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Abstract

A digraph is 3-dicritical if it cannot be vertex-partitioned into two sets inducing acyclic di-
graphs, but each of its proper subdigraphs can. We give a human-readable proof that the number
of 3-dicritical semi-complete digraphs is finite. Further, we give a computer-assisted proof of a
full characterization of 3-dicritical semi-complete digraphs. There are eight such digraphs, two of
which are tournaments. We finally give a general upper bound on the maximum number of arcs
in a 3-dicritical digraph.

1 Introduction

The purpose of this article is to completely characterize all semi-complete 3-dicritical digraphs, hence
aiming to approach an analogue of some results on the maximum density of critical graphs. We first
recall a few classical definitions and then give an overview of the previous work and motivation for
our work.

1.1 Definitions

Our notation follows [4]. In this article, graphs and digraphs contain no parallel edges or arcs,
respectively, and no loops. For some positive integer k, we use [k] to denote the set {1,...,k}. The
order of a graph G (resp. digraph D) is denoted by n(G) (resp. n(D)) and its number of arcs is
denoted by m(G) (resp. m(D)).

The path v1, ..., v, is the graph with vertex set {v; | i € [n]} and edge set {vivit1 | @ € [n — 1]}.
The length of a path is its number of edges. A matching is a set of pairwise disjoint edges. A graph
H is a subgraph of a graph G if V(H) C V(G) and E(H) C E(G) hold. If additionally V(H) # V(G)
or E(H) # E(G), then H is called a proper subgraph of G. For some S C V(G), we define G[S] to be
the subgraph of G induced by S, that is, the graph whose vertex set is S and whose edge set contains
all the edges of E(G) with both endvertices in S.

Similarly, a digraph D’ is a subdigraph of a digraph D if V(D’) C V(D) and A(D’) C A(D) hold.
If additionally V(D’) # V(D) or A(D’) # A(D) holds, then D’ is called a proper subdigraph of D. If
V(D'") = V(D), then D is called a spanning subdigraph of D. For some S C V (D), we define D[S]
to be the subdigraph of D induced by S, that is, the digraph whose vertex set is .S and whose arc set
contains all the arcs of A(D) with both endvertices in S. When we say that a digraph D contains
another digraph D’ as an (induced) subdigraph, we mean that D has an (induced) subdigraph which
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is isomorphic to D’, hence not necessarily maintaining vertex labels. In case we want vertex labels to
be maintained, we speak of an (induced) labelled subgraph. For two disjoint sets X, Y C V(D), we
say that X dominates Y (and Y is dominated by X) if 2y € A(D) holds for all z € X and y € Y.

The underlying graph of a digraph D, denoted by UG(D), is the graph on the same vertex set which
contains an edge linking two vertices if the digraph contains at least one arc linking these two vertices.
Given an arc uv in a digraph, we say that v is an out-neighbour of w and that u is an in-neighbour
of v. The set of out-neighbours of a vertex u in a digraph D is denoted by N} (u), and its set of
in-neighbours in D is denoted by N (u). The out-degree of u in D is its number of out-neighbours,
and its in-degree is its number of in-neighbours.

A digon is a pair of arcs in opposite directions linking the same vertices. An arc is called simple if
it is not contained in a digon. A digraph in which every arc is contained in a digon is called bidirected.
An oriented graph is a digraph with no digon. A digraph D is called semi-complete if for all distinct
u,v € V(D), at least one of the arcs uv and vu exists. A semi-complete digraph with no digon is
called a tournament. The directed cycle on n > 2 vertices is the digraph with vertex set {v1,...,v,}
and arc set {v;v;41 | ¢ € [n — 1]} U{v,v1}. The directed cycle on three vertices is called the directed
triangle. A digraph is acyclic if it does not contain any directed cycle. For an acyclic digraph D,
there is an ordering v1, ..., v, of V(D) such that for every arc v;v; € A(D), we have i < j. Such an
ordering is called acyclic. An acyclic tournament is called transitive. For some positive integer n, we
use 1T, to denote the unique transitive tournament on n vertices.

1.2 Context

A k-colouring of a graph G is a function ¢ : V(G) — [k]. Tt is proper if ¢p(u) # ¢(v) for every edge
uv € E(G). We say that G is k-colourable if it admits a proper k-colouring. Colourability of graphs is
one of the most deeply studied subjects in graph theory and countless aspects and variations of this
parameter have been considered. One easy observation is that if a graph is k-colourable, then so is
each of its subgraphs. This leads to the study of graphs that are in some way minimal obstructions
to (k — 1)-colourability, which are exactly k-critical graphs: a graph G is k-critical if G is not (k —1)-
colourable, but all of its proper subgraphs are. Observe that every k-critical graph is k-colourable.
Dirac [8HIT] established the basic properties of critical graphs. For k = 1,2, the only k-critical graph
is Ky, the complete graph on k vertices, and a graph is 3-critical if and only if it is an odd cycle.
For every k > 4, there is no k-critical graph on k£ + 1 vertices and for every n > k + 2, there exists a
k-critical graph on n vertices. Further, for every k > 4, the structure of k-critical graphs is immensely
rich and many aspects of k-critical graphs have been studied, concerning both their importance in
their own respect and their role when approaching colourability questions.

One feature of particular interest is the density of k-critical graphs. For some n > k, let gi(n) be
the minimum number of edges of a k-critical graph of order n with the convention gx(k + 1) = +o0.
The sequence gy, is rather well understood due to the following result of Kostochka and Yancey [21].

Theorem 1 (Kostochka and Yancey [21]). Let n and k be two integers such that n >k > 4.
If G is a k-critical graph on n wvertices, then m(G) > [(kJrl)(k;(i)_"l;k(k*g)]. In other words,
gr(n) > [(k+1)(k72)n7k(k73)—|'

2(k—1)

This lower bound is sharp for a significant amount of values of n and k£ and close to sharp for
all remaining ones, which is certified by k-critical graphs that can be obtained from complete graphs
using a construction due to Hajés [I5]. Theorem [ confirms a conjecture of Gallai [I3] and improves
on a collection of earlier results [T0,13L14}T19,22]. A more detailed overview can be found in [21].

The girth of a graph G is the minimum length of a cycle in G or +o0 if G is a forest. Kostochka and
Stiebitz [I8] showed that if a k-critical G has girth at least 4, then m(G) > (k—o(k))n(G). Informally,
this means that the minimum average degree of a k-critical triangle-free graph is (asymptotically) twice



the minimum average degree of a k-critical graph. Liu and Postle [23] showed that the minimum
number of edges of a 4-critical graph is significantly larger than g4(n) if we require the graph to have
girth 5. More concretely, they show the existence of constants ¢ and € > 0 such that every 4-critical
graph G of girth at least 5 contains at least (3 + €)n(G) + ¢ edges. Likewise, Postle [27] showed that
every 5-critical graph with girth at least 4 satisfies m(G) > (§ + e)n(G) — 2 for e = g;.

It is also interesting to determine the maximum number of edges in a k-critical graph. Erdés [12]
asked, for every fixed k > 4, whether there exists a constant c; > 0 such that there exists arbitrarily
large k-critical graphs G with at least ¢y - n(G)? edges. This was proved by Dirac [8] when k > 6 and
then by Toft [29] when k& € {4,5}. The best current upper bound on such a constant c; has recently
been given by Luo, Ma, and Yang [24], improving on an earlier result of Stiebitz [2§].

Several analogues of colouring have been introduced for digraphs. In 1982, Neumann-Lara [25]
introduced the one of dicolouring. A k-dicolouring of a digraph D is a function ¢ : V(D) — [k]
such that D[¢~1(i)] is acyclic for every i € [k]. We say that D is k-dicolourable if it admits a
k-dicolouring. Dicolourablity is a generalization of colouring to digraphs: indeed there is a trivial
one-to-one correspondence between the proper k-colourings of a graph G and the k-dicolourings of
the associated bidirected graph E) obtained from G by replacing every edge by a digon.

We say that D is k-dicritical if D is not (k — 1)-dicolourable, but all of its proper subdigraphs are.
Observe that every k-dicritical digraph is k-dicolourable. The interest in k-dicritical graphs arises in
a similar way as the interest in k-critical graphs. While the only 1-dicritical digraph is the digraph on
one vertex and a graph is 2-dicritical if and only if it is a directed cycle, already 3-dicritical digraphs
have a very diverse structure. Analogues of Hajds’ construction have been found by Bang-Jensen et
al. [3]. Again, for some n > k, it is natural to consider di(n), the minimum number of arcs of a
k-dicritical digraph of order n, with the convention dj(n) = +oo if no such digraph exists.

Observe that, for every k > 2, the digraph obtained from a bidirected complete graph on k + 1
vertices by removing the arcs of a directed triangle is a k-dicritical digraph on k41 vertices. Note also
that a graph G is k-critical if and only if its associated bidirected graph is k-dicritical. Together
with the fact that there exist k-critical graphs of every order at least k + 2, this implies that there
exists a k-dicritical digraph of any order at least k. In other words, we have di(n) < +oo for all n > k.
Moreover, it holds dj(n) < 2gk(n) for all n > k.

Kostochka and Stiebitz [20] conjectured that the bidirected k-dicritical digraphs obtained from
k-critical graphs are the sparsest k-dicritical digraphs.

Conjecture 2 (Kostochka and Stiebitz [20]). Let n and k be two integers such that n —2 > k > 4.
Then di(n) = 2gx(n) and the k-dicritical digraphs of order n with dj(n) arcs are the bidirected graphs
associated to k-critical graphs with g (n) edges.

With Theorem [ this conjecture implies the following sligthtly weaker one.

Conjecture 3 (Kostochka and Stiebitz [20]). Let n and k be two integers such that n > k > 4. If D
(k1) (k—2)n—k(k—3)
1

is a k-dicritical digraph on n vertices, then m(D) > {
this bound are bidirected.

In [20], Kostochka and Stiebitz confirmed Conjecture [ for k < 4.

—‘ and all digraphs attaining

Similarly to the undirected case, it is expected that the minimum number of arcs in a k-dicritical
digraph of order n is larger than di(n) if we impose this digraph to have no short directed cycles,
and in particular if the digraph is an oriented graph. Let ox(n) denote the minimum number of arcs
in a k-dicritical oriented graph of order n with the convention or(n) = 4o if there is no k-dicritical
oriented graph of order n. Clearly, we have or(n) > di(n). Kostochka and Stiebitz [20] posed a
conjecture suggesting that there is a significant gap between di(n) and og(n).

Conjecture 4 (Kostochka and Stiebitz [20]). There exists € > 0 such that ox(n) > (1+¢) - di(n) for
every k > 4 and sufficiently large n.



Observe that this conjecture trivially holds when ox(n) = +oo. However we do not know the set
N, of integers n for which o (n) < 400, that is, for which there exists a k-dicritical oriented graph on
n vertices. Already the minimum number ny of vertices of a k-dicritical oriented graph is unknown
except for small values of k : clearly no = 3 ; Neumann Lara [26] proved n3 = 7 and ng = 11 ; Bellitto
et al. [B] recently established ns = 19. As observed by Aboulker et al. [2] using a lemma of Hoshino
and Kawarabayashi [I7], there exists a smallest integer py such that there exists a k-dicritical oriented
graph on n vertices for any n > px. Moreover, while ps = ng = 7, they showed that ps # ny4 because
there is no 4-dicritical oriented graph on 12 vertices.

Conjecture [ has been confirmed for k = 3 by Aboulker et al. [2] and for k = 4 by the first and
third authors, and Rambaud [16].

We now turn our attention to the maximum density of k-dicritical digraphs which is the main
subject of the present article. For every k > 3, Hoshino and Kawarabayashi [17] constructed an
infinite family of k-dicritical oriented graphs D on n vertices which satisfy m(D) > (3 — 55 )n?, and
they conjectured that this bound is tight.

Conjecture 5 (Hoshino and Kawarabayashi [I7]). Let k¥ > 3 be an integer. If D is a k-dicritical

oriented graph, then m(D) < (3 — 57— )n°.

Aboulker [I] observed that, since a tournament has in(n — 1) arcs, this conjecture implies that
the number of k-dicritical tournaments is finite, and he asked whether this latter statement holds. It

trivially does for the case k = 2.

1.3 Our results

In this paper, we positively answer Aboulker’s question in the case k¥ = 3 by showing that the
collection of 3-dicritical semi-complete digraphs is finite, and hence so is the subcollection of 3-dicritical
tournaments.

Theorem 6. There is a finite number of 3-dicritical semi-complete digraphs.

While the proof of Theorem [@l is fully human readable, the result is obtained by showing that the
number of vertices of any 3-dicritical semi-complete digraph does not exceed a pretty large number
which originates from a Ramsey-type argument.

We after use a computer-assisted proof to provide the following characterization of all 3-dicritical
semi-complete digraphs.

Theorem 7. There are exactly eight 3-dicritical semi-complete digraphs. They are depicted in Fig-
ure [l

In particular, we can characterize all 3-dicritical tournaments.

— =
Corollary 8. There are exactly two 3-dicritical tournaments, namely R(Cs,C3) and Pr.

We finally investigate the maximum density of 3-dicritical digraphs. The bidirected part of a
digraph D is the graph B(D) with vertex set V(D) in which two vertices are linked by an edge if and
only if there is a digon between them in D. We prove in Proposition 25 that B(D) is a forest for

every 3-dicritical digraph D. From this result, one can easily deduce that m(D) < (3) +n — 1 holds
for every 3-dicritical digraph D different from E) We slightly improve this upper bound on m(D) as

follows (the digraph W3 is depicted in Figure [II).

Theorem 9. If D is a 3-dicritical digraph distinct from z and VI—/;, then m(D) < (g) +

win

n.
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(2) R(C5,C3) (h) P

Figure 1: The 3-dicritical semi-complete digraphs, namely the bidirected complete graph [7;, the
directed wheel I/I—/;, the digraph Hs, the rotative digraphs R(Hi, Hs) for every Hq, Hy € {H, C3} and
the Paley tournament on seven vertices P7. A big arrow linking two sets of vertices indicates that
there is exactly one arc from every vertex in the first set to every vertex in the second set.

The rest of this article is structured as follows: In Section 2] we give a collection of preliminary
results which will be used in the proofs of Theorems [6l [7] and [0 In Section Bl we prove Theorem
In Section @l we prove Theorem [7] with all code we use being shifted to the appendix. Section
is devoted to the proof of Theorem [0 Finally, in Section [G] we conclude our work and give some
directions for further research.

2 Useful lemmas

In this section, we give a collection of preliminary results we need in the proof of Theorem [6l Most of
them will be reused in the proof of Theorem [l We first describe 2-dicolourings with some important
extra properties.

Let D be a digraph and uv be an arc of D. A uv-colouring of D is a 2-colouring ¢ : V(D) — [2]
such that:

e ¢ is a 2-dicolouring of D \ uv,



o o(u) = ¢(v) =1, and
e D\ uv, coloured with ¢, does not contain any monochromatic directed uv-path.
There is a close relationship between 3-dicritical digraphs and uwv-colourings.
Lemma 10. Let D be a 3-dicritical digraph and uv be an arc of D. Then D admits a uv-colouring.

Proof. As D is 3-dicritical, there is a 2-dicolouring ¢ : V(D) — [2] of D \ wv. By symmetry, we may
suppose ¢(u) = 1. As ¢ is not a 2-dicolouring of D, we obtain that ¢(v) = 1 and there is a directed
vu-path P in D such that ¢(z) = 1 for all z € V(P). If there is also a directed uv-path @ in D \ uv
such that ¢(x) = 1 for all z € V(Q), then the subdigraph of D \ uv induced by V(P) UV (Q) contains
a monochromatic directed cycle. This contradicts ¢ being a 2-dicolouring of D \ uv. O

The next result showing that every arc of a 3-dicritical semi-complete digraph is contained in a
short directed cycle will play a crucial role in the upcoming proofs.

Lemma 11. Let D be a 3-dicritical semi-complete digraph. Then every arc a € A(D) either belongs
to a digon or is contained in an induced directed triangle.

Proof. As D is 3-dicritical, there is a 2-dicolouring ¢ of D\ a. As ¢ is not a 2-dicolouring of D, there
exists a directed cycle C in D such that C is monochromatic with respect to ¢. We may suppose that
C is chosen to be of minimum length with this property. As D is semi-complete, we obtain that C' is
either a digon or an induced directed triangle. As C' is not a monochromatic directed cycle of D \ a
with respect to ¢, we obtain that a € A(C). (|

We define Os as the oriented graph which consists of a directed triangle zyz and two additional
vertices u, v, one arc from u to every vertex of the directed triangle, one arc from every vertex of the
directed triangle to v, and the arc wv. An illustration can be found in Figure

Yy x
o———0
z
°
U v

Figure 2: The oriented graph Os.

The following result is a consequence of Lemma [T0l
Lemma 12. Let D be a 3-dicritical digraph. Then D does not contain Os as a subdigraph.

Proof. Assume for a contradiction that D contains Oj as a subdigraph and let V(O5) = {u,v,z,y, z}
be the labelling depicted in Figure 2l By Lemma [I0 there exists a uv-colouring ¢ of D. Since there
exists no monochromatic directed uv-path, we have ¢(x) = ¢(y) = ¢(z) = 2. Hence D \ uv contains
a monochromatic directed triangle with respect to ¢, a contradiction. o

Let S be a transitive subtournament of a digraph D = (V, A). We denote by vy, ...,vs the unique
acyclic ordering of S. For some 4, j € [s], we say that {v;,...,v;} is an interval of S. Observe that
is an interval. For g, jo,%1,71 € [s] with jo < 41, we say that the interval {v;,,...,vj,} is smaller than
the interval {v;,,...,v;,}. By convention 0 is both smaller and greater than any other interval. A
sequence of intervals Py, ..., P, is called increasing if P; is smaller than P; for all 4, j € [t] with ¢ < j.



Lemma 13. Let T be a subtournament of a 3-dicritical digraph D and let S be a transitive subtour-
nament of T with acyclic ordering vy, ...,vs. For any x € V(T)\ S, there is an increasing sequence
of intervals (I, Iz, Is, 1) with U?Zl I; = S such that, in T, x dominates Iy U I3 and is dominated by
LUl .

Proof. Assume this is not the case. Then there exists an increasing sequence of indices (i1, 42, i3,4)
such that, in T, x is dominated by v;, and v;, and dominates v;, and v;,. Then the subdigraph of D
induced by {v;,, vi,, ¥, vy, v;, + contains Oy as a subdigraph, a contradiction to Lemma [[2] (]

We finally need a well-known theorem which can be found in many basic textbooks on graph
theory, see for example [7, Theorem 9.1.3].

Theorem 14 (MULTI-COLOUR RAMSEY THEOREM). Let a and b be positive integers. There exists a
smallest integer R, (b) such that for G being a copy of Kr, ) and for every mapping 1 : E(G) — |a],
there is a set S C V(G) of cardinality b and i € [a] such that ¢(e) =i for all e € E(G[S5]).

3 A simple proof for finiteness

In this section, we prove that the number of 3-dicritical semi-complete digraphs is finite. Let us first
restate this result.

Theorem 6. There is a finite number of 3-dicritical semi-complete digraphs.

Proof. Let D = (V, A) be a 3-dicritical semi-complete digraph. We will show that n(D) < 12Rg(3)+1,
where Rg(3) refers to the Ramsey number in Theorem [[4l Assume for the sake of a contradiction
that n(D) > 12Rg(3) + 2. Let S C V be a maximum set of vertices such that D[S] is acyclic. Let
v1,...,0s be the unique acyclic ordering of S. Since D is 3-dicritical, for an arbitrary vertex z € V,

we have that D — x is 2-dicolourable. This yields s > [%—‘ > 6Rs(3) + 1.

By Lemma [T for every ¢ € [s — 1], the arc v;v;41 belongs to a digon or an induced directed
triangle. Therefore, since D[S] is acyclic, we know that there exists a vertex x; € V' \ S such that
V;V;+12;v; is an induced directed triangle C;.

Let T be an arbitrary spanning subtournament of D. Observe that T[S] = D[S] as D[S] is acyclic.
Further, the directed triangle C; is contained in T for ¢ € [s — 1] as C; is induced in D. For any vertex
xin V'\ S and ¢ € [s — 1], we say that = switches at i if x dominates v; and is dominated by v;41 in
T or x is dominated by v; and dominates v;41 in T'.

Let H be the digraph with vertex set V(H) = [s — 1] and arc set A(H) = A; U Ay with A; =
{(#,i+1)]i€[s—2]} and Ay = {(4,7) | i # j and z; switches at j.}.

By Lemmal[I3] for ¢ € [s — 1], we have that z; switches at at most three indices in [s — 1]. Further,
as C; is a directed triangle, z; switches at ¢ which yields that x; switches at at most two indices in
[s — 1]\ {i}. Thus every i € [s — 1] is the tail of at most two arcs in As.

For every subset J of [s — 1], observe that H[.J] contains at most |J| — 1 arcs in A; and at most
2|J| arcs in As, hence at most 3|J| — 1 arcs in total. Thus UG(H)[J] has a vertex of degree at most
5. Hence UG(H) is 5-degenerate, and so it is 6-colourable. Therefore H has an independent set I of
size [£(s —1)] > Rg(3).

By definition of I, for any 4,5 € I with ¢ # j, we have that V(C;) and V(C;) are disjoint.
Moreover, either {v;,v;41} dominates x; in T or {vj,v;j41} is dominated by x; in T'. Hence, if i < j,
the subdigraph of T" induced by V(C;) UV (C;) is one of the eight tournaments depicted in Figure [3
For (o) € {(a),...,(h)}, wesay that (4, j) is an (a)-configuration if T[V (C;)UV (C;)] is the tournament
depicted in Figure Bl (o).

Let us fix a pair ¢,j € T with i < 5. We know that it is not a (g)-configuration, for otherwise
Dlvit1,vj,v41, 25, 2] contains Os as a subdigraph, a contradiction to Lemma We also know



Figure 3: A listing of all possible configurations for 7,5 € I with ¢ < j. For the sake of better
readability, the arcs in A(C;) U A(C;) and the arcs from V(C;) to V(C;) are solid, and the arcs from
V(C;) to V(C}) are dashed.

that it is not an (h)-configuration, for otherwise D[x;,v;, vi11, %, v;] contains Os as a subdigraph, a
contradiction to Lemma [12]

Since |I| > Rg(3), and by definition of Rg(3), we know that there exist {i,5,h} C 1,9 < j < h,
and (a) € {(a),...,(e)} such that the three pairs (¢,j), (J, h), (¢, h) are («)-configurations. We show
that each of the six cases yields a contradiction, implying the result.

o If (o) = (a), let ¢ be a v;1vp-colouring of D, the existence of which is guaranteed by Lemma[T0l
Recall that ¢(v;y1) = ¢(vn) = 1, ¢ is a 2-dicolouring of D\v;41vp, and D coloured with ¢ contains
no monochromatic directed v;1vp-path. Then ¢(v;) = ¢(vj11) = 2 because {vj,vj41} C
N7 (vit1) N Np(v). Thus, since C; is not monochromatic in ¢, we have ¢(z;) = 1. We obtain
that ¢(z;) = ¢(v;) = 2, for otherwise v;412;2;v,41 Or v;Upx;v; is monochromatic. We deduce
that v;vjz;v; is monochromatic, a contradiction.

o If () = (b), then Dlxp,vj,vj41,2j,2;] contains Os as a subdigraph, a contradiction to
Lemma [T2

o If () = (c¢), then D[z;,v;,vj41,x;,vs] contains Os as a subdigraph, a contradiction to
Lemma 121



o If () = (d), then Dlv;,v;,v;41,2;, 2] contains Os as a subdigraph, a contradiction to
Lemma [12

o If () = (e), then Dlv;,v;,vj41,2;,vp] contains Os as a subdigraph, a contradiction to
Lemma [T21

o If () = (f), then D[v;,vj,vj41,2;,vs] contains Os as a subdigraph, a contradiction to
Lemma [T21

O

4 The 3-dicritical semi-complete digraphs

This section is devoted to a computer-assisted proof of Theorem [1l It follows a similar line as the
one of Theorem [ but it needs some refined arguments. Further, due to the significant number of
necessary computations, several parts of the proof are computer-assisted. We used codes implemented
using SageMath. They are available on the third author’s GitHub pagel

We first restrain the structure of 3-dicritical semi-complete digraphs. To prove Theorem [B we
only needed the fact that Os does not occur as a subdigraph. To prove Theorem [7l we need to prove
that several other digraphs cannot be subdigraphs or induced subdigraphs of a 3-dicritical digraph.
One of these digraphs is the transitive tournament of size at least 8. While already parts of this
proof are computer-assisted, the most intense computation part is carried out after. We generate
all semi-complete digraphs satisfying these properties and check that none of them has dichromatic
number 3, except the ones depicted in Figure [I1

Before dealing with the collection of digraphs which are not contained in 3-dicritical semi-complete
digraphs as subdigraphs, we first give the following simple observation on matchings in graphs on seven
vertices which will prove useful later on.

Lemma 15. Let H be a graph that is obtained from a path wy . ..w; by adding the edges of a matching
M on {wi,...,wr}. Then there is a stable set S C V(H) with |S| =3 and {wy,wr}\ S # 0.

Proof. Suppose otherwise. If w; is not incident to an edge of M, then, as none of {w;,ws,ws} and
{w1,ws,ws} is an independent set, we obtain that wsws,wsws € E(M), a contradiction to M being
a matching. Hence M contains an edge ey incident to wj. Similarly, M contains an edge e; incident
to wy. Further, M contains an edge eg both of whose endvertices are contained in {wq, wy, wg}. As
none of ey and e7 are contained in one of {wy,ws,ws} and {wy, ws, ws}, we obtain that e; needs to
be contained in both of them. This yields e; = wjws. Similarly, we obtain e; = wswy. By symmetry,
we may suppose that eg # wywg. But then {ws,wy,we} is an independent set, a contradiction. O

We now start excluding some subdigraphs of 3-dicritical semi-complete digraphs. We first define
Oy as the digraph which consists of a copy of and two additional vertices u, v, one arc from u to
every vertex of %}2, one arc from every vertex of % to v, and the arc wv. An illustration can be found
in Figure [

The digraph O, plays a similar role as Os. Also, the proof of the following result is similar to the
one of Lemma

Lemma 16. Let D be a 3-dicritical digraph. Then D does not contain O4 as a subdigraph.

Proof. Assume for the purpose of contradiction that D contains Oy as a subdigraph and let V(Oy) =
{u, v, x,y} be the labelling depicted in Figure[dl By Lemmall0l there exists a 2-dicolouring ¢ of D\ uv
with ¢(z) = ¢(y). Hence D\uv contains a monochromatic digon with respect to ¢, a contradiction. [

fd
In the following, let Sy be the bidirected star on 4 vertices, see Figure The following result
shows that S4 cannot be the subdigraph of any large 3-dicritical semi-complete digraph.


https://github.com/lucaspicasarri/three_dicritical_semicomplete_digraphs
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Figure 5: The bidirected star on 4 vertices Sy.
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Lemma 17. Let D _bg a semi-complete digraph containing Sy as a subdigraph. Then D is 3-dicritical
if and only if D is W3.

Proof. Tt is easy to see that I/I—/g) is 3-dicritical and contains <574>. For the other direction, let D be a
3-dicritical semi-complete digraph such that D contains a vertex u linked by digons to three distinct
vertices z, ¥, 2.

Then, as D is semi-complete, we have that D[{z, y, z}] needs to contain C_>'3 or T'T5 as a subdigraph.
If it is T'T3, then D contains O, as a subdigraph, a contradiction to Lemma [T6] Hei(;e D[{u,x,y, z}]

_>
contains W3 as a subdigraph. Since both D and W3 are 3-dicritical, we have D = Ws. O

We now prove a similar result for a collection of four digraphs. Given two digraphs H; and Hs,
let H; = Hs denote the directed join of H; and Hs, that is the digraph obtained from disjoint copies
of Hy and H> by adding all arcs from the copy of H; to the copy of Hs. If we further add all the arcs
from Hs to Hy, we obtain the bidirected join of Hy, and Hs, denoted by Hy B Hs. It is straightforward
that X(Hy B Ho) = X(H1) + X(H2), see [3].

Lemma 18. Let H1, Hs be two digraphs in {z, C—'g)} and let D be a semi-complete digraph containing
Hy = Hjy as a subdigraph. Then D is 3-dicritical if and only if D is exactly R(H1, H2).

Proof. Tt is easy to see that R(Hi, Hz) is 3-dicritical. For the other direction, let us fix Hy, Hs €
{z, (7)'3} and let D be a 3-dicritical semi-complete digraph containing H; = Ho.

Let X = V(H;) and Y = V(Hs). Let us first prove that V(D) \ (X UY) # 0, so assume for a
contradiction that V(D) = X UY. We claim that there exists a simple arc uv from X to Y. If this
is not the case, then D is exactly H; B Ha, so it has dichromatic number 4, a contradiction. This
simple arc uv belongs to an induced directed triangle by Lemma [[1l This directed triangle uses an
arc from Y to X, which is necessarily in a digon, a contradiction since it must be induced. Henceforth
we assume that V(D) \ (X UY) # 0.

First suppose that there exists some v € V(D) \ (X UY') having at least one in-neighbour and one
out-neighbour in both X and Y. Since H; and Hs are strongly connected, there exist four distinct
vertices x1,22 € X and y1,y2 € Y such that {122, y1y2, 10, v22, y10,vy2} are all arcs of D. Then
D{x1,v,22,y1,y2}] contains Os as a subdigraph, a contradiction to Lemma Henceforth we may

assume that every vertex v € V(D) \ (X UY) has no out-neighbour or no in-neighbour in one of
{X,Y}.
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Now suppose that there exists some v € V(T) \ (X UY) that dominates X. If v has an out-

neighbour y in Y, then D[X U {v,y}] contains O4 as a subdigraph if H; = E) and Os otherwise,
a contradiction to Lemma or T2 respectively. Hence v has no out-neighbour in Y. Since D is
semi-complete, this implies that ¥ dominates v. Hence D contains R(H;, Hz), implying that D is
exactly R(Hy, Hz) since both D and R(H;, Hs) are 3-dicritical.

Henceforth we assume that for every vertex v € V(D) \ (X UY), there exists in D a simple arc
from X to v. By directional duality, there exists also a simple arc from v to Y. Recall that every
vertex v € V(D) \ (X UY') has no out-neighbour or no in-neighbour in one of {X,Y}. We conclude
on the existence of a partition (V1,V3) of V(D) \ (X UY) such that there is no arc from V; to X and
there is no arc from Y to V5.

By symmetry, we may assume that V5 is non-empty. Let us fix vo € V5 and y; € Y. Since voy; is a
simple arc, by Lemma [T} there exists a vertex v1 such that voy;v1vs is an induced directed triangle in
D. Note that v; ¢ Y since there is no arc from Y to V2. Also note that v; ¢ X for otherwise vay;v1ve
is not induced since X dominates Y. Further note that v; ¢ V5 since it is an out-neighbour of y;.
This implies v; € V;. As vy does not dominate X, there is some vertex in X, say x; that dominates
v2. Note that x1 dominates v; by definition of V3. Let y2 be the unique out-neighbour of y; in Y.

If v; dominates y2, we obtain that D[{x1,v1, va,y1,y2}] contains Oy as a subdigraph, a contradic-
tion to Lemma We may hence suppose that yo dominates v;. As Y does not dominate vy, this
implies that Hy is C3 and the out-neighbour ys of yo is dominated by v;. Then D[{x1,v1,v2, Y2, ys}]
contains Os as a subdigraph, a contradiction to Lemma O

The rest of the preparatory results before the main proof of Theorem [ aims to exclude a collection
of tournaments 7Tg as induced subdigraphs and another digraph F' as a (not necessarily induced) sub-
digraph. As the proofs of these results contain several common preliminaries, we give them together.
While the exact definition of Tg is postponed, we now give the definition of F'. Let F' be the oriented

graph with vertex set {u1,...,us, 1, T2, 23} such that:
o {uy,...,ug} induces a copy of TTg the unique acyclic ordering of which is exactly u, ..., ug,
and

e for every i € [3], F contains the arcs ug;z; and x;ug;—1.

See Figure [6] for an illustration of F.

v
NN

Figure 6: The oriented graph F'.

We let F be the set of tournaments T with vertex set V(T') = V(F) and such that A(F) C A(T).
Note that F contains 2'° tournaments since F' has exactly 15 pairs of non-adjacent vertices. Four of

them are of special interest and we denote them by T1,...,T%. We give their adjacency matrices in
Appendix [Al

Lemma 19. None of the tournaments in F \ {T*, T?,T3,T*} is a subdigraph of a 3-dicritical semi-
complete digraph.
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Proof. For every tournament T € F, we check, using the code of Appendix[B.1] if it contains C3 = C3
as a subdigraph or if it admits no uv-colouring for an arc uv. This is always the case except when
T € {T*,T? T3,T*}. The claim then follows by Lemmas [[0] and I8 O

Let F'* be the oriented graph obtained from F by adding a vertex ug and the arcs of {ugu; | i € [6]}.
Analogously, let F'~ be the oriented graph obtained form F by adding a vertex u; and the arcs of
{uuz | i € [6]}. See Figure [T for an illustration.

VIRV VN VIR VI VI

Figure 7: The oriented graphs F'* (left) and F'~ (right).

Lemma 20. Let D be a 3-dicritical semi-complete digraph. Then D does not contain a digraph in
{F*,F~} as a subdigraph.

Proof. Observe that the digraph obtained from F~ by reversing all its arcs is isomorphic to F*. As
the digraph obtained from a 3-dicritical, semi-complete digraph by reversing all arcs is 3-dicritical and
semi-complete, it suffices to prove the statement for F'T.

In order to do so, suppose for the sake of a contradiction, that there is a 3-dicritical semi-complete
digraph D containing F*. By Lemma [0 D — uq contains some T’ € {T*,T? T3 T*}. Now consider
the collection 7~ of tournaments on {uy, ..., ug, v1, v, v3} that have one of T%,T? T3 T* as a labelled
subdigraph and in which ug dominates {uq,...,ug}. Observe that by assumption, D contains a
tournament in 7~ as a spanning subdigraph. Further, 7 contains exactly 4 x 23 = 32 digraphs. Using
the code in Appendix [B.:2] we check that each of them contains (7)'3 = (7’3 or contains an arc uv with
no uv-colouring. We conclude that the same holds for D, a contradiction to Lemmas [I0 or [I§ O

We are now ready to show that 3-dicritical semi-complete digraphs do not contain large transitive
tournaments as induced subdigraphs.

Lemma 21. Let D be a 3-dicritical semi-complete digraph. Then D does not contain TTg as an
induced subdigraph.

Proof. For a contradiction, assume that D = (V, A) is a 3-dicritical semi-complete digraph containing
TTy as an induced subdigraph. We will prove that D contains F'* or F~, which is a contradiction to
Lemma

Let S C V be such that D[S] is isomorphic to TTg. Let vq,...,vs be the unique acyclic ordering
of S. By Lemma [T} for every i € [7], there exists a vertex x; € V' \ S such that v;v;12;v; forms an
induced directed triangle C;.

Let H be the graph with vertex set V(H) = [7] and that contains an edge linking ¢ and j if
V(Ci)NV(C;) # 0. For any 4,7 € [7] with ij € E(H) and |i — j| > 2, we have x; = ;. By Lemmal[I3]
there is no set {7, 7, k} C [7] such that x; = x; = x. This yields that H is obtained from a path on
7 vertices by adding a matching. We deduce from Lemma [T5] that there is a set I C [7] with [I| = 3
such that the following hold:

(a) {1, TI\T#0,
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(b) C; and Cj are vertex-disjoint for all {i,j} C I.
This shows that D contains F'™ or F~, yielding a contradiction to Lemma O

Given an integer k and a semi-complete digraph D, a k-extension of D is a semi-complete digraph
on n(D)+k vertices containing D as an induced subdigraph. Given a set .S of semi-complete digraphs,
a k-extension of S is a semi-complete digraph that is a k-extension of some D € S. We are now ready
to prove that no 3-dicritical semi-complete digraph contains F' as a subdigraph.

Lemma 22. Let D be a 3-dicritical semi-complete digraph. Then D does not contain F' as a subdi-
graph.

Proof. By Lemma [[T it remains to show that D does not contain a graph in {71, 72,73 T4} as
a subdigraph. Assume for a contradiction that D contains at least one of {T1, T2 T3, T*} as a
subtournament.

We use the code in Appendix [B.3l In a first part, we compute the set .Z of all semi-complete
digraphs L on nine vertices such that each of the following holds:

i) L contains some T' € {T'*, T2, T3, T*} as a subdigraph,
g

(ii) L does not contain any digraph in {a,z = z,z = (7)'3,6—'; = z,a = (?3,04,05} as a
subdigraph,

(#4) L admits a uv-colouring for every arc uv € A(L), and
(iv) L does not contain TTy as an induced subdigraph.

By Lemmas[I0, T2 16 17 and[I8 we know that D contains some L € . as an induced subdigraph.
In the second part of the code, we check that every 2-extension L’ of £ does not satisfy at least one
of the properties (i), (i7) and (iv).

This shows, by Lemmas [I0] [[2] [[6] and [I8], that either D € £ or D is a l-extension of .Z. Finally,
we check that every L € .Z has dichromatic number at most two, and that every l-extension L’
satisfying (4¢), (i7¢) and (iv) has dichromatic number at most two. This yields a contradiction. O

We now give the definition of 75 and show that no digraph in 75 can be contained in a 3-dicritical
semi-complete digraph as an induced subdigraph. Let 7g be the set of tournaments obtained from
TTs by reversing exactly one arc. Observe that T'Tg belongs to 7s.

Lemma 23. Let D be a 3-dicritical semi-complete digraph. Then D does not contain any digraph in
Ts as an induced subdigraph.

Proof. Assume for a contradiction that D contains some 77 € Tg as an induced subtournament. Let
X C V(T) be such that D[X] is isomorphic to T’. By definition of Tg, let x1,...,25 be an ordering
of X such that D contains every arc z;x; when i < j, except for exactly one pair {k, ¢}, k < £.

Assume first that £k = ¢ — 1. Then observe that T” is isomorphic to TTg, with the acyclic ordering
obtained from z1,...,2g by swapping x, and xy_;. This contradicts Lemma 211

Henceforth assume that k < ¢—2. If kK > 2 and ¢ < 7 then D[{x1, zk, z¢—1, T, zg}] is isomorphic to
Os, a contradiction to Lemma Henceforth we assume that kK = 1 or £ = 8. By directional duality,
we assume without loss of generality that £k = 1. Let S be the transitive induced subtournament of D
on vertices X \ {x1,x2,2¢}. We denote its acyclic ordering by y1,...,ys, which exactly corresponds
to 3,...,%p—1,Tp41,-..,2s. By Lemma [l for every k € [4], there exists a vertex z; such that
YkUk+12kYr forms a directed triangle Ck. As S is induced, z; must be in V' \ V(S). Moreover,
2 & {x1,x2, 2} because both X \ {z1} and X \ {z,} are acyclic.

Let H be the graph with vertex set V(H) = [4] and that contains an edge linking ¢ and j if
V(C;)NV(C;) # 0. For any 4, j € [4] with ij € E(H) and |i — j| > 2, we have z; = z;. By Lemma/[I3]
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there is no set {h,%,j} C [4] such that z; = z; = z,. This yields that H is obtained from a path
on 4 vertices by adding a matching containing at most 2 edges. Hence H contains two non-adjacent
vertices, corresponding to two disjoint directed triangles C; and C; in D. Together with the directed
cycle Cy = x1x22¢, we deduce that D contains F' as a subdigraph. This contradicts Lemma 221 [

We have now proved all necessary structural properties of 3-dicritical semi-complete digraphs. The
following result contains the decisive step of the proof and it requires heavy computation. For every
1 € [7], let Z; be the set of semi-complete digraphs D such that each of the following holds:

e the maximum acyclic set S C V(D) of D has size exactly i,

e for every arc uv of D, D admits a uv-colouring,

e D does not contain any digraph of {fif,f; = z,ﬁ = C—'?,),C—':: = E),C—'g) = C—'g,>,04,05,F} as

a subdigraph,
e D does not contain any digraph of 7g as an induced subdigraph,
Lemma 24. The 3-dicritical digraphs in U;l P; are exactly [7;, Hs, and Pr.

Proof. For every i € [7], we compute %; by starting from the singleton {T7T;} which is clearly the only
digraph in %; on at most i vertices. Using the code in Appendix [B:4] we first successively compute
the digraphs in Z; on j > i vertices by generating every possible 1-extension of the digraphs in Z; on
j — 1 vertices, and saving only the ones satisfying the conditions on ;. When j is large enough, it
turns out that the set of digraphs in Z; on j vertices is empty, implying that Z; is finite.

We then consider every digraph D € &; and check whether D is 2-dicolourable. When it is not,
since it admits a wv-colouring for every arc uv, we conclude that D is 3-dicritical. O

We are now ready to conclude the proof of Theorem [7l

Proof. By L d have that -dicritical i- lete di h
mof v emn%asDIFLIIZI,Jﬂﬂ,DIL.IE, 22 and 23 v[%% 1(%\/)6 a geg 3 1cr_1t>1c% semi comp_(;te_> igrap
that is not contained in (J;_; Z; is one of W3, R(K3, K3), R(K2,C3), R(Cs, K2), and R(Cs,C3). The
statement then follows directly from Lemma O

5 Maximum number of arcs in 3-dicritical digraphs

This section is devoted to the proof of Theorem [91 We need a collection of intermediate results. We
first show that the bidirected part of a 3-dicritical digraph is a forest unless D is a bidirected odd
cycle.

Proposition 25. Let D be a 3-dicritical digraph that is not a bidirected odd cycle. Then B(D) is a
forest.

Proof. Assume for a contradiction that B(D) is not a forest. Then it contains a cycle C' =
U2 . .. upur. Let (5) be the bidirected cycle in D corresponding to C. The cycle C cannot be
odd, for otherwise ? would be a bidirected odd cycle, and D = ? because a bidirected odd cycle
is 3-dicritical, a contradiction. Hence C is an even cycle. By Lemma [I0, there exists a 2-dicolouring
¢ of D\ {uiup}. Necessarily, u1 and u, are coloured differently because there is a bidirected path of
odd length between u; and w,. Thus ¢ is a 2-dicolouring of D, a contradiction. O

For the remainder of this section we need a few specific definitions. Let T be a tree and V5(T) be
the set of vertices of degree at least 3 in T. Two vertices u,v € V(T') form an odd pair if they are
non-adjacent and distr(u, v) is odd, where disty(u, v) denotes the length of the unique path between
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wand v in T. The set of odd pairs of T is denoted by OP(T") and its cardinality is denoted by op(T).
We finally define the dearth of T as follows:

dearth(T) = %d(v)(d(v)—l)—i—op(T).

veVs(T)
We first prove that the dearth of a tree is always at least a fraction of its order.

n—1.

Lemma 26. Let T be a tree on n vertices for some positive integer n. Then dearth(T') > %

Proof. For the sake of a contradiction, suppose that T is a counterexample to the statement whose
number of vertices is minimum. Clearly, we have n > 4. The following claim excludes a collection of
simple structures of 7.

Claim 27. T is neither a path nor a tree.

Proof of the claim. The statement follows from the following simple case distinction.

Case 1: T is a path of even length.
For every odd i € {1,...,n—3}, as n > 4, there are exactly ¢ distinct pairs of vertices at distance
n—2
exactly n — ¢ in T. Hence dearth(T") > op(T) =>,% (2 —1) = ("7_2)2 >in-1.

Case 2: T is a path of odd length.
For every odd i € {1,...,n—2}, as n > 4, there are exactly ¢ distinct pairs of vertices at distance

n—3
exactly n — i in 7. Hence dearth(T) > op(T) = >, % 2i = (252) (252) > tn— 1.

Case 3: T is a star on n > 4 vertices.

As n > 4, we obtain that dearth(T) is exactly g(n —1)(n — 2), and so dearth(T) > n — 1.

In either case, we obtain a contradiction to the choice of T'. O

By Claim 27] we obtain that T is neither a path nor a star. In particular, it follows that T contains
an edge uv such that dr(u) > 2 and dr(v) > 3. Let vy,...,v, be the neighbours of v in T, where
v1 = w and r = dp(v) > 3. For each i € [r], let T; be the component of T — v containing v;. By the
choice of T', we have dearth(T;) > 4n(T;) — 1. Since the Tjs are pairwise disjoint and none of them

contains v, and because u has a neighbour in 73 at distance exactly 3 from v, ..., v, we obtain:

dearth(T) > » " dearth(T;) + %r(r —1)+(r—1)
i=1

1 1
> g(n(T) -1 —r+ gr(r—l)—l—(r— 1)
1
where in the last inequality we used r > 3. This contradicts the choice of T. o

H
Lemma 28. Let D be a 3-dicritical digraph distinct from {E,Wg} and ? be a bidirected tree
contained in D. Then we have

{{u,v} CV(T) | {uv,vu} N A(D) = 0} > dearth(T).
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Proof. Set O = {{u,v} C V(T) | {uv,vu} N A(D) = 0}. For every vertex v € V3(T), let O, =
on (NT(’U) X NT(’U)). Finally let Ooqq = O N OP(T)

Let us first show that these sets are pairwise disjoint. Let u,v € V3(T') be two vertices of degree
at least 3 in T'. Since T is a tree, we have that Ny (u) N Np(v) contains at most one vertex, implying
that O, N O, = 0. Also note that vertices in Nr(v) are at distance exactly 2 from each other, so
Oy N Opqa = 0. This implies

01> > |0u]+ |Ocal-

veV3(T)

Hence it is sufficient to prove |Oy| > &dr(v)(dr(v) — 1) for every v € V3(T) and Ooaq = OP(T) to
prove Lemma

Let v € V3(T) and u, x, z be three distinct vertices in Np(v). We claim that D[{u, z, z}] contains
at most two arcs. If this is not the case, then D[{u,z, z}] contains a digon, a directed triangle or a

transitive tournament on three vertices. This implies that D[{u, z, z,v}] contains [7)3 , VI—/; or O4. By
Theorem[7] and Lemma[I6] in each case, we obtain a contradiction to the choice of D. Since this holds
for every choice of three distinct vertices in Ny (v) and each pair of vertices in Np(v) is contained in
dr(v) — 2 triples, we deduce the following inequality

(DN ) (@) -2 = 3 mopx) <2 (),
XQNT('U)v
IX|=3
implying that m(D[Nr(v)]) < zdr(v)(dr(v) — 1). Therefore, we obtain |0, = (de(v)) -

m(D[N7(v)]) > tdr(v)(dr(v) — 1) as desired.

To show Opqq = OP(T), it is sufficient to show that if {u,v} is an odd pair then {uv, vu}NA(D) =
(). Assume this is not the case, then by Lemma [I0 D’ = D \ {uv,vu} admits a 2-dicolouring ¢ in
which ¢(u) = ¢(v), a contradiction since u and v are connected by a bidirected odd path in D’. This
shows the claim. (|

We are now ready to prove Theorem [0 that we first restate here for convenience.
—
Theorem 9. If D is a 3-dicritical digraph distinct from [(?; and W3, then m(D) < (g) + %n

Proof. Let D be such a digraph. If D is a bidirected odd cycle, we have n > 5 and hence D has
2n < (g) + %n arcs, so the result trivially holds. Henceforth assume D is not a bidirected cycle.
Then, by Proposition 28] B(D) is a forest. Let T1,...,Ts be the connected components of B(D). For
every i € [s], the number of digons in D[V (T})] is exactly n(T;) — 1, whereas the number of pairs of
non-adjacent vertices is at least dearth(7;) by Claim Hence, since there is no digon between the
T;s, we obtain

)= () + 22 () 1) = desenr)
<(3)+ ; (0= 1)~ (Gu(r) — 1) by Claim
= (Z) + §n7
which concludes the proof, 0
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6 Conclusion

In this paper, we showed that the number of 3-dicritical semi-complete digraphs is finite and with a
computer-assisted proof, we gave a full characterization of them. This result seems to be only the tip
of an iceberg, and natural generalizations in several directions can be considered.

First, the conjecture of Hoshino and Kawarabayashi on the maximum density of 3-dicritical oriented
graphs remains widely open.

We believe that almost all 3-dicritical digraphs are sparser than tournaments. We thus propose
the following conjecture which would imply Theorem [0l and asymptotically improve on Theorem

Conjecture 29. There is only a finite number of 3-dicritical digraphs D on n vertices that satisfy
m(D) > (3)-

It is an interesting challenge to generalize the results obtained in this article to £ > 4. In particular,
we would be interested in a confirmation of the following statement.

Conjecture 30. For every k > 4, there is only a finite number of k-dicritical semi-complete digraphs.

Finally, it is also natural to consider a different notion of criticality. A digraph D is called 3-vertex-
dicritical if D is not 3-dicolourable, but D — v is for all v € V(D). Observe that every 3-dicritical
digraph is 3-vertex-dicritical, but the converse is not necessarily true. One can hence wonder whether
an analogue of Theorem [(] is true for 3-vertex-dicritical digraphs. However, this turns out not to
be the case. Chen et al. proved in [6] that it is NP-hard to decide whether a given tournament is
2-dicolourable. An infinite collection of 3-vertex-dicritical tournaments can easily be derived from
their proof.
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B Code used in the proof of Theorem [7|

This appendix contains the code used in the proof of Theorem[7l In Appendix[B.0] we give a collection
of useful subroutines we use in the main part of the code. In Appendices [B.1] [B.2] [B:3 and [B:4] we
give the code use in the proofs of Lemmas [[9 and 20, and Lemmas 22] and 4] respectively.

B.0 Preliminaries for the code

In the following code, we give a collection of subroutines we use in our code.

# The following function displays a progress bar
def printProgressBar (iteration, total):
percent = ("{0:.1f}").format (100 * (iteration / float(total)))
filledLength = int (50 * iteration // total)
bar = "#" % filledLength + "-" x (50 - filledLength)
print (f"\rProcess: |{bar}| {percentl}) Complete", end = "\r")

# k,

# Print New Line on Complete
if iteration == total:
print ()

n : integers such that k < 3%*n

# Returns: the decomposition of k in base 3 of length n

def termary(k,n):
b = 3*x(n-1)
res=""
for i in range(n):
if (k >= 2x*b):
k -= 2%b
res = res + "2"
elif (k >= b):
k -= Db
res = res + "1"
else:
res = res + "O"
b /= 3
return res
# d: DiGraph
# u: vertex
# v: vertex
# Returns: True if and only if d contains a directed path from u to v
def contains_directed_path(d,u,v):
to_be_treated = [u]
i=0
while(len(to_be_treated) != 1i):
X = to_be_treated[i]
if (x==v):
return True
for y in d.neighbors_out (x):
if (not y in to_be_treated):
to_be_treated .append(y)
i+=1
return False
# d: DiGraph
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16 # u: vertex of d

a7 # v: vertex of d

15 # current_colouring: partial 2-dicolouring with colours {0,1} of d such that
current_colouring [u] = current_colouring[v] = 0

10 # Returns: True if and only if current_colouring can be extended into a 2-
dicolouring of d with no monochromatic directed path from u to v.

50 def can_be_subgraph_of_3_dicritical_aux(d,u,v, current_colouring):

51 #build the colour classes

52 colours = {}

53 colours [0] = []

54 colours [1] = []

55 for (x,i) in current_colouring.items():

56 colours[i]. append(x)

57 #check whether both colour classes are acyclic
58 for i in range(2):

50 d_i = d.subgraph(colours[il])

60 if (not d_i.is_directed_acyclic ()):
61 return False
62 #check whether there is a monochromatic directed path from u to v

63 d_0 = d.subgraph(colours [0])

64 if (contains_directed_path(d_O0,u,v)):

65 return False

66 #check whether current_colouring is partial
67 if (len(current_colouring) == d.order()):

68 return True

69 else:

70 #find a vertex x that is not coloured yet
71 x = len(current_colouring)

72 while(x in current_colouring):

73 X-=

74 #check recursively whether current_colouring can be extended to x
75 for i in range(2):

76 current_colouring [x] = i

77 if (can_be_subgraph_of_3_dicritical_aux(d,u,v,current_colouring)):
78 return True

79 current_colouring .pop(x, Nomne)

80 return False

g2 # d: DiGraph

83 # forbidden_subtournaments: list of DiGraphs

s1+ # Returns: True if and only if d is {forbidden_subdigraphs}-free, {
forbidden_induced_subdigraphs}-free and, for every arc (u,v) of d, d
admits a uv-colouring.

s5 def can_be_subgraph_of_3_dicritical(d, forbidden_subdigraphs,
forbidden_induced_subdigraphs):

86 #check whether d contains a forbidden subgraph

87 for T in forbidden_subdigraphs:

88 if (d.subgraph_search (T, False) != None):

89 return False

20 #check whether d contains a forbidden induced subgraph
91 for T in forbidden_induced_subdigraphs:

92 if (d.subgraph_search (T, True) != None):

93 return False

94 #check for every arc uv if d admits a uv-colouring.

95 for e in d.edges():
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96 d_aux = DiGraph(len(d.vertices()))
o7 d_aux.add_edges (d.edges ())

08 d_aux.delete_edge (e)

99 current_colouring = {}

100 current_colouring [e[0]] = 0O

101 current_colouring[e[1]] = 0

102 if (not can_be_subgraph_of_3_dicritical_aux(d_aux,e[0],e[1],

current_colouring)):
103 return False
104 return True
105
w6 # d: DiGraph
107 # Returns: True if and only if d is 2-dicolourable
0s def is_two_dicolourable (d):
109 n = d.order ()
110 for bipartition in range (2%*n):
111 #build the binary word corresponding to the bipartition
112 binary = bin(bipartition) [2:]

113 while (len(binary)<(n)):
114 binary = "O" + binary
115 #build the bipartition

116 vi = []

117 v2 = []

118 for v in range(n):

119 if (binary[v] == °07):
120 V1.append(v)

121 else:

122 V2.append(v)

123 #check whether (V1,V2) is actually a dicolouring

124 dl = d.subgraph (V1)

125 d2 = d.subgraph(V2)

126 if (dl.is_directed_acyclic () and d2.is_directed_acyclic ()):
127 return True

128 return False

130 #C3_C3 is the digraph made of two disjoint directed triangles, the vertices
of one dominating the vertices of the other

131 C3_C3 = DiGraph (6)

132 for i in range (3):

133 C3_C3.add_edge (i, (i+1)%3)

134 C3_C3.add_edge (i+3, ((i+1) %3) +3)

135 for j in range(3,6):

136 C3_C3.add_edge (i, j)

138 #F is the digraph on nine vertices made of a TT6 ul,...,u6 and the arcs of
the directed triangles ulu2xlul, u3u4x2u3, ubu6x3ub.

130 F = DiGraph (9)

110 for i in range (6):

141 for j in range(i):

142 F.add_edge (j,1)

.add_edge (6,0)

.add_edge (1,6)

.add_edge (7,2)

.add_edge (3,7)

.add_edge (8,4)

Mo oo
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11s F.add_edge (5,8)

150 #TT8 is the transitive tournament on 8 vertices
151 TT8 = DiGraph (8)

152 for i in range(8):

153 for j in range(i):

154 TT8.add_edge (j,1)

156 #reversed_TT8 is the set of tournaments, up to isomorphism, obtained from TT8
by reversing exactly one arc

157 reversed_TT8 = []

155 for e in TT8.edges():

159 rev = DiGraph (8)

160 rev.add_edges (TT8.edges ())

161 rev.delete_edge (e)

162 rev.add_edge (e[1],e[0])

163 check = True

164 for T in reversed_TTS8:

165 check = check and (not T.is_isomorphic (rev))
166 if (check):

167 reversed_TT8 .append (rev)

168

160 #K2 is the complete digraph on 2 vertices
170 K2 = DiGraph (2)

171 K2.add_edge (0,1)

172 K2.add_edge (1,0)

174 #S4 is the bidirected star on 4 vertices
175 34 = DiGraph (4)

176 for i in range (1,4):

177 S4.add_edge (i,0)

178 S4.add_edge (0, i)

180 #C3_K2 is the digraph with a directed triangle dominating a digon.
1s1 C3_K2 = DiGraph (5)
1s2 for i in range(3):

183 C3_K2.add_edge (i, (i+1) %3)
184 for j in range(3,5):
185 C3_K2.add_edge (i,j)

156 C3_K2.add_edge (3,4)
1s7 C3_K2.add_edge (4,3)

180 #K2_C3 is the digraph with a digon dominating a directed triangle
o0 K2_C3 = DiGraph(B)

101 for i in range(3):

102 K2_C3.add_edge (i, (i+1) %3)

193 for j in range(3,5):

194 K2_C3.add_edge(j,i)

195 K2_C3.add_edge (3,4)

106 K2_C3.add_edge (4,3)

108 #K2_K2 is the digraph with a digon dominating a digon
190 K2_K2 = DiGraph (4)

200 for i in range(2):

201 K2_K2.add_edge (i, (i+1) %2)
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202 K2_K2.add_edge (i+2, ((i+1) %2) +2)
203 for j in range(2,4):
204 K2_K2.add_edge(i,j)

206 #04 and 05 are the obstructions described in the paper.
207 04 = DiGraph (4)

20s for i in range(1,4):

209 04 .add_edge (0, 1)

210 for i in range(1,3):

211 04 .add_edge (i,3)

212 04.add_edge (1,2)

215 04.add_edge (2,1)

215 06 = DiGraph (5)

216 for i in range(1,5):
217 05.add_edge (0, i)
215 for i in range(1,4):
219 05.add_edge (i,4)
220 05.add_edge (1,2)

221 05.add_edge (2,3)

222 05.add_edge (3,1)

B.1 The proof of Lemma
We here give the code used in the proof of Lemma [T9

- =
Proof. For every tournament 7" € F, we check, using the following code, if it contains C5 = Cj5 as
a subdigraph or if it admits no wv-colouring for an arc wv. This is always the case except when
T € {T*,T? T3,T*}. The Claim then follows by Lemmas [[0 and I8 O

1 load("tools.sage")

3 # binary_code: a string of fifteen characters ’0’ and 1’

. # Returns: a tournament of \mathcal{F}. The orientations of the fifteen non-
forced arcs correspond to the characters of binary_code.

5 def digraph_blowup_TT3 (binary_code):

6 iterator_binary_code = iter (binary_code)
7 d = DiGraph (9)

8 #the vertices 0,...,8 correspond respectively to u_.1l,...,u_6,x_1,x_2,x_3
9

10 #add the arcs of the TT_6

11 for i in range(6):

12 for j in range(i):

13 d.add_edge (j,1i)

14

15 #add the arcs of the directed triangles
16 for i in range(3):

17 d.add_edge (6+i, 2xi)

18 d.add_edge (2xi+1, 6+1i)

20 missing_edges=[(6,2) ,(6,3) ,(6,4) ,(6,5) ,(6,7),(6,8),(7,0),(7,1),(7,4)
,(7,56),(7,8),(8,0),(8,1),(8,2),(8,3)]

21 #we orient the missing_edges according to binary_code

22 for e in missing_edges:
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if (next (iterator_binary_code) == ’0’):
d.add_edge (e[0],e[1])
else:
d.add_edge (e[1],e[0])
return d

print ("Computing all possible candidates of \mathcal{F} for being a
subtournament of a 3-dicritical semi-complete digraph...")

list_candidates = []

list_forbidden_induced_subdigraphs = [C3_C3]

33 #print progress bar

printProgressBar (0, 2**15)
for i in range (2x%15):
binary_value = bin(i) [2:]
while (len(binary_value) <15):
binary_value = ’0’ + binary_value
d = digraph_blowup_TT3 (binary_value)
if (can_be_subgraph_of_3_dicritical(d, [],
list_forbidden_induced_subdigraphs)):
list_candidates .append(d)
#update progress bar
printProgressBar (i + 1, 2%x15)

5 print ("Number of candidates: ",len(list_candidates),".")

for i in range(len(list_candidates)):
print ("Candidate ",i+1,": ")
list_candidates [i].export_to_file ("T"+str(i+1)+".pajek")
print(list_candidates [i].adjacency_matrix ())

Running this code produces the following output after roughly 2 minutes of execution on a standard
desktop computer:

Computing all possible candidates of \mathcal{F} for being a subtournament of
a 3-dicritical semi-complete digraph...

Process: |####t######4###H#AH#HHSHBAHRHBA#AHGHBRHRH#HH#S#######| 100.0), Complete

Number of candidates: 4

Candidate 1

[01 111101 1]
[001 11111 1]
[0001 110 0 0]
[000O0O110 1 0]
[000O0O0OT1O01 0]
[000O0O0OO0OT11 1]
[1 011100 0 1]
[001 00010 1]
[001 1100 0 0]
Candidate 2

[01 111101 1]
[001 11111 1]
[0001 1110 0]
[000O0110 1 0]
[000O0O0OT1O01 0]
[00O0OO0OO0OOTO0OT1 1]
[1 0011101 0]
[001000O0O0O0 1]
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[001 11010 0]
Candidate 3 :

[01 11110 0 0]
[001 11110 1]
[0001 1110 1]
[000O0 1111 1]
[0000O010 0 0]
[000O0O0O0OO0O0 1]
[1 0001101 1]
[1 110110 0 0]
[1 000100 1 0]
Candidate 4

[01 111100 1]
[001 11110 1]
[0001 1110 1]
[000O011 11 0]
[000O0O0OT1O0O0 O]
[000O0O0O0OO0OO 1]
[1 0001101 0]
[1 1101100 1]
[0001 1010 0]

The graphs in the output are exactly 11,75, T3, and Ty.

B.2 The proof of Lemma [20]
We here give the code used in the proof of Lemma 20l

import networkx
load("tools.sage")

list_candidates = []

5 list_forbidden_induced_subdigraphs = [C3_C3]

#import T1, T2, T3 and T4
for i in range(1,5):
candidate = DiGraph (9)
nx = networkx.read_pajek ("T"+str(i)+".pajek")
for e in nx.edges():
candidate .add_edge (int (e [0]) ,int (e [1]))
list_candidates .append(candidate)

; print("We start from the ", len(list_candidates), " candidates on 9 vertices.

n)

7 #We want to prove that a 3-dicritical semi-complete digraph does not contain

a digraph in {F+,F-}. By directional duality, it is sufficient to prove
that it does not contain F+.

#For each candidate computed above, we try to add a new vertex that dominates
the transitive tournament, and then we build every possible orientation
between this vertex and the three other vertices.

print ("Computing for F+...")

list_Fp = []

printProgressBar (0, 8)

for orientation in range (2x*3):
binary = bin(orientation) [2:]
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N

while (len(binary)<3):

binary = 0’ + binary
for T9 in list_candidates:
iterator = iter (binary)

T10 = DiGraph (10)
T10.add_edges (T9.edges ())
for v in range(6):
T10.add_edge (9, v)
for v in range(6,9):
if (next (iterator) == ’0°’):
T10.add_edge (v,9)
else:
T10.add_edge (9, v)
check = can_be_subgraph_of_3_dicritical(T10,[],
list_forbidden_induced_subdigraphs)
if (check):
list_Fm.append (T2)
printProgressBar (orientation+1, 8)

print ("Number of 1-extensions of {T1,T2,T3,T4} containing F+: ",len(list_Fp))

Running this code produces the following output after roughly 1 second of execution on a standard
desktop computer:

We start from the 4 candidates on 9 vertices.

Computing for F+...

Process: |#######4##44#44#HAHHAAHRSHHSAHASHHSAHRSHHSR#R4###4#| 100.07 Complete
Number of l1-extensions of {T1,T2,T3,T4} containing F+: 0

B.3 The proof of Lemma
We here give the code used in the proof of Lemma

import networkx
load("tools.sage")

all_candidates = []
current_candidates = []
next_candidates = []

list_forbidden_subdigraphs = [S4, K2_K2, 04, 05, K2_C3, C3_K2, C3_C3]
list_forbidden_induced_subdigraphs = [TT8]

#import the candidates T1, ..., T4 on 9 vertices:
for i in range(1,5):
candidate = DiGraph (9)
nx = networkx.read_pajek ("T"+str(i)+".pajek")
for e in nx.edges():
candidate .add_edge (int (e [0]) ,int (e [1]))
current_candidates .append(candidate)
print("We start from the tournaments {T"1,T"2,T"3,T "4} on 9 vertices, and
look for every possible completion of them that is potentially a
subdigraph of a larger 3-dicritical semi-complete digraphs.\n")

all_candidates .extend (current_candidates)
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#completions of T1, ..., T4
while(len(current_candidates) >0):
for o0ld_D in current_candidates:
for e in o0ld_D.edges():
#we try to complete o0ld_D by replacing e by a digon. It actually
makes sense only if e is not already in a digon.
if (not (e[1],e[0],None) in old_D.edges()):
new_D = DiGraph (9)
new_D.add_edges (0old_D.edges ())
new_D.add_edge (e[1],e[0])
#we check whether this completion of o0ld_D is potentially a
subdigraph of a larger 3-dicritical semi-complete digraph.
check = can_be_subgraph_of_3_dicritica1(new_D,
list_forbidden_subdigraphs , list_forbidden_induced_subdigraphs)
for D in next_candidates:
check = check and (not D.is_isomorphic (new_D))
if (check):
next_candidates .append(new_D)
all_candidates .extend (next_candidates)
current_candidates = next_candidates
next_candidates =[]

pEidnE (7 cosossscosoccosesoososocooscosososoosooos ")

print ("There are",len(all_candidates),"possible completions (up to
isomorphism) of {T"1,T"2,T"3,T 4} that are potentially subdigraphs of a
larger 3-dicritical semi-complete digraphs.\n")

count_dic_3 = 0
for D in all_candidates:
if (not is_two_dicolourable (D)):
count_dic_3 += 1

print (count_dic_3, " of them have dichromatic number at least 3. In
particular,",count_dic_3,"of them are 3-dicritical.\n")

current_candidates = all_candidates

next_candidates = []

for n in range(10,12):
#computes the extensions on n vertices of {T1,T2,T3,T4}
pPrinEg (osscosssoscoscoossonssossoosoosoonssosoos ")
print ("Computing "+str(n-9)+"-extensions of the candidates on 9 vertices
that are potentially subtournaments of 3-dicritical tournaments (up to
isomorphism) .")
printProgressBar (0, 3**(n-1))

for orientation in range (3**(n-1)):
ternary_code = ternary(orientation,n-1)
#build every l-extension of current_candidates
for o0ld_D in current_candidates:
new_D = DiGraph(n)
new_D.add_edges (0ld_D.edges ())
for v in range(n-1):

if (ternary_code [v] == ’07’):
new_D.add_edge (v,n-1)
elif (ternary_code [v]=="1"):
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69 new_D.add_edge (n-1,v)

70 else:

71 new_D.add_edge (v,n-1)

72 new_D.add_edge (n-1,v)

73 check = can_be_subgraph_of_3_dicritica1(new_D,
list_forbidden_subdigraphs ,list_forbidden_induced_subdigraphs)

74 for D in next_candidates:

75 check = check and (not new_D.is_isomorphic (D))

76 if (check):

77 next_candidates .append (new_D)

78 printProgressBar (orientation+1, 3**(n-1))

79

80 print ("Number of ", n-9,"-extensions up to isomorphism: ",len(
next_candidates))

81 #tcheck if one of the candidates has dichromatic number at least 3.

82 count_dic_3 = 0

83 for D in next_candidates:

84 if (not is_two_dicolourable (D)):

85 count_dic_3 += 1

86 print (count_dic_3, " of them have dichromatic number at least 3. In
particular,", count_dic_3,"of them are 3-dicritical.\n")

87 current_candidates = next_candidates

88 next_candidates = []

Running this code produces the following output after roughly 12 minutes of execution on a
standard desktop computer:

| We start from the tournaments {T"1,T"2,T"3,T 4} on 9 vertices, and look for
every possible completion of them that is potentially a subdigraph of a
larger 3-dicritical semi-complete digraphs.

. There are 14 possible completions (up to isomorphism) of {T"1,T"2,T"3,T" 4}
that are potentially subdigraphs of a larger 3-dicritical semi-complete
digraphs.

s 0 of them have dichromatic number at least 3. In particular, O of them are
3-dicritical.

o Computing l-extensions of the candidates on 9 vertices that are potentially
subtournaments of 3-dicritical tournaments (up to isomorphism).

10 Process: |########4H#S#A#AAHAHAHARBRHSHSHARBRHSHSHHRHSH#SH#####] 100.0), Complete

11 Number of 1 -extensions up to isomorphism: 34

12 0 of them have dichromatic number at least 3. In particular, O of them are
3-dicritical.

15 Computing 2-extensions of the candidates on 9 vertices that are potentially
subtournaments of 3-dicritical tournaments (up to isomorphism).

16 Process: |##t####4#t#s#daAattttuttttautHttatussadsa#a#4| 100.0% Complete

17 Number of 2 -extensions up to isomorphism: O

1t 0 of them have dichromatic number at least 3. In particular, 0 of them are
3-dicritical.
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B.4 The proof of Lemma
We here give the code used in the proof of Lemma

1 load("tools.sage")
3 def possible_completions (graph_to_complete, nb_vertices,
list_forbidden_subdigraphs , list_forbidden_induced_subdigraphs , progress

=0):
A if (progress == nb_vertices-1):
5 return [graph_to_complete]
6 else:
7 result = []
8 for i in range(3):
9 #we make a copy of the graph_to_complete
10 new_D = DiGraph(nb_vertices)

11 new_D.add_edges (graph_to_complete .edges())

13 #we consider every possible orientation between the vertices (
nb_vertices-1) and (progress)

14 if (i==0) :

15 new_D.add_edge (nb_vertices-1, progress)
16 elif (i==1) :

17 new_D.add_edge (progress , nb_vertices-1)
18 else:

19 new_D.add_edge (nb_vertices-1, progress)

20 new_D.add_edge (progress , nb_vertices-1)

22 #for each of the 3 possible orientations, we check whether the
obtained digraph is already an obstruction. If it is not, we compute all
possible completions recursively

23 if (can_be_subgraph_of_3_dicritical(new_D,
list_forbidden_subdigraphs, 1ist_forbidden_induced_subdigraphs)):

24 result.extend(possible_completions (new_D, nb_vertices,
list_forbidden_subdigraphs , list_forbidden_induced_subdigraphs , progress
+1))

25 return result

27 for tt in range(1,8):

28 transitive_tournament = DiGraph(tt)

29 for i in range(tt):

30 for j in range(i):

31 transitive_tournament .add_edge (j,i)

33 next_transitive_tournament = DiGraph(tt+1)

34 for i in range(tt+1):

35 for j in range(i):

36 next_transitive_tournament.add_edge (j,i)

38 list_forbidden_subdigraphs = [S4, K2_K2, 04, 05, K2_C3, C3_K2, C3_C3, F]
30 list_forbidden_induced_subdigraphs = []

10 if (£t<7):

11 list_forbidden_induced_subdigraphs = [next_transitive_tournament]

12 else:

13 list_forbidden_induced_subdigraphs = reversed_TT8
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15 prine (T \n=ssosccsossscocosscososscsososcososooosossosossososossos \n")
16 print ("Generating all 3-dicritical semi-complete digraphs with maximum

acyclic induced subdigraph of size exactly " + str(tt) + ".")
A7
18 n=tt+1
19 candidates = [transitive_tournament]
50 next_candidates = []
51 while(len(candidates) >0) :

52 print ("\nComputing candidates on "+str(m)+" vertices.")

53 printProgressBar (0, len(candidates))

54 for i in range(len(candidates)):

55 0ld_D = candidates [i]

56 new_D = DiGraph(n)

57 new_D.add_edges (01ld_D.edges ())

58 all_possible_completions_new_D = possible_completions (new_D, n,
list_forbidden_subdigraphs, 1ist_forbidden_induced_subdigraphs)

59 for candidate in all_possible_completions_new_D:

60 check = True

61 for D in next_candidates:

62 check = not D.is_isomorphic (candidate)

63 if (not check):

64 break

65 if (check):

66 next_candidates .append(candidate)

67 printProgressBar (i + 1, len(candidates))

69 #check the candidates that are actually 3-dicritical.

70 print ("We found",len(next_candidates),"candidates on "+str(n)+"
vertices.")

71 dicriticals = []

72 for D in next_candidates:

73 if (not is_two_dicolourable (D)):

74 dicriticals .append (D)

75 print (len(dicriticals), " of them are actually 3-dicritical.\n")

76 for D in dicriticals:

77 print("adjacency matrix of a 3-dicritical digraph that we found:"

)
78 print(D.adjacency_matrix ())
79
80 candidates = next_candidates
81 next_candidates = []
82 n+=1

Running this code produces the following output after roughly 2 hours of execution on a standard
desktop computer:

N

3 Generating all 3-dicritical semi-complete digraphs with maximum acyclic
induced subdigraph of size exactly 1.

5 Computing candidates on 2 vertices.

¢ Process: |########4####A#AHAHABHRHSHSHABHRHSHSHARHRHSH##H#####] 100.0), Complete
7 We found 1 candidates on 2 vertices.

¢« 0 of them are actually 3-dicritical.
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62

Computing candidates on 3 vertices.

Process: |#########H#4HSHS#ARHRBAHAHARBRHSHS# AR AHSHS#H#R####| 100.0), Complete
We found 1 candidates on 3 vertices.

1 of them are actually 3-dicritical.

adjacency matrix of a 3-dicritical digraph that we found:
[0 1 1]
[1 0 1]
[1 1 0]

Computing candidates on 4 vertices.
Process: |####t####4#a#sddadaaHttdtuasadadattdsadadasasst#| 100.0% Complete

5 We found O candidates on 4 vertices.

0 of them are actually 3-dicritical.

Generating all 3-dicritical semi-complete digraphs with maximum acyclic
induced subdigraph of size exactly 2.

Computing candidates on 3 vertices.

Process: |#########H#4HSHS#ARHRBAHAHARBRHSHS# AR HRHSHS#A######| 100.0), Complete
We found 5 candidates on 3 vertices.

0 of them are actually 3-dicritical.

Computing candidates on 4 vertices.

Process: |#########H#4HSHS#ARBRBAHAHARBRHSHS#ARHRHSHS#A######| 100.0), Complete
We found 5 candidates on 4 vertices.

0 of them are actually 3-dicritical.

3 Computing candidates on 5 vertices.

Process: |#######4##4#H#AS##SHH#ARHHSHFHR#ASHHSR#RSHH#SR#######] 100.0) Complete

5 We found O candidates on 5 vertices.

0 of them are actually 3-dicritical.

Generating all 3-dicritical semi-complete digraphs with maximum acyclic
induced subdigraph of size exactly 3.

Computing candidates on 4 vertices.

Process: |#########H#4HSHS#ARBRBAHAHARBRHSHS#ABHAHSHS#A######| 100.0), Complete
We found 13 candidates on 4 vertices.

0O of them are actually 3-dicritical.

Computing candidates on 5 vertices.

Process: |#########H#4HSHS#ARHRBAHAHARBRHSHS#ARHAHSHS#A######| 100.0), Complete
We found 37 candidates on 5 vertices.

1 of them are actually 3-dicritical.
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99

100

101

102

adjacency matrix of a 3-dicritical digraph that we found:
[0 110 0]
[o 1]
[o 1]
[1 1]
[1 0]

O = OO
= O O =~
= O = O

Computing candidates on 6 vertices.

Process: |####t####4#a#sddadadtHttttduasadadatastsadadasass#t#| 100.0% Complete
We found 8 candidates on 6 vertices.

0 of them are actually 3-dicritical.

Computing candidates on 7 vertices.

Process: |####t####4#a#sddadataHttdtuasatatattssadadasa#st#| 100.0% Complete
We found 1 candidates on 7 vertices.

1 of them are actually 3-dicritical.

adjacency matrix of a 3-dicritical digraph that we found:

[01 100 0 1]
[001 011 0]
[000 101 1]
[1 1000 1 0]
[1 01100 0]
[1 00010 1]
[01 0110 0]

Computing candidates on 8 vertices.

Process: |#########H#4HSHS#ARBRBAHAHARBRHSHS#ARHRHSHS#A######| 100.0), Complete
We found O candidates on 8 vertices.

0 of them are actually 3-dicritical.

Generating all 3-dicritical semi-complete digraphs with maximum acyclic
induced subdigraph of size exactly 4.

Computing candidates on 5 vertices.
Process: |#########H#HFHHAHRHHAHBAHAHBHHHHBHBHH AR R HH#H##H####| 100.0), Complete

; We found 27 candidates on 5 vertices.

0O of them are actually 3-dicritical.

Computing candidates on 6 vertices.

Process: |#########H#4HSHS#ARBRBAHAHARBRHSHS#ABHAHSHS#A######| 100.0), Complete
We found 116 candidates on 6 vertices.

0O of them are actually 3-dicritical.

3 Computing candidates on 7 vertices.

Process: |#######4##4#H#AS##SHHRR#HSHFHRHASHHSR#HSHHSR#######] 100.0) Complete

5 We found 10 candidates on 7 vertices.
; 0 of them are actually 3-dicritical.
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Computing candidates on 8 vertices.

Process: |####t####4#a#sddadataHttdtduasadadaststsadadasasst#| 100.0% Complete
We found O candidates on 8 vertices.

0 of them are actually 3-dicritical.

Generating all 3-dicritical semi-complete digraphs with maximum acyclic
induced subdigraph of size exactly 5.

Computing candidates on 6 vertices.

Process: |#########H#4HSHS#ARHAHAHAHARBRHSHS#ARHRHSHS#A######| 100.0), Complete
We found 49 candidates on 6 vertices.

0 of them are actually 3-dicritical.

;5o Computing candidates on 7 vertices.

Process: |#######4##4#H#AS##SH#RAHHSHFHRHASHHSR#HSHHSR#######] 100.07 Complete
We found 266 candidates on 7 vertices.
0 of them are actually 3-dicritical.

Computing candidates on 8 vertices.
Process: |#########H#4HSHS#ARHRBAHAHARBRHSHS#ARHRHSHS#A######| 100.0), Complete

3 We found 20 candidates on 8 vertices.

0 of them are actually 3-dicritical.

Computing candidates on 9 vertices.

Process: |#########H#4HSHS#ARHRBAHAHARBRHSHS#ARHRHSHS#A#R####| 100.0), Complete
We found O candidates on 9 vertices.

0 of them are actually 3-dicritical.

s Generating all 3-dicritical semi-complete digraphs with maximum acyclic

induced subdigraph of size exactly 6.

Computing candidates on 7 vertices.

Process: |#########H#4HSHS#ARHRBAHAHARBRHSHSHARHRHSHS#A######| 100.0), Complete
We found 80 candidates on 7 vertices.

0O of them are actually 3-dicritical.

;3 Computing candidates on 8 vertices.

Process: |#######4##4#H#AS##SHHRA#HSHFHRHASHHSR#RSHH#SR#######] 100.0) Complete

5 We found 500 candidates on 8 vertices.
; 0 of them are actually 3-dicritical.

Computing candidates on 9 vertices.
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189

190

191

192

194

195

197

198

Process: |###H#HHHHHHHAHAABHBHHHHHHBBRBRAHAHARBRBHSHBHBBBRBRE |
We found 39 candidates on 9 vertices.
0 of them are actually 3-dicritical.

Computing candidates on 10 vertices.
Process: |####t####4#a#sddadaaHtdHtutatsttadnasstsdusttsss|
We found O candidates on 10 vertices.
0 of them are actually 3-dicritical.

induced subdigraph of size exactly 7.

Computing candidates on 8 vertices.

i Process: |#######4####H#AH#HSHFAHHASBHARBHSRFHSHBSRHRBBHSRHFHSH |

We found 110 candidates on 8 vertices.
0 of them are actually 3-dicritical.

Computing candidates on 9 vertices.
Process: |#########H#AHAHAHABBRHAHAHARHRHSHSRARBRHSHSHSRBRHAH |

o3 We found 459 candidates on 9 vertices.

0 of them are actually 3-dicritical.

Computing candidates on 10 vertices.

Process: |#########H#AHAHAHABHRHAHSHABHRHSHSHARBRHRHSH AR RHAH |
We found 16 candidates on 10 vertices.

0 of them are actually 3-dicritical.

; Computing candidates on 11 vertices.

Process: |#######4#H#4##A#S##AH#ASHHSHHRSHBHRHRSBHSRHRSHBSR#RS |

05 We found O candidates on 11 vertices.
; 0 of them are actually 3-dicritical.

100

100

100

100

100

100

.0%

.0%

.0%

.0%

.0%

.0%

Complete

Complete

; Generating all 3-dicritical semi-complete digraphs with maximum acyclic

Complete

Complete

Complete

Complete

The adjacency matrices in the output are exactly those of the digraphs [7; , Hs and Pr.
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