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FREQUENCY-EXPLICIT STABILITY ESTIMATES FOR
TIME-HARMONIC ELASTODYNAMIC PROBLEMS IN NEARLY
INCOMPRESSIBLE MATERIALS

T. CHAUMONT-FRELET* AND S. NICAISE'

ABSTRACT. We consider time-harmonic elastodynamic problems in heterogeneous media.
We focus on scattering problems in the high-frequency regime and in nearly incompressible
media, where the the angular frequency w and ratio of the Lamé parameters A/u may both
be large. We derive stability estimates controlling the norm of the solution by the norm of
the right-hand side up to a fully-explicit constant. Crucially, under natural assumptions on
the domain and coefficients, this constant increases linearly with w and is uniform in the
ratio A/ p.

KEYWORDS: Elastodynamics, Helmholtz problems, Nearly incompressible materials, High-
frequency scattering, Stability estimates, Resolvent estimates

1. INTRODUCTION

The propagation of time-harmonic waves plays a pivotal role in a vast array of applications
in physics and engineering, and is mathematically modeled via so-called Helmholtz equations.
Obtaining stability estimates controlling the norm of the solution to a Helmholtz equation by
the norm of the right-hand side through a constant explicit in the frequency is then crucial,
as such estimates are instrumental in control theory [6, 31, 32, 33] and in the design and
analysis of numerical discretizations [3, 5, 11, 14, 15, 30, 35, 40].

The simplest instance of a time-harmonic wave propagation problem is the modeling of
small acoustic waves in an inifinite uniform fluid modeled by the scalar Helmholtz equation.
In this case, given f : R®> — C supported in a ball B, of radius ¢, the solution u : R3 — C
satisfies

w2

—@u—Au:f, (1.1)
where w > 0 is the frequency and ¥ > 0 is the (constant) wavespeed, together with the
Sommerfeld’s radiation condition at infinity. In this setting, the sharp stability estimate

k2 |[ull s, < k) f5, (1.2)

holds true [23], where k := w/d is the wavenumber. Using the method of Morawetz’s mul-
tipliers [3, 9, 10, 27, 34, 36, 37, 39, 41], the estimate in (1.2) can be generalized, up to a
multiplicative constant, to acoustic Helmholtz problems set in the exterior of a star-shaped
obstacle and/or if variable coefficients with suitable monotonicity conditions are included
in (1.1).
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2 STABILITY ESTIMATES FOR NEARLY INCOMPRESSIBLE ELASTODYNAMICS

In this work, we focus on elastodynamic problems. For an infinite homogeneous solid
charactized by its (constant) density and Lamé paramteres p, u, A > 0, given f : R — C3,
the solution u : R? — C3 satisfies

— pu — pAu — A+ p)VV -u = pf, (1.3)
together with a radiation condition at infinity. By looking at solutions of the form u = V x ¢
or u = Vg, one easily sees that (1.3) supports two kinds of waves travelling at speeds
Vs :=/u/p and Ip := /(A + 2u)/p. These are respectively called shear and pressure waves,
and have associated wavenumbers kg := w/dg and kp := w/Jp. In the particular case of

homogeneous media considered above, the fundamental solution (see [8] and Appendix A
below) may be employed to show that

kllullp, < (4+1TksOu™" | f|5,- (1.4)

We make two crucial observations regarding (1.4). First (i), the scaling of the stability
constant as kgl — 400, i.e. as w — +00, is the same as in the acoustic case. Besides (ii), the
estimate is uniform in the limit A/u — +o0. This is in a sense to be expected, since kp — 0
as A becomes large.

The goal of the present work is to analyze stability properties of elastodynamic problems in
the high-frequency regime and in nearly incompressible media, meaning that both w and A/
may be large. The estimate in (1.4) is only available in infinite homogeneous media, since it
explicitely uses the fundamental solution in its proof. In contrast, here, we handle problems
set in the exterior of an obstacle and/or with variable coefficients p, A\ and p. Specifically,
given a bounded domain @ C R3 and f : Q — C3, we consider the problem of finding
w : ) — C3 such that

~wpu—V.-ag(u) = pf inQ,
u = o onlpy, (1.5)
o(u)n —iwAu = o on I'pigs,

where o (u) := p{Vu + (Yu)'} + AV - ul is the stress tensor, and the coefficients p, i, A :
Q) — R are allowed to vary. The Dirichlet boundary condition on I'p; represent an impene-
trable obstacle, and instead of the Sommerfeld radiation condition, we consider a first-order
absorbing condition on I'pijss with impedance coefficients A : I'piss — R3*3. Considering a
local absorbing condition is crucial in applications linked with observability and controllabil-
ity [6, 31, 32, 33], and it is also important in numerical applications where the Sommerfeld
radiation condition has to be approximated by an absorbing boundary condition to truncate
the computation domain [4, 20, 22, 24, 28|.

Our key result is that, under natural assumptions concerning the star-shapeness of the
boundaries I'ps; and I'pigs and radial monotonicity of the coefficients, the bound

wl

Flpa
ﬁs,minH HP,

where /¢ is the radius of €2 and Vs min is the minimal shear wavespeed, holds true with a
fully-computable constant Cy that is independent of both w and Apax/fmin- Crucially, the
frequency-scaling is optimal, and the estimate is robust in nearly incompressible materials
where Apax/fmin — +00. The fact that Cg is fully computable is also fundamental in the
context of a posteriori error estimation for numerical approximations [11].

Morawetz’s multiplier techniques have been previously used in the litterature to derive
stability estimates for (1.5), in particular in [6, 17, 31]. The present work improves on these

Wllufp < Cu



STABILITY ESTIMATES FOR NEARLY INCOMPRESSIBLE ELASTODYNAMICS 3

references as follows. First (i), the result given in [17] are suboptimal in the frequency scaling
(quadratic instead of linear). Besides (ii), [6] and [17] are limited to homogeneous media.
Finally (iii), none of these works analyses the nearly incompressible aspect.

Stability estimates are also established in [8] based on the fundamental solution. We
slightly revisit this result in Appendix A to establish (1.4) in homogeneous media. However,
this approach cannot be easily extended to heterogeneous media.

We finally mention that techniques based on semi-classical analysis have been used in the
past for scalar Helmholtz problems [23]. These technique are often sucessful in geometries
where the Morawetz’s multiplier fail. However, to the best of our knowledge, the framework
of semi-classical analysis has never been employed in the context of elastodynamics so far.

The remainder of this work is organized as follows. Section 2 recaps the setting and
key notation. In Section 3, we state and revisit standard integration by parts identities
in the context of Morawetz’s multipliers. Section 4 is dedicated to a set of new identities
which allows to avoid the use of Korn constants and obtain optimal frequency scaling. The
main stability estimates are established in Sections 5 and 6, and these abstract estimates
are applied to various examples in Section 7. We slightly revisit earlier works involving
fundamental solutions in Appendix A, and state some regularity results needed in Section 6
in Appendix B.

2. SETTINGS

2.1. Domain. Throughout this work Q@ C R% d = 2 or 3, is a bounded domain with a
Lipschitz boundary. The boundary of 2 is partitioned into two non-overlapping relatively
closed subdomains I'p;, and I'pigs. For the sake of simplicity, we will assume that I'piss is of
class C%*!, while I'py, is of class C1', or the boundary of a polytope. Finally, we denote by

1
l:=— sup |z —y| (2.1)
2 pyen

the radius of the domain (2. R
The notation Q = (1/£)Q and I'pss := (1/£)T'piss will be also useful. These denote rescaled
version of €2 and I'p;ss and only depend on the “shape” of the domain, not on its actual “size”.

2.2. Tensor notations. If v : Q — C? is a smooth vector-valued function, we define its
gradient Vv : Q — C%¥4 by setting
(Z’U)jg = 8j’vg

forall 1 < j,¢ < d, and we extend this definition in the sense of distribution when appropriate.
The symmetrized gradient (or strain tensor) of v is then defined as

e(v) := % {Vv+ (Vv)'}.

Ifr,§e C?¥4 are two tensors, we employ the standard notations

d

6= 16, |TPi=z:T (2.2)

j,4=1

for the Frobenius inner-product and norm on C%*¢,
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2.3. Functional setting. If D C R? is an open set, we classically denote by L?(D) the
Lebesgue space of square-integrable complex valued functions [1]. We further respectively
employ the notations L?*(D) and L*(D) for the space of vector-valued and tensor-valued
functions that have all components in L?(D). We respectively denote by (-,-)p and ||-||p the
standard inner-products and norms of L?(D), L*(D) and L*(D). Classically, for the inner-
product of L?(D), the Frobenius inner-product introduced at (2.2) is employed point-wise.
If m: D — [0,400] is measurable function, we introduce the functionals ||-||m p := y/(m-,-).
The integral is always well-defined (although possibly infinite) due to the positivity of the
integrand. If m is uniformly bounded away from 0 and +o0, then |[|-||m,p is a norm equivalent
to the usual one ||| p.
We also employ standard notations for Sobolev spaces [1], namely

H'(D):={ve L*(D) | Vve L*(Q)}

and
H*(D) :={ve H'(D)| VVv e L*(Q)}.

Similarly, H'(D) and H?(D) respectively contains vector-valued functions having in com-
ponent in H'(D) and H?(D). If v C 9D is a relatively open subset of the boundary of D,
then

H,(D) := {v € H'(D) | v|, =0},

where the restriction operator is understood in the sense of traces, see e.g. [1, Section 5.34].
We also note H % (D) := [H2(D)]" for vector-valued functions.

If I' ¢ R is a Lipschitz d — 1 manifold, we can define L?(T") and L*(T) using the surface
measure, with their usual norm and inner product denoted by ||-||r and (-, -)p. If 9% : T — R*d
is an measurable SPD matrix-valued function uniformly bounded away from 0 and +oo, then
the application |||lgn r := /(2-, -)r is an equivalent norm on L?*(T).

For 1 < s < 2, we will also use the fractional Sobolev space

s [Vo(z) — Vo(y)?
H(Q);:{UGH1 '/ |m_ 2ad-2 dydz < +oo

and its vector-valued version H®(f2). Crucially, if 3/2 < s < 2, then the trace operator
v € H*(Q) = (Vv)|sq € L*(09) is continuous.

2.4. Notations related to the boundary. If x € I'pis, the following decomposition of
¢ € C? will be useful:

En(x) = (& -n(@)n(x)  &r(z) =& —En()
Similarly for ¢ € H*(Q2), with s € (3/2,2], we can define
Vre=Veo— (Ve -n)n e L*09).

We further note that under the assumption that I'pis is C*!, n can be extended into a
C11 vector field in a neighbourhood V' C € of I'piss, and therefore for v € H*(12), for some
s € (3/2,2], v-n (resp. vr) will belong to H*(Q2 N V) (resp. H*(2N V). Consequently we
can define V(v -n) and V1 - vy in L?(I'pjg).
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2.5. Material coefficients. The elastic properties of {2 are described by three real-valued
functions p, u, A : @ — R. The three functions are assumed to be measurable. Physically, p
represent the density of the material contained in €2, whereas p and X are the Lamé parameters
respectively quantifying the response of the material to shear and pressure constraints.

The shear and pressure wave speeds are respecitively defined by

ﬂs:\/ﬁ, op = |22 (2.3)
p p

Throughout this document, if ¢ is a measurable function, the notation ¢, and @max
respectively denote the essential minimum and maximum of ¢. Classically, we shall assume
hereafter that ppin > 0 and pmax < +00, and similarly, that ppin > 0 and pmax < +00. For
the remaining parameter, we demand that Ay > 0 and Apax < +oo.

Remark 2.1 (Relaxed assumptions on \). We could, in principle, relax our assumptions on
A by only requiring that Apmax < +00 and (2p + d\)min > 0. The first relazation is essentially
already taken care of in the manuscript, since most of the bounds we will establish are uniform
M Amax. For simplicity, however, we do not consider the possibility of negative values for A
in this work.

2.6. Frequency. In the remainder of this work, w > 0 denotes the angular frequency. We
can think of w being fixed, but large. All our estimates will be explicit in w. The notation

wl

(2.4)

Kg = .
ﬁS,min

Hmin
U8, min = N et 2.5
Pmax ( )

will be extremely useful. Notice kg is adimensional, it is proportional to the ratio between
the shear wavelength and the domain size, i.e. it measures the size of the domain in number
of shear wavelength.

where

2.7. Dissipative boundary. The dissipative boundary conditions are described with the
help of a symmetric matrix-valued function A € C%!(Tpiss). The quantities

Qmin :=ess inf min A(x)€ - &, (max = €ss sup max A(x)€- &
x€lDiss £cRY @€l pjss EER?
l€]=1 1€l=1

respectively represent the minimal and maximal eigenvalues of A, and we will assume that
0 < @min and apmax < +00. We will sometimes assume that A satisfies

A(x)€ = arbr +anéy (2.6)

for two constant real numbers ar, ay, whereby apin = min(ar, ay) and apmax = max(ar, ay).

The “adimensional” matrix a 1= (pmax,umin)*l/ 2 A will often be employed. The notations
Omin 1= (pmaxumin)l/ 20min and amax = (pmaxumin)l/ 2amax are used for the smallest and
largest eigenvalues of a, and we set a7 = (pmaxfimin) "/ 2ar and ay = (pmax,umin)*l/QaN
whenever relevant.
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2.8. Stress tensor. For v € H'(f), the stress tensor is defined as
o(v) :=2ue(v) + A(V -v)L.
For v,w € H'(Q), we will often use the facts that
o(v): Vo =a(v):e®), a(v):e(®)=2ulev)]* + AV v (2.7)
almost everywhere in ).

2.9. Model problem. Classically, we recat the model problem given in (1.5) into the fol-
lowing weak form: Given f € L?(f), find u € Hll“mr (€2) such that

— w?(pu, v)o — iw(Au, )y, + 2(pe(w),e(v))o + AV - u, V- v)o = (of v)o  (2.8)
for all v € H%Dir(Q).

3. STANDARD KEY IDENTITIES

This section gathers key integration by parts techniques that will be useful throughout the
manuscript. Throughout this section, f € L?*(Q) is fixed, and h € C’l((l, R) is a smooth
real-valued vector field. We also assume in this section that p, u, A € C%(Q), and introduce

the notation hoVo
Tn(9) = 5

for non-negative functions ¢ € C%1(Q), with the convention that #;,(¢) = 0 whenever ¢ = 0.

3.1. Garding identites. We start by recording two simple identities that are classically
obtained by selecting the test function v = w in (2.8) and by taking the real and imaginary
parts of the resulting identity.

Lemma 3.1 (Garding-type identities). For all u € Hll“mr (Q) solution to (2.8), we have
2)lg(u)

2o+ IV ullf g =Re(pf,u)q +w?|lul? q (3.1a)
and

wl[ul%rp,, = Im(pf, w)o- (3.1b)

3.2. Integration by parts identities. We next establish a Rellich-type identity. For con-
stant Lamé parameters p and A, such an identity is established in [17, Lemma 4]. It is extended
here to the variable coefficients case. We skip the proof here for the sake of shortness, as the
modifications essentially follow the lines of [25, Lemma 4.2].

Lemma 3.2 (Rellich identity). For all v € H*(Q), we have
—2Re(V - a(v), (h-V)v)o = —Zn,0(v) — Zhrp. (V) + Brrp, (V) + Brrp (v)  (3.2)
with
Pna(v) = /Q {(V-h+7h(10)2ule@)]? + (V- h+ 7% (A)AV -v]*}

~2Re /Q {20e(v) : (ThYD) + A(V - v)Vh : (Vo) ],

Ph.p;, (V) = /

I'pir

(h-n)a(v) : e(B) - 2Re / (a(v)n) - (h- VYD),

I'pir
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and
Pt ) = [ (hm)o(0) i e(®), Bnrp, () =2Re [ (@lo)n)- (k- V)0)
1—‘Diss 1—‘Diss
Corollary 3.3 (Rellich identity with lower regularity). The Rellich identity in (3.2) remains

valid for v € H*(Q), for some s € (3/2,2], where the first term of the right-hand side of (3.2)
has to be understood as a duality bracket.

Proof. We first notice that the absolute value of each term of the identity (3.2) is bounded
by ||'vH%{s(Q) up to a multiplicative factor independent of v. The only subtle term is (V -
a(v),(h-V)v)q, since in that case V- g(v) € H*72(Q) and need not be square integrable.
However, since h € C1(Q2), we have (h - V)v € H*1(Q), and since H*~(Q) is continuously
embedded into H?~*(Q) = Hy *(Q), the term (V - g (v), (h - V)v)q can be replaced by
(V-a(v);(h- V)Iv>H5*2(Q)_H(2)_S(Q)7
recalling that Ha *(Q) = H* (). We then obtain (3.2) by a density arguments since
H*(Q) is dense in H?(12). O
The Rellich identity in (3.2) will be useful to deal with the second-order term in (2.8). For
the zero-order term, we need another identity that extends [17, Lemma 5] to the case of a
variable density p. The proof proceed component-wise as in acoustic case, so that it is similar

to, e.g., [3, Proposition 1], [9, Theorem 1], [13, Theorem B.2] or [25, Lemma 4.2]. Hence, we
de not reproduce the proof here for the sake of shortness.

Lemma 3.4 (Zero-order term identity). For all v € H'(Q) and h € C*(Q), we have
“2Re [ po (b V)o = [(V Bt h(oolol ~ [ (hemplof (3.3)
Q Q 09

3.3. Dirichlet boundary. We then need to take care of the boundary term in (3.2). To
manage the Dirichlet boundary condition on I'pi;, we can simply use [6, Identity (19)], which
we record below. The proofs in [6] is carried out for the case of constant Lamé parameters
p and A, but a careful inspection of the proof shows that it holds verbatim for the case of
variable coefficients (no integration by parts is performed).

Lemma 3.5 (Dirichlet boundary). For all v € H%Dir N H?*(Q) with s € (3/2,2], we have

%herir((v) = _/ (h : ’I’L) {(M|aan|2 + (2M + >‘)|anvn|2} .

1—‘Dir
Since Bhrp,, (v) > 0 whenever h-n < 0 and v = 0 on I'py,, this term will typically provides
some additional control on the solution in favorable geometries.

3.4. Key identity. We can now provide the key identity central to the derivation of stability
estimates.

Theorem 3.6 (Morawetz identity). Assume that u € Hll“mr (Q) is a solution to (2.8). Then
u € H*(Q) for some s € (3/2,2] and the following identity holds true:

w2 /Q(V ~h+ ”f/h(p))p\u|2 + ‘@h,FDiss (u) + ‘@h,FDir (u) =

2Re(pf, (h- V)u)g + &’ / (h - n)plul + Fn iy, (w) + Tna(w). (3.4)

1—‘Diss
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Proof. Assume that u € H %Dir(Q) solves (2.8). Then, we can rewrite (2.8) as follows:

2(pe(u),e(v))a + (AV -4, V- v)g = (pf,v)o + w2(puv v)o +iw(Au, v)ry,, (3.5)

forallve H %Dir(Q). In other words, u is solution to the elastostatic problem with load term
pf + pw’u € L*(Q) and traction term iwAu € H1/2(FD155), since A € C¥'(Tpiss). As a
result, under the assumption on I'p; and I'piss stated in Section 2.1 and the assumption that
A € CHEHQ) and p € L°(R), standard regularity results for the elasticity system ensure
that u € HQ(Q) if Ipyy is CL1L.

Alternatively if I'p;, is the boundary of a polytope, again by standard regularity results
for the elasticity system w € H?(Q\ ©), for any open neighbourhood O of I'py, while
u € H*(Q2N O) with s € (3/2,2], due to Theorem 17.13 of [18] since there is no corner
singularity exponent « in the strip Rea € [0,1/2] due to [19, §5] if d = 2, while there is
no edge singularity exponent « in the strip Rea € [0,1/2] due to [19, §5] and no corner
singularity exponent « in the strip Rea € [—1,0] due to [29, Theorem 3] if d = 3 (see
also [38]). Altogether this yields u € H*(2) with s € (3/2,2] (since O is an arbitrary open
neighbourhood of I'py,).

Once the regularity w € H?®(Q2) for some s € (3/2,2] is obtained, the identity stated in
(3.5) follows from the addition of the Rellich identity in (3.2) with the multiplication of (3.3)
by w? (both applied to u). g

3.5. Key assumptions on the multiplier. For arbitrary fields h, the identity stated in
(3.4) is not useful, as the key terms of the identity may not have definite signs. Here, we
provide a first set of assumptions on h that enables useful applications of (3.4).

The prototypical scenario where (3.4) provides an interesting estimate is when I'py, = 9D
for a closed set D C By star-shaped with respect to o, I'piss = 9By, Q = By \ D, and
the coefficients p, u and A are constant. In this case, selecting h(x) = @, it is clear that
Rl Lo (rpi) = B -1 = £ on I'piss, and we easily see that

dlv|2g = /Q (V- b+ Th(0))plo]?

and
Fno() = (d—2) {2le@)]? o+ IV -v[3a}-

Besides, we have h - n < 0 on I'p;, since D is star-shaped with respect to o.
These observations motivate our key assumptions on h, which slightly relax the identities
derived above. We assume that there exists constants n,e > 0 with

2y:=2—-n—¢e>0, (3.6a)
such that the estimates
(@=nlola < [ (9-h+u(olof (3.60)
and
(Zha)| < (d—2+¢) {2]e@)lFq+ [V vl5aq}- (3.6¢)

hold true. We also require that
h-n <0 on I'p;, h-n >0 on I'pigs. (3.7)
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For the sake of simplicity, we introduce the notation

— 1
M = max(1, 07|l =) V= 27 1 hlL= @) (3.8a)
and .
m =g min h(z) - n(x). (3.8b)

Notice that M =1 if x = h, and that m = 1 if we further assume that I'pis is a sphere of
radius /.

4. NEW ESTIMATES

This section now introduces a set of original estimates to efficiently deal with the Robin
condition on I'pig, and avoid the use of the Korn constant of the domain.

4.1. Second fundamental form. We introduce the second fundamental form B € L*(T'p;gs)
of I'pigs, namely

B:=Vmn+ (Vr-n)nemn,
as well as the constants

Br = fmax sup [(Vrn)€ - &, By = ZIFHaX(VT ‘n),

Diss geRd Diss

1€[=1

where the factor £ is chosen to make S and Sy adimensional. For later references, we observe
that

1
(Bv, o)y | < 5 {Brllvrllty,, +Bnllv-nlf,, ) (4.1)
We also introduce the quantity
X = max{BT,BN} (4.2)
arT QN

which measures the ratio between and A and B when A is of the form (2.6), since it naturally
appears in the estimates below.

4.2. Korn inequality. In this section, we establish a Korn inequality for functions in H*(2)
for some s € (3/2,2]. Notice that because the Dirichlet boundary conditions are only imposed
on a subset of 0f), naively using the Korn inequality generally results in an unknown constant.
Here, we will use the additional information of the solution on I'pis to obtain a fully-explicit
inequality.

Proposition 4.1 (Korn inequality). For allv € H%Dir(Q)ﬂHS(Q) with s € (3/2,2], we have

1
IVollg < 2lle@)lié + 5 (BrllorlEy,, + Bnllv-nlty,,) + 2w 2l [V - vl (43)
Proof. We start with [26, Theorem 3.1.1.1] stating that
HV : UHQ - (V'U, (Vv)T) = —2('0’1", VT(U ’ n))FDiss - (B,U7 ’U)FDiss'

Note that [26, Theorem 3.1.1.1] is valid if I'pis is only C11, see [26, p. 133], while the
contribution to I'p; is zero due to the Dirichlet boundary conditions on I'p;. We then
integrate by parts on I'pigs the first term in the right-hand side, leading to

—(VU, (VU)T) = _”V : 'UH%Z + 2(VT “UT, V- n)FDiss - (B’U7U)FDiss7
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hence
—Re(Vv. (Vo)1) < 2(V - . L 2 - nI?
(V. (Vo)) < 2|V - vrlrpullo - nli, + 5 (SrlorlRy,, + oxlo-nlf,, ).
where we used (4.1). Then, (4.3) follows after observing that
IVo]§ = 2[e(@)]§ — (Vv, (Vo) )a.

We also derive a coefficient-weighted version of Korn inequality (4.3).
Corollary 4.2 (Weighted Korn inequality). Assume that A satisfies (2.6). Then the inequal-
ity
ponin| [ V0[IEy < 2[le(0) 17 0 + xp5 ' wlv]A 0
+ 20y g P22 [0l| d r £ @) i (44)
holds true for all v € H%Dir(ﬂ) NH?*(Q) with s € (3/2,2].

Proof. Let v € H*(Q2) for some s € (3/2,2]. We start by multiplying (4.3) by fimin, leading
to

Hmin

pmin | VO [I§, < 2]le(@)F0 + =

(/BTHUTH%Diss + ’BNHU ’ nH%Diss)

1/2
+ 26l Bl V7 - 07
We then observe that,

Br
v/ Mmin Pmax T

B B T
Hmin BT = min ar = ﬁs,minfa ar,
T

and that similarly
BN

Mmin/BN = ﬁS,miniaN-
an

Recalling assumption (2.6) on A, this leads to

Hmin 2 2 19S,min ﬂT ﬁN 2
7 (Brlvrlty,., + Bnlv-nli,.) < gmaX{aT7 an 0], Ppe,

= /ﬁ;gl max {, ajv} "‘}HUHQA,FDiss

ar
= ﬁglxw"v|’iaFDiss’

recalling the definition of y in (4.2).
To finish the proof, we use again (2.6)

Lhmi
anjl\lfn H v HA7FDiSS ||§('U) H/‘L7FDiSS

1/2
202 v - || | V7 - 07, < 2

—1/2 —1/2
= 20y kg P 2||v]| A rp £ 1E(®) i -
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4.3. New estimate for the Robin boundary. This section presents a new estimate for
Fh . (V) to be used as an alternative to the treatment proposed in [17]. The strategy
employed in [17] leads to suboptimal results, and is detailed in Section 6 below. Our new
estimate requires that the impedance matrix A satisfies (2.6), but in returns, provides an
optimal scaling in frequency for the stability constant.

Proposition 4.3 (Identity on the Robin boundary). Assume that h x n = o on I'piss and
that A satisfies (2.6). Then for all v € H%Dir(ﬂ) N H?*(Q) with s € (3/2,2], we have

(Av, (h - V)v)ry,, =
Q(A’U, h’g(v))FDiss + (A'Ua (Zh)v)FDiss + aT((h ’ n)(VT : vT)v v- n)FDiss
—an((n-V)h(v-n),v)ry,, —an((h-n)(v-n),e(v)n - n)ry,,. (4.5)

Proof. Let us first notice that the assumption that h X n = o on I'piss actually implies that
h=(h -n)n, (4.6)
on I'piss. Then, the definition of € shows that
(h-V)v = hVv = 2he(v) — h(Vv)T.
To simplify the last term in the right-hand side, we observe that the identity

d d d
Z hiovy, = Zaj(hkvk) — Zajhkvk
k=1 k=1 k=1
holds true for 1 < j < d, so that we can write in compact form that
—h(Vv)' = -V (h-v) + (Vh)v.
We next work on the first term in the right-hand side. Specifically, we have
—V(h-v)=—(n-V)h-v)n —Vr(h-v).
=—((n-V)h-v)n—(h-(n-V)v)n—Vr(h-v).
=—((n-V)h-v)n—h- -n(e(v)n-n)n — Vr(h-v)
after using (4.6) in the last equality, we indeed have
(h-(n-V)v)n=(h-n)(n-(n-Vov))n,
and since
n-(n-Vv)=¢g(v)n- n,
the last identity holds. At that point, we have established that
—(Av, V(h-n))rp,,, = —an(v-n,(n-V)h-v)r,,
—an(v-n, (h-n)e(v)n - n)r,, —ar(vr, Vo(h-v))r,,,,
and (4.5) follows since
—(vr, Vo(h - v))rp,, = (Vo -vr b o)y, = ((h-n)Vr - vp, v n)rp,

where we again used (4.6). O
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Lemma 4.4 (Robin boundary estimate). Assume that hxn = o on I'piss and that A satisfies
(2.6). Then, the estimate

1/2
WIm(AUv (h’ : V)’U) <M {cgrob/‘?s/ w1/2‘|vHA7FDiss£1/2Hg(v)HIMFDiss + CWHUHQA,FDiss} (4'7)

holds true for all v € H%Dir(ﬂ) N H?*(Q) with s € (3/2,2], and

Olmax Omax
Crob = <2 + = ) vV Omax, ¢:=2v =
O'min V' Qmin

In particular, if u solves (2.8), we have
1/2
183 o (W] < M {12 ] 4 2 ) e+ Collutlar } - (49)

Proof. We start by invoking (4.5) and (3.8a) to show that

1
M‘(Av> (h ) V)U)FDiss| < 2EHA’UHFDissHé(v)HFDiss + VHAUHFDiss”'UHFDiss
+ aTgan ’ UTHFDissHv : n”FDiss + aNV”” ' nHFDissHvHFDiss
+ aNE”v : n||FDiss||§(v)n : nHFDiss (4'9)

We then write that

«
HA'U”FDiss Hv”FDiss < mz.xx HvHi,FDissv
Qmin
and
an
aNH'U ) n”FDissHv”FDiss < ) H’UHQA,I‘DiSSJ
min
so that
o 2
(M1 AvlIr,, + anvlo - nlrp,, )10, < 20/ S o) ... (4.10)

min

After multiplying by Mw, (4.10) controls the second and forth terms in the right-hand side of
(4.9) by the last term in the right-hand side of (4.7). Thus, it remains to bound the remaining
terms by the first term in the right-hand side of (4.7).

On the one hand, for the third and fifth terms, we write that

ar||Vr - vrlrp.,llv - nlrp,, +anlv-nrplle(@)n - nry,,

ar
< av ar||Vr - vTHFDiSSHvHA,FDiss tv aNH'UHA,FDiss le(v)n - n”FDiss
< mac{ [ 2 VT,V | i)/ (19013 + () l5,) [0

1/4
(% X
<max {2 vaw p (2)  follary ()lero,

a _
= max{ [ VG v | 05 o (o)
On the other hand, we control the first term in the right-hand side of (4.9) as follows:

a —-1/2
| AVl [le(®) I, < 4/ (10l 4o @)l ro = vmaxVs im0l 4 rp, le(@)]
7

min

/‘LvFDiSS :

/"»FDiss’
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We can combine these last two estimates as
2HA’U||FDiss||§(v)|’FDiss + aTHVT : 'UTHFDissHv : nHFDiss + aNHv : n”FDiss Hg('v)n : n”FDiss

ar —1/2
< (max{ /2L vaT, vax | + 2y ) 05 Lol a0

(6% —1/2
< (2 /22 ) Va5 Lol ().
min

which concludes the proof. ]

Lemma 4.5 (Improved boundary estimate for the sphere). Assume that I'piss = 0By, that
h = x in a neighborhood of I'piss, and that A satisfies (2.6). Then, the estimate given in
(4.8) holds true with ¢ := 0.

Proof. We start by simplifying the identity given in (4.5) in Proposition 4.3. Indeed, since
here n = /~'x, and h = x, we have

(Av, (h - V)v)rp,,, = 2(Av, he(v))ry,, + (Av, (Vh)v)ry,, +ar((h-n)(Vr-vr),v - n)rp,
—an((n-V)h(v-n),v)ry, —an((h-n)(v-n)e(v)n-n)r,,.
= 2(Av, he(v)rp,., + [l4 rp,,, + arl((Vr - v7),v - n)ry,,
—an|v-n|t,,, —avl(v-nen n)r,,.

As a result, compared to the general case, the two terms associated with ¢ in (4.8) disappear
when taking the imaginary part:

Im(Av, (h - V)v)ry,, = 2(Av, he(v))

+ a‘TE((VT ! ’UT), v n)FDiss - aNé(v : n’ g(v)n ' n)FDiss'

1—‘Diss 1—‘Diss

The remainder of the proof proceeds as in Lemma 4.4. ]

5. SHARP STABILITY ESTIMATES FOR SIMPLE ROBIN BOUNDARIES

In this section, we consider the situation where h x n = o0 on I'pigs and A satisfies (2.6),
which allows us to prove sharp stability estimates. We also assume that the assumptions
listed in (3.6) and (3.7) hold true, and that we can take m > 0 in (3.8b). Throughout this
section, we also assume that u € Hll“m (€) is a solution to (2.8). Notice that then, u € H?*(Q2)
for some s € (3/2,2] due to Theorem 3.6.

Since the bound we establish in this section is close from sharp, we take care to make
the constant fully-explicit. Although it makes the derivation more intricate, having a fully-
explicit constant it may be useful, e.g., in assessing discretization errors in numerical approx-
imations [11].

Lemma 5.1 (Morawetz estimate). We have
v m
2Mw2||u||,2m +2M£||§(U)H2 <

MvFDiss -
d—2+¢
fzzra,
M Qmin

} 1l pllwlpq + 2650 1 F oy ol Vo

+ Gronry w2 ul A ro 2 le(@) oy (5.1)
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Proof. We have %p, ., () > 0 by assumption. On the other hand, (2.8) and (3.8b) show
that
<%h‘:FDiss (u) Z 2m€”§(u)HZ7FDiSS7

so we lower bound the left-hand side of (3.4) as follows:

(d = mw?|[ull} o + 2ml]e(u)

2
/"‘)FDiss S
W /Q (V- b+ Tr(0)plul® + Bhro () + Brrps, (w). (5.2)

We then estimate the four terms in the right-hand side of (3.4). First, we have

2Re(pf, (h- V)u)g < 2MU|| f||p0l Vullpo < 2Mesw™ | £l p0/Hmn | Vo

Then, using the assumption on the multiplier A in (3.6¢) and the Garding inequality recorded
in (3.1a), we write that

Zno(u) < (d—2+¢) 2le() o+ IV -ul3a}

= (d—2+¢) {Re(pf,u)a +w’|ul’q}
=(d-2+e)’|ulo+(d—2+e)|fl,0
For the third term in the right-hand side of (3.4), we simply use (4.8) and (3.1b), which gives

1/2
P Fre (1) < M { G 02 ul| e 2 (), + ol r, |

1/2
S M%Obﬁs/ w1/2||u”47FDiss€1/2”g(u)”ﬂ/eriss + MCHpr7QHu||p79

Finally, recalling the upper bound on || k| () in (3.8b) and the relation pmax < @min/(¥min?s,min)
between p and A, we derive the estimate

‘quyﬂ'

M
27FDiss S O K/SwHuHivFDiss S . I{SHf

min min

W /F (- n)plul® < w?Me|ul pallulpg
Diss

where we employed (3.1b) in the last inequality.
We may sum up the four above estimates as follows,

2Re(pf, (h-V)u)q + w2/ (h - n)p\u|2 + Zh . (W) + Zhna(uw)

FDiss
< 2Mksw ™| £l .o/ Hmin | V|0
+(d—2+e)w’|ul’q

M
{2420+ 2o nsh i flalullot

QOmin

1/2
+ MGroprg "0 ||u] A rp 2] o

so that using (3.4) and (5.2) and removing (d — 2 + E)wQHqu’Q from both sides yields

(2 —e—nw?llul’g+ 2mle(w)|? rp, . <
M _
{(d —24¢)+ MC+ — Hs} 1 fllp.ellwlloo + 2Mrsw™ || £l 0/ Hminl Vo
min

1/2
+ MGropris! "' |[] a1 2 €(w) | e

The estimate in (5.1) then follows using the definition of v and dividing by M. O
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Lemma 5.2 (Young inequalities). The estimate

2ksw | F | ponli | Vullo < (\@(1 + xrg R20 4 20 PR T) w2 fl2q
+ (VoG + 2n5) | £l plullpo (5:3)
+ 2680 2w A 2l (w) |
holds true for all 8,7 € R.

Proof. We start by combining the weighted Korn inequality we established in (4.4) together
with the Garding inequality in (3.1a) and the boundary estimate in (3.1b) to show that

pin [ Vul[§y < (14 xmg [ Fllpellulpo

—-1/2 —1/2 1/2

+w?llulf o + 20y ull 4,00, €2 l1€(w) e

We can therefore write that

k5w 2| £ 117 ttminl | Vulfy < (k8 + xrs)w (I F 17 ol Fllp.cllulloo

1/2 3 2 —
+ kB FIZallull? o + 20526 w2 £ 12,00 211 4 i /1) e

The next step is to employ Young inequality twice to obtain

K§w 2| £ 117 cptmin | Vel
26

1 _ K
< ng(ﬂé +xks) 2w fllpa + - ”.pr,QHqu,Q + REIFI2 ollull o

KS(J)

I7

per 1£1p.0 + w8 wllwl oy, Cle(@)7 .-

1 3 29
25(1+Xﬁsl) 4Hf||pg+fs||f”29||u

327, . —4
HS w

o T K3 £II7 Q||U X}

+ 1.0+ w8 wllwl rp,, Cle(@)]7 .-

an

We regroup the terms and multiply by 4, giving us finally

153072 2 aptmin Vel < (204 x5 26872 + dag wE72T ) Y IR
0
+ (QH% +4"€§)H.f||p,9‘|u”p,ﬂ
I2

+ 4k wlul G rp, lle@) .-

Now, (5.3) follows by taking the square root of both sides, since va? +b? + 2 < a+b+c. O
Lemma 5.3 (Quadratic inequality). Let > 0 with az?® < ¢+ bx for a,b,c > 0. Then,
ar < +/ac+b. (5.4)

Theorem 5.4 (Stability estimate for simple Robin boundaris). Under the assumpions listed
in the beginning of this section, there exists a unique solution u € H%Dir(Q) to (2.8), and we
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have

d—2+€ M

M 2M
5 M 2/3
<2+4m,(gr0b> Kg
ot g2, ) s (55)
2min | 16m S f I o '

Proof. We start by plugging (5.3) into (5.1), which provides the estimate

g m - ~1/2,3/2— -
2w ul2 g+ 23 eIy, < (V2O 4+ x5 )RE " + 203 20T ) w2 I

d—2+¢ 1
{5+ ¢) + Vo (S0 +2) ws ) sl
Grobhig - + 265w/ (12 5.6
+( robhg T KS)W HUHA,FDiss Hg(u)Hu,FDiSS‘ ( . )

The next step is to apply Young inequality in the last term, namely

(Grobkis > + 263w 1/2|ruHA P2 €(t)]| 1T e

2\/>( rObK'S/ +2ﬁ§)w1/2”uH47FDiss£1/2\/iug(u) ' Diss
1M
< 5 (Grovrg " + 265)° 42l i, (57)

We then observe that the last terms in the left-hand side of (5.6) and in the right-hand side
of (5.7) coincide, so that

2 wul2g < (V20 4+ xig )eE 0 + 2687 T w7 £

d—2+e¢ 1
" { (M n g) + V2L + (a — + 2) ﬁs} 1 lpellullpo

1M 1/2
5 o (Grobg!” + 268)*w]ulf .

We may then employ (3.1b), leading to

Y _ 3/2—1 _
QMWQHUH?,@ < (\/5(1 +Xlisl) o4 2Kg / ) 2||f igﬁ-
d—2+¢ 1 1M
{(M + C) + \/img + <amin + 2> ks + ég(%mblﬁls/ + 2/<cs) } | fllp.0llul

and (5.4) then reveals that

p7Q7

23 ullnn < 2 (VA4 g g+ 2 T)nfrp,m

M

d—2+e¢ 1 1M
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The remainder of the proof consists in simplifying the right-hand side of (5.8) and selecting
the values of § and 7 so as to optimize the resulting powers of kg. We start with two simple
estimates, namely

\/2]\74 (\/5(1 + xmgl)/%*@ + 252/2—7) < \/2;[ <21/4(1 n XH§1)1/2%—9/2 n \[2538,/4_7/2)

and
(Groblis!” + 265)2 = €21 ks + AGropriy -1 + 4RTT.

At that point, to fix the values of  and 7, we equate the two higher powers of kg respectively
involving 6 and 7. More precisely, we pick 6 and 7 such that 1 —0/2 =60 and 1/2+7 = 3/4—
7/2. The desired values are then 0, :=2/3 and 7, := 1/6, and we have 6, =1 — 0, /2 = 2/3,
3/4—7/2=1/2+ 1, =2/3, 21, = 1/3.

This choice provides the estimate

Y9 d—2+¢ M 1/3
20 ulln < { (S +) + ot

M

1 M
2 62, ) ns ) .
(24 2+ ) ws Hi o

The remainder of the proof consists in simplifying the /{5/ ® term. Specifically, recalling that
v/M <1 and (14 z)'/2 <1+ z'/2, the estimate follows from

M
V24 o Gron + ,/2% (21/4(1 +xrg Y2+ ﬂ)

M .
V24 Gy + V2 (201 + Ving %) +V2)

M _
<2V2 + o Gron + 2(1 + /XK 1/2)

M _
<5+ %%Ob + 2\/%’%8 1/2,

where we used the fact that 2v/2 < 3. This leads us to

d—2+¢ M
2L 2|0 < { <M +C> +2yxRdS + %/{é/3+

M
M

<5 + %ob> kg >+
2m

1 M,
<2 + + Smcgrob) HS}”f

0,
Qmin ’

and (5.5) follows after dividing by two. O

The strength of Theorem 5.4 is that the frequency scaling in the stability estimate is sharp.
A drawback, however, is that the constraint that h x n = o on I'pis forces the boundary to
have a rather simple shape. Hereafeter, we allow for more generality in the shape of I'pigs,
but at the price of less accurate stability bounds.
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6. SUBOPTIMAL STABILITY ESTIMATES FOR COMPLEX ROBIN BOUNDARIES

We now revisit the arguments of [17] allowing for more general shapes for I'pisg, but at the
price of less precise stability results. In this setting, the estimates of Section 4 are not available,
and the challenge is to control the boundary term %, 1. . (u). Following [17, Lemma 10], the
key idea is to control || Vul|rp,.. by the H*(©2) norm of u, which is itself controlled by || f| .0
and the H'(Q2) norm of u due to elliptic regularity. Here, for the sake of generality, we state
the key regularity result needed as an assumption. We will show in Appendix B that this
assumption does hold true with a constant ¢, independent of w if I'pjss is smooth and the
coefficients are smooth in a neighborhood of I'piss. We will also show that g is independent
of A/u, when both I'piss and I'p;, are smooth and A and p are constant.

Assumption 6.1 (Elliptic regularity). There ezists a constant €,eg such that, ifw € H %Dir(Q)
solves

(o(w),e(v))a = w2(pg, v)q + w(Ak, U)FDiss
for allv € H%Dir(Q) with g € L*(Q) and k € HY(Q), then Vw € L*(Tpiss) with

UVl rp, < Greg(L + 68) {@?llgllp0 +w? [kl + le(®)F o + lle(w)ll} o}

NvFDiss
In the remainder of this SectioAn, we assume that I'piss = 00 and I'p;, = 0D with D cC O
so that Q@ = O\ D. Recall that I'piss := (1/¢)'piss is the rescale absorbing boundary. Then,
we have the following Korn inequality:

Proposition 6.2 (Korn inequality). For all v € H%Dir(Q), we have
IVvlfa <201+ k5" (Wlvllg o +lle()lfo) Vv e Hry, (), (6.1)

where the constant & only depends on fDiss, Pmax/ Pmins 1A fimax / min -

Proof. We first observe that if v € H%Dir(Q), its extension by zero in D, v, belongs to
H'(0). Then, we employ a scaling argument, and introduce the function ©(z) = v(¢z) for
zec0:=(1/00.

It is clear that v € H 1(@), and thus, we can apply the standard Korn’s inequality in @,
see, e.g. [7, Theorem 11.2.16] for d = 2 and [15, (1.2.35] for d = 3, to find

1815 < ()2 (1915 + I@)13) -

for some positive constant Va depending only on (5, and hence on fDiSS. Due to the definition
of v, we also have

IVo|5 = 0 volly = - vvl 1805 = Bl5 = ¢ vl
leading to
vl < ()% (€2 llg + lle(@)lIE) -
This proves (6.1) since £~ < w/ (Y minks)- O

In practice, the constants €reg and % are hard to estimate explicitly. Besides, because the
estimates obtained in this section seem to be suboptimal (the frequency scaling is quadratic
instead of linear), it is unlikely that a fully explicit bound expressed in terms of €;ee Will be
useful. As a result, in the remainder of this section, we let C' denote a generic constant that
only depends on Greg, £, min and aumax, M and ~y. If £ is a real number, we use the notation
C¢ to indicate that this constant may additionally depend on &.
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Notice that then, the estimates derived in this section are only meaningful if ©cg is inde-
pendent of w and ¢. Using standard elliptic regularity results, we will show in Appendix B
that this is indeed true, at least under reasonable assumptions. We will also show that @;eg
is independent of A\pax/ftmin, at least when A and p are constant.

Lemma 6.3 (Dissipative boundary term). For all £ € (0,1), we have
%P (W)] < Ce(1 4+ kwl|ully ry . + @ 2(1FI2 0 + 0?lull? o (6.2)

Proof. Recall that since o(u)n = iwAu on I'p;s, we have

Kb Tpie (W) 1= 2Re/r (g(u)n) -((h-V)u). =2Reiw g "‘Au- ((h-V)u).

—-1/2

S,min

Recalling that ||-|| a1, < CY
we have

Il 1.rpis» @and using that (3.8a) implies ||h||f= o) < MY,

(Zh,Psee ()] < Cw'?[[ul| 4,00, (005 min) 2| (B - V)l
< Ong 2|l a.r, 02Vl
We conclude the proof with Young’s inequality and Assumption 6.1 as follows. For all 7 €
(0,3), we have

y4
.
1+ kg
< Cr(1+ rg)rswllul rp,. + 7 (W 2IFI2 0 + WPllulla+ le()? o) -

[%h, P ()] < Cr(1 + m8)rswllulf rp,, + IVl rpe,

Since, the Garding identity in (3.1a) gives
le(w)[l?,.0 = Re(pf, u)a + ?|lull} o < w2 fllp0 + 2% ul g,
we have

[Zh (W) < C-(1+ 6wl Gy, + 7 (2072 FII7.0 + 302 ullf )
< Ce(1+ m§)wllulla rpy, + w270 + Ew?llu

2
p,2

upon taking £ = 7/3. O
Theorem 6.4 (Stability estimate for general Robin boundary). We have
00 < CL+ 83| flp0. (6.3)

Proof. The proof essentially proceeds as in Lemma 5.1 with a different treatment of the bound-
ary terms on I'pjss. We start with the Morawetz identity in (3.4). Recalling the assumptions
in (3.6) and the notation in (3.8), we have the lower bound

w? |l

(d - me?lul2g < w? /Q (V- bt Yh(0)oluf> + Brry,. + Pure,

for the left-hand side of (3.4).
We then upper bound the right-hand side of (3.4). For the terms related to I'piss, we recall
from Lemma 6.3 above that

|Zh P (W)] < Ce(1+ R§)wllwl ry,,,, + I F 170 + E0?[lull} o



20 STABILITY ESTIMATES FOR NEARLY INCOMPRESSIBLE ELASTODYNAMICS

for all £ € (0,1), and we write that
W / (- m)pluf? < WPMeull.o < Crswlul o
Diss

For the remaining terms in the right-hand side of (3.4), we closely follow Lemma 5.1. Here,
we first note that due to the Garding inequality in (3.1a), we have

el < C{o I fllpo +wlully} -
Then, using Korn inequality in Hp_(€2) and the definition of g, we have
2Re(pf, (h- V)u)o < Crsw™ (| f]pell Vulue
< CA+rg)w™ [ £llpe @llulpg + lle(w)le)
and therefore
2Re(pf, (h- V)u)o < C(1 +rs) (w2 flp0 +w?ulpq) -
Finally, since ¢ < 2 by definition,
Zna(w) < (d =2+ ) |ullf o + (d =2+ )| fll0lul
< (d—2+e)w?||u ?,79 +C\f

P82

p)Q ‘quuQ

Combining those bounds, we have

YRe(pf, (h- V)u)o + w? / (h - m)pluf® + Bnro. (1) + B ()

I'biss
< O+ rs) {w 2 fllp.0 + I flpellulpo} + Ce(l + md)wllwla rp,,
+(d—-2+¢e+ f)w2||u|]?,,9
and if we substract (d — 2+ ¢ + {)w2||u||i7Q from both sides of (3.4), we obtain
(2-n—c—-&u’llulfq < CO+rs) {w I fI70 + I ]
+Ce(1+ md)wulld rp,, -

pr”u p,Q}

Since 2y =2 —n — e > 0, we may chose £ = v, which gives
yw?lul? o < O+ ks) {w I Fl20 + 1Fllpollulpo} + Cy(1 + swllull? ry,. -

Recalling (3.1b), we have wHuHi’FDiss < || fllpellullpo. Hence, since 1 + kg < 2(1 + £3), and
because the generic constants C' are allowed to depend on 7, we can write

Wllullf o < O+ wE) {w 250 + | fllneluloe}-
At that point, we easily conclude using a Young inequality. Indeed, for all 7 > 0, we have
L+ &) Flpellulpe < Cr(L+£8)°w™?| f
and taking 7 small enough that

W ullp.o < CQ+ r§)*w™?| f]

0,2

pa + 1 ull} o,

2
P

where we used the fact that (1 + k3) < (1 + x3)2. O
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7. EXAMPLES

In this section, we focus on the case where ©Q C By and I'pig := 0By, and assume that A
satisfies (2.6). We will consider the multiplier h(x) = x. As a result, we have in particular

M=m=1

in (3.8). In addition, due to Lemmas 4.4 and 4.5, because I'pigs is a sphere, we can take

(=0 X:max{l d_l}

ar’ ay
in (4.8). Finally, due to our choice of h, we can further simplify %} o(v). Recall that by
definition

Fnov) = /Q (V- b+ Th(1)2ue@) 2 + (V- h + TNV - ]2}
- 2Re/ {ue(v) : (VAV®D) + \(V -v)Vh: (Vo)'}.
Q
Here, Vh = I, and we have on the one hand
[ ne(w) (9h¥o) = [ ueo): o= [ ple(o)f
Q Q Q
by symmetry of (v). On the other hand we have

[T 0)Zh (20) = [ AV (997 = [ N0l

Q
and recalling that V - h = d, it follows that
Fna(v) = /Q {(d =2+ Th(w)2ule@)? + (d— 2+ ODAV w2} (T.1)

7.1. Star-shaped obstacles. We start with the case where Q = By \ D, where D C By is
a closed set star-shaped with respect to o. The medium of propagation is assumed to be
homogeneous, meaning that p, u and \ are constant. It is then clear that ¥4, (p) = Yh(pn) =
7h(X) =0, so that we can further simplify the expression of Zp, o given in (7.1) into

T o) = (d=2) 2le®)|f o+ 1V -vlRa).

For the same reason, we also have

/Q (V- b+ Th(p)plol® = dljv|2q.

It means that (3.6b) and (3.6¢) are satisfied with ¢ = = 0. In other word, the assumption
in (3.6a) holds true with v = 1. As a result, we can simplify the stability estimate given in
(5.5) as follows:

d 1 16 1 173
W2HUHP7Q < { <2 - 1) + \/mns/ 4 ZHS/ +

5 1 2/3

1 1
1 G2, ) s

p,2- (72)
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We start with the ideal case where A = (p,u)l/QL whence ay = ar = 1.

Corollary 7.1 (Star-shaped obstacle with favorable Robin coefficients). Assume that ay =
ar = 1. Then, we have

d 176 1 173 13 2/3 33
w2Hqu,Q§{<2—1)+/<oS/ +1ES/ ZKS/ +E/<cs | f

02,0 (7.3&)

In addition, the simplified estimate

W llullpe < (3+5ns)ll 0 (7.3b)

holds true.

Proof. Since ay = ap = 1 by assumption, we have %o = 3, and (7.2) further simplifies into

d 16 1 13 5 3\ 23 I 9
<& - 2472 14+ -4+ — } .
p,Q_{(Q )Jms + o (G )R+ (1 g+ 5 ) sspllF e
Then, (7.3a) simply follows by simplifying the fractions, whereas we obtain (7.3b) by noticing

that d < 3 and estimating the middle terms with the inequality “b < 1/p+b?/q” with p,q > 1
such that 1/p+1/¢ =1 and b > 0, yielding

w? |l

KO <56+ ks/6, kY <2/3+ks/3, kP <1/3+ 2ks/3.
0

The estimates in Corollary 7.1 have two desirable properties. First, the coefficient multi-
plying kg in the leading term is just slightly above two. The sharp estimate established in [23]
and discussed at (1.2) in the introduction has coefficient 1, so our bound is sharp by a factor
33/16 ~ 2. Second, the estimate is fully explicit and does not depend on A, as expected.

Unfortunately, the choice of coefficients for the Robin matrix A on the dissipative boundary
is not realistic from a numerical approximation perspective. Indeed, the coefficients are
correctly tuned to absorb shear waves, but are not suited for pressure waves. A better choice
is then a7 = 1 and an = Jp /g, see [21, (54)] in the case of constant coefficients A,y and p.
The tangential component of the matrix then correctly absorbed shear waves: if a shear wave
reaches the boundary at normal incidence, then the oscillations happen in the tangential
directions. The modification of the coefficients apn makes sure that pressure waves, that
oscillates in the normal direction at normal incidence, are treated with the correct speed.
The problem with this modification is that since ay = /2 + A/, any now depends on .
In this setting we are still able to provide a sharp estimate in terms of the frequency scaling
below, but are not able to establish any robustness as A\/u — +0o0.

Although this is an unpleasing outcome, we propose an intuitive explanation as to why
the dependency in A arises here. It is well-known that the absorbing boundary condition on
I'piss = 0By is only a good approximation of the radiation condition when ¢ is large [4, 22, 24].
However, the distance between the center of the domain and the absorbing boundary scales

as
P [ »p
KS \/;w Kp 2M+/\w

in terms numbers of pressure and shear wavelengths. In particular, the relative distance
measured in number of pressure wavelengths tends to zero as A increases, meaning that the
absorbing boundary condition is not meant to be an accurate approximation of the radiation
condition in this case.
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We now state a stability estimates with realistic Robin coefficients. As we remarked above,
the estimate is not robust in A/u, but the scaling in the frequency is optimal.

Corollary 7.2 (Star-shaped obstacle with realistic Robin coefficients). Assume that an =

V2+ A and ap = 1. Then,

1 16 1 oas (7 1 /A\Y?2\ o 1A
w2||uup,ns{2+ms/ F iy *(2*2@ 4 (2032 ) ns Hisla: - (1

Proof. The estimate in (7.4) follows from (7.2) upon observing that

A\ /2
Crob = (2 + Oémax) V Cmax < 20max = 2 <2 + H) .

for our choice of Robin coefficients. O

7.2. Smooth heterogeneous media. We now turn our attention to heterogeneous media
where p, p and A depend on the space variable. For simplicity, we restrict our attention to
the case where Q0 = By, although the case Q = B, \ D with D C By star-shaped poses no
additional difficulty. We consider coefficients p, u, A € C11(Q) with radial growth conditions.
Specifically, we require that p is not “too decreasing” in the sense that

x-Vp>—-0,p

for some ©, < 2, and conversely, we demand that ; and A are not “too increasing”, by which
mean that

x-Vyu<0O,u, x - VA< O\,
for ©,,0) < 2. We will in fact further constrain these values by requiring that
© =0, +max(0,,0,) < 2.

Recalling their definition in (2.3), the above requirements essentially says that the shear and
pressure wavespeeds cannot increase to rapidly when moving away from the origin. Similar
constraints on the wave speed also naturally arise for scalar Helmholtz problems [3, 36] and
Maxwell’s equations [12, 42].
The assumptions discussed above ensure that
Tu(p) 2 =0p,  Taln) <Ou  Ta(A) < Oy,
so that, recalling (7.1),

Zha(v) < (d—2+0,)2/v)f o+ (d—2+6))V |5 o

and
L9 het Aoolol = @= )
It follows that (3.6a) holds true with
2v:=2-0>0.

Corollary 7.3 (Smooth heterogeneous media). Under the assumptions stated above, the
estimate in (5.5) holds true.
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7.3. Transmission problems. In this section, our goal is to relax the smoothness assump-
tion on the coefficients to deal with transmission problems. We consider the case where
p is radially increasing and p and A are decreasing radially. Specifically, we assume that
ps iy A € L(Q)

p((1+h)x) —p(x) >0, p((1+h)z)—p(@) <0, A(1+h)z) - Az) <0, (7.5)

fora.e. x € Qand h > 0s.t. (1+h)x € Q. Notice that then, if we additionally assume that p,
p and X are in C%1(Q), then the discussion in Section 7.2 is valid with © = 0 and, therefore,
with v = 1. In fact, following [12], Theorem 5.4 remains valid under the sole assumption
that (7.5) holds true. This is established by first mollifying the coefficients while preserving
the monotonicity condition (this can be done following [12, Lemma 3.4]), and applying the
stability results for the mollified problem and finally remarking the solution to the mollify
problem converges towards the solution of the problem with original coefficients. For the sake
of simplicity, we do not reproduce the proof here and refer the reader to [12, Theorem 1.2]
for more details.

We now discuss relevant choice of Robin parameters. Having in mind finite element dis-
cretization, we focus on the case where the coefficients are constant in a neighborhood of I'pjgg.
Due to the monotonicity assumption in (7.5), it means that p = ppax, £ = fimin a0d X = Apin
in the vicinity of the dissipative boundary. As explained above, the choice A = \/pmaxfimin
(i.e. ar = any = 1) leads to very good stability estimates, but is not suited to absorb pres-
sure waves. In contrast, the choice ap := 1 and any = /2 + Amin/tmin 1S realistic from an
application perspective.

Corollary 7.4 (Transmission problem). Assume that the monotonicity assumption in (7.5)
is satisfied. Then, if ay = ar = 1, the estimates in (7.3) hold true. In addition, when

an = /24 Amin/tmin and ap = 1, the estimate in (7.4) holds true with A\/u replaced by
)\min/,ulmin-

Crucially, the estimates in Corollary 7.4 are robust in A in the sense that the bounds
remain uniform in A\pax/fimin- In particular, consider the scattering problem by a star-shaped
penetrable obstacle D C Q whereby p = pp, 4 = pup and A = Ap in D and p = pg, p = o
and A = )¢ outside D, the estimates in Corollary 7.4 are valid as long as pp < po, up > po
and Ap > Ap.

7.4. Almost star-shaped obstacles. In this section, we discuss the possibility of using
multipliers h different from . In particular, following [33], our goal will be to handle “almost
star-shaped” obstacles by consider multipliers h = x + V¢, where V¢ is sufficiently small
perturbation. For the sake of simplicity, we assume here that p, x and A are constant. We also
assume that I'p; # 0. As we will see, unfortunately, such an approach seems only possible
for “small” values of \/u. Due to the Dirichlet boundary condition on I'p;,, we have

Vo]0 < Holle(v)lue (7.6)

forallve H %Dir(Q), where the constant J#; > 1 depends on the shape of Q and I'pi,. See,
e.g. [7, Theorem 11.2.12].

Theorem 7.5. Assume that ¢ € C?1(Q) with ¢ = 0 in a neighborhood of I'piss. Assume that
h-n <0 onI'py. Assume that there exists e, > 0 with e +n < 2, and

A
(1 + 276 + H) HZQ¢HQX’(Q) <e mg%n Ap > —n.
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Then estimate (5.4) from Theorem 5.5 holds true.

Proof. Following the assumptions given in Section 3.5, we need to check that

(d—mlol2g < /Q (V- h)olof? (7.7)
and
Fna(®)] < (d—2+)2le®)Pg+ |V vl20} (7.8)

for all v € H%Dir(Q).
We easily see that (7.7) is valid by noting that

V- -h=V.2+V -Vé=d+Ad>d—n

by assumption.
To establish (7.8), we first follow the computations performed for h = x in Section 5 to
see that

Ana®) 1= [ {(d=2+ 50)2ple(w)* + (d =2+ AONV -of}
~2Re [ {2e(v) s (V2600) + (V- 0)% (V9)"}
Q
Then, since V?¢ is symmetric, we have

(V26 : (VD) =2|V?¢ : ()] < 2| V23| (le(v)],

and therefore
A
2Re \(V-0) V7?6 : (V)" < 4| V?¢|| Lo () A V-vle(v)] < 2| V3¢ = (q) (W ~of? + Mme(vnz)

On the other hand, since
V26V T| < [|V20] L~ (o) |V,

we obtain
QRG/QQME(v) : V29V < 4| V20| = (o) lle(®) ol Vollua < 270 V2¢l L= o) - 2[e(@)]7 o
where % is the Korn constant from (7.6). It follows that

Fnalv) < (d oy (1 Ry 2) uv%umm) 2le(®)]2.0

+(d—2+ 3| V23| z=) |V - v
and the conclusion follows since 3 <1+ 2. < 14245+ \/p. O

2
A8

7.5. General Robin boundary. In all the examples given above, the estimate of Theorem
6.4 given in (6.3) holds true if relax the assumption that A satisfies (2.6) and only assume
that I'pigs is the boundary of a closed set star-shaped with respect to o and that Assumption
6.1 is satisfied. The resulting estimate is robust in Apax/fimin if @max and amiy do not depend
on A and pu.



26

[\]

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26

STABILITY ESTIMATES FOR NEARLY INCOMPRESSIBLE ELASTODYNAMICS

REFERENCES

. R. Adams and J. Fournier, Sobolev spaces, Academic Press, 2003.

. S. Agmon, A. Douglis, and L. Nirenberg, FEstimates near the boundary for solutions of elliptic partial
differential equations satisfying general conditions I., Comm. Pure Appl. Mat. 12 (1959), 623-727.

. H. Barucq, T. Chaumont-Frelet, and C. Gout, Stability analysis of heterogeneous Helmholtz problems
and finite element solution based on propagation media approzimation, Math. Comp. 86 (2017), no. 307,
2129-2157.

. A. Bayliss, M. Gunzburger, and E. Turkel, Boundary conditions for the numerical solution of elliptic
equations in exterior regions, SIAM J. Appl. Math. 42 (1982), no. 2, 430-451.

. M. Bernkopf, T. Chaumont-Frelet, and J.M. Melenk, Wavenumber-explicit stability and convergence analy-
sis of hp-finite element discretizations of Helmholtz problems in piecewise smooth media, arXiv:2209.03601,
2022.

. R. Bey, A. Heminna, and J.P. Lohéac, Boundary stabilization of the linear elastodynamic system by a
Lyapunov-type method, Rev. Mat. Complut. 16 (2003), no. 2, 417-441.

. S.C. Brenner and L.R. Scott, The mathematical theory of finite element methods, 3 ed., Springer, 2008.

. D.L. Brown and D. Gallistl, Multiscale sub-grid correction method for time-harmonic high-frequency elas-
todynamics with wave number ezplicit bounds, Comput. Meth. Appl. Math. 23 (2023), no. 1, 65-82.

. D.L. Brown, D. Gallistl, and D. Peterseim, Multiscale petrov-galerkin method for high-frequency hetero-

geneous helmholtz equations, Meshfree methods for partial differential equations VIII, Springer, 2017,

pp- 85-115.

S. Chandler-Wilde and P. Monk, Wave-number-explicit bounds in time-harmonic scattering, STAM J. Math.

Anal. 39 (2008), no. 5, 1428-1455.

T. Chaumont-Frelet, A. Ern, and M. Vohralik, On the derivation of guaranteed and p-robust a posteriori

error estimates for the Helmholtz equation, Numer. Math. 148 (2021), 525-573.

T. Chaumont-Frelet, A. Moiola, and E.A. Spence, Explicit bounds for the high-frequency time-harmonic

Mazwell equations in heterogeneous media, arXiv:2301.07092, 2023.

T. Chaumont-Frelet and S. Nicaise, High-frequency behaviour of corner singularities in Helmholtz problems,

ESAIM Math. Model. Numer. Anal. 5 (2018), 1803-1845.

, Wavenumber explicit convergence analysis for finite element discretizations of general wave prop-

agation problems, IMA J. Numer. Anal. 40 (2020), no. 2, 1503-1543.

P.G. Ciarlet, The finite element method for elliptic problems, SIAM, 2002.

Martin Costabel, Monique Dauge, and Serge Nicaise, Corner singularities and analytic regularity for linear

elliptic systems. part i: Smooth domains., http://hal.archives-ouvertes.fr/hal-00453934/en/ Online version

of Chapters 1 to 5. (2010).

Peter Cummings and Xiaobing Feng, Sharp reqularity coefficient estimates for complez-valued acoustic and

elastic Helmholtz equations, Math. Models Methods Appl. Sci. 16 (2006), no. 1, 139-160.

M. Dauge, Elliptpic boundary value problems on corner domains. smoothness and asymptotics of solutions,

Springer-Verlag, 1988.

, Stationary Stokes and Navoer-Stokes systems on two- or three-dimensional domains with corners.

i. Linearized equations, SIAM J. Math. Anal. 20 (1989), no. 1, 74-97.

B. Engquist and A. Majda, Radiation boundary conditions for acoustic and elastic wave calculations,

Comm. Pure App. Math. 32 (1979), 313-357.

G.K. Géachter and M.J. Grote, Dirichlet-to-Neumann map for three-dimensional elastic waves, Wave Mo-

tion 37 (2003), no. 3, 293-311.

J. Galkowski, D. Lafontaine, and E.A. Spence, Local absorbing boundary conditions on fixred domains give

order-one errors for high-frequency waves, arXiv:2101.02154, 2021.

J. Galkowski, E.A. Spence, and J. Wunsch, Optimal constans in non-trapping resolvent estimates and

applications in numerical analysis, Pure Appl. Anal. 2 (2020), no. 1, 157-202.

C.I. Goldstein, The finite element method with non-uniform mesh sizes applied to the exterior Helmholtz

problem, Numer. Math. 38 (1981), 61-82.

1.G. Graham, O.R. Pembery, and E.A. Spence, The Helmholtz equation in heterogeneous media: a priori

bounds, well-posedness and resonances, J. Differential Equations 266 (2019), 2869-2923.

. P. Grisvard, Elliptic problems in nonsmooth domains, Pitman, 1985.




STABILITY ESTIMATES FOR NEARLY INCOMPRESSIBLE ELASTODYNAMICS 27

27. U. Hetmaniuk, Stability estimates for a class of Helmholtz problems, Commun. Math. Sci. 5 (2007), no. 3,
665—678.

28. R.L. Higdon, Absorbing boundary conditions for elastic waves, Geophysics 56 (1991), no. 2, 231-241.

29. V.A. Kozlov and V.G. Maz’ya, Spectral properties of operator pencils generated by elliptic boundary value
problems in a cone, Funkstional. Anal. i Prilozhen 22 (1988), no. 2, 38—46.

30. D. Lafontaine, E.A. Spence, and J. Wunsch, Wavenumber-explicit convergence analysis of the hp-fem for
the full-space heterogeneous Helmholtz equation with smooth coefficients, Comput. Math. Appl. 113 (2022),
56—69.

31. J. Lagnese, Boundary stabilization of linear elastodynamic systems, STAM J. Control Optim. 21 (1983),
no. 6, 968-984.

32. J.L. Lions, Ezact controllability, stabilization and perturbations for distributed systems, SIAM review 30
(1988), no. 1, 1-68.

33. P. Martinez, Boundary stabilitization of the wave equation in almost star-shaped domains, STAM J. Control
Optim. 37 (1999), no. 3, 673—-694.

34. J.M. Melenk, On generalized finite element methods, Ph.D. thesis, University of Maryland, 1995.

35. J.M. Melenk and S. Sauter, Wavenumber explicit convergence analysis for Galerkin discretizations of the
Helmbholtz equation, SIAM J. Numer. Anal. 49 (2011), no. 3, 1210-1243.

36. A. Moiola and E.A Spence, Acoustic transmission problems: wavenumber-explicit bounds and resonance-
free regions, Math. Meth. Appl. Sci. 29 (2019), no. 2, 317-354.

37. C.S. Morawetz, The decay of solutions of the exterior intial-boundary value problem for the wave equation,
Comm. Pure Appl. Math. XIV (1961), 561-568.

38. S. Nicaise, About the Lamé system in a polygonal or polyhedral domain and a coupled problem between the
Lamé system and the plate equation. i. Regularity of the solutions, Ann. Scuola Norm. Sup. Pisa Cl. Sci.

9 (1992), no. 3, 327-361.

39. B. Perthame and L. Vega, Morrey—Campanato estimates for Helmholtz equations, J. Funct. Anal. 164
(1999), no. 2, 340-355.

40. D. Peterseim, FEliminating the pollution effect in Helmholtz problems by local subscale correction, Math.
Comp. 86 (2016), no. 305, 1005-1036.

41. E.A. Spence, Wavenumber-explicit bounds in time-harmonic acoustic scattering, STAM J. Math. Anal. 46
(2014), no. 4, 2987-3024.

42. B. Verfiirth, Heterogeneous multiscale method for the Mazwell equations with high contrast, ESAIM Math.
Model. Numer. Anal. 53 (2019), no. 1, 35-61.

43. M. Vogelius, An analysis of the p-version of the finite element method for nearly incompressible materials:
uniformly valid, optimal error estimates, Numer. Math. 41 (1983), no. 1, 39-53.

APPENDIX A. STABILITY ESTIMATES USING THE GREEN’S FUNCTION

In this section, we assume that p, p and A are constant real numbers. Recall then the
(constant) shear and pressure wavespeeds are defined in (2.5) as

2p+A
P

with the corresponding wavenumbers given by kg := w/ 195 and kp := w/Vp.
The Green’s function associated with the PDE

—Wpu -V -o(u)=pf in R? (A1)

completed by the Sommerfeld radiation condition at infinity is given, e.g., in [8, Equation
(2.10)]. Specifically, we have
u=Gxf
with
1 eikS|y| 1 9 eiks|y| eikplyl

(S It Y -
Amdd \ |yl k3 ly| Y|

G(y) = (A.2)
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Notice that as compared to [8], our wavenumbers kg and kp (these are respectively called k;
and k in [8]) are multiplied by ,/p, which is due to the fact that the case p = 1 is considered in
[8]. This is fully consistant, as can be seen by dividing both sides of (A.1) by p and redefining
p and A appropriately.

It is convenient to introduce the notation

oA 1 etkslyl oF 1 [ etkslyl  gikplyl

in order to write .
G =G+ —V*G~. (A.3)
w

Crucially, G* is the Green’s function associated with the acoustic (scalar) Helmholtz equation.
In particular [23], for £ > 0 and f € L%(R3) with supp f C By, we have

WIG* % fllp.5, < Ksllfllp,5e (A.4)

with, as above, kg := ksf. The other part of G requires a bit of extra work. Our proof
closely follows [8, Lemma A.2], but we take special care to track the dependency on A\/pu.
Our improvements over [8] are very minor and far from complicated, but for the sake of
completeness, we include them here.

Lemma A.1 (Elastic part of Green’s function). Let £ > 0 and f € L*(R®) with supp f C By.
Then, we have

IF2(G® % f)lB, < (2 + 8ks0)l| £l - (A.5)
Proof. Here, for v € L?(R?), we let

F(v)(€) = / o(x)e€®de

R3
denote the Fourier transform of v. With this convention, we have

1
ol = el )

and
F(p*v) = F(9) - F(v)
for all ¢ € L%(R3). The notation

1 eiks’r eikpr
9(7“)~_47T< - )

will also be useful to write G¥(y) = g(|y|).

The proof relies on a modified Green’s functions M - G¥, where M(y) = n(|y|), with a
cutoff function n defined as follows. If r < 2¢ we let n(r) = 1 where as we set n(r) = 0 if
r > 4¢. The cutoff changes linearly in the transition region, namely n(r) = (4¢ — r)/(2¢) for
20 < r < 4¢. n is Lipschitz continuous, |n(r)| <1 and |n'(r)] < 1/(2¢) for all r > 0.

Let us consider the modified solution w := (M - GE) * f. Since f is supported in By, if
x € By, we have

@(w)z/ n(lw—y)g(lw—y\)f(y)dyz/ 9(lz — y|) f(y)dy = (G* * f)(=)

By By
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as | —y| < |x| + |y| < 2¢ whenever x,y € By. It follows that
IN*(G® % f)ll, = IN*@|, < IV*®lps = || AD]|ps.

where the last identity follows from two integrations by parts. We estimate the last norm
using the Fourier transform. Indeed, since

F(w) = [P (@) = |€*F (M - G®)Z(f),

we infer that

€7 (@) 7s < AN fllB,, 4 = sup [€]*|F (M - GF)(&)].

£cR4

and it remains to estimate .#. Since (M - G¥)(y) = (n-9)(Jy|), we can classically express its
Fourier transform as follows

oo sin(|€|r
FO- GO =t [ gy

The Fourier transform further simplifies into
2 E oo ik ik
LTGRO = [ n(r) (e — o) singlrdr
0

+o0 . .
_ /0 O ((r) (™57 — ™) cos([€]r)dr

upon recalling the definion of g. Here, we can conclude the proof with

40
M < / 10:(n(r) (s — e™*7))| < 4l(ks + kp) +2 < 2 + 8kst.
0

0

Theorem A.2 (Stability). Fiz ¢ > 0 and f € L*(R®) with supp f C By. For uw:= G f, we
have

W?|lullps, < (44 1788) | 5.5,

Proof. Recalling (A.3), we may split u as
u= (G~ f + (V2GE) * f.

On the one hand, each component of ué of u® := GAI % f independently solves a scalar
Helmholtz problem with wavenumber kg and right-hand side f,, i.e. u? =GAxf,,1<1<3.
Therefore, it follows from (A.4) that

W (GAL)  fllp.5, < #sl|Fllp.5,-

For the other part, we rely on Lemma A.1. Let us set u” := (V2GF) « £, so that

Mw

3
(06GF) % f1="Y_ 0;0(GF ),
=1

(=1
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and

3 2

I(V2G®) « fII3, = ZH“EHBZ >

J=1

3

Z (G % fy)

=

By

<3 Z 10;6(G” % £ )5, = 3IV*(G® x £1)llB, < 4IV*(GF* £0)lB,-
j,4=1

Since p is constant, it follows from (A.2) that

1(V2G®) % .5, < 2((V2G®) * fllp5, < (4+ 16ks0)|| f]lp,5,»

and we easily condlude the proof since
WPl < W (GAL) % £, + (V2GF) * f

p7B£'

APPENDIX B. ELLIPTIC REGULARITY FOR THE ELASTOSTATIC PROBLEM
The goal of this section is to show that Assumption 6.1 does hold true in relevant situations.

B.1. Validity under elliptic regularity. We start by showing that Assumption 6.1 holds
true under the more natural elliptic regularity assumption on the elastostatic problem below.

Assumption B.1 (Elliptic regularity). Assume that w € H %Dir(Q) is such that

(g(w), §('U))Q - w2(pga U)Q + W(Akv U)FDiss (B'l)
for all v € H%Dir(Q) with g € L*(Q) and k € H%Dir(ﬂ). Then there exist a neighborhood
Qcn of T'piss such that, w € Hz(ﬁ) and

1/2 1+ ks
il g2 @) < G5 (@llgllpe + wllkll o + (k)] 0). (B.2)

for some G > 0.

Lemma B.2 (Validity of the Assumption 6.1). If Assumption B.1 is valid, then Assumption
6.1 holds true with
Cgreg < C(l + Cgell)a

where C' only depends on ) and on the neighborhood Q in Assumption B.1. Specifically, if
w € H%D (Q) solves (B.1), then, Vw € L*(Tpiss), and we have

UIVw(f . < CL+Ca)(1 + ks) {wllgllpe + [l + lle(®)f o + le(w)llh o} (B.3)

Proof. First, using the multiplicative trace inequality in O derived, e.g., in [26, Theorem
1.5.1.10] and using a scaling argument, we get

£2
(19wl <0 (IVwld + AVwlgholyg) <€ (0 rITulh+ ol ).

By Korn inequality, we then have
2

14
AVl r, < (14 R+ it

and (B.3) follows from (B.2). O
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B.2. Elliptic regularity. We finally state two standard elliptic regularity results for the
elastostatic system that are easily found in the litterature.

Proposition B.3 (Locally smooth cofficients). Assume that A € C1'(Tpis) and that there
exists a neighborhood U C Q of I'piss such that p, A are of class C%l. Then, (B.1) holds true
with U = Q and a constant Gen depending on Q and §~2, the coefficients A, u, p, A and the
ratio Amax/ fmin -

Proof. The result follows from standard elliptic regularity for the elastostatic system, see e.g.
[2] or [16, Theorem 2.3.2]. O

Proposition B.4 (Constant coefficients). Assume that that T'piss and I'pi are of class chl,
We also assume that A € C(Tpiss), and that p, A are constant. Then, (B.1) holds true with
Q= Q and a constant Gey independent of \/ .

Proof. See [43, Lemma A.1]. O



