch subdomains wg; 2) with no-flux conditions on
Owg; and 3) without the additional orthogonality constraint. The additional orthogonality constraint has
recently been analyzed in [12, Appendix A]. We extend these results to the present setting in Appendices B
and C and employ them now here. B

(v) Let us first treat the additional orthogonality constraint. Taking 7., = Tk, rpp = 0, and T, =
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Thp — Ohp, We see that (C.6) is trivially satisfied, using in particular (3.11b). Thus, Lemma C.3 yields

| Thp — Thp — C;f(”GK

(5.1) .
= _ n [Ty — o — Vpllak
v, €RT, (Ti )NHo,n (div, &k )
V-v,=0 B (5 8)
(vp7’r'h)K:(7'hp_U'hpﬂ'h)K:O VT‘hG[Po(K)]d,VKGTK :
(c.n
S _ 1 o [0y — Onp — Vp e -
v, ERT, (T )NHo N (div,0k)
V-v,=0
(vi) Next, note that
_ min I7mp — ohp — Vpllae = _ min 7y — Vpllass - (5.9)
’UPE'Rﬂ—p(TK)ﬁHOYN(diV,LTJK) UPERE(TK)QHOYN(diV,L’DK)
Vv,=0 Vv, =TI, (V-v)

Indeed, this follows by the shift by oplz, since, by (3.10), it lies in RT,(Tx) N Hox(div,Tk); the
normal-trace continuity of oy, together with op,-ng, = 0 on I'y are crucial here. In this important
conceptual step, the non p-robust usual equilibration o, is played out.

(vii) We now finally apply Lemma B.3 with 7, = 7~'K7 Thp = Hpp(V-v), and 7, = 75y to deduce that

_ min - | Thp — Vpllae S min |7 — w|o,- (5.10)
v, €RTy (Tre )N Ho n (div,& 5 ) weEHy n(div,dk)
Vvp=Ip,(V-vp) V-w=Ilx,(V-v)

This is the crucial p-robust stability bound which makes the power of the infinite-dimensional level of
Hj n(div,wg) appear.

(viil) Finally, proceeding as in, e.g., [12, Lemma A.3] to treat the divergence misfit V-v — II,(V-v)
(one needs to employ the hp Poincaré inequality

hi
v — Iy, (v < —— ||V,
| (V)| S p+1|| 5

instead of the simpler one not yielding the factor p+1), we can play in the target function v € Hy n(div, Q)
from the announcement of Lemma 3.7, which satisfies v|g,, € Ho n(div,0k) with V-v = V-v, and obtain

25 1/2
hr
i —w|z, < — vl Vv — I, (V- . 5.11
w1y = @l S 17 v||K+{Z<p V-0 — Ty v>||L>} (5.11)
V-w=II,(V-v) LeTk

Combining the above bounds (5.6)—(5.11) gives the assertion (3.20). O

5.3 Stability

Lemma 5.4 (Stability property (3.21)). The stability property (3.21) holds true.
Proof. This follows by the triangle inequality from (3.20). Indeed, let K € 7}, be fixed. Then

1P @)l < ol + o = PRY ()]

2 1/2
(3.20) ) hr
S 2 (el (S = T (T0)le ,
LeTk

where we have also used the trivial L?(K)-orthogonal projection stability

min v = vplle < Jvllz.

vp ERT,H(L
O
Lemma 5.5 (Stability property (3.22)). The stability property (3.22) holds true.
Proof. This is trivial from (3.21), the bound hr/p+ 1 < hq, and
. (3.17) (2.8)
[V-Pip* ()| ¢ =" [T (V-0) [ < (IV-0ll,
(2.8)
Vv —p(V-o)ll < [IVevllL.
O
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A A p-stable R7,N H(div) decomposition on patch subdomains
in two space dimensions

We now state a p-stable decomposition result which in two space dimensions follows from Schéberl et
al. [35, Section 3]. We consider subdomains w C € and the corresponding meshes 7, as in Sections 2.1
and 2.2 which are intended to be “small”: either the extended vertex patch 7T, with the corresponding

subdomain w,, or the extended element patch 7~'K with wg. Recall the notation from Section 2.5. There
holds:

Theorem A.1 (A p-stable RT, N H(div) decomposition on two-dimensional patches). Let d = 2, a
simplicial mesh Ty, of Q, a polynomial degree p > 1, and w C R? an open and bounded Lipschitz polygonal
or polyhedral subdomain of ), such that W is contractible, corresponding to a face-connected submesh
(patch) of Ty, denoted by T, with vertex set V,, be given. Let

0y € RT,(T,) N Hyn(div,w) with V-8,=0, (A.1a)
((Sp,’l"h)]( =0 Vr, € ['P()(K)]d, VK €7, (Alb)
be a p-degree divergence-free Raviart—Thomas piecewise polynomial on w respecting the zero normal trace

condition on T'n if Ow contains faces from T'xy and with elementwise vanishing lowest-order moments.
Then there exists a decomposition of 8, as

5= o (A.2)

bev,,
where the contributions

5; are supported on the (truncated) vertex patch subdomains wp Nw, linearly (A3)

depend on 8, on the (truncated) extended vertex patch subdomains Wy Nw,

and satisfy
53 € RT,(To N To) N Hy x yo (wp Nw) — with V-&Z =0, (A.4)

i.e., recalling (2.6), are divergence-free and such that 5§'nwbmw = 0 on those faces in O(wp Nw) where
the hat function ® vanishes or which lie in the Neumann boundary T'n. Moreover, the decomposition is
p-stable in that

16w S 10pllours ¥ € Vi (A5)
where the constant hidden in < only depends on the local mesh shape-regularity parameter k1., given by
R, ‘= INaXKe7, KK -

Proof. (i) Let 4, satisfy (A.la). In two space dimensions, it follows, since @ is contractible, see, e.g. [6,
Corollary 2.3.2], that

5, = R3(Vs,), (A.6)
where s, € Ppy1(Te) N H (ameN)o(w) is a (p + 1)-degree (Lagrange) piecewise polynomial, respecting

the zero trace condition on I'y if Jw contains faces from I'y. Here,

0 -1
=)

is the matrix of rotation by 7. Moreover, using (A.1b), we see, for any triangle K € 7, and any of its
vertices, a € Vi, that

0= (Ry(Vs,), Vi) = (Vs R (V7)) = (5, RE (Vo) mic o

<5pa 1>F2 <5pa 1>F
— (s,, V(R _ - :
<8pa 1/) ( 2”K)>F1UF2 |F2| ‘F1|

for the two faces (edges) Fy, F» that share the vertex a (numbered in the counterclockwise orientation in
the triangle K, starting from the vertex a). This means that all mean values of s, on all | faces contained
in 7, coincide. Thus, to fix s, from (A.6) completely when 0w contains no face from I'y (not just its
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(rotated) gradient), we can set its mean value on any face in 7, to zero, and s, is independent of which
face we have chosen, since then all its mean values on all faces are zero,

<Sp’ 1>F
|F|

=0 for all faces F' of 7,,. (A7)

(ii) For the above continuous piecewise polynomial s,, consider the decomposition of Schéberl et al.
[35, Section 3]. First, let’s choose the “coarse grid contribution” (ug in [35, equation (2)]) as zero. This
is eligible in terms of [35, Lemma 3.1], since

IVOllw < [[V8pllw, (A.8a)

HVS;DHUJ = Hvsp”uh (ASb)

sl = 32 (h2llsplZ) <6 3 IVl (A8¢)
KeT, KeT,

where we have used the face-mean value Poincaré-Friedrichs inequality, see [37, Lemma 4.1] for the
value 6 of the constant. Consequently, there is no global low order component. The construction of [35,
Section 3.2-3.4] then gives the decomposition, see equation (11) in this reference (after associating the
face and element contributions with the vertex contributions),

sp = Z sP, (A.9a)

bev,,
where

sg € Ppt1(ToNTy), sp =0 on those faces in d(wp Nw) where the hat function (A.9)
)® vanishes or which lie in the (Neumann) boundary I'y. .

Moreover, this decomposition is p-robustly stable in that, see [35, Section 3.4],

Do IVsplZ,ne S IVspll2.
bey,

The inspection of the developments of [35, Section 3.2-3.4] shows that sg are solely constructed from and
linearly depend on the values of s, on the (truncated) extended patches Wy Nw and satisfy more precisely
the local stability bounds

HVSZHwbﬂw S IVspllanw Vb e V,. (A.10)

Crucially, the constant hidden in < above only depends on the shape-regularity parameter k7, of the
mesh 7.
(iii) Now take
b._ b

0, =Rz (Vs)). (A.11)
It follows that 82 satisfies the first line in (A.3) and (A.4). Crucially, also the second line in (A.3) is
satisfied. The dependence region is indeed @pNw, since from the face-wise zero mean value property (A.7)
(a consequence of assumption (A.1b)), sp|x only depends on 9, |k for all K € 7,,. Moreover, (A.2) follows
immediately from (A.9a) to which we apply the rotated gradient, (A.6), and (A.11). Finally, (A.5) is a
direct consequence of (A.10) since

IVspllwen = IRz (Vs lwpnw and [Vsyllz,ne = IRz (Vsp)llzynw

together with (A.11) and (A.6). O

B p-stable broken H(div) polynomial extensions on patch sub-
domains

We summarize here our results on p-stable broken H (div) polynomial extensions on patch subdomains.
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B.1 Available results

p-stable H (div) polynomial extensions on a single triangle or tetrahedron have been achieved in Ainsworth
and Demkowicz [1], Demkowicz et al. [21], and Costabel and McIntosh [16], see also the references therein.
Let K be a triangle or a tetrahedron and let p > 0. Let 7 € RT,(K) be a volume datum, rx € Pp(K)
a target divergence, and rp € P,(F') a target normal trace; the latter is prescribed on FR, a subset of
all (d — 1)-dimensional faces of K, possibly empty or containing some or all faces of K. The combination
of the above-cited normal trace and divergence liftings allows to prove, see [26, Lemma A.3], that

min TK — U < min TK — U B.1
Jamn e vl s min ol (B.1)
Vv, =rK V-v=rg
vp-ng=rp on all FGJ:E v-ng=rp on all FGJ:II\;

where the hidden constant only depends on the shape-regularity parameter kg of the element K and the
space dimension d (the form (B.1) follows from [26, Lemma A.3] by a shift by 7x). On H (div, K), the
normal trace condition is understood by duality as in (2.4). When F¥ is composed of all faces of K, the
Neumann compatibility condition

Z (re,)p = (1K, Dk

FeF}

needs to be satisfied.

p-stable broken polynomial extension achieve similar results as (B.1) but on patches of elements,
where, crucially, the datum 7y, is a piecewise (broken Raviart—Thomas) polynomial. For vertex patches
we and prescribed normal trace boundary conditions on Ow,, they have been established in Braess et
al. [7] in two space dimensions and in [26, Corollaries 3.3 and 3.8] (see also [11, Proposition 3.1 and
Corollary 4.1]) in three space dimensions.

B.2 Arbitrary patches and no normal trace boundary conditions

We now extend the above results in two directions: for larger patches w and without prescription of
normal trace boundary conditions on dw. In our application on step (vii) of the proof of Lemma 5.3, this
corresponds to w = Wk (or w = Wg), the case d = 2 and 'y empty, or d = 3 and dw does not contain
any face from 09Q; details and treatment of the other (boundary) cases is postponed to Appendix B.3
and based on Lemma 3.1. Recall the notation from Section 2 and also recall that by “face”, we mean
“(d—1)-dimensional face”. Let |S| denote the cardinality (number of elements) of the set S. The following
definition will be central:

Definition B.1 (Suitable patch enumeration). Let T, be a face-connected simplicial mesh with the corre-
sponding open and bounded polygonal or polyhedral domain w C R%, d = 2,3, such that @ is contractible.
An enumeration {Ky,..., K7} of the simplices in T, is suitable if:

(i) (Only for d = 3) For all 1 < i < |T,|, if there are at least 2 faces of K; shared with previously
enumerated simplices, intersecting in an edge e, then 1) all the simplices sharing the edge e come
sooner in the enumeration; 2) the edge e lies in the interior of w.

(i) For all 1 < i < |T,l|, if there are d faces of K; shared with previously enumerated simplices, inter-
secting in a vertex a, then 1) all the simplices sharing the vertex a come sooner in the enumeration;
2) the vertex a lies in the interior of w.

(i11) For all 1 < i < |T,|, there are between 1 and d face neighbors of K; which have been already
enumerated and correspondingly, there is at least 1 face neighbor which has not been enumerated
yet, or K; has a face on the boundary Ow. In particular, there is no enumerated face neighbor only
for Ky and all face neighbors are already enumerated for K|t |, which moreover has a face on the
boundary Ow.

From [38, Lemma B.2] (which gives a constructive enumeration algorithm), we know that suitable
enumerations in the sense of Lemma B.1 exist for extended vertex and element patches 7~; and 7~'K in two
space dimensions. In three space dimensions, a similar algorithm is designed in [38, Appendix C] but no
proof yielding existence of suitable enumerations in all possible cases was achieved, which leads us to the
first part of Lemma 3.1. Importantly, relying on Lemma B.1, we have:
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Theorem B.2 (p-stable broken H(div) polynomial extension on extended patches and without bound-
ary conditions). Let T, be a face-connected simplicial mesh with the corresponding open, bounded, and
Lipschitz polygon or polyhedron w C R%, d = 2,3, with @ contractible, where T, can be enumerated as
per Lemma B.1. Let Th, € RT,(Ts) and 4y € Pp(Ts,) be respectively a volume datum, a broken Raviart-
Thomas vector-valued piecewise polynomial, and a target divergence, a scalar-valued piecewise polynomial,
of degree p > 0. Then

min Thy — U < min Thy — U B.2
vpe’Rﬂ;,(Tw)ﬁH(div,w)” = Uplle S 'veH(div,w)” =Vl (B2)
Vvp,=rp, V-v=rp,

where the constant hidden in < only depends on the mesh shape-regularity parameter k7, := maxXkeT, KK,
the ratio h,/ minge7, hi, and the space dimension d.

Proof. We present the proof for d = 3; the two-dimensional case is (much) easier. We follow [26, Section 6],
see also [11, Section 6.4]. Let
* = i — vy B.3
viimarg min 7 — vl (B.3)
V"U:Thp
denote the infinite-dimensional H (div,w) minimizer of the right-hand side of (B.2). We present a con-
structive proof of (B.2) which proceeds along the enumeration of Lemma B.1. On each element K,
1 < i <|7,], we in particular construct a suitable minimizer &, € RT,(K;) and we gradually set

€hp|Ki = €’L (B4)
We then verify that
& € RT,(T,) N H(div,w)  with V&, = pp (B.5)
and that
17y — Empllew S I1Thp — V™ lws (B.6)

which establishes (B.2). More precisely, on each step 1 < i < |T,,|, we will verify that
Iy = &illrc: S 1Thp — 0l (B.7)

This yields (B.6) up to a constant depending on the shape-regularity parameter k7., of the mesh 7, the
ratio h,,/ minge7, hi, and the space dimension d. Moreover, as V-§;, = rp,|k, and since &; will have its
normal trace prescribed by &; on the previously enumerated K, &€, will have no normal trace jumps
and (B.5) follows. We proceed along the enumeration 1 <4 < |7,| of Lemma B.1 and consider different
cases.

(i) On the first element K7, let

(= ar min Thy — U . B.8
31 gvpeRﬁ(Kl)H hp p||K1 (B.8)
Vvp=rnp| iy

This is a well-posed problem. Crucially, since the data Th,|k, and rpy|k, in (B.8) are polynomial, we
know from (B.1) that we can pass to the infinite-dimensional level,

— < i — . B.9
7 — &1k, Nver&lifvlel)HThp V||, (B.9)
V-v=rpp| K,

Finally, since the infinite-dimensional minimizer v* from (B.3) restricted to the element K, v*|g,,
belongs to the minimization set on the right-hand side of (B.9) (please note that there are no normal
trace conditions in (B.9)), we obtain

”Th;l) - £1||K1 5 ”Thp - U*HKU (BIO)

which immediately gives (B.7) for i = 1.
(ii) On each element K; with exactly one face shared with some previously enumerated simplex, say
F; ; shared with K;, j < i, we consider

; i=ar min Thp — VU . B.11
& g L Thp — vyl (B.11)
V“Up:’!‘;mh{i
vp K, =Enplk; MK, on Fi;
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Please note that since j < ¢ and by (B.4), &up|Kk; is known. Then (B.11) is well-posed; there is in
particular no compatibility condition to verify, since the normal trace is only imposed on one face. We
now again employ (B.1). This yields

[Thp — &ill i S vGHIgliiI\},Ki) [Thp — vl ke, - (B.12)
v'v:th‘Ki
vng;=€mlx; nK; on Fi ;

Unfortunately, now v*|g, does not belong to the minimization set on the right-hand side of (B.12)
since there is a normal trace condition on the face F; ; imposed. The fix is, for the moment, easy. Consider
the face neighbor K, the function v* — £y, on K; (note that it is divergence-free), and map it to K; by
the contravariant Piola transformation (see, e.g., [25, Section 9]) preserving the face F; ;, say 9, forming

v =0k, — P (V" —En)lk,), (B.13)

see [26, equation (6.10)] for the details. This removes the normal trace of v* and brings instead the
requested &pp|x; -k, (in appropriate weak sense), so that v from (B.13) now crucially belongs to the
minimization set on the right-hand side of (B.12). Consequently, we obtain

7y — &illre, S 1o — 0¥k, + 7 (0F = &rp)lk, ) 5, (B.14)

Finally, by the triangle inequality and the properties of the Piola transform (recall that we suppose shape
regularity of T,)

17 = v* |k, + 7 (0" = &),
< Nl — v [l + 1™ (0" = &), i,
Sl = vl + 10" = Emllx; (B.15)
< lmnp — vk + 17wy — 0 e + 1700 — Eml|
S 17 = 07l

where, in the last estimate, we have employed (B.7) in K, which has been established previously since
j < i. Thus (B.7) is established.

(iii) On each element K; with exactly two faces shared with some previously enumerated simplices,
say F; ; shared with K, j <, and F; j, shared with K}, k < ¢, we consider

; 1= ar min Thy — U . B.16
Gmug i vl (B.16)
V-vp:rh,p|Ki
vp i, =EnplK; MK, on Fij
'UP'"K'izs’lPlKk'"Ki on Fi‘k

Again, since j < i and k < i and by (B.4), &np|k; and &up|k, are known. Then (B.16) is well-posed;
there is again no compatibility condition to verify, since the normal trace is only imposed on two faces.
We then again employ (B.1), which now yields

T — &illk, < min Thy — V|| K, - B.1
ol S il vl (B.17)
V-v:rhp\Ki
'U""‘K,izshlej ‘mg,; on F; ;
vk, =&k, MK, on Fip

As above in step (ii), the continuous-level minimizer v* from (B.3) restricted to K; does not belong
to the minimization set on the right-hand side of (B.17) since there are two normal trace conditions on
the two faces F; ; and F; ; imposed. Crucially, by property (i) of Lemma B.1 on the enumeration, all the
simplices sharing the edge e common to the two faces F; ; and F; ; come sooner in the enumeration and
the edge e lies in the interior of w. This enables to construct a suitable v in this sprit of (B.13) but which
now involves Piola mappings from all the simplices sharing the edge e except for K;. This is done in a “2-
folding” way which replaces v*-ng, on F; ; and F;j (in a proper weak sense) by respectively &pp| K; "MK,
and &k, ‘1K, ; the precise formula is [26, equation (6.12)]. Existence of a two-color refinement around
edges of [26, Lemma B.2] is crucial at this step. Then (B.7) is established similarly to (B.15).

(iv) Finally, on each element K; with exactly three faces shared with some previously enumerated
simplices, say F; ; shared with K;, j <1, F;} shared with Ky, k < ¢, and F;; shared with Kj, I < i, we
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consider

& = arg [ 7hp — Vpll .- (B.18)

min

v, ERT,(K5)

V-vp=rnp|K;
vp i, =EnplK; MK, on Fij
vp N, =Enp| Ky MK, on Fig
vp N, =€np| K, MK, on Fi
Again, all €|k, Enplr,» and &p|k, are known at this stage. Then (B.18) is well-posed; there is still no
compatibility condition to verify, since the normal trace is only imposed on three of the four faces of K;.
Employing once more (B.1), we have

T — &illk, S min Thp — V||K;- B.19
I =&l S _min ol (B.19)

V'U:T’hp‘}(i

v-nKi :Ehlej <’nKi on Fiyj

vy, =Enpli, MK, on Fig
vk, =€k, MK, on Fi,

As above in steps (ii) and (iii), the infinite-dimensional minimizer v*|g, does not belong to the
minimization set on the right-hand side of (B.19) since there are three normal trace conditions on the
three faces F; ;, F;x, and F;; imposed. Crucially, by property (ii) of Lemma B.1 on the enumeration,
all the simplices sharing the vertex a common to the three faces F; ;, Fj, and F;; come sooner in the
enumeration and the vertex a lies in the interior of w. This enables to construct a suitable v in this sprit
of (B.13) but which now involves Piola mappings from all the simplices sharing the vertex a except for
K;. This is done in a “3-folding” way; the precise formula is the equivalent of [26, equation (5.14)] in the
H (div) case. Existence of a three-color refinement around vertices of [26, Lemma B.3] is crucial at this
step. Then (B.7) is established similarly to (B.15). O

B.3 Application to extended vertex and element patches and partial impo-
sition of normal trace boundary conditions

We now finally formulate the result precisely in the form needed on step (vii) of the proof of Lemma 5.3.
A stand-alone proof is achieved in two space dimensions and when 'y is empty; in the other cases, we
rely on Lemma 3.1.

Corollary B.3 (p-stable broken H (div) polynomial extension on extended vertex or element patches).
Let a € V), or K € T,. Consider the extended vertex patch 7~; or the extended element patch ’7}(
as per Section 2.2, denoted by T,, with the associated open subdomain w. Let Lemma 3.1 hold. Let
Thp € RTp(To) and ryy € Pp(Tw) be respectively a volume datum, a broken Raviart-Thomas vector-
valued piecewise polynomial, and a target divergence, a scalar-valued piecewise polynomial. If w = Q and
I'n = 9Q (rather pathological case of the patch domain w coinciding with the whole computational domain

Q and only Neumann boundary condition), let ry, have mean value zero, (rpp, 1), = 0. Then

min T —vplle S min (7, — v, (B.20)
vp ERT,(Tw)NHo N (div,w) vEH( n(div,w)
V-vp=rpp, V-v=rp,

where the constant hidden in < only depends on the mesh shape-regularity parameter k., := maxXge7, KK
and the space dimension d.

Proof. Let d = 2 and let 7, has no face on the Neumann boundary I'y (this covers interior and Dirichlet
boundary patches and consequently all patches when I'y is empty). Then (B.20) is a combination of
Lemma B.2 together with [38, Lemma B.2], yielding a suitable enumeration as per Lemma B.1. Similarly,
if d = 3 and if dw does not contain any face from 99, (B.20) is a combination of Lemma B.2 together
with the first part of Lemma 3.1. Note that the ratio h,/ minge7, hy for an extended vertex or element
patch 7, only depends on the shape-regularity parameter x7,. If d = 3 and if Jw contains at least one
face from 0f, or if d = 2 with I'y non-empty and if dw contains at least one face from I'y, using the
second part of Lemma 3.1, 7, can be mapped by d symmetries as in [11] for boundary patches into a
patch that can be enumerated as per Lemma B.1, where we can again branch with Lemma B.2. O]

C Overconstrained R7, N H(div) minimization on patch subdo-
mains

We summarize here our results on overconstrained R7, N H (div) minimization on patch subdomains.
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C.1 Arbitrary patches and no normal trace boundary conditions

We extend here the results of [12, Appendix A] in two directions: for larger patches w and without
prescription of normal trace boundary conditions on dw. In our application on step (v) of the proof of
Lemma 5.3, this corresponds to w = W (or w = @), the case d = 2 and I'y empty, or d = 3 and dw
does not contain any face from 9; details and treatment of the other (boundary) cases is postponed to
Appendix C.2 and based on Lemma 3.1.

Assumption C.1 (Data for overconstrained minimization). The volume datum Ty, and the target di-
vergence Thy satisfy

rhp € Pp(To),  Thp € RTp(T), (C.1a)
(Thp7 Vq}a)w + (rhpa Qh)w =0 VQh S Pl(%) N Hol(w)a (Clb)

i.e., Thp is a broken (piecewise) p-degree polynomial and Tr, is a broken Raviart-Thomas piecewise poly-
nomial that are “weakly divergence compatible” for homogeneous continuous piecewise affine polynomials.

Theorem C.2 (Overconstrained minimization in the Raviart-Thomas spaces on extended patches and
without boundary conditions). Let T, be a face-connected simplicial mesh with the corresponding open,
bounded, and Lipschitz polygon or polyhedron w C R%, d = 2,3, with @ contractible, where T,, can be
enumerated as per Lemma B.1. Let Tnp and ry satisfy Lemma C.1 for p > 1. Then

i — < i — C.2
vz,eRﬁ,(%l)gH(div,w) 17w = vplls S vPGRﬁ(%I)IfIWH(div,w)HThp Vplle (C2)
Vv, =rpp Vvp=rpp

(VR K =(Thp,"n) K VTR €[Po(K)]* VKET,

where both problems have a unique solution and where the constant hidden in < only depends on the mesh
shape-regularity parameter k7, := maxgeT, KK, the ratio hy,/ minger, hi, and the space dimension d.

Proof. We present (an outline of) the proof for d = 3; the two-dimensional case is (much) easier. We
follow [12, Appendix A]. Let 6, denote the minimizer on the left-hand side of (C.2) and 6,, the minimizer
on the right-hand side of (C.2). As the existence and uniqueness of 8, is standard, cf., e.g., [6, 19], we
need to show the existence and uniqueness of 8, together with

||Thp - pr S ||Thp - gp”w- (C.3)
(i) Let
€y = ar min Ty — 0, — vp |- C.4
! & R €RT: (To)NH (div,w) |7 = Op = on] (C4)
V-’UhZO

(Vn, "Rk =(Thp—0p,71) Kk Yrr€[Po(K)]4,VKET,

Note that e, is a low-(first-)order Raviart—Thomas piecewise polynomial. We will show its existence and
uniqueness and the stability estimate

lenlle < llThp — Oplles (C.5)
below in step (ii). Then, shifting 6, by e,
0, + e, € RT,(T,) N H(div,w) with V-(8, +¢€,) = rpp

(gp =+ Eh,'rh)[( = (Thp7rh)K V’I”h S [,P()(K)}d, VK € 7;

Thus, 6, + €5, belongs to the minimization set on the left-hand side of (C.2). Since this minimization is
convex, this establishes the existence and uniqueness of 8,. Moreover,

_ _ (C.5) _
170 = Opll < 170y = Op = €nlle < lITmp = Oplle + llenlle < l1Tmp = Oplles

which is the desired result (C.3).

(ii) To establish the existence and uniqueness of g, from (C.4), we need to show that the minimization
set in (C.4) is not empty. By (C.1b) and by the Green theorem, recalling that 8, € RT,(7.,) N H (div,w)
with V@p = T'pp, We see that the datum 7, — 6,, satisfies

(Thp — 0, Van)w = —(Thpy qn)w + (Thp, q)w =0 Vg, € P1(To) N Hy(w).
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This is a set of the form studied in [12, Lemma A.5] on vertex patches T, and with zero normal trace
boundary conditions on Jw,. Using the enumeration from Lemma B.1, this proof generalizes to the
current setting just as that of the proof of Lemma B.2. As for the stability estimate (C.5), please note
that 74, — 0, is the only datum in problem (C.4), which implies (C.5) up to a generic constant with
unknown dependencies. The fact that these dependencies only include the shape-regularity parameter
k7., of the mesh 7, the ratio h,,/ minkc7, hi, and the space dimension d follows by scaling arguments as
in [12, Proof of Lemma A .4]; the fact that €, is merely a first-order Raviart—Thomas piecewise polynomial
is decisive for p-robustness. O

C.2 Application to extended vertex and element patches and partial impo-
sition of normal trace boundary conditions

We now finally formulate the result precisely in the form needed on step (v) of the proof of Lemma 5.3.
The proof follows that of Lemma B.3, relying Lemma 3.1 except for in two space dimensions and when
I'y is empty.

Corollary C.3 (Overconstrained minimization in the Raviart-Thomas spaces on extended vertex or
element patches). Let a € Vy, or K € Ty,. Consider the extended vertex patch '7; or the extended element
patch Tk as per Section 2.2, denoted by T, with the associated open subdomain w. Let Lemma 3.1 hold.
Let, forp > 1,

hp € Pp(Tw),  Thp € RTp(Tw), (C.6a)
(Thpa VQh)w + (Thpa Qh)w =0 Yan € Py (7;) N Hé,aw\FN (OJ) (CGb)
Note that, if w = Q and 'y = 9Q (rather pathological case of the patch domain w coinciding with the

whole computational domain Q and only Neumann boundary condition), (C.6b) implies (rpp, 1), = 0.
Then

i Thy — U < i Th, — C.7
v,,eR"/;(TjI)%I}IO,N(diV,w) 17w = vpll S vpeRﬁ(Rn)lr'l]I}-Io,N(div,w)H = Vplle (C7)
Vvp=rpp V-vp=rpp

(Vp,mn) Kk =(ThpsTh) K VPR E€[Po(K)], VKET,

where the constant hidden in < only depends on the mesh shape-regularity parameter k., := maxXge7, KK
and the space dimension d.
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