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An extrinsic cohesive zone model for mixed mode I and mode II fracture that encompasses contact and Coulomb friction
is developed in the framework of non-smooth mechanics. The model is extended to include the effects of dynamics with
impact and sliding, and is discretised in time so that it can be written as a linear complementarity problem (LCP). The LCP
is proved to have a solution, subject to a condition on the size of the time-step. Finally, we study the behaviour of the LCP
system numerically, by observing the response of a simple test geometry to rapid loading, and observe the numerical method
reproduces analytically predicted and experimentally observed behaviours, without requiring impracticably small time-steps.



1 Introduction

Fracture mechanics is of wide interest in both theoretical and applied mechanics, as it plays an important role in phenomena
ranging from geological scales such as earthquake rupture (Okubo et al.,, 2019) and avalanches initiation (Bergfeld et al., 2021),
to microscopic scales such as the behaviour of grains of sandstone (Jiang et al., 2021) under mechanical loading or metal alloys
(Auth et al., 2022) in high temperature environments.

The classical description of linear elastic fracture mechanics (LEFM) was given by Griffith (1921), and while this model re-
mains fundamental to how fracture is understood today, it suffers from significant problems. Most prominently, the stress field
diverges at the crack tip, rendering the model non-physical in an area that is referred to as the “fracture process zone”. Cohesive
zone models (CZMs) were introduced by Dugdale (1960) and Barenblatt (1962), which served to regularise LEFM models by
ensuring finite tractions across the incipient crack surface. The CZMs are described in terms of a traction-separation law, and
the total area under the graph of this law is equivalent to the critical fracture energy G of LEFM. It is convenient to describe
the evolution of the interface in terms of the intensity of the cohesion, which we will denote 8 € [0, 1]. In the following, we
will take 5 = 1 to indicate a perfectly intact surface, while 5 = 0 represents a completely broken interface.

Cohesive zones are extremely difficult to observe experimentally, due to their generally small size (that can be on the or-
der of nanometres (Azab et al.,, 2020)) and the extremely rapid motion that is characteristic of fracture processes under all but
the most idealised conditions. Careful experimentation has allowed some direct observations to be made (Célarié et al., 2003;
“The direct observation of the core region of a propagating fracture crack in glass” 1996) of classical fractures, while the dis-
covery that frictional ruptures behave in ways that are analogous to cracks allows another potential source of insight into the
phenomenology of cohesive zones (Berman et al., 2020; Gvirtzman and Fineberg, 2021). Given the difficulty that experimental-
ists have had in obtaining clear observations of the fracture process zone, and hence in calibrating CZMs, typically calibration
must be performed using sophisticated back-analysis of substantial amounts of data observed at the structural level (Réthoré
and Estevez, 2013; Vargas et al., 2020), and the particular values of the material parameters such as G, the critical traction o,
(at which softening commences) and the critical length §. (the point at which the graph of the traction-separation law is zero)
can vary substantially, depending on the details of the chosen model.

Cohesive zone models all ultimately derive from one of two families, intrinsic or extrinsic cohesive zone models. Intrinsic
models feature an initial elasticity, with the critical traction being obtained when the separation reaches the hardening length
Op, (Falk et al,, 2001). These elements are typically inserted into the mesh prior to simulation (whence their name, as they
are intrinsic to the mesh), which makes code parallelisation relatively straightforward (Nguyen, 2014). However, the cohesive
elements act like nonlinear springs due to their initial elastic branch, inducing a softening of the apparent stiffness of the struc-
ture. This phenomenon is referred to as artificial compliance, and it becomes more severe with increasing numbers of cohesive
elements (that is to say, the more we refine the mesh, the worse our results) (Falk et al., 2001). This difficulty can be somewhat
alleviated by increasing the initial elasticity of the cohesive law, but this in turn imposes unwanted costs on our simulation.
For quasi-static analyses (that typically use implicit integration), the stiffness results in very unstable numerical integrations,
while in dynamic analyses (that typically use explicit integration), the stiffness imposes such severe restrictions on the stable
time-step size that the method becomes essentially unusable (Nguyen, 2014). In both cases, having an elasticity associated with
the interface also allows for non-physical results such as interface interpenetration, and hence negative displacement jumps,
in the case where the two surfaces are pushed back into contact (Acary and Monerie, 2006). Finally, it is not actually possible to
measure the stiffness across an interface before that interface exists, and as such whatever stiffness is determined is necessarily
an arbitrary numerical property rather than a real physical parameter, as is hinted at by the ease with which modellers are
willing to modify it to avoid artificial compliance.

Extrinsic models are characterised by an initial rigidity, and thus start to decohere only once the critical traction across the
surface is exceeded (Kubair and Geubelle, 2003; Seagraves and Radovitzky, 2009). Due to their rigidity, this family of models do
not effect the elasticity of the bulk, but they are typically inserted into the simulation on-the-fly (whence their name, as they
are extrinsic to the mesh) (Zhou and Molinari, 2004). Given the absence of artificial compliance, extrinsic models are typically
used for dynamic analyses, but great care must be taken to ensure the time-continuity of the system. Failure to do so typically
results in spurious oscillations of the system or an inability to converge in time (Papoulia et al., 2003; Sam et al., 2005), but
sufficiently sophisticated formulations are able to guarantee correct behaviour (Cazes et al., 2013). While extrinsic models do
not demonstrate the pathological mesh-dependency that is characteristic of intrinsic models, the large number of elements
and remeshing required to fully resolve the system for arbitrary crack paths is generally impractical, and so simulations are
often not fully converged. The use of more sophisticated finite element techniques such as extended finite element (Moés and
Belytschko, 2002) or discontinuous Galerkin (Versino et al., 2015) may lead to truly mesh-independent results, but come with
their own implementation difficulties.

Regardless of how highly-refined the mesh is, cohesive zone models are still subject to difficulties related to ill-posedness
(Foulk, 2010). In particular, in quasi-static simulations, solution jumps can appear in “soft” systems where the system stores
more energy elastically than the cohesive zone is able to release by fully decohering (Acary and Monerie, 2006). In order to try
and maintain well-posedness, researchers have either turned to sophisticated finite element schemes (Samimi et al., 2011) or



viscous regularisation (Chaboche et al., 2001), however in our previous work we were able to show that for pure mode I frac-
ture and contact problems, working in dynamics (with a small enough time-step) is sufficient to maintain a well-posed problem.

While (carefully implemented) extrinsic models demonstrate desirable behaviour under monotonic loading, in more realis-
tic loading cases such as those generated by multiple impacts or complex stress waves, cohesive elements may experience
partial decohesion before being subject to unloading and reloading cycles. Almost all existing extrinsic cohesive zone models
possess an elastic unload-reload branch (e.g. see Bybordiani and Dias-da-Costa (2021), Camacho and Ortiz (1996), Parrinello
(2020), Parrinello and Borino (2020), and Sam et al. (2005)), and such models can be described as being “shifted intrinsic mod-
els”, as they have the same underlying mathematical structure as intrinsic models (Kubair and Geubelle, 2003). These shifted
intrinsic models can demonstrate all the same pathologies as classical intrinsic models, as the elasticity of the unload-reload
branch induces the same artificial compliance, and allows the same non-physical behaviour such as interface interpenetration,
and can have an arbitrarily large value for small amounts of decohesion. As such, there is a strong motivation to formulate
extrinsic cohesive zone models that completely eliminate this unload-reload elasticity, and guarantee physically correct be-
haviour regardless of the loading history.

The correct mathematical framework in which to develop such extrinsic cohesive zone models is convex analysis, and in par-
ticular we follow the works of Jean-Jacques Moreau, who both developed and applied this mathematical framework to create
non-smooth mechanics (Moreau, 1970, 1974, 1986). This formulation requires a careful specification of the energy and pseudo-
potential of dissipation using indicator functions of convex sets, which are non-differentiable functions. Using this framework
allows the development of thermodynamically admissible evolution laws for the system that can include unilateral constraints
on the internal variables and their rates (Halphen and Nguyen, 1975; Houlsby, 2019; Marigo, 1981). This formulation has been
extended to cohesive zone modelling by Michel Frémond (Frémond, 1988, 2002, 2012a,b), which has in turn been extended in
various ways for intrinsic cohesive zone models (Acary and Monerie, 2006; Chaboche et al., 2001; Monerie and Acary, 2001;
Nkoumbou Kaptchouang et al., 2021; Perales et al., 2010; Raous et al., 1999), but which has only been minimally exploited for
the development of extrinsic cohesive zone models (Jean et al., 2001; Talon and Curnier, 2003).

In our previous work (Collins-Craft et al., 2022), we used the non-smooth mechanics framework to specify a mode I (opening
mode) cohesive zone model that also included contact. Using this formulation, the model could be straightforwardly con-
strained to only admit physical solutions (i.e. the cohesion variable 3 € [0, 1] is strictly enforced, interface interpenetration is
strictly forbidden), and in addition succeeded in eliminating the unload-reload elasticity from the formulation. The problem
was then reformulated in terms of dynamics, and the discrete-in-space-and-time problem was able to be written as a linear
complementarity problem. This problem formulation is particularly favourable, as it enabled a proof of the well-posedness of
the problem, and is able to be numerically resolved in a very efficient manner, with comparatively large time-steps. The aim of
this paper is to extend the mode I model to mixed modes I and II (opening and sliding modes) fracturing, and include contact
and Coulomb friction in the formulation.

Novelty of the contribution and outline of the article. The novelty of our work is that we formulate an extrinsic cohesive
zone model that:

1. is based on non-smooth thermo-mechanics principles, takes into account inertia and the inequality constraints on state
variables and their rates such as unilateral contact and irreversibility and has a straightforward unload-reload behaviour
that avoids any of the problems of shifted intrinsic model structures, and

2. accounts for both pure mode I and pure mode II fracture as well as mixed mode fracture without any mathematical
singularities when the displacement jumps are zero, and

3. includes the contact and friction problem within the same mathematical framework as the cohesive zone problem,
and a numerical algorithm that benefits from the following properties:

1. an implicit time-stepping scheme that is consistent with the non-smooth contact dynamics approach that uses the
Moreau-Jean scheme, that is (weakly) dissipative in discrete time, and which provides a stable numerical scheme at
reasonably large time-steps, and

2. alinear complementarity problem formulation for the space-and-time-discretised problem with a proof of the existence
of the solution that solves all of the constraints in an implicit manner, that in practice avoids solution jumps that occur
in quasi-statics for models that are not regularised by viscosity or higher-order deformations, and

3. a formulation as a monolithic complementarity problem that allows the exploitation of efficient and robust algorithms
developed by the mathematical programming community for this class of problems.

Finally, we demonstrate the practical interest of our approach by applying the model to a pertinent example system and observe
that the results match the expected physical behaviour.



2 Formulation of extrinsic cohesive zone models with contact and friction

First, we define the state variables of our model, and the corresponding powers associated with them. Then, using the principle
of virtual power, we express the equilibrium equations and boundary conditions for our system. We then specify a particular
constitutive model, study the continuous-time energy balance, and demonstrate its analytical solution for a single contact point.

2.1 State variables, powers and principle of virtual power

We start by considering a body Q € IR?,d € [1,3]. The current position is defined by the vector 2 and the initial position
by X. We then define a vector of the displacement u(x), from which we obtain the velocity v(z) = @(x). We consider
that the body is initially undamaged, and hence at a point € Q,x € R, the displacement u(z) and the velocity v(zx)
are continuously differentiable functions of . When an interface is created by the process of fracture, two material points
x; and x, are defined by splitting the bodies assuming that they correspond to the material point X initially. For ease of
notation, we denote x; by x. The displacement jump that characterises the crack is defined by the difference in the position
of the material point that was at X initially, with respect to « and x,, that is Ju(z, z,)] = u(x,) — u(x). We define an
orthonormal local frame on the interface defined by (x,n,t) where n € IR is the normal unit vector from x towards x,.
and the vector t = [t;,ty] € Rx(@=1) gives the tangential directions along the fracture surface. In this work we consider
the normal displacement (jump), defined by uy(x, ) = [u(x,x,)] - n € IR, and the tangential displacement (jump) in the
along-crack direction, defined by u(x, ;) = [u(x,x,)] - t; € IR. The relative normal velocity (jump in space) is given by
vy = Uy, while the tangential velocity (jump in space) is given by v; = ;. When the body is undamaged and the interface does
not yet exist, we assume that uy, vy, 4r and v; vanish regardless of the choice of the local frame since w and v are continuous.

To describe the state of the cohesion we introduce the cohesion variable S(x) € [0, 1], using the notation introduced by

Frémond for describing the intensity of cohesion. For a point & on the interface, the power of the cohesion for a surface I' is

defined by

Pcoh :AﬂAdmv (2)

where we have introduced A which is the thermodynamic dual force (driving force) associated with 3. Now, over the same
surface, the power of contact is given by

Peon = / (UNTN + UTTT) dz, 3)
r
where 7y is the normal reaction force related to the stress o () at the interface by ry = —o - .- m, and r; is the corresponding
tangential reaction force r; = —o - n - t;.

For the material in €2, the power of the external, internal and inertial forces are respectively given by

Pext:/v-fda:—/ v-rdx—/ﬁ'@dx, (4)
Q Tn r
P;ntz—/0':édx—l—/erNdx—i—/vTerm—I—/BAdw, (5)
Q r r r
Pach/PU'ﬁdx7 (6)
Q

where f is the body force in €2, 7 is the surface traction on I'nr (i.e. the region of the surface where the Neumann boundary
condition is applied), © is an external force that does work on the cohesion (such forces can occur due to thermal or chemical
effects) that we take to be identically zero in this work, € is the strain in €2, p is the density and ¥ is the acceleration.

The principle of virtual power states that for any virtual velocities ¥, & and /3, we have

75acc = _ext + 75int7
/pt‘)-i}dx:/ﬁ-fdx—/ 5-Td$—/§@d$—/0’tédx+/(@NTN—‘y-@TTT)d:L‘—I—/EAd,’E. (7)
Q Q Ta r Q r r

For further details, a rigorous mathematical treatment of this principle may be found in Frémond (1988). Given sufficient
smoothness assumptions on the fields, the equations describing the equilibrium and boundary conditions of the system are



given by localisation as:

V-o+f=p0 inQ,
A=0=0 onl,

T=0-n only, (8)
rnw=—0-n-n onl,
rm=—o-n-t onl.

2.2 A non-smooth thermo-mechanics potential

In defining our model, we begin by defining a ratio between the critical shear traction to the critical opening traction. Then,
we write the free energy potential for the bulk and surface, from which we derive the state laws. By specifying a dissipation
pseudo-potential, we obtain the laws describing the irreversible behaviour, and thus we are able to describe the complete model
as a complementarity problem. Finally, we then describe the energy balance of the system, from which we obtain an expression
for the fracture energy.

Critical traction ratio. We start by firstly introducing the ratio of the critical shear traction to the critical opening traction
Oc,n
"Y =

. From hereon, we denote o, by o, for the sake of notational simplicity.
Oc,1 i

Free energy and reversible state laws. We consider the free energy of the system, from which we obtain the laws describing
the reversible behaviour of the system. The total free energy W of the system is the sum of the free energy in the bulk with the
free energy of the surface:

\I/:[]We(e)dx+AW5(uN,uT,B)dx, 9)

where W, and ¥, are the volume and surface free energies, respectively. As we consider an elasto-brittle system in this work,
we will assume that all strain is elastic. Firstly, the stresses may be obtained by assuming a classical linear elastic potential for

the bulk:

U(e)= e Bre, (10)
o(e) = 6%&_@) =F :¢, (11)

where E is a fourth order stiffness tensor. The stress-like variables for the surface are similarly derived from the surface
potential by

—11, € Oun Vs (uy, s, B),
—7”.{. S auT\I/s(uNa uT7B)a (12)
7Ar 6 aﬁlps(uN;uT?/B)a

where 7}, is the reversible part of the normal reaction force, r; is the reversible part of the tangential reaction force, and Juy,
Ou, and 0p indicate the subdifferentials with respect to uy, u; and 3 of a convex (in each individual variable) but non-smooth
potential. The first assumption in our model is that the normal displacement is constrained to be positive, i.e. uy > 0, which
is enforced as a unilateral constraint, while the cohesion variable is constrained to be 0 < 3 < 1. Under these constraints, a
rather generic form of the surface free energy may be specified by

lIIS(“N/“T?B) = ’(/}(uNa uT7B) _‘_Z—IR+ (U/N) +I[O,1] (ﬁ)a (13)

where Z¢ is the indicator function of a convex set C. In order to obtain an extrinsic CZM, the model must have no tangent
stiffness when uy > 0 or |u;| > 0. This constrains the possible forms of (13) to those functions that fulfil the conditions

2 2
gu:/; = 0 and gui/; o = 0. One such free energy is given by
\IIS(UNv Ur, 5) = Bo.uy + 5067|UT| + wf(ﬂ) + I+ (UN) + I[0,1] (ﬂ)a (14)

where w > 0 is the surface free energy which is released by decohesion and f () is a function that parametrises the evolution
of 8 as decohesion progresses.

Remark 1. We separate the contribution of the normal opening mode from that of the tangential sliding mode. This is to recover the
model specified in Collins-Craft et al. (2022) in the absence of tangential displacements, but also to avoid pathological behaviours
such as vanishing cohesive tractions at uy = 0 or ur = 0, which may arise when uy and w, are combined to given an “effective”

displacement of the form § = \/m



The state laws in their specific form are then obtained by applying (12) to (14):

—(rl + Bo.) € 0T+ (uy),
_7"; € BO'C'}/6|U,T|, (15)
— (A" + ocuy + ocylus| +wf'(B)) € 0Zp,1)(B)-

The surface free energy U, is not a convex function of its arguments (uy, u;, 3). However, ¥ is convex with respect to uy
and u,. So long as we respect the condition f”(3) > 0, ¥ will remain convex with respect to 3. The continuous part of the
free energy in (14) is composed of three terms. The first two terms So.uy and So.v|u;| account for the potential energy of
the normal and tangential cohesive forces o, and So.7 in the displacement field given by wuy and ;. The third term w f(3)
accounts for the surface free energy released by decohesion at a given 5. We also place certain constraints on the form of the
function f. When the interface is intact and 5 = 1, we require that f(1) = 0, as there cannot be any free energy on a surface
that does not yet exist. When the interface is fully broken and 5 = 0, the cohesive free energy w must have been completely
released, and hence f(0) = 1. Finally, the release of the cohesive free energy with 3 must be monotonic, and hence f'(3) < 0.
Given these conditions, and provided the minimum of f is attained at 5 = 1, f will then be a convex function. In this work,
we propose a triangle cohesive law that fulfils these requirements, although other shapes that satisfy these requirements are
also possible.

Dissipation pseudo-potential and irreversible processes. In order to respect the second law of thermodynamics, we
define a dissipation function describing the irreversible part of the decohesion process under isothermal conditions:

D= —Pui— [ Wele)dr— [ b, ). "

This function must be non-negative for all admissible values of the state variables. In order to be able to compute the time
derivatives of a non-smooth and non-convex pseudo-potential, we must make certain assumptions. The functions uy(t), . (t)
and 3(t) are assumed to be absolutely continuous, and hence they have a derivative almost everywhere but not necessarily at
any given point. As absolutely continuous functions have bounded variations, the left and right derivatives exist for all of these
functions. Assuming \I/ is convex in uy, u; and in 5 separately, and \Il (uy, ur, ) is also an absolutely continuous function for
uy = 0, |us] = 0,8 € [0, 1], a result in Frémond (2002, Appendix A.1.9) provides us with the following inequality:

\ils(uN, U, B) < =0T — Ul — BA', (17)

for any r[, 7 and 3 that satisfies the inclusions in (15). Now, substituting this inequality into the definition of the dissipation
rate given by (16)

D> / o:édr — / (’UN’FN + vy + ﬁA / 0T edx + / (erL + vl + BA') dx. (18)
Q r r

In (18), the terms integrated over the bulk {2 cancel out. Considering only the surface I', we obtain
D> / (—UNTN — Uy — BA + oyl + v+ ,BAr> dz. (19)
r

Since the laws of thermodynamics strictly require that D > 0, we will assume that
—UNTy — Uglp — BA + vgTy + U+ BA" >0, or equivalently, — UNTL' + vTriTr — BA" >0, (20)

where we have exploited the standard decompositions 7y = 7, + 7f, r. = 7% + 7" and A = A" + A" for the irreversible
parts of the stress-like variables. We may guarantee that this inequality will be respected by specifying a proper closed convex
pseudo-potential of dissipation ®(vy, vy, 8), from which the irreversible stress-like variables may be derived:

_Tyi\;r S 811N®(UN7U1§7/$)?
7?,.iTr S avT(I)(vavtaﬂ)a (21)
— A" € 0, (vy, vr, B).

For reasons of simplicity, we will assume that the dissipation process of fracture depends exclusively on the rate of 3, and that
it does so in a linear way, resulting in a rate-independent dissipative behaviour. However, we also wish to include the effects
of frictional contact in our model. To do so, we specify the pseudo-potential of dissipation as

q)(UNaUTaB) =Ir- (5) +/J'(TN+/BO'C)|'UT|7 (22)

where the last term is the standard pseudo-potential associated with the Coulomb friction, modified to take into account the
cohesive force, and p is the dynamic coefficient of friction. We assume that the static and dynamic coefficients of friction are



identical. This model of dissipation imposes that the evolution of 8 must decrease with time, i.e. B < 0. The dissipative laws
are thus

—rir =0,
—rir € p(ry + Boe)0|v, (23)
— A" € I (B).

We may also write the last line of (23) as
B € O+ (—A"), (24)

which allows us to easily interpret that A" is the force that drives the evolution of 5. In (8), A = 0, so as a consequence
A" = — A", and hence we may conclude

B € 0T+ (A"). (25)

Remark 2. The dissipation pseudo-potential in (22) can be straightforwardly generalised to generate models that are rate-dependent
for the decohesion process, the frictional sliding, or both, by making the dissipation nonlinear in the relevant dissipative variable
(see Acary and Monerie (2006) for further details).

Complete extrinsic cohesive zone model. We start by noting that since 7" = 0, we must have r, = r,. Thus, the complete
model of the interface is given by

B € 0T+ (A",

—(ry + Boc) € 0L+ (ux),

—15 € BocyO|ul, (26)
—rir € u(ry + Boe)0|v,

—(A" + ocuy + ocy|u| +wf'(B)) € 0Zp,1)(B).

Remark 3 (Nonconvexity of Wg). Even if we consider that f(3) is convex, Ug is not a priori a convex function. Let us consider
for a while that 8 = (0, 1) and uy > 0. The surface free energy reduces to

\I/S(Um Ur, ﬂ) = Y(uy, ur, B) = Bocuy + B%ﬂurl + wf(ﬂ) (27)
Let us consider that we have an evolution with 3 < 0, then — A" = A" = 0 and from (26), we get
oeuy + o |us] = —wf'(B). (28)

In this case, the surface free energy reduces to

Vs (un, ur, B) = w(f(B) = Bf'(B)) = g(8B) (29)
Computing the second derivative of the function g(3) yields
g9"(B) = —w(f"(B) + Bf"(B)) (30)

Assuming that f is strictly convex (f"(3) < 0) and at least C*, we can remark that g""(3) < 0 for small value of 3. A priori, we
can conclude that W g can be non convex.

Energy Balance With the chosen constitutive laws, the power of internal forces can be written as

Pintz—/s:E:édm+/vaNdx+/rTdex+/Aﬁ'dx,
Q r r r

d .
=% (/Qs:E:sdx)+/F(7’NUN+TTUT+AB>d:E,

= —U+ P nt, (31)
where U is the potential elastic strain energy, and Ps int the power of surface internal forces defined by Pg jne = / (TNUN + v + Aﬁ) dz.
r
Now, let us expand and simplify the terms inside the integral, using the constitutive laws described above:
oy + Trvr + AB = vy (TL’ + TL) +ur (TiT' + Ti) +5 (A” + A') :

= Uy (T]I\Ir +v— Boc) + vr (ri_r + ’I“;.) +6 [Air +&—ocuy — Uc’YluT‘ - wfl(ﬁ)} s
= ol + vy (V — Boe) + ol + vl 4+ BAT + B [€ — oouy — oey|ud| — wf'(B)]
= —vyfBo. + 'UTri-r + vrrqr- + B [_UCUN - Uc’V‘“T' - wf/(ﬁ)] ) (32)



where in order to pass from the second-last to last line we have exploited that r{ = 0, and as —v € N+ (uy), =€ € Njg 1)(8)

and 3 € N+ (—A'™"), the products v,v, 3¢ and BA™ are equal to zero almost everywhere. Then, in order to clarify the structure,
we introduce the frictional power as

F= UTT—irr = —p(ry + ﬁac>|UT|7 (33)
since —71" € p (ry + fo.) sgn(v; ). Thus (32) becomes

TNUy + TrUr + A/B =F —ufBoc+ vy + ﬂ [_UCU’N - O-CfY‘uT| - wf/(ﬁ)] )

:]—'—f—vTr;—ng;/;— g% (34)
Since almost everywhere we assume that the following relation holds
0= o+ o G0+ B with — 1] € 0y, ) 53)
for a feasible trajectory, we obtain
Uy + 71U + AB =F — 1/) almost everywhere. (36)
Another expression of the surface internal power can also be derived if we consider A = 0 and again v,v = 0 and 3¢ = 0:
Uy + 7or + AB = F + Bosvg + v, (37)

Hence, we are able to conclude that the the power of the surface internal forces is almost everywhere equal to the frictional
power and the change of the continuous part of the free energy of the surface, and hence may write

Ps.int = —/F (—}-+ ¢) dz = /F [F + Bocuoy + very] da. (38)

Then, we can apply the principle of virtual power for the velocities of the system to write the balance equation for the kinetic
energy K, almost everywhere given by K = Pey + Pint. Then, substituting in (31) and (38) we arrive at the expression

I'C+Z/'l+/F (—F+¢> Az = Pex. (39)

We apply the first law of thermodynamics and assume isothermal conditions, which results in the energy balance K +& = Pey,
where £ is the internal energy. It is then straightforward to substitute the kinetic energy balance and (31) to arrive at

E= P = /F (—J—'+ v,z}) de+U. (40)

As the frictional power is only activated at uy = 0 and with v; # 0, and as ¥, = 9 for all admissible wuy, u; and 3, we conclude
that the fracture energy must be given by

gZ//ﬁach—i—vTr;dxdt:—//ﬁdxdtz—//\i/sdxdt. (41)
r r r

Thus, the work done by the friction power in the case of uy = 0 and v; # 0 is given by

- / /F Fdzdt. (42)

We can then write the incremental energy balance of the system as
ta
AKX + AU + AG + AWr = / Pext dt, and AE = AU + AG. (43)
ty

Remark 4. (41) allows us to conclude that to pass from an intact interface with uy = 0,u; = 0 and = 1 to a broken interface

with 8 = 0 on T", we must have AG = / wdz.
r



2.3 A linear evolution of the cohesion: triangle law

In order to obtain a specific cohesive zone model from our general framework, we specify the exact form of the surface potential.
This potential must fulfil certain conditions, namely that when the surface doesn’t exist, i.e. uy = 0, uy = 0and 3 =1, ¥, = 0,
and that when the surface is fully decohered, i.e. 5 = 0, Uy = w. We assume that this decohesion is complete when the
displacement jump has surpassed a critical length §. > 0, which can be different in each direction. Choosing

O—C(SC,N = %Uc75c,1‘ =G,

{f(ﬂ) (617,

fulfils the required conditions for the energy while ensuring that the potential remains convex in 3.

N[

(44)

Remark 5. Our formulation for (44) is essentially determined by our conceptual framework, where we consider fracture in elasto-
brittle systems to be a process of transforming bulk strain energy to surface energy and kinetic energy. As such, the energy of a
surface cannot be determined by the type of fracture that formed it (i.e. mode L, Il or III), and thus there can be only a single value of
G for the material. This does not prevent different values of the critical traction in each direction, but the critical opening distance
must in turn adjust to maintain a constant G.. Such a formulation is common with other authors that adopt a similar energetic
picture to us e.g Talon and Curnier (2003) or Lorentz (2008). It is certainly possible to have different values of G depending on the
fracture mode, such as in the seminal paper of Camanho et al. (2003) or more recent works in the same framework (Venzal et al.,
2020). Differing values of G depending on the mode implies that significant plasticity is being captured by the cohesive zone model.

While 5 € [0,1] and B < 0, A" =0 and £ = 0, meaning that after substituting the form (44) into the expression for A", we

obtain f =1 — Wgw Substituting the displacement-cohesion law into the free energy (14), we get:
c,N
Oc 2 Uy + Y |Ur
\Ijs(um uT) =0c (UN + ’7|UT|) - S (UN + 7‘“T|) +I]R+ (UN) +I[0,1] (1 - 6’7|> . (45)

c,N c,N

The linear evolution of /3, obtained as a consequence of (44), is depicted in Figure 1:

(a) 4 ¥,(0,0,5) (b) 48 (€ 4 9s(0,0,u)
w 1 w ///
U U

i’ der der

Figure 1: (a) The shape of the surface potential ¥, with respect to 3. (b) The consequent linear evolution of 8 with u,, assuming
uy = 0. (c) The shape of the surface potential ¥, with respect to u,, assuming uy = 0, where the initial slope is equivalent to
the value of 0.7, and the final value is w.

The model is now specified for a triangle law by inserting (44) in (??):

B:_A» o'c(sc,N(ﬁ_1)+Ar+gcuN+Uc'7‘uT| =¢§ mnwtBoc=v, 0<vLluy>0, (46)
0<ELB=20, 0KSALA 20, —ur € N_gon gor(rh),  —vr € Ny ) ().

Analytical expressions for an experiment with a given driven tangential displacement The model in (46) is suffi-
ciently explicit for us to study analytically. Let us assume that 5(0) = 8y < 1, and that v; is a function of time ¢ given by the
following piecewise linear function:

% for0 <t <1,
u(t)=q -3 forl<t<z2, (47)
3 for2<t,

which produces the tangential displacements

%t for0 <t <1,
ur(t) = 11t for1<t<2, (48)
—1+%t for 2 < ¢,



assuming u.(0) = 0, and where the displacement u; is measured in mm, and the time ¢ in ms. The time integration of the
model described in (46) leads to the following piecewise linear response, where we use 0. = 0.5 MPa, .y = 1 mm,y = 1 and
a friction coefficient ¢ = 0.5. We assume that the evolution is continuous, and that uy = 0 i.e. that the system is always in
contact.

« First loading phase 0 <t <1
Since v, (t) > 0 for t € [0, 1), the dissipative frictional force is 7" (t) = —puv(t). Similarly, since u(t) > 0, the tangential
cohesive force is rj(t) = —f(t)o.y. Let us assume that () > 0 for ¢t € [0,1). We deduce that £(¢) = 0. Let us
note that A"(0) = —0.0:x(Bo — 1) — 0c7|ur(0)] = 0. Let us assume that A\(¢) = 0,¢ € [0,¢],& > 0 or equivalently
B(t) = 0,t € [0,¢],e > 0. In that case, we get AT(t) = —o,yv;(t) < 0 and then A"(¢) < 0, fore > 0 which is
Yua ()]

impossible as A" is constrained to be non-negative. Let us try with 3(¢) < 0, then A"(t) = 0 and 5(t) = 1 — 3
c,N

: t
and 5(t) = —VZ;T( ) < 0. Since B(1) =1 — 2; > 0, this is the only consistent solution for ¢ € [0,1).
c,N C,N

)

 Unloading phase1 <t < 2
Since v;(t) < 0 for t € [1,2), the dissipative frictional force is 7" (t) = pw/(t). Similarly, since u,(t) > 0, the tangential
cohesive force is r(t) = —fS(t)o.7y. Let us assume that 5(t) > 0 for ¢ € [1,2) and {(t) = 0. Let us assume that
A(t) = 0, € [1,2) or equivalently 5(t) = 0. In that case, we get A"(t) = —oyv.(t) > 0. Hence A"(t) = —0c0en(B(1)—
1) — o¢y|us(t)| > 0. This solution satisfies the complementarity condition up to ¢ = 2.

« Second loading phase2 < _
Since vy(t) > 0 for t > 2, the dissipative frictional force is r; (t) = —pv(t). Similarly, since u.(t) > 0, the tangential
cohesive force is 71(t) = —fB(t)o.y. Let us assume that 3(t) > 0 for t € [t;,2) and §(t) = 0. Let us assume that
A(t) = 0,t € [2,2 + €], > 0 or equivalently 5(¢t) = 0. In that case, we get A"(t) = —o.yv(t) < 0 and then
A'(t) = —0cden(B(1) — 1) — ocy|ur(t)| which is positive for ¢ < 3. For ¢t > 3, the only possible solution of the

T (¢ . . . (¢

—ryg ®) < 0and A"(t) = 0. The cohesion variable (3 is then 5(t) = 1 — fY'Z @)l

cN c,N
which is positive for ¢ < 4. For t > 4, the solution is 3(¢) = 0, A"(¢) = 0 and £(t) = ooyur(t) — 0clen.

complementarity leads to 3(t) =

As we are interested in the tangential response, we will simulate the system as if some normal pressure is being applied by
setting 7y = 1 MPa, in order to consistently obtain a frictional force. The solution of this experiment is depicted in Figure 2.
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Figure 2: Illustration of the extrinsic cohesize law with a linear evolution of cohesion. (a) The displacement u, as a function
of time ¢. (b) The cohesion (3 as a function of time ¢. (c) The slack variable A as a function of time ¢. (d) The slack variable
¢ as a function of time ¢. (e) The thermodynamic driving force A" as a function of time. (f) The cohesion J as a function of
displacement u,. (g) The slack variable v as a function of time ¢. (h) The reversible tangential force r; and the irreversible
tangential force " as a function of time ¢.

Remark 6. This model separates clearly cohesion and friction, while treating them within the same framework.

Remark 7. When the interface has fully decohered, we retrieve a standard unilateral contact model with Coulomb friction.

3 Non-smooth elasto-dynamics of finite-dimensional systems
Now, we will extend our model to consider bodies with finite numbers of degrees of freedom, which may possess masses and

stiffnesses, and to which external forces may be applied. These degrees of freedom may form part of a cohesive zone, but equally
may not. We also consider the dynamic interaction of multiple bodies via the formulation of impact laws for the system.
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3.1 Finite-dimensional systems via space-discretisation

We start by considering a finite-dimensional model of a linear elastic mechanical system, of the sort which may arise after a
space-discretisation using the finite element method (FEM). Let us note by v € IR"™ the displacements of the system and v = @
the velocity. Starting from the principle of virtual power (7), the equilibrium equation can be written as

Mi+Ku=F, 4=wv, (49)

where M € IR™™" is the mass matrix, assumed to be symmetric positive definite, K € IR™*" is the symmetric positive semi-
definite structural stiffness matrix and F' € IR" is the external applied force.

Let us now add that the cohesive zone is applied on a finite set of cohesive contact points that are indexed by a € [1, m]. We
will work in a system of small perturbations, and hence the local normal displacements at contact uy = col(uf, @ € [1, m])
are related to the displacements u by a linear relation written as

uy = Hyu + by, (50)

where Hy, € R™*" is a selection matrix for the normal degrees of freedom and b, € IR™ is a linear adjustment to express
misalignment between nodes. In a similar fashion, the local tangential displacements at contact u, = col(u, & € [1, m]) are
related to the global displacements u by

uy = Hyu + by, (51)

where H, € IR™*" is a selection matrix for the tangential degrees of freedom and b; € IR™ is another linear adjustment
expressing misalignment between nodes. Collecting all variables at contact in the same way (z = col(z®,a € [1,m])), the
equilibrium equations of the system are given by

Mo+ Ku=F+ H] Sry + H[ Sr,,

. (52)
uw=v, uy=Hw+by, u=Hu+b,

coupled with (46) to describe the cohesive zone behaviour. S € IR *™ is a diagonal matrix that contains the tributary area of
each cohesive zone node after space-discretisation of the interface. For the sake of simplicity, we assume that the parameters
of the cohesive zone model do not depend on ¢, but this can be straightforwardly extended.

3.2 Non-smooth dynamics and impacts

In the presence of unilateral contacts, solutions of finite-dimensional dynamical systems with a regular mass matrix (with finite
masses associated with all degrees of freedom) exhibit jumps in velocities. In this context, the non-smooth dynamics must be
carefully treated to obtain a consistent time-discretisation (Moreau, 1999). To this end, the equations of motion of a discrete
(finite-dimensional) mechanical system, and the relation with contact variables are written in terms of differential measures by

Mdv+ Kudt = Fdt + H] diy+ H, di,,

. (53)
U =v,

where dv is the differential measure associated with the velocity v, assumed to be a bounded value function, d¢, is the measure
of the normal reaction at the contact, and di, is the measure of the tangential reactions at the contact. For the cohesive zone
model, several further assumptions are made:

« We assume that the reaction due to cohesion force 7§, is bounded. In other words, the corresponding impulse does not
contain atoms (Dirac measures);

+ We assume that 8 and A" are absolutely continuous functions of time. Since the evolution of the cohesion variable (and
hence the driving force) is governed by the displacements u, and u;, that are both assumed to be absolutely continuous
in time, we assume the same regularity for 5 and A".

The normal reaction at the contact can then be decomposed into the “contact impulse” dpy (that is integrated over the area of
the contact 5), and the contribution of the cohesive forces by

diy = dpy — So.Bdt. (54)

When the interface is completely broken, we want to retrieve a contact law with impact and friction. We will make use of
Moreau’s impact law

0<dpy Lol +evl >0ifuy <0, else dpy =0, (55)
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where e is the Newton coefficient of restitution and ¢t~ and ¢* indicate the times immediately before and after impact. In terms
of normal cone inclusion, this is equivalent to

—dpy € Nt (uy) (UI§+ + evf;) , or equivalently, — (diy + So8dt) € Nr_, (uy) (%* + evff) , (56)

In a similar fashion, we decompose the tangential impulse into the “frictional impulse” dp;, integrated over the area of the
contact, and the contribution of the tangential cohesive forces by

di; = Sri"dt + dp,. (57)

Changing from the continuous normal force to the contact impulse means that we must also express the friction law accounting
for the change to measures. In order to write the expression in this way (in terms of impulses and velocities, rather than forces
and velocities), we have implicitly made the assumption that the signs of the force and the velocity do not change over the
measure dt. We switch between the signum function and the normal cone, allowing us to now write

—vr € N|_ i (dpy+SB0e dt),u(dpy+SBo. )] (dDr) . (58)
Now, considering the displacements, we have

—rl € Boesgn(uy). (59)
We can now write the expression after decomposition and switching between the signum and normal cone as:

—ur € N_go.v,80.4] (1) - (60)
Thus, we can write the full set of equations for the system as

Mdv+ Kudt = Fdt + H] (dpy — So.8dt) + H," (Srtdt + dp,),
uw=v, uy=Hw+b, wvw=Hw, u =Hu+b, v,=Hw,

coupled to the cohesive zone model. In complementarity terms, we write the model as

M dv+ Kudt = Fdt + H{ (dpy — So.3dt) + H,” (Srtdt + dp,),

uw=v, uy=Hwu+by, wvyw=Hw, u=Hu+b, v =Hw,

B==A A +ouuy+o|ul+wf(B)=¢§ 0<ELB>0, 0<KALA >0, (62)
—ur € N_goory,80.4] (15) 0 <dpy Lof +evy > 0ifuy <0, else dp, =0,

—dp; € pu(dpy + SBo. dt) sgn(v;) if uy < 0, else dp, = 0.

4 Numerical time integration

Here we present the time-discretisation of the system that allows us to write a fully-discretised system suitable for numerical
integration. In particular, we demonstrate that we are able to write the discrete system as a linear complementarity problem, and
that the solution of this problem exists. We then finally demonstrate that the discrete energy balance is in general dissipative
and symplectic in the absence of contact and friction.

4.1 Principles of the time integration scheme

We choose a time-integration scheme that is based on the Moreau-Jean scheme (Acary and Brogliato, 2008; Jean, 1999; Jean
and Moreau, 1992; Moreau, 1999), which is widely used in contact dynamics. For the impulsive terms which appear in (62), the
measure of the time interval (k, k 4 1] is kept as a primary unknown:

Puk k1~ dpo((k, k+1]) = / dpy and iy g1 = diy((k, k +1]) = / diy, (63)
(kk+1] (k,k+1]
in the normal direction, and
Dok k1~ dpe((k, b+ 1)) = / dpy and iy 41 =~ dig((k, k + 1]) = / diy, (64)
(k,k+1] (k,k+1]

in the tangential direction. We approximate all of the continuous or bounded value terms using a #-method given by

tet1
/ $(t) dt = hxgie, (65)

ty
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where we use the notation 29 = xp + (1 —0)xz4; with 6 € [0, 1] and h is the size of the time-step. For the cohesive normal
reaction force that we assume is bounded, we have

tht1
/ diy = / dpy — So. / g, (66)
(k,k+1] (k,k+1] tr

that is approximated by

Ino kb1 = Dx k1 — ROSBrto, (67)

while for the tangential reaction force, also assumed to be bounded, we have

41
/ diy = / dp; + S / rdt, (68)
(k,k+1] (k,k+1] tg

that is approximated by

brk k+1 = Prkk+1 T RSTL kg (69)
The contact percussion in (62) is discretised as follows:

0 < Pukkt1 L Oypg1 +evyg = 0if dy g <0, else pygry1 =0, (70)

where a conditional statement determining whether contact occurs is defined by an approximation of the displacement usually
defined as:

an,k = Uy + §'UN,k- (71)
Similarly, the tangential percussion is discretised by

—Priesot1 € B (Duikr1 + hoeSBrro) sgn(vrps1) if G < 0, else prg i1 = 0, (72)

where once again (71) determines if the condition is active. In the following, we consider the index set [}, = {a, @iy, < 0} and

the following compact notation py x k+1 = col(pg . g1, € Ix), Vnky1 = col(vg i1, @ € Ix), Hy = row(Hy 1,0, € Ii) =
HN,IQOa HT - rOW(HT,Iah (OS] Ik) = HT,Iwo-

Remark 8. While it would appear that the index sets outlined above would exclude contact points on surfaces not formed by
fracture from consideration in our model, in fact such points can easily be included in the matrices Hy and H, by considering them
as cohesive zones where the value of 5 has been set to zero.

We also discretise the tangential cohesive force by

—Tr g1 € 0cYBrt1 g0 (U kt1)- (73)

Thus, we can write a discrete system in terms of normal cones and sign functions for a single contact that encompasses contact
and cohesion:

—Dx k41 € Np+ (Un k1 + €vg ) if Gy <0,
—Drkk+1 € (Du ke k1 + hoeSPBrye) sgn(vr ky1) if Uy < 0,
—Tr k41 € 0V Pyt sgn(Ur g r1),
—Brt1 € Np+(§pr1)- (74)

Now, we seek a formulation that will allow us to write our problem as a linear complementarity problem (LCP). While there
are multiple possibilities for transforming the inclusions featuring the tangential terms into forms that can lead to an LCP, for
reasons of ease of demonstrating existence of the solution and computational efficiency, we follow the approach described in
Stewart and Trinkle (1996), and decompose p; i -1 into two components:

_ o+ -
Prkk4+1 = Pr g kp1 — Prjo k41 (75)

Both the components in the positive and negative directions are always non-negative. It is important to emphasise that the
sign indicates the direction of the percussion, which is opposite to the velocity i.e. if the velocity is in the positive direction,
the percussion will be negative (pj' khe1 = 0andpy ) > 0), and vice versa. We further introduce the following compact
notation:

+
p'r_,k,k+1 , (76)
Prkk+1

f’T,k,k-&-l =
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that is accompanied by the matrix D = [1, —1]T for a single contact point, allowing us to write p; . x+1 = Dpr i k+1. In a
similar fashion, we can apply a similar process for the tangential cohesive forces, decomposing 77 ;. ; into two parts:

r ot r—
Trk+1 = Trk+1 — Trk+1o (77)

where once again both components are always non-negative, and the sign indicates the direction of the force, opposite to the
tangential displacement which is resisted by it. Introducing the compact notation

r+
g _ STT,k-&-l
TT,k:Jr] -

o
S’rt.,k—o—l

; (78)

we can write Sty 41 = D7, 11, where D is as previously defined. Then, we introduce two new slack variables (1 € RT

and yj+1 € RT and a matrix 1 = [1, 1]T for a single contact. In combination with Lemma 2, these new variables and matrices
allow us to write a complementarity problem at a single point as follows:

Prkk+1 = Dprkk+1,

0 < pykk+1 L U1 Hevge =0,

0 < Prpptt L LCes1 + D ogpyr =0,

0 < G L 1t (i1 + hoeSBryo) — 1 prpyr =0,
ST;,kJrl = Df;,kﬂv

0< 7l pir L Ixpyr + DTy jq1 20,

0 < Xppr L oeySBryr — 177, 4 >0,

Br+1 L Ekt1-

<
<

When sliding occurs, (41 takes the physical meaning of the magnitude of the sliding velocity vy ;41. However, when there is
no sliding and no frictional percussions, (;+1 can take any positive value and does not have any particular physical meaning.
Similarly, when tangential displacement has occurred, 1 has a physical meaning, namely the magnitude of the displace-
ment, while in the absence of both displacement and force it can take any positive value and does not carry a clear physical
meaning.

Now, for the case of multiple cohesive-contact points, we can understand each of the physical and slack variables as column
vectors in R"™ (pr x k41 and 77 ¢ are in R?"), and generalise D € R™*?" such that

1 -1 0 O 0 O
0 0 1 -1 0 O
D= ; (80)
0 0 0 O 1 -1
and generalise 1 € R*"*™ such that
10 0]
1 0 0
0 1 0
1=10 1 0], (81)
0 1
0o ... 1

which allows us to straightforwardly extend the notation to multiple contact points.

Following the principles above, the time-stepping scheme for the full elasto-dynamic cohesive-frictional-contact problem is
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written as follows:

M (vg41 — vg) + hKugyg = hFyyg — hoo HJ SBrro + HY puk k1 + Hy Dpr g1 + hHTTDﬂ,kH;,
Sr;,k+1 = Dﬂ,k+17

Prkk+1 = Dprkk+1,

Upt1 = Uk + hvgye,

Un k+1 = HNUk‘+1 + bN,k}+17 Ut k+1 = HTuk:Jrl + bT,k+17

Unk+1 = Fvak+17 Urk+1 = HTUkJrh

Br+1 = Bk — hAk11,

0c0en(Brt1 — 1) + octn k1 + eV Ur ft1| + Akp1 = ke, (82)
0<SA 11 L A1 20,

SPBr+1 L k1 =0,

Dk, k+1 L Unpt1 + e 2 0,

Prkk+1 L L¢hr1+ DT vppq1 =0,

Cro1 L o (Paht1 + hoeSBrvo) — 1T Prrs1 =0,

th+1 L DXk + DTy jy1 >0,

Xkt1 L SBryrocy — ]le;,k+1 = 0.

/

=

o oo o o o
V/AA/ANNV/AN/ANV/AN

4.2 The discrete linear complementarity problem

Now, in order to obtain a workable formulation to express as an LCP, we first consider the entries in the complementarity
variable vectors w and z that are given by (82):

hAk+1 SA 41
1 SPBr+1
Un,k+1 T €Uy k Pr,k,k+1
w = 1¢k41 + DTUT,k-i-l y 2= | Prkk+1]| s (83)
(P 1 + hoeSBrro) — 1T Prje st Cht1
Ixgsr + DTUT,k+1 TZ;JC_H
0cYSBr+1 — le;JH_l Xk+1

where all of the cohesive zone variables should be understood as vectors.

Remark 9. As in Collins-Craft et al. (2022), we take h\;11 as the complementarity variable (rather than A1) in order to avoid
an ill-conditioned matrix as h — 0.

Having constructed the LCP in this way, the expression for w is trivial:

h)\k:Jrl = S_l (Sﬂk - SﬁkJrl)v
w; = =S 2 + B 64

Likewise, the expression for wr:
_ T
wy = 0yz2 — 17 z6. (85)
The expression for wj is only slightly more elaborate:

ws =g (Pa o1 + hoeSBryo) — 1 pogkit,
=1t (Pujesir1 + h(1 = 0)0cSBy + 00 SBri1) — 1T Prge 1,
=hOuoezs + pzs — 17 24 + h(1 = 0)puo.SPk. (86)

We start the development of the expressions for the more involved terms by expanding the first line of (82) with the appropriate
0-method substitutions. We arrive at

M(Uk+1 — Uk) + hK (uk + ho [(1 — Q)Uk + 9U}€+1]) =h [(1 — Q)Fk + 9Fk+1] — hO’CI‘II;r [(1 - H)Sﬂk + QSBIH»I]
+ H{ p g1 + H, Dpy g
+RHTD (1= 0)7% 1+ 07 | - (87)
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We denote the augmented mass matrix as M = M+h?6?K and the free impulse (without the contribution of the cohesive zone
model) ik kt1 = My, —hK (uk + ho(1 — G)Uk) +h [( —0)F, + 9Fk+1} When necessary, we modify the augmented mass
matrix M and the free impulse 7 to take into account Dirichlet boundary conditions. Thus, the velocities can be determined by

U1 = M (zk,kﬂ — hooH, [(1=60)SBk + 09Bi1] + H pugksr + H Dprjeprr +hH D |(1—0)7, + 972;,,”1]) :
(88)
Then, we can get the normal velocities:
Ukt =HM Vigpyr — ho HAM T HY [(1 = 0)SBy + 0SBt ]| + HM ™ H pye i
+ H M H Dprjo i1 + hH M H' D {(1 —0)PL, + ef;,k—&-l} )
= — h0o VixSBrs1 + WaDuk k1 + Wi Dpr g k1 + hOVie DY g
+ HM Vi par — h(1 = 0)0:ViSBe + h(1 — 0)Vie DFL .,
= — hbo Vinza + Wwzs + WirDz4 + hOVx Dz
+ H M Vigpsr — h(1 — 0)0ViaSBi + h(1 — 0)Vie DFL ., (89)
and the tangential velocities:
Uror1 = HeM ™ Vig g1 — ho M H] (1= 0)SBy + 05 Brera] + Ho M H py s
+ HM ' H Dp, j joy1 + hH M H D {(1 —0)f + 07 k+1} ;
= — 0 ViuSBri1 + Wabs k k1 + Wi Dprg g1 + hOVi Dy
+ H,M? iher1 — h(1 = 0)0 VS B + h(1 — )V D71 .,
— hlo Vinze + Winzs + WiDzy + hOV Dz
+ HM Vi g — h(1 = 0)0ViSBy, + h(1 — 0)Vie DFL (90)
where Wy, = H’NM “'H, and W, = ﬂTM ~LH, are the Delassus matrices for the degrees gf fre_edom involved in the purely
normal and purely tangential contact problems, while Wy, = H M ~'H, and Wy, = H,M ' H, are the Delassus matrices
for the interaction terms between the normal and tangentlal parts of the contact problem. The matrices Vi, = H,y M~'H,,

Vi = HLM ' H,, Viy = HM ' H, and Vi, = H, M~ H, capture the effect of the cohesive terms on the contact and friction
degrees of freedom.

From (89) and (90) we can straightforwardly get first ws:
w3 = — hBo . Viwzo + Wiwzs + W Dz4 + h0Vi D zg
+ H M g g — h(1L = 0)0 . VieSBr + h(1 — 0)Via DLy, + ey, (91)
and then wy:
wy = — hBo.D " Viyzg + D" Winzs + D" Wi Dzy + 125 + h0D " Viy Dz
+ D H M Vg1 — h(1 = 0)0.D Vi SBy, + h(1 — 0)D T Viu DAL, (92)

In the same way as for the velocity, we can expand the expressions for the normal and tangential displacements. Firstly in the
normal direction:

Uy 1 =Un i + R(1 — 0)Hyv, + hOHyvg 41 + by +1 — by,
= — h*0%0 . UnSBrs1 + hOX Py ko k1 + WX Dpr g g1 + h202Upa DY
+ hOH M Vig g1 — h?0(1 — 0)0 US B + h20(1 — 0)Una DLy, + i + B(1 — 0) Hyvy, + by ka1 — bk,
= — h20%0 . Unzo + h0X w23 + W0 X D2y + h20*Uyr Dz

+ hOHM ™ ig i1 + s, + h(1 — 0)Hyop — h20(1 — 0)0.UwSBi + h20(1 — 0) U SDF. i + by st — by,
(93)

and then in the tangential direction:
Ur g1 =Ur i + h(1 — 0)Hyvp + hOHyvp 1 + by jp1 — brgs
— h?0%0. UnSBrt1 + h0Xewpy 1 + h0Xe: Dy o os1 + h20°UnDFY 1

+ hOH M g gy + e + h(1 — 0)Hyvp — h20(1 — 0)0.UnS By + h20(1 — 0)Ur D7l . + be i1 — by,
(94)
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where Uy = HNM _1HJ and U, = HT]\Z/ _1HTT are the complete Delassus matrices for the normal and tangential degrees
of freedom, while Uy, = HNM _1HTT and Uy, = HTM _1HJ are the Delassus matrices for the interaction terms between the
two. The matrices Xy = HNM_lﬂJ, Xar = HNM_:LHTT,XTN = HTM_1HJ and X, = HT]\}[_lﬁf: capture the effect of the
contact and frictional terms on the cohesive terms, and in this sense these matrices complement the V' matrices. Once again
the mixed subscripts capture the interaction effects between the opening and sliding modes.

From these expressions, we can easily obtain expressions for uy and u, in terms of the z entries:

Uy kt1 = —h20%0, Ugzo + h0X w25 + h0XwDzg + h20?UDzg + Gun s (95)
Up i1 = —h20%0.Unzo + h0X 23 + h0X . Dzy + h20?Un D26 + quy, (96)

where g, = ROH M ™ "ig i1 + ung + h(1 — 0)Hyvp, — h*0(1 — 0)0UnwSBy + h*0(1 — 0)Us DFY . + by 1 — by and
Quy = hOHM Vi piy + wrp + h(1 — 0)Hyvg — h20(1 — 0)0UniSBx + h*0(1 — 0)Up DF% . + by g1 — by g The latter
expression leads directly to one for wg:

we = —h?0%0.D " Upzo + hOD " Xpy23 + hOD " X1 Dzy + h20°D " Uy Dzg + 127 + D'y, (97)

Finally, we consider our expression for the slack variable §541 = A"k 41+ 0c0cn(Brt1 — 1) + 0ctn k41 + 0¢Y|Ur k41| Where 1
represents a vector of ones, using the expressions of uy ;41 and ur 41 for all cohesive points. Our expression for {1 features
a dependence on an absolute value |uy ;11| This does not pose any problems for the trailing terms, but must be eliminated
for the terms dependant on the entries of z in order to obtain an LCP. As shown in Lemma 2, we have Sy110c7|urpy1]| =
Br+10¢YXk+1- For Bry1 > 0, we have |uy gy1| = Xr+1. For Si41 = 0 when the interface is broken, we have |uy g+1| = Xk+1-
However, as noted below in §5, at this point we no longer solve this line as part of the LCP, and so we can calculate £ as a
function of the absolute value of u; ;41 without any difficulty. Hence, in order to form our LCP we substitute X1 in place of
, and then substitute (95) into our expression for £ to obtain

|uT,k+1

Ekr1 =A"kq1 + Octy k1 + oYU pt1| F e (Bry1 — 1),
:Ark+1 + Octn k1 + OcYXE+1 + O—C(sC,N (ﬁk+1 - ]-) s

—5 12 4o, ((SMS*1 — h292acUNN) 2 + hb0o . Xazs + W00 X D2y (98)
+ hQHZUcUNTDZG +0cv27 + 0 (QuN - 50,1\11) ) (99)

which gives us the expression for wy directly.
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In the most general case of multiple cohesive zones with boundary conditions enforced, the LCP(L, ) is defined by

hAi41 SA 41

Ert1 SBrt1

Un,k+1 T €Uy k Pr,k,k+1

w = 1¢k41 + D vp i » 2= | Prkkat | s
1(Papo k41 + hoeSBite) — 1T Prgekt Cht1

Ixgpsr + D urpgs Prkt1

0evSBra1 — ]le;’kJrl Xk+1
-Onxn 7371 QnXn On><2n Qnxn
ST 0.(0enST = h20%0.Uy) W0 X  hOo. XD o 0"X"
onxn —hl0 Vi Wi WD 0"<"

L= o> —hlo.D T Vi D'"Wyn  D'"WyD 1
onxn hlpo I ul -17 onxm
02nxn —h%0%0.D " Uy, D" X, hOD'X.D 0?"*"
0n><n Uc’yl Oan On><2n Onxn
Br
Oc <QUN - 6C,N1)
H M Vg g1 — (1 — 0)0VinSBr + h(1 — 0)Vie DF% + evy,
q= |DTH,M Yij i1 — h(1 = 0)o.D Vi SBy, + h(1 — ) DT Vi DFL
h(1 = 0)pocS Py
DTquT
o"

where 09%® corresponds to a matrix of zeros with a rows and b columns.

4.3 Existence of the solution of the discrete LCP

On><2n 0n><n

0%, UuD oI
héVi D on X"
heD'V.D 0>,
On x2n On Xn

h20°’°D"U..D 1
_ ]lT OTL Xn

(100)

We want to show that the system LCP(L, ¢) has at least one solution, although we are unable to mathematically guarantee its
uniqueness. As a consequence, whether our system is well-posed is an open question, but we do not know of any existing tools

or results that would allow this property to be demonstrated.

Assumption 1. The time-step h is chosen small enough that 7.(8.,S™' — h?0%0.U,y) is positive definite.

Since 0,045 ™! is a positive definite matrix, a time-step exists such that Assumption 1 holds.

Lemma 1. Under Assumption 1, L is copositive on the positive orthant.

Proof Let us recall that L is copositive on the positive orthant if z ' Lz > 0 for all z

first compute the symmetric part of L

1
> 0. Since z' Lz = §ZT(L + LT)z, we

[ oQnXxn Qnxn Qnxn On><2n Qnxn 0n><2n Qnxn 1
Qnxn 00(507N5—1 _ hQHQO'CUNN) Qnxn 0n><2n %h@uacf 0n><2n O'C’YI
onxn onxn Wi Wi D iur hOVi D onxn
1 2
5 (L —i—LT) = |g2nxn Q2nxn DTWTN DTWTrD g2nxn h@DTVTTD g2nxn
Qnxn %hH,UO'CI %MI onx 2n Qnxn 0n><2n Qnxn
02n><n 02n><n heDTXTN heDTXTTD 02n><n h262DT UTrD 02n><n
Qnxn O-C,-YI Qnxn On><2n Qnxn 0n><2n Qnxn
(101)
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By splitting the matrix, it is possible to obtain the following relation:

2 (L4 LT) =2 (0Fen ™ — 200,00 22

T
z3 Win WD hOVie D z3

+ |2 D'W. D'W.D  hOD'V.D 24
26 D" X, hOD"X.D Rh?6>D'U,D| |z

+ heuacz;,@ + 20072;22 + ,UZ3T,25. (102)
Under Assumption 1, the first term is nonnegative
z3 <0c(5C,NS*1 - hQHQUCUNN)) 2 >0, (103)
and
h@uacz;zQ + 20072;22 + ,uz3Tz5 >0 forall z > 0. (104)
For the remaining term in (102), let us rewrite the matrix as

T

T

Wi WD hOVie D T Qnx2n  gnx2n g
DTWTN DTWTTD heDTVﬂ.D = [Qnx"n D Qnx2n i
DT Xy, hODT XD h262DTU,D onxn  gnX2n  RAD I

I On><2n On><2n

Hy
M—1 H’r Qnxn D On><2n
HT Qnxn On><2n hoD
(105)

=

-

Since M ! is a positive definite matrix, and ABA is a positive semi-definite matrix if A is non-singular and B is rank-
deficient (which is the case for M ~! and D respectively), the matrix on the left-hand side of (105) is a positive semi-definite
matrix, and we can conclude that

T
zZ3 Wi WD hOVi D 23

24 D'"W. D"WyD  hD"VyD | |z| = 0. (106)
26 hOD" X, hOD" XD h*0*°DTUD| |z

Each component of the sum in (102) is nonnegative, and so L is copositive on the positive orthant. O

Proposition 1. If Assumption 1 holds then the LCP(L, q) has a solution for all 3}, > 0.

Proof Let us first compute the set of solutions of the homogeneous LCP(L, 0), also called the kernel of the LCP, given by

K(L)={2>0,Lz>0,2" Lz = 0}. (107)
Using (102) and (105), the relation z " Lz = 0 with Assumption 1 is equivalent to

29 =0, HJQ =0, E’TTDZ4 =0, HTTDzG =0, (108)
for h6 > 0. The relations z > 0, Lz > 0 further implies

z21=0,25 20,27 > 0. (109)
The set of solutions of the homogeneous LCP(L, 0) is then given by

K(L)={z|21=0,20=0,H] 23 =0,H, Dzy = 0,25 > 0,H, Dzg = 0, 27 > 0}. (110)

For z € K(L), we have
B ) ) R ) T
q'z= [HN (M—lik,,c+1 — h(1 = )0 M~ HySBy + h(1 — 0)M ™ H,. D} ), + evk)} 23
B R R R ) T
n {DTHT (M*lz'k,k.+1 — h(1 — 0)o M HySB + h(1 — a)MlHTDf;k)] 24
+ [h(l — H)ILLO'CSBk]T z5 + |:DTI{T (h@Mﬁl%kJﬁ_l + h(l — G)Uk-

-
~h20(1 — 0)o.M ' HySBy, + h*0(1 — 0)M " H, Dt ), + vk) + DT (brjs1 — bnk)} 2. (111)
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As the transpose of a matrix product (AB)" = BT AT, we can look at the first two terms of (111) and see that we will have a
vector left-multiplying H, z3 and another vector left-multiplying H,” Dz4. Similarly, looking at the first part of the last term,
we will have a vector left-multiplying H,' Dzs. From (108) we know that H z3 = 0, H,' Dz4 = 0, H,' Dz which allows us
to simplify (111) as

¢ z= [h(l — Q)MUCSﬁk} z; + (br 1 — bT’k)TDz(;. (112)
Since by k41 — bk = Hr(qu+1 — qx) = hHrVk+9, the equations can be further simplified to
¢ z= [h( -0 ,uUCSﬁk} z; (hH vk+9) Dzg,
= [h(1 = 0)pocS By zg + hvl, o H, Dz,
= [P(1 — 0)pocSp] 25 , (113)
because H Dzg = 0 from (108). For 8 > 0, we can conclude
Tz>0forall z € K(L). (114)
Since L is a copositive matrix, the condition (114) implies that the LCP(L, ¢) has a solution by virtue of Theorem 3.8.6 in Cottle
et al. (2009). O

4.4 Discrete energy balance

In this section, we will show that the time-stepping scheme described in (82) satisfies the discrete energy balance, even in the

1
case of impacts. We will start by considering the momentum balance given in (61), and multiplying by 3 (v+ + v_)

%(v*—HF)TMdv—i-%(v++v*)TKudtf% (vt +0v7) th+%(v++v*)THJ(de—sacﬁdt)
+ ; (v +v7) " H (Sridt + dp,). (115)

Asvt dt = v~ dt = vdtand M and K are symmetric matrices, we are able to rewrite (115) as
LT L T 1 . T
d iv Muv ) +d iu Ku) =v Fdt+ iHN(U + v ) dpy — vy So.pdt
1 T
+ v Sty dt + [QHT (v+ + v)] dp;. (116)
. . I . . . 1+ 1+ .
As the space-discretised kinetic and strain energies are given by K = v Mvand U = Fu Ku, we can write

1 1
dK+dU =o' Fdt+ 3 (v + vN_)T dpy — vy So.fdt + v Sridt + 3 (v + UT_)T dps. (117)
We now specify the space-discretised version of the continuous fracture energy given in (41):
G= /JCSBUN + vy di, (118)
which lets us write the energy balance of the space-discretised system:
T 1,4 \T 1,4 N\T
dK+dU+dG =v' Fdi + 5 (v +vy) dps+ 5 (v +v;) dpr (119)

Let us define the total energy of the system as T = K + U + G, and integrate (119) over a time interval of (¢1, t2]. We thus
obtain the incremental energy balance:

AT = T#(t2) ~ T~ (t1) = AWess + AlWimgact + Al¥iction 1z

where the increment of work done by the external forces, impact and friction is given by

to
AWy = / v Fdt, (121)
t1
1 i \T
AVVimpact = 5 (UN + Uy ) de> (122)
t1,t2]
1,4 N\T
AVVfriction - = (/UT + v, ) de (123)
t1,t2]
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The contact law specified in (55) has been shown to dissipate energy ie. AWinpaer < 0 (Acary, 2016). We can examine the
1
frictional laws specified in (62), noting that — dp, € p(dpy+SBo. dt) sgn(v,) when vy, = 0, in which case 3 (v + o )T dp, =

1
0, or —dp; = p(dpy + SBo. dt) sgn(v;) when vy # 0, in which case 3 (v + v;)T dp; < 0. Hence, we can conclude that
AWiiction < 0. We can in turn conclude that

AT — AI/Vext = AVVimpact + AI/Vfrictiom < 0. (124)

The space-discretised incremental energy balance is thus either conservative or dissipative, that is to say that no spurious
energy is added to the system. We now show that the equivalent incremental energy balance is satisfied by the space-and-
time-discretised scheme. Following the method in Acary (2016), the variation of the sum of the kinetic and elastic energy over
the time-step is given by

1
AKp k11 + AUk g1 = (2 - 9) (HWH —ogll3; F lugsr — UkH%{)

T T
+ hvg o Frt0 + O kt0Px ke k+1 — PO 19T eS Brto
+ hvy 4o STY ke + Un koD k k1, (125)
where || - ||3; and || - ||% are the 2-norm and 2-seminorm induced by the matrices M and K respectively.Now, let us define the

discrete approximations of the increment of fracture energy, the increment of external work, the increment of contact work
and the increment of frictional work:

MGy = h (0140068 Bis0 + lsathsa) = / 0oSPuy + varl dt, (126)
T b T
AWext k k41 = hvg g Frqo & / v Fdt, (127)
tr
AV\/impact,k,k-‘,—1 = Ulk.fepN,k,k—i-ly (128)
AVVfriction,k’,k:-‘,—l = UIk.A,.QPT,k:,k-&-l, (129)

1
where we have used the approximations given in (63) and (64). Now, provided 3 < 0 < 1, we have an estimate for the variation

of the energy given by
AKg kg1 + AU g1 + AGg 1 — AWerg ki1 < AWimpact,k,k+1 + AWeriction, &, k+1- (130)

It has been shown (Acary, 2016) that our chosen discretisation of the impact law leads to

1
1+e’

Wimpact,k,k+1 <0iff < (131)
Considering the time-discretised friction law, we have

U;,rk-,_g_epT,k’,k—&-l = (1 - Q)UT,ka,k,k—&-l + ovT,k+1pT,k,k+17
—(1 = O)vr kpt(Pr ke k1 + SBrr60c) 8g0(Vr g+ 1) — OVr gy 11(Pr ke k1 + SBrro0e) sgn(vr k1)  (132)

Again following Acary (2016), if no contact exists p; i x+1 = 0, while if there is contact py x x+1 = 0, and Sy and Sj41 always
remain > 0, and thus so does Bj4¢. Thus the term p(py i k+1 + SBr+00c) = 0. The product of vy 41 and sgn(vy p+1) is also
always non-negative. In specifying (57), we made the assumption that the sign of the velocity does not change over a time-step,
and so the product of v 1, and sgn(vy x+1) is also always non-negative. Thus, we can conclude that the expression in (132) must
be non-positive for any values of 0, vy k1 and py k41, and thus AWssiction i k+1 < 0.

We are thus able to obtain the result
AKp kg1 + AU pr1 + AGg 1 — AWer ko k1 < AWimpact k,k+1 + AWhriction, k,k+1 < 0. (133)
1 .
For 6 = 5 we can sharpen this to

AKg kg1 + AU g1 + AGg 1 — AWere ko k+1 = AWimpact,k,k+1 + AWhriction b k+1 < 0. (134)

We can compare this with the continuous-in-space-and-time discrete energy balance in (43), and see that the discretised scheme
does not spuriously add energy into the system, and is in fact dissipative. In the special case of no friction and contact, the
integration scheme is symplectic.
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5 Numerical simulations

We implement our discrete system in Python, and resolve the LCP using Siconos (Acary et al., 2019). The LCP (100) can be
solved reliably by Lemke’s algorithm (Lemke and Howson, Jr., 1964). Specifically, Lemke’s algorithm provides a guarantee that
if solutions of the LCP exist (as we have proved above), then the algorithm will find one. As in Collins-Craft et al. (2022), in
implementation we remove the entries corresponding to the cohesive zone when 3 is less than a certain threshold, namely
1 x 1073, compared to x 1072 in Collins-Craft et al. (2022). This larger threshold is chosen for numerical efficiency, as the
tangential constraints are two-sided i.e. 7;;,; > 0 and ]le;_’ kel < 0cYSPBre1, which becomes difficult for the solver to
satisfy at small values of 5 without the use of very small time-steps. While in principle this can be addressed by the use of
an enumerative solver, this becomes unworkable for systems of even moderate size, as the scaling properties of enumerative
solvers are extremely unfavourable. Hence, we favour the less elegant, but simpler, solution of simply removing these lines
from the problem when their resolution becomes overly onerous. We similarly remove those entries corresponding to the

h
contact problem when uy 1 + vy = 1 X 1078, The effect of both of these removal procedures is to make the LCP smaller,

and thus increase the speed of solution.

5.1 Quasi-static scalar case with elastic spring

In the interests of demonstrating the benefits of working with the dynamic formulation in (100), we demonstrate a pathology
that can arise in quasi-static systems. We consider the case of an elastic spring bound to a rigid substrate at one end, but
otherwise free to move, in the spirit of Acary and Monerie (2006) and Chaboche et al. (2001).

Figure 3: We model the elastic spring as two nodes connected by a linear elastic material. Node 1 is bound to the rigid substrate
and has a normal confining force applied to it while node 2 has a controlled displacement or force applied to it. We add a spring
in the vertical direction and forbid any displacements at the far end.

We are obliged to add a vertical spring to the system, as in the quasi-static case an absence of stiffness in the normal direc-
tion causes the system to be insensitive to the applied confining force and changes in the elasticity of the spring.

We apply a fully implicit discretisation of the system (i.e. § = 1), and work with the contact and friction forces, rather
than percussions. D and 1 retain their meaning as before. We will make no distinction between the contact and cohesion
nodes, so we set H = H. Consequently there is no distinction between the Delassus matrices U, V, W, X = HK ~'H (other
than those due to the selection of tangential and normal degrees of freedom), so we will denote all of them as U. Our global
elastic-cohesive-frictional-contact problem is thus

Kupyy = Fyy1 — 0o HJ SBri1 + HY Sty + H DAY+ HI DR
Sriger = Dl

STiTr,kJrl = Dfirr,kﬂv

Upt1 = Ug + hvgy,

Un k1 = HyUpg1 + byt Unke1 = Holggpr +br g1, Vrggr = Hrvgg,
Brt1 = Br — hAp1,

0ben(Brr1 — 1) + Octn ky1 + 0y |tr 1] + Ak = Erra,

Vg1 = Tnht1 + OBy, (135)
0<SA 41 L Ay 20,

0< SBkr1 L &ky1 20,

SVk+1 L Un, k41 20,

Pk kel L LCki1 + DT op g1 =0,

k1 Lo — 1A >0,

p1 L DXk + DT ug gy >0,

Xkt1 L SBrroey — 1770, > 0.

I

INCINCIN NN N
=

o O O O O
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Establishing our complementarity vectors w and z as

hAk+1 SA
Ek+1 SBr+1
Uy, ht 1 SVkt1
w= | 1h¢er1+ D hvepga | 2= | Ay | (136)
uSv — ]leiTik+1 hC+1
Ixk+1 + D ur i P k1
oS Bry1 — ILTf;,k-i-l Xk+1

where we consider hv; and h(j1 to avoid an ill-conditioned matrix as h — 0. We can begin re-arranging our equations to
form the LCP proper. Once again, we obtain w; trivially as wq = A1 = —S7 29 + By, ws as ws = pzz — 1" 24 and wr as
Wy = 0cY22 — ]szﬁ.

Then, assuming a modification of K and F’ to take into account the boundary conditions, we have
Kupqy = Fry1 — 0cH SBi1 + H Svpyr + H! Dy + H DLy,
K (ug + hvggr) = Frq1 — 0cHY SBryr + HY Svpq1 + H DAYy + H D
hogpr = K~ (_UCHJSBkJrl + H Sy + H Dy + H DG+ Frg — KUk) . (137)
Applying the tangential selection matrix H; we obtain
hvp g1 = —0UnSBrr1 + UnSVki1 + Un DYy + UnDFY o + HiK ' Flpy — Heug,
hvr g1 = —0cUn2a + Unyzg + UnDzy + U D2g + H K ' Fy oy — Hyug, (138)
from which we can obtain very directly wy:
wy = —0D " Unzo + D" Upzs + D "UpDzy + 125 + DUy Dzg + D" H. K Fy .y — D' Hyuy,. (139)
Now, we determine the normal displacement:

Un k+1 = HNuk+1 + bN,k‘+17
- Hthk+1 + HNuk‘ + bN,k+1a

= HK! (_UCHJS/akH + H/ Svpsr + H DRy + HI DR+ Frgy — Kuk) + Hyuy, + by gt1,

= 7O—CUNNSBIC+1 + UNNSVk+1 + UNTDf-irth,-l + UNTDﬂ’A’-;,kJ,_l + HNKile—Q—l + bN,k—‘rl,
= —0.Uwz2 + Uwzz + UDzy + U Dzg + HNK_le+1 + bN,k+17 (140)

which gives ws directly. Similarly, we obtain the tangential displacement by

Ut k+1 = HTuk+1 + bT,k+17
= HThUk—i-l + Hyuy + bT,k+17

= H.K! <_UCHJ55,€+1 + H/ Svgyr + H Dy + H DL+ Flopr — Kuk) + Hyug + by gs1,

- _O-CUTN‘S’ﬁk)-‘rl + UTNSVk+1 + UTrD”A‘jrik+1 + UTT‘Df"Lk;J,-l + HTK_le+1 + bT,k—i—lv
= —0.Unzo + Unzz + U D2y + U Dzg + HTK_le:Jrl + bT,k+17 (141)

which allows us to obtain wg in a straightforward fashion:
we = —0.D " Unzog + D "Unzz + D"UyDzy + D "UpD2 + 1" 27 + DV H, K Fyy + D by gy (142)
Finally, we once again apply the substitution of X441 for |ur x4+1]| in the equation for {x41:

Ehr1 =ATjpt1 + octn kg1 + T |Ur kt1| + Tclen (Bre1 — 1),
=A"i1 — 0 UnSBrr1 + 0cUnSVit1 + 0cUa DRy 40U DFY oy
+ UcHNKile—&-l + Uch,k+1 + Ty Xk+1 + Ucac,N (6k+1 - 1) ,

:S_lzl + oc (6C,NS_1 - UcUNN) 2o + 0cUnwzs + 0. U D2y + 0 U Dz 4 0027

Yo, (HNK‘leH ¥ bk — 5C,N1) , (143)
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which gives wy directly.

Thus, the quasi-static LCP is given by

hAk41
&kt
Uy, k+1
w= | 1hChs1+ D hvrjyr |, 2=
pSv — 1T
Ixg+1 + DTuT,k+1

SA 1
SBr+1
Svkt1
e
hCk+1

Ar
rT,k+1

0SB — LT oy

-Onxn —571
ST o (BenST = 0elin)
0n><n _UCUNN

L — 02n><n _UCDTUTN

0n><n O’I‘LXTL

02n><n _O_CDTUTN
Qnxn JC’YI

Br

HNK_le:-‘rl + bN,k+1

q= D'H, K 'F,,1 — D" Huuy,
O’I’L

DTH.K ' Fp1+ D by jyn
OTL

Oc (HNKile—i-l + bN,k-{—l - 50,1\11)

Xk+1

O’I‘LXTL

0cUnw
U
DUy
ul
DU,
On Xn

0n><2n

o.UnD
UwD

D'U.D
17

D"U,D
o" xX2n

Oan
O’lLXTL
OYLXn
1
Oan
O2n><n

OTL Xn

0n><2n

o.UxD
UaD
D'U.D

0n><2n

D'U.D

Oan

oyl
O’!LXTL
02n><n

Oan

OTIXTL

(144)

We give the system the material parameters G = 0.25 N/mm, 0. = 0.5 MPa, v = 1, s = 0.5, a surface area S = 1 mm? and a
spring length of 1 mm. We apply a driving displacement of u = 0.5¢ to the far end of the horizontal spring, apply a confining
force of ' = —5 N in the vertical direction at the cohesive zone node, and then vary the stiffness of the bars in the system.

First, setting the bar stiffness to £ = 0.45 MPa:
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Figure 4: The system with £ = 0.45 MPa. (a) The nodal displacements u; and us as a function of time ¢. (b) The cohesion /3 as a
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function of time ¢. (c) The cohesion J as a function of crack sliding displacement u;, normalised by the critical sliding distance
d¢ 7. (d) The rate of decohesion A as a function of time ¢. (e) The driving force A" as a function of time ¢. (f) The reversible part

of the tangential force 7" and the frictional force " as a function of time ¢.

We observe behaviour from our system consistent with it being ill-posed. Of particular note, the system decoheres en-
tirely in one time-step, and the graph of the cohesion against the normalised crack sliding displacement demonstrates dramatic
“overshoot”. As a consequence, an amount of energy greater than G will be released by the decohesion process, and thus the
numerical results are no longer coherent with the analytical model.

By contrast, if we instead set the bar stiffness to £ = 4.5 MPa and simulate the system again, we observe:
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Figure 5: The system with £ = 4.5 MPa. (a) The nodal displacements u; and u3 as a function of time ¢. (b) The cohesion J as a
function of time ¢. (c) The cohesion J as a function of crack sliding displacement u;, normalised by the critical sliding distance
d¢ 7. (d) The rate of decohesion A as a function of time ¢. (e) The driving force A" as a function of time ¢. (f) The reversible part
of the tangential force 7" and the frictional force 7" as a function of time ¢.

In this case, we observe behaviour from our system indicating it is well-posed. All of the variables evolve in a continuous
manner, and no “overshoot” is observed with respect to the amount of energy released by the model. So long as we ensure that
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Oe xS 1 — 5.Uy is positive definite, the matrix L remains copositive, and the system appears to have only a single solution.

5.2 Dynamic scalar case with elastic spring

Now, we illustrate the benefits of working in dynamics by resolving the same system as described in Figure 3 with the spring
stiffness set to 0.45 MPa, which lead to manifestly ill-posed behaviour, illustrated in Figure 4. Assigning a mass of 0.25 g to

each node, keeping the numerical parameter § = 1, and now resolving the LCP given in (100), we observe:

27



1(a) g 1(6) 1.00 4(9)
8 s 1.00 7 ]
] === us /// 1 ]
261 0.75 3 075
E ] S @ ] o ]
<4 0.50 0-50 3
21 7 0.25 ] 0.25
0 F————————— 0.00 +¥—————— 0.00 +—A——
0 10 0 10 0 2
t (ms) t (mS) UT/(sc,T
0.1
1(d 1(e ]
0_04__( ) 0.50__( ) :(f)
002: . ] &; 0.0
é : ] NE 0.25‘: g
> 0.00] 8 : = 0.1
& ~0.00 1 =
< _ ] Ny ] £ 0.2 4
< 0.02 ] .25 ] g :
_ i ] —0.3
0.04_""”" oo JUUUUNNHL RIUE
0 10 0 10 0 10
t (ms) t (ms) t (ms)

Figure 6: The system with £ = 0.45 MPa. (a) The nodal displacements u; and us as a function of time ¢. (b) The cohesion /3 as a
function of time ¢. (c) The cohesion J as a function of crack sliding displacement u;, normalised by the critical sliding distance
d¢.r. (d) The driving force A" as a function of time ¢. (e) The reversible part of the tangential force r] as a function of time ¢. (f)
The frictional percussion p; as a function of time ¢.

In this case, despite using material parameters that lead to ill-posed behaviours in quasi-statics, the addition of mass to the
system and a change to dynamics was sufficient to achieve seemingly well-posed behaviour (using a time-step ~ = 0.1 ms,
although the system remains well-behaved for larger time-steps). Visible in subplots (e) and (f) of Figure 6 are spurious oscil-
lations of the tangential cohesive force and frictional percussion. This behaviour is a legacy of the set-valued nature of these
quantities when wu; and v, are equal to zero, respectively. When both u, and v; are simultaneously zero, the only constraint
is that the sum of the two quantities (after r] has been multiplied by h) must balance the equilibrium equation, and so the
individual quantities can take any admissible value provided the sum respects the constraint. We emphasise that there are no
negative consequences to this behaviour, as it only occurs when both the thermodynamic conjugates (u; and v;) are equal to
zero, hence there is no spurious dissipation or energy storage. As soon as either the displacement or velocity are non-zero, the
corresponding force or percussion takes a singular value, which in turn causes the other to be restricted to a particular value.
Finally, we note that the particular value of p; will depend on the size of the time-step h, with bigger time-steps leading to
bigger values of p;, but the dynamic equilibrium equation will always be respected.

Now, we simulate the stiffer system with £ = 4.5 MPa, but this time provide a driving force F' = 0.375 exp(0.25¢) sin(nt) N
to the far end of the horizontal spring, and use i = 0.0125 ms to ensure correct resolution of the elasto-dynamics, we observe:
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Figure 7: The system with £ = 4.5 MPa. (a) The nodal displacements u; and u3 as a function of time ¢. (b) The cohesion J as a
function of time ¢. (c) The cohesion J as a function of crack sliding displacement u;, normalised by the critical sliding distance
d¢ 7. (d) The driving force A" as a function of time ¢. (e) The reversible part of the tangential force r] as a function of time ¢. (f)
The frictional percussion p; as a function of time ¢.

Once again the spurious oscillations are observable in the tangential cohesive force and frictional percussion, and once
again do not have any negative consequences. We may also observe that the system decoheres for both positive and negative
values of u;, with the characteristic horizontal unload-reload behaviour of non-smooth cohesive zone models. Finally, due to
the unloading and reloading, we observe that the reversible part of the crack driving force is occasionally non-zero.

5.3 Sliding block

We simulate a sliding block geometry inspired by that found in Berman et al. (2020) (specifically, the geometry of their upper
block), shown in Figure 8. In this paper, the authors study (experimentally) the progression of frictional ruptures, which have
been analogised to pure mode II cracks and studied using LEFM techniques. Given the convenient geometry that forces the
“crack” to remain on the interface, this is an ideal test to enforce pure mode II behaviour in the system, which is otherwise
non-trivial for true fractures.

The material is polymethal methacrylate (PMMA), which has a density of 1.17 x 10~% g/mm® and a Young’s modulus of
5.75 x 10® MPa, and the measured Rayleigh, shear and longitudinal wave speeds are cg = 1255 mm/ms, ¢, = 1345 mm/ms
and ¢; = 2680 mm/ms respectively. The cohesive zone parameters are taken to be those used for PMMA in Collins-Craft et al.
(2022), i.e. the critical traction o, = 45 MPa, the critical fracture energy G.=0.14 N/mm, and the critical opening distance
dcn = 0.0062 mm. The critical traction ratio v = 1, that is to say that we take the mode II properties to be identical to the
mode I properties. The coefficient of restitution e = 0, and the coefficient of friction p = 0.3.
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Figure 8: Geometry of the sliding block problem. A cohesive zone attached to a rigid substrate is applied to the bottom boundary
(cross hatching), while a uniform pressure of 6.061 MPa is applied to the top boundary (corresponding to a total normal force
of 5000 N). F is set to a fraction of the total static sliding resistance that the cohesive zone layer can supply and applied
quasi-statically, before being set to a value much greater than the sliding resistance for dynamic simulation. The sample has a
thickness of 5.5 mm.

The geometry is meshed using Gmsh 4.8.1 (Geuzaine and Remacle, 2009), specifically the Blossom-quad algorithm for
generating linear quadrilateral (Q4) elements (Remacle et al., 2012). The plane stress assumption is used, and a consistent mass
matrix is chosen. The size of the cohesive zone is given by

T~ E G,
L= 5 (145)

=-———=
81 — 1?2 Oaye

where we follow Camacho and Ortiz (1996), in turn following Rice (1968), but insert our value of . into the formula, rather
than taking the average cohesive stress. This leads to a smaller estimate of the cohesive zone size, and thus requires a finer
mesh to resolve it, which is to say we err on the side of greater mesh refinement than we truly need. Inserting our system
values, we obtain ¢ = 0.164 mm. We thus set the characteristic length of the mesh at 0.04 mm for a small region of the contact
boundary [72.5 mm, 77.5 mm] where we will fully resolve the cohesive zone (having at least three elements in the cohesive
zone is typically regarded as necessary to fully resolve it), and set the characteristic length at the outer corners of the contact
boundary as 20 mm, and the characteristic length for the confining load boundary as 10 mm. The algorithm ensures that all of
the elements are at least this refined (in practice, typically substantially more so), and the size of elements along the contact
boundary progressively decreases towards the finely meshed zone. Finally, the mesh is read into Python 3 via Meshio 5.3.0
(Schlomer, 2022).

The numerical parameter § = 0.5, and we set the maximum time-step size fipa = 1 X 107° ms, but allow adaptive time-
stepping. In the case that the LCP fails to resolve, the time-step is divided in half, while in the case where h < hp,, and ten
time-steps in succession have successfully completed, we multiply the time-step by 2.5, unless this value would exceed Apay,
in which case we set the time-step to hyayx. It should be noted that in spite of the mathematical guarantee offered by Lemke’s
algorithm (Lemke and Howson, Jr., 1964), namely that if a solution exists the algorithm will find it, in practice the finite preci-
sion of floating point numbers renders this sometimes untrue, and the combination of solver failure and adaptive time-stepping
can cause the system to cascade downwards to arbitrarily small time-steps. In the case that b < 1 x 107'? i.e. approximate
machine precision, we simply reset i to Ayay in the hope of “boosting out” of the negative spiral. In the case where this fails,
and the solver immediately cascades the time-step back below machine precision, we set the simulation to terminate. However
in practice, the boosting mechanism works well and allows the simulation to continue at a feasible time-step size.

We set our simulation so that the quasi-static initial loading F is at 0.99 of the tangential force limit that can be supported
by the contact zone, and then in starting our dynamic simulation set F; to 100 times this limit to induce very rapid loading
(in Berman et al. (2020), they initiate frictional rupture by applying an out-of-plane mode III perturbation, but our plane stress
assumption does not allow us to operate in the third dimension). The results of the simulation are shown in Figure 9:

30



1.0

0.8

0.6

x {mm)

0.4

0.0165 0.0170 0.0175 0.0180 0.0185

t (ms)

Figure 9: A “phase space” plot of the refined mesh region as the crack passes through the region, showing the values of the

cohesion f3.

Visible on the plot is a degree of numerical noise that causes some elements to fracture sooner than they otherwise should
(which is resolvable with smaller time-steps, at the cost of greater numerical expense), but the global behaviour of the system
is well-resolved. The slope of the line in phase-space gives the velocity of the crack front, 2103 mm/ms, which is less than the
longitudinal wave velocity (that is to say, physically admissible), but greater than the shear wave velocity. This “supershear”
behaviour has been theoretically predicted (Burridge, 1973; Burridge et al., 1979) and experimentally observed (Kammer et al.,
2018; Rosakis, 2002; Xia et al., 2004), so the ability of our model to replicate this behaviour in a numerically efficient manner is
an indication of the suitability of the method for very fast dynamics.

We may also empirically study the energetic properties of our dissipation algorithm, shown in Figure 10:
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Figure 10: (a) The individual components of the energy and dissipation in the system, and (b) the sum of the internal energy
less the dissipation, in comparison with the total work input to the system.

We observe that the strain energy and kinetic energy of our system account for the vast majority of the energy present in the
system, the surface energy and contact work are negligible, and the friction work becomes noticeable only towards the end of
the simulation. In comparing the difference of the total energy and the dissipative work of friction with the total work input into
the system, we observe a very good match. This is to be expected, as the integration method should be energy-preserving for
the main energetic components, while the fully implicit frictional contact is dissipative, but the overall contribution of friction
to the energetic budget is small enough that the overall dissipative character of the integration algorithm is not significant at

the global level of the simulation.

6 Conclusions

In this paper, we used the principal of virtual power to establish the equilibrium and boundary conditions for a body featuring
a cohesive zone. We then postulated a free energy potential for the surface that allowed us to obtain non-smooth state laws
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for the system. These state laws describe a family of extrinsic cohesive zone models that do not feature the unload-reload
elasticity characteristic of those models that have the shifted intrinsic model structure. This mathematical feature guarantees
appropriate physical behaviour under complex, non-monotonic loading conditions, where traditional extrinsic cohesive zone
models exhibit the same spurious behaviours as intrinsic models. We then specified a non-smooth dissipative pseudo-potential
that allowed us to obtain a complete generalised family of constitutive models for the cohesive zone system for both normal and
tangential crack opening, and showed that in the case of frictional contact the model is dissipative (otherwise, it is irreversible
but non-dissipative).By specifying a particular energetic potential, we obtained a model that gives a linear evolution of the
cohesion variable with increasing displacement jump across the crack faces.

We then spatially discretised our system and re-framed certain parts using differential measures. This allowed us to include
the non-smooth contact dynamics formulation within our model. By using a #-method to discretise the system in time, in
combination with a fully implicit discretisation of the sliding velocities, we obtained a time-stepping scheme that we were able
to write as a linear complementarity problem. We then showed that given a sufficiently small time-step, the solution of the
problem is guaranteed to exist. The time-stepping scheme was then shown to be dissipative in the case of contact and friction,
and symplectic in their absence.

We then implemented the model numerically by solving the linear complementarity problem at each time-step, followed by a
global updating of the degrees of freedom not involved in the monolithic complementarity problem. By using the finite element
method, we were able to simulate a system of interest drawn from the literature, and show that our numerical method is able to
replicate the “supershear” behaviour that is observed in analytical and experimental studies of frictional rupture. The method
empirically demonstrates very good energetic conservation properties, and is able to complete using time-steps that are large
enough to be useful for practical simulations.

This work has demonstrated that the applications of convex analysis lead to physically correct and numerically efficient models
that can encompass fracture, contact and friction. In formulating this work, we decided to remain in the quasi-two-dimensional
and small displacement framework so that we could continue to benefit from the linear complementarity formulation. The nat-
ural extension of the work is to pass to a fully three-dimensional model, however this will require formulating the problem as
a second-order cone complementarity problem, and is a substantial leap in complexity. Other possible directions of research
would be to explore other (nonlinear) forms of the cohesion law, extend the model to model interface phenomena such as
“rate-and-state” friction, or combine crack propagation with other physical phenomena such as phase change.

A Reformulation of a bi-dimensional Coulomb-like inclusion into a comple-
mentarity problem

From Stewart and Trinkle (1996), we extend the results concerning the reformulation of Coulomb-like friction problem into
complementarity relations.

Lemma 2. Let a be a positive scalar. The solution yy, Y, Ty, Tr of the following inclusion

—yy € Ng+ (.%‘N)

(146)
~yr € (yv+a)sgn(z;) = yy0l|z,|,

is given by solving the following complementarity system

Uy L xy2=0
. L IAN+DTz, >

(0 0 (147)
A L oyyta—-1T9,>0,

0
0
0

N CININ

with y, = D¢, and D = [1, —1] Furthermore, we have |z| = \.

Proof The following equivalence is a standard result of Convex Analysis
—Yy € Np+(2y) <= 0 < yy Ly > 0. (148)
Let us consider the cases associated with

y L IAN+DTz, >0

<y (149)
<A L oyw— ]ngT >0
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1. A = 0. In that case, the complementarity condition implies
Tr =001 + 2 St a (150)

and then \ = |z;]|. Since g1 > 0, ¥r 2 > 0, we also have

:&TJ + @12

Yr = Gr1 — Y2 = Gr,1 + Gr2 — 2012 <
AT,l + @T,Q g

R _ A X ] (151)
- YUr =Ur2 —Yr,1 = Y2 + Yr1 — 2Z-/T,l

< U+ a
< Y+ a

N

and we conclude |y;| < yy + a.
2. A>0,9r1 > 0,9r,2 = 0. In that case, the complementarity condition implies
A=—2:>0,2: <0,yr,1 = U +q, (152)
and then y; = yy + a, x; < 0, A = |x4].
3. A>0,9r,1 = 0,9r,2 > 0. In that case, the complementarity condition implies
A=2:>0,2: > 0,912 = Y+ a, (153)
and then y; = —(yy + a), zr > 0, A = |z4].
4. A > 0,91 > 0,92 > 0. In that case, the complementarity condition implies
A=0. (154)
This case is not possible.

5. 2> 0,91 = 0,9r,2 = 0. In that case, the complementarity condition implies
U = —A, A = —Tp, A = Ty (155)

This case is not possible since a > 0.
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