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Schrodinger eigenfunctions sharing the same modulus and
applications to the control of quantum systems

Ugo Boscain, Kévin Le Balc’h, Mario Sigalotti
March 12, 2024

Abstract

In this paper we investigate when linearly independent eigenfunctions of the Schrodinger
operator may have the same modulus. General properties are established and the one-
dimensional case is treated in full generality. The study is motivated by its application
to the bilinear control of the Schrodinger equation. By assuming that the potentials of
interaction satisfy a saturation property and by adapting a strategy recently proposed by
Duca and Nersesyan, we discuss when the system can be steered arbitrarily fast between
energy levels. Extensions of the previous results to quantum graphs are finally presented.
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1 Introduction

Consider a controlled (bilinear) quantum system
. m
W) = [ Ho+ S wi0H; | o), te0,+00). (1.1)
j=1

In (1.1), 9(t) represents the state of the system, evolving in a Hilbert space H, and u(t) =
(ui(t),...,um(t)) € R™ is the control that can take arbitrarily large values.

One of the fundamental questions in quantum control is the following: is it possible to induce
a transition from an energy level to another one in arbitrarily small time? Since in (1.1) quantum
decoherence is neglected, the model may only be applicable for small times. This is why results
of controllability in arbitrarily small time are particularly important for applications.

In the case in which the Hilbert space H where 1 is evolving is finite-dimensional, this
problem is well understood. Actually small-time controllability is possible if and only if the
evaluation at each point of the unit sphere of the Lie algebra Lie{iH1,...,iH,,} generated by
the (right-invariant) vector fields of the controlled part is of maximal rank, see for instance
[ABGS17, Theorem 2|. As a consequence, small-time controllability is never possible when the
operators Hi, ..., H, commute pairwise and in particular when m = 1.

The case of an infinite-dimensional Hilbert space could be very different due to the possible
unboundedness of Hy. This happens, for instance, for the controlled PDE

i) = —Ag + V(@) + Y ui(1)Q;(z)e, € [0,+00), (1.2)

J=1

on a Riemannian manifold (M, g). Here Ay is the Laplace-Beltrami operator, V' is the internal
potential, Q1,...Qn, are potentials of interaction, and Hy is the unbounded operator —A, + V.
Notice that in this case we are precisely in the situation in which the multiplication operators
Hy =Q,...,H,; = Q. commute pairwise.

In the last years, this subject attracted the attention of several researchers. A first example of
system of the form (1.1) evolving in an infinite-dimensional space with m = 1 and in which tran-
sitions among energy levels in arbitrarily small time are possible has been presented in [BCC12].

Although very interesting, such an example is academic (i0;y) = — <%>a ¥ + u(t) cos(z)1, on
the circle S, o > 5/2) and for almost ten years it seemed a safe bet that for systems in the form
(1.2) such phenomenon never occurs. Several results in this direction have been obtained (see,
for instance, [BCT14, BCT18| and |[BBS21]).

A surprising result going in the opposite direction was provided more recently by Duca and
Nersesyan [DN24|, who proved that on the d-dimensional torus, for systems of the type (1.2)
with V' = 0, certain transitions among energy levels are possible in arbitrarily small time. In
particular it was proven that it is possible to reach states of arbitrarily large energy in arbitrarily
small time. This result has been obtained under an assumption on the potentials of interaction
called saturation hypothesis (see Section 2.3 for more details). Such type of hypothesis was
inspired by a similar one introduced by Agrachev and Sarychev for the control of the Navier—
Stokes equations in [AS05] and [AS06].

The result from [DN24] was extended and proven in a simpler form in [CP23|. In particular
in that paper examples of systems evolving on manifolds with a topology different from that of
the torus were studied.

The techniques developed in [DN24] and [CP23] actually permit to prove that (under the
saturation hypothesis) it is possible to steer in arbitrarily small time a state i (x) arbitrarily
close to a state of the form ?®)y(z) for some real-valued function 6(z).



Then the possibility of making an arbitrarily fast transition among different energy levels is
reduced to the problem of the existence of eigenfunctions corresponding to different energy levels
that share the same modulus. This is the property that we study in this paper.

To clarify the situation, let us discuss briefly the case of the circle R/27Z. The eigenvalues
of Hy = —% are A\ = k%, k=0,1,2,... The fundamental state (k = 0) is non-degenerate and
corresponds to the real eigenfunction ¢y = \/% The other eigenvalues (k > 1) are double and

correspond to the real eigenfunctions ¢ (z) = ﬁ cos(kx) and ¢j(z) = ﬁ sin(kx). Although

these eigenfunctions do not differ by a factor of phase only, a suitable linear combination in each
eigenspace permits to construct eigenfunctions all with modulus 1/+/27:

o (a) = \}E(gbi(x) + it () = Vlzfﬂeﬂkr, k=1.2,... (1.3)

With the technique developed by Duca and Nersesyan, it is possible to induce a transfer of
population in arbitrarily small time among the eigenfunctions (1.3). This can be done approxi-
mately and suitable potentials of interaction are necessary.

The purpose of this paper is to study whether the presence of linearly independent eigen-
functions sharing the same modulus is a specific feature of this problem or can occur in more
general situations.

The structure of the paper is the following.

In Section 2 we give some basic definitions and examples concerning Schrodinger operators
having eigenfunctions sharing the same modulus. We then introduce basic concepts about small-
time approximate controllability, we introduce the saturation hypothesis and the result by Duca
and Nersesyan [DN24]. We then state in Theorem 2.19 a new result concerning small-time
approximate controllability between states sharing the same modulus adapted to manifolds with
boundary, in the spirit of the ones given by Duca and Nersesyan for the torus [DN24]| and
Chambrion and Pozzoli for manifolds without boundary [CP23|. The proof that we give in
Appendix A generalizes immediately to the case of the graphs studied in Section 4.

In Section 3 we study conditions for Schrodinger operators to admit eigenfunctions sharing
the same modulus in the general case and in the one-dimensional case (Section 3.2). Our main
result in the one-dimensional case is Theorem 3.6 that we reformulate here for convenience.

Theorem 1.1. Let M be a smooth and connected one-dimensional manifold (possibly with bound-
ary) and a coordinate x on M. In L*(M,dx), consider the Schrédinger operator Hy = —02 +V
(with V- € LS (M, dx) bounded from below and Neumann or Dirichlet boundary conditions if M
has boundary) that we assume to be self-adjoint and with compact resolvent. If Hy admits two
C-linearly independent eigenfunctions ¢ and ¢y sharing the same modulus, then necessarily M
is a closed curve and ¢, ¢p are nowhere vanishing on M. If, moreover, ¢, ¢¢ correspond to

distinct eigenvalues, then V is constant.

One can read this result in the following way: the requirement of the existence of eigenfunc-
tions sharing the same modulus for all eigenvalues gives a topological constraint (the manifold
should be the circle) and a condition on the potential V' that must be constant. However if we
are interested in transitions in between the same eigenspace, then non-constant potentials are
admitted. See Remark 3.8 for an explicit example.

In the two-dimensional case, we give some new results concerning the sphere S?, showing
that it is possible to induce small-time transitions among states (which are not eigenstates)
having different expectation values of the energy (see Proposition 2.7). This fact is new since for
the sphere S? only the possibility of making small-time transitions between states of the type
Yl to Y!, was known (see [CP23]). For the disk I, we also prove that two eigenfunctions of



different energy levels cannot share the same modulus while it is possible to find two independent
eigenfunctions of the same energy level that share the same modulus, see Proposition 2.8. This
result is new and leads to the possibility of making small-time transitions among states having
the same energy as for the sphere S2.

Beside the two-dimensional torus, the sphere S? and the disk D, the study of other systems
in dimension 2 is complicated by the lack of explicit expressions for the eigenfunctions.

We then study (Section 4) problems that in a sense are intermediate between dimension 1 and
2, namely problems on graphs. Actually graphs are obtained by gluing together one-dimensional
manifolds, but their topology is much richer than the topology of one-dimensional manifolds and
for certain properties they are more similar to higher dimensional manifolds. See, for instance,
the survey |[Kuc02] studying spectral properties in thin structures collapsing to a graph.

On graphs we exhibit some new phenomena. We show the existence of graphs for which

e there exists an infinite sequence of eigenfunctions corresponding to arbitrarily high energy
levels that share the same modulus, but this is not the case for all energy levels. See Section 4.4;

e all energy levels but the ground state are degenerate, but there exists no pair of eigenfunc-
tions sharing the same modulus and having different energy levels. See Section 4.5.

Acknowledgements. This work has been partly supported by the ANR project TRECOS
ANR-20-CE40-0009, by the ANR-DFG project “CoRoMo” ANR-22-CE92-0077-01, and has re-
ceived financial support from the CNRS through the MITI interdisciplinary programs.

2 Basic definitions

2.1 The Schrodinger operator on a Riemannian manifold

Let M be a smooth and connected manifold of dimension d, possibly with boundary, equipped
with a Riemannian metric g. We assume that M, endowed with the Riemannian distance, is
complete as a metric space. Let Ay = div,,, o V, be the Laplace-Beltrami operator on (M, g),
where divy, is the divergence operator with respect to the Riemannian volume and V, is the
Riemannian gradient. When 0M # 0, we split M = U;c;C;j where {C; | j € I} is the set of
the connected components of M.

We define the Hilbert space H = L?(M;C), where integration is considered with respect
to the Riemannian volume. For simplicity, in the following we write L?(M) for L?(M;C) and,
similarly, H*(M) for H*(M;C), k > 1. Let V € L (M;R) be bounded from below, Hy =
—Ay +V, and define

Dom(Hy) := {¢p € H* (M) | —Ag¢p + Vb € L*(M) and Pj(¢p) =0 on C; Vj € I}, (2.1)

where, for every j € I, Pj(1) is either the trace of 1) on C; or the trace of 9,4 on C; with v the
outer unit normal vector to M. In the sequel, we split I = Ip U Iy, where Ip (respectively, In)
corresponds to the set of indices such that P;(v) is the trace of 1 on C; (respectively, the trace

of 9,9 on Cj).

Assumption 2.1. The unbounded Schrédinger operator (Hg, Dom(Hy)) is self-adjoint on L?(M)
with compact resolvent.

As a consequence of Assumption 2.1, from the spectral theorem (see, e.g., [CR21, Theo-
rem 6.2]), there exists an orthonormal basis of L?(M;C) composed of eigenfunctions (¢x)g>1
associated with the sequence of real eigenvalues (A;)i>1, that is for every k > 1, ¢, € E), =
Ker(Hp — \iI). Let us first give some examples, that are mainly taken from [Cha84], on which
we will focus in the following.



1. Let M = T = (R/27Z)¢ be the d-dimensional torus, A, be the Euclidean Laplace opera-
tor, V € L°°(T% R). The unbounded operator (—A,+V, H%(T?)) satisfies Assumption 2.1.

2. Let M = S? be the two-dimensional sphere equipped with the standard Riemannian met-
ric and A, be the corresponding Laplace-Beltrami operator. Let V € L>(S%R). The
unbounded operator (—A, + V, H?(S?)) satisfies Assumption 2.1.

3. Let Q be a smooth bounded connected domain of R¢, Ay be the Euclidean Laplace op-
erator, v be the outer unit normal vector to 92 and V' € L*°(Q;R). The unbounded
operators (—A, + V, H?(2) N H}(Q)) and (—A, + V,{¢p € H*(Q) | 8,4 = 0 on 9Q})
satisfy Assumption 2.1.

4. Let M = RY, A4 be the Euclidean Laplace operator, V' € Lf(fc(Rd;R) be such that
lim3 400 V() = 400. Then the unbounded operator (—Ay + V,{¢) € H*(R?) | Vi €
L?*(R%)}) satisfies Assumption 2.1.

Remark 2.2. Assumption 2.1 does not cover all interesting situations. Consider for instance
the Schrédinger operator
d? c
@z 22(1—x)%’

If ¢ > 3/4 this operator is essentially self-adjoint in L2((0,1)) (this is a consequence of [RS78],
Theorem X.10) and hence this situation is covered by Assumption 2.1 (even if it does not satisfy
the standing assumptions, since the metric space (0,1) endowed with the Euclidean distance is
not complete). If ¢ < 3/4 this operator is not essentially self-adjoint. Self-adjoint extensions
exist, but they do not correspond to boundary conditions of Dirichlet or Neumann type. In
other words the latter case is not covered by Assumption 2.1.

xz € (0,1).

2.2 Eigenfunctions sharing the same modulus

The following definition introduces rigorously the key notion of eigenfunctions of the operator
Hy = —A, + V sharing the same modulus.

Definition 2.3. For k,¢ > 1, two C-linearly independent eigenfunctions ¢, € F), and ¢, € E),
are said to share the same modulus if

|ok(z)| = |pe(x)], for every x € M. (2.2)
We are interested in different occurrences of eigenfunctions sharing the same modulus:

e For k > 1, Hy may admit eigenfunctions sharing the same modulus inside the energy level
Ak, that is, there may exist two C-linearly independent eigenfunctions in E), that share
the same modulus;

e For k,0 > 1, Hy may admit two eigenfunctions ¢, € Ey, and ¢, € Ey, sharing the same
modulus and corresponding to different energy levels A\, and Ay;

e Hjy may admit eigenfunctions sharing the same modulus corresponding to all energy levels,
that is, there may exist a subsequence (¢, );>1 of an orthonormal basis of eigenfunctions
(#k)k>1 such that the functions ¢y, all share the same modulus and such that {\; | k& >

1} ={\; |5 > 1}

Let us illustrate these notions on some particular examples of Riemannian manifold M and
operator Hy = —Ay + V.



1. Let M =T% V =0, and Hy = —A. The eigenvalues are given by
Ay =12 +---+n2 (n1,...,nq) € N, (2.3)
With each Aj one can associate the eigenstates
OE(z) = FT5 T g = (ay,...,34) € TV (2.4)

Since all eigenstates (I% share the same modulus (constantly equal to 1) and @Z, O, are
linearly independent if A\ > 0, the following proposition holds true.

Proposition 2.4. The operator Hy admits eigenfunctions sharing the same modulus inside
each energy level A\, > 0 and corresponding to all energy levels.

2. Let M =S?,V =0, and Hy = —A,. Denote by Vi 1 €N, me{-l...,1}, the spherical
harmonics, i.e., the eigenfunctions of —Ag2. Then the eigenvalue associated with Y/, is

[(l+1) and
Ve, 8) = |2 A os(a)e™. (2.5)

where P/ is the corresponding Legendre polynomial and (c, ) are the spherical coordi-
nates on SZ.

Proposition 2.5. For everyl € N, m € {—[,...,1}, Y[" and Y™ share the same modu-
lus. As a consequence, for each | > 1, Hy admits eigenfunctions sharing the same modulus
inside the energy level (1 4 1).

Proof. Recall that each P/™ satisfies

(+m) '
so that '
Y (0, B) = (—1)"eHmPY o, B). (2.6)
Therefore, Y}, and Y, share the same modulus. O

Remark 2.6. A natural open question is the following one: for k,1 > 0, k # [, do there
exist ¢ € Ep41) and ¢ € Eygyq) sharing the same modulus?

The next result tells us that appropriate linear combinations of spherical harmonics can
also share the same modulus.

Proposition 2.7. For every | > 4, m € {—1l —4,...,1 — 4} there exist some con-

stants o, a2, a2, a"5? € R\ {0} such that a}”Yfl +a)" 2% and o) TRYH? 4

a;n'52YlT;2 share the same modulus.

Proof. The result follows from (2.5) and the recurrence relation
(l—m—1)(—m)P™x)=—P""(x)+ P35 (@) + (1 + m)(l +m — 1) P" ().

This concludes the proof. O



Note that Yler2 and Y/_";r 2 correspond to different energy levels, so the result tells us that
an appropriate superposition of spherical harmonics of different energy levels shares the
same modulus as an appropriate superposition of spherical harmonics from a single energy
level.

. Let us consider the unit disk D = {(z,y9) € R? | 22 + y? < 1}. Denote by Ap the
Dirichlet-Laplace operator on . From [Hen06, Proposition 1.2.14], the eigenvalues and
eigenfunctions of —Ap are given by, for every k > 1

1 1
0,k = Jo,k> Uo,k(ﬁ ) . Ué(jo,k)|J0(jO’kT)7

and, for every n,k > 1,

]n . of multiplicity 2,

Up i (1, 0) \/>|J’ n 1 (Jn,kr) cos(nf),
Up (7, 0) = \/;Mjn(]n’kr) sin(n#),

where jy, i, is the k-th zero of the Bessel function J,, and (r,6) are the polar coordinates
on D.

Proposition 2.8. Let n,m > 0 be such that n # m and k,l > 1. Assume that ¢y, and
®m, are eigenfunctions corresponding to j?ml and jik, respectively. Then ¢y 1 and ¢y, do
not share the same modulus.

On the other hand, forn > 1 and k > 1, there exist two C-linearly independent eigenfunc-
tions given by

2 1 . 2 1 .
+ = *%Jn jnkr 61”97 71[}7 :\/>Jn jnkr e—zné" 2.7
: \/;U;L(an,m Unkr)e™ Yok =\ ST G Uns”) 27)

corresponding to the eigenvalue ji i that share the same modulus.

Proof. The first part is a standard application of a celebrated result by Siegel [Siel4] stating
that J, and J,,, for n # m have no common zeros, together with the simple observation
that two eigenfunctions sharing the same modulus also share the same nodal set.

The second part consists in remarking that the eigenfunctions given by (2.7) are C-linearly
independent. O

. Let M =R, V(x) = ||z||?, and Hy = —A +V = —A + ||z||?> be the harmonic oscillator
Hamiltonian.

The eigenfunctions of the one-dimensional harmonic oscillator Hy = —d?2 + 22 are the
Hermite eigenfunctions

x

E reR, kel (2.8)
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z2

The eigenvalue corresponding to ®y, is 2k+1 and @y, can be written as i (z) = Hyx(z)e™ 7,
where Hy, is a polynomlal function of degree k. In the multi-dimensional case, for d >
a = (aj)igj<d € N¢, the Hermite eigenfunctions are given by

Do, () x = (zj)1<j<a € RY, a €N, (2.9)

||’:]g

and ®,, corresponds to the eigenvalue 2|a| + d.

Proposition 2.9. Let d = 1. For every ki,ko € N, k1 # ko, Hy does not admit two
eigenfunctions corresponding to the energy levels 2k1 + 1 and 2ko + 1 that share the same
modulus.

Proof. By contradiction, if ®; and ®, share the same modulus, then |Hy| = |Hy|, so that
Hy, and H; have the same degree, which is not possible when k # £. O

Note that Proposition 2.9 can also be seen as a consequence of Lemma, 3.1 or Theorem 3.6,
see below.

Remark 2.10. A natural open question is: does the result of Proposition 2.9 extend to
the case d > 27 The difficulty is that in the contradiction argument, we will have

d d
S ] He @) = > I Hs =) x = (zj)1<j<a € RT. (2.10)

aeN? |a|=k1 j=1 BeN, |B|=ky j=1

An argument based on the degree does not work anymore because a priori one can have
cancellations in the previous equality such that the polynomial in the left hand side has
the same degree than the polynomial of the right hand side.

FEigenfunctions sharing the same modulus play a special role in the bilinear control of quan-
tum systems, as explained in the next section.

2.3 Bilinear quantum control systems

Let Q@ = (Q1,...,Qm) € LS. (M;R)™ be the potentials of interactions and let us consider the
bilinear controlled Schrédinger equation

O = =Agth + Vi + (u(t), Q)rmtp  in (0,+00) x M,

=0 on (0,400) x Ujer,Cj, (2.11)
Oph =0 on (0, +00) x UjernCj, '
¥(0,-) = 1o in M.

In (2.11), at time ¢ € [0, +00), 1 (t) € L?(M) is the state and u(t) € R™ is the control.
In all the sequel, we also make the following hypothesis.

Assumption 2.11. For every j € {1,...,m}, Q; € L>(M;R).

By combining Assumptions 2.1 and 2.11, we have the following well-posedness result accord-
ing to [BMS82]. For every T' > 0, 19 € L>(M) and u € L?(0,T;R?), there exists a unique mild
solution ¢ € C([0,T]; L*(M)) of (2.11), i.e

B(t) = e~ oy 4 /0 eI u(5) Qa)yb(s)ds, Wt € [0,T).

8



If we assume furthermore that vy € S = { € L*(M) | ¥l 22y = 1}, then, for every
t €10,T], ¥(t) € S. In the sequel, for 1y € L*(M) and u € L?(0,T;R%), the associated solution
Y € C([0,T); L>(M)) of (2.11) will be denoted by % (-; ¥, u).

For 9o € L?(M), let us denote

R(vo) = {w(t; o, u) | t >0, u € L*(0,;RY)}.

From a controllability point of view, we have the following well-known negative result from
[Tur00], based on [BMS82] (see also [BCC20] for extensions to the case of L! and impulsive
controls): For every ¢y € Dom(Hp) NS, the complement of R(v) in Dom(Hp) NS is dense in
Dom(Hp)NS, so in particular the interior of R(1)p) in Dom(Hp)NS for the topology of Dom(Hy)
is empty. With respect to this result of negative nature for the exact controllability, one may
wonder if instead the approximate controllability holds. It is known that (2.11) is approximately
controllable in large time, generically with respect to the parameters of the system, see [MS10].
Here, we will mainly focus on the small-time approximate controllability.

Definition 2.12. An element ¥; € S belongs to the small-time approximately reachable set
from ¢ € S, denoted by Ro(t)o), if for every € > 0, for every 7 > 0, there exists 7" € (0, 7] and
u € L%(0,T;R™) such that

||7/J(T§ 1/10au) - Qf)1||L2(M) < €.

The characterization of small-time approximately reachable sets for (2.11) is an open problem
in general. For instance, the authors in [BCT18] exhibits a minimal time concerning the approx-
imate controllability between particular initial data and final target for (2.11) when M = R¢.
Results in the same spirit were also obtained in [BBS21]| by using a WKB method. Nevertheless,
there are examples of bilinear systems for which Ro(10) = S for all ¢y € S, see [BCC12].

In this article, we mainly focus on a weaker notion, that we call small-time isomodulus
approximate controllability.

Definition 2.13. We say that (2.11) is small-time isomodulus approzimately controllable from
g € S if '
{40 | 6 € LA(M;T)} C Ro(to)-

The motivation for studying such a notion comes from the recent papers [DN24] and [CP23|.
Roughly speaking, in these papers, the authors prove that the small-time isomodulus approx-
imate controllability holds assuming that the potentials of interaction Q1,...,Q, are smooth
up to the boundary of M and satisfy a suitable saturation property.

Let us investigate for particular examples of Riemannian manifolds M, operators Hy =
—Ag, + V, and potentials of interaction Q1,...,Q, when small-time isomodulus approximate
controllability holds.

1. In the case where M is a torus the following result holds.

Theorem 2.14. [DN2/, Theorem A] Let M =T, let K be the set defined by

K = {(1,0,...,0),(0,1,0...,0),...,(0,...,0,1,0),(1,1,...,1)} C R,
and assume that Q1,...,Qmn are such that

x+— 1, x> sin(z, k), x— cos(x, k) € span{Qi,...,Qm}, vk € K.

Then (2.11) is small-time isomodulus approximately controllable.



Note that [DN24, Theorem A] actually claims the small-time isomodulus approximate
controllability for ¢ € H*(M) NS for s > d/2 but this is due to the eventual presence of
the semi-linearity in their equation.

A striking consequence of such a result is that the small-time approximate controllability
among particular eigenstates holds.

Corollary 2.15. [DN2/, Theorem B] Take V- =0. Then, we have

+ +
;- € Ro(P;),
where @f, <I>2IE are any eigenfunctions defined as in (2.4).

In particular, the system can be steered arbitrarily fast from one energy level to any other
one. This is due to the fact that for every k, ¢, @f and <I>zt share the same modulus.

2. For the two-dimensional sphere the following result holds.
Theorem 2.16. [CP23, Theorem 3] Let M = S%, V =0, Q1(z,y,2) =z, Qa2(x,y,2) =¥,
Qs(x,y,z) = z. Then (2.11) is small-time isomodulus approximately controllable.
As an application, we have the following result, that claims the small-time approximate

controllability between particular spherical harmonics.

Corollary 2.17. [CP23, Theorem 3] We have

Y e Ro(Y!,), VIeEN, Vme{-l...,1}, (2.12)
where YL are the eigenfunctions defined in (2.5).

Note that [CP23, Theorem 3| actually claims (2.12) for I € N and m = + but the proof is
still valid for any m € {—I[,...,l} because of Proposition 2.5. The following result is new.

Corollary 2.18. For every l > 4, m € {—l —4,...,1l — 4}, there exist some constants
', a2 Q" QM € R\ {0} such that

0¥+ 0 I € Rl Y ol V).

Proof. This is a direct application of Corollary 2.15 and Proposition 2.7. O

Omne of the contributions of this article is the generalization of [DN24, Theorem A]| and
[CP23, Theorem 3| to Riemannian manifolds with boundaries, assuming that the potentials of
interaction satisfy a saturation property that we describe now.

We assume that Q1,...,Qm € C°(M;R) and let us define the sequence of subspaces

Ho = {p € span{Q1,...,Qm} | yDom(Hy) C Dom(Hy)} C L*(M;R), (2.13)
and iteratively

Hnt1 = {p € Hny +span{g(Vy, V1)) | ¥ € Hn} | eDom(Hp) C Dom(Hy)}, N > 0.
(2.14)
Finally, we define

Moo = | Hn. (2.15)
N=>0

10



Theorem 2.19. Assume that Heo is dense in L2(M;R). Then, (2.11) is small-time isomodulus
approximately controllable.

It is worth mentioning that the proof of [DN24, Theorem A| directly gives Theorem 2.19 when
M = T% and the proof of [CP23, Theorem 3] directly gives Theorem 2.19 when M is a manifold
without boundary. Even if the treatment of the boundary is not the most difficult issue, we give
a full proof of Theorem 2.19 in Appendix A in an abstract setting for the sake of completeness
and for the application to other quantum control systems, in particular on quantum graphs.

As an application of Theorem 2.19, one can then consider the case of the Dirichlet—Laplace
operator on the disk.

Corollary 2.20. Assume that Q1,...,Qm € C°(D;R) and Heo is dense in L>(D;R). Then,
W{,k S WM Vn, k> 1,

where the eigenfunctions wik are defined in (2.7).

Here, the C'*°-regularity up to the boundary of the potentials leads to the fact that one can
remove the conditions of the stabilization of Dom(Hj) by the functions ¢ in the definitions (2.13)
and (2.14) because it is automatically satisfied. This is specific to the homogeneous Dirichlet
boundary conditions. It is not the case for homogeneous Neumann boundary conditions.

3 Eigenfunctions sharing the same modulus

3.1 General properties

The goal of this part is to study the implications of having two linearly independent eigenfunc-
tions sharing the same modulus.

Let Hy be as in Assumption 2.1. Notice that we could relax the assumptions on Hy in this
section, not requiring its entire spectrum to be discrete, but just focusing on two of its eigenvalues
Ak and Ay with corresponding eigenfunctions ¢y, ¢p : M — C. By elliptic regularity and Sobolev
embeddings, see for instance [GT01, Theorem 7.26, Theorem 9.11], for every 0 < a < 1 one has
that ¢ and ¢, are Cllo’?(M ; C). The one-dimensional case is specific because, by standard ODE
arguments, one can prove that ¢ and ¢, are C’llo’i.

Let us assume that ¢ and ¢, share the same modulus p := |¢x| = |¢¢| € C(M, [0, +0)).
Set M, ={x € M | p(x) # 0} and let 0,6, : M, = T = R/277Z be such that

or(x) = p(z)e @, @y(x) = p(a)e™™),  ze M, (3.1)

Notice that both ¢ and ¢y vanish on M \ M, = {x € M | p(x) = 0} and that, by unique
continuation, see [Aro57|, M, is dense in M. Moreover, for every 0 < o < 1 one has that p|x,

1 11 . . .
and 0, : M, — T are Clo’?, and even Cp . in the one-dimensional case.

Let us observe the following.

Lemma 3.1. If A\ and Ay are simple and distinct eigenvalues of the Schrodinger operator Hy
with corresponding eigenfunctions ¢ and ¢y, then ¢ and ¢y cannot share the same modulus.

Proof. Assume by contradiction that ¢, and ¢y share the same modulus and let p, ¢x, ¢y be as
in (3.1).
Notice that, since V' is real-valued, Re(¢y) and Im(¢y) satisfy

—ARe(qﬁk) -+ VRe((bk) = /\kRe(ék), —AIm(¢k) + VIm((bk) = Aklm(¢k)

11



By using that A; is a simple eigenvalue, we then deduce that Re(¢y) and Im(¢y) are colinear,
that is, up to exchanging the roles of Re(¢y) and Im(¢y ), there exists uy € R such that Re(¢x) =
urIm(oy), ie., pcos(0;) = prpsin(;). We therefore deduce that

cos(0y) = ug sin(fy) on M,.

By using that M), is open and 6 is continuous on M,, we then deduce that 6} is constant on
each connected component M,. As a consequence, we obtain that

—Ap+Vp=Xp on M,.
By using the same argument for Ay, we obtain
—Ap+Vp=Xp on M,.
Hence, since M), is nonempty, Ay = Ay, contradicting the hypotheses. O

Remark 3.2. One may wonder if the conclusion of Lemma 3.1 still holds true assuming that
only Ag is simple. This turns to be false by considering the example of M = T and Hy = —A.
Indeed, 0 is a simple eigenvalue with corresponding eigenfunction constantly equal to 1, while 1
is an eigenvalue of multiplicity 2 with corresponding eigenfunctions e’ and e~*, and the three
eigenfunctions obviously share the same modulus.

Corollary 3.3. Let M be a compact connected C*° manifold M without boundary of dimension
larger than or equal to 2. Then, generically with respect to the Riemanniann metric, no pair
of C-linearly independent eigenfunctions of the Laplace-Beltrami operator —A, share the same
modulus.

Proof. This is straightforward application of Lemma 3.1 and the well-known result by Uhlen-
beck [Uhl76, Tan79] ! ensuring that, given a compact connected C* manifold M of dimension
larger than or equal to 2, the set

{g € M | all eigenvalues of — A, have multiplicity one},

is residual in the topological space M of all smooth Riemannian metrics on M endowed with
the C* topology. O

Remark 3.4. Results similar to Corollary 3.3 can be obtained when considering the genericity
with respect to the potential V' (with no restriction on the dimension of M). Indeed, the
spectrum of the Schrédinger operator is known to be generically simple with respect to V. This
general statement requires precise functional analysis setups to be rigorously formulated. For
the case of compact connected manifolds without boundary and C'* potentials V' see [Alb75].
The case of bounded Euclidean domains with Dirichlet boundary conditions and V' € L* or of
full Euclidean spaces with V' € L{¥. such that limj,|_ V(2) = 400 can be found in [MSI10,
Proposition 3.2].

Let us collect in the following result some differential identities satisfied by the modulus and
phases of two eigenfunctions sharing the same modulus.

!The version of Uhlenbeck’s result given by Tanikawa in [Tan79] provides the formulation in the C*° topology
and also covers the case where M has nonempty boundary and the Schrédinger operator has Dirichlet boundary
conditions. One could therefore extend the statement of Corollary 3.3 accordingly.
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Lemma 3.5. Let ¢y, pp : M — C be two eigenfunctions of the Schridinger operator A sharing
the same modulus with corresponding eigenvalues \g, \g. Let p, Ok, 0y be as in (3.1). The
following elliptic equations are fulfilled

—Ap+|VOiPp+Vo=Xp  onM,  j=kl (3.2)
—pAf; —2Vp-VO; =0 on M, j=kIl. (3.3)
Moreover,
IVOL* — V0> = e — A on M, (3.4)
Proof. First, we have
Ay = Ape +2iVp - Ve 4 p(iA0e™ — |V0;|?e ) on M, (3.5)

Plugging (3.5) in the equality —Agy 4+ Vo = A\p¢x, simplifying by ¢ and taking the real and
imaginary parts of the obtained equality, we get (3.2) and (3.3). Equation (3.4) is obtained by
taking the difference of the two equations in (3.2) corresponding to j = k, [ and by simplifying
by p # 0 on M,. O

3.2 The one-dimensional case

A noticeable feature of the one-dimensional case is that, locally around each point of M, the
Riemannian manifold is isometric to an interval in R endowed with the Euclidean metric, as
it follows by taking an arclength coordinate (see, for instance, [Mil65, Appendix Classifying
1-dimensional manifolds|). Hence, since M is complete, four situations may occur:

e M is isometric to the line R,
e M is isometric to the half-line [0, +00),
e M is isometric to a compact interval [0, L] for some L > 0,

e M is a closed curve isometric to the quotient R/LZ for some L > 0.

Moreover, in the arclength-coordinate the metric is constant and the Laplace—Beltrami op-
erator coincides with the second derivative.

The main result of this section is Theorem 3.6 below, stating, in particular, that a one-
dimensional manifold M admits a pair of eigenfunctions sharing the same modulus and corre-
sponding to different eigenvalues only if M = T and V is constant, that is, in the one-dimensional
occurrence of the system studied in [DN24].

Theorem 3.6. If M is one-dimensional and the Schrodinger operator Hy admits two C-linearly
independent eigenfunctions ¢ and ¢p sharing the same modulus, then necessarily M is a closed
curve and ¢y, ¢p are nowhere vanishing on M. If, moreover, the two eigenfunctions correspond
to distinct eigenvalues, then V' is constant.

The proof of the previous result is based on the following lemma.

Lemma 3.7. Let (a,b) be an interval in R and A\, \y € R. Assume that p € C1(a,b; (0, +00))
and Oy, 0, € C1Y(a,b; T) are such that

p#0, —pfl —200, =0, —p0] —20'0, =0, |0,> =10/ = e — N in (a,b).

Then there exist Cy,Cy € R such that 0, = Crp~? and 0, = Cip~2 in (a,b). Moreover, if
A = A\g, then there exists ¢ € T such that either O, — 0y = ¢ or 6 + 6, = ¢ in (a,b). If, instead,
Me # A then CF # C? and there exists ps € (0,+00) such that

p(x) = px, x € (a,b). (3.6)
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Proof. Setting v, = 6}, we have that
Ve = —2(0"/p) 1k almost everywhere in (a,b).
Integrating, we deduce that there exists Cy € R such that
0i(x) = w(x) = Cep(x) 2, x € (a,b). (3.7)

Analogously, there exists Cy € R such that 6)(z) = Cyp(z)~2, © € (a,b). Hence, using the
equality |60}|% — [0}]? = Ax, — A, we deduce that

(C2=CDpe) ™ =M~ A, @€ (a,b). (3.8)

If Ay = A\¢ then necessarily C7 = C?, meaning that either 0} = 6, or 0, = —6, in (a,b). The
latter means that either 8, — 0y or 6y + 6, is constant.

Let now consider the case Ay # A;. We deduce from (3.8) that C? # C? and that p is
constant on (a,b), that is, there exists p, > 0 such that p(z) = p«, x € (a,b). O

Proof of Theorem 3.6. Let ¢ and ¢, be two eigenfunctions of Hy sharing the same modulus and
corresponding to the eigenvalues A;, and Ay. In particular, ¢ and ¢y are assumed to be C-linearly
independent. Let p, 0,0, be as in (3.1). Up to taking an arclength coordinate, equations (3.3)
and (3.4) read —p0 — 20, p = 0 = —pb] — 20,p and |0}|*> — |0}|*> = A\, — A\¢ on M,,. These are the
equations for 0, 6y, p appearing in the statement of Lemma 3.7.

Let us first exclude the case in which Hy has boundary conditions of Neumann type at a point
of OM. Without loss of generality such point is 0 and M = [0, L] for some L > 0 or M = [0, +00).
Since for every A € R the space of real-valued solutions ¢ of —¢”(z) = (A — V(z))¢(z) with
¢'(0) = 0 is one-dimensional, then \; and \; are both simple and the conclusion follows from
Lemma 3.1.

Let us consider now the case A\ # A¢. We obtain from Lemma 3.7 that p is locally constant
on M,. Since, moreover, M is connected and p is continuous, then p coincides with some constant
px > 0 on M. This excludes the case in which Hy has boundary conditions of Dirichlet type at
a point of M and the case in which M is isometric to R or to [0, +00), since otherwise ¢ and
#¢ would not be in L?. In particular M is a closed curve. We also obtain from (3.2) and (3.6)
that V' is constant (globally on M = M,).

Let us now turn to the case where A\, = \y. We claim that p does not vanish on M. Assume
by contradiction that this is not the case and identify isometrically a connected component of
M, with a possibly unbounded interval (a, b) or (a,b], with a € M\ M,,. Since ¢}e~ "% = p’'+if} p
on (a,b) and both p' and ¢, p are real-valued, we deduce that p’ and ) p are bounded in a right-
neighborhood of a. By Lemma 3.7, there exists Cj, € R such that 6} p = Cyxp~! on (a,b). Since
p(z) = 0as z | a, it follows from the boundedness of 6} p that Cj, = 0. Similarly, Cy = 0, yielding
that 0 and 6, are constant on a connected component of M,. Hence ¢, and ¢, are C-linearly
dependent on a nonempty open set of M, yielding by the unique continuation principle that
they are C-linearly dependent on M. This concludes the contradiction argument proving that p
does not vanish on M (excluding, in particular, the case in which Hp has boundary conditions
of Dirichlet type at a point of 9M).

We are then left to exclude the case where M = M, is isometric to R. It follows from
Lemma 3.7 that either 8, — 0, or 0y + 60, is constant on M. By C-linear independence of ¢ and
¢¢ we can exclude the case where 6, — 6y is constant and we can assume that ¢ = Cpp~2on M
with Cy # 0.

Since ¢y and ¢y are in H'(M), then

lim p(x) = 0. (3.9)

|z|—o0
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It follows from (3.2) that p satisfies
-+ Clzp_?’ +Vp=Xp on M =R.

Since V' is bounded from below, we deduce that there exists p, > 0 such that p”(z) > 1 at
every z such that p(z) < p,. This is in contradiction with (3.9) and the proof is concluded. [

Remark 3.8. The theorem allows to conclude that V' is constant only in the case where Ax # ;.

Let us see through an example that this is not true in general if Ay = Ap. We proceed in a

constructive way, starting from any non-constant p € C!(T; (0, 400)) and selecting V and 6,

both non-constant, such that pe? is an eigenfunction of —A +V corresponding to the eigenvalue

0. In particular, pe’® and pe~" are C-linearly independent eigenfunctions of —A +V on T.
Consider a positive integer j to be fixed later and set

2T
o pla) 2 da’

o) = Ci [ o)y, ae 0.2

C =

It holds by construction that #(0) = 0 and 6(27) = 2jm. Hence 6, seen as a function from T

to itself, is well defined and non-constant. Notice that 6 has been defined in such a way that
9’ = Cjp~2. Setting then

" /" 02 -2

v=LC =" - Z

p PP

on T,

we have that p solves
"+ (0)p+Vp=0, on T.

Moreover, j can be chosen so that V' is non-constant.

One can now check that ¢ = pe®® solves —¢” + V¢ = 0. As a consequence, ¢ = pe~* solves
the same equation. This completes our construction.

For an explicit example, one can take j = 1 and

p(x) = cos(z) + 2, x €T =R/2rZ.

The resulting V' and the linearly independent eigenfunctions p cos() and psin(f) of —A+V are
illustrated in Figure 1.

Figure 1: Plot of V' (in red), pcos(f) and psin(€) (in blue) from Remark 3.8.

As a consequence of Theorem 2.14 in the case d = 1, even in the case V # 0 it might
be possible to steer system (2.11) in arbitrarily small time from one eigenfunction arbitrarily
close to a linearly independent one (sharing the same eigenvalue). Notice that the Schrodinger
equation on T with non-constant potential V' has a relevant role in solid state physics (see, e.g,

[RS78, Section XIII.16]).
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4 Quantum graphs

4.1 Setting
Let G be a compact connected metric graph with N edges e1,...,en of respective lengths
Lq,..., Ly and M vertices v, ...,vy. For every vertex v, we denote

N():={le{l,...,N} |vee}, n(v) = |N(v)|. (4.1)

We denote by V; the set of internal vertices of G, that is, the set of those vertices v for which
either n(v) > 1 or n(v) = 1 and the single edge to which v belongs is actually a loop. The
remaining vertices are called external and we denote by V., the set comprising them.

Each edge e; is parameterized by an arclength coordinate going from 0 to its length L;. On
G we consider functions f := (f',..., fV), where fJ : ej — Cfor every j = 1,..., N. We denote

N
L*(G) = P L(e)).
j=1
The Hilbert space L?(G) is equipped with the norm || - || ;2 defined by

N
2112
1172 =D HfJHLZ(ej)‘
=1

We then denote by H'(G) the Sobolev space of all functions f = (f',...,f") on G that are
continuous (that is, such that f7(v) = f!(v) if 4,1 € N(v)) and such that f7 belong to H(e;)
for every j =1,..., N, equipped with the norm defined by

N

2 112

”fHHl(g) = Z HfJHHl(ej) .
j=1
Finally, the Sobolev space H?(G) is defined as

3 N

H*(G) = D H?(¢y),
j=1

equipped with the natural norm.
Let f € H?(G)NH'(G) and v be a vertex of G connected once to an edge e; with j = 1,..., N.
When the coordinate parameter e; at the vertex v is equal to 0 (respectively, L;), we denote

OufI(v) = 0uf(0),  (respectively, 0, f7(v) = ~0, (L) (42)
When e; is a loop connected to v at both its extremities, we use the notation
Opf? (v) = 8uf(0) — B f (Ly)- (4.3)

In the following, we consider two type of boundary conditions. For f € H2(G) N H'(G), we
say that f satisfies

e a Dirichlet boundary condition at a vertex v € V. if f(v) =0,

e a Neumann-Kirchoff boundary condition at a vertex v € Ve UV; if 37 c vy O f1(v) = 0.
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We partition V. in a two subsets of vertices Vp and Vy at which we impose, respectively, a
Dirichlet and a Neumann—Kirchoff boundary condition.
Let V € L*>®°(G;R), Hy = —02 +V be the Hamiltonian, and let us define

Dom(Ho) = {f € H*(G) N H'(G) |
f(v) =0VYv € Vp and Z e fi(v) =0 Vv € Vy UV}

JEN(v)

Definition 4.1. A quantum graph is a compact connected metric graph G, equipped with the
unbounded operator (Hy, Dom(Hy)).

Given a quantum graph, the Hamiltonian Hj is a self-adjoint operator that has compact
resolvent, see [BK13, Theorems 1.4.4 and 3.1.1|. So, there exists an orthonormal basis of eigen-
functions (¢ )r>1 associated with the sequence of real eigenvalues (Ag)g>1.

4.2 General results for quantum graphs

The definition of eigenfunctions sharing the same modulus is the same as in Definition 2.3.

Lemma 4.2. If A\, and )y are simple and distinct eigenvalues of the Hamiltonian Hy = —0%+V
with corresponding eigenfunctions ¢ and ¢p, then ¢ and ¢y cannot share the same modulus.

Proof. The proof is analogue to the one of Lemma 3.1. O

Corollary 4.3. Let G be a compact graph with the Hamiltonian Hy = —02, equipped with
Neumann—Kirchoff conditions. Assume that G has at least one vertex v with N(v) > 1. Then,
generically with respect to the lengths of the edges of the graph, mo pair of distinct eigenfunc-
tions belonging to the same orthonormal basis of the Laplace—Beltrami operator share the same

modulus.

Proof. We know from Friedlander’s result (see [Fri05] or [BK13, Theorem 3.1.7]) that, given a
compact graph such that N(v) > 1 for at least one vertex v and with Hamiltonian Hy = —02,
the set

{(Ly,...,Ly) €0, +00)" | all eigenvalues of — 2 have multiplicity one},
is residual in the topological space [0, +00)”". The conclusion then follows from Lemma 4.2. [

Remark 4.4. By using [BL17], one can generalize Corollary 4.3 to quantum graphs with so-
called d-type condition, including in particular mixed Dirichlet and Neumann—Kirchoff condi-
tions at the vertices.

Corollary 4.5. Let G be a compact graph with Hamiltonian Hy = —02 and Dirichlet boundary
conditions at at least one Dirichlet vertex of G. Then, there exists a subsequence of eigenfunctions
among which no pair share the same modulus.

Proof. We use [PT21, Theorem 2| to obtain that there exists an increasing sequence of eigen-
values (Ag,);>1 of multiplicity one. Therefore, by Lemma 4.2, the corresponding eigenfunctions
cannot share the same modulus. O

Remark 4.6. By using |[PT21, Theorem 4|, one can generalize Corollary 4.5 to Hamiltonians
of the type Hy = —92 + V, where V is edgewise constant.
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4.3 Bilinear control of the Schrodinger equation in quantum graphs

Let Q@ = (Q1,...,Qm) € L>®(G;R)™ be the m-tuple potentials of interaction and let us consider
the bilinear controlled Schrédinger equation

i) = =030 + V(2)y + (u(t), Q@)rat  (t,2) € (0,T) x G,

Y(t,v) =0 (t,v) € (0,T) x Vp, w
> o) et (t,0) = 0 (t.v) € (0.T) x (Vy UV)), (4:4)
w(oa ) = o in G.

As for Riemannian manifolds, see Section 2.3, the well-posedness of (2.11) is a consequence of
[BMS82]. The notions of mild solutions, reachable sets, controllability are then easily adapted.
In particular, we keep the same notations. The interior of R(tg) for the topology of Dom(Hy)NS
is empty. For positive results of exact or approximate controllability in subspaces of L?(G), we
refer to [Duc20] and [Duc21].

Assume that Q1,...,Q, € C°(G;R) and the restriction of Q1,...,Q,, to each edge of G is
C®° up to the boundary. Let us define as before the sequence of subspaces

Ho = {p € span{Q1, ..., Qm} | yDom(Hy) C Dom(Hp)} C L*(G), (4.5)
and by recurrence

Hnt1 = {p € Hn +span{g(V 1, Vg0) | ¥ € Hn} | oDom(Hy) C Dom(Hp)}, N > 0.
(4.6)
Finally, we define
Moo = [ Hn. (4.7)
NZ=0
We have the following result, that is an adaptation of [DN24, Theorem A] in the context of
quantum graphs.

Theorem 4.7. Assume that Heo is dense in L?(G;R). Equation (4.4) is small-time isomodulus
approximately controllable, i.e.,

{90 | ¢ € L*(G;R)} C Ro(tho),  for every o € S.

The proof of Theorem 4.7 is given in Appendix A.3.

In the next two parts, we consider two examples of quantum graphs in which Theorem 4.7
can be applied. In the first example we exhibit a quantum graph with topology different from
that of the circle and admitting eigenfunctions that share the same modulus. Each of these
eigenfunctions corresponds to an eigenvalue of multiplicity 3. Note also that in this case the
Schrodinger operator admits eigenfunctions corresponding to simple eigenvalues that do not
share the same modulus between themselves because of Lemma 4.2 and actually do not share
the same modulus with all other eigenfunctions. This highlights the variety of situations that
may occur. In the second example we exhibit a quantum graph whose corresponding eigenvalues
are all nonsimple (apart from the ground state) and that does not admit eigenfunctions sharing
the same modulus and corresponding to different eigenvalues.

For convenience, we use in the following two section the following notation: for every A € R,
eyt [0,27] = R, sy : [0,27] — C, 1y : [0,27] — R denote the functions defined by

ex(z) = cos(Ax), sx(x) = sin(A\x), m(x) = e,

According to this notation, ) = ¢y + is).
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€1 €2

Figure 2: The eight graph

4.4 The example of the eight graph

We consider here the compact graph G with N = 2 edges ey, e2, both of length 27, with M =1
vertex. Namely, G is composed of two loops having the same length L = 27 that are linked to
the same vertex, see Figure 2.

We consider the Hamiltonian Hy = —8% on G and Neumann—Kirchoff boundary conditions
at the single vertex.

We have the following result.

Proposition 4.8. The eigenvalues and eigenfunctions are given by
Ao = 0 of multiplicity 1, ¢o = (1,1),

plus, for every k >0

)\koz

)

<2k:—|—1

2
5 > of multiplicity 1, ¢r, = (sM, —SM) ,
2 2

and finally, for k > 1,
Aoe = k% of multiplicity 3,
Pre1 = (Chs k), Phe2 = (8k,0), res = (0,s%).

Proof. We know that the eigenvalues are of the form A2, A € R, because the Hamiltonian
operator is nonnegative. As a consequence, on each edge, the eigenfunction is a solution to

2+ Ny =0.
So, the eigenfunctions are of the form
¢ = (¢",¢) = (Aica + Bisy, Ascy + Basy).

We then write the boundary conditions, that are the continuity and the Neumann—Kirchoff
conditions at the vertex, leading to
¢'(0) = ¢*(0) = A = Ay = Ay, (4.8)
¢'(27) = ¢*(27) = Bysin(2w\) = Bysin(27)), :
$*(0) = ¢'(27) = A = Acos(27)) + By sin(27)), (4.10)
029" (0) — 0:0' (27) + 0:6°(0) — Dz (2m) = 0

= B1A — (—AXsin(27\) + By cos(2mA)) + Ba X — (—AAsin(27A) + BaA cos(27A)) =
(4.11)
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If X\ ¢ N*/2, then we obtain from (4.9) that B = By = Ba. We therefore deduce from (4.11)
that
2B(X — Acos(2mA)) + 2AAsin(27A) = 0.

Taking into account also (4.10), we find that (A, B) satisfies the linear system

1 —cos(2mr)\) —sin(27A) A\ (0
( sin(2w\) 11— COS(27r/\)> <B> N <0) '
The determinant of the matrix is different from 0, leading to A = B = 0.
So necessarily A € N*/2. If A = k/2 with k odd, we find that A =0 by (4.10) and By = —B»
by the Neumann-Kirchoff condition (4.11) . Finally, if A = k/2 with k even, we find that all the
conditions are satisfied if A; = Ao, that is, A, By, By are free parameters. In the case k= A =10

the space parameterized by A, B1, By is one-dimensional, otherwise it has dimension 3.
To conclude, we have that A = k/2, k odd, is a simple eigenvalue with corresponding eigen-

function ¢, and A\ = k/2, k even, corresponds either to a simple eigenvalue for k = 0 or
to an eigenvalue of multiplicity 3 for k > 0, associated with eigenfunctions of the type ¢ ;,
j=1,2,3. O

Proposition 4.9. For every k,l1 > 0, k # 1, there exists an eigenfunction corresponding to k*
and an eigenfunction corresponding to 1* that share the same modulus.

For every k > 1, there exist two C-linearly independent eigenfunctions corresponding to k>
that share the same modulus.

For every k,1 > 0, k # 1, two eigenfunctions corresponding to (@)2 and (%il)Q do not
share the same modulus.

For every k > 0, 1 > 1, two eigenfunctions corresponding to (@)2 and 1? do not share the
same modulus.

Proof. For the first point, let us remark that, for k > 1,

Pre1 + iPke2 + idkes = (M, M),

so that |¢k,e,l + i¢k,e,2 + i¢k,e,3| = (1a 1)
For the second point, let us notice that

— kel T 10ke2 + i0kes = Nk, N—k)-

For the third point, we use the fact that the eigenvalues are simple and Lemma 4.2.
For the fourth point, let us argue by contradiction. Assume that there exist £ > 0, [ > 1,
C1,Cy € C such that

2 1
sin < k;_ :U) ‘ = |Cy cos(lx) + Cysin(lx)], x € [0, 27].

Taking x = 0 leads to C1 = 0 and then taking x = 7 one gets a contradiction. O

We define the potentials

Q1= (1,1), Q2 = (c1,¢1), Q3 = (51,0), Q1= (0,51), Q5 = (S

7_Sl> ) Qﬁ = (Cl,Cl) .
2 2 2

N|=

We have the following lemma.

Lemma 4.10. The set Hoo is dense in L?(G;R).
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Proof. The main ingredient of the proof consists in establishing that

{d0} U{dro [ k20t U{gre; | k=1, j =123} CHe.

First note that these functions stabilize Dom(Hy) and that ¢g = Q1, ¢0,0 = Q5, P11 = Q2,
P1e2 = @3, P1.6,3 = Q4 belong to Ho C Hoo.

Let us then prove that ¢ . ; € Hoo for every k > 1 and j = 1,2,3. Notice that the property
is true for £ = 1. The argument is based on the trigonometric formulas
cos((m + 1)z) = cos(max) cos(lx) — sin(mz) sin(lx)
1 1 1
= (2(cos(mx) + cos(lz))? — 5 cos(mzx)? — 5 cos(lx)2>
1 . . 9o 1. 9 1. 2
- E(sm(mx) + sin(lz))* — 3 sin(mx)* — 3 sin(lz)* ), (4.12)
and
sin((m 4+ {)z) = sin(ma) cos(lz) — sin(lz) cos(mx)

= (;(sin(mm) + cos(lz))? — %sim(m:n)2 — %cos(l:n)2

N =~

- G(sm(zx) + cos(ma))® — %sin(laz)Q _ Cos(mx)z) . (4.13)

holding for every I,m € R. For m,l # 0 we can rewrite (4.12) as

s s) 2 s\ 2 s) 2 c q 2 d\? s) 2
o= (e ) = () - (3) - (e d) () < (7)o

This proves that if (¢, em), (i, ¢r), (Sm,Sm), (81, 51) belong to Heo, then the same is true for
(¢m+1, ¢m+1). Taking [ = 1 and by recurrence on m > 1 (integer) this proves that ¢y .1 is in Hoo
for every k > 1.

We proceed in the same way to prove that (s,,+7,0), (0, S;41) € Hoo provided that (¢, cm),
(c, 1), (Sm,0), (s1,0), (0, 5m), (0,s;) belong to H. To see that, notice that, according to (4.13),

0] - [Ewn] - [reto]

Lo +[Heb] + [ Lo

1 1
2(8m+l70) = |:—m(C;n, C;n) + T
1

1
- |- jehd+
Hence ¢p e j, j = 2,3, is in Ho for every k > 1.

The proof for the functions ¢y , uses the fact that (s1, —s1), (c1,¢1), (5172, =51/2), (€12, ¢1/2)
belong to Ho and that

/ 2 / 2 / 2 / 2
Cm / c’m / 2 / Sm / 2 Sm
425, = (-aos ) — (-2 —(iQsl) ~(—2dy £ °m +<—2cl> 4 (+5m)
2 m 2 m 2 2 m 2 m

which follows taking m # 0 and [ = 1/2 in (4.13) and in its equivalent reformulation

1 1 1 1 1 1
—Sm+l = —SmCl + SiCm = (2(sm —¢)? - 582” - 26?) — <2(sl —cm)? — 5812 - ZC%L) .

The conclusion is then obtained by recurrence on m > 1 (integer). O
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Figure 3: The graph with three branches.

Theorem 4.11. Equation (4.4) is small-time isomodulus approzimately controllable. Moreover,
for every k,l € Z, we have that

(msm) € Ro(nk, e)-

Proof. This is a direct consequence of Theorem 4.7, Proposition 4.9, and Lemma 4.10. O

4.5 The example of the graph with three branches

We consider now as G the compact graph with N = 3 edges ey, e, €3, each of them of length
27, with M = 2 vertices v1,v2 and no loops. Namely, G is composed of three edges having the
same length L = 27 that are linked to the same vertices. We orient the three edges from vy to
ve. See Figure 3.
We consider the Hamiltonian Hy = —8323 on G and Neumann—Kirchoff boundary conditions.
We have the following result.

Proposition 4.12. The eigenvalues and eigenfunctions are given by
)\0 = O) ¢0 = 17
and, for k> 1,

k 2
A = (2) of multiplicity three,

O = (C@,%,%) y Pk = (—8@,5570) y Pr3 = (-8&@8&) .
2 2 2 2 2 2 2

Proof. We know that the eigenvalues are of the form A2, A € R, because the Hamiltonian
operator is nonnegative. As a consequence, on each edge, the eigenfunction is a solution to

02+ X2 = 0.
So, the eigenfunctions are of the form

¢ = (¢")1<j<s = (Ajer + Bjsy)i<j<s.

22



The case A = 0 being easy, let us focus on the case A # 0.
We then write the boundary conditions, that are the continuity and the Neumann—Kirchoff
conditions at each vertex, leading to

#1(0) = $2(0) = ¢3(0) = A; = Ay = Az = A, (4.15)
t(2m) = $*(27) = ¢3(27) = By sin(2w)\) = By sin(27)) = By sin(27)), (4.16)
D2 (0) + 0,¢0%(0) + 0,¢°(0) =0 = By + By + B3 = 0, (4.17)
D (2) + 0p2(27) + D> (27) = 0

= —3AAsin(27) + (B + B2 + B3)Acos(2nA) = 0 = Asin(27\) = 0. (4.18)

If sin(27\) # 0, i.e., A ¢ N*/2, then we obtain from (4.16) and (4.18) that By = By = B3 = B
and A = 0. Then 3B =0 by (4.17), so that also B = 0. This case can then be excluded.

If sin(27A) = 0 then, all the conditions are fulfilled provided that A = A; = Ay = Az and
B, = —By — Bj3. This corresponds to the eigenfunctions introduced in the statement. O

We remark now that the eigenvalues are not simple so there is no a priori obstruction to the
isomodulus approximate controllability between two eigenfunctions corresponding to different
energy levels. Another obstruction actually holds, as presented below.

Prop051t10n 4.13. For every k,l > 0, k # [, two eigenfunctions corresponding to (%)2 and

(5) do not share the same modulus.

Proof. Let us proceed by contradiction, supposing that two distinct energy levels are connectable.
Since k and [ are different, one of the two, say k, is larger than zero. A general eigenfunction
corresponding to the eigenvalue (k/2)? can be written as

O = A10p1 + Aadr o + Azdy 3,

with Ay, Ag, A3 € C and |A1]? +|A2|? + |A3]? # 0. We know from Lemma 3.7 that the modulus
of ¢ on each edge is a constant so we have

k [k (k]

Aj cos 5% )~ Ay sin 5%~ Assin 52| = Ch, z € (0,2m), (4.19)
k (k|

Aj cos 5% + Ay sin 52| = Cy, z € (0,2m), (4.20)
k (k|

Aj cos 5% + Assin 52| = Cs, z € (0,2m), (4.21)

for some Cq,Cy,C3 > 0.

If A; = 0 then we deduce from (4.20) and (4.21) that also Az, A3 = 0. We can then assume
without loss of generality that A7 = 1. Taking z = 0, we get that C; = Co = C3 = 1 so that we
can rewrite (4.19)—(4.21) as

k k (k]

cos <2 ) Ao sin <2x> Ajssin <2x> =1,
k (k]

<2x> + Agsin <2x> =1,
k (k]

<2x> + Agsin (235) =1.
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Taking « = £ (so that £z = T), we get that |Ay + As| = [As| = |A3| = 1. Take now 2 = Z
(so that £z = T) and deduce that [1 — A — As| = |1+ As| = |1+ A3| = 1. Since the only z € C
such that |z| =1 and |1 4 z| = 2 is z = 1, we deduce that —As — A3 = Ay = A3 = 1, leading to
a contradiction. O

A Small-time isomodulus approximate controllability

A.1 Abstract setting

Let H be an infinite-dimensional Hilbert space, Hy be an unbounded self-adjoint operator with
domain Dom(Hy) C H, Hi,..., Hy, be bounded self-adjoint operators on H. Let us consider
the abstract bilinear control system

{ i0a)(t) = How(t) + 27 ws(6) Hyeh(1), ¢ € (0,+00),
711(0) = to.

We have the following well-posedness result according to [BMS82|. For every T' > 0, ¢y € H,
and u = (ug,...,un) € L?(0,T;R?), there exists a unique mild solution ¢ € C([0,T];H) of
(A1), ie.,

(A.1)

t

Y(t) = e~ Hoyyy 4 / e Mo [N (0 Hy | p(s)ds, V€ [0, T).
0 =1

If we assume furthermore that ¢g € S = {p € H | ||¢|l = 1}, then ¢(t) € S for every t € [0, T].
In the sequel, for ¢y € H and u € L%(0, T;R?), the associated solution ¢ € C([0,T];H) of (A.1)
will be denoted by ¥(+; v, u).

The following result is exactly [CP23, Theorem §|.

Theorem A.1. Let S be a bounded self-adjoint operator satisfying

[S,H;] =0, j=1,....,m, (A.2)
SDom(Hy) € Dom(Hy), ad(Hp)Dom(Hp) = 0. (A.3)
Then, for each g € H and w = (uq,...,un) € R™, the following limit holds in H
. 5128 . N U i5—1/28
%1_)11%6 exp | —id | Hy + le #Hj e o
i S~
=exp iad%(Ho) —1 Z:luJ'Hj wo, (A4)
]:

where ad4 B = B, adaB = [A, B] = AB — BA, and ad;"' B = [A,ad"; B].

A.2 Applications to manifolds with boundary

We start from the setting of Section 2.3. Consider the following asymptotic result.
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Theorem A.2. For every 1o € L2(M), (u1,...,umn) € R™, and ¢ € C®(M;R) such that
wDom(Hy) C Dom(Hy), the following limit holds in L*(M)

m

e Ui Lol

%i_r%e—zé /2, exp —is _Ag +V+ § KJQJ 615 1/2@7/10
=1

=exp —ig(Vggo,Vggo)—iZuij ¥o. (A.5)
j=1

This is an adapted version of [CP23, Theorem 2| to the case of a manifold with boundary. The
result is a direct application of Theorem A.1. Indeed, let us take H = L*(M), Hy = —A, + V,
H; = Qj for every j € {1,...,m}, and let S be the bounded multiplication operator by ¢ on
H. Then (A.2) and (A.3) are fulfilled. Moreover, we have

1
ads(Ho) = —9(Vy, Voo). (A.6)

For Q1,...,Qm € C>®°(M;R), we recall the notation (2.13), (2.14), and (2.15). We have the
following result.

Theorem A.3. For every 1y € L*(M), we have

{€40 | ¢ € Hoo} C Ro(t0).

The proof of the theorem, included for completeness, is an adaptation of the ones of [CP23,
Theorem 3| and [DP23, Theorem 1|, and works because, for every N > 0 and every ¢ € Hy,
wDom(Hy) C Dom(Hy), so the arguments of the original proof still make sense. Notice that this
last property is included in the definitions (2.13), (2.14) while this inclusion was automatically
satisfied in the specific setting chosen for [CP23, Theorem 3|. Finally, note that Theorem A.3
directly implies Theorem 2.19.

Proof of Theorem A.3. Let us introduce the following notation for the concatenation of two
controls u and v: given 7 > 0 such that w is defined at least up to time 7, u ¢, v denotes the

function
u(t) for t€[0,7),

(A7)
v(t —T) for t > 7.

(wor v)(t) = {
It is sufficient to prove by recurrence on N > 0 that for every vy € L2(M),

{e“Yy | ¢ € Hn} C Ro(vo). (A.8)

Initialization: The case N = 0 is a straightforward consequence of Theorem A.2 by taking
¢ = 0. Indeed, we have that for every (uq,...,uy) € R™

. . = Uy _ . = . . 2
%E)I%)exp —id _A9+V+;5Qﬂ‘ 1o = exp —ZJZ;UJQ] Yo in L*(M). (A.9)

Recurrence step: Assume that for some N € N, we have (A.8) for every 1o € L?(M). Let us
take € > 0 and ¢ € Hy11. Then there exist ¢p,...,¢r € Hy and aq,...,ax € R such that

k
¢ =do+ Y ajg(Ve;,Ve;).

J=1
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Let us first consider the case a; > 0. Note that ¢; € Hy stabilizes Dom(Hy). By applying
Theorem A.2 with u = 0, we obtain that there exists v € (0,7/3) such that

<e.

Hefw—l/%le—m(ngW)ew—l/%l ¢i%04), — emlg(wl,vm)ewo%‘
L2(M)

Then, by the inductive hypothesis, there exist 71 € (0,7/3) and a control u; € L?(0,71; R™)
such that

<e. (A.10)

. _ V200 igo ’
Hiﬂ(ﬁﬂﬁo,ul) e e 1o L)

By using that the semigroup (e~*(=29+V)), ¢ is unitary and (A.10), we obtain that for 7 = v
and uz = 0 in (0, 72),

. . 71 2 .
Hiﬁ(ﬁ + 715 o, U1 07y Ug) — e~V (TAIHV) i ! ¢162¢0¢0‘

L2(M)
= He—i’Y(—Ag—i-V)w(ﬂ; o, u1) — e—i'y(—Ag.kV)ei,yﬂ/gqblei%wo)

<e. (A.11)
L*(M)

By using again the inductive hypothesis to the data e‘iV(_A9+V)ei771/2¢1ewod}o, we obtain that
there exist a time 73 € (0,7/3) and a control uz € L%(0, 73;R™) such that

HWTg; A T e A ei‘bO@DO‘

L2(M)

(A.12)
We now set 7 = 7 + 75 + 73 and u = ug or, U2 or, uz € L?(0,7;R™) and we have from (A.11)
and (A.12),

|73 0, u) — efora(TorTenidoy,

L2(M)

< HTﬁ(Ts; (T2 + 7130, U OFy U2), uz) — Y(T3; €_i7(_Ag+V)€iTl/2¢1€i¢°¢0, U3))

L2(M)
i HM@ eV DG HV) iy 20 b0y gy o1 R min (=B V) iy e ewo%‘

L2(M)
X Hefify—l/Qd)lefi'y(ng+V)ei»y—1/2¢16i¢0¢0 _ emlg(wl,wl)ewowg)
L2(M)
< 3e.
By arbitrariness of € > 0, this proves that
(feas(T61980) o0, € R ). (A13)

If ay < 0, one only needs to replace 6 by —0 in the limit of (A.5). We then iterate the argument
by considering the limit (A.5) with ¢ = —a;/ngg if ap > 0, starting from the initial data
¢i19(V91,V01) cidoys - Again, note that ¢ € Hy stabilizes Dom(Hy), therefore this leads to the
possibility of applying of Theorem A.2.

Therefore, thanks to (A.13), one obtains

ei(¢0+2?21 a;g(Ve;,Vj)) c W,

and the proof is complete. O
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A.3 Application to quantum graphs

We adopt here the setting of Section 4.3. Consider the following asymptotic result.

Theorem A.4. For every 1o € L*(G), (u1,...,um) € R™, and ¢ € CY(G;R) such that the
restriction of ¢ to each edge is C* and ¢Dom(Hy) C Dom(Hy), the following limit holds in
L*(9)

m
0~ U o
lime " *Pexp [ —id | —02 +V + § : (;Qj e 2oy
Jj=1

=exp | —i(e0)” — i _u;Q; | tho. (A.14)
j=1

This is an adapted version of [CP23, Theorem 2| to the case of a quantum graph. The result
is a direct application of Theorem A.1. Indeed, let us take H = L3(G), Hy = —A,+V, H; = Q;
for every j € {1,...,m}, and let S be the bounded multiplication operator by ¢ on H. Then
(A.2) and (A.3) are fulfilled. Moreover, we have

1
ads(Ho) = —9(Vy, Voo). (A.15)

Assume that Q1, ..., Q@ € C°(G;R) and the restrictions of Q1, ..., @, to each edge of G are
C* up to the boundary. Recalling the notations (4.5), (4.6), and (4.7), we have the following
result.

Theorem A.5. For every 1y € L*(G), we have

{90 | ¢ € Hoo} C Ro(th0).

The proof of the theorem is the same as the one of Theorem A.3. Finally, note that Theo-
rem A.5 directly implies Theorem 4.7.
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