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COMPLEX CONJUGATION AND SIMPLICIAL
ALGEBRAIC HYPERSURFACES

CHARLES ARNAL

ABSTRACT. We call a real algebraic hypersurface in (C*)"simplicial if
it is given by a real Laurent polynomial in n-variables that has exactly
n + 1 monomials with non-zero coefficients and such that the convex
hull in R™ of the n + 1 points of Z" corresponding to the exponents is
a non-degenerate n-dimensional simplex. Such hypersurfaces are nat-
ural building blocks from which more complicated objects can be con-
structed, for example using O. Viro’s Patchworking method. Drawing
inspiration from related work by G. Kerr and I. Zharkov [KZ16], we
describe the action of the complex conjugation on the homology of the
coamoebas of simplicial real algebraic hypersurfaces, hoping it might
prove useful in a variety of problems related to topology of real alge-
braic varieties. In particular, assuming a reasonable conjecture inspired
by [KZ16], we identify the conditions under which such a hypersurface
is Galois maximal.
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2 CHARLES ARNAL

1. INTRODUCTION

Any non-constant real Laurent polynomial P in n variables defines a
real algebraic hypersurface Xp in the complex torus (C*)". Given such a
polynomial P(z) = ZA:(AL'..,/\n)eA c,\zi\l, ..., zym, where A is a finite subset
of Z™ and ¢y € R* for all A € A, we call the convex hull in R™ of A the
Newton polytope of P.

If P has exactly n + 1 monomials with non-zero coeflicients and if the
Newton polytope Ap of P is a non-degenerate n-dimensional simplex, we
call P a simplicial real polynomial and Xp a simplicial real algebraic hy-
persurface. In particular, the monomials of P and the vertices of Ap are in
bijection.

Let X be a simplicial real algebraic hypersurface. We denote the real
(respectively, complex) points of X in (R*)™ (respectively, (C*)") by RX
(respectively, CX). The complex conjugation ¢ on the complex torus nat-
urally acts on CX. Our goal here is to better understand this action and
the induced action ¢, on the homology H,(CX) of CX with coefficients in
Zs := 7./2Z (unless otherwise specified, we always consider homology with
coefficients in Zs).

Simplicial real algebraic hypersurfaces play a key role in Viro’s Patch-
working method, in particular in the combinatorial case, where varieties
with prescribed topology are obtained by gluing together simplicial real al-
gebraic hypersurfaces. Viro’s method is one of the main tools in the study
of topology of real algebraic varieties, and is deeply connected to tropical
geometry. It was used by Viro to disprove the Ragsdale conjecture regarding
real algebraic curves in [Vir80], and later in [Ite93] by I. Itenberg to show
that the conjecture was also asymptotically wrong. A complete exposition
of the method can be found in [Vir06] .

Hence, in addition to improving our understanding of simplicial real alge-
braic hypersurfaces, which are among the most natural and simple examples
of real algebraic varieties, our results might also lead to a better comprehen-
sion of the varieties obtained using the combinatorial case of Viro’s Patch-
working.

In particular, A. Renaudineau and K. Shaw proved in [RS18] a bound
conjectured by Itenberg, which states that in the case of a real algebraic
projective hypersurface X < RP" obtained via primitive Patchworking,

dimgz, (H,(RX)) < h#"14CX) + 1 (1.1)
if ge {0,...,n} and q # "Tfl, and
dimz, (Ha1 (RX)) < h"Z "7 (CX) (1.2)
2

if n — 1 is even, where h?P(CX) is the (¢, p)-th Hodge number of CX. This
can be compared to the much looser Smith-Thom inequality, valid for all
real algebraic varieties, which states that

dimg, (H.(RX)) < dimg, (H,(CX)). (1.3)

Taking the sum of inequalities (1.1)) and (1.2)) over all ¢ € {0,...,n} yields
the Smith-Thom inequality. A real algebraic variety for which ((1.3)) is an
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equality is called Smith-Thom maximal, or simply maximal. They are ob-
jects of particular interest.

A primitive Patchwork is a Patchwork obtained by gluing together simpli-
cial real algebraic hypersurfaces whose Newton polytopes are of Euclidean
volume - (more details can be found in [RSI8]). Such hypersurfaces are the
simplest possible objects from which to construct more complicated hyper-
surfaces; in particular, they are maximal, which is a key ingredient in the
proof of inequalities and .

The Borel-Swan inequality, which implies the Smith-Thom inequality,
states that

Ker(l
dimgz, (H.(RX)) < dimg, (er(“*)> ,

Im(1+ cy)

where 1+ ¢, : H,(CX) — H,(CX) (from now on, for any Zs-vector space
V', we write indifferently dimz, (V') or dim(V') to denote the dimension over
Zsy of V). When this inequality is an equality, X is called Galois mazimal
(see [DIKOQ] for additional details). The notion has been considered of inter-
est in itself; see for example Krasnov [Kra84|, where the Galois maximality
of various families of varieties is proved.

Galois maximality is equivalent to a condition of degeneration on the
second page of a certain associated spectral sequence, called Kalinin spectral
sequence, which was introduced by Kalinin in [Kal92] - further explanations
can also be found in [Deg92]. Smith-Thom maximality is equivalent to
degeneration on the first page of this spectral sequence, which plays an
important role in the arguments used in [RS18].

Therefore, one possible way to relax the primitivity condition in order to
generalize the results from [RS18] could be to consider Patchworks obtained
from gluing together simplicial real algebraic hypersurfaces that are merely
Galois maximal, rather than primitive (and thus Smith-Thom maximal).
Note that we already know that inequalities and do not hold as
they are under such hypotheses - additional work is needed.

Hence our interest in the action of the conjugation on the homology of
simplicial real algebraic hypersurfaces, and in particular in the rank of the
map 1+ ¢4, in order to determine the conditions under which such a hyper-
surface is Galois maximal.

In [KZ16], G. Kerr and I. Zharkov have in particular showed that the
complex part CX of a simplicial real algebraic hypersurface is homeomorphic
to the associated phase tropical variety T X. Moreover, it is easy to see that
the phase tropical variety 7 X retracts by deformation to the coamoeba Cx of
X. Hence we get a homotopy equivalence CX — Cx. Private conversations
with Zharkov have led us to believe that this homotopy equivalence satisfies
the condition of the following conjecture (which we hope to prove soon):

Conjecture 1.1. Let X be a simplicial real algebraic hypersurface. There
is a homotopy equivalence ¢ : CX — Cx such that the following diagram
commutes for all i = 0:
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H;(CX) LN H;(Cx)

ok
H;(CX) —— H;(Cx)

where ¢y is induced by the complex conjugation on either CX or Cx.

This would immediately imply
dim(Im(1 + ¢4 : Hi(CX) —» H;(CX))) =
dim(Im(1 + ¢« : Hi(Cx) — H;i(Cx))),

where 1 is the identity.

Our main focus in the rest of this text is to prove the following result,
though the details of the proof might be of interest in themselves when con-
sidering other related questions. Consider a simplicial real algebraic hyper-
surface X, the Newton polytope A of the simplicial real Laurent polynomial
P that defines X, and pick a vertex O of A. The edges of A contain-
ing O define n integer vectors (choosing O as their initial point). Define
A € Myxn(Zs) as the matrix whose rows are these n vectors modulo 2.
Then:

Theorem 1.2. If RX intersects non-trivially each quadrant of (R*)™, then

Ker(1+ c*)> 7

dimz, (H«(RX)) = dimg, ( Im(1+ c4)

where 1 4+ ¢, : Hy(Cx) — Hy(Cx).
Otherwise, we have

. Ker(1 + c4) . _

iz (zmu ¥ >> — dimz, (H, (RX)) = 2(2" 7 — 1 — (n — ranks, (4)).
The condition on the intersection of RX with the quadrants of (R*)™ is

equivalent to a condition on the matrix A and the signs of the monomials

of P, as proved in Lemma [5.1
If Conjecture [I.1] holds, then Theorem [I.2] immediately implies

Theorem 1.3. If RX intersects non-trivially each quadrant of (R*)"™, then
X is always Galois mazimal.
Otherwise, we have

: KGT(l +c ) . n—ran
dimz, (zmm)> — dimg, (H,(RX)) = 22" %A 1 — (n — rankz, (4))),
where 1 + ¢, : Hy(CX) — H,(CX), and X is Galois maximal if and only

if n — rankg, (A) € {0,1}.

The rest of this article is organized as follows: in Section [2, we go over
some definitions and notations. In Section [3| the coamoeba Cx associated
to X is introduced and described in a way suited to computations. As the
coamoeba Cx is homotopically equivalent to CX, we can study the action
of the conjugation on Cx and deduce from it its action on CX (assuming
Conjecture. In Section |4} the action of the conjugation on the homology
of Cx is described. In particular, the rank of 1 + ¢, is computed. Finally,
Theorem [1.2]is proved in Section



2. DEFINITIONS AND NOTATIONS

We denote the n-dimensional torus (R/27Z)™ (seen as the product of n
unit circles) by 7", and use either additive or multiplicative notations, based
on context, to describe its natural group law. In particular, we frequently
apply matrices with integer coefficients to elements of 7.

Given a vector of signs (€1, ...,&,) € {1, —1}", we define 6(¢) = (01,...,d,) €
73 by the relation g; = (—1)%.

Given a finite set S, let |S| denote the cardinality of S.
We define Arg: (C*)" — T™,  (21,...,2n) — (arg(z1),...,arg(z,)).

Throughout this text, we use the following conventions: for any z =
(21, .., 2n) € C" any matrix G € M,,«,,(Z) and any vector v = (v, ...,v,) €
Z", we define 2V 1= 2252 ... 2" € C and 2% := (zGl, ...,2%") € C", where
G is the i-th row of G. Choosing rows instead of columns has the advantage
of allowing us to write Arg(z%) = G- Arg(z), and the disadvantage that for

another matrix H € My, x,(Z), we have (zG)H = G,

Consider as above a simplicial polynomial P(2) = >, A, caz®, for some
coefficients ¢, € R*, and the associated simplicial real algebraic hypersurface
Xp. Up to multiplication by a non-trivial Laurent monomial (which doesn’t
change Xp), the polynomial P can be chosen so that Ap has 0 € Z" as
one of its vertices. We assume this to be the case from now on. Moreover,

let us denote the non-null vertices of Ap by ab,...,ak € Z", and define
Ap € Myxn(Z) as the matrix whose i-th row is oy for i = 1,...,n. If we
0

also define o := 0 € Z", we can write indifferently P(2) = >, ca, Ca2® =

1 Al
240, Cai, 2P = 2i=1,..n Cai, 2P + Co-
For any G € M« (Z), we define the algebraic morphism

bg:  (CH" - (C)"

Z'—>ZG.

If G is invertible, ®¢ is an algebraic isomorphism that sends Xp =
{P(2) = 2i=1,.m CaiPZ(AP'G)l +co =0} to Xp ={P(2) = X1 . CaiPZI% +
co = 0} and respects the real structure. This means that up to such iso-

morphisms, we can consider the matrix Ap defining the simplex Ap up to
right-multiplication by invertible matrices with integer coefficients.

Remark 2.1. The complezx part CXp < (C*)" of a simplicial real algebraic
hypersurface Xp is smooth.

Let Xp be given as above by P(z) = >,_; , ¢i2% + co, for some coeffi-
cients ¢; € R* and a simplex Ap. Let A be the n x n matrix whose rows cor-
respond to the vertices a; of Ap and the monomials of P (for i = 1,...,n).
We also introduce B, the cofactor matrix of A, and Pr(z) = Zizl,...,n cizitco
(the L stands for ”linear”).

Then P(z) = Pr o ®4(z), thus ®4 : (C*)" — (C*)"™ maps CXp to the
hyperplane CXp, := {PL(z) = 0}. But ®40®p = Pgep(a).1q: (21,5 20) =
(zfet(A) - ,ngt(A)) is a local diffeomorphism, which implies that so is ® 4
by a dimensional argument. Hence the smoothness of CXp can be deduced
from the smoothness of CXp, .
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3. COAMOEBAS

As above and for the remainder of this article, let P(2) = >,_; giciz® +
cp, where € = (g1,...,e,) € {1,—1}" and ¢; € R~ for all i, be a simplicial
real polynomial (we can suppose without loss of generality that the constant
term is positive). Let X := Xp < (C*)" be the associated simplicial real
algebraic hypersurface, and let Ap be the Newton polytope of P, and A
be the n x n matrix whose rows correspond to the vertices of Ap and the
monomials of P, i.e. A" = o'.

3.1. Definition and description of Cx. The coamoeba Cx < T™ of X is
the closure in T of the image Arg(CX). The conjugation ¢ acts as —id on
T™; if we fix a representation of 7" as [0, 27]™ with its boundary quotiented
as needed, which we do from now on, c¢ is the central symmetry.

We will use the convenient description of Cx given by Kerr and Zharkov in
the linear case, i.e. when the coamoeba is given by an affine hyperplane, as
an intermediate step to get to the general case. Let us introduce the simpli-
cial polynomials P;(z) = Zizl,...,n cizi+co and Pr(z) = Zizl,...,n €iCiZi +Co,

where the coefficients ¢; and ¢; are the same as in P. Name C Xt and C Xp,
L
the associated coamoebas.

Consider T := T' = R/27Z and identify it with the unit circle via the
map E : [0] — exp(if). We say that (61,...,60,) € T™ are in an allowed
configuration if there is no open half-circle in T" containing all the 6; as well
as the point 1 = E[0] ( which corresponds to the constant term).

A zonotope is the Minkowski sum in R™ of a finite collection of segments.
Now consider such a zonotope Z; if the quotient map R” — T™ = (R/27Z)"
restricted to the interior of Z is an embedding, we call in the rest of this

article, by extension, the image Z of the interior of Z an (open) zonotope
of T™.

Lemma 3.1. The points of CXPJr are ezxactly the n-tuples (01,...,0,) € T"
L

in allowed configurations. There is an n-dimensional zonotope Z in R™,
generated by n + 1 segments, such that the quotient map R" — T" =
(R/27Z)" restricted to the interior of Z is an embedding, and such that
the open zonotope Z of T™ which is the image of the interior of Z is the
complement of the points in allowed configurations (see Figure .

The proof is almost trivial - see [KZ16] for related details. Note that Z
is contractible in 7", hence (T ",CXP . ) is of the same homotopy type as
L

(T, T™\{*}).
We now consider the slightly more general case of Cx, . Let d=(01,...,0n) =
6(e1,...,en) € Z5 be as in Section [2]

Lemma 3.2. The coamoeba CXPL is a translate of CXP+ bym-deTm, ie.
L
CXPL :CXPZ +mT-dcT™.
The zonotope of forbidden configurations from Lemma has simply

been translated; the proof is once again almost trivial.
Let us now consider the general case of Cx.
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FiGure 1. In black, the coamoeba CXP+' In white, the
L

open zonotope 2

Lemma 3.3. Using the same notations as above, the coamoeba Cx is the
preimage of the coamoeba CXPL by the map A- : T" — T", i.e. Cx =

A1 (CXPL )

Proof. First, let us show that Arg(CX) = A~1(Arg(CXp,)).

Indeed, if 6 = (61,...,0,) € Arg(CX), by definition there exists r =
(r1,...,7mn) € (R=g)™ such that z := (ri160y,...,r,0,) belongs to CX, i.e.
P(r101,...,r0,) = Zi=1,...,n gicird 04 + g = PL(rAlﬁAl, LAY = 0.
Hence (1404, ... +A"04") e CXp, and 64 = A -6 belongs to Arg(CXp, ).

Conversely, suppose that A-6 € Arg(CXp, ). Then by definition there ex-
ists s = (s1,...,5n) € (R0)" such that Pp(s1041, ..., s,0%) = 3,
co = 0. If there exists r = (r1,...,7,) € (Rsq)"” such that r4 = s, then
z = (ri01,...,m6,) is such that P(z) = 0 and we can conclude that
0 € Arg(CX). Now consider the cofactor matrix B of A, and

n q> n @ n
(R>o) =0 (Rx0) — (R>o)

B (TB)A _ ,rdet(A) _ (T‘ilet(A)

r=(T1,...,Tn) —> 17 —> rdet(A4))

This clearly shows that ® 4 is surjective from (R~()™ onto itself; thence we
have shown that Arg(CX) = A~1(Arg(CXp,)).

As A- : T" — T"™ is continuous, we immediately have that Cx =
Arg(CX) ¢ A~Y(Arg(CXp,)) = A_l(CXPL). Following the same reason-
ing as in Remark the map A- : T" — T" is a local diffeomorphism,
because (AB)- = (det(A)-Id)- : T" — T™ is a local diffeomorphism, where
B is the comatrix of A. Consider § € A~1(Arg(CXp,)), an open neigh-
borhood U < T™ of # such that (A-)|y is an embedding, and some open
neighborhood V' < T" of §. Then A - (U n V) is an open neighborhood of
A-0e Arg(CXp, ), hence there exists pe A- (U nV) n Arg(CXp,). Then
(A)|)Hp) e V. n A7 (Arg(CXp,)) = V n Arg(CX), which shows that

0 e Arg(CX). O

3.2. A more explicit description of Cx. It is well-known (for example,
using the theorem of structure of finitely generated abelian groups) that

i
n&'cisi@A +
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there exists two (non-uniquely defined) invertible matrices G, H € My, x,(Z)
such that

dy 0
G-A-H=D= ,
0 dp,
where dy|da|...|d, € Z and dids . . . dj, is the greatest common divisor of the
non-trivial k-minors of A (for k = 1,...,n).
Consider 6 = G - § € Z, where § = §(e1,...,e,) € ZY is as above.

We partition {1,...,n} in the following way:

%= fie{1,....n} | 0% =]0]s,d; = [0]2},
"= fie{l,....,n} | 0 =[1]s,d; =[0]2},
%= {ie{1,...,n} | 09 =]0]2,d; = [1]2},
I"Me=fie{l,...,n} | 09 =[1]s,d; = [1]2}.

For the remainder of this text, we fix two such matrices G and H. More-
over, as observed in section [2, we can consider A up to right-multiplication
by invertible matrices with integer coefficients: hence we can, and do, as-
sume that H is the identity matrix. Hence from now on we have

A=G' D.

Then Cx lends itself to the following description: define the set of indices
Q:i={0,...,d;— 1} x...x{0,...,dn— 1} and let 6C € {0,1}" be the unique
lifting of 6¢. Let also G?;?PL be the preimage of G - C Xp, by the quotient
map [0, 27]" —> T™ (see the left part of Figure [2)).

Cover [0,27]™ with d; ...d, hyperrectangular cells C,, := [alfl—f, (oq +
1)3—7;] X ... X [ang—:,(an + 1)3—:] for @ = (ai,...,on) € Q. Define Cx <
[0,27]™ as the set such that the pair (Cy, Cy N &) is mapped to the pair
([0,271’]”,G/?)_(;L) by (z1,...,2n) ¥ (d121 — 12w, ..., dpzn — ap27) (see
the right part of Figure . Then

Proposition 3.4. The pair (T",Cx) is the image of ([0,27]",Cx) by the
quotient map [0, 27" — T™.

The coamoeba Cx is the complement in T" of di...d, open zonotopes
indexed by the set of indz’ces% such thatAzzhe center of zonotope Z,,, for a =
(a1,...,an) €Q), isin m- (6% /dy,...,0C,/dy) + 27 - (1 /dy, ..., an/dy,) €
T™. Those zonotopes are translate of each other.

Proof. From we know that Cx = A_I(CXPL) =D }G- Cxp, )-
As explained in Lemmas and the coamoeba C X, is the comple-

L
ment in 7" of an open zonotope centered in 0, and C Xp, is the complement

in T of the same zonotope translated and now centered in (617, ...,d,7) =
T-deTm.

The linear isomorphism G is then applied to it, so that G - CXPL is the
complement in 7" of an open zonotope (geometrically the starting zonotope
deformed by G) centered in 7- 8¢ € T™. The last step is to take the preimage
by the covering map D-: 1" — T".
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FIGURE 2.  On the left, G-Cx, . On the right: the
coamoeba Cx in black and the zonotopes in white.

4. HOMOLOGICAL COMPUTATIONS

Let us now study the action of the conjugation ¢ on Cx, using the de-
scription from Proposition As pointed out earlier, ¢ simply acts as the
central symmetry on 7" seen as an appropriate quotient of [0, 27]™. It maps
Cx to itself, and zonotopes to one another. Let us describe that action more
precisely.

4.1. Action of the conjugation on the zonotopes. Let a = (ay,...,ay) €
Q={0,...,d1 =1} x ... x{0,...,d, — 1}. We define c(«) € 2 as the index
such that Z,) = ¢(Za). Then:

If i € 190 then c(«); is the unique lifting to {0,...,d; — 1} of [d; — )4,
In particular, notice that ¢(«); = « if and only if «; € {0,d;/2}.

If i € 1% | then c(«); is the unique lifting to {0,...,d; — 1} of [d; — i),
In particular, notice that ¢(«a); = «; if and only if «; = 0.

If i € 10, then c(a); = (d; — 1) — ;. In particular, notice that c(a); is
never equal to «;.

If i € IV, then c¢(a); = (d; — 1) — ;. In particular, notice that c(a); = a;
if and only if o; = (d; — 1)/2.

Denote by F := {a € Q|c(a) = a} the set of fixed points of c. If [I10] # 0,
then F' = . If [I'°] = 0, there are 21"l fixed points: the indices B € Q
such that 3; € {0,d;/2} if i € 1%, 3; = 0if i € I® and B; = (d; — 1)/2 if
ie bt

4.2. Homology of Cx. Denote by I'y,...,I',, € H,—1(T™) the n homology
classes induced by the (n — 1)-dimensional tori {[#;] = 0} = T™. They form
a basis of H,,_1(T™).
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Using a Mayer-Vietoris long exact sequence, it is easy to see that
Hi(Cx) ™ Hy(T™),

where in, is induced by the inclusion, is an isomorphism for k = 0,...,n—2,
and that Hi(Cx) = 0 for k£ = n. We also get a short exact sequence

0 — Hy(T™) — Hny(| | 0Za) — Hp-1(Cx) — Hp1(T™) — 0,
ael
where 0Z, is the border of zonotope Z,, which is homeomorphic to a (n—1)-
sphere. From it, we deduce the following Lemma:

Lemma 4.1. Given By,...B, € H,_1(Cx) such that in.(B;) = T'; for all
i, we have an isomorphism

@aeQ Ly - [aZa]>
H, 1(Cx) = (l g—D Lo - ) <Z2'Zaeg[@za] .

We already know that c«([0Za]) = [0Z.(«)] (as we consider homology with
coefficients in Za, we need not concern ourselves with orientation), where
¢(a) is as above - we only need to find suitable classes B; and describe how
¢y« acts on them.

Let us define B, for i € {1,...,n}. Consider the (n—1)-dimensional torus
{[6;] = 0} € T™, and the set I; of intersections between {[6;] = 0} and the
open zonotopes of the complement of Cx in 7". Notice that a given zonotope
Zq can intersect several times {[0;] = 0} - each of these intersections appears
as a distinct element of [;. Call N;(«) the number of such intersections. We
would like to define B; as the class of {[¢;] = 0}, with a modification (since
{[6;] = 0} is in general not included in Cx).

For each intersection v € I;, let a(vy) < € be the index of the zonotope
corresponding to . The intersection  of {[6;] = 0} and Z(,) cuts 0Z,()
in two (topological) half-spheres of dimension n—1. Call S;“ the half-sphere
that lies in the direction e; of {[¢;] = 0}, and S the one lying in direction
—€; .

We start our conbtruction with {[¢;] = 0}. For each v € I;, we remove the
intersection {[0;] = 0} () Za(y), and we add ST. Thus we obtain a (n — 1)-

cycle - name it B and name 1ts class B;. Observe that parts of the border

of a given zonotope Z, can appear several times in E in other words,
there can be several S,;r that are subsets of the same Z, (with non-trivial
intersections). Notice also that SJ + can be homotopically contracted in T™
to the intersection {[6;] = 0} ﬂZ . Thus B; is a lift of T';, as required.
This construction is 1llustrated in Flgure

4.3. Image of 1+c,. We want to compute the image of 1+¢, : H,—1(Cx) —
H,_1(Cx), and in particular its dimension. Using the description in Lemma

we see that
Im(l+c)= >, Zo- (14 e)(B)) + Y. Lo+ [0Za + 0Zuey]  (4.1)

i=1,...,n ael)
Let us make some observations about the image of B; under c,. It is
the class of the mirror image by central symmetry of B;. This means that
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FIGURE 3. As a black broken line, the cycle B;. In that
example, [ is of cardinal 4.

it consists of {[0;] = 0}, without the intersections {[6;] = 0} () Zy() (for
v € I;), and with all the S7, i.e. the half-spheres lying in the direction —e;.
Thus B; + c«(Bi) = X.c1,[0Za(y)] (since by definition ST + ST = 0Z,) -
each 0Z, appears N;(«) times.

It would be possible to compute N;(a) exactly. However, we only want
to compute the image of 1 + ¢4 - the following observations suffice for our
purpose.

Since we are considering coefficients in Zs, we only have to pay attention
to the parity of N;(«). Let us define J; :== {a € Q@ | N;(a) = [1]2}. The
number of intersections N;(«) depends only on the length of the zonotope
Z¢ in the direction e; (which is the same for all ) and on the i-th coordinate
of the center of Z,, i.e. on «;.

As we only have to consider the coordinate «; and because of the sym-
metry of the situation, it is clear that if 5 € J;, then ¢(8) € J;. Consider the
description of Im(1 + ¢4); if B # (), we have

0Zg+ 0Zygy € Y Ly~ [0Za + 0Zy(a))-

a€el)

Thus for any i € {1,...,n} we get
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Zo- (14 ¢)(B)) + D Zo [0Z0 + 0Zc(o)] =

ael)

Lo - 2 [8Z/3] + Z Zs - [620, + 6Zc(a)] =
Bed; ael)

Lo - Z aZﬂ ZZQ (9Z +8Z()]
peJinF aef)

where as above F' is the set of fixed elements 3 € ).
We need to determine for all i € {1,...,n} the set J; n F'. Doing so will
allow us to prove the following Lemma.

Lemma 4.2. If [I"0] £ 0, the image of 1 + ¢y is Yoeq Z2 - [0Za + 0Z o))
If |10 = 0,
Im(1+c*)= ZZQ‘(( -I-C*) ZZQ 8Z +0Z()]

1€10,0 aef)

Proof. Indeed, as noted in Subsection there are no fixed points if |I19] #
0.

Let us now consider the case [I'0| = 0.

If i € 190, g e J; for all B such that 3; = 0, and 3 ¢ J; for all 8 such that
Bi = (d; — 1)/2. In particular, J; n F is the set of cardinality ™11 of all
B € Q such that 8; =0, 8; € {0,d;/2} if j € I°0 — {i}, B; = 0 if j € [P and
Bj = (dj —1)/2if jeIbL.

If i € IV, g e J; for all B such that 8; = 0. In particular, J; " F' = F.
Remember description ([{.1)); we have Y, [0Z,] = 0 in H,,—1(Cx). Then,

D0Za) = Y [0Zal + Y [0Z6] © D (020 + 0Zu(w)]-
aeF aeF ael) ael)
This implies that Zg - (1 + ¢+)(Bi)) © Xpeq Z2 - [0Za + 0Z ()]
If i e IM, B ¢ J; for all B such that B; = (d; — 1)/2. In particular,
Ji NnF = @ .
Using description , we can conclude. O

4.4. Rank of 1+c¢,. Let us compute the rank of 1+c,. We get the following
proposition.
Proposition 4.3. If [I%°] # 0,

dy...dn
dim(Im(1 + cy)) = —

If |10 =0,

I0,0l

dy...d,—?2
2

dim(Im(1 + cy)) = [1%°] +
Proof. We will first compute the dimension of

DU Zo (L4 c)(Bi)) + D, Lo [0Z6 + 2]

i=1,..,n el
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in

< D Z- Bi) @ <(—D Ly - [5Za]> ;
i=1,...,n a€el)

then quotient by Zs - > .o[0Z4] to get the dimension in H,_1(Cx) (see
Lemma .

Denote by Q c Q a set defined as such: for each pair of elements {a, ¢(a)},
where o € Q\F, choose exactly one element to be included in Q. Thus
Yacq Lo [0Za + 0Zo)] = 2igea L2 - [0Za + 0Zc(q)]- This sum is clearly a
direct sum before quotienting.

If [1V0] # 0, then Im(14cs) = Y peq Lo [0Za+0Za)] = Dpeq Lo [0Za+
0Zc(a)]- When we quotient by Z - 3}, .0[0Z,], the dimension decreases by
exactly one, as X} cq[0Za] € X2 cq L2~ [0Z0 + 0Z(n)] (since there is no fixed
point). Hence

~ dy...d,
dim(Im(1 + ¢;)) = [Q] — 1 = = 5 do .
If |[I19] = 0, we can see that
Z Zo - 1 + C* Z Ly - aZ + aZc(oz)]

€100 acQ)

is actually a free sum before quotienting. Indeed, suppose that for each
a € Q (respectively, i € 190) there is A, € Zo (respectlvely, i € Z3), not all
0, such that

DTN+ cul(B) + D) Aal0Za + 0Zu(o)] = 0. (4.2)

i€]0,0 QGQ

For i € I%0, consider 3 defined by 8; = 0, 3; = d;/2 if j € I®° — {i}, B; =0
if j € I% and B; = (d;j — 1)/2 if j € I, As explained in the description
of J; n F in the proof of Lemma the class [0Z3] only appears in ((1 +
cx)(B;)) among all the terms of equation (4.2). Thus ); is necessarily 0. We
can then conclude from the independence of the family {[0Z4 + 0Z.(q)]}
before the quotient that all A, are 0, which proves our point.

Consider 3 € Q defined by 8; = d;j/2 if j € 10, B; = 0 if j € I®! and
B; = (dj —1)/2 if j € IY. Since [0Z5] appears in Y .o[0Z4] but not
in D002 (14 ce)(By)) + ZQEQ Ly - [0Zo + 0Z,(q)] (once again going
back to the proof of Lemma [£.2), we see that >, .o[0Za] ¢ Yicp00Z2 -
(L +ce)(Bi) + e Lo - [0Z4 + 0Z¢(a)]- This means that the dimension of
Die100 L - (1 +¢a)(Bi)) + 2peq L2 - [0Z0 + 0Z(q)] does not decrease when
we quotient. Thus

aed

0,0
- |F| _ |IO’0|+d1...dn — 2l
2 )

as stated. O

dim(Im(1 + ¢y)) =

Q| = 190+

5. GALOIS MAXIMALITY

We are still using the notations of the previous sections.
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Im(1+cy)
1+ cy: Hi(Cx) — Hy(Cx)) and dimg,(H«(RX)). We consider Hy(RX)
first, with the following lemma.

To prove Theorem we need to compare dimg, <M> (where

Lemma 5.1. The real part RX < (R*)™ consists of 2" contractible con-
nected components if § = 6(¢) € Zy"™ is not in the image of A- : Zs"™ — Zo",
and of 2" — 27— ank(A) coniractible connected components if it is. Thus
H.(RX) is of Zo-dimension 2" if 6 ¢ Im(A) and of Za-dimension 2" —
gn—rank(4) i 5 e I'm(A).

Proof. Consider the 2™ quadrants of (R*)", and let v = (y1,...,7) €
{1, —1}" index the quadrant Q := {(z1,...,2n) € (R*)"|z171 > 0,...,zp7n >
0}. Consider as in Sectionthe real polynomial Pr,(z) = Zi:l,...,n €iCiz; +Co
associated to P(z) = Y,y €iciz" + co. Then the map

where we extend the notation to include rational exponents, is a well de-
fined homeomorphism that maps RXp, n Q.. 1) to RX n Q1) In
particular, RX n Q. 1) is empty if g = 1 for all i € {1,...,n}, and is
non-empty and contractible otherwise. Now observe that RX n @ is iso-
morphic to RXp, n Q.. 1y, where P, (z) := Zizl,...,n eivYic;zM 4 ¢o. Since
§(e1y A, ... enyAn) = 6(e) + A - 5(7), we see that RX n Q. is empty if
d(e) = A-6(), and non-empty and contractible otherwise.

77777

0

The next lemma links the conditions of Theorem [I.2] Lemma [4.2] and
Proposition [£.3]

Lemma 5.2. The real part RX intersects non-trivially each quadrant of
(R*)™ if and only if 6 ¢ Im(A) if and only if |10 # 0.

Proof. The first equivalence comes from Lemma [5.1} Then
seIm(A) < 3w el st. Az =G D-2=0 —
JxeZy"st.D-x=G-6=0° — §%ecIm(D) —
(6%); = 0Vist.d; =[0]y — |I"°]=0.

We are now ready to prove the main result.

Proof of Theorem[1.3. As mentioned at the beginning of Subsection 1+
¢x : Hp(Cx) — Hy(Cx) is trivial for k # n — 1. Moreover, we know that
H(Cx) is isomorphic to Hy(T™) for k # n — 1, and that dim(H,—1(Cx)) =
n+dy...d, —1 (as is shown by Lemma [4.1)).
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Therefore, from Proposition [£.3] and Lemmas and we see that if
RX intersects non-trivially each quadrant of (R*)",

; M = dim —2dim(Im Cx)) =
a (Im(HC*)) dim(H,(CX)) — 2dim(Im(1 + c,)
di...dy,

2" — 1+ (dr . dy— 1) = 25

—1) = 2" = dim(H,(RX)).

Hence X is Galois maximal.
Otherwise, we have by definition of the sets I*1*! in Section [3| that
rankz, (Ap) = rankg, (A) = |10 + [TV = n — [190] (since |[I%°] = 0) and

di (Ker(l + Cy)

) — dim(H,(CX)) — 2dim(Im(1 + ¢)) =

Im(1+ cy)
0.0 dldn—2uo,0|
2" =14 (dy...d, — 1) =2(|I""] + 5 ) =
2" — 2 — 2(n — rankg, (A)) + 2" rankey (4),
hence
. Ker(1 + c4) .
d —— | —dim(H:(RX)) =
( Im(1 + cy) > im(H(RX))

on _ 9 _ 2(n _ rankZQ (A)) + gn—rankz, (A) _ (2n _ 2n—rank(A)) _
9(2n ke, (4) _ 1 — (n — rankg, (A)))
This ends the proof. O
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