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Abstract: The worst-case data-generating (WCDG) probability measure is introduced as a tool
for characterizing the generalization capabilities of machine learning algorithms. Such a WCDG
probability measure is shown to be the unique solution to two different optimization problems: (a)
The maximization of the expected loss over the set of probability measures on the datasets whose
relative entropy with respect to a reference measure is not larger than a given threshold; and (b)
The maximization of the expected loss with regularization by relative entropy with respect to the
reference measure. Such a reference measure can be interpreted as a prior on the datasets. Closed-
form expressions are presented for the sensitivity of the expected loss for a fixed model. These
tools result in the characterization of a novel expression for the generalization error of arbitrary
machine learning algorithms. This exact expression is provided in terms of the WCDG probability
measure and leads to an upper bound that is equal to the sum of the mutual information and the
lautum information between the models and the datasets, up to a constant factor. This upper
bound is shown to be achieved by a Gibbs algorithm.
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Une caractérisation exacte de ’erreur de
généralisation pour des algorithmes
d’apprentissage automatique

Résumé : La mesure de probabilité de génération de données dans le pire des
cas (GDPC) est présentée comme un outil permettant de caractériser les capac-
ités de généralisation des algorithmes d’apprentissage automatique. Une telle
mesure de probabilité de GDPC s’avére étre la solution unique & deux problémes
d’optimisation différents : (a) La maximisation de la perte (ou risque) espérée
sur l'ensemble des mesures de probabilité des données dont ’entropie relative
par rapport a une mesure de Téférence n’est pas supérieure a un seuil donné ;
et (b) La maximisation de la perte espérée avec une régularisation par entropie
relative par rapport a la mesure de référence. Une telle mesure de référence
peut &tre interprétée comme un a priori sur les données. Les cumulants de la
perte espérée lorsque les données sont obtenues en échantillonnant la mesure de
GDPC s’avérent majorés et minorés en termes des cumulants de la mesure de
référence. Des expressions sous forme fermée sont présentées pour la sensibilité
de la perte espérée pour un modéle fixe. Ces outils aboutissent a la carac-
térisation d’une nouvelle expression de ’erreur de généralisation pour les algo-
rithmes d’apprentissage automatique. Cette expression exacte est en fonction
de la mesure de probabilité de GDPC et conduit & une borne supérieure égale
a la somme de 'information mutuelle et I'information lautum entre les modéles
et les données, a un facteur prés. Cette limite supérieure est obtenue par un
algorithme de Gibbs. Cette découverte révele qu'une exploration de l'erreur
de généralisation de ’algorithme de Gibbs facilite la dérivation de conclusions
globales applicables a tout algorithme d’apprentissage automatique.

Mots-clés : Apprentissage Statistique, Error de généralisation, et algorithme
de Gibbs.
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1 Introduction

The problem of supervised machine learning is often formulated as an empirical
risk minimization (ERM) problem in which the optimization domain is a set of
models [1]. This formulation is based on the observation that the empirical risk
is the expectation of the loss function with respect to the empirical probability
measure induced by the training dataset. See for instance, Lemma [7} This
empirical measure is known in the realm of information theory as a type 2] (see
Deﬁnition. If the ground-truth data-generating (GTDG) probability measure
were available, optimal models would be the minimizers of the expectation of the
loss with respect to the GTDG probability measure, also known as the true risk
or population risk |1|. From this perspective, the type induced by the training
dataset is a replacement for the GTDG probability measure. That is, models are
chosen as the minimizers of the empirical risk instead of minimizers of the true
risk. Interestingly, large datasets might lead to types that are sufficiently close
to the GTDG probability measure with high probability [3]. Typically, such a
closeness is often measured in terms of a statistical distance, e.g., the relative
entropy of the type with respect to the GTDG probability measure.

The driving idea in this work is that the GTDG probability measure is likely to
be within a neighbourhood of the type induced by the training dataset. Side in-
formation might also lead to a prior on the data, and thus, the GTDG probabil-
ity measure is also likely to be within a neighbourhood of such a prior. From this
perspective, one can adopt a reference measure, which can be the type, a prior,
or a mixture of both, and form a unique neighbourhood around such a reference
measure. This neighbourhood includes all probability measures on the datasets
that are at a statistical distance smaller than or equal to a given threshold. A
robust choice of models is choosing them as the minimizers of the expectation
of the loss with respect to the worst-case data-generating (WCDG) probability
measure within such a neighbourhood. In this case, the WCDG probability
measure is assumed to be the measure that maximizes the expectation of the
loss for a fixed model. This problem formulation is a distributionally robust
optimization (DRO) problem [4./5] in which the statistical distance might be the
relative entropy as in 6], a Wasserstein distance as in |7[8], an f-divergence as
in [9,/10], among others. This problem can also be formulated via the maximum
entropy principle [11,/12] as in [13}/14]. Every choice of statistical distance leads
to a WCDG probability measure with particular properties.

When the statistical distance is the relative entropy, the resulting WCDG prob-
ability measure exhibits numerous properties that are central in the analysis
of key generalization metrics, namely, the generalization gap (GQG); the ex-
pected generalization gap (EGQ); and the doubly-expected generalization gap
(D-EGG). In the literature, the D-EGG is also referred to as the generaliza-
tion error (GE). The GG is calculated for a specific model and training dataset
as the difference between the true risk and the empirical risk induced by the
model on such a training dataset. While the GG does not provide a generaliza-
tion guarantee for a given model, it allows studying the impact of the training
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6 Zou, Perlaza, Esnaola, Altman, and Poor

dataset on the generalization capabilities. This observation is central to the
results presented in this work. When models are chosen by sampling a proba-
bility measure conditioned on the training dataset, the EGG is the expectation
of the GG with respect to such a probability measure. This probability mea-
sure is often referred to as the statistical learning algorithm. In this setting,
the dependence of the EGG on the training dataset is twofold. Firstly, via the
algorithm, which depends on the training dataset; and secondly, via the GG,
which involves the calculation of the empirical risk on the training dataset. The
D-EGG is the expectation of the EGG with respect to the GTDG probability
measure.

1.1 Existing Results

The GG, EGG, and D-EGG (or GE) are central performance metrics for the
analysis of the generalization capabilities of machine learning algorithms, see
for instance [15H19] and [20]. In particular, the D-EGG characterizes the ability
of the learning algorithm to correctly find patterns in datasets that are not
available during the training stage. Closed-form expressions for the EGG are
only known for the Gibbs algorithm in the case in which the reference measure is
a probability measure [15]; and for the case in which the reference measure is a o-
finite measure [21]. In the case of other algorithms, the D-EGG is characterized
by various upper-bounds leveraging different techniques. The metric of mutual
information is first proposed in [22], further developed in [17] and combined
with chaining methods in [23}24]. Similar bounds are obtained in [18|{2528| and
references therein. Other information measures such as the Wasserstein distance
[16,129,|30], maximal leakage [31/132], mutual f-information [33], and Jensen-
Shannon divergence [34] are also explored in the literature. Unfortunately, none
of the existing bounds has been shown to be uniformly tight in relevant practical
cases [35}36].

To circumvent the dependence of the D-EGG on the statistical description of the
training dataset and the specific learning algorithm in generalization analyses,
tools from combinatorics [37]; probability theory [38H40|; and information theory
[15,[17,[41] have been used with partial success. The main drawback of these
analytical approaches is that they provide guarantees that entail worst-case
dataset generation analysis but do not identify the data-generating measures
that curtail the generalization capability of the algorithm [36]. This, in turn,
results in descriptions of the D-EGG for which the dependence on the training
dataset and the selected algorithm is not made evident. Recent efforts for
highlighting the dependence of generalization capabilities on the training dataset
have led to explicit expressions for the GG and EGG when the models are
sampled using the Gibbs algorithm in [20,|42]. This line of work paved the way
to the study in this paper of the WCDG probability measures and their effect
on the D-EGG.

Inria



An Exact Characterization of the Generalization Error 7

1.2 Contributions

The first contribution consists of the derivation of a probability measure over
the datasets coined WCDG probability measure. The WCDG probability mea-
sure can be defined as the measure that maximizes the expectation of the loss
over a set of measures that are at a “statistical distance” with respect to a ref-
erence measure that is not larger than a given threshold. Alternatively, the
WCDG probability measure can be defined as the measure that maximizes the
expectation of the loss subject to a regularization by such a “statistical dis-
tance” with respect to the reference measure. When the “statistical distance” is
the relative entropy, both definitions are shown to be identical, under specific
conditions. Despite the limitations of relative entropy concerning its asymme-
try |10,/43] and the need of absolute continuity with respect to the reference
measure [9], the resulting WCDG probability measure is a Gibbs probability
measure (Theorem (1) parametrized by the reference measure; the regulariza-
tion parameter; and the loss function. This Gibbs probability measure is shown
to exhibit relevant properties in statistical machine learning. In particular, for
a fixed model, the loss resulting from the assumption that datapoints are sam-
pled from the WCDG probability measure is a sub-Gaussian random variable.
Moreover, the variation of the expectation of the loss when the probability mea-
sure changes from the WCDG probability measure to an alternative measure
has an explicit expression involving relative entropy terms. Using this result,
the variation of the expectation of the loss when the measure changes from an
arbitrary measure to any alternative measure is presented (Theorem . This
is a significant result as the reference measure and the regularization parameter
can be arbitrarily chosen, which leads to numerous closed-form expressions for
such a variation.

The second contribution leverages the observation that under the assumption
that datasets are tuples of independent and identically distributed datapoints,
datasets can be represented by their corresponding types, which are empirical
probability measures [2]. Interestingly, the empirical risk induced by a model
with respect to a given dataset is proved to be equal to the expectation of
the loss with respect to the corresponding type (Lemma . This observation
allows using Theorem [8] to provide an explicit expression to the difference be-
tween two empirical risks induced by the same model on two different datasets.
This difference is referred to as the sensitivity of the empirical risk. Using the
same arguments, closed-form expressions involving relative entropy terms are
provided for the GG induced by a fixed model.

The final contribution consists in using the WCDG probability measure to ob-
tain an exact expression of the D-EGG for any machine learning algorithm.
This exact expression is provided in terms of information measures involving
the WCDG probability measure and leads to an upper bound on the D-EGG
that is equal to the sum of the mutual information and the lautum informa-
tion between the models and the datasets, up to a constant factor. This upper
bound is shown to be achieved by a Gibbs algorithm whose parameters satisfy
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8 Zou, Perlaza, Esnaola, Altman, and Poor

particular conditions. This reveals the central place of the Gibbs algorithm in
statistical machine learning. Indeed, the Gibbs algorithm facilitates the deriva-
tion of overarching insights into the D-EGG applicable to any machine learning
algorithm.

1.3 Notation

Given a measurable space (2,.%), the notation A (€2) is used to represent the
set of o-finite measures that can be defined over (€,.%). Often, when the sigma-
algebra .# is fixed, it is hidden to ease notation. Given a measure @ € A (Q), the
subset Ag (92) of A (£2) contains all o-finite measures that are absolutely contin-
uous with respect to the measure Q. Given a second measurable space (X,9),
the notation A (Q|X) is used to represent the set of o-finite measures defined
over (€2, .%#) conditioned on an element of X.

2 Problem Formulation

Let M, X and Y, with M C R? and d € IN, be sets of models, patterns, and

labels, respectively. A pair (z,y) € X x Y is referred to as a labeled pattern or

as a data point. Given n data points, with n € IN, denoted by (z1,y1), (22,y2),
.+, (Tn,yn), a dataset is represented by the tuple:

z:((fﬂl,yl)7($27y2)7-~-,($n,yn))G(Xxy)". (1)

Let the function f : M x X — ) be such that the label assigned to the pattern x
according to the model 8 € M is

Yy = f(B,x) (2)

Let also the function R

£:YxY —]0,+00] (3)
be such that given a data point (z,y) € X x Y, the loss induced by a model 8 €
Mis £(f(0,x),y). In the following, the loss function ¢ is assumed to be non-
negative and for ally € Y, ¢ (y,y) = 0.

For the ease of notation, let the function £ : M x X x ) — [0, +o0] be such that
for all (z,y) € X x Y,

K(O,x,y) :é(f(evx)vy) (4)

The empirical risk induced by the model 8 € M, with respect to the dataset z
in (1)), is determined by the function L : (X x )" x M — [0,+00], which
satisfies

n

L(z,0) = Zé(e,xi,y», (5)

S|

Inria
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where the function ¢ is defined in .

Using this notation, the model selection problem is formulated as an empirical
risk minimization ERM problem, which consists of the following optimization
problem:

Iin L(z,0). (6)
The ERM problem is prone to overfitting since the set of solutions to (@ are
models selected specifically for the given data set z in , which limits the
generalization capability of the resulting optimal model. One way to compensate
for overfitting and adding more stability to the learning algorithm is by adding
a regularization term to the optimization problem in @ Such a regularization
term can be represented by a function R : M — R, which yields the regularized
ERM problem

min L(z,0)+AR(0), (7
where A is a nonnegative real that acts as a regularization parameter. The
regularization function constraints the choice of the model, which can be inter-
preted as requiring a finite space for the models or limiting the “complexity"
of the model [1]. One common choice for R is R (0) = ||@||,, with p > 1. The
norm is often used to account for the model complexity. Alternatively, the reg-
ularization parameter A determines the weight that regularization carries in the
model selection.

The main interest in this work is to study the generalization capability for a
given model 8 € M independently from how such a model is chosen.

3 The Worst-Case Data-Generating Probability
Measure

3.1 General Discussion

Given a probability measure Ps € A (X x )), which can be interpreted as
a prior on the set of data points, and a model 8 € M, looking for a WCDG
probability measure might lead to two different optimization problems. Both can
be defined in terms of the expected loss induced by a measure P € A (X x ),
for a given a model 8 € M.

Definition 1 (Expected Loss) Let P be a probability measure in A (X x V).
The expected loss with respect to a fized model @ € M induced by the measure
P is

Ro (P) = / (6, 2,4)dP(z. ), ()

where the function ¢ is defined in ,

RR n°® 9539



10 Zou, Perlaza, Esnaola, Altman, and Poor

Firstly, a neighborhood around Pgs is established through a statistical distance
d: AX xY)x A(X x)Y) = [0,+00). In view of this, the WCDG measure is
a probability measure that maximizes the expectation of the loss within such a
neighborhood. This view leads to the following problem:

max Rg (P) (9a)
PeA(XxY)
st.  d(P,Ps) <7, (9b)

where 7 > 0 determines the neighborhood around Ps as the set {P EANX XY):
d(P,Ps) < 'y} and the functional Ry is defined in . Secondly, a WCDG mea-
sure is also interpreted as a probability measure that trades off the maximization
of the expectation of the loss and the minimization of the statistical distance
with respect to Pg. This point of view leads to an optimization problem of the
form:

ma Re (P) — 8d (P, P, 10

o o (P) — pd (P, Ps), (10)

where 8 > 0 determines the trade-off between maximization of the expectation

of the loss and the statistical distance to Pg; and the functional Ry is defined

in (8). In this case, the convexity of d (P, Ps) with respect to P is a valuable
property for solving the optimization problem.

Depending on the choice of the statistical distance d in @ and , numerous
WCDG probability measures might be obtained. In either case, such WCDG
probability measures are subject to the limitations concerning the asymmetry
of d; limitations concerning the absolute continuity requirements with respect
to Pg; or limitations derived from the need for X x ) to be equipped with
a metric so as to form a Polish metric space. These limitations can lead the
problems in @ and to be ill posed, difficult to solve, to exhibit no solution,
or to exhibit solutions with poor properties for the analysis of generalization
in statistical machine learning. In particular, the statistical distance d can be
chosen as an f-divergence [44]. See for instance the examples in [9]. In this
case,

av.p) = [ (55 (@) aPay) (1)

where the function f : (0,400) — R is assumed to be concave and f(1) = 0;
and the function % : X x Y — [0,400) is the Radon-Nikodym derivative of
P with respect to Ps. For some choices of the function f, the corresponding
f-divergence can be symmetric, e.g., Jeffrey’s divergence [45]; or be asymmetric,
e.g., Kullback-Leibler divergence [46]. An interesting discussion on the impact
of asymmetry in optimization problems similar to the one in is presented
in [10] and [9]. In any case, if d is chosen as an f-divergence, the optimization
domain shall be restricted to the set of measures that are absolutely contin-
uous with Pg. This is essentially because the existence of a Radon-Nikodym
derivative with respect to Pg is required.

Inria



An Exact Characterization of the Generalization Error 11

An alternative choice for the statistical distance d in @D and is

a(P.Ps) =sw { [ o)y - [ 1apsy): Fe D)L (12)

where D is a particular set of functions X x ) — R. In such a formulation for d
in , while P is not required to be absolutely continuous with respect to Pg,
other requirements must be ensured. For instance, in the case in which the set D
is such that if f € D, then for all (z,y) € X xY and for all (u,v) € X x Y,

[f(@,y) = flu,v)[<d (2, y), (u,v)), (13)

with d being a metric on the set X x ), the resulting statistical distance is
the Kantorovich-Rubinstein distance, also known as the Wasserstein distance of
order one |47, Remark 6.5]. Note that this choice of D imposes the need of the
set X x ) to be equipped with the metric d in . Moreover, (X x Y, d) must
be a Polish metric space.

From the above, it becomes clear that every choice for the statistical distance
d comes with particular requirements. Thus, the search for an optimal choice
for d reduces to evaluating the properties of the resulting WCDG probability
measures and their impact in the analysis of generalization of machine learning
algorithms. In the following, it is argued that the choice of d as the relative
entropy, despite the limitations concerning its asymmetry and the restriction of
the optimization domains to measures that are absolutely continuous with Pg,
leads to a variety of properties that are central in the analysis of generaliza-
tion.

3.2 Relative Entropy Case

This section focuses on the special cases in which the statistical distance d in
@D and is chosen as the relative entropy. The relative entropy is the f-
divergence resulting from the choice of f(z) = zlog(z) in (TI). See for instance
[48]. Given two probability measures P and @ on the same measurable space
such that P is absolutely continuous with respect to @, the relative entropy of P
with respect to @ is

dpP dpP
D(PlQ) = [ fos (o)) datw), (1)
where the function % is the Radon-Nikodym derivative of P with respect to Q.
Using this notation, the optimization problems of interest are

max Re (P) (15a)
PeApg (XXY)
s.t. D (P||Ps) < 7, (15b)
and
Re (P) — 8D (P||Ps) . 16
posB | Ro (P)= 6D (P[Py) (16)

RR n°® 9539



12 Zou, Perlaza, Esnaola, Altman, and Poor

The optimization problems in and exhibit a major difference in the fol-
lowing case. If for all P € Ap,, the functional Rg in is such that Rg (P) = ¢,
for some fixed ¢ > 0, then all the measures in {P € A (X x V) : D (P||Ps) <7}
are solutions to the optimization problem in . Alternatively, the problem in
(16) exhibits a unique solution, which is Ps. Hence, while the former exhibits
infinitely many solutions, the latter exhibits only one. Although this difference
holds substantial mathematical importance, its practical relevance is limited, as
it only emerges in settings for which the expectation of the loss Rg(P) is the
same independently of the measure P. In order to avoid the above case, the
notion of separable loss functions, which is analogous to |21} Definition 4.1], is
introduced as follows.

Definition 2 Given a model 8 € M, the function £ in , s said to be sep-
arable with respect to the probability measure P € A (X x ), if there exist a
positive real ¢ > 0 and two subsets A and B of M that are nonnegligible with
respect to P, and for all ((z1,v1), (z2,1y2)) € A X B,

00,21,y1) < c < L(0,22,y2) < +00. (17)

When the function ¢ in is nonseparable with respect to the reference mea-
sure Pg, it is a constant almost surely with respect to such a measure. More
specifically, there exists a real a > 0, such that

Ps ({(z,y) e X x Y : £(0,z,y) = a}) =1, (18)

and as a consequence, for all probability measures P € Ap, (X x ), it holds
that P ({(z,y) € X x Y : €(0,2,y) = a}) = 1. With this pathological case of
nonseparable loss functions out of the way, the optimization problems in and
exhibit considerable similarity. This similarity is formalized in Theorem
below. Given a model 8 € M, let Jp; 9 : R — R be the function

S (t) = o [ exp (14(6.5.0))aPs(w.)). (19)
where the function /¢ is defined in (4)). The following lemma describes some
properties of the function Jp, ¢ in (19)).

Lemma 1 The function Jpg g in is convex, nondecreasing, and differen-
tiable infinitely many times in the interior of {t € R : Jpg o (t) < +oo}. If
the function £ in is separable with respect to Ps, then the function Jpg g is
strictly conve.

Proof: The proof is presented in Appendix [A] [ |
Let also the set Jpg ¢ be the set

jps’eé{t € (0,400): 0< Jp. 0 (%) < +oo} ; (20)

which exhibits the following property.

Inria



An Exact Characterization of the Generalization Error 13

Lemma 2 The set Jpg.0 in is either the empty set or an interval satisfying
(b, +00) C JIpg.0, for some b € [0, +00).

Proof: The proof is presented in Appendix ]

Using this notation, the following theorem formalizes the fact that the optimiza-
tion problems in and exhibit the same unique solution.

Theorem 1 If the function ¢ in s separable with respect to the measure
Ps and B € Jpg.e, with Jpy e in , then the probability measure P(Ilag’[% €
Apg (X x V) that satisfies for all (:E,y) € supp Ps,

dP(Ps,ﬂ)

210=0 e (L _ (l)) 1
29020 )= exp ( 56,0,) ~ o (5) ). (21)
where the function Jpg ¢ is defined in and

(Ps,

s the unique solution to the optimization problems in ) and .
Proof: The proof is presented in Appendix [C] ]

The probability measure Pg in Theorem [I| can be arbitrarily chosen, that is,
independent of the model 8. From this perspective, when the measure Pg is
interpreted as a prior on the datasets, the WCDG probability measure Pg‘vgg 2)
can be interpreted as the worst probability measure for model @ in the neigh-
borhood of the prior Ps. The reference measure Pg can also be chosen to be

dependent on the models. This case is studied in Section

The parameter - of the optimization problem in ([15) does not explicitly appear

(Ps,B) (Ps,B)
in the expression of the solution P 2|06 in (21), the probablhty measure PZ\ o0

does depend on 7. This dependence is shown via the equality in . Later,

in Lemma |6, it is shown that D (Péfg’ﬂ Z)”Ps) in is monotone with .

More importantly, if the function ¢ in is separable, the relative entropy

D ( éllj(; P ;HPS) is strictly decreasing with 8. This implies that there exists a

one-to-one mapping between  and -, and thus, the analysis can be indistinctly
carried out either for 8 or ~.

The probability measure P(‘S ’:ﬂ) in is a Gibbs probability measure [49].

In the remainder of this work, the probability measure P! 2| g’f‘)g is referred to
as the WCDG probability measure and the function Jp, ¢ in is referred to
as the log-partition function [50]. The WCDG probability measure exhibits a
number of interesting properties. The following lemma introduces two of these

properties, which are shown to be central in the remainder of this work.
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14 Zou, Perlaza, Esnaola, Altman, and Poor

Lemma 3 The probability measures PsA) g Ps in are mutually ab-

Z|©e=6
solutely continuous. Moreover, they satisfy:
1 Ps, (Ps,
o (5= (i) - (i) e
(Ps,
= Ro(Ps) + 8D (Ps|IPYs ) (24)

where the functional Rg and the function Jpg ¢ are in and , respectively.
Proof: The proof is presented in Appendix [ |

Lemma [3] implicitly characterizes the difference of the expected losses induced
by the WCDG probability measure and the reference measure. That is,

Ro (Phlols) ~Ro(Po) =5 (D (PG L1Ps) + D (PoIPSL,)) . (29)

where D ( ZI‘D:)’ BHPS) +D (P ||Pél‘3(f)’ﬁ2)> is Jeffrey’s divergence between P(I‘D(f)’ﬁ;
and Pg.

In the remainder of this work, the GTDG probability measure of the datapoints
is denoted by Pz € A (X x Y). The probability measure Pz is the measure
induced by a random variable Z on the measurable space of the datapoints.
Under the assumption that datasets are formed by n independent and identi-
cally distributed datapoints, the GTDG probability measure of such datasets
is denoted by Pz € A ((X x Y)"), which is a product measure formed by Py.

Alternatively, the probability measure p! \cf)ﬁ 39 in is induced by a random

variable Z on the measurable space of the datapoints. Under the assump-
tion that datasets are formed by m independent datapoints sampled from the
WCDG probability measure P( 59 the probability measure of such datasets

Z|©=6
P(erg P L, which is the product measure formed by P;)g P ()9

nutshell, datapoints and datasets sampled from the GTDG probability measure
are represented by the random variables Z and Z, respectively. Similarly, data-
points and datasets sampled from a WCDG probability measure are represented
by the random variables Z and Z, respectively.

is denoted by In a

3.3 Choice of the Reference Measure

Probably, the most intuitive choice of Pg is to be based on the training datasets.
In order to introduce this intuition, the notion of a type induced by a dataset |2]
is presented in the following.

Definition 3 (Type of a dataset) The type induced by the dataset z in 18
a probability measure in A (X x Y), denoted by P,, such that for all measurable
subsets A of X x Y,

1 n
= Ezl{@t,yt)eA}- (26)
t=1
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An Exact Characterization of the Generalization Error 15

For large values of n, it might be expected that the type P, induced by the
training dataset z € (X x J)" be within a neighborhood of the GTDG proba-
bility distribution Pz. More specifically, under the assumption that the sets X
and Y are discrete, such a neighborhood might be of the form

N (P7,)2{P € A(X x V) : D(P|[P7) <7}, (27)

for some v > 0. Nonetheless, the GTDG probability measure Pz being un-
known, it appears reasonable to choose the reference measure Ps identical to
the type P,. This leads to an optimization problem of the form in , whose
optimization domain is

N (P2, 7)2{P € Ap, (X x V) : D (P||P:) <} (28)

This choice presumes that the training dataset is sufficiently large to consider
that the GTDG probability measure is absolutely continuous with respect to
the type P, such that the GTDG probability measure Py is within N (Py,).
Another alternative for the choice of Pg in the optimization problems in and
is for instance a convex combination between the type P, and an arbitrary
probability measure known to be absolutely continuous with Py.

In any case, the choice of Pgs imposes a condition on the optimization domain of
the problems in and that translates into a strong inductive bias that
dominates the evidence provided by the training data. More specifically, the
optimization domain becomes a subset of the set of measures that are absolutely
continuous with respect to Ps.

4 Cumulants of the Expected Loss

The log-partition function Jpg ¢ in can be interpreted also as the cumulant
generating function of the random variable

Ve é€(97X7Y)7 (29>

with the function £ in and (X,Y) ~ Pg, with Ps in , for some given
model € that remains fixed. In particular, if the function Jp, ¢ is differentiable
around zero, its derivative of order n evaluated at zero reveals the n-th cumulant
of the random variable Vg in . More interestingly, the function Jp, ¢ in
is intimately related to the cumulant generating function of the random
variable

We é€(07Xa Y)7 <3O>

where (X,Y) ~ Pg‘rgf;, with Péif)’:ﬁz) in (21), for some given model 8 that
remains fixed. In particular, the cumulant generating function of the random

variable Wy, which is denoted by Jp<Ps=ff> 0" R — R, satisfies
Z|®e=86’

s oft) = log ([ ex (100, 2.9)aPL ) (w0) ). (31)

Z|©=6
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16 Zou, Perlaza, Esnaola, Altman, and Poor

where the function ¢ is defined in . The following lemma shows the exact
relation between these two cumulant generating functions.

Lemma 4 The function Jp, ¢ in and the function JP;D;Q,G n satisfy

1 1
JP(PS [;)0():.]13579 (t+*>*JpS,g (*) (32)
Z|l@=0’ ﬁ B
Proof: The proof is presented in Appendix [E] [ |

Let the m-th derivative of the function Jp, ¢ in be denoted by Jgg?e,
with m € IN. Hence, for all ¢ € R such that Jp, ¢ (t) < +o0,

m (pad” | (33)

Ps,e(t)Ad m‘JPS,B( )S ¢

Moreover, let the m-th derivative of the function J P(ps 8 g in . ) be denoted
Z|@=6’
JSZIZS 5 o' with m € IN. Hence, for all ¢ € R such that Jp, ¢ (t+ B) <

Z|®@=6"
+o00,

m m 1
5 02 (14 B) | (34)

Z|@=06’

The following lemma capitalizes on the observations above and provides explicit
expressions for the first, second and third derivatives of the function Jp, ¢ in
and its connections with the cumulants of the random variables Vp and Wy in

and , respectively.

Lemma 5 For all t € Jpg.e, with jps 9 in , the first, second and third

derivatives of the function Jps ¢ in , denoted respectively by JPS 07 JEDQS)’O

and Jggs)ye, satisfy that

1
1500 (;) = / (0,2,9)dPS", (r.y), (35)
2 1 1 1 Ps,
J%S)"’(Z):/(E(O’z’y) Jg"(t)) APy e (@), (56)
and

520(G) = [ (1000-324(3) ) a#i5e) )

where the function ¢ is in and the measure PS50 s in . The value

Z|©=6
Jgs)ﬂ (%) is strictly positive if and only if the function £ is separable with respect

to Ps. Moreover, if there exists real & > 0 such that the function Jpg ¢ is
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An Exact Characterization of the Generalization Error 17

differentiable within (—9,9), then

S0 0) = [ €6,2.5)Ps(z.), and (35)

126 (0) = [ (68.2.5) = 3 5/(0)) dPs(zy), and (39)

16 0) = [ (66,2,5) = 3 5(0) dPs(zn) (40)
Proof: The proof is presented in Appendix [F] [ |

From Lemma |5 it follows that the random variable Wy in possesses a

mean, variance, and third cumulant that are equivalent to Jggls) 0 (%) in ,

Jgs)ﬁ (%) in 7 and Jgs)ﬂ (%) in , respectively. Alternatively, under the
assumptions of the lemma, the random variable Vg in possesses a mean,
variance, and third cumulant that are equivalent to Jgs),e (0) in (38), Jgs),e (0)
in , and Jgg,g (0) in , respectively. The following corollary of Lemma
highlights the monotonicity of Jgs),e (%) with respect to f.

Corollary 1 The expected loss Jggls) 0 (%) m is nonincreasing with respect

to t in the interior of {s €ER:Jpso (%) < +oo}. Moreover, if the loss function
1

{in is separable with respect to Pg, Jgs)ﬁ (;) is strictly decreasing with t in
{seR:Jpso (L) <+oo}.

More generally, under the assumptions of the lemma, the random variables Vjy
in (29) and Wy in possess finite cumulants of all orders. That is, the values
Jgf;e (0) and Jgpn;?e (%), which are the m-th cumulants of the random variables
Vo and Wy, respectively, for all integers m > 0, are both finite. This observation
together with the mean value theorem [51, Theorem 5.10] lead to the following

characterization of the cumulants Jg:,)e (%) and Jgf;)o (0).

Theorem 2 Assume that there exists real d > 0 such that the function Jp, ¢ in
(19) s differentiable within (—9,8). Then, for all m € N, the function Jgg)g in
(33) satisfies for allt € Tpg,0, with JTps e in ,

JEDS,)Q(O) + Ecm,Q < J;S?B (;) < JE’S?G(O) + ;Cm,la (41)
and
Cm,1 = max PGt (1) , and (42)
’ s€(B,+00) Ps,0 S
1
T = i J(m+1) (7) 3
Cm,2 SE(IHB,IJIrlOO) Ps,0 s)’ (43)

are both finite.
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18 Zou, Perlaza, Esnaola, Altman, and Poor

Proof: The proof is presented in Appendix [G] [ |

In Theorem the case m = 1 is of little interest as Jgs),o(o) = Rg (Ps) and

1506 (5) = Re (Pgr gfé) and thus, the difference Rg (Péfgjg) — Re (Ps)

is well characterized by Jeffrey’s divergence in . Nonetheless, while the
inequality Jgjls) e(0) < Jgs),e (%) is always verified, Theorem [2| shows that such
inequality is not necessarily observed on the higher order cumulants. In the

case of the variance (m = 2), it might be observed that Jgs)’g(()) > Jgs),(? (%)

if co1 < 0. That is, the WCDG probability measure Pg)(f)’:ﬁ; in leads to a

larger expected loss than the one obtained with the reference measure Pg and at
the same time it induces a lower variance than the variance associated with the
reference measure Pg. Interestingly, the case in which the WCDG probability
measure induces both a larger expected loss and higher variance is also possible
when cp 2 > 0. A similar observation holds for cumulants of order m > 2.

The following theorem shows that the cumulant generating function J pPs) g
ACETE

of the random variable Wy in exhibits an important upper bound.

Theorem 3 For allt € {a € R: JP;Tgf;e(o‘) < 400}, the function Jpéfgféﬁ

mn satisfies the following inequality:

(1) 1) Lo
< hl -
Jp;gfe)ﬂ (t) <thpe (5 + 5t Chs 00 (44)

where Cpg 9 15 finite, and satisfies

Cpoo 2 sup{\/ 100©: ¢ (-0 3) } (45)

with
bEsup{a € R:Jp, 0 (a) <+oc}, (46)

and the functions Jgs),o and Jgs),e are defined in .
Proof: The proof is presented in Appendix [H] [ ]

The relevance of Theorem [3] lies on the fact that it implies that the random
variable Wy in (30) is a sub-Gaussian random variable with sub-Gaussian pa-
rameter (pg g in. An interesting discussion on the impact of the random
variable Wy being sub-Gaussian is presented in [17, Theorem 1].

Finally, leveraging the properties of sub-Gaussian random variables, e.g., [52,
Equation 2.9], the following holds for all a > 0:

Péfgf;({(x,y) EXXY: '6(0@,@/) 15 (%) ‘ > a}) < 2exp (—5%:) ,(47)
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An Exact Characterization of the Generalization Error 19

where (pg.¢ is defined in and Jg,ls)ﬂ (%) is the expected loss in (35)). This
type of concentration inequality allows the study of the robustness of the model
0 when it faces data sampled from WCDG probability distributions, which leads

to interesting guidelines for algorithm design.

5 (€,0)-Robustness and Algorithm Design

An important observation on the dependence of the WCDG probability distri-
bution Pg)gf; in on the parameter vy in is that for all P € N (Ps,7),

with A (Ps,v) in (27),

Re (P) < Re (Péllj = "g) (48)

Essentially, the WCDG probability measure P( 710 Ps.p ; is the measure that induces

the largest expected loss within the neighborhood N (Pg, ) of Pg. The following
lemma unveils the fact that such a neighborhood expands as =y increases or
equivalently, as 8 decreases.

Lemma 6 The relative entropy D ( ZI‘D:)’ GHPS> in satisfies

137 (Phalaips) == 55020 (5) <o (49)

where the function Jgs) o s defined in . Moreover, the inequality is strict if
and only if the function £ in is separable with respect to Pg.

Proof: The proof is presented in Appendix [[} ]

The key observation from Lemma [f] is that if the function ¢ is separable with
respect to Pg, there exists a bijection between v and § induced by the equality in

. Another interesting observation is that the variations of D (Péfg’ GHP )

in and the expected loss J(l) (%) in , with respect to 8 (or v), obey
a reveahng relation. Note that

d (Ps.B) 1d ( 1 >
dﬁD( Z\@ 9||P) ﬂdﬂJPS’ 6 ) (50>
which implies that both D (Pgrgﬁ 1)9||Ps) and Jgs)’g (%) are decreasing with

B. Nonetheless, their variations to changes in [ significantly differ. For val-
ues of B around one, given that 1 € Jp, 9, with Jpg ¢ in , the variations

of D (P;IJ(; ﬁéHPS) and Jg’ls)ﬁ (%) to changes in 8 are comparable. On the

contrary, for values away from one, the variations of these quantities might be
radically different. For instance, for large values of § € Jp, ¢, the variation

of Jgs)ﬂ (%) is larger than the variation of D ( ng’ﬁ;HP ) This is consistent
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20 Zou, Perlaza, Esnaola, Altman, and Poor

with the fact that greater values of 8 imply smaller values of . Hence, slightly
increasing the size of a small neighborhood leads to including more candidates
to be the WCDG probability measure, which appear to be more impactful in the
maximization of the expected loss. Alternatively, for smaller values of 5 € Jp 0,

which imply larger values of ~, the variation of D (PgrgféHPg) is larger than

the variation of Jgjls) 0 (%) with respect to 5. Hence, slightly varying the size of
a neighborhood that is already big does not lead to important variations in the

expected loss induced by WCDG probability measure.

The following definition describes a performance metric for a given data-generating
probability measure P € A ((X x J)") and a model 8 € M that leverages the
observations above and provides guidelines for the choice of the values of 8
(or 7).

Definition 4 ((¢,d)-Robustness) Given a pair of positive reals (0, €) with € <
1, a model 0 € M is said to be (0,¢€)-robust to a probability measure P €
A((X = Y)"), if

P({z € (suppPs)" : L(z,0) > 6}) <e. (51)

This notion of robustness enables the study of the performance guarantees that
a model 0 yields when faced with data generated by theWCDG probability
measure for specific parameters 8 and Ps. An important issue that arises from
this definition is the characterization of the largest value of v (or smallest value
of ) that achieves (e, d)-robustness, i.e. how much can the WCDG probability
measure deviate from the reference Pg while the guarantee still holds. The
following theorem establishes a link between (3, the reference Ps, the expected
loss, and the (e, §)-robustness that a given model @ achieves.

Theorem 4 The probability measure pirsB) satisfies that for all § >

Z|©=0
Jggls)ﬁ (%), with Jggls)ﬂ (%) mn ,
Pglggjz ({z c(XxY)":L(0,2)> 5}) < exp (—nD (Pgl’(f)f;>||Péfgf;)),(52)

where B* € (0,8) N Tps.0, with Tpg e in (20), satisfies

. 1
156 (6—> = 5; (53)
the function L is defined in (5)); and the measure szlrg’:’g)e eN(XxI)")isa
product measure formed by Pgrgf;.
Proof: This proof is presented in Appendix [J] [ |

Theoremdescribes the (¢, §)-robustness of a model  to the WCDG probability

measure Pglggf 39 € A ((X xY)"). Note such a probability measure describes
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An Exact Characterization of the Generalization Error 21

test datasets that are formed by n datapoints independently and identically

distributed with Pglj(f)’:ﬁ; in . Notably, such a description is in terms of

another WCDG probability distribution Pg\gf;)’ where 8* < (. Interestingly,

the WCDG probability measure nggﬁ;) induces an expected loss that is equal
to 0 and is greater than the expected loss induced by the WCDG probability
(Ps,B)

Y
measure PZ|®=0' In a nutshell, for all t € (0,8) N Jps.0, let 6, = ndps e (%)

and €, = exp <an (Péfg’i)e\\Péfgf‘)g)). Then, the model 0 is (e, §;)-robust

to the WCDG probability measure Pgﬁgfé.

The following theorem provides a (e, d)-robust guarantee to any product proba-
bility measure formed by a measure in the neighborhood N (Ps, ) in .

Theorem 5 For all models @ € M and for all Py € N (Pg,~), with N (Ps,~)
m and B in , it follows that for all § > Jg,ls)yg (%), with Jgglg_re <%) m
B3).
n Ly (1
Pz({z € (X x))":L(0,2) > 0}) < 5Jps e 3) (54)

where the function ¢ is defined in and the product probability measure Pz is
formed by Py.

Proof: The proof is presented in Appendix [K] [ |

The relevance of Theorem [5] is that given a model 0, it establishes that for all
0> Jgs)’g (%) and e; = %Jpls’g (%), such a model 0 is (es, §)-robust to all prob-
ability measures in N (Ps,7), with A" (Ps,v) in (27). This observation raises
the question of whether performing model selection based on the minimization
of JEDIS)’O (%) is an alternative for classical approaches based on empirical risk

minimization (ERM) as in [53|; or statistical ERM as in [21] and [9].

6 Sensitivity of the Expected Loss

Given model 8 € M, the variation of the expected loss when the probability
measure from which data points are sampled from varies to another measure
is referred to as the sensitivity of the expected loss. Such a sensitivity can be
quantified using the functional G : M X A (X x V) x A (X x V) = R,

G(0, Py, P;) = Rg(P1) — Rg(P2), (55)

where the functional Rg is defined in . The value G(0, Py, P») represents the
sensitivity of the expected loss Rg when the data-generating probability measure
changes from P, to P;. This section characterizes the sensitivity G(0, Py, P»)
for arbitrary measures P; and P,. To achieve this goal, the first result is the
characterization of the sensitivity of the expected loss to variations from the
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(Ps,B)
¥ Z|©=6
following theorem.

measure in (21)) to an alternative measure, which is presented in the

Theorem 6 (Sensitivity of the Expected Loss) The probability measure Péle ()9
in satisfies, for all P € Apy (X x )),

G (0. p05) = (DR - D (PIESS) - D(PUSIPS)), (36)

where the functional G is defined in .
Proof: The proof is presented in Appendix [[] [ |

The following theorem introduces an upper bound on the absolute value of the
sensitivity G (0 P, P;‘r g BZ;) <0in , which requires the calculation of only
one of the relative entropies in Theorem [6]

Theorem 7 The probability measure P( Ps:B) i satisfies for all P €

Z|e=6
Apg (X x V),
(P, ﬁ (Ps,B)

G (6.P.PLE") \/2<P oD (PIPSER), (57)
where CAPSﬂ satisfies

N 1

c%S,eﬁsup{ 32, ce (00— B) } (58)
with

b £ sup{a € (0,+00) : Jp,9 (a) < +00}, (59)

where the function Jpg ¢ is defined in ; the function Jgs)ﬂ is defined in ;
and the functional G is defined in .

Proof: The proof is presented in Appendix [M] [ |

(Ps,B)
PZ|® 0
to any alternative measure P provided by Theorem [f] it is possible to charac-
terize the variation from and to arbitrary measures, as shown by the following
theorem.

Theorem 8 For all Py € Ap, (X xY) and Py € Ap, (X x Y), and for all 0 €
M,

Equipped with the exact characterization of the sensitivity from the measure

G(0, P, Py) = B(D (RPYS ™)) = D (PIPYS ™))

D (Ps||Ps) + D (Pi|[Ps) ), (60)

where the functional G 1is deﬁned m ; and the parameter [, the model 0,
and the measures Pg and p l(f)’ A satisfy ,
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Proof: The proof is presented in Appendix [N} [ |

Note that the parameters S and Ps in can be arbitrarily chosen. This
is essentially because only the right-hand side of depends on Ps and (.
Another interesting observation is that none of the terms in the right-hand
side of depends simultaneously on both P; and P,. Interestingly, these
terms dependent exclusively on the pair formed by P; and Pg, with i € {1,2}.
These observations highlight the significant flexibility of the expression in
to construct closed-form expressions for the sensitivity G(6, Py, P») in . The
only constraint on the choice of Pg is that both measures P; and P, must be
absolutely continuous with respect to Pg. The following corollary follows by
adopting particular choices for Pg. Two choices of Pg for which the expression
in the right-hand side of significantly simplifies are Ps = P; and Ps = P,
which leads to the following corollary of Theorem

Corollary 2 If Py is absolutely continuous with Py, then the value G(0, Py, Ps)

n satisfies:

G0, P, P)=5 (D (Rl PY 5%, ) = D (PSS, ) + D(RIR) ). (61)

Alternatively, if Py is absolutely continuous with Py then,

(0. P Po)=6 (D (RIPYS%,) = D (PUIPYS?,) = D(BalPY)) . (62)

where for all i € {1,2}, the probability measure Pélé’ﬁ)e satisfies under the
assumption that Ps = P;.

Interestingly, absolute continuity of P; with respect to P, or P, with respect
to P; is not necessary for obtaining an expression for the value G(0, Py, P,)
in . Note by choosing Ps as a convex combination of P; and Ps, always
guarantees an explicit expression for G(0, Py, P») independently of whether these
measures are absolutely continuous with respect to each other.

6.1 Sensitivity of the Empirical-Risk

The following lemma shows that the empirical risk L(z, ) in can be written
as the expectation of the loss with respect to the type P, in . This is
formalized by the following lemma.

Lemma 7 (Empirical Risks Via Type) The empirical risk L(z,0) in
satisfies

L(2.0) = / 08,2, y)APx(z,y) = Ro(P). (63)

where the measure P, is the type induced by the dataset z; and the function £
and the functional Ry are defined in and , respectively.
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Proof: The proof is presented in Appendix [ |

Equipped with the result in Lemma [7] for a fixed model, the sensitivity of
the empirical risk to changes on the datasets can be characterized using the
function G in (58)). Consider two datasets z1 € (X x V)" and z; € (X x V)"
that induce the types P,, and P,,, respectively. The sensitivity of the empirical
risk when the dataset changes from z5 to z1, for a fixed model 8 € M, is

G(0,P,,,P,,) =L(2z1,0) — L(22,0). (64)

where the functional G is defined in (55). The following theorem characterizes
the sensitivity of the empirical risk.

Theorem 9 Given two datasets z; € (X x V)" and zo € (X x V)", whose
types P,, and P,, are absolutely continuous with respect to the measure Pg
mn , it holds that for all @ € M,

G(0.P.,, P.) = B(D (P PY5)

Ps,
=D (P |PS5") = D (PoyllPs) + D (P IPs) ), (65)

where the functional G is in ; the model @, and the measures Ps and nggf;
satisfy .

Proof: The proof follows from the equality in , which together with Theo-
rem [§ completes the proof. ]

In Theorem|[J} the reference measure Pg can be arbitrarily chosen as long as both
types P, and P,, are absolutely continuous with Ps. A choice that satisfies this
constraint is the type induced by the aggregation of both datasets z; and zs,
which is denoted by zg = (21,22) € (X x V)", with ng = ny + na. The type
induced by the aggregated dataset zo, denoted by P,,, is a convex combination
of the types P, and P;,, that is, P,, = 21 P;, + 12 P;, |20], which satisfies the
absolute continuity condition in Theorem

From Theorem [J] it appears that the difference between a test empirical risk
L(z1,0) and the training empirical risk L(z2,0) of a given model z is de-
termined by two values: (a) the difference of the “statistical distance” from

the types induced by the training and test datasets to the WCDG probabil-
ity measure, i.e., D (PzzHPéT(;f;) -D (le ||ng’£g); and (b) the difference
of the “statistical distance” from the types to the reference measure Pg, i.e.,
D (lellps) -D (Pz2||PS)'

6.2 Analysis of the Generalization Gap

Given a model @ € M obtained from the training dataset z € (X x V)", the
generalization gap it induces, under the assumption that training and test data-
points are independent and identically distributed according to the probability
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measure Py € A (X x Y), is
G(0, Pz, P;) = Ro(Pz) — Ro(P%). (66)

where the functional G is defined in and the function Ry is defined in .
The term Rg(P,) = L(z,0) is the training empirical risk, see for instance [1,
Equation (3.4)]. Alternatively, the term Rg (Pz) is the expected loss under the
assumption that the data-generating probability measure is the GTDG proba-
bility measure P;. This term is often referred to as the true risk or population
risk. In view of this, the value G(0, Pz, P,) in describes the variation of
the expected empirical risk when the distribution of the datasets changes from
the type P, to the GTDG probability measure Pz, which is characterized by
the following lemma.

Lemma 8 The generalization gap G(0, Pz, P,) in satisfies:

G(6, P2, P.) = B(D (PPYZ")) = D (P2 = D (P2IPY ) ). (67)

where the measure Pgljéf; s defined in under the assumption that Ps =
Py.

Proof: The proof follows from Corollary [2] by noticing that the type P, is
absolutely continuous with respect to Py. ]

Lemma [8] highlights the intuition that if the type P, induced by the training
dataset z is at arbitrary small “statistical distance” of the GTDG probability
measure Py, the generalization gap G(0, Pz, P;) in is arbitrarily close to
zero. This is revealed by the facts that D (P,||Pz) would be arbitrarily small;

and so would be the difference D (P.|PY2 %)) ~ D (P4|PY=")).

A more general expression for the generalization gap G(0, Pz, P,) in is
provided by the following corollary of Theorem [

Corollary 3 The generalization gap G(0, Pz, Py,) in satisfies:

Ps, Ps,
G(8, Pz, P.) = (D (PAPYS")) — D (P2IPYSE)

—D (P.|[Ps) + D (P4]|Ps) ), (68)

where the measure nggf; 8 in .

Note that several expressions for the generalization gap G(0, Pz, P,) in can
be obtained from Corollary [3] by choosing the reference Pg and the parameter /3

in .
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7 The Worst-Case Data-Generating Probability
Measure and Generalization

Consider a conditioned probability measure Pg)|z, such that given a training
dataset z € (X x )", the measure Pgjz—, € A (M) is used to perform
model selection, e.g., by sampling such a measure. Hence, the conditional mea-
sure Pg|z is referred to as a statistical learning algorithm. This section provides
explicit expressions for the generalization gap induced by the algorithm Pg|z—.,
for some training dataset z; and also explicit expressions for the generalization
gap induced by the algorithm Pg|z when training datapoints are assumed to be
sampled from a particular probability measure in A (X x )). These generaliza-
tion metrics are referred to as expected generalization gap and doubly-expected
generalization gap.

In order to formally defined the expected generalization gap, let G : A (M) x
A (X xY)x A(X x)Y)— R be a functional such that

G(Q. Pr, Py)= / G(6, Py, P2)AQ (8), (69)

where the functional G is defined in . Using this notation, the expected
generalization gap induced by the algorithm Pg|z, when the training dataset
is z, is

G(PG\Z:zaP27Pz):/G(67PZ7Pz)dP@|Z:z (0) (70)

From Corollary (3| by strategically choosing the reference measure Pg and the
parameter [ in , numerous closed-form expressions for the expected gener-
alization gap induced by the algorithm Pg|z, when the training dataset is z,
are obtained. Interestingly, regardless of the choice of Ps and 3, the result-
ing expressions highlight the impact of the training dataset z on the expected
generalization gap é(P@‘Z:z, Pz, P,) in .

The expected generalization gap é(P@| Z—2, Pz, P,) depends on the training
dataset z. The doubly-expected generalization gap is obtained by taking the
expectation of @(P@‘Zzz,PZ,PZ) when z € (X x V)" is sampled from Pz €
A ((X x Y)"), which is assumed to be a product distribution formed by Py in

(7).
In order to formally defined the doubly-generalization gap, let G:A (M] (X x Y)")x
A (X x V)" — R be a function such that

G(Poiz, P)= [ [G(O.P.P )P z-4(6)0P(2). ()

where P, is the type induced by a dataset z € (X x )" and the functional G

is defined in .
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Using this notation, the doubly-expected generalization gap induced by the
algorithm Pg)z, when the training and test datasets are both formed by inde-
pendent and identically distributed datapoints sampled from the measure Py,
is

CPoiz. Pz)= / / G(0.P7,P.)dPo|z—.(0)dPs(=). (72)

where the generalization gap G(0, Pz, P,) is defined in ; and Pz is a prod-
uct measure formed by Pz. In existing literature, the doubly-expected gener-
alization gap is simply referred to as generalization gap or generalization error,
and thus, the distinction with generalization gaps that are dependent on spe-
cific models and training datasets is often neglected. See for instance [15], [17]
and [21]. In this work, such a distinction is important.

7.1 An Exact Expression for the Doubly-Expected Gen-
eralization Gap

As in the case of the expected generalization gap, Corollary [3] leads to numer-
ous closed-form expressions for the doubly-expected generalization gap induced
by an algorithm Pg|z, when the training and test datasets are both formed
by independent and identically distributed datapoints sampled from the mea-
sure Pz. One of such expressions is of particular interest and is thoroughly
studied in this subsection. Nonetheless, before presenting this expression, the
following notation is introduced:

I (Pe\z;Pz)é/D(P@Z:,,HP@)dPZ (73)
- / D(Pzj6-0l|Pz)dPe(6); and (74)
L (Poyz: Pz)* | D(Pol|Pojz-) dPz(v) (75)
~ [ D(P2lPrio-o)dre®) (76)

where Pz is the product measure formed by Pz; and Pg is a probability measure
such that for all measurable subsets A of M,

Pg (A) = /P®|Z=u (A)dPz (v); (77)

and the conditional probability measure Pz g satisfies for all measurable subsets
Bof (X xY)",

Pz (B) = / Pzie—o (B)dPo (). (78)

Note that for all € M, the measure Pzg—g is a product measure formed by a
probability measure Pzjg—g € A (X x )). More especifically, for all measurable
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sets A; in X x YV, with i € {1,2,...,n}, it follows that

Pz|@:3 (Al X ./42 X ... X An) = H Pz‘@:g (.At) . (79)

t=1

The quantity I (P@|Z;PZ) in is the mutual information |54] between the
random variables ® and Z, which represent the models and (training and
test) datasets, when they are jointly sampled from the probability measure
Poz € A (M x (X x))"), whose marginals are Pg and Pz in and (78),
respectively. Alternatively, the quantity L (P@| Z; PZ) in is the lautum in-
formation |55] between such random variables ® and Z. The equality in
justifies the following equalities

"1 (Pojz; Pz)= / D (Pz0-4l|P7) dPo (8) and (80)

L (Pozi Pz)= [ D (Pz|[Prie-0) dFe(6), (s1)

which are well known properties of mutual information [56] and lautum infor-
mation [55].

Using this notation, the main result of this section is presented by the following
theorem.

Theorem 10 The doubly-expected generalization gap E(P@‘Z, Pz) in , with
Pz e A((X xY)"), satisfies

1= (Pzj0=6,8)

1
BG(P@\Z,PZ)ZEL (Pez: Pz) +/D (Pz|@:0|\PZ|@:9 ) dPe (0)

~ [0 (Parlzoe ) are 6) (82)

where the term L (P@|Z;Pzg s in ,' the measure Pz @ is defined in ;

Pzie=6; . .. . .
and the measure PZ|(;‘=9079 ? is the WCDG probability measure in , with

reference measure Pze—g and
1
g€ {t >0:V0 € M,/exp (g Z(G,x,y)) dPzie=e(z,y) < —|—oo} . (83)

Proof: The proof is presented in Appendix [P} [ |

Theorem [I0] appears to be the first exact characterization of the generalization
gap induced by an arbitrary algorithm Pg|z in terms of information measures.
The following corollary of Theorem [10| unveils an upper bound, which is shown
to be intimately linked to the celebrated Gibbs algorithm, and adds interest
to the characterization of the generalization gap via the WCDG probability
measure.
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Theorem 11 The doubly-expected generalization gap E(P@”Z,PZ), m ,
with Pz € A ((X x Y)"), satisfies

6(P®|Z7PZ) < g (I (Pe|z;Pz) + L (Pe)z; Pz)) (84)

where the terms I (P@‘Z;PZ) and L (P@|Z;Pz) are in and ; and f3

(Pzi0=6.8)

satisfies for all @ € M, D (PZ||PZ‘®:9 = 0, with the measures Pz and

P(Pz\@):Gvﬁ) deﬁned m '

Z|®=6
Proof: The proof is presented in Appendix ]

Note that the exact calculation of the expression in Theorem and even the
upper bound in Theorem requires solving a problem of the form in or
, with reference measure Pzg—g, for all 8 € M and some regularization
parameter 5 > 0 that satisfies . In a nutshell, one WCDG probability
measure must be calculated for each element of the set of models M. Calculating
the upper bound in Theorem [11]is not easier. Obtaining the g in requires
solving the equality D (PZHPng@Z‘:@;e’ﬁ)
M to verify . Despite this disproportionate complexity, thanks to this
characterization in terms of the WCDG probability measure, it is easy to show
that there exists a Gibbs probability measure that achieves such an upper bound
in Theorem [T11

) = 0 at least once for all models in

7.2 The Gibbs Algorithm

A typical example of a statistical learning algorithm is the Gibbs algorithm,

which is parametrized by a positive real A and by a o-measure Q € A (M, % (M))
[21]. In the following, the focus is on the case in which @ is a probability mea-

sure. Under this assumption, the probability measure representing such an

algorithm, which is denoted by J-j(ec‘I?’ZA ) with \ > 0, satisfies for all 8 € supp @

and for all z € (X x V)",

dp@:N 1 1
®|Z==z
O (p)exp (K () ~ 3L (2.0)). (55)
where the dataset z represents the training dataset; and the function Kgq , :
R — R satisfies

Ko (t) = log < / exp (£ L (2, 0)) dQ(B)) . (86)

The doubly-expected generalization gap induced by the Gibbs algorithm with
parameters @ and A, under the assumption that datasets are sampled from a
product distribution Pz € A ((X x Y)") formed by the measure Py is

G(Pgly" Pa), (87)
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where the fuctional G is defined in and the measure Pz € A (X x V)" is a
product measure obtained from Pz. Such a doubly-expected generalization gap
satisfies the following property.

Lemma 9 (Generalization Gap of the Gibbs Algorithm) The generaliza-

tion gap @(PCS)?’Z)‘),PZ) in satisfies

GRS Po)=A(1(PS):P2) +L(FS Pz) ), (88)

where the terms I (P(S)C‘Q’ZA);PZ) and L (P(E)%Z/\)?PZ) are, respectively, a mutual

information and a lautum information:

1(PS3Y Pz)2 / D(PSY P& )dPz(v); and (89)
A A A
L(PS) P2)® [D(PEIIPSY, ) aPaw) (90)

with P(S)Q’A) being a measure such that for all measurable subsets A of M,

PO (4) = / PEY  (A)dPz (2). (91)

Proof: This result has been proved before in the case in which @ is a probability
measure in |15]; and in the more general case in which @ is a o-finite measure
in |21]. A proof for the particular case in which @ is a probability measure
and datasets are formed by independent and identically distributed datapoints
is presented in [57] |

Note that T (ng’;); PZ> in and L (P(qu?’ZA); PZ) in also satisfy that

A A A A
T(PS25i &) = [ D(PLR2IP2)APS ) (92
and

WA WA WA A
L (Pl PS)= [ D(Pal P2 )P ), (99)

where Pé?éﬁ Jen ((X x V)" |M) is the conditional probability measure that

satisfies

Pz (B)= [ Py (B)28 ). (94)

Moreover, for all 8 € M, the measure ngéﬁ:)e € A ((X xY)"|M) is a product

measure formed by a measure Pé?@B:) o € A(X x YIM) that satisfies for all
measurable sets A; in X x Y, with i € {1,2,...,n},

P g (A x Ay xox Ag) = [] PSR (A (95)
t=1
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Using this notation, Theorem [[1] and Lemma [J] lead to the following theo-
rem.

Theorem 12 Assume that there exits a A > 0 that satisfies
. 1 (QN)
A€ENE>0:V0 e M, [exp - £0,x,y) dPZlG:e(x,y) < 4ocop, (96)

where the function £ is defined in ; and the measure Péclgé)‘z)e s defined in

PN
(©5). Let the measure P;;'j;e ) be the WCDG probability measure of the
form in . If X satisfies for all @ € M,
PN A
D (lelpélgf;" >) =0, (97)

then, for all Pe|z € A (.A/L|(X x V)"), the doubly-expected generalization gaps
@(P@|Z,PZ) in and @(P(E)Ql;),PZ) n satisfy

G(Po\z, Pz)<G(PSl3", Pz). (98)

Proof: The proof follows by choosing A = % in Theorem [11f and verifying that
under such a choice the resulting expressions in and are identical.
|

Theorem [12| shows that, under the assumption that datasets are sampled from
Pz, the doubly-expected generalization gap of any algorithm Pg|z is upper-
bounded by the doubly-expected generalization gap induced by a particular

Gibbs algorithm Pglg’z)‘ ). Such a particular Gibbs algorithm induces a posterior
for a given model 6, denoted Pécleg‘:)e in . When such a posterior is used
as a reference measure to build the WCDG probability measure for such a

pL@:N) n)\)

model 8, with parameter n), it leads to the probability measure Pzg\ ;'f’; e

Surprisingly, from , it follows that for all 8 € M, such a WCDG probability
PN

measure Pzg\(;fe: o) is identical to the actual GTDG probability measure Py.

Hence, one can conclude that by choosing the reference measure Pg in to

be dependent on the models, e.g., Pg = Pé?él)ev it is possible to observe that

PN oy
the resulting WCDG probability measure Pé‘ (;':99: o) becomes invariant with
respect to 6. This is reminiscent of the principle of indifference over which
is built the notion of equilibrium in zero-sum games with noisy observations.
Nonetheless, this game-theoretic analysis is beyond the scope of this paper. The

interested reader is referred to 58| and references therein.
The inequality in reveals the central role of the Gibbs algorithm in statis-

tical machine learning. Essentially, by studying the Gibbs algorithm P(chg’; ), for
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which its parameters () and A\ are chosen to satisfy , the doubly-expected

RSN
generalization gap of any algorithm facing data sampled from Py = Pél é‘:ee:e ")
can be upper bounded.

8 Conclusions and Final Remarks

The WCDG probability measure in Theorem [1| has been shown to be a corner-
stone of statistical machine learning. This is backed by the fact that fundamental
performance metrics, such as the sensitivity of the expected loss, the sensitivity
of the empirical risk, the expected generalization gap, and the doubly-expected
generalization gap are shown to have closed-form expressions involving such a
measure. Interestingly, the WCDG probability measure is a Gibbs probability
measure that, for a fixed model, induces an empirical risk that is a sub-Gaussian
random variable. All the cumulants of the WCDG are finite and explicit ex-
pressions for upper and lower bounds on all cumulants are derived in terms of
the cumulants of the reference measure. This analysis has led to the notion
of (e, d)-robustness, which allows the study of the generalization capabilities of
any model when it faces data generated from the WCDG probability measure.
Finally, thanks to the WCDG, the first explicit expression in terms of infor-
mation measures of the doubly-expected generalization gap (or generalization
error) for any statistical learning algorithm has been presented. This expression
has been distilled to obtain an upper-bound on the doubly-expected geneal-
ization gap consisting of the sum of the mutual information and the lautum
information between the models and the datasets. The bound is shown to be
tight for a Gibbs algorithm. This observation reveals the central role of the
Gibbs algorithm in the characterization of the doubly-expected generalization

gap.
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Appendices

A Proof of Lemma [1]

Proof: The proof of convexity is as follows. Let (v1,72) € R?, with v; # 7o
being fixed. Assume that Jpg g(71) < +00 and Jpg g(72) < +00. Then, for all
a € (0,1), the following holds

exp (’ylt)dPg(t)) + (1 —a)log (/ exp (’Vgt)dPs(t)) (99)

exp (11)dPs(1)) ) + log (( [ow (wt)dps(t))la) (100)

= log ( /exp (’ylt)dPs(t))a</ exp (Wgt)dPg(t))1a> (101)
=log ( /exp (’ylat)des(t)> ’ </exp (y2(1 — a)t)qus(t)> i) (102)
> tog [ exp (nat) exp (21 — a)aPs()) (103
= log </ exp (y1at + y2(1 — a)t)dPS(t)) (104)
= Jpso(ma+72(1 - a)), (105)

where the equality in (102) follows with o £ % and 1—a £ %; and the inequality
in (103) follows from Hélder’s inequality [59, Theorem 2.4.5]. This proves the
convexity of the function Jp, .

Note that, also from Hélder’s inequality [59, Theorem 2.4.5|, the equality in
(I103]) holds if and only if there exist two constants 31 and B2, not simultaneously
equal to zero, such that the set

A={(z,y) € X x Y : Brexp (114(0,z,y)) = P2 exp (124(0,z,y))} (106)
(@ e X x i e (0 -0 0) = 2} (107

log (52) }

(11— 2) ’

satisfies Ps(A) = 1. Note that if such a set A exists, the loss function ¢ is
nonseparable (Definition . This proves the strict convexity for seperable loss
functions.

- {(x,y) EXXY:U(0,z,y) = (108)

The proof of monotonicity follows from noticing that for all (¢1,t2) E{t eR:
Jpsa(t) < —1—00}2, such that t; < to, it follows that for all @ € M and for all
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(z,y) € supp Ps, the inequality exp (¢1£4(0,x,y)) < exp (t24(0, x,y)) holds. This
implies that Jpg g(t1) < Jpg.e(t2) < 400, which proves that the function is

nondecreasing. Moreover, the equality holds if and only if Pg ({(x, y)eX XY
08, z,y) = 0}): 1.

The continuity of the function Jp, ¢ follows from observing that for all a €
{t e R:Jpg6(t) < +0o0}, it holds that

Jim Jp0(6) = Jim o ( [ exp (1400, .4)Ps(.0)) (109)
~ log (}LI% / exp (w(a,x,y))dps(x,y)> (110)
~log (/gg% exp (H(6,2,9))dP5 ) ) (111)
~log ( / exp (al(8, ., y))dPs x, y)> (112)
= Jr,.0(0), (113)

where equalities in and follow from the fact that both the logarithmic
and exponential functions are continuous; and equality in follows from
the dominated convergence theorem [59, Theorem 1.6.9]. This proves that the
function Jp, ¢ is continuous in the interior of {t € R : Jp, ¢ (t) < +00}.

The proof of differentiability follows by considering the transport of the measure
Ps from (X x Y, Frxxy) to (]0,+00], ([0, +00])) through the function gg :
X x Y — [0,+00] such that gg(z,y) = £(6,,y), with £ in ({@). Denote the
resulting probability measure in ([0, +o00], Z([0, +0])) by T’pg,e. That is, for all
A e A(]0, +)),

Tpso (A) =P (g5 (A)), (114)
where the term g, ' (A) represents the set

9o (A) 2 {(z,y) € X x V: go(x,y) € A}.
Hence, the following holds
S t) = log [ exp (1406, ,9))Ps(e.1) ) (115)
~ log < / exp (w)dTPS,g(U)) (116)

where equality in (116]) follows from |59, Theorem 1.6.12].

Denote by ¢ the Laplace transform of the measure Pg. That is for all ¢ €
{zr €eR:Jpgo(x) < +o0},

o(t) = /exp (tv)dTpg0(v). (117)
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Hence, ¢(t) = exp (Jpg(t)). From [60, Theorem la (page 439)], it follows
that the function ¢ has derivatives of all orders in {t € R: Jp, ¢ () < +0o0},
and thus, so does the function Jp, g in the interior of {t € R : Jp, g (t) < +o0}.
This completes the proof. |

B Proof of Lemma 2|

Proof: Under the assumption that the set Jp, ¢ is not empty, there always exists
a positive b € Jpy 9, such that Jpg o (%) < +00. From Lemma |1] it follows
that the function Jp, ¢ is nondecreasing, which implies that [b, +00) € Jpg 0.
Moreover, let b* € [0, 400) be

b* £ inf Jpy 0. (118)

Hence, it follows that (b*,+00) € Jpg g, which completes the proof. =

C Proof of Theorem [1I

Proof: The optimization problem in can be written as follows:

dP
max /f(@,m,y)@(x,y)dPs(x,y)

PeApg(xxy)
dpP dpP
-5 [fptwtos (Stw) ) aPstay) (192)
dpP
s.t. /@(x,y)dPs(x,y) =1. (119b)

The remainder of the proof focuses on the problem in which the optimization is
over the Radon-Nikodym derivative % instead of the measure P. This is due
to the fact that for all P € Ap, (X x )), the Radon-Nikodym derivative % is
unique up to sets of zero measure with respect to Ps.

Let M be the set of measurable functions X x ) — R with respect to the
measurable spaces (X x ), Fxxy) and (R, Z (R)). Let . be the subset of M
including all nonnegative functions that are absolutely integrable with respect
to Pg. That is, for all h € .7, it holds that

/ (h(, )| dPs(a,y) < . (120)

Note that the set .# forms a real vector space and the set .¥ is a convex subset
of .#. Note also that the constraint in is satisfied by the probability
measure Pg, which also satisfies Ps € Ap(xxy). Hence, the constraint does
not induce an empty feasible set. Finally, note that the optimization problem
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in (119) can be written as a minimization of the form:

i — (0 dP
min /g(m,y) (0,z,y)dPs(z,y)

+8 / oz ) log (g(z, y))dPs(z, ), (121a)

s. t. /g(m,y)dPS(x,y) =1, (121b)

where the expression — [ g(z,y)0(0,z,y)dPs(x,y) is linear with g; the expres-
sion 8 [ g(z,y)log (9(z,y))dPs(x,y) is convex with g; and [ g(z,y)dPs(z,y) is
linear with g.

The proof continues by assuming that the problem in (121)) possesses a solution,
which is denoted by ¢g* € .. Let pg € [0,400) be

o £ min— / 9(.9)0(8,2,y)APs (z.,y) + B / o(ay)log (g(z,))dPs (,y)

geS

s. t./g(w,y)dPS(x,y) =1 (122a)

- / g*(@.9)0(0,2.5)APs(.y)+ / g (2.9 log(g*(2.4))APs(z.). (122b)

Let the Lagrangian of the optimization problem in (121) be the functional L :
¥ x R — R such that

L(gN)=— / oz 9)0(8, 2,4)dPs(x,) + B / o(z, y)og (9(z, y))dPs(z, )
+A (/ g(z,y)dPs(x,y) — 1) , (123)

where A is a real that acts as Lagrangian multiplier for the constraint in (119b)).
Let h : X XY — R be a function in .. The Gateaux differential of the
function L in (123)) at (b, A) € . x R in the direction of g, if it exists, is

d
OL (9. \ih) & ~—r(a)

, (124)
a=0

where the function r» : R — R is such that for all « € (—e,€), with € > 0
arbitrarily small,

ra) = — / (9, ) + ah(a, 1)) (8, 7, y)dPs(x, )
8 / (9(z, ) + oh(z,y)) log (g(x ) + ah(z, y))dPs(z, y)

A / (g(z,y) + ahlz, ) dPs(z,y) — A (125)
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which can be rewritten as follows,

rla) = [ (= 18.2.9)) (9l.1) + ah(z. 1)) dPs(.) (126)
+6/(9(x,y) +ah(z,y))log (g(z,y) + ah(z,y))dPs(z,y) = A (127)

Note that the first term in (125)) is linear with «; the second term can be written
using the function 7 : R — R such that

f(oz)=/(g(xyy)+ah(x,y))log(g(xyy)+ah(x’y))dPs(x,y); (128)

and the third term is independent of «.

Hence, based on the fact the function # in (128]) is differentiable at zero |61,
Lemma 9], so is the function r in ([125]), which implies that the Gateaux differ-

ential of OL (g, \; h) in (124) exists.

The derivative of the real function r is

d d
@7"(0{) = @

+5 [ (s(e)+anea) iog (s(e0) +ah) )aPsa) -2) - (129)

:/(A—E(B,x,y))h(%y)dps (z,y)

([ 0= 10020 (9 ) + ah () aPs (22

+8 [1:( (st +an(o) ) og (glz0) +ahlza) ) APs(zy) (130)
— [0 t6.s ) b () aPs (20)
48 [ 1) (14 Jog (g (09) + ah (e,0) dPs (o), (131)

where equality in (130]) follows from [61, Theorem 5].
From equation (124]) and (131)), it follows that

OL (g, i h) = / (A — (8, 2,9)) h (2, y) dPs (x,1)
8 / h () (1 +log (g (2,9))) dPs (1) (132)
— [O—t6.2.9) + 51+ og (9(.9) hap)Ps(ey). (133

A necessary condition |62, Theorem 1, Page 178] for the functional L in (123

(Ps,B)

to have an extremum at ((fpe:e, )\) € . x R is that for all functions h € .7,
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the following holds,

(Ps,8)
Z|@=6
0=0L A h
dPS 3 \y
i,
— [Ham) (A-t6.00)+5( 1riog| —A2= @) ) | |aPsaa). (130)
S
The equality in (134) holds for all functions h € .7 if and only if for all (z,y) €
(Apsﬁ)
supp Py, the function —5 I‘f;:e satisfies:
(Ps.B)
dPZ\ci:e
A—=L0,z,y)+ 8| 1+1log | —— (z,y) =0. (135)
dPg
That is,
(Ps,p)
dPZ‘\eze (2,1) = exp <—)\ — ﬁ) exp <€(0,x, y)> (136)
dPs B B 7
where A is chosen to satisfy (119b)). That is,
(Ps,B) 20,x,
dPZ|®:0 B exp (7( 7 y)) 137
dp (‘T7y) - 2(6,z,y) ( 3 )
S Jexp (T)dPS(x,y)
(0,z,y) 1
= exp (T —Jpso 5)) (138)

The proof continues by verifying that the measure PP that satisfies (1137))

Zle=6
is the unique solution to the optimization problem in . Such vertification is
done by showing that the objective function in is strictly concave with the
optimization variable. Let P; and P, be two different probability measures in
Apg(xxy) and let a be in (0,1). Hence,

/e(a,x, y)d (@Py + (1 — a)Py) () — D (aPy + (1 — a) P3| Ps)

= a/é(@,x,y)dfﬁ(l‘,y) +(1-a) /é(O,x,y)dPQ(x, Y)
—BD (aPy + (1 — a)Po||Ps) (139)

<o (/Z(B,x,y)dpl(x,y) — D (P1||PS))
1= a) ([ 0.2.0)aP )~ 8D (P21 Ps) ) (140

where equality in (139) follows from properties of the Lebesgue integral, while
the inequality in (140]) follows from |21, Theorem 2.2|. Hence, the uniqueness
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of the solution is due to the strict concavity of the objective function. This
completes the proof of uniqueness.

Based on [57, Theorem 3.1|, for the case in which the function ¢ is separable
(Definition , it is proved that if 8 € Jp, g, is chosen to satisfy

Ps,
D (PYslips) =, (141)

with + in (15b]), then the solutions to the optimization problems in and
, denoted by PP are identical and satisfy

Z|©=6’
dP(»PS7ﬁ)
Z|©=6 _ (5(071779) —J (l)) 149
dPS ('1:? y) eXp /3 PS79 5 ) ( )
where the functions ¢ and Jp, ¢ are defined in and , respectively. This
completes the proof. [ ]

D Proof of Lemma [3

First, the proof of absolute continuity is presented. For all C € Fxxy,

dP(APS7ﬂ)
PP () = / — 21928 (1 y)dP, 143
Z|@:9( ) c dPg (xay) S(xay)? ( )
and thus, if Pg(C) = 0, then
Pg,

Pél(f)f;(C) =0, (144)
which implies the absolute continuity of nggf; with respect to Pg. Alterna-
tively, given a set C € Fxxy, assume that Pgl)gfé((f) = 0. Hence, it follows
that

dP(APS’B)
Ps, Z|©=0
0= Pyl (C) = Cd'T@,y)dPs(x,y). (145)

From Theorem |1} it holds that for all (x,y) € supp Ps,

dP(APS,ﬁ)

%S:e(x’y) = exp (3(0,‘%3/) —Jpso (%)) (146)

Note that if a solution to the optimization problem exists, then Jp, ¢ (%) <
+o00, which implies that exp <7Jp579 (%)) > 0. Moreover, exp (W) > 0,
where the strict inequality is due to the fact that for all (x,y) € supp Ps, the
function ¢ in is nonnegative. Hence, for all (z,y) € supp Ps,

(Ps,B)
dP; e 0o 1
%S_e(x,y): exp (% —Jpoe <B)> >0, (147)
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which implies that Ps(C) = 0 and the absolute continuity of P(ng) with
respect to Pg. This completes the first part of the proof.

The second part of the proof continues with the following equalities:

(Ps,B)
Z|©@=6
D (P57 IPs) :/log d‘T(aﬁ,y) APy 57 (2, y) (148)
0(0,z, 1
-/ 1°g<eXp(%”—JPsﬂ%D)dPéfg%u,w (149)
00, z, , 1
:/(ﬂy)dPng ?) (2,9) ~ Ipe.o (B> (150)
_1 (Ps.8) 1
- ERH (PZ\ci:e> ~Jpse <E) ’ (151)

where equality in (149) follows from and the functional Ry is defined in .
This proves the equality in

The equality in is proved as follows:

D (PallPfs?) = [ 1og (Hj;g%(x,y) dPs(a.y) (152)
_ / 1og(exp<f(0§’y)wps,g<%)))dps(x,y) (153)
- —/des(x,y)ﬂps,e (%) (154)
= —%Rg(PS) +Jps.0 (%) ; (155)

where equality in (153 follows from equation . This completes the proof.

E Proof of Lemma 4

The proof of equality in is based on the fact that for a given t € {v € R :
Joes.m 9( V) < o0} , the functlon Jpes.m P satisfies

Z|®e=6’ Z\@ 0’
Jpgrsm ot) = log ( / exp (t£(6, ,y))dPy 5‘)9(96,111)) (156)
4pFsd)
— o5 [[exp(t(8,0.0)—22="(z)dPs(.0) (157)
= log (/exp<(t+%)€(9,x,y))dPs(x,y)—Jpsﬂ <%) (158)
= Jro 1+ %) “reo (%) , (159)
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where the equality in ) follows from . Moreover, from Lemma |1} it

follows that the functlon J p(Ps.5) o 1 continuous and nondecresasing. Hence,
Z|®=6"’
for all s € (—o0,t), it holds that JP(ps 5 0( s) < JP(pS ” e(t) < +o0.

Z|l®=6’

Let t* € RU {400} be defined by

t* 2 sup{veR: JP(PS 9 g (v) < o0} (160)

zZle=6’

If t* = +oo, then for all s € R, J,rs.m 4(s) < +oo, and the proof for
z\e 6’

is completed. Alternatively, if t* < +oo, it follows that for all s > t*,

JP<ps # o(8) = +oo, which implies that Jp, (s + %) = +o00, as the function
Z|@=6’

Jpg.0 is also continuous ( Lemma and Jpg 0 (%) < 400 (due to the choice
of B). Hence, in this case, the equality in is of the form 4+o00 = +o00. This
completes the proof of .

F Proof of Lemma [5

Proof: Note that for all ¢t € intJp; g, it holds that

e (%) = %log (/ exp (Sf(e,x,y))dPs(w,y)) . (161)
£ d [ (exp (s£(0,,y))) dPs(z,y)

T Tew Gl )Pty | (162)
o f % (exp (sf(@,x,y))) dPS(*T7y)

T Jew (0.2 y)APs () |, (165)

fﬁ (6,2, y)exp (1£(6,z,y))dPs(z,y) (164)

[exp (3 (0 z,y))dPs(z,y)

—exp (~doo (1) / (0,2, )exp (10,2.9) JaPs(2.y) (165)
/€ 0,z,y) exp 6(0 z,y) —Jpg.0 (%))dPS(x,y) (166)

— [ €6..aPf5 " ) (167)

where the equality in (163)) follows from the dominated convergence theorem |59,
Theorem 1.6.9]; and the equality in (167) follows from . This completes the

proof of .
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The proof of is as folllows,

325 (3) = T s | (168)
-4 / g(e,x,g;) xp (s1(0,2,) ~ Jps o(DAPs(e)| (169
_ / %(ﬁ(e,x,y) exp (0(8, 2,) — Jpy.0(s)) ) dPs(x, ) _: (170)
= [ 0.2~ 32, (7)) -
exp (160.2.9) ~ Jp.0 (1) )aPs(a.y) (a71)

:/(K(H,J;,y)—.]gg9(1))2exp(t€(9,x,y)—Jps7g(1>>dPs(x,y)
o [ 0ns g (V) e (L0500 30 (1) Jarito
~Jb)e (%) /exp (té(a,x,y) —Jpse (%))dPs(x,y) (172)

_ / (e(e,x,y) Jgigg(l))Qexp(le(a 2y)— Jpsg(l>)dPs(.r )

w00 (1) e (5 [argst, (173)
= /(K(H,x,y) Jg39<1))2exp(1€(0 x,y)—Jps, 9(1>)dPS(x y) (174)
:/(z(o,x,y)—ﬁ};e (%)) Py 5 (@, y), (175)

where the equality in (170)) follows from the dominated convergence theorem |59,

Theorem 1.6.9]; and the equalities in (I73) and (175) follow from (2I). This
completes the proof of .

The second part of the proof of Lemma [I] is divided into two parts. First,
it is shown that if the function ¢ in is nonseparable with respect to the
measure Pg (Definition , then for all ¢ € {s € (0,400) : Jps 0 (1) < 400},

Jgs 0 (1) = 0. Secondly, it shows that if the function ¢ is separable, then, for

all t € {s € (0,400) : Jpy.0 (1) < 400}, Jgs)o (1) >o0.

The first part is as follows. Assume that the function £ in is nonseparable
with respect to the measure Pg, i.e., there exists a real a > 0, such that

Ps ({(z,y) e X x Y : £(0,z,y) = a}) = 1. (176)
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Note that from and (36), it holds that

1
10,(3) = / 6(0,x,y>dP;|g”0<:c,y> (77)
1
/f 6, x,y) eXp 5(0 z,y) — Jps.o (Z»dPs(ﬂ%y) (178)
= /aexp (E - f)dPs(x Y) (179)
= a. (180)
Note also that from and , it holds that
2 1 1 1 P
‘Jgﬂg,@ (;) = / (£(07xay) - JE—JS),G <7)> dPélijt)e( 7y) (181)
o (M) (1 1
= £0,7,y)—Jpl 7)) exp ;E(&x,y)—JpS,g : dPs(x,y)(182)
a a
= /(a — a)exp (; - ;)dPS(x, Y) (183)
=0, (184)

which proves that if the function £ is nonseparable, then Jgs),e (%) = 0. This
completes the first part of the proof.

The second part is as follows. Assume that the function ¢ is separable with
respect to the measure Pg. That is, there exists a positive a; and two subsets
A and B of X x Y that are nonnegaligible with respect to Pg and verify that
for all (z1,41) € A and for all (z2,y2) € B,

0(0,21,y1) <a<t(0,x2,y2) . (185)
Note that the sets A and B are disjoint. Hence, from @, it holds that

1 1
120 (2) = [ (00220 (1)) ar5 ) (156)

1
~ [ (00— 520 (1)) arrs? e
1
+/B (e(o,x,y) — 15 (t>> 4Pt (2.y)

1 Ps,t)
+/ (f 0.2.3) ~ Jp; (*)) APy (. y) (187
X xV\(AUB) ( )- 2100 (> ) (187)

>0, (188)

where the inequality in (188) is based on the folllowing facts. First, if a <

Jgjls)’e (%), with a in (185)), then for all (z,y) € A, it holds that £(0,x,y) < a <

Jgals)ﬁ (%), and thus,

(E(G,x,y) — 15, (1))2 > (a —Jp) e (1))2 (189)
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This implies that

/A (ﬁ(e,x,y) ~Jple <1>) dpgré,t)g(w,y) (190)
” /A (a - Jg’ls 0 ( )) dP;’fZ)’ )9( ,Y)) (191)
~ (a —Jhle (1))21353320 (A4) (192)
>0, (193)

where the inequality in ) follows from the fact that the probability mea-

sures PZ‘ @t) o and Pg are mutually absolutely continuous (Lemma Sec-

ond, if a > Jgs),o (1), with a in (I85), then for all (z,y) € B, it holds that
00,x,y) >a> Jgs),o (%), and thus,

(o920 ()) > (-9 (7)) oo

which implies

[ (0052, (3 )) apyst, o) (195)
1
> /B (a - Jgs)ﬂ <t)> dPg‘Dgt)e(x Y) (196)
1 2
> (a0 (3)) P, (197)
>0, (198)

where the inequality in (198) follows from the fact that the probability mea~
sures P lgt)e and Pg are mutually absolutely continuous (Lemma . This
completes the second part of the proof.
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Finally, the proof of is as follows,

(199)

r»\»—t

dPs(x,y)  (200)

1

/ 2 ((«0.2.9) J%;9<s>>2exp<se<e,x,y>—Jps,e<s>>) )

- /2J§3S),9 (%) (6(97@"#) ~Jble (1)) eXP( 0, 2,y) = Ips.0 (%))

(00000~ 1825 (2)) exp (2e66.0.9)  3m0 (1) JaPston) 200

; 1 1
=29, (E) /f(@,x,y p(ZTgt)e( y) - 209 4 ({) 15 e (;)

+/<f(97x,y)—J§3§,g (1)) dng‘)e( ,y) (202)
:/(e(o , y)_Ju)’e( )) aPys), (o), o)

where the equality in (200]) follows from the dominated convergence theorem [59L

Theorem 1.6.9]; and the equalities in and . follow from ([21] . and
(36). This completes the proof of (37

The proofs for the equalities in , and follow along the same argu-
ments as above. ]

G Proof of Theorem 2|

Proof: A direct result from Lemma and the mean value theorem [51, Theorem
5.10] is

1
m m m—+1
5 (3) = a0 = L (1) < o, (204)

for some s € (t,+00). Under the assumption that there exists real § > 0 such
that the function Jp, ¢ in is differentiable within (-4, d), it follows that the

function ngzl) is continuous in (—d, +00), where 6 > 0. Hence, for all ¢ > 0, the

1)

function Jg,"swg achieves a maximum and a minimum within the interval [0, }].

Such extremas allow providing lower and upper bounds on Jg:))g (1) along with

ng,)e (0). This completes the proof. [ |
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H Proof of Theorem [3

Proof: This section is divided into two parts. First, a preliminary result that is
needed for the proof of Theorem [3}

Theorem 13 For allt € R, the function Jprss g in (31) wverifies the following
oy
equality e

_am (1) laee
Jpéfgf;,g(t) =tJpso (E> + 5t pg,0(Gt), (205)

. 1 1 1 1
Gt € <mln{5,t+ﬁ},max{5,t+ﬁ}>, (206)

where the functions Jge and Jgs)ﬂ are defined in and , respectively.

with

Proof: From Lemma (I} it follows that the function Jp, ¢ is continuous, mono-
tone, increasing and differentiable infinitely many times. Then, a Taylor expan-
sion of Jpg ¢ at the point § yields for all t € {v € R : Jpy 9 (v) < 400},

srvoft) = drsa (1) + 35 20 B (1Y (207)
s=1

Choosing t = o + % in (207) with o e {r e R: Jp, 0 (a + %) < 400}, it holds
from the Taylor-Lagrange theorem |63, Theorem 2.5.4] that

Jps.0 (a + %) =Jps0 (%) +adh) g (%) + %QQJEDQS),G (&),  (208)

where ¢ € (min{%,a + %},max {%,a + %})
The equality in (208]) leads to the following inequality:
1 1 1 1
Ipso <a + B) —Jpsp <B) =), <B> + 50056 (G, (209)

where (; is chosen as in (206)).
Let s* € RU {+o0} be defined by

1
s*Zsup{a €R:Jpsp (a + B) < oo} (210)

If s* = 400, then for all @ € R, Jpg 0 (a—l— %) —Jpg.0 (%) < 400, thus, the
proof is completed by noticing that from Lemma it holds that J ,rs.0) , () =

Z|®@=6’

Jps.6 (a + %) —Jpgo (%) Hence, choosing (; as in (206)) leads to the desired
equality in (205]).
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Alternatively, if s* < +o0, it follows that for all & > s*, Jpy 9 (a + %) = +00.

From Lemma 4} it follows that JP<pS,g> 0 (o) = 400, which implies that 400 =
Z|®=6’

ans),G (%) + %aQJgs)ﬁ ((t), and thus Jgs),e ((t) = +oo. Hence, in this case, the

inequality in is of the form +o00 = +o00. This completes the proof. B

The proof of Theorem continues from here. The proof of the inequality in
is trivial from Theorem and the choice of (py ¢ in . Hence, the reminder
of the proof focuses on proving that (p ¢ < 4-00. From Lemma|I]and Lemma[d]
it holds that

1
{aeR:J rsm 4 (@) < +o0} = {a €ER:Jpo (oz—i— 7> < —1—00}7 (211)
Z|l@=06’ /8

which implies that the set {a € R : J,rs.5) , (@) < +00} is an interval of the

Z|®@=6"
form (—oo,b — %)

For all a € (—o0,b— %), the function Jgs)ﬁ is continuous (Lemma. Hence, for
all t € (min{%,a + %},max{%,a + %}) C (—00,b), the value Jgs),o(ﬂ is fi-
nite. Moreover, the values Jgs)ﬁ (min{ %, o+ %}) and Jgs)ﬂ (max{%, o+ %})
are both finite. This implies that the function Jgg,e achieves a minimum and
maximum within the closed interval {min{%, a+ %}, max{%, a+ %H . Thus,

the corresponding term Jgs),o (&,), with &, € (min{%, o+ %}, max{ %, a+ %}),

is finite.

In the asymptotic regime, when o — —o0, the following holds:

QEIEOO (min{%,a + %},max{%,a + %}) = (—oo, %) (212)

The function Jgs),e is continuous in (—oo7 %), and thus, for all t € (—oo7 %),

Jgs)ﬂ(t) < 400. Moreover, given the fact that 8 € Jp e, with Jp, ¢ in (20), it
holds that

tlij% 1D o) =I5 (%) < +o0. (213)
Alternatively,
t E@MJSES{G(@ < 400. (214)
Hence, from , and , it follows that
lim 1P o (€a) < +o0. (215)
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On the otherhand, when o« — b — %, it follows that &, €
choice of b in , it follows that

(ﬁ ,b). Based on the

}gn JP o(t) < oo (216)
Thus,
lim J 0 (§a) < o0 (217)
a—b— 1

From all the above, it holds that for all . € {t e R : Jp(ps o (t) < 400}, the

Zle=e’

value J¢? Ps o (£a) is finite, and this completes the proof.

|
I Proof of Lemma
Proof: The proof continues with the following equalities,
d (Ps. (Ps.5) 1
dﬁD( Z|e= eHP) dﬁ(ﬁR (PZ|® 9) ~Jrse B (218)
7590 (5) 90 (5))
_d/1 Iy 2 21
dﬁ ﬁJPS,O /8 JPSﬂ B ( 9)
IRNEY) 1 1 (2 1 1 1
= _@JPS,G (B) - @Jps,e B @JPS,H B (220)
1 o (1
= 53‘1535?70 (B) ’ (221)
where the equality in (218 follows from and the equality in (219) follows
from . This completes the proof. [ ]
J Proof of Theorem 4
Proof: Let A be a set such that
A2 {ze (X x))" 1exp(tL(0,2)) > exp (t5)}, (222)
with ¢ € J (PS g) o and 6 > JP 0 (é), where the set j (Ps.5) g is defined in
[
(20). Hence, 1t follows that Tais=o
J t)) = tL(6, z))d P 223
eXp P;}‘jf)ﬂge( ) exp( ( 7z)) Z‘@ 9( ) ( )
Ps,
> / exp (1L (6, 2))APE ") (2) (224)
> exp (t9) / dPgljg’@?g (225)
Psﬂ)
= exp (t§) P | o(A); (226)
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where equality in ) follows from with P( 56 as a product measure

Z|®=6
(Psyﬁ)
constructed by P Z10=6 in

Note that
A2 {zc (X xY)" exp(tL(0,2)) > exp (t0)}, (227)
is equivalent to
A2 {ze (X x))":L(0,2) >}, (228)
from the fact that ¢t > 0.

Hence, it follows from and ( - ) that

p(Ps:0) ({z (X xW)":L(0,2)> 5})

Z\@) 0
exp (JP(PS 8) g(t))
z|®=6’
exp (t0) (229)
[exp (tL (8, z))dPéllj 5P (2)
B exp (t9) (230)
Jexp (th S, €081 ) AP 7 (2) -
N exp (t0) (231)
(f exp (56(0,2,y))dPy " Z,(x,y)) -
N exp (td) (232)
ez (4))
(e Qo -
exp (t0)
t 1 1
= exp (anS,g (ﬁ + B) —nlps o (B) - t§), (234)
where equality in (234) follows from ([32).
Furthermore,
P;gﬁe({z c(XxY)":L(0,2)> 5})
1 1\ .,
< exp <anS,9 (g + B) —nlpg.o <B> —t 5) (235)

:exp< <Jpsg(: +%) —Jps.e (%) —%5)>7 (236)

where t* € J (Pg.B) 9

z|® 0’
t 1 t
t* € ar min  J (f + 7> — —0. 237
gt J p(Ps.8) , Ps.0 n ﬁ n ( )
Pzlo=e
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Since the function Jp, ¢ ( fL + %) — %6 is strictly convex, there always exists a ¢

that satisfies the following:

d t 1 t
_ 1o (E l) 1
= le ) o8 (239)

To ensure the ex1stence of t*, since the function J( ) 2.0 18 nondecreasing, based
on the equality in , 0 must satisfy

(1) t* 1
5>JPS"<E+B)' (240)
Let 8* > 0 be
1,0t 1
a1 241
7ot 240
Hence, from (240)), it holds that 8* must satisfy
1
=180 (5) (242)

and the inequality in (235]) becomes

Pgrgﬁg({z e(XxY)":L(0,2)> 5})

con(omn(2) ome8) (5 ) (L) o
Note that
Jps.0 (%) —Jps.6 (%) - (% - l /é(@,x,y dPng’ 0)( ,Y)
- / 10,245 ()~ D (P;Té, 7)1Ps) = 3rso (3)

Ps,B)
— = /é@xydPZlg o (T:Y) (244)

_ - /e(e,x,y APy 5P ) (@, y) /e (8,2, y)dPy 5" (x ,y))
+D (P olalP S) (PZI‘D(S’B 9)HP5> : (245)
=5 (R (Pa)) —Ro (2151)) 210
+D (PYE)|1Ps) - D (PSS 2 1IPs) (247)

where equalities in (244) and ([247)) both follow from (23); and the function Rg

is in .
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Note that the relative entropy D ( piPsh) HPS> satisfies:

2|©=6
dP(PS’B)
e=0
D (PLE2)IPs) = [1og | —22=0 ay) dP;fgﬂi,«v,y) (248)
0 “WO.zy) dPEA) (2 ) (249)
Ps,0 g Z|©=0 Y
0,z y 1
/ L TAAACRY RPN (5> (250)
1 1
B (Pg\p(f)ﬁe) —Jpso (B> ; (251)

where the equality in (249)) follows from .

P(Psﬂ )”P(Psﬁ))

The proof continues by noticing that the relative entropies D ( Zio—o 1L 2100

and D (PZI‘DCf) ﬁe)HPS> satisfy:

D (P(Ps,ﬂ )HP(Ps,ﬁ)) D (P(Ps,ﬁ )IIPs)

zle=0 I" zj@=0 Z|@=6
dP(APS’ﬁ )
Z|®=0 P
:/log d(lTﬁ)(x,y) dPé‘gﬁe)(w,y)
Z|®=6
dP(Ps B")
©=0 ,
- 1o | 202w Jarfs ) ) (252)
dP(PS’B ) dP(PS’B )
Z|©=0 Z|©=6 ,
:/ log 4((1]3(‘1357!3) z,y) | —log 4‘d}35 x,y) dPZT(f) 0)( y)(253)
Z|©=6
dP(APS)B*)
2|©=6 dPs (Ps.8%)
= | log (2,9) (z,y) |dP, (z,y) (254)
(Ps,B) (Ps,B*) Z|©=0
dPZ\@:e dPZ\(—) 0
dPs P
= /log dP(Tm(m ,Y) dPé|g’ﬂ9)(x,y) (255)
Z|©=0
(0, x, 1
= /log <exp (_(/By) +Jpg0 (B)))dpg\)(;ﬁe)(%y) (256)
{0,y
-/ (—<B)+Jps,e (5)) arsrsy (257)
(0, x, 1
/ y) dPZT(f)’ﬁg)(x,y) +Jpse (B> (258)
1 P 1
=-3 (p;‘gﬂ;)wps,g (E)' (259)
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Therefore, from (251) and (259)), it follows that

(Ps,B™) (Ps,87) | p(Ps,8) (Ps,B)
D (Pz|@ 0 ”PS) -D (Pz|@ 0 ||Pz|@ e) D <Pz|@ 9”PS)
1 P 1 s
= 3R (Pé‘;ﬁe)) BRg(Pé‘gfg)). (260)
Plugging (260) into (247) yields
1 1 1 1 P
JPs,@ (@) - JPs,Q (B) (? - B) /6(0,$7y)dpé|g”89) (ﬂf,y)
Ps, P
= =D (P IPGT,)- (261)
Plugging (261) into (243)) yields

Ps, n Ps. Ps,
PUe ({2 € (X x D) 1(8,2) 2 8}) < exp(—nD(Ps ) IPSE"))) (262)

This completes the proof. [ ]

K Proof of Theorem [

Consider the random variable £ (8, X,Y), with (X,Y) ~ Pz, with Pz € N (Ps,7).
From Chebyshev’s inequality [59, Section 2.4.9], it follows that

Re (Pz) (263)

16 (5). (264)

z ({z € (X xV)":L(0,2) >6)) <

where the functional Ry is defined in (8]) and the inequality in (264) follows from
the fact that for all Pz € N (Ps,7),

Ps, 1
Ro (Pz) <R (PL57)) = 10 (5), (265)

with the measure P' 2] Cf)’ﬂ o in . This completes the proof.
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L. Proof of Theorem

The proof follows from Theorem [I] and by noticing that the relative entropy

D (Péfcf)’ﬂ,),llP s) satisfies:

dP(PS7B)

D (PSSt IPs) = / log | — 1 (e.) | AP, () (266)
— 06, z,y) (Ps,B8)
_/(T—JPS,B(IB>>(1PZ‘® Jay)  (267)

G
= /(;y)dPg’gﬁé(%y) —Jpgo <%) (268)
= %Re(PéTgf?,) —Jrs (%) : (269)

where the equality in ) follows from and the function Ry is in (8).
The proof continues by notlcmg that the relatlve entropies D (P||P(PS )

and D (P||Pg) satisfy:

P
D (PIPYE?)) ~ D (Pl Ps)

= [0 (%( e.) |aPGe.y) ~ [10g (S0 aPG.y) 210

Z|@=0
-/ (log ﬁ( >> log(j—]f;(x,m)) P(sy) )
oo Joren o
- [1os <d}f(ffm<x y>>dP<x,y> (273)
Z2|@=0
= /log <exp <_€(0,§,y) +Jps.o (%)))dP(x,y) (274)
_ / <_e(6,5,y) Cpee <%)> dP(z,y) (275)
= _/M’;’y)dp(x,y) +Jpso (%) (276)
= —%RQ(P) +Jpso (%) : (277)
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Therefore, from (269)) and (277), it follows that

D(P|[Ps)— D (PIPY5") = D (P 2)1ps)

Z|©=6 Z|©=6
- %Rew) - BR"‘ Peo)) (278)
1
= 5G (9 PPy’ 0) (279)

which completes the proof.

M Proof of Theorem [7]

The proof of Theorem [7] requires the following lemma.

Lemma 10 Given two probability measures Py and P, over the measurable
space (X X Y, Fxxy), with Py absolutely continuous with respect to Py, the
following holds for all @ € M,

G(0,P,, P;) < mf (D(Pzw + %log (/exp (t (Z(O,x,y)

- / e(ax,y)dPl(m,y)))dmx,y))), (280)

where the function ¢ and the functional G(0, Py, Py) are defined in and
m , respectively.

Proof: From |64, Corollary 4.15, Page 100], it follows that the probability mea-
sures P; and Py in (X x Y, Fxxy) satisfy the following equality:

D (P Pr)=sp / £ (@.9)dPs (2.y) ~log / exp(f(2.9)dPy (z.y),  (281)

where the supremum is over the space of all measurable functions f with respect
to (X x Y, Frxy) and (R, % (R)), such that [exp(f(z,y))dP: (z,y) < oc.
Hence, for all z € (X x Y)" and for all & € M; and for all t € (0,+0c0), it
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follows that the function ¢ in ({]) satisfies that
D (Py||P1)
> [[44(6.5,9)4P (2.9) ~ og [ exp (t006.2.9) aP1 (2.) (252)

= / t0(8, z,y)dP; (z,y) — log / exp <t€(0,x,y) +t / £(6,u,v) APy (u, v)

—t / 0(6,u,v) dPl(um))dPl (z,y) (283)
= / t0(0, z,y)dPy(z, y) — t / £(6,u,v) APy (u, v) — log / exp (tf(@,x,y)

—t / 0(6,u,0) dpl(m))dpl(x,y) (284)

:tG(O,P27P1)—10g/eXp (tf(@,x,y)—t/f(@,u,v)dPﬂu,v)) dPi(z,y), (285)

which leads to
G0, Py, Py)

DEAR) ( [ew (t (6(0,96,3;)— / e(e,umda(u,v)))dP1<x,y>). (286)

t

Given that ¢ can be chosen arbitrarily in (0, +00), it holds that

G(6,P,, P)

Sglg (D(Piw + %log (/exp (t <£(0,x,y)
_/E(evxay)dpl(l‘vy)>)dpl(x’y)>)a (287)

which completes the proof of the lemma. [ |

The proof of Theorem [M] continues frorn here. From Lemma [0} it holds that
the probability measure P( o= ‘)9 in , satisfies for all P € Apg(xxy),

G (9 P ps” fg)

. Z|@= 9

< N £1P=Y/

\tlr>1£< ; 10g</exp<<0my)
_ (1) AP )
Ps,0 B Z|e= 6

(288)
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where Jg,ls)ﬁ (l> is in (35)). Moreover, for all t € (0, +00),

B
log </exp (t (f(o,x,y) 1%, (%) >>dPéfgﬁé(x,y)>
—log ( / exp (w(e,w))dpéf 50 (@ ,y)) ~ %) (%) (289)
=Jpiren o) =11, (%) (290)
<570 (291)

where the function J ,rg.5) o0 is defined in (19); the inequality in (291)
follows from Theoremzi;. and

él%s,gésup{ 1€ e (0.0~ 3) } (202)
with

b £ sup{a € (0,+00) : Jp,.0 (a) < +00}. (293)

Plugging (291)) into (288) yields

(Ps,B)

(orrge) <p (P ey )

Let ¢ € R be defined as follows:
Le (0 PP 5;) (295)

Hence, from (294)), it follows that for all ¢ € (0, +00),

L o2 (Ps,B)
ot = 5t2Ch < D (PHPZlg 0)

The rest of the proof consists in finding an explicit expression for the absolute
value of ¢ in (295]). To this aim, consider the function ¢ : R — R such that

6(a) = 50°Ch, 0 (296)

Let the Legendre-Fenchel transform of ¢ be the function ¢* : R — R, and thus
for all z € R,

o (z) = te%lixoo) xt — ¢(t). (297)
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In particular, note that

¢*(c) <D (P||sz(f)’ ;) (298)

Note that for all z € R and for all ¢ € (0,+00), the function ¢* in (297)
satisfies

ot = L8, 0 < 6 (@) = 20" (0) — 6 (0" (@), (209)

where the term o* () represents the unique solution in « within the interval
(0, +00) to

d 2
1 (vo—oa) =z —a® = 0. (300)
That is
a*(z) = = z ) (301)
CPs,o

Plugging (301)) into (299) gives

2

. x
o (2) = — (302)
2(ps.0
Hence, from (298) and (299)), given ¢ in (295 for all ¢ € (0, +00),
12 (P,
ct— 583 0 < 0" () < D (PIPYS)), (303)
and thus,
2
<D (P||PZT’ g’ﬁg) (304)
2 Ps,0
This implies that
c< \/ 202 oD <P||ng gﬁ;) and (305)
e /26, o0 (PIFS). (306)
which leads to
(P 7/3) ) (Ps,B)
‘G(O PPZ|(f) ) g \/QCPS)Q PHPZlg G) (307)

This completes the proof.
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N Proof of Theorem

The proof follows from the following equalities:

Ps, Ps,
G(0. Py, P) = G(0, P, Py 5")) — G(0, Py, P{S 7))

D(Pi|1Ps)-D(PiIPYS", ) ~D(PYs ) 1Ps))

(
~8(D(PaP)-D (PP 57, ) ~D(Pys ) IPs)
(

Z|@=6 Z|@=6

D(P HP(Psﬁ)) (P ”P(Psﬁ))

Z|©=6 Z|©=6

B
=5
~D (Py||Ps) + D (P1|[Ps) ),

where equality in (309)) follows from . This completes the proof.

O Proof for Lemma

The proof follows from Definition [3] and the following equalities:

n

S|

_ % Z 00,z,y) Zﬂ{m:zt,y:yt}

(z,y)E(XXY) t=1

= Y. Ub,z,y)P:(zy)

(zy)e(XxY)

:/E(e,l’,y)sz(xay)
= Re(Pz)7

where the functional Ry is defined in . This completes the proof.

(308)

(309)
(310)

(311)

(312)

(313)

(314)

(315)
(316)
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P Proof of Theorem [10l

Proof: The doubly-expected generalization gap E(P@‘ z,Pz)in satisfies:

G(Poiz.P2)= [ [ 610,77 Po)aPojz-. (0)az (2). (317)
~ [ [6(6.P2P)iPz0-o(z)0re(0) (318)
// / 6, ydPZ(:z:,y)) dPz0_p (2) dPe (6)
// /z 0,2,)d Py (x.y) )dPZ‘@ o(2)dPe(6) (319)
~ [ [10sparztay)are(o).

_// (;Zf(e,xt,yt)> dPzje—¢ (z) dPe (0) (320)
_ / / 08, z,y)dP(z, y)dPe (0)
—//£(0,:c,y)dPZ|@=0 (z)dPe (0) (321)

:/ G (6, Pz, Pzi0—6)dPe (9), (322)

where the equality in (318]) follows from and (78); the equality in (319
follows from ; the equality in (320) follows from ([77)) and ; the equality
in (321]) follows from the fact that the probability measure Pi@:‘g is a product

measure as in (79); and the equality in ([322)) follows from (55).

Finally, from Corollary [2| (Equation ), it follows that

1= Z|©=6>
BG(P@\Z,PZ)Z/D (Pz|® ol g;' o 6)) dPe (0)

/ D(PoPLZE " ) ape(o)

Z\@ 0

+ [ D(P2IPr0-0)aPo(6), (323)

where [ D (Pz||Pzje—e) dPe (8) = 1L (Pg z; Pz), which follows from (8.
This completes the proof. |
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Q Proof of Theorem

Pz B Pz B
Proof The term [ (D (PZ‘@ oll ;@‘69 e )> <PZ|| ;@‘69 e )>> dPe (0)
in satisfies

/(D (Pz\@ oll éfez‘eo 676)) (PZH ;f@z\eo eﬂ))) dPg (6)

/D Pzie=s| éfg@e eﬁ)) dPe(8), (324)

with equality if for all @ € M, it holds that D (PZ“ S‘D@Z)‘@e o)

(Pzi0=6.8) are identical. Under

Z|©=6
P B
such a condition, it holds from (80) that [ D (PZ\(-D oll ;;\@9 o )) dPg () =

(P@|Z; PZ) where the term [ (Pe\z§ Pz) is the mutual information in .

> = 0. That is, if

for all @ € M, the probability measures Pz and P

Hence if for all @ € M, it holds that D <PZ|| ;JI‘D;'@O 0 5)) = 0, then, it holds
that:

= B

G(Pe|z,Pz) < - (I (Pe|z:Pz) + L (Pez;Pz)). (325)

The rest of the proof consists in showing that if (325 holds with equality, then,

for all & € M, it holds that D (Pz||Pg)@Z'®9 e’ﬂ)) = 0. This second part of the

proof is as follows:

E(PG\Zv Pz)
= g (I (Pe|z; Pz) + L (Pe|z; Pz)) (326)
=B (I (Pe|z; Pz) +L(P@|z;Pz)) (327)
P ﬂ (P B

=4 /D Pzio=0l él(;@" - /D Pyl Z|@?®0 o >)dP@(9)
+f D(PZHPZ\@:g)dPe(e)), (328)
where the equahty in (326} j is the initial assumptlon the equality in (327) follows
2l Finally,

from (80 and nd the equality in (328)) follows from Corollary

from ([327)) and , it follows that

P ,B (Psios8
/D Pzie—sll ;lez,‘eee dPe(8 /D Pyl Z‘;‘ee“ )>dP@(0)

_ / D(Pyjo—o| Pz)dPo(6), (329)
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which leads to

Pzie=6:8

/ / log %@c,y) dPyo_o(r.y)dPe(6)  (330)
dPZ|@=e

dPz
Z//log W(%y) dPz(z,y)dPe(0). (331)

Z|®=0

The equality (331) implies that for all 8 € supp Pe and for all (x,y) € supp Pz,
either

Pzie-0

P, (z,y)=1; or (332)
P
S (333)
(Pzj0=6,8)
dPZ\@:e

The equality in (332) implies that the algorithm Pg)|z leads to the case in which

models and datasets are independent. That is, for all @ € M, it follows that

the measures Pzj@—¢ and Py are identical. Alternatively, the equality in (333
(Pzi@=6.8)

P Z|®=6

is identical to the ground-truth data-generating probability measure Pz. That

. P = 7/8
is, for all @ € M, D (Pszzglngee )

given that statistical machine learning algorithms are probability measures on
A (M) dependent on the training datasets. Hence, it follows that if (325]) holds

with equality, then for all 8 € M, D <Pz||Péf;|:@0=975)) = 0. This completes

the proof. [ |

implies that for all 8 € supp Pe, the WCDG probability measure

) = 0. The former case is disregarded
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